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Abstract This paper presents an example of Riemann surface lammatth at least two
ergodic invariant measures. The generic leaves for thossunes are of dierent growth
and have dferent number of ends.

1. Introduction

A foliation is a decomposition of a compact manifold into submanifolfis ayiven
dimension such that looks locally like a product. The stufljotiations leads naturally
to the theory of minimal saturated sets which are exampleoofpact laminations. A
laminationis a decomposition of a locally compact Haudtispace into manifolds of a
given dimension with the same triviality condition as ftilis.

One of the points of view in the study laminations is to pagibn to the behavior
of “most leaves” of the lamination, that is, to propertieargd by agenericset of leaves.
There are two kinds of genericity in this context:tépological a subset of a compact set
is generic if it is a countable intersection of open denss, ghat is, a residual set, and;
2) measurablea subset of a probability space is generic if it is a Boreb$étll measure.

In [8], E. Ghys showed that generic leaves for ergodic harmonicume&sve the same
number of ends: 0, 1, 2 or a Cantor set of ends. Later, J. Crame L. Conlon proved
the analogous result in the topological settidp [

Hence, a natural question arises: does there exists a ntilimaation which exhibit
different generic properties depending on the considerediamianeasure? In his PhD
Thesis B] E. Blanc constructs suchraixedminimal lamination. It is a subspace of the
Gromov-Hausddf graph foliated space of the subtrees of the Cayley grapheofrée
group with three generators, a huge space with lots of leaffegponential growth. In
fact, Blanc's example contains a generic set of leaves Withgrowth.

The exponential growth is very permissive with the kind oépbmena it allows. So, is
it possible to construct a similar example dropping exptiaégrowth allowing only the
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2 A. Lozano Rojo

polynomial one? The aim of this paper is to construct suchxamgle of mixed lamination
in this more restrictive setting. In fact, the allowed grbwitill be subquadratic:

Tueorem 1.1. There exists a minimal Riemann surface lamination with tramdverse
invariant measures andy’ such that: 1) the generic leaves ferare the two-ended an
linear ones and; 2) the generic leaves fdrare the one-ended ones with the growth of
f(x) = X"% "3 Moreover, the set of one-ended leaves is residual.

If such spaces can be realized as a minimal set in a foliadiatsd discussed. This will
lead directly to proof of the following result:

Cororrary 1.1. There is a foliation containing a minimal set as the one ofdram 1.1.

The paper is organized in the following way: Section 2 pres#re construction of the
Gromov-Hausdgf foliated spaceSection 3 is devoted to the construction of two trees on
Gromov-Hausddt foliated space. The minimal lamination generated by thessiproves
Theorem 3.1. In Section 4 the transverse dynamics of the Grerdausdoff foliated space
is reduced to the one given by a group action on the CantoiTéég.fact allows to prove
Theorem 4.1.

The results on this paper are part of the author’s PhD th&gisigfended at Universidad
del Pais Vasg&uskal Herriko Unibertsitatea on Jung,&008.

2. The Gromov-Hausdgffoliated space
2.1. The Gromov-Hausdgifoliated space. Let Z2 be the Cayley graph & respect to
the usual generating systedn= {(+1, 0), (0, +1)}. Denote by7 the set of infinite subtrees
of Z? containing the origin as a vertex. Wrir(x,r) for the open ball in the graph
centered ax with radiusr with respect the usual distance on a graph: the distancesbatw
two vertices is the least number of edges one has to go thrtmught from one vertex
to another, and the edges (without their extremes) are isante the open unit interval
(0,1). The Gromov-Hausdgf distancebetween two tree§ and T’ € 7 is given by
d(T, T’) = e RTT) whereR(T, T’) = sugN > 1| Br(0,N) = Br.(0,N)} or R(T, T") = 0 if
the supremum is not defined. With this distanfebecomes a Cantor set (sek 12] for
details).

The action ofZ? over Z? induces a pseudogroup of transformations o¥er each
v € Z? defines a partial transformatiary : T — T — v defined on the open set of
all trees havingv as vertex. All these maps generate a pseudogroup of transfions
I over 7. As Z? is generated by, each elemeny € T can be locally written as
Yy =715 0---07Tg, With 51,...,5 € S. Suppose thats is defined over the clopen set
Ds = {T € 7 | the edge [0s] c T}, then the local writing holds, sbis finitely generated
by {rs}. The election of a generating set defines a graph structufe mmthe following
way: there is a edge (labeled B¢ S) from T € Dsto 74(T).

As the mapss generatd’, the connected components of the graph structurgé @me
the orbitsI'[T] = {T —v|v e T}. EachT’ e I'[T] can be thought asT* rooted atv instead
of 0”. With this idea ofchange of rootn mind, it is obvious that the geometric realization
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An example of a non uniquely ergodic lamination 3

I[T]of I'[T] can be identified with the quotient graftilso(T), where Iso) c Z2 denotes
theisotropy group of T

Remember that théegree of a vertex v a graph is the number of edges incident with
it. In this case, each trek is a vertex in the graph[T], so makes sense to consider its
degree, for which one has dag(= degy,(T) = deg(0). Hence the degree is constant on
the ballB+(T,e™") ={T’ € 7 | Br(0,r) = Br/(0,r)}, so deg 7 — N is a continuous map.
In [7] E. Ghys used implicitly the continuity of this map to constra Riemann surface
lamination which hag™ as complete transversal afidas holonomy pseudogroup. This
construction can be divided in two steps. Firstly, congttiiegeometric realizatiorof all
the graphg$7T] at once, obtaining a graph foliated space:

Tueorem 2.1 (Step 1: GeomeTrIc ReaLizaTION THEOREM [12, 13]) There exists a compact
transversely0-dimensional graph foliated spad&+, ¥) such that a)J” is the complete
closed transversal of the vertices, b) the holonomy pseodpmpfF on7 isT and c) the
leaf Ly through T is the grapli[T]. The graph foliated spadg, ) is calledGromov-
Hausdoff foliated space. m|

Secondly, replace local graph structure by a thickenediarersf the local graph
structure:

Tueorem 2.2 (Step 2: THicKENING THEOREM [7, 12, 13]) There exists a compact Riemann
surface lamination(M+, £) of bounded geometry (se&(]) such that7 is a closed
complete transversal off and the holonomy pseudogroup restricted 0 is T.
Additionally, the leaves aof are quasi-isometric (in a uniform way) to the corresponding
leaves off . mi

See [12, 13] for a complete proof of these results in a more generalggtti

2.2. Minimal sets in the Gromov-Hausdpfoliated space. Roughly speaking, a graph
is repetitivewhen one cannot know on what point one is at, taking only imtmoant a
finite neighborhood of that point. This property is based lom dnalogous properties of
repetitivenessd] or local isomorphism 15] for tilings. The notion for graphs appears
implicitly on E. Blanc’s PhD thesis3].

Given two treesT, T’ € 7, the ballBr(x,r) is said thatembeds faithfullyinto T’,
written asBr(x,r) < T/, if Br(x,r) + v = Br.(x + v, r) for somev € Z2. If additionally
Br(x+ v,r) c Br(X,r’), is said thatBr(x,r) embeds faithfullynto By (X', r’), writing
Br(x,r) — Br/(X,r’) in this case.

Definition 2.1.A tree T € 7 is repetitiveif for all r > 0, there existR(r) > 0 such that
Br(0,r) — Br(x,R) foranyxeT.

Remark 2.1.There is auniform notion of repetitiveness. In that case, one asks for
the existence oR > 0, for a givenr > 0, such that any ball of radius can be
embedded faithfully into any ball of radil& This notion is equivalent to the repetitiveness
(see [, 12)).
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I

Ficure 1. The treeG;.

The following Theorem gives a very convenient criterionffanimality in the Gromov-
Hausdoff space in terms of repetitive trees.

Proposition 2.1 ([1, 3, 12]) A subset of is minimal if and only if it is the closure of the
orbit of a repetitive tree. m|

Cororrary 2.1. A subspace diGr, F) or (Ms, £) is minimal if and only if it is the closure
of the leaf through a repetitive tree.

3. A non uniquely ergodic example

This section is devoted to the construction of two aperisdiotrees ofZ2. These trees
will be created using the same finite patterns, so they wilbbelly indistinguishable, but
the global properties will be tferent.

As they share the same building blocks, they belong to theesamimal set. On the
other hand, the dlierent properties of the trees will translate into two distimeasures
with different generic leaves. In fact, those measures will be awistt by means of the
averaging sequences used on the construction.

3.1. Construction of the trees.The construction is done inductively. L& be the
cross-shaped tree of width 2 contained in a square oflgide3, like the one in Figure 1.
Let T, be the infinite horizontal straight line through the origlret P; be the ball inT;
centered at the origin of radiug - 1)/2 = 1.

The treeG; is constructed mixing; andP,: put four copies 06, aroundG; itself and
glue them all with edges. In this way a bigger cross-shapeglif obtained. On the both
sides of each vertical arm add a copyRaf joint with an edge. The resulting tree@,
which is contained in a square of sitbe= 3l; = 32. The process is shown in Figure 2.

Lets definel,. Choose an even integersuch that

o L
rn Iy
Now, insert copies o5, periodically on intervals of length, alongTy, in the way shown
in Figure 3. The resulting tree &. As before P, denotes the baBBr, (0, (12 — 1)/2).

Continue in this way: constru@s from P, andG; putting five copies 06, making a
cross and then gluing four copies®f on the vertical arms, just like in the case®f (see
Figure 4). ObvioushGs3 is contained in a square of sitie= 3l, = 33. To construcfls
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Figure 2. Constructings, with G; andP;.
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Ficure 3. Constructing the infinite tre€,, adding copies 06;.

P

Ficure 4. Third step. The tre€s.

choose,, a multiple ofry, such that

#Go
]

Sl

Add copies of5; to T, but now with periodicityr,. Some copies db, will replace copies
of Gy, like in Figure 5. Notice that in this step (and in the nexps)ethere is no need to
add more edges to connect the copie&pto T,.

Recursively one gets two increasing sequences of finites {fdg and {G,}, which
converges tPe = Ups1 Pn = Uns1 Thn @andGe = Uns1 Gn respectively. As these trees
share all of theirs finite patches, it is straightforward togd that:
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Ficure 5. Detail in the construction df3. A copy of G, replaces one db;.

Lemma 3.1. Both P, and G, are repetitive andX = I'[Ps] = I'G].

3.2. Inequalities derived from construction.The construction implies some inequalities
for the cardinals oP, andG,. In a horizontal straight segment of lendithy exists, at most,
oot o ':—‘11 copies 0fG; within P.,. ForG; there are, at most=2—"2 < lny copies and so

r r2 r2

on. So

3 e
In_1+1s#PnsIn_1+1+Z"r—l#Gi
=1

o )
<l +1+1 1 < §I +1
> In-1 n-1 - 3i =5 n-1 .
On the other hand, it is clear that
n-2 )
#Gn = 5#Gn 1 + 4#Py 1 = -+ = 5" MG + 4 ) B#P, . )
i=0
Using (1) on (2), it follows that
n-2 i
311 ~
S”S#Gn35n(1+GZT)316-5“ L 3)
i=0

The inequality (1) shows th&,, has linear growth. From (3) it is also obvious that the
growth ofG,, is like the one off (x) = x"/In3,

3.3. From the trees to a non uniquely ergodic laminatiolAs Lemma 3.1 says the trees
P. andG,, are repetitive and belong to the same minimal$éet 7. Obviously one gets
the same result for the geometric realization and thiclgeofrX. Hence, a minimal graph
foliated spacedx, F) and a minimal Riemann surface laminatidvi, £) are obtained,
which are the closure of the leaf throuh or G, in (G, ) and M+, £) respectively.
By definition the spaces of transverse invariant measuréisose spaces agree with the
spacei(l) of I'-invariant measures oveX.

ProposiTion 3.1. The spac@li(I') contains at least two invariant measures.
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An example of a non uniquely ergodic lamination 7

Proof. It is obvious that® = {Gp}ns1 and P = {Pn}ns1 are two Fglner sequences.
Therefore, they define twid-invariant measuress andug (see P]).

Lets see that there exists a Borelian set where these twounesagifer. The sets
X, ={T € X|Gn—pcTforsomepe Gyl andXg o0 ={T € X|Gn C T} C Xg, are
clopen sets. Now, defin®, = N, Xg. These sets form a decreasing family of clopen
sets of non empty intersectioB,, € (N, An- AS

An ={T € X| G, - p < T with pin the copies of5; within G},
it is clear thaju(A,) = 5"u(Xg, 0) for anyu € M(T).
Claim: ug (Mn An) = 0. Within Py, there exists, at mos;'!%1 copies ofG,,. There are also

lp . . .
at mostﬁ copies ofGy,1 which has 5 copies d&,, an so on. Therefore

#Xe,0NPe) _ lp-1 Disn 23— .y 5i-n
— e S lm S <y o

p(Xe,0) = lim
p—oo Pp p—oo lp—l —+ 1 -

Using this, the inequality (1), the property about the meaxf A, and the relations
betweerr;, #G, andl; one has thatg (An) < Yisn ,l Henceuy (M An) = 0.
Claim: us(Mn An) > 0. If p> n, the number of copies @, in G, is at least 8. From

®3)

. #(XG,0NGp) _ . 5p-n 1
= | - - = > | = .
lufﬁ(XGn,O) pmo #Gp = pmc 16 5p—l 16 51—n
Thereforeus(An) > 1—56 Sous(MNnAn) > 0, and thenug andug are diterent. ]

3.4. Generic leaves. Consider the following tree gfy, An:

T= Lnj(en _ Zl(n,O)).

This is a one-ended tree which covers the right half-plargethe horizontal right ray
defines its end. The corresponding leaf has one end, thertiferset of all one-ended
leaves is residuall]. From the measurable point of view there are various sdigeneric
leaves, depending on the considered measure:

Tueorem 3.1. There exists two transverse invariant measurgsand vg on (X, £) such
that: 1) the generic leaves for; are the one-ended ones with the growth pf) = x"%/n3,
and; 2) the generic leaves fo; are the two-ended ones with linear growth.

Proof. 1) Using the notation above, the saturatidrof N, A, has positiveug-measure.
Obviously, all the leaves. C A have the same growth &, that is, the one of
f(x) = X"5M3_ S, there exits an invariant measwgwhose generic leaves are of the
growth of f(x) = X"%M3_ A result of G. Levitt says that the set of non-linear two-edd
leaves is of null measurdf]. Thence, the residual leavesaf have one end.

2) This is just an implication of a general result of D. Gaharfg]: If there is a linear
growth leaf, there exists an invariant measure with the emded leaves as generitn

fact, the measurey can be constructed frop; in a similar way thave from pe [3, 6]. O
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8 A. Lozano Rojo

4. Realization of the example as a minimal set in a foliation

The aim of this section is to build a surface foliation of cadnsion two having a minimal
set with the same transverse dynamics (i.e. with equivdleltnomy pseudogroup) and
coarse geometry ag{-, 7). Therefore any foliated subspace @i7(, ) can befound

(in the previous sense) within a codimension 2 foliationfdet, the construction can be
applied as is to any transversally Cantor compact graphtéalispace, because in such a
space the vertex transversal is always homeomorphic todh&oCset.

4.1. The transverse dynamics gf- are given by a group action. Consider the graph
foliated space@s, 7). DefineY = 7~ L E whereE is the set of edges of the graphsfin
Identifying each edge it with its middle point,Y becomes a closed complete transversal
of (Gr, F).

Prorosition 4.1. The holonomy pseudogroup Gf over Y is the pseudogroup of a
continuous group action of the free group wit6 generator$,s.

Proof. The proofis similar to the Feldman and Moore’s constructmBorel equivalence
relations (seeq]). Each translations : Ds c 7 — Rs C 7 can be written ass = 72 o 71
whererl : Dsc 7 — Esc Eandr?: Es c E — Ry C 7 are two maps constructed as
follows: the image off € Dsthroughrlis the edgeT,s T - s) € E, and the image of the
edgeT,sT-9 €EisT —s andEsis{(T,s T - ) | T € Dg}. Obviously,ri andz2 are
homeomorphisms between clopen disjoint subséf.080, for eacls € S andi = 1,2 one
can define the homeomorphisin: Y — Y

7(y) if y € Ds,
fs) = (7Y 7*(y) ifyeEs,
y in any other case.

These homeomorphisms define an obvious action of the freggtg onY which induces
the pseudogroup of holonomy &fh m]

Remark 4.1The free groufFzs can be replaced by® Z/2Z, becausef()? = 1y.

The usual graph structure dfps induces another on the orbits in the obvious way.
Applying the Geometric Realization Theorem one gets a gfapated space Gy, F)
whose pseudogroup of holonomy restricted to the compleseditransversarl isT. This
foliated space is obtained substituting each edgegef, F) by a flower-shaped graph
and adding some cycles corresponding to the action of elenfimimg those point (see
Figure 6). It is straightforward to show that:

Lemma 4.1. The inclusion : 7 — Y is a Lipschitz map, whef andY have the metric
induced by the leaves 6% andGy respectively.

Applying the Thickening Theorem toG(y,#) one obtains a Riemann surface
lamination My, £) with these properties: 1) ha® and Y as a complete closed
transversals, 2) the holonomy pseudogroup reducéd oI, 3) the leaf through a tree
T € 7 is quasi-isometric t®[T], and 4) its dynamics reduced # are given by a group
action.
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An example of a non uniquely ergodic lamination 9

Ficure 6. How the graph structure change frgiw to Gy .

4.2. Realization in a foliation.

Turorem 4.1. There exists a Riemann surface foliatigM, ) of class C° and
codimension 2 containinMy, £) as a closed saturated set. Therefore, there exists a
foliation containing a minimal set with the transverse dymeal and coarse geometrical
properties of the example of Section 3.

Proof. The setY is a Cantor set, so the homeomorphisfps ¥V — Y can be extended
to homeomorphismﬂ : §2 — §? (see Chapter 13 oflfl]). Therefore an action of
the free grougFas on the spheré&? appears. Again, the graph structureFo defines
a graph structure of constant degree on the orbits given bgnargting set. Applying
the Thickening Theorem a codimension two Riemann surfakatitm of classC®° is
obtained, which obviously had/Ay, £) as a minimal saturated set. m|
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