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ABSTRACT. We demonstrate that any minimal transversely Cantor compact
lamination of dimension p and class C' without holonomy is an inverse limit
of compact branched manifolds of dimension p. To prove this result, we ex-
tend the triangulation theorem for C'! manifolds to transversely Cantor C
laminations. In fact, we give a simple proof of this classical theorem based on
the existence of C'l-compatible differentiable structures of class C'™.

1. INTRODUCTION

The covering map f(z) = 22 defines a projective system S! L st L and
its inverse limit X = @(Sl,f) = {(2x) € [[}50S" | 22 = 2k—1} is a Cantor fibre
bundle over S' endowed with a minimal free action of R. This construction can be
generalized by replacing the previous projective system with a sequence of compact
p-manifolds and submersions between them.

Inverse limits have been used by R. F. Williams to model expanding attractors of
diffeomorphisms [26]. In this case, the foliated space X = lim (M, f) is determined
by a branched manifold M and an expanding immersion f. In another context,
A. M. Vershik has shown that any Cantor minimal Z-system is an inverse limit
of directed graphs [24]. Similarly, J. Bellisard, R. Benedetti and J.-M. Gambaudo
have proved that the continuous hull of any aperiodic and repetitive planar tiling
is an inverse limit of branched flat surfaces [3]. The proof is based on an inflation
or zooming process, which replaces each tile with a pattern containing it. Using
similar techniques, R. Benedetti and J.-M. Gambaudo have extended this result to
G-solenoids defined by free actions of a Lie group G [4]. Our aim is to generalize it
for transversely Cantor minimal laminations without holonomy. Our result applies
to examples by E. Ghys [10], E. Blanc [6] and the second author [16] which are not
G-solenoids.

Theorem 1.1 (inverse limit structure). Any minimal transversely Cantor com-
pact lamination (M, F) of dimension p and class C having trivial holonomy is an
inverse limit of compact branched manifolds of dimension p.

In order to prove this theorem, we need to extend the classical triangulation
theorem for C! manifolds [7, 8, 18, 27, 28] to transversely Cantor C'* laminations:
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Theorem 1.2 (existence of simplicial decompositions). Any transversely
Cantor compact C lamination (M, F) admits a simplicial box decomposition B.

In fact, we will give a simple proof of the existence of triangulations for C*
manifolds, based on the existence of C''-compatible differentiable structures of class
C given in [14], see Theorem 2.9, page 51.

If F is minimal without holonomy, we can adapt the inflation process to our
setting. This provides a sequence of box decompositions B(™ such that B =
B and B is obtained by inflation from B(~1. Thus we obtain a sequence of
branched p-manifold S,, collapsing each box of B to a plaque. Using inflation,
we can also define cellular immersions f, : .S, — S,—1. Now it is easy to see that
M= ]gl (S, fn)-

As for Thurston’s train tracks [23], any transverse invariant measure for F defines
a simplicial cycle in S,, such that the coefficient of each p-simplex is the measure of
the transversal in the corresponding flow box. By the exhaustiveness of the inflation
process, we shall prove the following result, which generalizes Theorem 5.1 of [4]:

Theorem 1.3 (transverse invariant measures). Let (M, F) be an orientable
transversely Cantor compact lamination of dimension p and class C', which is
obtained as an inverse limit of branched manifolds S, and cellular immersions
fn i Spn — Sp—1 . Then the set of transverse invariant measures for F is isomorphic
to the inverse limit Jim (H,f (Sn;R), (fn)«) where Hf(Sy;R) is the positive cone of
the p-th simplicial homology group H,(Sn;R) and (fn)« : Hp(Sn;R) = Hp(Sn—1;R)
is the induced homomorphism.

2. TRIANGULATIONS AND SIMPLICIAL DECOMPOSITIONS

A compact space M admits a p-dimensional lamination F of class C", 1 < r < o0,
if there exists a cover of M by open sets U; (called flow bozes) homeomorphic to
a product of an open ball P; in RP centered at the origin 0 and a locally compact,
separable and metrizable space X;. In addition, if we denote by ¢, : U; — P; x X;
the foliated charts, the changes of coordinates are given by

(2.1) piow;  (2,y) = (¥}(2), 35 (y))
where 0;; is an homeomorphism and ‘szj is a C" diffeomorphism depending contin-
wously on y in the C"-topology. The level sets ¢; *(P; x {y}) and o; '({z} x X))
are the plaques and local transversals of A respectively. The lamination F is said
to be transversely 0-dimensional if X = []X; is a 0-dimensional space. We will
always assume that A = {(U;, p;)}™, is a good foliated atlas, i.e. A satisfies the
following conditions:

(G1) the cover {U,} is finite;

(G2) the flow boxes U; are relatively compact;

(G3) if U;NU; # 0, there is a flow box U;; containing U; N U; and therefore each

plaque of U; intersects at most one plaque of U;.

Any cover by flow boxes U; admits a refinement by compact flow bozes B, where
B, is a compact subset of U; such that ¢;(U,) = D, x C, where D, is a closed
ball in P; and C, is a compact subset of Xj.

The leaves of F are p-dimensional polyhedra if the maps gplyj in (2.1) are PL
homeomorphisms, i.e. homeomorphisms that become linear up to subdivision. If
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the PL structure of the plaques ;' (P; x {y}) varies continuously (i.e. if D is the
star of a vertex in ¢; ' (P; x {y}) and C is a neighborhood of y € X;, there is an
embedding of D x C into U; which restrict to a linear inclusion of each simplex
in D x {z} into ;' (P; x {z})) and the linear restrictions of the maps ¢y; depend
continuously on y, we will say that F is a PL lamination.

Each flow box U; admits a tangentially C'"*°-smooth Riemannian metric g; = ¢} go
induced from a C*°-smooth Riemannian metric gy on RP. If F is C*°, we can glue
together these local Riemannian metrics g; to a global one g using a tangentially
C*°-smooth partition of unity [17], see Proposition 2.8, page 37. Condition (G2)
implies that g is complete along the leaves. Now we will also suppose that:

(G4) each plaque ;' (P; x {y}) is geodesically convex;

(G5) for each x € M, the union Star(x,.A) of all the plaques containing z (called

the star of x with respect to A) is contained in a geodesically convex set.

In fact, any compact C' lamination admits a complete Riemannian metric along
the leaves, but we need C? smoothness in order to guarantee the local existence
and uniqueness of geodesics.

Definition 2.1. Let (K, Fx) be a compact PL lamination and (M, F) a compact
C" lamination. A map (resp. homeomorphism) f : K — M is said to be foliated if
f sends leaves into leaves and piecewise C" if the restriction of f to each tangent
simplex is of class C" (resp. a C" immersion). A C” triangulation of (M,F) is a
compact PL lamination (K, Fx) together with a piecewise C" foliated homeomor-
phism f: (K, Fx) — (M, F).

In the 0-dimensional transverse case, a PL structure of this kind on a compact C”
lamination can be easily derived from the following notion. In fact, as a consequence
of the proof of Theorem 1.2, we will see that these two notions are equivalent:

Definition 2.2. A family of compact flow boxes B = {y; : B; = D; x C;} is
said to be a box decomposition of (M, F) if

(D1) the family B covers M;

(D2) each transversal C; is a clopen set of X;

(D3) if i # j, the intersection of B; and B; agrees with the intersection of the
vertical boundaries 9, B; = ¢;(0D; x C;) and 0,B; = ¢;(0D; x C});

(D4) each plaque of B; meets at most one plaque of Bj;

(D5) the changes of coordinates are given by:

(2.2) %0%0;1(5073/) = (ij(x), 05(y)).

If the plaques of B are p-simplices, each pair of plaques meets in a common face.
In this case, we may suppose that the maps ¢;; are linear and we will say that B
is a simplicial box decomposition (or simply simplicial decomposition) of (M, F).

As we have already said, our first aim is to show that the existence of triangula-
tions for C'' manifolds is still valid for transversely 0-dimensional C'! laminations.
If we replace the topology of M with the (finer) leaf topology, then we obtain a
p-manifold M of class C' whose connected components are the leaves of F. But
according to Theorem 2.10 on page 52 of [14], M is C! diffeomorphic to a C> man-
ifold, and then one has local existence and uniqueness of geodesics in M (endowed
with a suitable Riemannian metric g). Now we will triangulate M in the following
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way (using an approach inaugurated by A. Weil [26] which is only partially similar
to that used in the classical proofs of [18] and [27]):

1. Construction of the nerve of A. Let V = {P,},ca be the open cover of M by
plaques of A. Its nerve N'(V) is a simplicial complex containing all the combinatorial
information about V. Recall that a simplex [ag, a1, ..., a,] € N (V) if and only if
P,, N---NP,, # 0. Moreover, if we fix a well-ordering < on A, we may suppose
that ag < a1 < -+ < ay.

2. Construction of a map 11 : N'(V) — M. For each plaque P, in U;, we associate its
center z, = ¢;(0,y) with the 0-simplex [a] € N (V). For each 1-simplex [ag, 1] €
N (V), the idea is to take the geodesic path v : [0, 1] — M joining II([cv]) = x4, and
II(Ja1]) = x4, and to define TI(z) = v(1 — to) for each point z = (to,t1) € [, a1].
Reasoning inductively, the construction above can be extended to simplices of any
dimension and we will obtain a continuous surjection II : N (V) — M.

3. Triangulation of M. If we choose the centers carefully, then II : N (V) — M
becomes injective when restricted to p-simplices. Its images cover M, but they
do not form a triangulation because they can meet along p-dimensional convex
polytopes. However, we have a decomposition of (each connected component of)
M in p-dimensional convex polytopes. Now, to obtain a triangulation I of M,
it suffices to decompose each polytope into simplices by joining its center of mass
with the faces of codimension one.

In the Borel case [5], the triangulation IC of M induces a Borel family of trian-
gulations K, of the leaves L € F (i.e. the centers of mass of p-simplices form a
Borel transversal) and it is straightforward to construct a simplicial decomposition
of (M, F). In our case, we will directly construct a simplicial decomposition of
(M, F) in such way that Ky, varies continuously.

2.1. A compatible foliated structure of class C°°. Let us start by proving
that any C! lamination admits a C'-compatible differential structure of class C°.
To do so, we will adapt an analogous result for manifolds found in [14] (see Theorem
2.9, page 51) using the same technique as in Chapter II of [17]:

Lemma 2.3. Let (M,F) be a C! lamination equipped with a C foliated atlas A.
Then there exists a C* foliated atlas C'-equivalent to A (i.e. the identity map is
a foliated C* diffeomorphism,).

Proof. By Zorn’s lemma, there is a maximal open subset V' C M such that F
induces a C* lamination F|y on V up to a foliated C* diffeomorphism. In other
words, the foliated charts of the C* lamination F|y are foliated charts of the
C! lamination F. We must prove V. = M. If V # M, there is a foliated chart
p:U—-PxXof (M,F)suchthat UNV #Qand U ¢ V. Let W =U NV and
W' = o(W). There are now two C'*°-foliated structures on W: one induced from
V and the other induced by ¢. We shall replace the foliated chart ¢ : U — P x X
with another foliated chart ¢ : U — P x X such that ¥|w : W — W’ is a foliated
C° diffeomorphism. In this case, the foliated chart ¢ : U — P x X could be added
to the foliated atlas of V and V would not be maximal.

To construct 1, we start by showing how to obtain a neighborhood A of 9|y in
CL(W,W'). By paracompactness, W has a locally finite cover { K;} by compact flow
boxes. The compactness of K; implies that there is e; > 0 such that d(y, U—-W) > ¢;



TRANSVERSELY CANTOR LAMINATIONS AS INVERSE LIMITS 5

// // // //
/ //’ ;///
a) 7 7 - y A m— b)
71—/ =
yA / yA /

FIGURE 1. a) Removing tangencies b) Choice of PY

for each y € K; (where d is a distance function on U). Let N be the set of maps
h € CY(W,W’) such that

17(y) —¢lw ()l <& and  |dh(y) —d(e|lw) )] <&

for each y € K;. Then h is near ¢|w on each compactum. Moreover, each map
h € N can be extended to a map T'(h) : U — P x X defined by

T(h) = {h over W,
¢ overU—-W,

and the resulting map T': N' — C*(U, P x X) is continuous (see [14], Lemma 2.8,
page 50). Since T'(p|lw) = ¢ is a foliated C! diffeomorphism, there is a neighbor-
hood Ny C NV of |y whose elements are C! diffeomorphisms from U to P x X.
By the approximation Theorem 2.11 of [17], there is a foliated C*° diffeomorphism
o : W — W' in Ny and the required foliated chart is given by ¢ = T'(3)o). O

Remark 2.4. As a consequence of the lemma above, any compact C' lamination
(M, F) admits complete Riemannian metrics g such that the local existence and
uniqueness theorem holds for geodesics on the leaves.

2.2. Existence of an adapted atlas. In order to ensure the transverse continuity
of the triangulations of the leaves, we should prevent disjoint plaques from meeting
when they move transversely. With this idea in mind, we shall refine the classic
definition of a good atlas:

Lemma 2.5 ([20]). Let (M,F) be a compact C lamination and g a Riemannian
metric along the leaves. Then exists a good foliated atlas A such that:
(A1) For every x € M, Star(x,.A) is contained in a geodesically conver set.
(A2) Boundaries of plagques intersect transversely or not at all.

Proof. Let A= {(U;, ;) }™, be a good foliated atlas. Suppose that the plaques are
geodesic balls of sufficiently small radius » > 0 such that A verifies the condition
(A1l). To prove our claim, we will use the method described by A. Phillips and D.
Sullivan in [20]. The key idea is to eliminate tangencies by replacing the plaques
that are involved with larger ones (see Figure 1).

Without loss of generality, we may assume that A is a refinement of a foliated
atlas with the same number of charts ¢; : Ul — ]5Z X Xi where U; C Ui, Gilu;, = ¢i,
X, C X; and P; is a concentric ball to P; of radius 2r. Since A fulfills (A1),
we must inductively construct new flow boxes U; satisfying (A2). Obviously the
partial cover Wy = {U; } satisfies both conditions. Now let us suppose that U?;ll U;
is covered by a family of flow boxes Wy,_1 = {W1,...,W;,_,} satisfying (A1) and
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(A2). For each point y € X,,, there is a ball PY contained in the plaque of U,
passing through y such that the boundary of PY meets transversely the boundary
of all the plaques of W,,_1. Indeed, if the boundary of the plaque of U,, through y
has no tangencies, we define P¥ = ¢; '(P, x {y}). In the other case, the tangencies
can be eliminated by expanding P,, x {y} into a ball of radius r < 7 < 2r. Now we
take C, C C, C X, a neighborhood of y such that the boundary of ¢; ' (PY x {z})
transversely meets the boundary of all plaques of W,,_; for every z € C,. As
X, is relatively compact in Xn, it is covered by a finite number of such open sets
Cy,, .., Cy,. Thus we obtain a finite family of flow boxes W;,,_, +; = ¢, 1 (P% xCy,)
with j = 1,...,l. The boundaries of the plaques of these flow boxes can still meet
tangentially, but then P% = P¥ and C,, N C,, # 0 for j # k. To eliminate the
tangencies, it is now enough to expand PY again slightly. Therefore, the family
of flow boxes Wy, = Wy—1 U{W,,_ 41, Wi, _42..., Wi, _, 1} covers U, U,, and
the boundaries of its plaques have no tangencies. As the diameter of plaques is
less that 4r, Star(z, W, ) is contained in a geodesic ball of radius 8r. Finally, if we
choose a sufficiently small » > 0, we can ensure that the ball is geodesically convex.
In a finite number of steps, we will conclude the proof. O

Using smaller radii, we may replace the condition (A1) with the stronger one
(A1) described below. In fact, in the 0-dimensional case, we may add some other
useful conditions:

Lemma 2.6. Let (M,F) be a transversely 0-dimensional compact C* lamination.
Then there exists a good foliated atlas A such that:

(A1’) Any star Star(Star(z,.A), A) is contained in a geodesically convex set.
(A2’) Boundaries of plaques intersect transversely or not at all.

(A3’) Local transversals X; are compact.

(A4’) Holonomy transformations o;; are defined on clopen sets. O

2.3. Foliated nerve of a foliated atlas. If M is endowed with the leaf topology,
then A defines a cover V of M. Its nerve N(V) is the disjoint union of the nerves
of the induced covers on the leaves. If F is transversely 0-dimensional, A'(V) comes
from a PL foliated space by simplicial complexes that will be denoted by N7 (A).

Definition 2.7. Let A = {(U;, :)}™; be a good foliated atlas of (M, F) as in
Lemma 2.6. We will call foliated nerve of A the union Nz (A) of the family B(A) =
{A x XA} where A = [ig, i1,...,1x] € N(U) corresponds to a finite sequence iy <
i1 < --- < iy such that ﬂf:o U, # 0 and Xa = ﬂf:o doma;,;,. The space Nx(A)
is endowed with the weak topology which makes each product A x X a flow box.

Lemma 2.8. The foliated nerve Nx(A) is a compact PL foliated space given by
the decomposition B(A).

Proof. In order to prove that Nz(A) is a PL foliated space, or equivalently that
B(A) is a simplicial box decomposition, we must show that the simplicial structure
is transversely preserved around any vertex. We fix a vertex = in the intersection
of a transversal [i] x X; (identified with X;) and a box A x Xa. If we write
X% = XN (A X Xp) = 040i(Xa Ndomoy,;), then A x {y} € Star(y,.A) for all
y € XX. Therefore, Star(z, A) x {y} C Star(y,A) for all y € Nacstar(z,a) XA-
However, the equality may not hold true (see Figure 2). To solve this problem, it



TRANSVERSELY CANTOR LAMINATIONS AS INVERSE LIMITS 7

FIGURE 2. Local structure and emergence of new simplices.

is enough to take the following clopen subset of X;:
X = ﬂ X% — U X%,
AeStar(x,A) AeN (U)—Star(z,A)
For each y € X” we have:
(2.3) Star(y,.A) = Star(z,.A) x {y}

and thus the local simplicial structure does not change transversely. ([

If B"(.A) denotes the family of flow boxes A x XA whose plaques have dimension
k < n, then Nz (A) is the union of the compact PL foliated spaces N%(A) obtained
from B"(A). We will say that N2(A) is the n-skeleton of Nr(A). Clearly, if we
replace the weak topology on Nx(A) by the (finer) leaf topology, we recover N (V).

2.4. From the foliated nerve to the lamination. Now it is easy to construct
a continuous surjection I : A'(V) — M using geodesic paths in M (which depends
on the well-ordering fixed on A). We will actually prove that II comes from a
foliated map Iz : Nr(A) — M.

0-simplices: For each vertex [i] X {y} € [i] x X;, we define I £([i] x {y}) = x;(y) as
the center z;(y) = ¢; *(0,y) of the plaque ¢; '(P; x {y}) C Us.

1-simplices: Fix a point (z,y) in the simplex [¢, j| x {y} C [¢, j] x dom o;; with i < j.
We know that Star(Star(z;(y),.A),.A)) is contained in a geodesically convex set.
Then there is a unique minimizing geodesic 7} : [0, 1] — M joining I #([i] x {y}) =
zi(y) and Ix([5] x {oi;(y)}) = 2;(0i;(y)). We define

where to(x) and ¢;(x) are the barycentric coordinates of x. Obviously IIx is a
piecewise C! well-defined map over the 1-skeleton N7(A) of Nz (A).

k-simplices: If 11 is defined over the (k — 1)-skeleton of Nz (A), we will consider a
k-simplex A x {y} = [ig,%1,...,1k] X {y} C A x Xa and a point (z,y) # [io] X {y}.
The half-line from [ig] to = meets JgA = [i1,2,...,ik] in a unique point z’ with
barycentric coordinates (0,¢1/1 — tg,...,tx/1 — to), being ¢; the i-th barycentric
coordinate of z. Since (2, 0;,:, (y)) belongs to the (k—1)-simplex 9y A x {4, (y)} C
0o A x ﬂle dom oy, its image Iz (2, 0594, (y)) is well defined. As above, there
is an unique minimizing geodesic v ; : [0,1] — M joining Iz ([io] x {y}) and
(2, 049, (y)). Now we define

r(z,y) = 4 (1 —to(x)).
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FIGURE 3. Polytope and simplicial decompositions

Clearly this map coincides with ITr over each face 9y A x {04y, (y)} and I Ax {y} =
[0y -+ yits- -0k X {y} of Ax{y}, 1 <1 < k. It provides a piecewise C'! well-defined
map over the k-skeleton NE(A) of Nr(A).

By induction, we obtain the announced map Ilr : Nz(A) — M. If we endow
Nz(A) and M with the leaf topology, then Iz agrees with II. This implies that
IIr is a foliated surjection. In fact, IIz is still surjective over the p-skeleton of
Nx(A), because the image of each (p + 1)-simplex is the union of the images of its
proper faces. We will resume this discussion in the following result:

Lemma 2.9. There is a piecewise C* foliated surjection r : N-(A) - M. O

2.5. Triangulation. The aim of this section is to complete the proof of Theorem
1.2. We first recall that, by carefully choosing the centers of the elements of V, we
can assure that the map IT : A(V) — M is injective when restricted to each p-
simplex. Unfortunately, we do not have a triangulation of M because the images of
two p-simplices may intersect in a p-dimensional geodesically convex polytope. But,
as we said before, we have a decomposition of M in geodesically convex polytopes.
To obtain a triangulation of M, it is enough to decompose each polytope into
simplices by joining its center of mass with the (p—2)-dimensional faces (see Figure
3). Let us start by choosing good transversals made of centers:

Lemma 2.10. The map I r : N%(A) — M is piecewise C! injective immersion in
restriction to each simplicial box A X Xa.
Proof. It suffices to examine the case A = [ig,1,...,%p]. Notice that the map

IIr : A x Xa — M lifts to an linear map T : A X Xa — T'(F) which makes the
following diagram commutative:

T

A x Xa T(]:)
\ lexp
IF
M.

Indeed, since Star(z,.A) is contained in a geodesic ball of sufficiently small radius,
we can ensure that the exponential map exp : T(F) — M has a local section. For
any y € Xa, the set T(A x {y}) is the convex hull of the images by T of the
vertices of A x {y} with Y ([ig] x {y}) = 0. Let Ba denote the compact set of points
y € Xa such that Y([i1] x {y}),..., T([ip] x {y}) are not linearly independent,
or equivalently ITz|ax g,y is not injective. Each point y has a clopen XV C Xa
such that Star(z,.4) = Star(y,.A) for all z € X¥. Thus we can replace the centers
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FIGURE 4. Breaking up into simplicial boxes.

Iz ([¢] x {z}) = z;(y) and the transversals Iz ([i] x XX) C {z;(y)} x X; with nearby
points Z;(y) and transversals X; C P; x X; (which are projectable over X¥) such
that Y([i1] x {z}),..., Y ([ix] x {z}) are linearly independent for all z € X¥. By
compacity of Ba, we can reduce it to the empty set in a finite number of steps. [

From the previous lemma, M is covered by a finite family of simplicial boxes.
As in the classic case, it is not a triangulation, but we have the following result:

Theorem 2.11. Any transversely 0-dimensional compact C' lamination admits a
decomposition by flow boxes with geodesically convex plaques.

Proof. Let A x Xa and A’ x X+ be two simplicial boxes whose images by I have
no empty intersection. By the lemma above, we can identify each of them with its
image. In general, the intersection of (the images of) these boxes is not foliated as a
product, but the (images of the) plaques intersect in geodesically convex sets. Using
again the local invariance of the simplicial structure around any vertex (see Lemma
2.8), we can decompose it in a finite number of compact flow boxes homeomorphic
to the product of a geodesically convex set and a clopen set. By construction, the
changes of coordinates are linear maps (continuously depending on the transverse
coordinate y) which are completely determined by the choice of the metric g. Howe-
ver, we can modify g in order to reparametrize geodesics along the vertical faces of
flow boxes in such way that the changes of coordinates no longer depend on y. 0O

Proof of Theorem 1.2. By the previous theorem, M admits a box decomposition
whose plaques are geodesically convex polytopes. Given one of these flow boxes, we
can triangulate all the plaques at once, joining its centers of mass (which form a local
transversal) with the codimension one faces (which cover the vertical boundary) by
geodesics. In this way, we decompose the flow box in a finite union of simplicial
flow boxes, as in Figure 4. To conclude, we can proceed as before, assuming that
the faces of the plaques are linearly homeomorphic to the faces of A. [

Corollary 2.12. Any transversely 0-dimensional compact C1 lamination (M, F)
admits a C' triangulation. (I

Remark 2.13. There is another proof of Theorem 1.2 similar to Whitney’s for
manifolds (see [28], page 124). Here we will just offer an outline. First, recall that
any compact C! lamination (M, F) admits a leafwise C! topological embedding
into a separable real Hilbert space (see [9], Theorem 11.4.4, page 299). In fact, if
F has a total transversal of finite topological dimension ¢, then M embeds into an
Euclidean space R*™*! with m = p+¢ (according to the Theorem 50.5 of [19]). Now
consider the tangent bundle T'F defined by putting together the tangent spaces to
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FIGURE 5. Cutting the intersections

the leaves at each point. Then T'F extends to a C? plane field 7 on R?™+!. Given
a triangulation of R?™*+! by taking a sufficiently fine subdivision and applying
Thurston’s Jiggling Lemma [22], we may assume that 7 (and therefore F) is in
general position in the sense of [22], page 219. We may also suppose that the angle
at which each leaf intersects a simplex of dimension < m 4+ 1 is uniformly bounded
from below. This makes it possible to apply the triangulation procedure of [28§]
and to obtain a transversely measurable family of triangulations on the leaves of
F. In fact, we are proposing to adapt the Heitsch-Lazarov construction [13] to
transversely finite-dimensional laminations. In the 0-dimensional case, arguing as
before, it is possible to show that M intersects no simplices of dimension < p
(compare to [27], page 125). Moreover, for each (p + 1)-simplex which meets M,
each leaf L intersects this simplex at a unique point (with not too small an angle).
This allows us to construct a PL submanifold of dimension p which approximates
L closely enough to obtain a triangulation of L by normal projection.

3. INFLATION AND INVERSE LIMITS

In this section, we will complete the proof of Theorem 1.1. Using the properties
of F, namely minimality and triviality of the holonomy, we will adapt the inflation
or zooming process described in [3] and [4]. Let us start by recalling these properties.
First, F is minimal if all the leaves are dense. On the other hand, we can define the
triviality of the holonomy making use of the local Reeb stability theorem. Thus,
we say that F has trivial holonomy if for every point € M and for every geodesic
ball D, centered at = in the leaf passing through x, there is a neighborhood C, of
x in a total transversal and a foliated embedding of D, x C, into M.

3.1. Inflation.

Definition 3.1. Let B and B’ be two box decompositions of (M, F). We will say
that B’ is inflated from B if
(I1) For each point x in the intersection of two boxes B € B and B’ € B, the
transversal of B’ passing through z is contained in the transversal of B;
(I2) The vertical boundary of each box B’ € B’ is contained in the vertical
boundary of B, that is 9,B" C |Jgecpg OvB;
(I3) For each box B’ € B’, there is a box B € B such that BN B’ # () and
0,B'Nd,B = .

Theorem 3.2 ([3, 4]). Let (M,F) be a transversely 0-dimensional compact lami-
nation which is minimal and has trivial holonomy. For each box decomposition B,
there is a box decomposition B’ inflated from B.
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FIGURE 6. Branched manifolds

Proof. Let C = | |, C; be the axis of B = {B;}!™,. For each leaf L € F, the trace
G = LNC of L is the 0-skeleton of the corresponding leaf in the foliated space
Nz(B). Then G has a natural distance d defined by means of the length of edge
paths in the 1-skeleton of Nz (B). Indeed, for all z,y € G, d(x,y) is the minimum
number of plaques D1,..., Dy of B such that x € Dy, y € Dy and D; N\ D11 # 0
for 1 <i < k. Now G is quasi-isometric to the leaf L.

Since F is minimal, any clopen set C of Cy meets all the leaves of F. Therefore
G =LnC is also quasi-isometric to L. Thus G and G are quasi-isometric. More
precisely, QA is a R-dense subset of G, i.e. 3 R > 0 such that d(z, g) < R for all
x € G. Moreover, if we choose a sufficiently small C we can suppose that G is
r-separated, i.e. d(x,y) >r >0 for all z # y in G.

For each point z € a, let V,, be the set of points y € G such that d(y, ) = d(y, QA)
As V, # {a} is finite, D, = Uyev, Dy is a compact subset of the leaf L, through z,
wh1ch is not reduced to the plaque D Now, since F has no holonomy, each point
z€C hasa clopen neighborhood C such that the inclusion of Dz into L, extends
to an embedding of D, x C, into M. Tts i image B, = U Dy is a compact flow

yEC
box. Thus C is covered by a finite - number of pairwise disjoint sets Cl, ...,Ck and
M admits a finite decomposition B= {Bl, . Bk} into compact flow boxes. It is

obvious that B fulfills all the requirements of Deﬁnition 2.2, except that the interior
of two boxes Ez and Ej may intersect. In this case, there would be a holonomy
transformation o;; between the d and @ and a decomposition of 6'1- in clopen sets
C} and C? such that:

i) the plaques Bl through the points of @1 do not meet Ej;

ii) the plaques lA)i and Bj through the points y; € @2 and y; = 04 (y;) € éj meet
along plaques D, associated to points z € V,, NV, equidistant from y; and y;.

Now we replace Ei with Ell and Ef where Ell is the union of all the plaques ]3Z
through the points of C! and B2 is obtained by removing the interiors of the plaques
D, of the points x € V,, NV, (see Figure 5). In a finite number of steps, we will
obtain a new box decomposition B’ inflated from B. O

Corollary 3.3. In the conditions of Theorem 3.2, for each box decomposition B,
there is a sequence of box decompositions B such that BV = B, B™*+Y) is inflated
from B™ and the intersection of the azes C\™) is a point. O

3.2. Branched manifolds. Here we will recall the definition of branched manifold
introduced by R. F. Williams [26]. Roughly speaking they are CW-complexes with
tangent space at all points as shown in figure 6.
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Definition 3.4 ([26]). A branched manifold of dimension p and class C is a locally
compact metrizable and separable space S endowed with:

(B1) a family of closed subsets U; of S such that S = |J, Us;

(B2) a finite family of closed subsets D;; of U; such that |J D;; = U;;

(B3) a family of maps v; : U; — DP such that the maps 1;|p,; : Dij — DP are

homeomorphisms and the changes of charts v; o wj_l are C"-diffeomorphisms.

The set of points without any neighborhood homeomorphic to a disk is the singular
part of S, denoted by Sing S. As for usual manifolds, the branched manifolds have
a well defined tangent space. For each point z € D;;, the tangent space Ty (D;;)
is identified with Ty, (,)(IDP) by the isomorphism (1i|p,;)«z. The tangent bundle
T(S) is the quotient of the disjoint union | |T(D;;) by the equivalence relation
which identifies v € Ty, (D;;) and w € Ty (Dy) if * =y and v = (Y; 0}, 1) s (w).

A continuous map f : S — S’ between two branched manifolds S and S’ is
of class C" if each function fikj = Y5 of|DMﬂf71(U;€) o (¥ilp,,)~t : DP — D? is of
class C" and its germ at any point of DP does not depend on j. The last condition
implies that f has the same behavior on different branches around a singular point.
Obviously f induces a linear map fip : To(S) — Ty(5)(S) for each z € S. The map f
is an émmersion (resp. submersion) if f., is a monomorphism (resp. epimorphism)
for each x € S. Finally, the map f is cellular if f(SingS) C Sing S’

3.3. Inverse limits. Finally, we can complete the proof of Theorem 1.1. For this,
we proceed in three steps:

1) Construction of a sequence of branched manifolds S,. The idea is very simple:
we obtain S,, by collapsing each element of B to a plaque. Indeed, for all n > 1,
we denote by S,, = M /~,, the quotient of M by the equivalence relation ~,, which
identifies two points of M if and only if they belong to the same flow box and the
same transversal. We may also define .S,, as the quotient of the manifold M by the
previously defined relation ~,,. Therefore S,, is a p-dimensional branched manifold
of class C'. Tt is clear that the canonmical projection m, : M — S, is a covering
map between p-dimensional branched manifolds of class C*.

11) Construction of the inverse limit S». Since each plaque of B™+D is union of
plaques of B(™) the covering map 7, : M — S, induces a covering map fni1 :
Sn+1 — Sp. Obviously, this is a cellular immersion. The inverse limit

Soo = 1gl(smfn) = {(En) € Hn21 Sn | fn+1(fn+1) = Tn, Vn > 1} C H Sn
n>1
is a Hausdorff compact space.

111) Construction of a foliated homeomorphism between M and So. By the universal
property of S, there is a map 7y : M — S5 which makes the following diagram
commutative:

M
(3.4) y x
Spo — 58,

where p, : Seoc — Sy, is the canonical projection. Its image is dense since the maps
m, are surjective. By compactness of M, m, is also surjective. Then, to show
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that 7 is an homeomorphism, it is enough to see that 7 is injective. Remember
that the intersection of axes C(™ is reduced to a point. Therefore, if z,y € M are
different, there is n > 1 such that 7, (z) # 7, (y) and then 7 () # Too ().

Finally, for each x € M and each integer n > 1, we will identify
Cy ={(@n) € Soc | fr,m(@m) =Tn = mn(x), Ym > n} :p;zl(fn)

with the Cantor set C, where f, ., = fno...ofn. If © belongs to the interior
V of a plaque D of B™ for some n > 1 (and thus T,, ¢ Sing S,, for all m > n),
then the identification between Cj, and C extends to V. In other words, for each
y € V, there is an unique sequence (3,,) € C¥ such that z,, and 7, belong to the
interior of the same plaque of S, for all m > n. On the other hand, if x belongs
to the boundary of a plaque of B(™ (and thus Z, € SingS,) for all n, then the
identification between C? and C extends also to a neighborhood V of z (which
meets a finite number of plaques of B). This allows us to define a continuous map
qg: MxC — Sy. The map 7o : M — S described in the diagram (3.4) is
then induced by ¢. Since ¢ homeomorphically sends each open set V' x C onto an
open subset U = {(7,,) € Seo | frn,mUm) € mn(V), Ym > n} of S, the horizontal
lamination of M x C' induces a lamination of S.,. Now it is clear that 7, is a
foliated map preserving the laminations on M and S. O

Remark 3.5. As mentioned in the introduction, Theorem 1.1 applies to lamina-
tions which are not given by free actions of Lie groups. For example, for any finitely
generated group, the continuous hull of any aperiodic and repetitive subgraph of
its Cayley graph [1, 10, 15] is an inverse limit of graphs. In fact, if the group is
abelian, the equivalence relation induced on any total transversal is affable, i.e.
approximatively finite up to orbital equivalence [2, 15].

4. TRANSVERSE INVARIANT MEASURES

In the orientable case, we can use the inverse limit structure to describe the set
of transverse invariant measures M(F) extending Theorem 5.1 of [4].

4.1. Description of the transverse invariant measures.

Proof of Theorem 1.3. For each n > 1, the branched manifold S,, has a cellular
structure induced by the box decomposition B(™. Although it is not always true,
for the sake of simplicity, we may suppose that B(") is simplicial, that is any box
B € B™ is homeomorphic to a product of a p-simplex A of S,, and a clopen subset
C of the axis C™ of B(™). Let u € M(F) be a transverse invariant measure defined
over any total transversal C. Now we can assign to each p-simplex A the measure
1(C) of the corresponding transversal C. For this purpose, we can suppose that
C C C by sliding C into C. Indeed, the pseudogroup equivalence between the
holonomy pseudogroups of F reduced to C(™ and C (see [12]) allows us to replace
C with a clopen subset of C (or equivalently y with a measure over C(™). Thus, we
obtain a simplicial chain z, € C’; (Sn,R). Since p is invariant, z, is a cycle. It is
enough to observe that if C' is a transversal contained in the vertical boundary of a
box B and if C' decomposes in a finite number of transversals C1, ..., (), contained
in the vertical boundaries of boxes By, ..., By, € B™) then u(C) = Y_1" | u(Cy).

Bearing in mind the properties of the inflation process, we have just defined
a linear map ¢ : M(F) — @H;‘ (Sn,R) which sends each transverse invariant
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measure u in a sequence (zy,) such that (fn n+1)+2n+1 = 2n. Let us show that it is
an isomorphism. First of all, again using the fact that the holonomy pseudogroups
of F reduced to C™ and C are equivalent, the decomposition of C(") as the disjoint
union of the local transversals of the flow boxes B € B(™) induces a natural partition
P of C into clopen subsets. By construction, each partition P is finer than
the previous one, i.e. each element of P(™ is contained in an element of P"~1),
and its mesh sup {6(C) | C € P(™} converges to 0. Thus, given a sequence (z,) €
@H; (Sn,R), the coefficients of each chain z, can be interpreted as measures
of the elements of P(™). Then they define a positive Borel measure p over C.
Any holonomy map can be reduced (by partitioning the domain and the range into
clopen subsets small enough to be slid into C (")) to a local homeomorphism between
two local transversals in a box of B for a large enough n > 1. Therefore p is
holonomy invariant. We have constructed a linear map from H,(S,,R) to M(F).
Finally, it is clear that this map is precisely the inverse map of (. O

4.2. Ruelle-Sullivan Isomorphism. In the situation described above, we can
retrieve the isomorphism ¢ : M(F) — @H; (Sn,R) from the Ruelle-Sullivan iso-
morphism RS : M(F) — H,f (F) representing every transverse invariant measure
as a foliated cycle [17]. We first recall that:

i) a foliated p-form w € QP(F) is a family of differentiable p-forms over the plaques
of a foliated atlas continuously depending on the transverse parameter and which
agree on the intersection of each pair of flow boxes;

ii) a foliated p-cycle C € H,f (F) is a continuous linear functional C' : QP(F) — R
which is strictly positive on strictly positive forms and null on exact forms (with
respect to the leafwise exterior differential dz : QP~1(F) — QP(F)).

In other words, Hz‘f (F) is the positive cone of the p-th homology group of the folia-
ted currents complex (C,(F), d), which is the topological dual of the foliated forms
complex (2*(F),dr). On the other hand, the classical duality between differential
forms and currents [21] makes sense for any branched manifold S,,. In degree p, the
epimorphism of complexes 7, : Ci(F) — 1&1 C.(Sy) (defined by the epimorphisms
(7)) + Cu(F) — Ci(Sy)) induces an isomorphism in homology. According to a
classic result of [11], this homology is given by:

0— @1 Hy41(Sn,R) = H,(lim Cu(Sp)) — lim H,(Sn,R) — 0

where 1'£11 denotes the first derived functor of the inverse limit functor. This
provides an isomorphism Hp(yin C.(Sp)) = Jim H,(Sy,R) in the top dimension.
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