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Abstract. The invariant balanced Hermitian geometry of nilmanifolds of dimension 6 is
described. We prove that the (restricted) holonomy group of the associated Bismut connec-
tion reduces to a proper subgroup of SU(3) if and only if the complex structure is abelian.
As an application we show that if J is abelian, then any invariant balanced J-Hermitian
structure provides solutions of the Strominger system.
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1 Introduction

Given any Hermitian structure (J, F) on a 2n-dimensional manifold M, Bismut
proved in [3] the existence of a unique Hermitian connection with torsion 7" given
by g(X,T(Y,Z))=JdF(X,Y,Z)=—-dF(JX,JY,JZ), g being the associ-
ated metric. This torsion connection will be denoted here by V and the torsion
T will be identified with the 3-form JdF. In relation to the Levi-Civita connec-
tion V& of the Riemannian metric g, the Bismut connection is determined by
V=VE+IT.

Since the connection V is Hermitian, its (restricted) holonomy group Hol(V)
is contained in the unitary group U(n). We are interested here in the case when
Hol(V) is reduced to SU(n), and a Hermitian structure satisfying this condition is
said to be Calabi—Yau with torsion. In dimension 6, these structures are related to
the Strominger system in heterotic string theory [21] and several constructions of
Calabi—Yau with torsion manifolds can be found in [13-16].

Suppose that M is a nilmanifold, i.e. a compact quotient of a simply-connected
nilpotent Lie group G by a lattice, endowed with an invariant complex structure J,
i.e. J stems from a complex structure on the Lie algebra g of G. It is proved in [9]
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that if there is a J-Hermitian metric on M such that the holonomy of the associated
Bismut connection is contained in SU(n), then there is an invariant J-Hermitian
metric on M which is balanced in the sense of [18]. The latter condition means that
the associated Lee 1-form @ vanishes identically or, equivalently, the form F”~!
given by the wedge product of the Kéhler form (7 — 1)-times is closed. Moreover,
Fino, Parton and Salamon [10] proved that for an invariant Hermitian structure
(J, F) on M, the balanced condition is equivalent to the Calabi—Yau with torsion
condition.

Our goal in this paper is the study of the invariant balanced Hermitian geometry
of 6-dimensional nilmanifolds, the behaviour of the holonomy of the associated
Bismut connection V and the application to finding solutions of the Strominger
system with respect to V in the anomaly cancellation condition.

In greater detail, the paper is structured as follows. Section 2 is devoted to a de-
tailed description of the invariant balanced Hermitian geometry of 6-dimensional
nilmanifolds M. It is proved in [22] that the Lie algebra g underlying M must be
isomorphic to b2, b3, b4, bs, bhe or § 4. The latter is the only one for which the
complex structure is of non-nilpotent type and its balanced Hermitian geometry is
studied in [23]. On the other hand, only §5 admits a complex-parallelizable struc-
ture Jo and the pair (§5, Jo) corresponds to the well-known Iwasawa manifold.
We put special attention to the balanced Hermitian geometry associated to abel-
ian complex structures. In the list above, the Lie algebras having abelian complex
structures J are by, b3, b4 and b5, but it turns out that the J-Hermitian metrics
on b, or b4 are never balanced (see Proposition 2.8). In contrast, any abelian com-
plex structure on hs admits balanced Hermitian metrics by Corollary 2.9. The Lie
algebra b3 is special, since there exist, up to isomorphism, two complex structures
but only one of them admits compatible balanced metrics. This Lie algebra corre-
sponds to the product Lie group H x R, where H is the 5-dimensional generalized
Heisenberg group.

The main result in Section 2 is Theorem 2.11, which gives a description of the
invariant balanced geometry on 6-dimensional nilmanifolds in terms of a global

basis of 1-forms {e!, ..., e%} adapted to the structure (J, F), in the sense that the
complex structure J and the fundamental form F express in the canonical way
Jel = —e2, Je3 = —e*, Je® = —e% and F = e'? + 3% + ¢°.

In Section 3 we study on nilmanifolds the Weak 99-Lemma recently introduced
by Fu and Yau [12] in relation to deformations of balanced metrics. It is proved
in [12] that given a compact complex n-dimensional manifold M with a balanced
metric, if along a small deformation M; of M the (n — 1, n)-th Weak 99-Lemma
is satisfied, then there exists a balanced metric on M, for sufficiently small A.
If M is a nilmanifold endowed with an invariant complex structure J, using the
symmetrization process and the results on the Dolbeault cohomology of (M, J)
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obtained by Rollenske in [19], we show when the Weak 99-Lemma on (M, J) is
reduced to the study of the Weak d9-Lemma at the Lie algebra level. In particular,
if the complex structure J is abelian, then the (n — 1, n)-th Weak 99-Lemma is
always satisfied. The general behaviour in dimension 6 with respect to the Weak
39-Lemma in the presence of balanced structures is also described. As an appli-
cation, we give an explicit deformation I of an abelian complex structure /oy on
a nilmanifold associated to s having compatible balanced metric such that the
(2, 3)-th Weak 99-Lemma only holds for A = 0, but /; admits balanced metric for
any A, which shows that the Weak d9-Lemma is not a necessary condition for the
existence of balanced metric along deformation of the complex structure.

In Section 4, using the description given in Theorem 2.11, we determine the (re-
stricted) holonomy group of the Bismut connection V for any invariant balanced
Hermitian structure (J, F'). We prove in Theorem 4.7 that Hol(V) = SU(3) if and
only if J is not abelian. In the abelian case it is rather straightforward to show that
the holonomy reduces to a subgroup of SU(2) (see Remark 4.5 for details), so the
main effort in proving the result is to verify that Hol(V) actually equals SU(3) in
all the remaining cases, for which we study the behaviour of the curvature endo-
morphisms of V and their covariant derivatives of any order. Since the Bismut con-
nection V depends on the pair (J, F'), it is a surprising fact that for 6-dimensional
nilmanifolds the behaviour of Hol(V) is determined by the complex structure J
and it does not depend on the balanced compatible metric. It is also proved that if
the complex structure is abelian, then Hol(V) = SU(2) if and only if the underly-
ing Lie algebra is §)s, i.e. the Lie algebra corresponding to the Iwasawa manifold.
In Example 4.9 we present an abelian complex structure J on a compact solv-
manifold of dimension 6 admitting an invariant balanced J-Hermitian metric such
that the holonomy group of its associated Bismut connection equals SU(3), so
Theorem 4.7 cannot be extended to solvmanifolds.

As an application, in the last section we look for solutions of the Strominger
system [21] in the class of invariant balanced Hermitian 6-dimensional nilmani-
folds, which forces the dilaton function to be constant (see equations (a)—(d) in
Section 5 for details). In the Strominger system, the anomaly cancellation con-
dition can be solved for different choices of metric connection and the physical
validity of the corresponding solutions is studied in [1]. In this context, it is rel-
evant a recent result by Ivanov [17] asserting that a solution of the Strominger
system provides also a solution of the heterotic equations of motion if and only
if the metric connection is an instanton. In [11] Fu and Yau consider the Chern
connection V¢ and prove the existence of solutions with non-constant dilaton on
a Hermitian non-Kihler manifold given as a T2-bundle over a K3 surface. In the
case of constant dilaton, explicit solutions are given in [8] based on b5, ..., he and
b1 for different choices of connection, including the Bismut and Chern connec-
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tions, and in addition solutions of the heterotic equations of motion were found
for h3. A recent solution based on §3 with respect to another metric connection is
obtained by Grantcharov [15]. In [23] it is proved that for any invariant complex
structure J on a nilmanifold N with 4 as underlying Lie algebra, the compact
complex manifold (N, J) admits solutions, with constant dilaton and non-flat in-
stanton, of the Strominger system satisfying the anomaly cancellation condition
with respect to the Chern connection V€.

In Theorems 5.3 and 5.5 we prove that any abelian complex structure provides
solutions of the Strominger system. More concretely, let M be a nilmanifold en-
dowed with an invariant balanced Hermitian structure (J, F'). If J is abelian, then
there is an invariant non-flat SU(3)-instanton solving the Strominger system with
respect to the Bismut connection in the anomaly cancellation condition. Moreover,
any such solution solves in addition the heterotic equations of motion if and only
if 3 is the Lie algebra underlying M. Finally, in Section 5.1 more solutions for
non-abelian complex structures are given. When J is of non-nilpotent type, we
prove the existence of a non-flat instanton solving at the same time the Strominger
systems for the Bismut and the Chern connection (see Proposition 5.7).

2 Invariant complex structures on 6-dimensional nilmanifolds and
compatible balanced metrics

Let M be a nilmanifold of even dimension, i.e. a compact quotient of a simply-
connected nilpotent Lie group G by a lattice I' of maximal rank. Any left-invariant
complex structure on G descends to M in a natural way, so a source (possibly
empty) of complex structures on M is given by the endomorphisms J: g —> g of
the Lie algebra g of G such that J? = —Id satisfying the “Nijenhuis condition”

[JX.JY]=J[JX.Y]+ J[X.JY]+[X.Y],

forany X, Y € g. We shall refer to any such an endomorphism as a complex struc-
ture on the Lie algebra g.

Associated to a complex structure J, there exists an ascending series {glJ }1>0
of the Lie algebra defined inductively by

gd =10}, ¢/ ={Xeg|[X.g]Cg/  and[JX,g] g} ,}, [=>1.

For any [/ > 0, the term glj is a J-invariant ideal of g which is contained in the
term g; = {X € g | [X,g] € g;_1} of the usual ascending central series of g. But
whereas {q;};>0 always reaches the whole Lie algebra when g is nilpotent, the
series {glJ }1>0 can stabilize in a proper J-ideal of g. This motivates the follow-
ing terminology: if glJ = g for some /, then the complex structure J is called
nilpotent [6]; otherwise, we shall say that J is non-nilpotent.
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Well-known particular classes of nilpotent complex structures are the complex-
parallelizable structures, for which [JX,Y] = J[X, Y], and the abelian struc-
tures, which satisfy the condition [/ X, J Y] = [X, Y]. A Lie algebra g has a com-
plex-parallelizable structure if and only if g can be endowed with a complex Lie
algebra structure.

Definition 2.1. A nilpotent (resp. non-nilpotent) complex structure on a nilmani-
fold M is a complex structure on M coming from a nilpotent (resp. non-nilpotent)
complex structure J on the underlying Lie algebra g.

Let us denote by gc the complexification of g and by g¢ its dual. Given an
endomorphism J:g — g such that J2 = —Id, we denote by g!*? and g%! the
eigenspaces corresponding to the eigenvalues i of J as an endomorphism of g(*c,
respectively. The decomposition g(”& = g1 @ ¢%! induces a natural bigraduation
on the complexified exterior algebra

N st =0 N @) = ®pg N 6" & N\ @D

If d denotes the usual Chevalley—Eilenberg differential of the Lie algebra, we shall
also denote by d its extension to the complexified exterior algebra, i.e.

d;/\*g% —>/\*+lg?&_

It is well known that the endomorphism J is a complex structure if and only if
d(g"®) c A*°(g*) & A" (g*). In the case of nilpotent Lie algebras g, Salamon
proves in [20] the following equivalent condition for the endomorphism J to be
a complex structure: J is a complex structure on g if and only if g° has a basis
{w/ };’:1 such that dw! = 0 and

dw’ € J(a)l,...,a)j_l), forj =2,...,n,

where (o', ..., w/71)is the ideal in A\* g¢ generated by {w!',...,w/~1}. From
now on, we shall simply denote

'k and /% = 0/ A 0k,

w’ k

=0/ Ao

A complex structure J is nilpotent if and only if there is a basis {w’ Yz
for g0 satisfying dw! = 0 and

. 2 . = -
dw’ e/\(a)l,...,a)/_l,a)l,...,a)]_l), forj =2,...,n.
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Abelian complex structures satisfy in addition that

@ c N @,

and they are characterized by the fact that the complex Lie algebra ' is abel-
ian. Finally, a nilpotent complex structure is complex-parallelizable if and only if
d(g"?) c N°(g").

Now, let g be a Lie algebra of dimension 6. A Hermitian structure on g is a
pair (J, g), where J is a complex structure on g and g is an inner product on
g compatible with J in the usual sense, i.e. g(-,-) = g(J-, J-). The associated
fundamental form F € /\2 a* is defined by F(X,Y) = g(X,JY) and expresses
in terms of any basis {w/ }13.:1, of type (1, 0) with respect to J, by

2F =i(rPo'+5%0+120P) +u o> —id 0 v o -t 0tz 0P -2 03!,

2.1
for some r,s,t € R and u, v,z € C. Since we are using the convention
(Jo)(X) = —a(JX)
for X € g and @ € g*, the inner product g is given by
¢ = rzwlwi +s2a)2wi +t2a)3w3
i 1,2 -21 2.3 -3 3 15—31(2'2)
—E(ua)a) —Uw‘w +vw — w0 + zw W’ —Zw w).

Here

. 1. . - ‘
wfa)kzz(w/ ® of + of @ /)

denotes the symmetric product of w/ and w*. Notice that the positive definite-
ness of g implies that the coefficients 12,52, 12 are non-zero real numbers and
u,v,z € C satisty
r2s? > u|?, s22 > | 2> |z)?
and
r2s2t2 + 2Re (iuvz) > t2|u|?* + r?|v|? + s2|z|%.

Fixed J, since g and F are mutually determined by each other, we shall also
denote the Hermitian structure (J, g) by the pair (J, F'). Recall that the Hermitian
structure (J, F) is said to be balanced if F 2 is a closed form or, equivalently,
FAdF =0.

Definition 2.2. An invariant balanced Hermitian structure on a nilmanifold M is
a balanced Hermitian structure on M coming from a balanced Hermitian structure
(J, F) on the Lie algebra g underlying M.
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The goal of this section is to explicitly describe the invariant balanced Hermitian
geometry of 6-dimensional nilmanifolds.

Proposition 2.3. Let (J, F) be a balanced Hermitian structure on a 6-dimensional
(non-abelian) nilpotent Lie algebra g.

(1) If J is a complex-parallelizable structure, then g(’e has a basis {w’ W/ }]3-=1
such that
do' =do?* =0, do’=w'?, (2.3)

and any J -Hermitian structure is balanced.

(1) Ifthe complex structure J is nilpotent (but not complex-parallelizable), then
there exists a basis {w’ , w’ }]3=1 for g¢ satisfying

do' =0, do?=0, do®=po2+o'l+b202+(x+yi)w?2, (2.4)

where p = 0,1 and b, x,y € R, such that the fundamental form F expresses
as . . ) . .
2F = i(0'"! + 520?24+ 20%) + uo'? —io?!, (2.5)
where s> > |u|? and t* > 0 satisfy
s2 4+ x+yi =ubi. (2.6)

(iii) If J is non-nilpotent, then there is a basis {w’ , v/ }J"-’:1 for g&": satisfying

do' =0, do? =0 +0"3, do®=4+i (coli —a)Zi), 2.7)

and the fundamental form F expresses as

2F = i(rPo'l + 52022 + 20%) + vo? — 1032, (2.8)

where r? > 0 and s%t> > |v|>.

Proof. The assertion (i) is well known and the proof of (iii) is given in [23], so
it remains to prove (ii). By [22], if g has a balanced structure compatible with
a nilpotent complex structure J, then the Lie algebra is 2-step nilpotent. More-
over [22], for any nilpotent (not complex-parallelizable) complex structure J on
a 2-step nilpotent Lie algebra g, there exists a (1, 0)-basis {w"/ }]3'=1 such that

do'! =0, do'? = 0, do'® = pw’12+w’1i + szli +Da)’2§,

where p = 0,1 and B, D € C. Suppose B # 0 and let { be any non-zero solution
of the equation
- B

B
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We can choose ¢ of modulo 1 and with respect to the basis

{wl — é'a)/l, wz Ew/z’ 0)3 =a)/3}

one gets (2.4) with coefficient b> = |B| > 0.
Now, consider (2.4) expressed in terms of a basis {rl, T
structure (2.1). The (1, 0)-basis given by

2 73} and a general

preserves the complex equations (2.4) and the fundamental form F expresses in
terms of {o!,02,03} as

2F = i(rIZO_ll +S/2 0_22 _|_t/20_33) +ulo_12 —L_I,O'ZI,

with new metric coefficients
2 2 Pa—
| 2 2 Yl ”_ .2 1vz

=s5—"—=, t and v =u— —.

2 2 |Z s
12’ 12’ 12

re=r

Moreover, we get (2.5) after normalizing the coefficient 72 by considering

{a)l _ },101’ wz — r/az’ 6()3 — r/203}’

which also preserves the equations (2.4).
A direct calculation shows that a Hermitian structure given by (2.4) and (2.5)
satisfies

4F NdF = 1t*(s*> + x + yi — L'tbzi)a)12ii§ +12(s% + x — yi + ubzi)wnﬁi.
Therefore, the Hermitian structure (J, F) is balanced if and only if

52+ x + yi = ub?%i.
This completes the proof of (ii). o

The nilpotent Lie algebras g admitting balanced Hermitian structure are classi-
fied in [22]. They are

by = (0,0,0,0,12,34), b3 = (0,0,0,0,0, 12 + 34),
s = (0,0,0,0,12,14 4+ 23), bhs = (0,0,0,0, 13 + 42, 14 + 23),
b = (0,0,0,0,12, 13), o = (0,0,0,12,23, 14 — 35).

The latter is the only one corresponding to the case (iii) in the previous proposition,
i.e. the complex structure is non-nilpotent; moreover, up to isomorphism there
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exist only two complex structures JOdE on the Lie algebra 4 (see [23]), which
correspond to the £-sign in (2.7), respectively. On the other hand, it is well known
that only b5 admits a complex-parallelizable structure, and we shall denote by
Jo the structure given by (2.3). Notice that the pair (§s, Jo) corresponds to the
Iwasawa manifold.

We shall use the following result, which gives a classification of the Lie algebras
underlying the structure equations (2.4) depending on the values of the quadruplet

(0.0, x.y).

Lemma 2.4 ([22, Proposition 13]). Let J be a complex structure on a nilpotent Lie
algebra g given by (2.4). Then:

(i) If b*> = p, then the Lie algebra q is isomorphic to:

(i.1) ba fory #0,
(1.2) bz forp=y =0and x # 0,
(1.3) baforp=1,y =0and x # 0,
14) beforp=1landx =y =0,
(ii) If b* # p, then the Lie algebra g is isomorphic to:
(ii.1) b2 for 4y > (o —b*)(4x + p — b*),
(ii.2) baford4y? = (p—b*)(4x + p—b*),
(ii.3) bs for 4y% < (p — b*)(4x + p — b*).

We have omitted the case b2 = p = x = y = 0, which corresponds to the Lie
algebra hg = (0,0,0, 0,0, 12), because it does not admit any balanced Hermitian
structure.

From now on we shall concentrate mainly in the case when the complex struc-
ture is nilpotent, because the non-nilpotent case is studied in detail in [23], al-
though we will return to it in Proposition 4.6. In view of Proposition 2.3 (ii), if we
denote by 1 and u, the real and imaginary parts of u, i.e. u = uy + u»i, then the

balanced condition (2.6) reads as x = u»b? — s and y = ub?. Therefore, the

balanced Hermitian structures (J, F'), J nilpotent, are parametrized by p = 0, 1

and a 5-tuple (b, uy,uz, s%,t%) € R3 x R x R¥ satisfying 52 — u% — u% > 0, in

the sense that the complex structure J is given by
do' =dw?* =0, do’= pa)12 + o'l + h2e'? + (u2b2 — 52+ u1b2i)a)2§,
and the fundamental form F expresses as

2F = i(a)li + 20?2 + t2w35) + (u1 + uzi)a)li —(uy — uzi)a)Zi.
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We recall that a Hermitian structure (J, F) on g is said to be equivalent to a
Hermitian structure (J', F’) on g’ if there is an isomorphism A: g — g’ of Lie
algebras such that J'A = AJ and F = A*F’.

Lemma 2.5. On (45, Jo) any (balanced) Hermitian structure is equivalent to one
and only one structure in the 1-parameter family

2F = i(0'l + 0?2 +120%%), 1 #£0.

Proof. Let us consider a generic Jp-Hermitian structure

2F =i(rPo'' + 5202 +20*?) +uo'? —iw® + v -0 + z0? —z03!,

—

where {w/ wj}3=1 is the basis satisfying (2.3). We define the new (1, 0)-basis

in order to get F' expressed as
F = l-(r/2’uli + Slzluzi + l‘/zlfé) + M/Mli —W,Mﬂ.

Now, the basis

1212 /12 /3

r'2s"? — u| u'i
1 . 1 2 1 142 53 7 |22 12,3
{o _ZHTM’G =k +s'uc, 07 =iy/r'%s —|u|,u}

satisfies (2.3) and the Jp-Hermitian form expresses as
2F = l-(o_li + 022 + t”2033).

Finally, it is straightforward to verify that two such Hermitian structures (Jo, F, ,{/)

and (Jo. Fyy) are equivalent if and only if (t1)?* = (t})>.

i
For general nilpotent structures the situation is rather complicated, however we
have the following partial classification result:

Lemma 2.6. Let J be a nilpotent complex structure given by (2.4) and let F; and
Fy be two balanced J -Hermitian structures given by (2.5) and (2.6) with u = 0.
Then, (J, F;) and (J, Fy/) are equivalent if and only if t* = t'2.
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Proof. First of all observe that if we fix the complex structure and u = 0, then
y =0, s> = —x and therefore the only free parameter is the metric coefficient 12
Let us consider two (1,0)-bases {w/ }3_1 and {0/ }3_1 satisfying (2.4) for the
same complex parameters p, b2, x (y = 0) and let F, and F;s be two balanced
J-Hermitian structures given by

i
F; = E(w U 52022 4 ¢ a)33),

; B
Fy = 5( 1462622 4 12633) where s2 = —x.

Suppose that there exists an equivalence A: g — g between the two Hermitian
structures (J, F;) and (J, Fy). Since the linear isomorphism A*: g* — g* com-
mutes with the Chevalley—Eilenberg differential and the extension of A* to the
complexified exterior algebra preserves the bigraduation induced by J, it follows
that

ol = ajla)l + ajza)z +ajs3 a)3, j=1,2,3,

where (a;;) € GL(3, C) satisfying
do’! = ajlda)l +ajzda)2 +aj3da)3, j=1,23.
This is equivalent to the conditions
0=ai3 =azs,
pasz = p(ajiazz —aizazi),
azz = lan1|* + b*aniazt — s*|az|?,

—s2az3 = |a1a|?* + barzaz; — s%|axn|?,

2.9)
2 S
b”azs = ajiaiz + b ay1az; — s°az1azz,
N 2 I 2 I
0 = ajzar1 + b aizxaz1 — s axas;.

Moreover, the condition F; = A* F; implies that the coefficients a3 must satisfy
the following extra equations:

0=az1 = asz,
1= |ai1)?® + 5% laa1 %,

2 = lan? + 5% |ax)?, (2.10)

5%
I

_ 2 _
0=anaz + s“aziazz,

1> = 1" |ass|*.
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Combining the last equation in (2.9) with the fourth equation in (2.10) one gets
a12(2ar; + b*azr) = 0.

We have two possibilities: if a;p, = 0, then it follows from (2.10) that a1 = 0 and
|az2| = 1, and thus the fourth equation in (2.9) implies that a3z = 1 and therefore
t'? = ¢2; on the other hand, if

2ai1 + b*az; =0,

then the second equation in (2.10) reads as

b4
1= (%2 2
(4 +s)la21|

and the third equation in (2.9) expresses as

b4
asz = —(I + 82)|6121|2,

which implies |a33| = 1 and again 1'% = ¢2. |

2.1 Abelian complex structures

Abelian complex structures correspond to the coefficient p = 0 in the general
structure equations (2.4) and they are characterized by the condition

[JX,JY]=[X.Y].

which is equivalent to say that d(q"°) C /\1 & (g*). Next we study the balanced
Hermitian geometry associated to abelian complex structures. First we observe
that in the case of abelian structures, Proposition 2.3 (ii) can be improved in the
sense that the coefficient b2 can be reduced to take the value 0 or 1.

Lemma 2.7. Let J be an abelian complex structure on a 6-dimensional 2-step
nilpotent Lie algebra g. Then, there is a (1,0)-basis {w’ }13.=1 satisfying

do' =dw? =0, do? =a)1I +8a)1§+(x+yi)w2§, (2.11)
where § = 0,1 and x,y € R.

Proof. By Proposition 2.3 there is a (1,0)-basis {w'/ }3_1 satisfying (2.4) with
p = 0. Suppose b? ;é 0. We can normalize the coefﬁc1ent b? to be 1 by consider-
ing the new basis {0! = o'!, 0? = b?w’?, w3 = w'3}. o
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In the abelian complex case, given a Hermitian structure (2.5), the balanced
condition (2.6) reads as

s2 + x = Suo, y = 8uy. (2.12)

Now, we can combine Lemmas 2.4 and 2.7 together with (2.12) to derive the fol-
lowing classification of nilpotent Lie algebras admitting abelian complex struc-
tures with balanced compatible metric.

Proposition 2.8. Let g be a 6-dimensional 2-step nilpotent Lie algebra endowed
with an abelian complex structure J given by (2.11). Suppose that J admits a
balanced J -Hermitian metric. Then g is isomorphic to Y3 when § = 0 or )5 when

§=1

Proof. The proof follows from Lemma 2.4 for the case p = 0. If § = 0, then
y = 0 by (2.12) and the Lie algebra is isomorphic to 3. In the case § = 1, the
possibilities for g are

b, if 4y% > 1 — 4ux,

by if4y? =1 — 4x,
bs if 4y% < 1 —4x.

Since 52 > |u|?, from (2.12) we get

1 —4x = 1—4uy + 452

> 1 —4uy 4 4u? + 4u3

= 4u? 4 (1 —2uz)?

> 4u% = 4y2,
that is,

1 —4x > 4y?
and therefore the Lie algebra is isomorphic to bs. |
It is interesting to point out that the Lie algebras §, and §4 have abelian complex

structures but it turns out that none of them admit compatible balanced metric. In
contrast, for the Lie algebra )5 we have:

Corollary 2.9. Any abelian complex structure on Y5 admits balanced Hermitian
metrics.
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Proof. Abelian complex structures J on 5 correspond to § = 1 and 4y? < 1—4x.
Let us consider

2F = i(0'" + 5%0?* + ?0*) + uo'? —io*!
with 52 = % —-xX,u=y+ ’5 and any non-zero 2. It is easy to check that s > |u|?
and that (2.12) is satisfied. O

The situation is a bit different for the Lie algebra h3. Any complex structure on
b3 is equivalent to J  or J~ given by

do' =dw?> =0, do’= a)li j:a)ﬁ,

but only J~ admits compatible balanced metrics [22].
Next we classify, up to equivalence, all the balanced J ~-Hermitian structures
on bs.

Lemma 2.10. Any balanced structure on (53, 7_) is equivalent to one and only
one structure in the 1-parameter family

F = %(wli +w?2 4 t2w3§), t #0.

Proof. First of all, we can observe that the balanced congition (2.12) reduces to
52 =1, so the fundamental form of a generic balanced J ~-Hermitian structure
has the following expression:

2F = i(a)11 + w?? +t2a)33) +uw'? —iw?!, |u|2 <1,t¢>0.

2

Let us consider the (1, 0)-basis {o!, 02, 03} given by

ol = allwl +a12a)2, o = alza)l +a11a)2, o3 = ass a)3,

where

B (1Jm/1—|u|2)1/2
2 9

an =

i (14 /1= [u2\ 2
ap=——"—7—"— ;

2 2

L—|ul?>+ 1 —|ul?
a3z = .

= Juf?
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With respect to this new basis the complex structure equations satisfy
do' =do? =0, do®=o0'l-0¢?2,
and the fundamental form reduces to
2F =i(0' + 0% +1%0%)
for t'?> = t?/|as3|?. Now, Lemma 2.6 implies that two structures of this type cor-

responding to parameters ¢{ and ¢} are equivalent if and only if t{z = téz. o

2.2 Adapted bases

One of the main difficulties to study the balanced Hermitian geometry for nilpotent
complex structures J is that the condition (2.6) mixes the “metric” coefficients
s, u with the “complex” coefficients b, x, y in a non-trivial way. Next we find an
adapted basis {e!, ..., e®} for any balanced Hermitian structure in the sense that
{e!,..., e%} is abasis of (real) 1-forms such that the complex structure J and the
fundamental 2-form F express in the canonical way

Jel = —e2, Je3 = —e4, Je? = —e6, F =e'? + 3% + 6, (2.13)

It is well known that such a basis always exists locally, but in the following re-
sult we find an explicit global adapted basis for any invariant balanced Hermitian
structure.

Theorem 2.11. Let (J, F) be an invariant balanced Hermitian structure on a
6-dimensional nilmanifold M . Then, there is a basis {e', ..., e®} of 1-forms on M
satisfying (2.13) and one of the following equations:

de' =de?> =de® = de* =0,
de® =t(e'® —e?%), (2.14)

deb =t(e'* + e23),
where t € R*,
de' = de* = de® = de* =0,
t t
de> = (p+b7e'® = ~(p—b)e*, (2.15)

! t
d€6 =—2[(€12—€34)+;(p—b2)614+g(,0+b2)€23,
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where p € {0, 1}, b € R and s,t € R*,

where p € {0, 1},

— 2psuy (e' —

de' = de* = de® = de* =0,
de® = sY[2b%uzlul(e'® — e*) — b2ruyfu|Y(e'? + €%

+ 2psuy(e® — e**) + 2sux((p — b?)e'* + (p + b*)e*?)], (2.16)
de® = sY[2(2s2 — b2un)|ul(e'? — e3*) + b2 tus|ulY (e' + e%%)

e*) + 2sui((p — bHe'* + (p + b*)e?)].

22
bER,tGR*,uEC*withs2>|u|2>0’andY:2./s Ju| ’

|ulz
de' =de* =de’ =0,
de3 = 2—Se15
r b
et 2_SezS 2.17)
r bl
de® = £ (e!3 4 2%,
where r,s € R*,
de' =de* =0,
de® = L iﬁ(e13 +e? + ﬁ(st + Z)(e* —e19)
rtZ | s2 52
1
14 15
+e "+ ——me |,
st+ 7 ]
4 _ ¥ 24 1 25
Gl @18)
—s
de® = 7[(st + Z)e** + %],
r
deb = 5 j:ﬁ (e + %) + ﬁ(ezs —e16)
rtZ | s?st+Z 52
+ (st + Z)e'* + els],

where s,t € R* such that s2t%2 > 1 and where Z = /5212 — 1.
Furthermore: in case (2.14) the complex structure J is complex-parallelizable,
i.e. M is the Iwasawa manifold; for (2.15) and (2.16) the complex structure is
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nilpotent and the Lie algebra g underlying M is isomorphic to Yo, bH3, Ha, bs
or Y, abelian complex structures correspond to p = 0 in (2.15) and (2.16), and
in such case g = 93, hs and we can take b*> = § € {0, 1}; finally, in the remaining
cases (2.17) and (2.18) the Lie algebra underlying M is isomorphic to Y|4 and the
complex structure is non-nilpotent, where the x-sign in the equations corresponds
toJ = Joi, respectively.

Proof. Since the balanced Hermitian structure on the nilmanifold M is invariant,
there is a balanced Hermitian structure (J, F') on the Lie algebra g underlying M .
We have several possibilities depending on the nilpotency of the complex struc-
ture J. If J is complex-parallelizable, then by Lemma 2.5 it suffices to consider
the basis {e!, ..., e%} given by
el —l—ie2=a)1, e3—i—ie4=w2, e +ie® =rw’.

It is clear that this basis is adapted to (J, F') and the resulting structure equations
are (2.14).

Let us suppose now that J is nilpotent but not complex-parallelizable. We con-
sider two cases in Proposition 2.3 (ii) depending on the vanishing of the metric
coefficient u.

If u = 0, then the real basis {e!, ..., e%)} given by

el +ie2 :a)l, e3+ie4 =sa)2, e +ie6 =tw?

is a basis adapted to (J, F') and the structure equations become (2.15).
When u # 0, starting from the equations (2.4) and the balanced condition (2.6),

we consider the (1,0)-basis {o!, 02,53} given by
alzua)l-i-sz ozziuwl—sz o?=o?
2},2 9 2“2 9 b

where the coefficients A2 and 2 are the roots of the polynomial
1
P(X) =s?ul’>X? —s°X + n
namely

2=52+ s2(s2—|u|2)>0 2 _ 1 2
252ul? ’ |u|?

1
12 75 /’sz AZMZ -

i
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Notice that the roots of P(X) are different, real and strictly positive because
52 > |u|?. In terms of the new basis the complex structure equations are

do! =do? =0,
1 0 ~ - -
do® = —[—012 + (ib*u — 25 (A0 — p?0??)
25+/s% — |u|? Lu

+ bzﬁ(kzali + szfﬂ)}
and the fundamental form (2.5) has the simple expression
F = %(AZOII +/L202§ i [2033).

Now the real basis {e, ..., e°)} given by

el +ie? =Lcol, e3+iet= uoz, > +ie® =to

3
is clearly a basis adapted to (J, F') and a direct calculation shows that with respect
to this basis the structure equations become (2.16).

The result for non-nilpotent J follows directly from [23, Section 3.1]: starting
from Proposition 2.3 (iii) it is proved in [23] that the fundamental form (2.8) can
be reduced to either t = 1,v = 0 or v = 1, and these two cases correspond to
equations (2.17) and (2.18), respectively. O

Remark 2.12. When the complex structure is non-nilpotent, the classification of
balanced Hermitian structures up to equivalence is obtained in [23, Theorem 2.10],
namely:

« any two balanced Hermitian structures (J = Ji&, Fy.5), (J' = Joi, Fpr ) given

by (2.17) are equivalent if and only if J = J’, 7?2 = r'? and s? = 5’2,

e any two balanced Hermitian structures (J = Joi, Frst), (J = Joi, Fr g 17)
given by (2.18) are equivalent if and only if J = J’, r? = 2, 5> = 5/? and
(2 =2

e the structures of family (2.17) are not equivalent to the structures of fam-
ily (2.18).

From Lemma 2.6 it follows that, fixed a nilpotent complex structure J, two
balanced J-Hermitian structures F; and Fy in the family (2.15) are equivalent if
and only if 12 = t'2.

A similar result holds for the family (2.14) by Lemma 2.5.
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3 Deformation of balanced metrics

In this section we study on nilmanifolds the Weak 99-Lemma recently introduced
in [12] in relation to deformations of balanced metrics.
More precisely, the following definition is given in [12].

Definition 3.1. A compact complex n-dimensional manifold M satisfies the
(n — 1,n)-th Weak 09-Lemma if for each real form ¢ of type (n — 1,n — 1) such
that dg is a d-exact form there exists a (n —2, n— 1)-form v such that dp = i 9.

Fu and Yau prove in [12] that given a compact complex n-dimensional manifold
M with a balanced metric, if along a small deformation M) of M the (n —1,n)-th
Weak 99-Lemma is satisfied, then there exists a balanced metric on M ,, for suffi-
ciently small A.

Next we suppose that M is a nilmanifold endowed with an invariant complex
structure J and show when the Weak d3-Lemma on (M, J) is reduced to the study
of the Weak 99-Lemma at the Lie algebra level.

Proposition 3.2. Let M = I'\G be a 2n-dimensional nilmanifold endowed with
an invariant complex structure J, and let g be the Lie algebra of G. If (g, J)
does not satisfy the (n — 1, n)-th Weak 99-Lemma, then (M, J) does not satisfy
the (n — 1, n)-th Weak 93-Lemma.

Proof. The proof is based on the symmetrization process given in [2] (see also
[9,22]). Let v = d t be a volume element on M induced by a bi-invariant one on
the Lie group G such that, after rescaling, M has volume equal to 1. Given any co-
variant k-tensor field 7: X(M) x --- x X(M) — €°°(M) on the nilmanifold M,
we define a covariant k-tensor 7,,: g X --- X ¢ — R on g by

Tv(Xl,...,Xk) = / Tm(Xllm,---,Xk|m)V’ for Xl,...,Xk €q,
meM

where X |, is the value at the point m € M of the projection on M of the left-
invariant vector field X; on the Lie group G. Itis clear that 7, = T for any tensor
field T coming from a left-invariant one. In [2] it is proved that if 7 = « is a
k-form on M, then (do), = da,.

Given an invariant complex structure J on M, we can extend the symmetriza-
tion process to complex forms and it is easy to see that if « is a form of pure
type (p, g), then «,, is again of pure type (p, g). Now, for any (p, ¢)-form o on M
we have the usual decomposition do = do + dar, where da is of type (p + 1, ¢)
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and da of type (p.q + 1). Then, dary, + day = day, = (da)y, = (dc)y + (da)y,
which implies that B B
(a)y = dayy, (d)y = dary,.

Suppose that (g, J) does not satisfy the (n — 1, n)-th Weak 99-Lemma, and let
¢ be areal element in A"~ "7 (g*) such that dp = 9y for some 7 € N2 (q*)
but dp ¢ 88(/\" ~21=1(q*)). Therefore, ¢ defines a real (n — 1,n — 1)-form on
M such that dp = dn, but there is no (n —2,n — 1)-form ¥ on the nilmani-
fold M satisfying dp = zaaw because in such case i, would be an element in
N2 (g*) for which d¢ = i 90, contradicting the fact that (g, J) does not
satisfy the (n — 1, n)-th Weak 99-Lemma. |

Let us denote by H?*9(M, J) the Dolbeault cohomology groups of (M, J) and
by HP*(g,J) the cohomology groups of the complex (/A" (g*).d) at the Lie
algebra level. Conditions under which the natural inclusion

(N7 (").3) = A1), )

induces an isomorphism H?9(M, J) = HP?4(g,J) in cohomology are investi-
gated in [5, 6, 19]. In particular, the isomorphism holds for any abelian complex
structure J.

Remark 3.3. The symmetrization process defines a linear map
APy — N (g,

given by o — ay, which commutes with the differentials 3. If the natural inclusion
(N"*(g*),d) = (A**(M), d) induces an isomorphism

HPY4(M,J) =~ HP(q,J),

then any d-closed (p,¢)-form o on M is cohomologous to the invariant (p, g)-
form «,, obtained by the symmetrization process.

In the next result we find conditiqns under which the Weak 99-Lemma at the
Lie algebra level implies the Weak dd-Lemma on the nilmanifold.

Proposition 3.4. Let M = I'\G be a 2n-dimensional nilmanifold endowed with
an invariant complex structure J, and let g be the Lie algebra of G. If (g, J)
satisfies the (n — 1,n)-th Weak 30-Lemma and H"~>"(M,J) = H"2"(g, J),
then (M, J) satisfies the (n — 1, n)-th Weak 39-Lemma.
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Proof. Let ¢ be a real form of type (n — 1,n — 1) on M such that dp = 0 for
some (n — 2, n)-form n on M. Since dn = 0, the form 7 defines a Dolbeault co-
homology class in H"~2"*(M, J). From the isomorphism

H"™>™M(M,J) = H">"(g.J)

and Remark 3.3 we get that n = 7, 4+ 9(i ) for some (n —2, n—1)-form ¥ on M.
This implies that 37 = 31, + i dd(V).

Now, from d¢ = 915 we get that ¢, is a real element in /\ (g™) such that
8(,0,, = d1y. Since (g, J) satisfies the (n — 1, n)-th Weak d9-Lemma, there exists
¥ € N2 1(g*) such that 91, = d¢, = i 09y Therefore,

an = dny +i00(Y) = idd(Y + V)
and the (n — 1, n)-th Weak 99-Lemma is satisfied for (M, J). |

—1,n—1

Notice that the (n — 1, n)-th Weak 99-Lemma is satisfied for (g, J) if one has
AN (@) < N 6.

Corollary 3.5. Any abelian complex structure satisfies the (n —1,n)-th Weak
d0-Lemma.

Proof. It follows directly from the fact that (/' 2" (g*)) = 0 for any abelian
complex structure. o

_Next we describe the general behaviour in dimension 6 with respect to the Weak
dd-Lemma in the presence of balanced structures.

Proposition 3.6. Let M be a 6-dimensional nilmanifold endowed with an invariant
balanced Hermitian structure (J, F). Then, the complex manifold (M, J) satisfies
the (2, 3)-th Weak 39-Lemma if and only if J is abelian, complex-parallelizable or
of non-nilpotent type.

Proof. The result is known for the Iwasawa manifold, so we suppose next that J
is not complex-parallelizable.

Let g the Lie algebra underlying M and suppose that J is nilpotent. By Propo-
sition 2.3 we consider the reduced equations (2.4) and it is clear that

8(/\1’3((3*)) _ (pwlziﬁ)‘

A direct calculation shows that

(/@) =0



1046 L. Ugarte and R. Villacampa

Now, for the real (2, 2)-form ¢ = ®?2323 we have that 5<p = w!?123_ which implies
that the (2, 3)-th Weak 99-Lemma is not satisfied if p = 1, i.e. if J is not abelian.
Now, by Proposition 3.2 we get that (M, J) does not satisfy the (2, 3)-th Weak
39-Lemma if p = 1.

Suppose now that J is non-nilpotent and consider reduced equations as in

Proposition 2.3 (iii). It is clear that
1,3 153 - 1,2 s s
8(/\ (Q*)) = (@"'??) and 8(/\ (g*)) = (1123 ,2123)

which implies that

(N "@)) = ) =\ @),

Therefore, the (2, 3)-th Weak 99-Lemma is satisfied at the Lie algebra level. Since
the Lie algebra g is isomorphic to 4 and from [19] the natural inclusion

(A7 (@.8) = (A"*().9)

induces an isomorphism in cohomology, the (2, 3)-th Weak 90-Lemma is satisfied
by Proposition 3.4. o

The Iwasawa manifold corresponds to the pair (§s, Jo) and it is well known
that small deformation of the Iwasawa manifold does not admit balanced met-
ric, which implies that such small deformation does not satisfy the (2, 3)-th Weak
39-Lemma [12]. In the next example we give, on the nilmanifold M underlying
the Iwasawa manifold, an explicit deformation 7, of an abelian complex struc-
ture /¢ having balanced metric such that the (2, 3)-th Weak 99-Lemma only holds
for A = 0 but [/ admits balanced metric for any A. This shows that the Weak
d9-Lemma is not a necessary condition for the existence of balanced metric along
deformation of the complex structure.

L ..., e" satisfying

Example 3.7. Let us consider §5 with basis e
de' =...=de* =0, de® =e'3—e?* and deb =e'* 4 2.
For each A € [0, 1), let us consider the almost complex structure /, given by

A+1
At e

A—1
With respect to the basis of (1, 0)-forms u! = el +ie?, u? = e3 + %i e* and
u? = (A + 1)(e® + i e®), the complex structure equations are

2

I;L€1=—€ , 1)L€3= 6

I;Les = —e".

dul = duz =0, d/L3 = )Lp,lz + /Lli,
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which implies the integrability of /;. Now it is clear that for A = 0 the complex
structure is abelian and satisfies the (2, 3)-th Weak 99-Lemma by Corollary 3.5.
Moreover, from Corollary 2.9 it follows the existence of the compatible balanced
metric.

When A # 0, we consider the basis of (1,0)-forms ! = ul, 0? = A(u?—p')
and w3 = 13, with respect to which the complex structure equations for I, are

do' =dw?> =0, do’=w'?+ o'+ %a)u.

Since these equations are expressed in the form (2.4), we get by (2.6) that I
admits compatible balanced metric if and only if s > |u|? with s2 = %i. Tak-
ingu = 217 and 52 = # we have that the condition s? = ﬁ > 4)+2 = |u|? is
satisfied for any A € (0, 1). In conclusion, for any A € (0, 1) the complex struc-
ture 7, admits compatible balanced metrics, but 7, does not satisfy the (2, 3)-th
Weak 99-Lemma by Proposition 3.6 because it is nilpotent, but neither complex-
parallelizable nor abelian.

Notice that

6= P (@ 4 [T e
+ (142 + (1 + 1))

is a balanced /) -Hermitian metric for each A € [0, 1).

4 Holonomy of the Bismut connection

Bismut proved in [3] that any Hermitian structure (J, F) on a 2n-dimensional
manifold M has a unique Hermitian connection with torsion 7" given by

¢(X.T(Y,Z)) = JAF(X.Y,Z) = —dF(JX,JY,JZ),

g being the associated metric. This torsion connection is known as the Bismut
connection of (J, F) and will be denoted here by V. From now on, we shall iden-
tify 7" with the 3-form Jd F. In relation to the Levi-Civita connection V& of the
Riemannian metric g, the Bismut connection is determined by V = V& + %T.

According to [10], the holonomy group of the Bismut connection associated
to any invariant balanced J-Hermitian structure on a nilmanifold M is contained
in SU(3). The aim of this section is to prove that in six dimensions such a holon-
omy group reduces to a proper subgroup of SU(3) if and only if the complex
structure J is abelian.
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In order to prove this result, first we will study explicitly the behaviour of the
curvature endomorphisms of V since they, together with their covariant deriva-
tives, generate the Lie algebra Hol(V) of the holonomy group by the well-known
Ambrose—Singer Theorem. This approach is also convenient for the applications
to the study of the Strominger system in Section 5.

The adapted bases found in Theorem 2.11 will play a central role. More con-
cretely, let g be a 6-dimensional Lie algebra. Fixed any basis {e!, ..., e®)} for the
dual g*, let us consider the structure equations

dek = Z ck~eij, k=1,...,6,

ij
1<i<j<6

with respect to the basis. Let g = e! @ e! + .- 4 €% ® € be the inner product
on g for which the basis {e¥ }2=1 is orthonormal, and denote by {ey, ..., ec} the
dual basis.
Given any linear connection V, the connection 1-forms 0} with respect to the
basis above are _
U; (ex) = g(Verej,€i),
ie Vye; = ojl (X)ey +---+ 0]‘-5(X) es. The curvature 2-forms Q} of V are then
given in terms of the connection 1-forms o} by
i _ i i k
Q) =doj + Y o nof, @.1)
1<k<6

and the curvature endomorphisms R(ep, e4) of the connection V are given in terms
of the curvature forms } by

g(R(ep.eq)ei,ej) = —Q;(ep,eq). 4.2)

Since dek (ei.ej) = —ek([ei,ej]), the Levi-Civita connection 1-forms (O’g)i-

of g express in terms of the structure constants clkj by

. 1
(0%)j(ex) = —E(g(ei, lej.ex]) — glek. [ei.ej]) + gle). [ek. ei]))
1. .
= E(cjl‘k —clkj + ).

Now, let J be a complex structure compatible with g and denote by F' the associ-
ated fundamental 2-form. Since the Bismut connection V is given by

1
V=VE&4+_T,
+2
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with torsion T = Jd F, the Bismut connection 1-forms U]l: are determined by

. . 1
oj(ex) = (0%))(ex) — ET(eiaej,ek)
1 . 1 4.3)
= E(cjl‘k — clkj + c,il.) - EJdF(e,-,ej,ek).

Let us suppose next that g is the Lie algebra underlying a 6-dimensional nilman-
ifold M endowed with an invariant Hermitian structure (J, F), and let {e!, ..., e®}
be an adapted basis for (J, F), i.e. satisfying (2.13). We can always consider the
(3,0)-form W given by

U=(e+ie®)A(+ie*)n(e® +ieP).

Fino, Parton and Salamon prove in [10] that the Hermitian structure (J, F) is
balanced if and only if W is parallel with respect to the Bismut connection V, that
is, Hol(V) c SU(3).

We will compute explicitly the Lie algebra Hol(V) of the holonomy group
Hol(V) for each invariant balanced Hermitian structure (J, F) on M by using
the previous description obtained in Theorem 2.11. Our main tool is the compu-
tation of the curvature endomorphism R and the covariant derivatives, since they
generate the Lie algebra ho[(V). Since we have an adapted basis {e!, ..., e°} and
we know that hol(V) C su(3), we will use the following representation:

su(3) = (Y1, 2, Y3, Y4, V5. V6. V7, ¥8)

where 12 34 13 24
y1=e " —e, Yyp=e " +e’,
V3 = el4 —e23, Va = o34 _3567
15 26 16 25 (44)
ys=e - +e, yg=e —e,
4 4
y7=e +¢e*, yg=e%—e".

Notice that y1, 2, y3 generate the Lie subalgebra su(2), which will play an im-
portant role in the case of abelian complex structures.

Recall that with respect to an adapted bases {e!, ..., e®}, the covariant deriva-
tive Ve, y of any 2-form y is given by

6

(Ve,v)(ep.eq) = Y (o4 (e))y (e ep) — op(ej)y(er.eq)).  (45)
k=1

forj =1,...,6.
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In order to illustrate the process, we study in the following example the balanced
geometry associated to the complex-parallelizable structure Jy, i.e. the standard
complex structure on the Iwasawa manifold.

Example 4.1. The balanced Hermitian geometry associated to the complex-par-
allelizable structure Jy is described by the structure equations (2.14) in Theo-
rem 2.11. Since the basis {e!,...,e®)} is adapted to the Hermitian structure, by
equations (2.14) we get that

dF = tel136 _ o145 _ 1,235 _ 4,246
and thus the torsion 7 is
T = JdF = —te'3% — 1140 — 10236 4 1243,

From (4.3) one has that the non-zero Bismut connection 1-forms GJI: are the fol-
lowing:

1_ 2 _ 3 1_ 2 _ .4
05 = 0g = —te”, 05 = —05 = —te",
3_ 4 _ 1 3__ 4_ 2
05 =05 =te, 0F=—05=1"le".

A direct calculation using (4.1) and (4.2) gives that the non-zero curvature endo-
morphisms R(ep, e4) of the Bismut connection V are
R(e1,e2) = 2t%ya, R(e1,es) = —R(ez, e3) = —t%y3,
R(e1.e3) = R(ez,e4) = —1%y2, Rles,es) = 21%y1 + 21%y,.
They generate the space (y1, y2, ¥3, y4), however, by (4.5) the covariant deriva-
tives Vejyz forj =1,2,3,4 are
Ve, v2 = —tys, Ve, y2 = —1¥6, Vesy2 = —1y7, Ve,y2 = —1ys,
and therefore hol(V) = su(3).

For the remaining families of Theorem 2.11 the situation is more complicated.
We need the following two technical lemmas:

Lemma 4.2. The curvature endomorphisms R(ep, eq4) of the Bismut connection V
for any structure in the family (2.15) are

2
S
t—zR(el,ez) = —4s%y; — 2b%sy3 + 2pya,

2
S
t—zR(el,es) = —(b* + pb* + p)y2,
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2
R(e1,eq) = —2(b* — p)sy1 — (b* — pb* + p)y3,

R(e1.es) = pbys,
R(ey.e6) = —pb?yes + 2psys.

R(e2.e3) = 2(b% + p)syr + (b* + pb® + p)ys.
R(ez.eq) = —(b* — pb* + p)ya,

R(ez, e5) = pb*ys,

12

2

2

2

12

§2

_2

2

12

2

12

2

—2R(€2,€6) = pb*ys —2psy7.

2

o) R(es, eq) = 2(p + 25%)y1 + 2b%sy3 + 2pya.

2

—ZR(€3 es) = pb’ys,

2

3 Rles.eq) = 2psys + pb>ys,

2

3 R(es,e5) = pb?ys,
2

—ZR(€4, e6) = —2psys — pb>y7,
2

12

R(es, e6) = —2b4)/1 + 4b2sy3.

2812

R(er.ex) = —41%y; — — 73
8t?

R(er.e3) = =52

2812 481%
R(es. e¢) = TRA + —

In particular, for p = 0 any R(ep,ey) is a linear combination of the following
three curvature endomorphisms:

where § = b%> € {0, 1}. Moreover; in this case the covariant derivative Ve, vi is
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zerofori =1,2,3and j =1,...,4, and

28t 28t
Vesy1 = TV3v Vesya =0, Vesyz = —T)/l,

26t 268t
Veev1 = el VeeV2 = - +4ty3, Vesys = —4tys.

Proof. It follows from equations (2.15) that dF' is given in terms of the adapted
basis {e!,...,e%} by

t t
dF = 2l(€125 _ 6345) 4 E(p 4 bZ)(el36 —6235) _ E(p_bZ)(el45 + 6246),

and therefore the torsion is

t t
T = JdF = —2t(€126—€346)—E(,O—bz)(€135+8236)—;(p+b2)(el46—€245).

(4.6)
By (4.3) the non-zero Bismut connection 1-forms Ojl- are the following:
t
0y = —0; =2te®, of=-02= P 4
b2t ot
1 2 5 3 4 1
03 =05 =———e€>, 0; =0g = —e,
3 4 E 5 6 B
1 2Vt 3 4 _ P o
s s
t
od =02 = L3,
s

A direct calculation using equations (2.15), (4.1) and (4.2) gives the endomor-
phisms R(ep, e4) listed above in terms of the basis (4.4). Finally, for p = 0 the
covariant derivatives Ve, y; are easily computed using (4.5). o

Lemma 4.3. For the balanced Hermitian structures in the family (2.16), the cur-
vature endomorphisms R(ep, eq4) of their Bismut connection V are

1
WR((?], ez) = —2(4S4 + b4|u|2 — 4b2S2u2)y1
+ bzt(b2|u|2 - 252142)Y)/2

4b%s3u;

V3 + 4ps2ya,
|ul
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2(b?|u|? — 25%us)(b?t|u|Y — 2ps)
V1
|u]
— (b*12|u)?Y? — 2pb2st|u|Y + 4ps?)ya,

1
|u|2s—2Y2R(el’e3) =

2(b* — p)suy
— . N

WR(ELEU = ] — (b* — pb* + p)ya.
5 31Y2 R(ey,e5) = —,obz[(Zsu2 + tuulY)ys + ugua(2s — t|u]Y)ys
+ 2uq u|(uay7 + u1ys)].
X 31Y2 R(e1.e6) = —p[b*uius(2s — t{ulY)ys + b>(2su + tuzlulY)ye

— 2Ju|(bPuz — 25%) (u2y7 + u1ys)].

1 —2(b2 + p)suy
—— _R(es, — = AP

R(es. e4) = 2(b2|u|2 252u5) (b2t |ulY +2ps)
uPs2y2 7 ul

— (*?uPY? 4 2pb%st|ulY + 4ps?)ya,

+ (b* + pb® + p)ys,

% 3Y2R(82’65) = pb*[uuz(2s — t[u|Y)ys — (2su3 + tui|ulY)ye

+ 2uq |ul(u1y7 — uzys)].
25372 5 R(ea, e6) = p[b>(2sui + tu3|ulY)ys — b*uiuz(2s — t[ulY)ys
—2(b%up — 25%)|ul(u1y7 — u2ys)].
_ 2 4 1412 2.2
2|7/t|zwle(€3,€4) —2(2,0S + 4s +b |M| —4b~s Mz)]/]
4 2.3

—17/3 + 4ps>ya,
|ul

——5 R(es, e5) = —pb?[2u1 |u|(uays + u1ys) — (2s5u3 — tul|u|Y)ys

— bzt(b2|u|2 — 2s2u2)Y7/2 —

1
253Y2
—uyuz(2s + tulY)ys],

75372 —5—5 R(es,e6) = p[2[u|(b®uz — 257) (u2ys + u1ys)

+ b2ugun (25 + tlu|Y)yq
+ b2(2su% - tu§|u|Y)yg],
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—— R(es. e5) = pb*[2uy|u|(u1ys — uzye) — uruz(2s + t|ulY)y;

253Y2
+ (2su3 — tu%|u|Y)yg],
! ——5R(es, e6) = —p|2|u|(b*uz — 25)(u1ys — u2Ys)
Dg3y2 A6 p 2 1Y5 — U2Y6
+ b%(2sut — tus|u|Y)y;
— b2ugun(2s + tlulY)ys].
1 2b%(b?|u)? — 25%us)
————— R(es, = b*t|u|Y 2b%stu1Yys.
HuPs3y? (es, e6) [ulYy1 + ] Va2 + 2b*stu1 Yys

In particular, for p = 0 any endomorphism R(ep, eq) is a linear combination
of the following three curvature endomorphisms:

2|u|sz(el, 62) = —2(4S4 + 8|M|2 — 48s2u2)y1

48s3uq

|ul

+8t(|uf® = 25%u2)Yy2 + V3,

|u|2s2tY3 Reer.e3) = 28(Ju|* = 252uz)y1 — 8t |ul*Y y2,

28(|u|? — 2s%u
Rees.es) = tlul Yy, + 202 2)

1
—_——— 28stu1Yys,
4u|2s3Y 2 ] Y2 + 11y3

where § = b% € {0, 1}. Moreover, in this case the covariant derivative Ve, vi is
zerofori =1,2,3and j =1,...,4, and

——Vesy1 = 28suzys — Stuyg|ulYys,

2sY
! —V 25 26u1 |u|
257 esY2 = SU2y1 ui|u|ys,
1
——Vesy3 = Stup|u|Yy1 + 20uq|uly2,
2sY
1
7 Veo¥1 = 28su1ys + Stuz|ulYys,
2sY
1
7 YVeG)/z = —28su1y; + 2(8uy —2s2)|u|y3,
1

5oy Ves?3 = —StualuYy1 — 2(8uz — 25%)[ulys.
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Proof. Since the basis {e!, ..., e®} is adapted to the structure, from (2.16) we get
that the torsion is

1 1
—T = —JdF
sY sY

= 20%uy [ul(e'?® — 3*%) — 20u|(—25> + b?uz)(e'?® — £3*%)
— (2ps + b2t |u|Y ) (u1e'® —uze'3)
—25(p 4+ b?)(uze'™ + uye'4®)
—25(p — b?)(u2?> + u,e?3%)

+ (2ps — b2t|u|Y ) (u1e®* — use?49).

4.7

Using (4.3) one has that the non-zero Bismut connection 1-forms o]’: are the fol-
lowing:

01 = —03 = —2b%suy|ulYe® + 25(=25% + bus)|u|Ye®,

03 = of = b2st|u|Y?(u1e’ — use®),

0} = —0% = 2b%s*Y (uze® + uye®),
0'51 = 0‘62 = —2,OS2Y(M1€3 + u2e4),
05 = —03 = 2ps*Y (uze® —ure?).
03 = 0g =2ps>Y (ure! +uze?),
05 = —05 = —2ps”Y (uze’ —uze?).

A long but direct calculation using (2.16), (4.1) and (4.2) gives the endomorphisms
R(ep, e4) listed above in terms of the basis (4.4). Finally, for p = 0 the covariant
derivatives V. y; can be computed directly using (4.5). o

In the next proposition we describe the Lie algebra Hol(V) of the holonomy
group of the Bismut connection V when the complex structure J is nilpotent.

Proposition 4.4. Let (J, F) be an invariant balanced Hermitian structure on a
6-dimensional nilmanifold M such that J is nilpotent. Then, the holonomy group
of its associated Bismut connection V is equal to SU(3) if and only if the complex
structure J is not abelian.

Moreover, if J is abelian then, with respect to the adapted basis satisfying equa-
tions (2.15) or (2.16) in Theorem 2.11 with p = 0, we have:

(i) If the Lie algebra underlying M is isomorphic to b5, then
hol(V) = (y1,y2.v3).
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(ii) If the Lie algebra underlying M is isomorphic to b3, then
hol(V) = (yn1).

Proof. Let us suppose first that J is abelian, i.e. p = 0. From Lemmas 4.2 and 4.3
it is easy to see that the curvature endomorphisms R(ep, e4) and their covariant
derivatives of any order lie in the subspace (Y1, y2,¥3). We have two possibili-
ties depending on the Lie algebra underlying M. By Proposition 2.8 the case f3
corresponds to § = 0 and it is clear from the previous lemmas that only R(ey, e»)
is non-zero and it is proportional to y;, which satisfies Vy; = 0 and therefore
Hol(V) = (y1). On the other hand, the case § = 1 corresponds, by Proposition 2.8,
to abelian complex structures on §5 and it is easy to check from Lemma 4.2 that
R(ey1,e2), R(e1,e3) and R(es, eg) generate (Y1, V2, V3), SO it remains to study the
case p = 0 and 6 = | in Lemma 4.3. The determinant of the matrix whose entries
are the components of R(ey, e2), R(ey,e3) and R(es, eg) in the basis {y1, y2, v3}
is equal to

16384 u71 (1 + 452 — 4u? — duy)(s? — u[2)7/2512
|26

and, since 1 + 452 — 4u% — 4uy > (1 —2u»)? because 52 — u% > (, the vanish-

ing of this determinant depends only on the vanishing of u1. But if u1 = 0, then
a direct calculation shows that R(e;, e3) and R(es, eg) generate y; and y,, and
therefore y3 because [y1, y2] = 2y3. In conclusion,

hol(V) = (y1,y2,¥3)

when J is an abelian complex structure on the Lie algebra 5.

From now on, let us suppose that the nilpotent complex structure J is not abel-
ian, i.e. p = 1, and we have to prove that hol(V) = (y1,..., ys). In Example 4.1
we showed that this holds for the family (2.14). In the case of Lemma 4.2 it is easy
to check that the curvature endomorphisms R(ep, ¢,4) generate the whole space.

For Lemma 4.3 we will consider several cases depending on the vanishing of
the coefficients u; and b. Firstly, if u; # 0, then the determinant of the matrix
whose entries are the components of the endomorphisms

1
R(ey,e4) and ———R(e,e3)

1
4lulsty 2 4|u|s*Y 2

in the basis {y1, y3} is

( 202 = Vsuy  —(b* — b2 + 1)|ul

— 4 0.
2002 + 1)sus (b4+b2+1)|u|) suilul #
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From R(ey,e3) or R(ep,eq) we get Y, because the components in y, of these
endomorphisms cannot vanish simultaneously, and y4 comes from R(eq, €2).

If u; = 0, then we get y3 directly from R(ey, eq) or R(ez, e3). Again we con-
sider two cases depending on the vanishing of h%uy — 2s2. If b? # 252 /u,, then
R(ey,e3) and R(ez, eq) generate y; and y,, and one also has y4 from R(eq, e2).
In the case h? = 252 /u, (which implies b # 0) we get y, from R(ey,e3) or
R(esz, eq), y1 from R(es, eg) and then y4 from R(ey, e3).

Finally, let us see that the curvature endomorphisms R(ep,e;) in Lemma 4.3
also generate (s, s, v7, vs). If b = 0, then from the curvature endomorphisms
R(ey,e6), R(ez,e6), R(es,es) and R(ey, eg) it is easy to check that this is true.
For b # 0 we have that the matrix whose entries are the components of

L sRG1es) i Rien.es)
—a s €1,65), —H5 =5 €3,€5),
2b253Y2 b 2h2s3Y2 23
1 1
—————R(e3,e5), ————=R(eq, e
7525372 (e3,e5) 2h25372 (s, e5)
in the basis {ys, y6., y7, v} is
—2su? —tudulY —uquz(2s —t|ulY) —2uqus|ul —2u?|u|
uiuz(2s —tlulY)  —2su? —tu3|ulY 2u?|u| —2u s |ul
—2uqus|ul —2u?|u| 2su3 — tuilulY Uz (2s + tlulY)
2u? |u| —2uqus|u| —ugur(2s +t|ulY)  2su3 —tu?lulY

whose determinant is equal to
2 | 2.2 2 2 2+ 2\2

Since it is non-zero, s, Ve, Y7 and yg are generated by these curvature endomor-
phisms.
In conclusion, if p = 1, i.e. J is nilpotent but non-abelian, then

Hol(V) = (y1,...,y8)

and therefore the holonomy of the Bismut connection is equal to SU(3). o

Remark 4.5. The reduction of the holonomy of the Bismut connection V to a sub-
group of SU(2) in the abelian complex case can also be derived from the following
fact. For p = 0 in the families (2.15) and (2.16) we have:

V(e + ) =0, V(' +ie*)n(e>+ie*) =0, Ve’ =0, Ve®=0.

Moreover, if in addition § = 0, then V(e!?) = 0 and V(e3*) = 0.
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It remains to study the holonomy in the case of complex structures of non-
nilpotent type.

Proposition 4.6. Ler (J, F) be an invariant balanced Hermitian structure on a
6-dimensional nilmanifold M such that J is non-nilpotent. Then, the holonomy
group of its associated Bismut connection is equal to SU(3)

Proof. Since J is non-nilpotent, by Theorem 2.11 it is sufficient to study the equa-
tions (2.17) and (2.18). In the first case, we have that the torsion is

T — :l:ie136 n Eel%_ 2_Sez36 n 38246 4.8)
rs r r rs '

and, by a similar calculation as in the preceding lemmas, one has the following
curvature endomorphisms of the Bismut connection:

257 st—4 2
Rler.e2) = =—7va. Rer.es) = —5 512 F s,
2 2
s 3s
R(e1.e4) = —33 R(ey,e5) = — 2 Vs
2 52
R(elveﬁ) = :Fr_zys — r_z'yé, R(ez,e3) = —R(el’e“_)’
R(ez. e4) = Riey. e3) Rien.o5) = %
€3,64) = €1,€3), er,65) = —Ve,
2, €4 1.€3 2, €5 R 9)
2 2
s 2 2s
R(ez.e6) = =75 + 7 Ve. Rles.eq) = ——7(y1 + va).
52 §2
R(ef)'v 35) = r—2y7, R(33,e6) = j:r_z'y7 — r_zyg’
2 2
N s 2
R(e4, 35) = _}"_2)/8’ R(€4,e6) = —r—2y7 F r_2y8’

R(es,eq) = R(e1,e2) — R(e3, es).

Thus, hol(V) = (y1,...,y8).
For the family (2.18) the torsion 7 is given by

(FSfZ)T — S2(€134 _ 8156) T 12(6‘234 _ 6256)
_ (Sl + Z)(S2€135 :|:12€235)

+ (S2€146 + l2€246) + 23t(:|:t2e136 _ S2€236)

st + 2
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and one obtains in particular the following curvature endomorphisms of the Bismut
connection:

r2tZ*R(ey1,e4) = F2tys + s3( — 3st))/3 —53ys £ 2t(st + Z)ys.

st + 72

2.2 ! 3 3

tZ“R(eq, =F — — + st + 2t ys,
r (e1,e5) w1z TS s\z Tes Y6
r222

. R(ez,e3) = £t(st + Z)y2 + 53y3 £ 1y,
r2z2 3

R(es, = *ty, — + .
. (e2,e6) 2= STysE ooV

The determinant of the 4x4 matrix given by the components in y», y3, ¥s and
Y6 of the previous endomorphisms is equal to —8s8¢%. Since it is non-zero, the
endomorphisms R(eq, es), R(e1,es), R(ez, e3) and R(ep, eg) generate s, v3, Vs
and ye. From the fact that

[v2.v3] = 2y1.  [v2.vs5] = —v7. [v2.v6l = —vs. [V5.V6l = 2v1 + 2y4

we conclude that again hol(V) = (y1,..., ¥s).
Therefore, if J is non-nilpotent, then the holonomy of the Bismut connection
always equals SU(3). |

As a consequence of Propositions 4.4 and 4.6 we get:

Theorem 4.7. Let (J, F) be an invariant balanced Hermitian structure on a 6-di-
mensional nilmanifold M, and let V be its associated Bismut connection. Then,
Hol(V) = SU(3) if and only if J is not abelian.

Moreover, if the complex structure J is abelian, then the holonomy group of the
Bismut connection reduces to a subgroup of SU(2), and it is equal to SU(2) if and
only if the Lie algebra underlying M is isomorphic to the Lie algebra underlying
the Iwasawa manifold.

Remark 4.8. Let us consider §5 endowed with the balanced Hermitian struc-
tures (1,g4), A €[0,1), given in Example 3.7 and let V, denote the associ-
ated Bismut connection. Since [ is abelian only for A = 0, by the theorem above
Hol(Vy) = SU(2) and Hol(V,) = SU(3) for any A # 0. Notice that fy5 is the only
case where such a ‘jumping phenomenon’ of the Bismut holonomy can occur.

The next example shows that Theorem 4.7 does not hold for abelian complex
structures on 6-dimensional compact solvmanifolds.
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Example 4.9. Let g the solvable Lie algebra defined by the equations
de!' =de? =0, ded = —e'3—e?*, de* = —e!* + 23,
deS = e15 4 026, eb = 16 _ 025
and let us consider J and F defined by (2.13). It is easy to check that J is an

abelian complex structure and the pair (J, F') is a balanced Hermitian structure.
Since dF = —2e'3* 4 2¢!39 the torsion is given by

T — 20234 _ 9,256
and a direct calculation as before shows that R(ey, e2) = 0 and

R(ei,e3) = R(ez,es) = —y2,  Rles,eq) = 2y1,

R(e1,es) = —R(ez,e3) = —y3, R(es.e5) = R(es,e6) = y7,
R(e1,es5) = R(ez,e6) = —y5,  R(es,e) = —R(es,e5) = ys,
R(e1,e6) = —R(ez,e5) = —ye6. Rles,ec) =2y1 + 2ys.

This implies that s11(3) C hol(V). Moreover, the (3, 0)-form
U= (el +ie®)A(e> +ie*) n(e’ +ie)
is parallel with respect to the Bismut connection, and therefore
Hol(V) = su(3).

The existence of a lattice of maximal rank I' of the simply connected solv-
able Lie group G associated to g was proved in [24] (see also [7]). Therefore, the
corresponding compact solvmanifold has an invariant balanced Hermitian struc-
ture (J, F') such that J is abelian and its associated Bismut connection V satisfies
Hol(V) = SU(3).

5 Heterotic supersymmetry with constant dilaton

In this section we study the existence of solutions of the Strominger system with
respect to the Bismut connection in the anomaly cancellation condition in the class
of abelian complex structures. We show that any invariant balanced metric com-
patible with an abelian complex structure provides a solution of the Strominger
system.

Since we look for solutions which are invariant, the dilaton function will always
be constant. Recall that a solution of the Strominger system with constant dila-
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ton [21] is given by a compact 6-dimensional manifold M endowed with a Hermit-
ian SU(3)-structure (J, F, V) satisfying the following system of equations [21]:

(a) Gravitino equation: the holonomy of the Bismut connection V is contained
in SU(3).

(b) Dilatino equation with constant dilaton: the dilaton function ¢ is constant and
therefore the Lee form 6 = 2d¢ is zero, i.e. the Hermitian structure is bal-
anced.

(c) Gaugino equation: there is a Donaldson—Uhlenbeck—Yau SU(3)-instanton, i.e.
a connection A with curvature 2-forms (QA)} € su(3).

(d) Anomaly cancellation condition: d T = 2720/ (p1(V) — p1(A)), for &’ > 0.

The instanton A must be non-flat, and & positive because it is related to the
string tension (for physical interpretation of the solutions of the Strominger system
one can see [1,4,8,11] and references therein).

In equation (d), p; denotes the 4-form representing the first Pontrjagin class of
the connection, which is given in terms of the curvature forms 2 ; of the connection
by

P =8]1t—2tr§2/\52=871r—2 > QA
1<i<j<6
As we recall in the introduction, the anomaly cancellation condition could be
solved for different metric connections V, and we will consider next V as the
Bismut connection associated to (J, F).
Let (J, F) be an invariant balanced Hermitian structure on a nilmanifold M,
{e!,...,e%} the adapted basis given in Theorem 2.11 and let us consider the

(3, 0)-form W defining the SU(3)-structure given by
U= (el +ie?) A3 +ie*) A (e’ +ief).

Notice that in the gaugino equation the curvature 2-forms (QA);- € su(3)ifand
only if

QM) (e1.€2) + (@) (e, e4) + (7)) (5. ¢6) = 0,

. . 5.1

Q@Y (Jex. Jer) = ()i (ex.ep). foralli, j. k.1,
where {e1,...,es) is the dual basis of {e!,...,e®}. We will consider invariant
instantons, therefore A satisfies (c) if and only if each curvature form is a linear

combination of the 2-forms yq, ..., yg given in (4.4).
In the next proposition we find SU(3)-instantons for any balanced Hermitian
SU(3)-structure (J, F, W) with abelian J.
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Proposition 5.1. Let (J, F) be any invariant balanced Hermitian structure on a
6-dimensional nilmanifold M such that J is abelian. With respect to the adapted
basis {e', ..., e®)} given in Theorem 2.11, consider the SU(3)-structure

(J,F, W = (e! +ie®) A (e +ie*) A (e +ieb)).
Foreach A € R, let A), be the SU(3)-connection defined by the connection 1-forms
(04 = =T = ~(")i = (@M =A +e%). (52

and (64%); = 0 for (i, j) # (1,2),(2,1), (3, 4), (4,3). Then, Ay is an SU(3)-in-
stanton such that:

(1) If (J, F) belongs to the family (2.15), then
A A 81> 2y72,1234
rQAAQY =——(§ +25%)A% .
s

(i) If (J, F) belongs to the family (2.16), then

trQA,\ A QA,\ — _12834(5‘2 - |u|2)

(8 + 28(u1 — ua) + 252121234,

t2
Proof. Since {e!,...,e®} is an adapted basis for the SU(3)-structure and the con-
nection 1-forms with respect to this basis satisfy al.j = —O'jl- and
1_ 2 1_ 2 1_ 2
03—04, 04—_03, 05_0—6’
061=—052, og’zog, 02=—0§, 0'21—|-02—|—O'g=0,

it follows that the connection A, preserves F and W, i.e. it is an SU(3)-connection.
In the case (2.15) for p = 0, from (4.1) we get that

(@1); = ~(@*)F = (@] = @] = ~2hy1 + %m ~73)
are the only non-zero curvature forms of the connection 4.
In the case (2.16) with p = 0, the only non-zero curvature forms are
(@4 = —(@1)7 = —(@"1)] = @]
= 2s[u|Y(2s% + 8(uy —u2))Ayr — 8st|ul Y (ur — uz)Ayz
—2852Y(u1 + uz)Ays.

Therefore, since the 2-forms (242 ); satisfy equations (5.1), the connection A} is
an SU(3)-instanton in both cases.

Finally, since y1 Ay1 = Y2 Ay2a = y3 Ay3 = and y; Ay; = 0 for
1 <i < j <3, itis easy to check that the trace of Q4% A Q44 is given by (i)
or (ii). O

_p 1234
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In order to compute the trace of 2 A 2 we need to know the curvature forms of
the Bismut connection. However, from (4.2) and Lemma 4.2 we get

Lemma 5.2. The curvature 2-forms Q; for the Bismut connection in family (2.15)
are

1 212 34y, 217 2 14, 202 2\ 23
Qy=—417(e " —e )+T(P—b)e +T(P+b)e

212
+ S2 (pe34 —b4€56),
1 2 o, 2 13 7y 2 24
Q3=Q;=—=(0b"+pb”+ p)e’” — = (b" — pb” + ple””,
K S
2b%t? 12
Q}‘_ — _QZ — ——(812 _ e34) _ —(b4 _ pr + p)€14
s 52

t? 4b21?
+ _2(b4 + pr + ,0)323 + —956,
S A

b2t? 2pt?
Qé — 02— P_2(615 +e26) — P_e46’
s s
b2t? 2pt2
Qé:—Q%:—p—(em—ezs)—l— PL™ 36

T e
52 s ’

3 2 12 34 207 2 14 217 2\ 23
Q=417 " —e )—T(P—b)e —T(P‘i‘b)e

202 15 456
+S—2(P€ + b%e””),

’

2pt? b?t?
Qg = 94 = ——i 626 + _10 S2 (635 — 646)

Q= -Qf =

2pt2 b2t2
_ps el® 4 P (€36 + e*),

§2
Qp = —Q5 — Q3.

Therefore, tr Q A Q = —8St—44(b8 + pb* 4 4b*s? 4 2ps? + 8s%*)e1234,

Theorem 5.3. Let M be a nilmanifold with underlying Lie algebra isomorphic
to Y3. For any invariant balanced Hermitian structure (J, F) on M there is an
invariant SU(3)-instanton solving the Strominger system. Moreover, the Bismut
connection associated to (J, F) is of instanton type and therefore such solutions
also solve the heterotic equations of motion.



1064 L. Ugarte and R. Villacampa

Proof. From Proposition 2.8 and Lemma 2.10 any invariant balanced Hermit-
ian structure on M is given, up to equivalence, by equations (2.15) with p = 0,
b?* =§ =0 and s* = 1. It follows from (4.6) that dT = —81%¢'?3* and from
Lemma 5.2 we have trQ A Q = —641*e123*, Consider now the instanton A
given in Proposition 5.1, which by (i) satisfies tr Q4* A Q4% = —16r212¢1234,
The anomaly cancellation condition reduces to solve

dT = —81%e'P* = 40/1>(A% — 41%)e'>* = 2720/ (p1(V) — p1(43))

for o’ = ﬁ positive. Therefore, it suffices to choose A such that A2 < 442,
Finally, by [17] a solution of the Strominger system is a solution of the het-
erotic equations of motion if and only if the connection V in the anomaly can-
cellation condition is an SU(3)-instanton. But this is clearly satisfied because
by Lemma 5.2 the only non-zero curvature forms for the Bismut connection are
Ql=-Q3 = 4%y o

To complete the abelian case, we need to consider equations (2.16) with p = 0
and b2 = § = 1. From Lemma 4.3 and relation (4.2) it follows

Lemma 5.4. Let (J, F) be a balanced Hermitian structure in family (2.16) with
p = 0and b? = § = 1. The non-zero curvature 2-forms Q} of the Bismut connec-
tion are

1 1
—Ql — ——Q3
252|ul2Y?2 2 252ul2Y2 4
= —2(4s* + |u|® — 45%uy)(e'? — &3
+ 1Y (Jul? = 25%uz)(e'3 + €%%)
4 3
%(614 —e23) 4+ 251Y |ule®,
u
1 1 1 2

252|u|2Y273 T 252ulPy2 Y

_ 2 2 12 aay WPPPYZ s,
=tY(u|* —2s“uz)(e' - —e )—T(e +e%)

4s
+ —(|u|2 - 2s2u2)656,
|u|
1
I o ¥
4s4uly2™3

= 2sup(e'® —e3*) — |u|(e!* — e?3) + 2ruq|u|Ye.

1

—— Qi =
454 |uy2 4
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Therefore,

204858(s2 — |u|?)?
_ I

— 4uy — 165U, + 8ud)e' >34,

r2AQ =

(1 + 45 + 8s* + 4u3

Recall that any abelian complex structure on hs admits balanced Hermitian
metrics by Corollary 2.9.

Theorem 5.5. Let J be an abelian complex structure on a nilmanifold M with
underlying Lie algebra isomorphic to Yy5. Then, for any invariant balanced J -Her-
mitian structure on M there exists an invariant SU(3)-instanton solving the Stro-
minger system.

Proof. By Proposition 2.8 the invariant balanced Hermitian structures on M are
given by equations (2.15) or (2.16) with p = 0 and »?> = § = 1. In the first case,
it follows from (4.6) that

412 2\ 1234
dT = —— (14 2s%)e
s

and from Lemma 5.2 we have

84
rQAQ =——(1+4s> + 8s*)e' >,
S

Consider now the instanton A given in Proposition 5.1, which by (i) satisfies

812
rQAAQM = —— (1 +25H)2%e! B4
S

Therefore, we need to solve
412 2\ 1234
dT = _s_2(1 + 25%)e
217 2\.2,2 2 4\,2\ 1234
=a—4((l—|—2s )sAT — (1 + 4s° + 8s™)t )e
K

= 2%/ (p1(V) = p1(43))
for o’ positive. It is sufficient to choose A small enough such that
(14 252)s2A% < (1 + 452 + 8s%)12.
Let us consider now the case (2.16) with p = 0 and b> = § = 1. From (4.7) it
follows that

_32s2(s2 —|ul?)

dT = >

(s2 + u% + (252 —ua)? + (5% — |u|2))e1234
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and from Lemma 5.4 we have

204858(s? — |u|?)?

trQAQ = o

(14452 +85* +4u3—4uy—165%uy+8u3)e' 234,

Notice that Lemma 2.4 (ii.3) implies that for any abelian J on b5 the condi-
tion 4y2 < 1 — 4x must be satisfied, where x = u, — 52 and y = uy. Therefore,
1 + 452 — 4u, > 4u?, which implies that

1+ 45% + 85* + 4u? — 4uy — 165%us + 8u3 > 8u? + 8(s% —u)? > 0.

In conclusion, d7 and trQ A © are both a strictly negative multiple of e!234,

Consider now the instanton A, given in Proposition 5.1, which by (ii) satisfies

B 1285 (s% — |u|?)

trQAr A Q4r =
[2

(1 4+ 252 4+ 2(u1 —un))A2e'234,

It is clear that we can choose A small enough such that
dT = 21a(p1(V) = p1(43)).
for &’ positive. o

As a consequence of Theorems 5.3 and 5.5 any abelian complex structure pro-
vides solutions of the Strominger system, more concretely:

Corollary 5.6. Let M be a nilmanifold endowed with an invariant balanced
Hermitian structure (J, F). If J is abelian, then there is an invariant non-flat
SU(3)-instanton solving the Strominger system with respect to the Bismut connec-
tion in the anomaly cancellation condition. Moreover, any such solution solves in
addition the heterotic equations of motion if and only if M is a compact quotient
of H xR, H being the generalized 5-dimensional Heisenberg group.

5.1 More solutions

As a consequence of the previous study one can also find new solutions of the
Strominger system for complex structures of non-abelian type. For instance, let us
consider the family (2.15) with p = 1. From (4.6) we have that

4 4 2, ,1234
dT:——2(1+b + 25%)e ,
s
and by Lemma 5.2 we get

81
rQAQ=——(b°%+b* 4 4b%s? 4 25% 4 85%)e' >,
S
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Now using the abelian instanton A satisfying tr Q4 A Q4 = —2¢1234

we have

given in [4]

dT = —gu + b* + 252)e!234
)

T4t

=27/ (p1(V) = p1(A))

(s* —4t* (D% + b* + 4b*s? + 257 + 8s4))e! 3

with &’ > 0 whenever the metric coefficient ¢ satisfies
414 (b8 4 b* + 4b*s? + 257 + 8s%) > s*.

According to Lemma 2.4 above, for b2 =1 the solutions live on a nilmani-
fold with underlying Lie algebra b4 and for (b* — 1)(b* — 1 + 45%) > 0, resp.
(b* —1)(b* — 1 + 45?) < 0, the solutions live on a nilmanifold corresponding to
the Lie algebra b5, resp. h. Also one can prove that the balanced Hermitian struc-
tures are not equivalent.

Notice that for s2 = 1 these solutions were found in [8, Theorem 6.1], so the
family above can be thought as a deformation of such particular solutions.

Let N be a nilmanifold with underlying Lie algebra § 4, and let us consider
the family of balanced Hermitian structures (J;F, F) given by (2.17). It follows
from (4.8) that

8 (1 1534 2 1256
dT:—r—z(s—ze + s“e )

Foreach 7 € R, let A; be the SU(3)-connection defined by the connection 1-forms
1 .
(@43 = ("3 = (043 = J(e4)g = e’ (04)) =ref,

for 1 <i < j <6 such that (i, j) # (2,3),(2,5), (4,5),(5,6), and Oij = —Ojl:.
By [23, Proposition 4.1] the connection A, is an SU(3)-instanton and

—144¢2 L1234

A A
trQ7T A QT =
1252

(5.3)

In the following result we prove that there is a non-flat instanton solving at the
same time the anomaly cancellation conditions for the Bismut and the Chern con-
nection with respect to the same balanced Hermitian structure. To our knowledge,
this seems to be the first example with this property.
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Proposition 5.7. Let N be a nilmanifold with underlying Lie algebra isomorphic
to Y. For any invariant complex structure J on N there is a balanced Hermit-
ian structure and a non-flat instanton A solving at the same time the Strominger
systems for the Bismut and the Chern connection.

Proof. By [23] any complex structure J on b7, is equivalent to J0+ or Jy, so

it suffices to prove the result for J = Joi. We consider the balanced Hermitian

structures given in family (2.17). It follows from [23, Proposition 4.1] that for any

r # 0and s? > 1, the instanton A, with 72 = 9s:2_s L solves the Strominger system

with respect to the Chern connection V¢ in the anomaly cancellation condition.
On the other hand, for the Bismut connection V, it follows from (4.9) that

16(s* — 4)61234 _ 163461256.

r2AQ =
e 4

Using (5.3), the equation
dT =27%d' (p1(V) — p1(Az))

has solution if and only if 7 # 0, s? < /2 and 72 = Zézr—;ss;).
Therefore, if ¢ = 7, then the corresponding instanton A is non-flat and provides

a simultaneous solution. Notice that T = 7 if and only if
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