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ABSTRACT. We study the intrinsic geometrical structure of hypersurfaces in
6-manifolds carrying a balanced Hermitian SU(3)-structure, which we call
balanced SU(2)-structure. We provide sufficient conditions, in terms of suit-
able evolution equations, which imply that a 5-manifold with such structure
can be isometrically embedded as a hypersurface in a balanced Hermitian
SU(3)-manifold. Any 5-dimensional compact nilmanifold has an invariant bal-
anced SU(2)-structure, and we show how some of them can be evolved to give
new explicit examples of balanced Hermitian SU(3)-structures. Moreover, for
n = 3,4, we present examples of compact solvmanifolds endowed with a bal-
anced SU(n)-structure such that the corresponding Bismut connection has
holonomy equal to SU(n).

1. INTRODUCTION

Let (J, g) be a Hermitian structure on a 2n-dimensional manifold M, with Kéhler
form F and Lee form 6. The 3-form JdF can be identified with the torsion T of the
Bismut connection of (J, g), i.e. the unique Hermitian connection with totally skew-
symmetric torsion [4], by ¢(X,T(Y, Z)) = JdF(X,Y, Z). Hermitian structures for
which the Lee form 6 vanishes identically are called balanced [25]; equivalently, the
form F"~1 given by the wedge product of the Kéhler form (n — 1)-times is closed.
As it was observed by Fino and Grantcharov [10], the vanishing of the Ricci tensor
of the Bismut connection of a Hermitian metric g on a compact complex manifold
(M?™,J) having a holomorphic non-vanishing (n,0)-form implies that (M?",.J, g)
is conformally balanced, and therefore there is a balanced structure on M.

Balanced Hermitian structures on compact non-Kéhler 6-dimensional manifolds
have attracted much attention as models in the compactification of superstrings
with fluxes. This was first considered by Strominger in [27], and since then many
efforts have been done in order to construct compact solutions to the Strominger’s
system (see for example [2, 3, 9, 14, 15, 17] and the references therein). In fact, if
U is a holomorphic non-vanishing (3,0)-form on a Hermitian manifold (M5, J, g),
then the first equation in Strominger’s system is equivalent to g be conformal to a
balanced metric [14], namely d(||¥||r FAF) = 0. On the other hand, 6-dimensional
supersymmetric non-compact solutions of the 10-dimensional heterotic supergravity
may be interpreted in string theory as local models of a compact solution [13].

Several recent constructions have provided new balanced Hermitian manifolds.
The existence of a Hermitian structure with restricted holonomy of the Bismut
connection contained in SU(3) on a connected sum of at least two copies of S? x
S3 was proved by Gutowski, Ivanov and Papadopoulos in [20], and recently on
the connected sum (k — 1)(S? x S*)#k(S? x S3) for k > 1 by D. Grantcharov,
G. Grantcharov and Poon [18]. On the other hand, Goldstein and Prokushkin
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constructed balanced Hermitian metrics on torus bundles over K3 surfaces and over
complex abelian surfaces [17], whereas Fu, Li and Yau construct in [12] balanced
metrics on the family of non-Ké&hler Calabi-Yau threefolds obtained by smoothing
after contracting (—1, —1)-rational curves on a Kahler Calabi-Yau threefold.

In this paper we consider balanced SU(n)-structures (F, ¥) on a 2n-dimensional
manifold M, i.e. SU(n)-structures with Kihler form F satisfying dF"~! = 0 and
with closed complex volume (n,0)-form W. Notice that the latter condition implies
that the underlying almost complex structure J is integrable, and therefore the pair
(J,g(-,-) = —=F(-,J-)) is a balanced Hermitian structure on M.

Our goal in this paper is to construct balanced SU(3)-structures by means of
appropriate evolution equations starting from a suitable structure on a 5-manifold.
Evolution equations to construct metrics of special holonomy G2 in seven dimen-
sions, resp. SU(3) in six dimensions, have been previously used by Hitchin [23],
resp. Conti-Salamon [7].

In [7] the notion of hypo structure on a 5-manifold NV is introduced as the natural
structure corresponding to the restriction to an oriented hypersurface IV of an inte-
grable SU(3)-structure on M. Hypo structures are a generalization in dimension 5 of
Sasakian-Einstein metrics; in fact, Sasakian-Einstein metrics correspond to Killing
spinors and hypo structures are induced by generalized Killing spinors. In terms of
differential forms, a hypo structure on a 5-manifold N is an SU(2)-structure given
by a quadruplet (n,w;, 1 <14 < 3) of differential forms, where wy A7, ws A7 and ws
are closed. Conti and Salamon prove that a hypo structure (n,w;,1 <i < 3) on N
can be lifted to an integrable SU(3)-structure on N x I, for some open interval I, if
it belongs to a one-parameter family of hypo structures (n(t),w;(t),1 < i < 3) sat-
isfying the evolution equations (9) given in Section 3; moreover, this always holds
if the hypo structure is real analytic [7]. In particular, Sasakian-Einstein hypo
structures can be lifted to N x R* with the cone metric, which is Kihler and Ricci
flat [5].

In Section 2 we study the geometrical structure induced naturally on any oriented
hypersurface N of a 6-manifold M equipped with a balanced SU(3)-structure. We
shall refer to such a structure as a balanced SU(2)-structure. Tt turns out that
any compact nilmanifold of dimension 5 has an invariant balanced SU(2)-structure,
althought some 5-nilmanifolds do not admit invariant hypo structures [7]. We
construct balanced SU(2)-structures on certain circle bundles S € N — X over a
holomorphic symplectic manifold X. Balanced SU(2)-structures on total spaces of
circle bundles over the Kodaira-Thurston manifold arising in this way are described
in detail.

In Section 3 we provide sufficient conditions, in terms of appropriate evolution
equations, under which a balanced SU(2)-structure on N can be lifted to a balanced
SU(3)-structure on N x I, I C R being some open interval. We find explicit
solutions of the balanced evolution equations for compact 5-nilmanifolds not having
a hypo structure, which allow us to exhibit new balanced Hermitian metrics in six
dimensions.

Finally, Section 4 is devoted to a detailed description of several compact mani-
folds obtained as quotient of solvable Lie groups endowed with a balanced SU(n)-
structure for n = 3,4, showing that the holonomy of their Bismut connection
equals SU(n). Many of these examples are holomorphic parallelizable manifolds
obtained in [26]. Recall that for any complex parallelizable manifold M = I'\G
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of complex dimension n, any Hermitian left-invariant metric on the complex Lie
group G is balanced [19], so it descends to M and by [10] the associated Bismut
connection has (restricted) holonomy contained in SU(n).

2. BALANCED SU(2)-STRUCTURES

In this section we introduce a special type of SU(2)-structures on 5-manifolds,
namely balanced SU(2)-structures, which allow us to construct new balanced Her-
mitian metrics by solving suitable evolution equations. First we recall some facts
about SU(2)-structures on a 5-manifold. (For more details, we refer e.g. to [7].)
Let N be a 5-manifold and let L(N) be the principal bundle of linear frames on N.
An SU(2)-structure on N is an SU(2)-reduction of L(N). We have the following
(see [7, Proposition 1])

Proposition 2.1. SU(2)-structures on a 5-manifold N are in 1: 1 correspondence
with quadruplets (n, w1, ws,ws), where 1 is a 1-form and w; are 2-forms on N sat-
isfying

w; Nwj = 0;v, vAN#DO,
for some 4-form v, and

IxwW3 = lyw] = wg(X,Y) >0,

where ix denotes the contraction by X.

Equivalently, an SU(2)-structure on N can be viewed as the datum of (n,ws, ®),
where 1 is a 1-form, ws is a 2-form and ® = wy + iwy is a complex 2-form such
that

nAwsAws #0, P2 =0, w3 AP =0, OAD=2w;3 Aws,
and ® is of type (2,0) with respect to ws.

;From now on, given a set e',...,e™ of 1-forms on a differentiable manifold, we
will write e¥ = e* Ae?, ek =e* Ael A e¥, and so forth.

As a corollary of Proposition 2.1, we obtain the local characterization of SU(2)-
structures (see [7]):

Corollary 2.2. If (n,w1,ws,ws) is an SU(2)-structure on a 5-manifold N, then
locally, there exists a basis of 1-forms {el,... e} such that

1 24 53 25 34 23 45
n=e, wp =€ +e’, wy =e"" + e, wg =e"" +e".

As a consequence, SU(2)-structures naturally arise on hypersurfaces of 6-
manifolds with an SU(3)-structure. Indeed, let f : N — M be an oriented
hypersurface of a 6-manifold M endowed with an SU(3)-structure (F, ¥4, ¥_) and
denote by U the unitary normal vector field. Then N inherits an SU(2)-structure
(77) w1, Wz, w3) given by
(1) n=—igF, w=ig¥_, ws=—ig¥,, wz=[f"F.

Conversely, an SU(2)-structure (1, w;,ws,ws) on N induces an SU(3)-structure
(F,U,,¥_)on N xR given by
(2) F =w3+nAdt, U =0, +i0_ = (w1 +iws) A (9 +idt),

where ¢ is a coordinate on R.
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Definition 2.3. An SU(2)-structure (n,wi,wz,w3) on a 5-manifold N is called
balanced if it satisfies the following equations

(3) d(wi A1) =0, d(we A1) =0, d(ws Aws) = 0.

In [7], an SU(2)-structure is said to be hypo if
(4) d(wy An) =d(ws An) = dws =0.

Hence, it is obvious that any hypo structure is balanced. However, there are
nilmanifolds admitting no invariant hypo structure, but having invariant balanced
SU(2)-structures. In fact, if the Lie algebra underlying a 5-dimensional compact
nilmanifold N is isomorphic to (0,0,0,12,14), (0,0,12,13,23) or (0,0,12,13,14 +
23), then there is no invariant hypo structure on N [7]. (Here, for instance
(0,0,12,13,14 + 23) means that there is a basis e!, ..., e® such that the Chevalley-
Eilenberg differential d is given by de! = 0, de? = 0, de? = e'2, de* = '3,
de® = e'* + €23, and similarly for the other Lie algebras.) It is easy to check
that the SU(2)-structure given by

1 24 53 25 34 23 45
n=e, wp =€+ e, wy = e°" + e, w3y =e"" +e",

satisfies (3) on each one of these three Lie algebras. Therefore, we get the following

Proposition 2.4. Any 5-dimensional compact nilmanifold has an invariant bal-
anced SU(2)-structure.

There exist also 5-dimensional solvable non-nilpotent Lie algebras with no invari-
ant hypo structure, but having an invariant balanced SU(2)-structure. For example,
let us consider the Lie algebra g whose dual is spanned by {e!,..., e} such that

det =0, de? =0, de® =e'?, de* = —et, de® = 4.

Then g is a 5-dimensional solvable non-nilpotent Lie algebra. The simply-connected
Lie group G associated with g has a uniform discrete subgroup T, so that N = T'\G
is a compact solvmanifold. In fact, the manifold N is the topological product of the
unit circle by the compact solvable 4-dimensional manifold studied in [1], which is a
circle bundle over the compact solvmanifold Sol(3). A straightforward calculation
shows that the following forms

n=el, wy = e 4 ¢, wy = €2 4 ¢34, wy = €23 4 45
satisfy
d(wi An) =dws An) =d(ws Aws) =0,

and thus they define a balanced SU(2)-structure on N. However, N has not invari-
ant hypo SU(2)-structures. First, using Hattori’s theorem [22], we have that the
real cohomology groups of N of degree < 2 are

HY(N) = (1), H'(N)=([e'].[e*]), H*(N)= "]

Now, let us suppose that N has an invariant hypo SU(2)-structure (1, w1, ws, ws).
Then

wy = ae'? 4 be' 4 ce't + fe3t,
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for some real numbers a,b,c and f. Therefore, w3 A w3 = 2afe!??*, and so n =
ed + Z?:l Aie’ since w3 A wz A7 is a volume form. On the other hand,

4 4
w1 = Z aijeij, Wy = Z bijeij,

i,j=1 ,5=1
for some real numbers a;; and b;;. Now, the conditions d(w1 An) = d(w2 An) =0
imply that

w1 = a13613 + ajgett + a34634,
and

wy = bige™® + brae™ + base®,

which implies that wj Awy = wa Awe = 0. This is not possible for an SU(2)-structure
on N.

Balanced SU(2)-structures on 5-manifolds are related to balanced Hermitian
structures in six dimensions as the next proposition shows. First, recall that a
balanced SU(3)-structure on a 6-manifold M is an SU(3)-structure (F, ¥ = ¥, +
iW_) (where F is the Kéhler form of an almost Hermitian structure and ¥ =
U, +iW_ is a complex volume form) such that F? and ¥ are closed. The latter
condition implies that the underlying almost complex structure is integrable. Notice
that any balanced SU(3)-structure is in particular half-flat [6, 23, 8], that is, it
satisfies dF? = d¥, = 0.

Proposition 2.5. Let f: N — M be an immersion of an oriented 5-manifold
into a 6-manifold with an SU(3)-structure. If the SU(3)-structure is balanced then
the SU(2)-structure on N given by (1) is balanced.

Proof. From (1) it follows that w1 An = f*W,, woAn = f*¥_ and wy Awz = f*F2.
Now, if F2 and ¥ are closed then the induced structure is balanced. (I

Let (X, J) be a complex surface. By definition, a holomorphic symplectic struc-
ture on X is the datum of a d-closed and non-degenerate (2,0)-form w = wy + 7wy
on X.

Lemma 2.6. Let (X,J) an almost complex 4-dimensional manifold, and let w =
w1 +iwy be a form of type (2,0) with respect to J such that w AW does not vanish
at any point of X. Then, there is a 2-form w3 on X such that

wi/\wjzéing/\wg (i,j=1,2,3).

Proof. Since w A w vanishes identically, we have w; Awi = wa Awg and w1 Aws = 0.
Let g be a Riemannian metric on X compatible with J and let F(-,-) = g(-,J ")
be the fundamental 2-form of the almost Hermitian structure (J,g). Then, on
a neighbourhood U of each point there is a basis of (1,0)-forms a,as such that
F, = %(al A @y + az A @2). Since w has type (2,0) with respect to J, there is a
non-vanishing complex function f on U such that wj, = fai A az. Therefore,

1
(F/\F)‘Uiial/\ag/\(_ll/\ag,

and

1 _ 2 o
(w1 Awr)), = g(w ANW)|, = %al ANag Aay A as,
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But F'A F and wy Aw; are global (real) 4-forms on X which do not vanish at any
point, so there is a non-vanishing (real) function h on X such that FAF = hwy Aw;.
The previous identities show that A > 0. Now, the conformal metric ¢’ = h=/2¢
is compatible with J, and the fundamental 2-form ws = h='/2F of (.J,¢') satisfies
wi Awip =wz Aws and wy Aws =0 = wy A ws. [l

Notice that the previous lemma holds in particular on a complex surface equipped
with a holomorphic symplectic form. Then we have the following

Proposition 2.7. Let (X,J) be a complex surface equipped with a holomorphic
symplectic structure w = wy + iwq. Then, for any integral closed 2-form Q on X
annihilating cos @ wy +sin @ wy and sin 6 wy — cos O wy for some 0, there is a principal
circle bundle m: N — X with connection form p such that Q) is the curvature of p
and the quadruplet (n,w?, ws,w§) on N given by

n=r

w{ = 7*(cos O wy + sin O wy),
w§ = 7 (—sinf@w; + coshws),
w§ = m*(w3)

is a balanced SU(2)-structure, where ws is any 2-form as in Lemma 2.6.
Proof. Since dw; = dws = 0 and dn = 7*(2), a simple calculation shows that
d(wd An) =w? Adnp=7"((cos@wy +sinhuwy) A Q) =0,
and
dwd Am) =wl Adny = 7" ((—sinfw; + cosBwy) A Q) = 0.
The existence of a principal circle bundle in the conditions above follows from a
well known result by Kobayashi [24]. O

Remark 2.8. Notice that 2 = 0 satisfies the hypothesis in the previous proposition
for each 6 and one gets the trivial circle bundle N = X x R with the balanced
SU(2)-structure which is the natural extension to N of the holomorphic symplectic
structure on X.

Remark 2.9. Following [16, Definition 1.1], a symplectic couple on an oriented
4-manifold X is a pair of symplectic forms (wy,ws) such that wq A wy = 0 and
w1 A wi,ws A wg are volume forms defining the positive orientation. A symplectic
couple is called conformal if w3 A wy = we A ws. By [16, Theorem 1.3] it follows
that X admits a conformal symplectic couple if and only if X is diffeomorphic
to (a) a complex torus, (b) a K3 surface or (¢) a primary Kodaira surface. In the
hypothesis of Proposition 2.7, (w1, ws) defines a conformal symplectic couple on the
4-manifold X and w3 is a non-degenerate 2-form on X such that w; Aws =0, 7 =1,2
and wy A wi = wo A wy = w3 A ws.

Next we illustrate the construction given in Proposition 2.7 by showing principal
circle bundles over holomorphic symplectic manifolds in the cases (a) and (¢) of
Remark 2.9. Let us consider the closed 4-manifold X = I'\G, where the Lie algebra
g of G has the following structure equations

(5) de* =0, de*=0, de*=0, de*=—ce®® (e=0,1).
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Clearly X is the Kodaira-Thurston manifold for ¢ = 1 and a 4-torus for € = 0.

Consider the complex structure J on X defined by the complex (1,0)-forms
ol = el piet, o =e4ie®
so that
W=l A = (612+e34)+i(6137624) = wi +iwo

is a holomorphic symplectic structure on X. The metric g on X given by g =
S} et ® el is J-Hermitian and the fundamental form of (J,g) is precisely ws =
e'? + e23, so we are in the conditions of Proposition 2.7. Observe that ws is closed
only when X is a 4-torus, i.e. € =0.

Now let € be a closed 2-form on X such that
(6) QA (cosOwy +sinfwy) =0=0QA (sinfw; — cosfwy),
for some 0. A direct calculations shows that

Q=a(e? - +be®+e*) 4 (e — ey e +cpe®

satisfies (6) for all 6, where a, b, c1,co are constant. Applying Proposition 2.7, we
have a balanced SU(2)-structure on the total space N, which is non-hypo if € = 1.
In this case it is easy to see that N is a compact 5-nilmanifold with underlying Lie
algebra isomorphic to either (0,0,0,0,12) or (0,0,0,12,13 + 24).

3. EVOLUTION EQUATIONS AND BALANCED HERMITIAN METRICS

Next we establish evolution equations that allow the construction of new bal-
anced Hermitian metrics in dimension six from balanced SU(2)-structures in di-
mension five.

Theorem 3.1. Let (n(t),ws(t),ws(t),ws(t)) be a family of SU(2)-structures on a
I .

5-manifold N, fort € I = (a,b). Then, the SU(3)-structure on M = N x I given
by
() Fews®) @) ad, W= (@i(t) + i) A (n(t) + ide),

is balanced Hermitian if and only if (n(t),w1(t),w2(t),ws(t)) is a balanced SU(2)-
structure for any t in the open interval I, and the following evolution equations

Ot(w1 A1) = —dwa,
(8) Or(wa A M) = dwy,
Op(ws ANws) = —2d(ws A7),
are satisfied.
Proof. A direct calculation shows that the SU(3)-structure given by (7) satisfies
dF? = d(ws A ws) + (0r(ws Aws) +2d(ws An)) Adt,
and
d¥ = d(w1 A1) — (Or(w1 An) + dwa) Adt +id(we An) — i (Oy(wa An) — dwr) A dt.

The forms F? and ¥ are both closed if and only if (n(t),ws(t),wa(t),ws(t)) is a
balanced SU(2)-structure for any ¢ € I, and satisfies the equations (8). O
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Remark 3.2. Notice that in the special case when the balanced SU(2)-structures
in the family are hypo, the last equation in (8) reduces to

w3 A (Owws + dn) = 0.
Hence, any solution of the hypo evolution equations introduced in [7], namely
(9) Ot(w1 An) = —dwa, Ot(wa A7) =dw, Ows= —dn,

is trivially a solution of (8), and the resulting SU(3)-structure is integrable because
F in (7) is closed.

Next we give some explicit solutions to the balanced evolution equations (8).
Our first example is the 5-manifold N = X x R, where X is the Kodaira-Thurston
manifold. Let us consider the non-hypo balanced SU(2)-structure given by (5) for
€ = 1 and with zero curvature, namely

5 12 34 13 24 14 23
n=e", wp =e " +e, wg =e° —e, w3 =e  +e”.

The family of non-hypo balanced SU(2)-structures on N given by n(t) = e® and
wi(t) = e Fe3(e? —ted), wolt) = e + (e* —te’)e?, ws(t) = el(e —te®) 4 e,
coincides with the previous one for ¢ = 0 and satisfies the evolution equations (8)
for any t € R.

Denote by G the simply-connected nilpotent Lie group with Lie algebra

(0,0,0,0,12), so that N = I'\G for some lattice I' of maximal rank in G. It
follows from Proposition 3.1 that the SU(3)-structure on G x R given by

F = e +e2 —tel® 465 Adt,
(10) U, = 254 ¢35 - (613 — 2 4 te25) A dt,
W_ = 135 _ o245 4 (612 434 te35) A dt,

is balanced Hermitian.

Next we find explicit solutions of (8) for the non-hypo nilpotent Lie algebras
(0,0,0,12,14) and (0,0,12,13,23).

Lie algebra (0,0,0,12,14): It is straightforward to check that the family of bal-
anced SU(2)-structures given by

n(t) = @el,
walt) = {72 + {252,
w(t) = o — & (1 252 o) g o5,

satisfies the evolution equations (8) for ¢ € R — {2/3}. Observe that the volume
form of the associated Riemannian metric along the family is given by

2 — 3t
wi(t) Awi(t) An(t) = 2</?612345’

so the orientation for ¢ € (—o0,2/3) is opposite to the orientation for ¢ € (2/3, c0).
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Let I = (—00,2/3) and denote by G the simply-connected nilpotent Lie group
with Lie algebra (0,0, 0,12, 14). The basis of 1-forms on the product manifold G x I
given by

1_ .2 2_ 3 3 _ 3/2-3t 4 4_ 13/ 2 (2 5\ _ 2-3t_2
= o’ = e, ot =58 575 (e + 2¢”) e

5 3/2=3t 1
3 e

a’ = . ob =dt,

is orthonormal with respect to the Riemannian metric associated to the balanced
SU(3)-structure on G x I. The balanced Hermitian structure on G x I is given by

F — 623 _ %624 + 645 + 2—43t 3/2—2315624 + 3 2—231561 A dt,

U, = %6123 _el35 % 3/¥e123 + 3/ (2_ft)2 el24
(11) — ({3/2_2%625 + ¢ %e“) A dt,
U = 125 4 3/(27515)26134
+ (%f/ge% - %e% + @624 - f/%e%> A dt.

Lie algebra (0,0,12,13,23): A direct calculation shows that the family of bal-
anced SU(2)-structures given by

n(t) = %637

wi(t) = (e +e'?),

wo(t) = W@Z + %(614 + %),
wy(t) = e'?— %625 _ @645,

satisfies the evolution equations (8) for ¢ € R — {2}. Observe that the volume form
of the associated Riemannian metric along the family is given by

wi(t) Awi(t) An(t) = *2612345,

so it remains constant.

Let I = (—00,2) and denote by G the simply-connected nilpotent Lie group with
Lie algebra (0,0,12,13,23). The basis of 1-forms on the product manifold G x I
given by

- t(2—t)(t—4 -
o =e, a® = e”, « ——22t65, a4:7( i( )62—|—L2t64,

5_ 2 .3 6 _
a’ = %€’ a’ = dt,

is orthonormal with respect to the Riemannian metric associated to the balanced
SU(3)-structure on G x I. The balanced Hermitian structure on G x I is given by

F o= el2_ t(2*t);(t*4) o25 _ (2102645 T 2%)563 A dt,
(12) T, = —el35 4234 %(t(t;@em + el 4 e25) A dt,
U = —eld4_ 235 t(t2—4)€123 + %(615 — e24) A dt.

As a consequence of our previous examples we conclude:
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Corollary 3.3. The 6-dimensional simply-connected nilpotent Lie groups Hg,
His and Hi7 corresponding to the Lie algebras hs = (0,0,0,0,0,12), hig =
(0,0,0,12,14,24) and b7 = (0,0,0,0,12,15) have (locally) balanced SU(3)-
structures.

It is worthy to remark that Hg and Hys have invariant complex structures, but
none of them admit invariant compatible balanced metrics [28]. On the other hand,
H17 has no invariant complex structures.

Finally, recall that according to [23] if M is a G-manifold with a family
(F(s),¥1(s),¥_(s)) of half-flat structures, s € I = (a,b), satisfying the evolu-
tion equations

0,V = dF, FAOF =—d¥_,
then the product manifold M x I has a Riemannian metric whose holonomy is
contained in Gy; in fact, the form ¢ = F(s) Ads+ U, (s) defining the Ga-structure
is parallel. Therefore, the balanced SU(3)-structures (10), (11) and (12) can be
lifted to a metric with holonomy in Gs.

4. HOLONOMY OF BISMUT CONNECTION OF BALANCED HERMITIAN METRICS ON
SOLVMANIFOLDS

In this section we provide some examples of compact Hermitian manifolds, en-
dowed with an SU(n)-structure whose associated metric is balanced and such that
the corresponding Bismut connection has holonomy equal to SU(n), for n = 3, 4.

Let (M, J, g) be a Hermitian manifold and F' be the Kéhler form of the Hermitian
structure (J, g). Denote by V© the Levi Civita connection of the metric g. Then
the Bismut connection VE of (M, J, F, g) is characterized by the following formula

1
9(VXY, 2) = g(VX“Y, 2) + 5T(X,Y, 2), ¥X,Y,Z €T (M,TM),
where the torsion form T is given by
T(X,Y,Z)=JdF(X,Y,Z).

We will need to compute the curvature of VE. In order to do this, we will use the
Cartan structure equations,

2n
dei—l—Zw;/\ej=7'i7 1=1,...,2n
(13) im1
witw! =0, i,j=1,...,2n,
2n
dwi+ Y wi Awf =, i,j=1,...,2n
(14) r=1
QL+ Ql =0, i,j=1,...,2n,
where {e!,...,e?"} is an orthonormal coframe, w§ are the connection 1-forms, 7°

are the torsion 2-forms and Q; are the curvature 2-forms.
If {e1,...,e2,} denotes the dual frame of {e!,...,e?"}, then

2n
T = E Tijkej/\ek, i=1,...,2n,
j<k=1
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where T;;, = T'(e;, €5, ex).

4.1. Dimension six. There are two 3-dimensional complex-parallelizable (non-
abelian) solvable Lie groups [26]. The complex structure equations are given by:

() do' =dp? =0, dgp® = o'%;
(I) dp' =0, dp? = p'2, dp® = —p'°.
Here (I) is the Lie group underlying the Iwasawa manifold. In the following we

show that they can be endowed with a balanced SU(3)-structure and determine the
holonomy of the corresponding Bismut connection.

Theorem 4.1. Any 3-dimensional complex-parallelizable (non-abelian) solvable Lie
group has a balanced SU(3)-structure such that the holonomy of its Bismut connec-
tion is equal to SU(3).

Proof. First we show that for the standard Hemitian balanced structure (Jy, go) on
the Lie group (I) the holonomy of its Bismut connection equal to SU(3).
Let us consider the real basis {e!,...,e®} given by
ol =el+ie?, *=e+iet, P =e’+ieb
Then, the real structure equations are
de' = de* = de® = de* =0, de® =e'® — e, de® =t 4 2.
Let Jy be the complex structure given by

Joel = —e?,  Joe? =e€b, Jped = —et, Jpet =€, Jpe® = —eb,  Jpeb = éP.

The fundamental form F associated with the Jy-Hermitian metric gy = Z?Zl e'®@et
is given by
Fo—el2 4 o34 56
Since dF = e!36 — 145 — 235 _ 246 we get that gy is balanced and the torsion
T = JydF is expressed as
T — 135 _ 16 _ 236 | 245

From (13), the non-zero connection 1-forms of the Bismut connection V7 are
wi =wi =€, wi = —w? = —et, wi =wi =el, wp = —wji = e
Now, using (14), the (linearly independent) curvature forms of V¥ are
Q=23 Ol =—e!® M QZ=cM-e? 0 =22

Computing the covariant derivatives of the curvature, we obtain 4 new linearly
independent forms:

VE(0)) = -2 ), V(0] =2 + 1),
VE, (Qf) = 2(e'° — %), VE,(95)
Therefore, Hol(VE) = SU(3).

—2(eld 4 €26).

Finally, if we take U = (el +ie?) A (e® +iet) A (e +ieb), then d¥y = d¥_ =0,
ie. (F,¥,,¥_) is a balanced SU(3)-structure.

For case (II) we consider the real basis {e!,...,e%} given by

pt=el+ie?, p?=e3+iet, =€ +ieS.
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In terms of this basis, the structure equations are
de! = de? =0, de® = el3 — 24, de* = et + 23,
de® = —e 4 26, deb = _el6 _ 25
We consider the Hermitian structure (Jy, go) given in case (I). The fundamental

form F associated is F' = e'? + €34 + €°0 and dF = 2(e?* — ¢1%6). We get that go
is balanced and the torsion T is given by

T = —2(e23* — ¢256)
There are 8 linearly independent curvature forms for VZ, namely

Q%:—elg—eﬂ Qi:fel4+623, 9%276157626

)

Qé — 16 4 25,

OF = —2e34, 02 =3 + 19, Q3 = €36 — 25 Q2 = —2¢°°.
Therefore, the holonomy of V? is equal to SU(3).

Again, taking U = (e! +ie?) A (€3 +iet) A (€5 +ie®), the triplet (F, ¥, ¥_) is
a balanced SU(3)-structure. O

Next, we study the holonomy of the Bismut connection for balanced Hermitian
metrics on 6-nilmanifolds. First of all, we recall [28] that if a nilmanifold M = T\G
admits a balanced Hermitian metric (not necessarily invariant), then the Lie algebra
g of G is isomorphic to b,...,he or hig, where b1 = (0,0,0,0,0,0) is the abelian
Lie algebra and

by = (0,0,0,0,12,34), bs = (0,0,0,0,13 +42, 14 + 23),
hs = (0,0,0,0,0,12 + 34), b = (0,0,0,0,12,13),
by = (0,0,0,0,12,14 + 23), b, = (0,0,0,12,23,14 — 35).

Observe that by is the Lie algebra underlying the Iwasawa manifold considered in
Theorem 4.1. The Lie algebra b is the unique 6-dimensional 3-step nilpotent Lie
algebra admitting balanced structures.

On the other hand, in [11, Corollary 6.2, Example 6.3] an explicit balanced Her-
mitian metric on hs, b4, b5, he is given such that the holonomy of the corresponding
Bismut connection is equal to SU(3) for by, h5 and hg. For b3 they show that there
is a reduction of the holonomy group, whereas it remains to study the Lie algebra bo
because the particular coefficients given at the end of the proof of [11, Corollary 6.2]
correspond to bhg.

Next we prove that hs and hi4 also admit a balanced SU(3)-structure such that
the holonomy of its Bismut connection equals SU(3). That is, we prove the following

Theorem 4.2. Let M be a 6-dimensional nilmanifold admitting invariant balanced
Hermitian structures. If the first Betti number of M is < 4, then there is a balanced
SU(3)-structure such that the holonomy of its Bismut connection is equal to SU(3).

Proof. A 6-dimensional nilmanifold with by (M) < 4 admitting invariant balanced
Hermitian structures (J, g) has underlying Lie algebra isomorphic to b, b, b5, bs
or hig-

On bo, let us consider the structure equations

(15) de! =de? =de® =de* =0, de® =e'®—e?, de® = —2e'? et 234234,
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Firstly, we notice that the structure equations (15) correspond to the Lie algebra
ho. To see this it is sufficient to express the equations with respect to the new basis
fl=—2e24+V3e +et,  fP=cl—VBe24+2e%,  fF=2e2+V3e — e
f4=€1+\/§62+2€37 ]”5:—\/365—@67 f6=—\/§65+66.

Now, the fundamental form F associated to the Hermitian structure (Jy, go) is
given by F = e!? 4 ¢34 4 €%, Since
AF — 136 _ 246 4 9,125 _ 145 _ 235 _ 9 345
we get that gg is balanced and the torsion 7' is given by
T — —2e126 _ 135 _ 146 _ 236 | 245 | o 346

The following 8 curvature forms for the Bismut connection

QL = —2(2e12 — M — €2 — 3¢34), QL = — (13 4 ¢24),

Q) = —(e!* —e23), Ol = —2¢46

Qb = —2¢3¢, OF = 2(3e'2 — elt — 23 — 2¢34),
QF = —2¢%, Q3 = 2¢16.

are linearly independent, therefore, Hol(V?) = SU(3).

Now, if we consider the (3,0)-form ¥ = (e +ie?) A (e +ie*) A (€5 +ieb), then
(F,W,V_) is a balanced SU(3)-structure.

On b1y, we consider the following structure equations:
del =de? =de* =0, de* =e'?, de® =e?, deb =el* —e%.

We define the complex structure J given by

Jel =¢3, Je? =8, Jed = —el, Jet=—¢® Je® =et, Jeb = —e.
The fundamental form F' associated to the J-Hermitian metric g = Z?zl el ®elis
given by F = —e!? — 26 + ¢45. Since dF = —e!24 + 125 — 234 — 235 we get that

g is balanced and the torsion T is given by

T — o146 _ 156 _ 346 _ 356

Also in this case, Hol(V?)=SU(3) because there are 8 linearly independent curva-
ture forms for the Bismut connection:

O = —1(3¢12 4 2¢16 4 ¢39), QL = 1(e0 + 1),

QL = —3 (el — %), QL = 1(2¢11 — e15 — 31 — 2¢3%),
Ol = —i(e16 + 3e23 — 23%9), 02 = %(624 2e40 — 56)

02 = %(625 + 46 — 2¢50), 02 = %(61‘5 —e*).

Moreover, if U = (e! —ie®) A (e —ie®) A (e* +ie®), then (F,¥,, ¥ _)is a
balanced SU(3)-structure. O
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To finish this section, we show an example of a 6-dimensional compact solv-
manifold with a balanced SU(3)-structure such that the holonomy of its Bismut
connection is equal to SU(3).

Let g be the solvable Lie algebra whose structure equations are

de! =0, de? =0, de® =e'3, de* = —e', de® =el®, deb = —el.

Let G be the simply-connected Lie group whose Lie algebra is g. It can be easily
checked that, for any X € g, adx has real eigenvalues, i.e. g is completely solvable.
Thus G has a uniform discrete subgroup T, such that M = I'\G is a 6-dimensional
compact solvmanifold.

We define an (integrable) complex structure J on M by setting

Jel = —e2, Je? =el, Jed = -5, Jet = —€b, Jeb =e3, Jeb =t

The fundamental form F' associated with the J-Hermitian metric g = Z?:1 el ® el
is given by F = e'2 4 ¢3° + ¢%6. Hence dF = 2 (6135 — 6146> and g is balanced. The
torsion form of the Bismut connection is given by

T—9 (6246 _ 6235) _
The following curvature forms are linearly independent:
Ql =2 (635 + 646) L Ol=—el3 2 Ol = 120l = 154 23
O = —¢16 4+ 24, Q3 = &34 4 %, Q3 = —2e35, Q3 = €30 4 15,
Consequently, Hol(VE) = SU(3).

Taking ¥ = (e +ie?) A (€3 +ie®) A (e* +ie®) we obtain that (F,¥,,¥_)is a
balanced SU(3)-structure.

Finally, we observe that the manifold M has no Kahler structures. Indeed, in
view of the Main Theorem in [21], a compact solvmanifold of completely solvable
type has a Kahler structure if and only if it is a complex torus.

4.2. Balanced Hermitian metrics on compact 8-solvmanifolds. Here we
present examples of compact balanced Hermitian 8-manifolds with an SU(4)-
structure such that the holonomy of its Bismut connection is equal to SU(4). Fur-
thermore, according to [26], all the examples are holomorphic parallelizable. We
will describe carefully only one example. In the other cases the computations are
similar.

Example 4.3. Consider the complex structure equations

de' =0, dp® =97, dp®=—p"%, dp*=—p

Let {el,...,e®} be the basis given by ¢/ = €2=! +ie*  j=1,...,4. The corre-
sponding real equations are

det =0, de? =0, de® = el — e de* = el 4 23,
4

d65 — —615 + 626, d€6 — —616 _ 62‘), de? — —635 + 646, deS — —636 _ 645

)

Let g be the real 8-dimensional Lie algebra whose dual is spanned by {e!, ..., e%},
and let G be the simply-connected Lie group whose Lie algebra is g. It is immediate
to see that g is a 3-step solvable but not completely solvable Lie algebra. In fact,

g = (e3,eq,e5,€6,e7,e8),8” = (er,es),g” = {0}. However, by [26] it turns out



BALANCED HERMITIAN METRICS FROM SU(2)-STRUCTURES 15

that G has a uniform discrete subgroup I', such that M = T'\G is a compact
solvmanifold of dimension 8. Let Jy be the natural complex structure given by

Joe! = —€2, Joe? = el Joed = —e?, Joet = €3,

Joe? = —ef, Joeb = €2, Joe” = —e8, Joed = €.
The fundamental form F associated with the Jyp-Hermitian metric gy = E?Zl et@et
is given by F = e!'? 4+ €3* 4 ¢°6 4 ¢"® and, consequently,

dF = 2 (6134 o 6156) o 6358 =+ 6468 4 6367 4 e457 .

It is straightforward to see that go is balanced and the torsion of the Bismut con-
nection is

T—9 (6256 _ 6234) _ A6T | 35T | 458 | 368

By a direct computation, we get only 6 linearly independent curvature forms, given
by

QL =2(e3 4 650), Ql=—e2—e3, Q=2 el
Ol = —e26 — 15 Ol =25 — ¢l16 O3 = 2(—e¥ 4 €59).
Computing the covariant derivatives of the curvature forms, we obtain that

VgQ% —9 (_614 4 23 _ (67 +658)’ ng% —9 (el?’ 24 _ 68 _ 657) 7

Bl 9 (A7 _ .38 4 .16 _ .25 Bl _ (48 | .37 _ .26 _ 15
VBQ; =2(e?" —e® +el6 —e?), VO, =2(e®® +e¥ — e —e?),
Bl _ _ .35 _ .28 _ 46 _ 17 Bl _ _ 18 | .27 | .36 _ 45
Vo lly=—e? —e* —e™ —e'l, Ve, Qly = —e® +e*l +e® —e™,
VBOL = 45 4 27 — 36 _ (18, VEBQOL = —e3 4 28 — 46 4 17,

VB =2(e5 — e'?),
are linearly independent and so, Hol (VZ)=SU(4).

Finally, taking ¥ = (e! +ie?) A (€3 +ie?) A (€5 +ieb) A (e” +ieB), we obtain
that (F, U4, ¥_) is a balanced SU(4)-structure.

For the holomorphic parallelizable solvmanifolds corresponding to the Lie alge-
bras defined respectively by the following structure equations,

dpt =0,  dp®=0, dp® = -2, dpt =207,

de! =0, dp? = p'?, de? = cp'?, de* = —(1+ )™ c(l+c¢)#0
dp' =0, dp? = 12, dg® = —2013 dp* = o1 — 12|

the computations of the holonomy of the Bismut connection are similar and there-
fore they are omitted.
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