ON THE BOTT-CHERN COHOMOLOGY AND BALANCED HERMITIAN
NILMANIFOLDS
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ABSTRACT. The Bott-Chern cohomology of 6-dimensional nilmanifolds endowed with invariant complex
structure is studied with special attention to the cases when balanced or strongly Gauduchon Hermitian
metrics exist. We consider complex invariants introduced by Angella and Tomassini and by Schweitzer,
which are related to the 9-lemma condition and defined in terms of the Bott-Chern cohomology, and show
that the vanishing of some of these invariants is not a closed property under holomorphic deformations.
In the balanced case, we determine the spaces that parametrize deformations in type IIB supergravity
described by Tseng and Yau in terms of the Bott-Chern cohomology group of bidegree (2,2).

1. INTRODUCTION

Given a compact complex manifold M, the Dolbeault cohomology groups Hg’q(M ), and more generally
the terms EP9(M) in the Frolicher spectral sequence [15], are well-known finite dimensional invariants
of M. Other complex invariants are given by the Bott-Chern cohomology groups [8, 1], which we will
denote by HE&(M). If M satisfies the 00-lemma condition [14] (in particular, if M is compact Kihler),
ie. if kerd NkerdNimd = im 90, or equivalently if any O-closed, O-closed and d-exact complex form on
M is 00-exact, then HE4(M) = EP9(M). However, in general the Bott-Chern cohomology groups do not
coincide with E?'9(M) and provide additional invariants of the compact complex manifold M.

In this paper we consider 6-dimensional nilmanifolds M = I'\G endowed with invariant complex struc-
tures J. Using the classification of such complex structures given in [9] and the fact that the Bott-Chern
cohomology of (I'\G, J) can be reduced to calculation at the level of the Lie algebra g underlying the nilman-
ifold [4], in Section 3 we obtain explicit generators of each Bott-Chern cohomology group HEA(I'\G, J).
As a consequence, in the cases when the complex structure J admits balanced or strongly Gauduchon
Hermitian metrics we compute the dimensions of its Bott-Chern cohomology groups.

C-C. Wu proved in [36] that the d0-lemma property for compact complex manifolds M is open under
holomorphic deformations, although the deformation limits of compact complex manifolds satisfying the
00-lemma remain unclear. D. Angella and A. Tomassini gave in [6] another proof of the openness of the
00-lemma property as a consequence of general inequalities involving the Bott-Chern cohomology of the
manifold [8]. If n is the complex dimension of M, let f,(M) =3_ . _; (RZ2 (M) + hcP ™1 (M)) —2by, (M),
where h;A (M) denotes the dimension of HEA(M) and by (M) the k-th Betti number of M. They proved
that the complex invariants f;,(M) are non-negative, and f,(M) = 0 for all 0 < k < 2n if and only if M
satisfies the d0-lemma [6]. Thus, compact complex manifolds satisfying the d0-lemma are characterized
as those compact complex manifolds for which fj, (M) = 0 for all k.

On the other hand, if M is a compact complex manifold then for any r > 1 one can consider the
complex invariants k(M) = hyd(M) 4 2dim EQ2(M) — by(M), where E®?(M) is the r-step (0, 2)-term
of the Frolicher spectral sequence of M. In Proposition 4.6 we extend a result of M. Schweitzer [32] by
showing that k(M) > 0 for any r, and that ki (M) = 0 (and therefore all k, vanish) when M satisfies the
d0-lemma.

Section 4 is devoted to the study of the behaviour of the properties “f; =0" (for a given k) and “k; =0”

under holomorphic deformations M;. Due to the upper-semicontinuity of the Bott-Chern numbers hi;¢ (M)
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with respect to t [32], one has that the properties fy = 0 and k; = 0 are always open under holomorphic
deformations. Using the results of Section 3, we show in Propositions 4.3 and 4.11 that they are not closed
in general; concretely there is a holomorphic family of compact complex manifolds My, t € C with [¢t| < %,
such that fo(M;) = 0 = ki (M) for ¢ # 0, but f5(Mp) = 2 = ky(Mp).

In Section 5 we put special attention to the cases when balanced Hermitian metrics F exist. L-S. Tseng
and S-T. Yau showed in [33] that the Bott-Chern cohomology group Héé(M ) arises in the context of type
IT string theory as it can be used to count a subset of scalar moduli fields in Minkowski compactifications
with RR fluxes in the presence of O5/D5 brane sources. More precisely, the moduli space of solutions given
by linearized variations is parametrized by the space, which we will denote by £*2(M, J, F), consisting
of the harmonic forms of the Bott-Chern cohomology group H]2302(M ,J) which are annihilated by F.
Using the explicit description of H;CQ(M ) given in Section 3 and the results of [35], we determine the
space L22(I'\G, J, F) for any invariant balanced Hermitian structure (.J, F') on a 6-dimensional nilmanifold
M = T'\G. We prove that its dimension only depends on the complex structure; in particular, if M
denotes the Iwasawa manifold then one has that dim £22(My, F) = 7 for any F. As an application we
show that dim £22 is not stable under small deformations; concretely, there is a holomorphic deformation
My, t € C with [t] < 1, of the Iwasawa manifold M, admitting balanced structures for each ¢ and such that
dim £22?(M;, F) =5 for 0 < |[t| < 1 and for any balanced Hermitian metric F' on M; (Proposition 5.5).

During the preparation of this paper we were informed by Adriano Tomassini that Daniele Angella,
Maria Giovanna Franzini and Federico Alberto Rossi have obtained in [5] similar computations which are
used to provide a measure of the degree of non-Kéahlerianity of 6-dimensional nilmanifolds with invariant
complex structure, as well as the relation between Bott-Chern cohomological properties and existence of
pluriclosed metrics.

2. INVARIANT COMPLEX STRUCTURES ON NILMANIFOLDS, BoTT-CHERN AND AEPPLI COHOMOLOGIES,
AND SPECIAL HERMITIAN METRICS

Let M be a compact complex manifold of complex dimension n and consider QP'4(M) the space of forms of
bidegree (p, ¢) with respect to the complex structure. In addition to the well-known Dolbeault cohomology
groups HZ“(M) and the terms EP¢(M) in the Frolicher spectral sequence [15], the Bott-Chern and Aeppli
cohomologies [1, 8] define additional complex invariants of M given, respectively, by

ker{d: QP4(M) — QPTItL(M)}
im {00: Qp~La-1(M) — Qpa(M)}’

3O -
and _
ker{00: QP 9(M) — QpFtLatl(pr)}

im {9: Qp~La(M) — QPa(M)} +im {0: QPa=1(M) — Qra(M)}’
By the Hodge theory developed in [32], all these complex invariants are also finite dimensional and one has
the isomorphisms H{Y(M) = Hi " P (M). Notice that HEE(M) = HEE(M) by complex conjugation.

For any r» > 1 and for any p, ¢, there are natural maps

HEA(M) — E2YM) and EP9(M) — HYY(M).

Recall that F{**(M) = HE?(M) and that the terms for r = oo provide a decomposition of the de Rham
cohomology of the manifold, i.e. HY; (M, C) % @y g ELI(M).

From now on we shall denote by h;& (M) the dimension of the cohomology group HEE(M). The Hodge
numbers will be denoted simply by h?*9(M) and the Betti numbers by by (M).

HE (1) =

Notice that in general the natural maps above are neither injective nor surjective. However, all the maps
are isomorphisms if and only if M satisfies the 99-lemma [14].

Therefore, if the d0-lemma is satisfied then the above invariants coincide and in particular one has the
Hodge decomposition Hfp (M, C) = @y q=xH5* (M), where HY*(M) = HY?(M).

Here we will consider nilmanifolds endowed with an invariant complex structure J, i.e. compact quotients
of simply-connected nilpotent Lie groups G by a lattice of maximal rank such that J stems naturally



from a “complex” structure J on the Lie algebra g of G. Many aspects of this complex geometry have
been investigated by several authors, for instance classification, complex cohomologies computation or
deformation problems [2, 3, 4, 9, 10, 11, 13, 20, 21, 28, 29, 30, 31]. It is well-known that a complex
nilmanifold does not satisfy the d9-lemma, unless it is a torus, because it is never formal [14, 19], so the
different cohomologies above do not coincide in general.

Salamon gave in [31] a characterization of the invariant complex structures J as those endomorphisms
J: g — g such that J* = —Id for which there exists a basis {w’}7_, of the i-eigenspace g"* of the
extension of J to g = g* @r C such that dw' = 0 and

do’ € T(W,...,w’™Y), forj=2,...,n,

where Z(w!,...,w/™!) is the ideal in A* gf generated by {w?,...,w’~'}. A consequence of this result is
the existence of a nowhere vanishing closed (n,0)-form ¥ on the nilmanifold, and thus hg’g(M ,J) =1 for
any invariant J. Moreover, for any 1 <p< n the (p,0)-form w! A --- A wP is closed and since Hg’g(M) =
ker{d: QPO(M) —s QP+1(M)} it defines a non-zero cohomology class. Therefore, for any invariant complex
structure J on a nilmanifold M one has h%’g(M ,J) > 1 for all p.

When J is abelian [3] the Lie algebra differential d satisfies d(g"°) ¢ A"'(g*). On the other hand, the
complex structures associated to complex Lie algebras satisfy d(g'°) C /\2’0(9*) and we will refer to them as
complex-parallelizable structures. Both abelian and complex-parallelizable structures are particular classes
of nilpotent complex structures [13] for which there is a basis {w’}7_, for g"* satisfying dw' = 0 and

dw’ € /\2 Wh . W wl W, forj=2,... 0,

where w' stands for w'.
Concerning the calculation of Bott-Chern cohomology for nilmanifolds with invariant complex structure,
Angella has proved the following Nomizu type [23] theorem:

Theorem 2.1. [4] If the natural inclusion

(1) (N*(8),0) = (@*(a1), )
induces an isomorphism
(2) L Hg’q(g) — Hg’q(M)

between the Lie-algebra Dolbeault cohomology of (g, J) and the Dolbeault cohomology of M, then the natural
map

3) v: Hyg(g) — Hpé(M)

between the Lie-algebra Bott-Chern cohomology of (g,J) and the Bott-Chern cohomology of M is also an
isomorphism.

Conditions under which the inclusion (1) induces an isomorphism (2) can be found in [10, 13, 29, 30];
for instance, it is always true for abelian and complex-parallelizable structures on nilmanifolds.

The existence of special Hermitian metrics on a compact complex manifold M is an important question
in complex geometry. Let us denote by F' the associated fundamental form. If F"~! is 90-closed then the
Hermitian metric is called standard or Gauduchon. Recall that by [16] there exists a Gauduchon metric
in the conformal class of any Hermitian metric. Popovici has introduced and studied the special class of
strongly Gauduchon (sG for short) metrics, defined by the condition 9F"~! = da for some complex form
a. A particularly interesting class of sG metrics is the one given by the balanced Hermitian metrics, defined
by the condition dF™~! = 0 [22].

It is clear that any sG metric is a Gauduchon metric. Notice that if the map

(4) Hy" (M) — HX" (M)
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is injective (for instance if the 0-lemma is satisfied or if h%1(M) = 0) then any Gauduchon metric is an
sG metric; in fact, if 90F"~! = 0 then OF"~! defines a class in Hg’”_l(M) such that [0F" 14 = 0 in
HX’”fl(M), so the injectivity of (4) implies the existence of a complex form a such that 0F"~! = da.

Therefore, if (4) is injective then there exists an sG metric in the conformal class of any Hermitian
metric. Notice that by Serre duality and by the dualities between Aeppli and Bott-Chern cohomologies,
one has that the injectivity of (4) implies

WO (M) = dim H2" (M) < dim Hy™" (M) = hga(M).

Corollary 2.2. Let M be a 2n-dimensional nilmanifold (not a torus) endowed with an abelian complex
structure J. Then, the map (4) is not injective.

Proof. Tt suffices to show that if .J is abelian then h%'(M) > hyl(M). By Theorem 2.1 we have
HS’I(M) = Hg’l(g) ={ap,1 € 9" | Oap,1 = 0} = {0 € g"° | Dy = 0},

and
Hyo(M) = Hpg(g) = {1 € g% | dag, = 0} = {0 € g0 | day o = 0}

If J is abelian then 9(g"?) = 0 and therefore h%1(M) = n. So, if M is not a torus then h%é(M) <n
and (4) is not injective. O

3. BOTT-CHERN COHOMOLOGY IN DIMENSION 6

Let M = T'\G be a 6-dimensional nilmanifold endowed with an invariant complex structure J, and let g
be the Lie algebra of G. Rollenske proved in [29, Section 4.2] that if g 2 b7 (see the list below) then the
natural inclusion (1) induces an isomorphism (2), so by Theorem 2.1 the computation of the Bott-Chern
cohomology is reduced to the Lie-algebra level.

In [32] Schweitzer computed the Bott-Chern cohomology of the Iwasawa manifold and in [4] Angella
calculated the Bott-Chern cohomology groups of its small deformations. Notice that by [28, Theorem 2.6]
if Jp is an invariant complex structure for which the inclusion (1) induces an isomorphism (2) then small
deformations J, of Jy are again invariant for sufficiently small a. Since in this section we compute the
Bott-Chern cohomology of any pair (g, J), we cover the Bott-Chern cohomology of any invariant complex
structure and its sufficiently small deformations on any 6-dimensional nilmanifold with underlying Lie
algebra not isomorphic to h7.

Recall that a 6-dimensional nilpotent Lie algebra has a complex structure if and only if it is isomorphic
to one of the following Lie algebras [31]:

b = (0,0,0,0,0,0), hio = (0,0,0,12,13,14),

b = (0,0,0,0,12,34), by = (0,0,0,12,13,14 + 23),

bs = (0,0,0,0,0,12 + 34), b = (0,0,0,12,13,24),

by = (0,0,0,0,12,14 + 23), his = (0,0,0,12,13 + 14,24),

bs = (0,0,0,0,13 + 42, 14 + 23), by = (0,0,0,12,14,13 + 42),

bs = (0,0,0,0,12,13), bis = (0.0,0,12,13 + 42,14+ 23),
bz = (0,0,0,12,13,23), his = (0,0,0,12,14,24),

hs = (0,0,0,0,0,12), b, = (0,0,0,12,23,14 — 35),

be = (0,0,0,0,12,14 + 25), iy = (0,0,12,13,23,14 4 25),

where, for instance, h2=(0,0,0,0, 12,34) means that there exists a basis {e’}%_, of real 1-forms such that
de! = de? =de® =de* =0, de® =e' Ne?, de® =e3 Aet.

The Lie algebras b, ..., hg are 2-step nilpotent, whereas by, ..., hi16 and by are 3-step. Notice that h2+6
is the only 4-step nilpotent Lie algebra of dimension 6 having complex structure.

It is well-known that there are, up to equivalence, two complex-parallelizable structures defined by the
equations

(5) dw' = dw? =0, dw®=pw'?,
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with p = 0 or 1, and the Lie algebras are h; (for p = 0) and b5 (for p = 1), where the latter case
corresponds to the Iwasawa manifold. The remaining complex structures in dimension 6 are parametrized,
up to equivalence, by the following three families [9]:

Family I: dw' =dw? =0, dw?=pw'?+ W Aw!? 4+ Dwﬂ,

where p =0 or 1, D € C with Jm D > 0 and A € RZ°. The complex structure .J is abelian if and only if
p = 0. The Lie algebra g is 2-step nilpotent with first Betti number > 4, i.e. g is isomorphic to ha, ..., bg
or bg.

Family II:  dw! =0, dw?=w'', dw?=pw'®+ Buw'? + cw?!,

where p =0 or 1, B € C and ¢ € RZ%. Moreover, (p, B,c) # (0,0,0). The complex structure .J is abelian
if and only if p = 0. The Lie algebra g is isomorphic to h7 or hg,...,b1s.

Family III:  dw! =0, dw?=w +w!, dud =ciw'l +i(w!? —w?!),
where € = 0 or 1. In this case, J is a non-nilpotent complex structure. The corresponding Lie algebras are

hio (for e =0) and b3, (for € = 1).

Next, we describe the cohomology groups HE (g, J) for any J given by the Families I, IT and III above.
Notice that small deformations of the Iwasawa manifold belong to Family I. It is clear that in all cases

Hge = ('), Hye = (0'*).

So, up to conjugation, it suffices to describe the Bott-Chern cohomology groups HES for (p,q) =
(1,0),(2,0),(1,1),(2,1),(2,2),(3,1) and (3,2). In the Appendix we provide the precise dimension of these
groups for each Lie algebra g and for each complex structure J on g, up to equivalence, by using the
classification of complex structures given in [3, 9, 34].

1, expression =0
In what follows we will use the notation:  dexpression = § . P ] ’
0, expression # 0.

Cohomology groups of complex structures J in Family I:
1,0 2,0
Hgg = ([w'], 7)), Hye = ([w'?], 6p [w']),

H113)(13 = <[Wﬁ]’ [ng]v [wﬂ]v [WQQL 5# dp [wlg + )‘w23]7 6/7 op [Wﬁ + )‘w3é}7

Sp—10x2_1_|p|2—2me p[(D + 1) w'® + DAw? — Aw?! — D(D + 1) w™?]),

Hg’é _ <[w1231] [w1232] 5, [w1233]> Hgé — <[w12312] [w12313] [w1232:§]>.
Cohomology groups of complex structures J in Family II:

HIIB)CO = <[W1]>7 Hl?i’g = <[w12]7 de [w13]>7



Hpg = (W', w2, W], 65— p[w'® + pw?], 65—, + pw??],

(1= 05-)[(B = p)w™ + (IB]> = p)w? + (B — p) 1)),
Héé _ ([wlﬂ], [Wui]7 [wliﬂ], [B w123+pw23i}, [cw123+pw13§],§p [BWISQ*CW%T],(S/;—NSB—N;C [w133+w23§]>,

Hég _ <[w1213]’ [w12§3]’ wlSii]’ [w1313]’ [WQSE]’ 5p_16350 [wlzﬁé}’ 5/)_15}350 [w2313]7

Hf;,é — <[le3i]7 [w123§]’ 5, [w1233}>, Hgé — <[w1231§]7 [w123i§], [w123§3]>.

Cohomology groups of complex structures J in Family III:

HEG = ('), HRE= (), HES = ('), [0 - ),

2,1 1 3 3 . 2
HBC _ <[w131]) [w123]’ [W133 T ZW122]>,

Hge = ('], [0129)), HRg = ([0'®12), [w!'%2]).

The above families together with the Bott-Chern cohomology of the Iwasawa manifold [32] cover all the
Bott-Chern cohomology groups HLd (g, J) for any 6-dimensional g and any J.

If M =T\G is a 6-dimensional nilmanifold endowed with an invariant complex structure J admitting
balanced or sG metrics then the Lie algebra g of G must be isomorphic to b1,...,Hs or hiy [9], so in
particular either J is complex-parallelizable or it belongs to Families I or III. Using the classification results
of [9], in Table 1 we show the complex structures J in Family I, up to equivalence, on b, ..., hg that admit
balanced Hermitian metrics together with the dimension of their Bott-Chern cohomology groups. Notice
that the remaining cases admitting balanced metrics are, apart from the trivial case by, the Iwasawa
manifold and any complex structure on by, for which the Bott-Chern cohomology is obtained by taking
€ = 0 in Family III above.

We finish this section with an application to the existence of sG metrics on certain 6-dimensional
nilmanifolds. By Proposition 2.2 we know that if J is abelian then (4) is not injective. In contrast, we
have:

Proposition 3.1. Let M be a 6-dimensional 2-step nilmanifold endowed with an invariant complex struc-
ture J belonging to Family 1. If J is nilpotent but not abelian, then the map (4) is injective.

Proof. First notice that the Lie algebras underlying M are hs, h4, b5, hg, because any J on by, b3 and bhg is
abelian. Since g % b7, we have Hg’Q(M) & Hg’Z(g) and Hy*(M) = Hy?(g). A direct calculation from the

equations in Family I with p = 1 shows that Hg’Q (g) = ([w'?13], [w!%323]) and Hi’z(g) = ([w'13], [w12323)),

so the natural map Hg’Q (g) — H3?(g) is injective. O

This result explains why on a nilmanifold with underlying Lie algebra isomorphic to hs, b4, b5 or bg,
any invariant J-Hermitian metric with respect to a non-abelian nilpotent J is sG [9, Proposition 7.3 and
Remark 7.4]. In fact, any invariant Hermitian metric is Gauduchon, so the injectivity of (4) implies that
it is automatically sG. The classification of non-abelian nilpotent complex structures on hso,...,hg and
their Bott-Chern cohomology is given in the Appendix. Notice that with respect to an abelian complex
structure, a metric is sG if and only if it is balanced [9], so the classification of abelian complex structures
admitting sG is already given in Table 1.



J in Family I admitting balanced metric Bott-Chern cohomology of J
s o] D=atiy e | 150 | gt | e | s | e | e
z=—14+/1— 2
:c<l—y2 ’ ’
b | 1 1 y>0 i 2 1 6 | 2 | 6 | 3
x#—1+4/1—1y? 4
x<%—y2
s [o] o t=—1,y=0 2 |1 |46 [3] 7] 3]
r#0= =-2 5
ba | 1 1 7 ! e 2 | 1 6 | 216 | 3
<7 TF#—2 4
z=0 2 6
0 1 y=0 - 3 6
0<$<Z 1
0 y=0 —lcz<0 7
=0 2
0<N <3 | z=0 Y S
O<y<7 1
b L<X<1| 2=0 yuz 2 46| 2|6 |3
1 O<y<= 1
=0 2
1<A? <5 | 2=0 Y 2
0<y< 251t 1
A>5 =0 [0<y<2Al, y£ /-1 .
y=VvA2 — 1< 21 5
DN o[ s o le o]
Table 1. Classification of complex structures on b, ..., hg admitting

balanced Hermitian metrics and their Bott-Chern cohomology

4. BoTT-CHERN COHOMOLOGY AND HOLOMORPHIC DEFORMATIONS

In this section we use the explicit description of the Bott-Chern cohomology groups obtained in Section 3
to show some aspects of their behaviour under holomorphic deformations.

Let A be an open disc around the origin in C. Following [26, Definition 1.12], a given property P of
a compact complex manifold is said to be open under holomorphic deformations if for every holomorphic
family of compact complex manifolds (M, J,).ea and for every ag € A the following implication holds:

(M, J,,) has property P = (M, J,) has property P for all a € A sufficiently close to ao.

A given property P of a compact complex manifold is said to be closed under holomorphic deformations if
for every holomorphic family of compact complex manifolds (M, J;)q.ca and for every ag € A the following
implication holds:

(M, J,) has property P for all a € A\ {ap} = (M, J,,) has property P.

Concerning the existence of special Hermitian metrics and holomorphic deformations, Alessandrini and
Bassanelli proved in [2] that the balanced property of compact complex manifolds is not deformation open.
In contrast to the balanced case, Popovici has proved in [25] that the sG property of compact complex
manifolds is open under holomorphic deformations (see also [24]). However, in [9] it is shown that the
sG property and the balanced property of compact complex manifolds are not closed under holomorphic
deformations (see [26] for a discussion on deformation openness and closedness of various classes of compact
complex manifolds).
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On the other hand, Popovici has proved that the existence of sG metrics is guaranteed under strong
additional conditions, concretely:

Proposition 4.1. [27, Proposition 4.1] Let M, be a complex analytic family of compact complex manifolds.
If the 80-lemma holds on M, for every a € A\ {0}, then My has an sG metric.

An interesting problem is if the conclusion in the above proposition holds under weaker conditions than
the 00-lemma.

Recently, Angella and Tomassini have proved [6] (see [7] for generalizations in a more algebraic frame-
work) that for a compact complex manifold M

S (RBL(M) + WP (M) > 206(M),  0< k< 2n,
p+q=k

and that all the previous inequalities are equalities if and only if M satisfies the 90-lemma.
Let us denote by (M) the non-negative integer given by

£ (M) = Y (hBE(M) + by~ 9(M)) — 2bi,(M).
p+q=k
For each 0 < k < n, we consider the property
Fi. = {the compact complex manifold satisfies f;, = 0}.
By [6] the compact complex manifold M satisfies the 90-lemma if and only if M has the property Fj for
every k < n.

If we fix 0 < k < n, a similar argument as in [6, Corollary 3.7] using the upper-semi-continuity of the
dimensions h;&(M,) [32] shows that the property Fj, is open under holomorphic deformations:

Corollary 4.2. Let M be a compact complex manifold for which the property Fi holds, and let M, be a
small deformation of M. Then, for sufficiently small a the manifold M, has the property Fi, hi;&(M,) =
REE(M) and hiyc"" 1 (My) = h"" ™ U(M) for any (p,q) such that p+q = k.

In the following proposition we show that a given property Fj is in general not closed under holomorphic
deformations. Concretely, using the results of the previous section, for £k = 2 we have:

Proposition 4.3. Let (M, Jy) be a compact nilmanifold with underlying Lie algebra b4 endowed with
an abelian complex structure Jo. Then, there is a holomorphic family of compact complexr manifolds
(M, Ja)aea, where A ={a € C||a| < 1}, such that (M, J,) satisfies the property Fa for each a € A\ {0},
but (M, Jy) does not satisfy Fo.

Proof. There is only one abelian complex structure on M up to isomorphism, whose Bott-Chern cohomology
is given in the table for b4 in Section 6 (case p =0, A =1, D = 1/4). Since by(M) = 8, one has that
f5(M, Jy) = 2.

Using the Kuranishi’s method, Maclaughlin, Pedersen, Poon and Salamon proved in [21] that Jy has a
locally complete family of deformations consisting entirely of invariant complex structures and obtained
the deformation parameter space in terms of invariant forms. Writing the structure equations of Jj as

) 1 1
dnlzdn2:0, d773: - 11+2’712+27721

by [20, 21] any complex structure sufficiently near to Jy has a basis of (1,0)-forms such that
who= '+ @it + @y,
p? = n?+ oinl 4+ 0302
1 = P+ @3l + i + 3P,
where i(1+®3)®3 = (1—®3)(®1 — ®2) and the coefficients <I>Z are sufficiently small. The complex structure
remains abelian if and only if <I>1 =0 and ¢} = ®3.

(6)
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We will consider the particular holomorphic deformation J, given in [9] by shrinking conveniently the
radius of the deformation disc. For each a € C such that |a] < 1, we consider the basis of (1,0)-forms
{u!, 1?11} given by

pt=nt+ant —ian®, p’ =0, p’=n’
Notice that this choice corresponds to ®1 = a, ®} = —ia and ® = ®3 = &} = &3 = &3 = 0 in the
parameter space (6). Following [9, Theorem 7.9], for any a € C such that 0 < |a|] < 1 the complex
structure J, is nilpotent but not abelian, and there is a (1,0)-basis {7, 7% 73} such that the structure
equations for J, are
Lol s 1l
(7) drt = dr? =0, drt =724 704 2 12y lal® o3
lal Alal?
Moreover, using [9, Proposition 3.7] there is a basis {w!, w? w3} of (1, 0)-forms for which (7) can be reduced
to the normalized structure equations

2
_ _ _ 1 _
(8) dw! = dw? =0, dw®=w? 4+t +w'?+ |al E w22,
a

la]®—1

that is, the coefficients (p, A, D) satisfy p=A=1and D = FITERIRS 0.
Now, let us compute fy for any J, with a # 0. Since

fo(M, J,) = 2h5& (M, Jo) + his (M, Jo) 4+ 2 S (M, J,) + hia (M, J,) — 2ba (M),

from the table for b4 given in the Appendix, Wthave h%’g(M, Ja) =1, h?E’;(lj(M7 Jo) =2 and h%é (M, J,) =6.
Moreover, hi&(M,J,) = 4 if and only if ‘j'l—f # —2, that is, if and only if |a| # L. Therefore, for
0 < |a|] < # we conclude that hge(M, J,) = 4 and therefore fa(M, J,) = 0. O

Remark 4.4. Notice that the holomorphic deformation is defined for |a| < 1 and the dimensions of the
Bott-Chern cohomology groups vary with a as follows:

hi& (M, J,) = 4 for a such that |a| # % and hye(M, J,) =5 if |a] = g
h3B’(13(M, Jo) = 3 and h%’é(M, Ju) =2 for any 0 < |a| < 1.

The complex manifold (M, Jy) does not admit any sG metric [9], so as a consequence of Proposition 4.3
we get:

Corollary 4.5. Let (M, Jy) be a compact nilmanifold with underlying Lie algebra by endowed with abelian
complex structure Jy. Then, there is a holomorphic family of compact complex manifolds (M, Jy)acn,
where A = {a € C | |a| < 3}, such that (M, J,) satisfies property Fo for each a € A\ {0}, but (M, Jo)
does not admit any sG metric.

This corollary says that Proposition 4.1 does not hold in general if we weaken the 90-lemma condition,
that is, having a weaker property Fy, is not sufficient to ensure the existence of an sG metric.
For any compact complex manifold M, Schweitzer proved in [32, Lemma 3.3] that
hie (M) + 2072 (M) 2 by(M),
and moreover, if M is Kahler then the equality holds. More generally, one has
Proposition 4.6. If M is a compact complex manifold then for any r > 1
hge (M) 4 2 dim ES?(M) > by(M),

wherefES’z(M) denotes the r-step (0,2)-term of the Frélicher spectral sequence. Moreover, if M satisfies
the 00-lemma then the above inequalities are all equalities.
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Proof. For r = 1 the term EY*(M) is precisely the Dolbeault cohomology group Hg’Q(M ). We recall [12]
that B B
{040’2 S QO’Q(M> | 6040’2 = 0, 6(103 = 8041,1}

E%2 (M) = il
EO200) — {ao,2 € Q%2(M)|dap2 =0, gz = Oy 1, Davy,1 = oo}
0= PP (M) ’

and

{()40,2 S 90’2( ) ‘80&02 =0, (90[0 0 = 6041 1 (9041 1= 30@ 05 80[20 = 0}

£ ) = )

for any r > 3. Let us consider the sequence
0— ZYY(M) — HEL(M) 2 H2(M,C) %5 EX*(M) @ EY?*(M) — coker(v,) — 0,

where Z11 (M) = ker{d: OF 1(%29_0291\/[3)()1\/[)} nd(@) , u is the natural map and v, is given by

vr(Joe = a0 + a1 + 2 2lar) = ([a2,0], [ao2]) € E9’2(M) ® EY2(M).

The above sequence is exact because ker v, C imwu. In fact, if ([az2 0], [,2]) = (0,0) in EX* (M) & E%2(M)
then azo = 9f10 and aga = fo,1 for some (0,1)-forms B1o and fo;. Therefore, the (1,1)-form v =
a1,1 —0B1,0 — 0P, is closed and
a—v=d(Bi0+ Bo1),
that is, v defines a class in Héé (M) such that u([v]gc) = [@]dr-
Now, the exactness of the sequence implies
0 = dim Z5 (M) — hgs (M) + by(M) — 2dim E®2(M) + dim coker(v,)
> by(M) — hge(M) — 2dim EQ2(M).

Under the 9d-lemma the natural map HRE(M) — HE?(M) is an isomorphism, so h**(M) =
R (M) = hyd(M) = h%2(M) and hYY(M) = hgs(M). Moreover, by [14] the Frolicher spectral se-
quence degenerates at the first step, so for any r one has that dim E®?(M) = h%2(M) and

ba(M) = h®O(M) + BV (M) 4+ h%2(M) = hgs (M) + 2 dim E?(M).
O

Let M be a compact complex manifold. From now on, we denote by k,.(M) the non-negative integer
given by
k. (M) = hgo(M) + 2dim E2? (M) — by (M).
Therefore, k(M) are complex invariants which vanish if the manifold M satisfies the 90-lemma. Notice
that ki (M) > ko(M) > ks(M) =k, (M) > 0 for any r > 4.

Remark 4.7. In general ki (M), ko(M) and k3(M) do not coincide. For example, let M be a nilmanifold
with underlying Lie algebra hy5, for which bo(M) = 5. From the cases for p = 1 on b5 given in the
Appendix and from [9, Proposition 6.2] we get:

e if J is a complex structure defined by p = B = 1 and ¢ > 2, then hll_%’é(M, J) = 5 and
dim EY*(M, J) = dim EY*(M, J) = 2 > 1 = dim ES*(M, J), so

(ke (M, J), ko (M, J), k3(M, J)) = (4,4,2);
e if J' is a complex structure defined by p = 1 # |B| and ¢ = 0, then hll_%’é(M, J) = 4 and
dim EV* (M, J') = 2 > 1 = dim Ey*(M, J') = dim Ey*(M, J'), so
(ky (M, J'), ko (M, J'), ks (M, J')) = (3,1, 1).

There exist compact complex manifolds M having no Kéhler metric but with k,.(M) = 0, the Iwasawa
manifold being an example. More generally:
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Proposition 4.8. Let M be a compact complex-parallelizable nilmanifold. Then, k(M) =0 for all r.

Proof. Tt suffices to prove the result for r = 1. Let g be the Lie algebra underlying M. Since all the
cohomology groups involved can be computed at the Lie-algebra level and since d(g'°) = 0 because the
complex structure is parallelizable, we have that the sequence

0 — HEA(g) =ker {d: N (a") — N(g)} < Hip(0:C) = HY () ® HY(g) > 0
is a short exact sequence. Therefore, hgg(M) — by(M) + 2h%2(M) = 0. O

Since the vanishing of ki (M) implies the vanishing of any other k,. (M), next we consider the property
K = {the compact complex manifold satisfies k; = 0}.

It is clear that any compact complex manifold satisfying the 0-lemma has the property K.
By the same argument as for Fj, the property K is open under holomorphic deformations. As a
consequence of Proposition 4.8 we have:

Corollary 4.9. Let M be a compact complez-parallelizable nilmanifold and M, a small deformation of M .
Then, M, has the property K, hi&(M,) = hi& (M) and h%2(M,) = h%2(M) for sufficiently small a.

Remark 4.10. In particular h}g’é is stable under small deformations of the Iwasawa manifold. Notice that
for such deformations, Angella [4] proved that hyg = 4 and h%2 = 2.

Proposition 4.11. The property K is not closed under holomorphic deformations.

Proof. The proof is similar to that of Proposition 4.3. For the holomorphic deformation given there,
counting the dimension of the Dolbeault cohomology group obtained in [9, Proposition 6.1], we get that
hO2(M, Jo) = 3 and h®2(M, J,) = 2 for any a # 0. Since hys(M, J,) = 4 for any a such that |a| < 3+ we
conclude that ki (M, J,) =0 for 0 < |a| < %, but ky (M, Jo) = 2. O

The deformation of the abelian complex structure Jy on hy allowed us to show that in general the
properties F5 and K are not closed under holomorphic deformations. Moreover, combining Propositions 4.3
and 4.11 with the results on balanced metrics and Frolicher sequence in [9] we have

Theorem 4.12. Let (M, Jy) be a compact nilmanifold with underlying Lie algebra by endowed with abelian
complex structure Jy. Then, there is a holomorphic family of compact complex manifolds (M, Jy)acn,
where A = {a € C | |a| < 3}, such that (M, J,) satisfies properties Fy and K, admits balanced metric
and has degenerate Frolicher sequence for each a € A\ {0}, but (M, Jy) does not admit sG metrics, the
properties Fo and KC fail and its Frélicher’s spectral sequence does not degenerate at the first step.

5. ON THE MODULI SPACE OF TYPE IIB SUPERSYMMETRIC SOLUTIONS ON NILMANIFOLDS

Tseng and Yau showed in [33] that the Bott-Chern cohomology can be used to count a subset of scalar
moduli fields in Minkowski type IIB compactifications with Ramond-Ramond fluxes and branes. It is
motivated by the link that exists between the Maxwell equations and the de Rham cohomology and
the similarities between the type IIB Minkowski supergravity equations (see e.g. [17]) and the Maxwell
equations. Notice that N = 1 Minkowski vacua of type II string theories on 6-dimensional nilmanifolds are
found in [18].

Recall that type II supergravity equations arise from imposing N = 1 supersymmetry on the product
R31 x M5 of the Minkowski spacetime and a compact 6-dimensional manifold with the conformally warped
metric

ds?® = 62fd5ﬁ3,1 + ds?we,

where €2/ is the conformal factor. In particular, type IIB supersymmetric solutions with O5/D5 brane
sources are required to be complex. Such solutions have an SU(3) structure which is encoded in a nowhere
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vanishing decomposable (3,0)-form ¥ and a balanced Hermitian (1,1)-form F on M. The SU(3) data
(U, F) satisfy F AW =0 and i¥ AU = $e2/ F3, together with the differential conditions

9) d¥ =0, d(F?/2)=0, dd°(e”* F)=pp,

where d® = i(0 — ) (and therefore, dd° = 2i00) and pp is the Poincaré dual 4-current of complex
codimension two holomorphic submanifolds which the O5/D5-branes wrap around. Non-trivial background
solutions of the differential system above have a non-zero 3-form flux, H, given by H = d°(e~2/ F).

Suppose that the complex manifold is fixed, i.e. let us fix U. If additionally the source current pp and
the conformal factor e=2/ do not vary, Tseng and Yau proved that the moduli space of solutions for F,
given by the linearized variation F' — F + 0F', is parametrized by the harmonic (1, 1)-forms of the Aeppli
cohomology which are also primitive, i.e. 6F € ’Hkl(M) N P2. (We recall that a (1,1)-form j is primitive
if F?2 A 3 =0.) Using the duality between Bott-Chern and Aeppli cohomologies (that extends also to the
harmonic forms [32]), the linearized deformation can be computed in terms of the Bott-Chern cohomology,
that is to say, 6(F?/2) = F A 6F is parametrized by

§(F2/2) € HEL(M) N (F AP?),

where H%’é(M ) denotes the harmonic forms of the Bott-Chern cohomology group Héé(M ), i.e. closed
(2,2)-forms « such that 9d(xa) = 0, x being the Hodge star operator with respect to the Hermitian
metric. Notice that the space F' A P? coincides with the kernel of F' A - : Q%2(M) — Q33(M) because
FA-: QBN (M) — Q*2(M) is an isomorphism.

From now on, given a compact 6-dimensional manifold M endowed with a complex structure .J, induced
by a nowhere vanishing closed (3,0)-form ¥, and a balanced J-Hermitian structure F, i.e. d¥ = 0 = dF?,
we denote by £22(M, J, F) the space

L22(M, J,F) = HRe(M, J) N (F AP?) = {a € Q**(M) | da = dd(xa) = a A F = 0}.

Motivated by the existence of Minkowski type IIB solutions on 6-dimensional nilmanifolds [18], next we
describe the space above for any 6-dimensional nilmanifold M = I'\G endowed with an invariant balanced
Hermitian structure (J, F). Notice that in this case £%?(M,J, F) can be obtained at the level of the Lie
algebra g underlying M = I'\G. By Section 3 the possible Lie algebras are b, ..., hs and hy. We will use
the description of the space of invariant balanced Hermitian structures given in [35].

5.1. The space £?? for complex structures in Family I. Let J be a complex structure in Family I
on the Lie algebra g = b;, 2 < i < 6. According to [35], any balanced Hermitian metric F' is given by

(10) 2F = i(w'h 4+ 2w + 12 w®) + uw'? — aw?, s,t e R\ {0}, wueC,

where s? > |u|? and s? + D = i\u. Moreover, by [9, Proposition 7.7] the coefficients of the complex
structure must satisfy 29Re D # A% + p (see also Table 1). )
In order to describe the space £2%(M,J,F), we first notice that any d9(w’*) vanishes except for
D0(w*) = (2Re D — A2 — p)w'?2 £ 0. So using the Hermitian metric corresponding to (10) and the
.. . 292 . . .
explicit basis of Hp given in Section 3, we have
7'[]23’(23 _ <w1213’ w1223, wlSTQ 2312 1323 |, 2313 |, 1313 _ Dw23§3>

when A =0 and D € R (notice that D < 0), and

2,2 i3 23 12 12 23 13 23 = 23 13
HE2 = <w1213, w1223 18122312 1825 | 2318 | )\ 2323 )\ 1313 | 1323 JrDwz:),1:>)>7

in any other case.
Now, it is straightforward to verify that the forms w
If \=0and D < 0, then a direct computation shows that

w1323 ANF = ﬂw123123, w2313 ANF = —uw123123, (w1313 _ Dw2323) ANF = —2ti123123.

1218 1223 - ,1312 are annihilated by F'.
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We consider two (2,2)-forms 61 and 2 depending on the vanishing of the metric coefficient u as follows: 6 =
w32 and 0 = w3 when u = 0; otherwise, 0 = u w3+ w23 and Oy = 2i D W13 —y (W32 — DW?3%3).
It is easy to check that the forms #; and 65 are harmonic and satisfy ; A F =0 for i = 1, 2.

For the remaining complex structures in Family I admitting balanced metric, the coefficient A is non-zero
and in addition to w'?1?, w1223 L1312 and w2312 we can consider one more harmonic (2,2)-form belonging
to the space F' A P?, namely

v = (As? = 20m (Du)) (@' + w®1 4+ Aw??) — (A = 2Tmu) Aw'™? + Dw'® + D®B),

Lemma 5.1. Let J be a complex structure in Family I such that A # 0 and admits balanced J-Hermitian
metrics. Then v # 0.

Proof. Let us suppose that v = 0 and A # 0. Then A\ = 2Jmu and As? = 2Jm (Du), and therefore

(11) s2Jmu = ReuIm D + ImuRe D.

On the other hand, taking real and imaginary parts in s2 + D = i A i one obtains that s> +9Re D = A Jmu
and Jm D = ARewu. Substituting in (11) we conclude that s* = |D|? and condition s? + Re D = A Jmu
reads as |D| +PReD = % But this contradicts [9] because any complex structure in Family I with A # 0
and admitting balanced J-Hermitian metric satisfies |D| + e D # %2 (see also Table 1). O

Proposition 5.2. Let M = T\G be a 6-dimensional nilmanifold endowed with a complex structure
J in Family I admitting balanced metric. Then, for any invariant balanced J-Hermitian structure F'
dim £22(D\G, J, F) =6 if A =0, and dim £L>2(T\G, J, F) = 5 otherwise. Furthermore, with respect to the
basis {w',w?, w3} given in Section 3 and the balanced structure (10)

<w12i§ w1223 1312 2312 61,6) ifA=0
LY¥(\G, J, F) = o
(w1213, 1223 1312 (2812 ) f ) £ (),
Notice that if A = 0 then g =2 b3 or hs. By Table 1, for b3 the coefficients are p = 0, D = —1, s2 =1
and u = 0, whereas for b5, p =1, D € (—1/4,0) and u can be zero or not.

5.2. The space £%? for complex structures in Family ITI. Let J be a complex structure in Family ITI
on the Lie algebra by, i.e. ¢ =0. In [34] it is proved that any balanced Hermitian metric F' is given by

(12) 2F = i(r? W'l + 2w + 2 w%) + 0 (WP - W?), r,s,t € R\ {0},
where either (t%,v) = (1,0) or v = 1 with s%t* > 1, B ) B
Since any 99(w’*) vanishes except for 00(w??) = —2w!3!3 and 99(w??) = —2w!?'2 using the Hermitian

metric corresponding to (12) and the explicit basis of Héé given in Section 3, we conclude that

w23§:§>_

’H%é _ <w1213, wlSE, w13§3 +w2313,

A direct computation shows that (w'323 + w?13) A F = 0 and
W2 A 12818 1812 12T 2803 ) 2 12812

Proposition 5.3. Let M, be a 6-dimensional nilmanifold with underlying Lie algebra by endowed with a

complex structure J in Family III. Then, dim £*?(Myg, J, F) = 3 for any invariant balanced J-Hermitian

structure F'. Moreover, with respect to the basis {w',w? w3} given in Section 3 and the balanced struc-
ture (12)

LE2( Mg, J, F) =
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5.3. The space L£?? for the Iwasawa manifold. With respect to the usual (1,0)-basis {w!, w?, w3}, any

balanced Hermitian metric on the Iwasawa manifold Mj is equivalent to one in the following family:
(13) 2F = i(w™ +w?? + 2w, teR\{0}.
By [32], or directly by equations (5) for p = 1, we have

Hé,é _ <[w1213]7 [w1223], [wliﬁi], [wliﬂg], [wliﬁﬁ], [w23i§], [w2313], [w2323]>-

Proposition 5.4. The space L??(My, F') has dimension 7 for any invariant balanced Hermitian structure
F on the Iwasawa manifold My. Furthermore,

EZ’Z(M(),F) _ <w12137 w12237 w13127 w1323 w2312 w2313 w1313 7w2323>.

As a consequence of Propositions 5.2 and 5.4 we get:

Proposition 5.5. The dimension of the space £>2 is not stable under small deformations of the Iwasawa
mamnifold.

Proof. By Proposition 5.4, dim £22(My, F) = 7 for any F. We will construct a deformation M,, a €
C with |a| < 1, of the Iwasawa manifold My admitting balanced structures for each a and such that
dim £22(M,, F) =5 for 0 < |a| < 1 and for any balanced F on M,.

Writing the structure equations of My = (M, Jp) as

dnt =dn* =0, dp’® =17,

by [20] any complex structure sufficiently near to Jy has a basis of (1,0)-forms satisfying (6) with ®3 =
®ld? — d1d2. For each a € C such that |a| < 1, we consider the complex structure J, corresponding to
®2 = a and all the remaining P’ =0 in (6), that is,

(14) ph=n's =0t ran®, @t =t
Then, for any a € C such that |a| < 1 the structure equations of .J, are
1 _
(15) dpt =dp® =0, dp’ = ﬁ(ﬂu —ap'?).
—la

Now, for each a # 0, let us consider w' = p!, w? = éul + p? and w? = (1 — |a|?)u3. Then, with respect to
the basis of (1,0)-forms {w!, w? w3} the equations (15) are reduced to the normalized structure equations

(16) dw' = dw® =0, dow®=w? 4w —aw'?
Therefore, the coefficients (p, A, D) can be supposed to take the values p =1, A = |a] and D = 0.

Now, for any a such that 0 < |a| < 1, it follows from Table 1 that J,, has balanced Hermitian structures F'.
Moreover, by Proposition 5.2 we have dim £>2(M,, F') = 5 for any such F. |

Remark 5.6. Let M be the nilmanifold underlying the Iwasawa manifold My = (M, Jy) and consider
a balanced Hermitian metric Fy, given by (13). Then from the proof of Proposition 5.5 an explicit
deformation of the balanced structure (Jo, Fp+) along which the dimension of £22 varies can be obtained
as follows. Let us consider the metric

i (1 1 ; .
Fa . 11 22 t2 33
! 2(# et TR

where {u', u?, u®} denotes the basis (14). Then F,; is a J,-Hermitian metric for any a € A = {a €
C | |a| < 1}, and from (15) we have that F?, is a closed form, that is, F,; is a balanced metric on M.
Therefore, dim £22(M, J,, F,;) = 5 for a € A\ {0}, but dim £>?(M, Jo, Fo ;) = T7.



15

6. APPENDIX

Here we show the dimensions of the Bott-Chern cohomology groups for each pair (g, J), except for the ones
corresponding to the torus and the Iwasawa manifold which can be found in [32]. In the following tables,
different values of the parameters correspond to non-isomorphic complex structures (see [9] for details).
Since h%g =1= h%’é, by the duality in the Bott-Chern cohomology it suffices to show the dimensions Ay,
for (p,q) = (1,0),(2,0), (1,1),(2,1),(2,2),(3,1) and (3,2).

Family I Bott-Chern cohomology
i [o] D=ctiy nge | nge | e | nge | nge | gt | g
x=0 7
0 0 y=1 2 1 4 6 3 3
z#0 6
b r=—-1%+/1—19y2 5
2
-1+ 4/1—192 6
1 1 y>0 v Y 2 | 1 6 | 2 3
z#1 4
r=1 7
[balo] o +1 |2 [t [efelafr][3]
0 1 % 2 1 4 6 3 6 3
-2 5
b4 6
1 1 DeR-{-201} 2 1 L |6 2 3
1 7
0 2
0 1 T 2 6 3 6 3
D e (0,5) 1 4
z=0 2 7
0 0’l7 > 1
et ! 7
y >0 x;ﬁ%, x>y2—i
b =0 2
’ 0<N<i =0 Y 5
1 0<y<2 2 1 4 6 2 3
=0 2
%S)\2<1 =0 Y -2
0<y<i5- 1 6
=0 2
1<X<5| 2=0 -
0<y <=5 1
y=0 2
2 _ 2_
A>5 z=0 0<y<271 y#VA2—1 )
2_
0<y<271 y=vA2—1 5
olt] 1| 0 [2[2[s5fe2]6][3]

[N}
N
N
-]
.|
|
.|

[afo] o | 0 |




Family IT Bott-Chern cohomology
5 o] B | c nit | hgo [ i | gt | wd | nid | w2
Lor 1] ! | o [l fs]ef[2]5]5]
oo [0] ! | v [ frfals[sfe]s]
o [ 1] 0 | v [ fa]sfa]s]s]
BeR-{0,11 B-1 5
b1 | 1 {031} | | 1 1 4 5 3
1 1 6
2 2
ReB # L, ImB #£0 5
by |1 [ B 72, ImB7 1B —1] 1| 1] 45 3
ReB =%, ImB #0 6
0<c<?2, 1 5
1 c c# 5
1 6
B #1, ¢#|B|,|B -1,
hiz | 1 (c,|B]) # (0,1), 1 1 5 2 5 3
2B+ 1)+ (B -1)?<0 4
B#1, c=|B| > 1, .
|B| # |B — 1]
1 2 5 5
=1 : 6
hia | 1 c#|B—-1|, 1 1 A 5 2 3
(¢, |B]) # (0,1), (3,3), (2,1), 5
A —2(BP+1)E+(|BF-1)2=0
0 1 5
0 0,1 1 ! 5 5 3
1 c#0, 4
0 2
0 0 7
2 4
B| #0,1 0
b1s |B| # .
1 c>2 5
1 |B| =c¢ 0<c<i 1 5 6 3
c#0, |B-1|, 1 A
B#1, |B|#¢, 5
 =2(|BPF+1)F+ (B -1)2>0

’()16‘1‘ |IBl=1, B#1

0 IE

Family III

Bott-Chern cohomology

g e

n | g8 | ngd | mge | ndd | ngd | msd

(1 [ 2] f2]]>

16
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