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Abstract

In this paper we consider a general linear model in a continuous time. We propose
a decomposition of the process which helps us to understand the structure of the
model. Moreover, the sufficiency of the BLUE estimator of the expectation of the
process can be characterized in terms of the Gaussian character of a component of

the decomposition.
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1 Introduction

The present paper investigates a linear model in continuous time. The objec-
tive is to give a decomposition of the process which clarifies its structure. This
decomposition has as a starting point the study of the characterization of the
Gaussian distribution in terms of the BLUE estimator sufficiency (see Bischoff
et al. [1,2] for the discrete case and Ibarrola and Pérez-Palomares [3,4] for the

continuous time).

In the literature, there are several decompositions of a classical linear model
Y = X3+ ¢, where Y is an observable random vector, X is the known design
matrix, § is a vector of unknown parameters, and € is a random vector with
zero expectation and a known (up to a constant) dispersion matrix. The most
classical decomposition consists of writing the vector Y as the sum of the
BLUE estimator plus the vector of residuals. When the covariance matrix of
€ is singular, then there exist linear combinations of the parameters which
are completely known when the vector Y is observed. In Nordstrom [5] and
in Paige [6] we can find decompositions in which the deterministic part is

recovered from the model.

In particular, in Nordstrom [5] the decomposition is derived from an orthog-

onal partition of R™ and it essentially consists of the following terms:

where Y] is a deterministic component, Y5 is the BLUE estimator for its ex-
pectation and Y3 is a residual part, i.e. its distribution does not depend on
the parameter (3. In Paige [6] the authors present a new derivation of the

generalized singular value decomposition for matrices and they obtain a de-



composition of the linear model as an application. There are three important
components in its decomposition: one is a deterministic part, another is a ran-
dom component which serves to estimate the parameter 3, and finally there

is a part which does not give information on the parameters.

In this paper, we present a decomposition of a linear model in continuous time,
which can be applied to a discrete time linear model, obtaining a different
decomposition to those given in the literature. As we will see, if we apply to

a discrete model the decomposition developed in this paper, we obtain:

where Y}* is a deterministic component equals to Y7 in (1); 5" is the BLUE for
its expectation; Y;" is a vector which contains information on the parameter
and on the distribution of certain estimators (under some hypotheses); and
Y is a residual part. Moreover, we can give a further decomposition of Y’
in two parts, Y3 = Y},*(l + Y3*(2, where Y})*(l is the BLUE for its expectation
and Y},*(Q is a residual term. If we compare our decomposition with (1), we
see that Yy = Y5 + Y})*(l and Y3 =Y, + Y})*(Q. Therefore, the difference in our
decomposition is that we factorize the BLUE term Y5 into two estimators Yy
and Y})*(l where the last one can give information on the distribution of some
linear estimators. The same happens with the residual part, that is, we can

give the distribution of Y},*@ in certain situations.

The structure of the paper is the following: in this section we recall some
definitions used throughout the paper (most of them are introduced in Ibar-
rola and Pérez-Palomares [4]). In Section 2 we introduce each component of
the decomposition and, finally, in Section 3 we study the structure and the

properties of each component.



From now on, let (Z;,t € [0,T]), T > 0, be a stochastic process with distribu-
tion Py in (RI®T) Fr) where Fr is the o—algebra generated by Z;,t € [0, T).
Let Ey be the mathematical expectation with respect to F,. Suppose that
Ey[Z) =0,t€[0,T] and Ey[Z:Z;] = B(s,t), s,t € [0,T] is a known continu-
ous function in [0, 7] x [0, T]. For each § € RP, we denote by Py the distribution
of the process (X;,t € [0,T]) which is defined as X; = A(t)0 + Z;, t € [0,T],
where A(t)’ is a vector in R”, with known continuous components in [0, 7. Let
w be the normal distribution on (RP, B(RP)) with zero mean and covariance

matrix I. P denotes the measure defined on (RI>”), F7) as
P(A) = /]R Py(A)du(h), A€ Fr.

The mathematical expectation with respect to P will be denoted by E and
with respect to Py by Fy. Thus, the process (X;,t € [0,7]) is an element of

L2(ROT) Fr, P) with

E[X] =0, E[X.X]=B(s,t)+AS)A®), stel0,T]. (2)

We denote by £(X;,t € [0,T]) the closure in L?(RI%") Fr. P) of the set of finite
linear combinations of type >, ¢; Xy, ¢; € R, t; € [0,T]. L(X;,t € [0,T]) is
a Hilbert space with the inner product < Y, Z >= E[Y Z]. We are interested
in estimators constructed by the observed paths of the process (X;,t € [0,7T])

in a linear way, i.e. we are interested in estimators belonging to the class

L(X;,t €0, T]). We refer to this class of estimators as linear estimators.

An estimable linear combination is a linear combination of # which can be
unbiasedly estimated by elements of £(X;,t € [0,7]). We say that a linear

estimator is the BLUE for an estimable linear combination of 6 if it is of mini-



mum variance among all linear estimators unbiased for the linear combination.
Let (0,,r € K) be a family of elements in £(X;,t € [0,7]), where K is a com-
pact subset of R. If K is not a finite set, we shall suppose that (6,7 € K) is
continuous in square mean sense. We denote by L£(6,,r € K) the closure in
L*(RIT Fr P) of the linear combinations of (6,7 € K). Then (6,,r € K)
is linearly sufficient if the BLUE of each estimable linear combination belongs

to L(6,,r € K).

Let 6 = (6, - ,ép)/ be the estimator verifying

A(t) =< X;,0' >= E[X,0], tel0,T), (3)

which always exists (see for example Ibarrola and Pérez-Palomares [4]). There-

fore, we can write

Bo[Y] = E[Y#)9, Y € L(X,.t€[0,T)), (4)

and, from (2),

~

E|YZ| = E[YZ)+ E[Y@|E|0Z), Y,Z e L(X;,te[0,T)). (5)

For a linear estimator Y unbiased for 0 we have from (4) that E[Y§] = 0
and using (5) we see that Eg[Y#] = 0. This means that 6 is uncorrelated
with all linear estimators unbiased for 0, so 0 is the BLUE for its expectation.
Finally, denoting by ¥ = E[0], it holds that A(¢)2~0 is the BLUE for A(t)6),
t € [0,7], where ¥~ denotes a generalized inverse of ¥. We shall also use
the following notation: C' = Ey[00'] and S(t) = Eo[X,0']. Observe that C' =

S(I— %) and S(t) = A(t)(I — 2.



2 Decomposition of the linear model

First, we observe that it is possible to find deterministic elements in £(X,t €
[0,T]) since we have not imposed restrictions on the covariance function B.
The first decomposition that we give consists simply in recovering the main

deterministic component.

We define
Bt ={Z e L(X,;,t€[0,T)): Eo[ZX;] =0,t € [0,T]}.

B* is the class of all deterministic linear estimators. Then, we consider for
each t € [0,T)] the orthogonal projection of X; onto Bt with respect to the
inner product < Y, Z >= E[Y Z], let ¢; be this projection. Obviously we can

write
Xt:Ct+X:7 tE[O,T],

with X} = X; — ¢;. The process (X}, ¢ € [0,T]) satisfies that L(X},t € [0,T])

does not contain deterministic linear estimators.

Note 1. If equality (3) is satisfied with Ej, i.e. if there exists a linear estimator

~

6* such that
A<t) - EO[Xté*,L t e [07T]7 (6>

then for a Z € L(Xy,t € [0,T]), we have from (3) and (6)
E[20') = Eo[26"].

Thus, using (4), Ey[Z] = Eo[Z6*'])0, which means that each Z € L(X,,t €
[0, T]) with variance zero, it has zero expectation with respect to Py, and then

BY is a trivial set.



Moreover, in this case it is not necessary to consider the measure P because
each convergent element, in square mean sense with respect to Fy, is convergent
with respect to Py for all § (and with respect to P). Thus, £(X;,t € [0,T])
would be the set of the linear combinations >7;_; a;X;, and their limits in

square mean sense with respect to F.

Lemma 1. A representation of the deterministic linear estimator (¢t €

[0,77) is given by
o =AML (I —CCh)o, telo,T)
where C'T is the Moore-Penrose inverse of C.

Proof. First, we see that ¢, € B+ because (I — CCH)Ey[00] = (I —CCH)C =
0, so (I — CCH)0 = 0, Py-a.s. showing that ¢, € B+. We have to check that

X; — ¢ is orthogonal to Bt (with respect to the inner product given by P).

Let Z € B+, then from (5), E[0Z] = E[A0'|E[0Z], that is
(I -X)E[0Z] = 0. (7)

Thus, again from (5), E[(X; — ) Z] = E[(X; — ¢,)0'|E[02Z] = A(t)(I =%~ (I —
CCHX)EIZ] = A(t)(S-CCTE)E[Z]. The Moore-Penrose inverse CF sat-
isfies (CCT) = CC™*. On the other hand CYX = X(I — X)X = £C. With these

properties and (7) we conclude
E[(X;—c))Z] = A(t)(2~(CHYEOVE[0Z] = A(t) (2~ (CTYSD)(I-X)E[0Z] = 0,
for all Z € B+. This shows the lemma.

We shall now give some properties of the process (Xt € [0,T]).

Lemma 2. Let a(t) := E[X;#], t € [0,T]. Then, there exists an estimator



0* € L(X;,t € [0,T]) such that

a(t) = Eo[X;0"], tel0,T). (8)

Proof. From Lemma 1, a(t) = A(H)X"CCTE = A()(I-X)CTE = S(t)CTE =
Ey[X,0/CtY). Now, X; = X}, Py-a.s. and we take 6 € £(X;,t € [0,T]) with
0 = 5, Py-a.s. (for example the projection of 0 onto this space). Finally, defin-

ing 6* = %(C*)'6, we prove Lemma 2.
Note 2. (i) Lemma 2 implies that,
Ey|Z) = Eol26™10, Z e L(X;,te0,T)). (9)

(ii) According to Note 1, the class £(X;,t € [0,T]) coincides with the limits
of >7p_; ax X}, in square mean sense with respect to . Moreover, an equality
Py-a.s. among elements of L(X;,t € [0,T]) is satisfied P-a.s. (and therefore

Py-a.s. for all 0).

To obtain our decomposition, we consider the eigenvalues Ay and the eigen-

functions ey (t), t € [0, 7], of the covariance function B(t, s), which verify that
B(t,s) = > Mcex(t)en(s), t,s€[0,T],
k=1
where

T
A > 0, Akek(t):/o B(t,s)en(s)ds, te€ [0,T]

and [ e (t)e;(t)dt = 6y, with 6; = 0 if k # j and &; = 1 if k = j. Define
X, = s J& Xfep(t)dt, k = 1,2,... The Karhunen-Loeve expansion yields

(see for instance Todorovic [7])

X; =S Vwe)X; = S B[ X XX, Po—as. (10)
k=1 k=1



Taking into account (8), the estimator 0* generates the BLUE estimators
for the class £L(X;,t € [0,T]) and thus we define, as in Ibarrola and Pérez-
Palomares [4], the subset S* = {Z € L(X7,t € [0,T]) with Eg[Z6*'] = 0} or
equivalently, from (9), S* = {Z € L(X},t € [0,T]) unbiased for 0}. We will

now define the index sets
Tsr ={keN:X, €S}

and
Ts={keN: X, =0"c, Py— a.s. for some ¢ € RP}.

We have the following
Lemma 3. Tg = {k € N : ¢,(t) = a(t)c, for some c € RP}.

Proof. First, by definition of X, Eo[X;X}] = vV Awer(t). Thus, X} = 6*c &
Eo[X; X)) = Eo[X0")c < vV wer(t) = a(t)e, where the last equivalence fol-

lows from (8). Lemma 3 is proved.

Using (10) we can factorize the process (X, t € [0,T]) as

X =Y, + W, +G,, (11)
with Y, := > Eo[X; X)X,
keTs
Wi = Z EO[X:YZ]Y;
k€eTs |
G, = Z EO[X:YZ]Y;;
ke(TsUTy )¢

where (Ts U Tq1)¢ denotes the complementary set of (Ts U Tq1).

Note 3. From (10) it follows that

LX;tel0,T)=L(X,,k=1,2,...)



and

LX,k=1,2,...)=L(X,,k € T)DL(X,, k € Ts1 )BL(X}, k € (TsUTg1)°),
where @ means the orthogonal direct sum with respect to Fy. Thus the com-
ponents Y;, W; and G; can be seen as the orthogonal projections (with re-

spect to Py) of X; onto each space L(X,,k € Ts), L(X,,k € Tgr) and

L(X,, k € (Ts U Tg1)", respectively. From definition, it is obvious that for

keTs X, = ﬁfOT Yier(t)dt; for k € Tgr, X, = ﬁfg Wieg(t)dt and for

ke (TsUTs )", Xy = o o Giex(t)dt.

In order to abbreviate the notation, we define

Ly = L(X,,ke€Ts)=L(Y;,tel0,T)]),

Ly = L(X,, k€ Tsr) =LW,,t€[0,T]) and

Lo :=L(X,, ke (TsUTg1)®) = L(Gy,t €[0,T)).

3 Structure of the decomposition

In this section we will see the role of each process in our decomposition.

Lemma 4. (i) (W,;,t € [0,7]) is a process with null expectation and therefore

its distribution is independent of the parameter 6.
(ii) If Z € L(X},t € [0,T]) is the BLUE for its expectation, then Z € Ly ® L.

Proof. (i) It follows from the definition of W; and from the fact that for

k€ Tse, By[X,] =0.

10



(ii) For each Z € L(X},t € [0,T]) we can write, using the decomposition in
(11),

Z =2y + Zw + Zg,
where Zy, Zw and Zg are the components in the spaces Ly, Ly and Lg,
respectively. If Z is the BLUE for its expectation, then Z and Zy are un-
correlated since Zy, is unbiased for 0. Then, 0 = Ey|Z2w| = Eo[Zy Zw]| +
EolZw Zw] + EolZeZw)| = EolZw Zw], showing that Zy = 0, Py-as. and

Z = Zy + Zg. It concludes the proof of Lemma 4.

Theorem 1. (i) Ey[Y:] = a(t)RO, t € [0,T] where R is a p X p idempotent

matrix.

(i) (Yit € [0,7)) is the BLUE for (a(t)RO,t € [0,7]). Thus, if M6 is an
estimable linear combination with £(X},¢ € [0,71]), then the BLUE of M Rf
belongs to the class Ly . All the elements in £y are BLUE estimators for their

expectations.

Proof. (i) Since Ey[X;X,] = vV ex(t),

Eo[Y:] = Ykers Bo[X; X Eo[ X)) = Shers en(t) J en(t) B[ X;]dt =
= Y pers ex(t) Jy ex(t)a(t)ddt.

Using Lemma 3, for each k € T, there is a ¢, € RP such that e(t) = a(t)cy,

and then
Byl = ) ac)( | " a(t)a(t)dt)0 = a(t) R,
with N
R= kgTjS(ckc;C)( /0 ot alt)dr). (12)

11



On the other hand,

ch - (ZkeTs Ckc?c) fOT @(t)/a(t)det = (ZkETS Ckc;g) f(;r a(t)’ej (t)dt =
= D keTs Ch foT €k (t)’ej (t)dt = Cjs
which proves that R is a idempotent matrix.

(i) is immediate because Lemma 3 establishes that, for each k € Ty, X, is the
BLUE for its expectation, which yields that Y; is the BLUE for its expectation.

Theorem 1 is proved.
Theorem 2. (i) Ey[Gy] = a(t)(I — R)0, t € [0,T] where R is defined in (12).

(ii) Let M6 be an estimable linear combination with £(X},t € [0,7T]), then

the BLUE of M (I — R)# belongs to the class Lg.

Proof. (i) is obvious from (11), Theorem 1(i) and Lemma 4(i). (ii) From
Theorem 1(i) and part (i) of the present theorem, we have for each U € Ly,
Eo[U6*'] = ¢R for some vector ¢, and for each U € Lg, Eo[U0"] = (I —
R), for a ¢. Then, let Z be the BLUE for M (I — R) with M6 an estimable
linear combination. From Lemma 4(ii) Z = Zy + Zg, where Zy and Zg are
the corresponding elements in £y and Lg, respectively. Then, M(I — R) =
Eo[Z0%) = Eo[Zy 0] + Eo|Za0"'] = e1R + ¢o(I — R). Multiplying by R and
using the fact that it is idempotent, it holds that 0 = ¢; R = EO[Zyé*’]. But, Zy
is the BLUE for its expectation, so Zy = 0, a.s. showing that Z = Z¢ € L¢.

Theorem 2 is proved.

Now we shall see that the distribution of the component (Gy, ¢ € [0,7]) can

be characterized.

12



First, we factorize the estimator 0 as follows:

0=0p+0"=0p+ 6 + 05, (13)

where p is the deterministic part of 6 and é;} and éz‘; are the components of 6
in Ly and Lg, respectively. Denoting by o(A) the minimum o-field generated
by A, it is easy to see that in the model (Gy, o(Gy,t € [0,T)), Py), 0% generates
the BLUE estimators of all estimable functions. Thus, we have the following

lemma.

Lemma 5. If X, X, ..., j € (TsUTs.) are independent random variables,
then the process (Gy,t € [0,T]) has a normal distribution if and only if 6§
is a sufficient estimator in the model (G, o(Gy,t € [0,7]), Pp). In this case,
for each estimable linear combination M6 (in L(X},t € [0,7T])), the BLUE

estimator of M (I — R)6 has a normal distribution.

Proof. We can apply Corollary 1 in Ibarrola and Pérez-Palomares [4], because

(Gt,t € [0,T1]) verifies the hypotheses of this result.

Theorem 3. Suppose that (X, k € Ts), (X k € Tsx), X;, X,01..., j €
(Ts U Tyo )¢ are independent random variables. Then, the estimator 0 is a
sufficient estimator in the complete model, i.e. in the model (X;,o(Xy,t €

[0,T), Pp) if and only if (Gt € [0,T7]) is a Gaussian process.

Proof. For the right implication it is enough to use Theorem 2 of Ibarrola and
Pérez-Palomares [4]. For the left implication, first note that 6 is a sufficient
estimator in the model (X;, 0(X;, ¢ € [0,T]), Pp) if and only if 6* is a sufficient

estimator in the model (X;,o(X},t € [0,T]), Py). Thus, we shall prove the

13



last assertion. In order to do this, we observe that
o(X/,te€[0,T]) =0(c(Ys,t € [0,T]) U (G, t €[0,T)) Ua(W,t €]0,T))).

Now, let A € (Y, t € [0,T]), B € 0(Gy,t € [0,T]) and C € o(W;,t € [0,T]).
By definition Y; is measurable with respect to O‘(é*) and from hypothesis W,

~

is independent of (Gy, 0%), so

Ey[14151c|0(0%)] = 14Py(C)Ey[15|0(67)). (14)

On the other hand, we use the decomposition of 6* as in (13) and we have

o(6%) = o(o(6%) U o(f%)). Thus from the independence between (o(Gy,t €

[0, 7]) and o(6;) we obtain
Eg[lplo(07)] = Es[1s]o(0)).

Using Lemma 5, we can assure the sufficiency of 6% for o(Gy, t € [0,T7]), so tak-
ing into account (14) we conclude that for A € o(Y;,t € [0,T]), B € 0(Gy,t €
0,7]) and C € o(W,,t € [0,T]) there exists a version of Eyg[141plc|o(0%)] in-

dependent of . Finally, using a standard argument we obtain the sufficiency

A~

of 6.

Corollary 1. Suppose that (X,,k € Ts), (X,,k € Tqr), Y;, Y;H ..., j €
(Ts U Tg.)¢ are independent random variables. Then, the estimator 0 is a
sufficient estimator in the complete model, i.e in the model (X;,o(X;,t €

[0, 7)), Py) if and only if 0% is a sufficient estimator in (Gy, 0(Gy, t € [0,T]), By).

Note 5. As we mentioned in the introduction, we can factorize the process

G to obtain, finally, the following decomposition,
Xt =+ )/t + Wt + GgB) + GgR),

14



where ¢; is a deterministic estimator, Y; and GgB) are the BLUE estimators

for a(t)RO and a(t)(I — R), respectively and, finally, W; and G\ are residual

components. Moreover, if the hypotheses of Lemma 5 are satisfied, GiB) and

G!

R)

have a normal distribution.
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