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1. INTRODUCTION

In [12] Milnor introduced the Milnor fibration for any holomorphic germ
f:(C"0)—=C

and proved that the Milnor fibre is always a CW-complex of dimension at most
(n—1). In the case in which f has an isolated singularity at the origin he also proved
that the Milnor fibre is homotopy equivalent to a bouquet of (n — 1)-spheres. The
number of spheres is equal to the Milnor number p, which can be easily computed
from the equation. If f has non-isolated singularities at the origin the situation is
much more complicated. Up to now, the only general result is Kato-Matsumoto
bound [9] which asserts that the Milnor fibre is (s — 2)-connected, where s is the
codimension of the singular locus in C™. The homotopy type of the Milnor fibre
of a general function germ can be very complicated. In fact, by a recent result
of the first author [5], for any local analytic set in C™ there is a function whose
Milnor fibre is homotopy equivalent to the complement of the set in a sufficiently
small ball. The class of such spaces is very rich (contains for example the class
of complements of hyperplane and line arrangements) and there is a whole theory
dedicated to its study. Hence we may not expect to find a simple description of the
homotopy type of the Milnor fibre of a general function germ.

It is very interesting to find classes of non-isolated hypersurface singularities for
which the homotopy type of the Milnor fibre admits an understandable description
from the equation. This paper contributes to a program in this direction. Let
I C Ocn o be an ideal defining a 3-dimensional i.c.i.s. ¥y and let f be a function of
finite extended codimension with respect to I (see Section 2 for a definition). Our
main results are the following:

(1) We prove that the Milnor fibre of f is homotopic to a bouquet of spheres
of different dimensions (see Theorem 11.2).

(2) We also compute the number of spheres appearing in terms of the equation
(see Theorem 10.1).

Simmilar results for the cases in which ¥ is of dimension 1 and 2 were produced
by the work of Siersma (see [17] and [18]), Zaharia [22] and Nmethi [14]. If ¥ is a
hypersurface the result was proved by Shubladze [16] and Nmethi [13].
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Actually we formulate the following:

Conjecture. The Milnor fibre of a function of finite extended codimension with
respect to an i.c.i.s. has the homotopy type of a bouquet of spheres.

Functions of finite extended codimension with respect to an i.c.i.s. are a par-
ticular case of I-isolated singularities as defined and studied in [3]. There it was
given a bouquet theorem decomposing homotopically the Milnor fibre in a bouquet
of several (n — 1)-spheres and an unknown space (Theorem 9.3 of [3]). The results
of this paper identify the homotopy type of that space. It would be interesting to
generalise this paper to other I-isolated singularities.

Other bouquet theorems in the context of singular ambient spaces were proved
by Siersma [20] and Tibar [21].

Let us end with a description of some aplications of this kind of results. The
class of singularities studied in this paper shows very surprising phenomena from
the equisingularity viewpoint. It has been used in [3] in order to disprove several
old equisingularity questions. At the moment of writing the paper [3] some of the
Betti number formula contained in this paper were known to the first author. It was
this knowledge which lead him to guess the counterexamples contained in [3] (see
Section 12 for more detais). We hope that a systematic solution to our conjecture
would lead to interesting examples showing other topological phenomena in non-
isolated singularities as yet unknown to us.

The structure of this paper is inspired in the classical Picard-Lefschetz theory of
isolated singularities and Sierma’s generalisation for non-isolated singularities. In
this theory, a function is perturbed to split a singular point into several Morse-type
singularities (this process is usually refered to as Morsification). Then it is shown
that the homology of the Milnor fibre of the original function can be recovered
from the Milnor fibres of each Morse-type singularity. Finally, these homologies
are computed by a local study of the Morse-type singularities. In Section 2 we
use the results of [2] to prove that in our case we can do a process analogous
to the Morsification, but instead of obtaining only Morse-type singularities, we
will also obtain a non-isolated singularity over the Milnor fibre of the i.c.i.s. X.
In Section 3 we show that, as in the isolated case, the homology of the original
Milnor fibre can be recovered from the pieces of the Milnor fibres contained in
small neighbourhoods of the singularities obtained after the deformation. Having
done that, the hardest part of the argument is to study the Milnor fibre around
the non-isolated singularity obtained after the deformation. This study is done by
taking a suitable decomposition of the Milnor fibre of ¥ in such a way that the
space we want to study fibers naturally over each stratum of this decomposition.
Section 5 describes this decomposition, and the following ones study the parts that
fiber over the different strata. Sections 8 and 9 show how to glue these pieces to
obtain the homology of the Milnor fibre around the deformation of . Finally,
we use all these data to recover the homotopy type of the whole Milnor fibre in
Sections 10 and 11. The last section describes a distinguished family of functions
belonging to the class studied in this paper which already had striking applications
in topological equisingularity.

1.1. Terminology. If X is a subspace of a topological space Y we denote by X
the interior points of X, and by 0X the boundary points of X in Y. Given two
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topological spaces X any Y we denote that they have the same homotopy type by
X ~ Y. We will denote by Ds the closed disc of radius § in the complex plane and
by B. the closed ball of radius € in a complex affine space. The centers of the discs
and balls will be clear from the context unless they are explicitly mentioned in the
text or in the notation (by B(z,¢)). Denote by S¥ a sphere of dimension .

2. UNFOLDINGS

Let I := (g1,...,gn—3) define a 3-dimensional i.c.i.s. ¥y in C™. Denote by Oy .
the germs of vector fields tangent to the i.c.i.s. A function f : C* — C is singular
at X if and only if it belongs to I2. As in [15] we define the extended codimension
of f with respect to I as

cre 1= dime(1%/O7c(f)).

From the deformation viewpoint, functions with finite extended codimension play
the same role in the space of functions singular in ¥, than isolated singularities
in the space of all funtion-germs. A geometric characterisation of germs of finite
extended codimension was given in [22] (see [3] for another proof and generalisa-
tions): these are germs in I which outside the origin only have either isolated A;
singularities or singularities of type D(3,p), with p € {0,1,2}.

The singularity D(k,p) has the following normal form (see [15]):

Z T jYiy; + Z y; =0,
1<i<;j<p pH1<i<n—k
where {z; ;j 1<i<j<p U{¥i}1<i<n—k is an independent system of linear forms in C™.
Given a germ f € I? we can express it as a matrix product
f=1(g19n-3)(hij) (91, s Gn—3)’

with (h; ;) a symmetric matrix of holomorphic germs of size n — 3. An easy com-
putation shows that the restriction (h; ;)|s, only depends on f.
Let
Gi,...;Gp_3:C"x B—C"3
be the semiuniversal unfolding of the i.c.i.s. (g1,...,gn—3). Its base B is a germ of
complex manifold [10]. Given any b € B denote by
(G1,py s Gpgp) : C" = C 73

the mapping corresponding to the parameter value b. In the space SM(n — 3) of
symmetric matrices with complex entries we consider the stratification

n—3
SM(n—3) = | SM(n - 3,i),
i=0
where SM(n — 3,i) is the set of matrices of corank equal to 7. Notice that
SM(n — 3,4) consists of the set of matrices defined by the vanishing of the mi-
nors of size n — 2 — ¢. It is easy to check that SM(n — 3,4) is of codimension
i(i +1)/2 in SM(n — 3). We consider the unfolding
F:C"xBxSM(n-3)—C
of the function f defined by:

(1) F(Ila vy Ty ba (Ci,j)) = (Gl,bv EEES) Gn—3,b)(hi,j + Ci,j)(Gl,ln (XX} Gn—3,b)t-
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Notation 2.1. Denote by S = B x SM(n — 3) the base of the unfolding. Consider
Y = V(G1,...,Gn_3) C C" x S. Given any s = (b,(c;;)) € S we denote by
fs : C" — C the function corresponding to the parameter value s, by ¥ the locus
V(Gl,b, ceey Gn,g,,b) and by

H(F):% — SM(n — 3)
the mapping defined by H(F)(z,b, (¢i ;) := (hij(z) + ¢; ;). Consider
H(f)) = H(F)ls,.
Define X[i] := H(F)~Y(SM(n — 3,4)) and X[i]s := H(fs) Y (SM(n — 3,1)).

Figure 1 shows a schematic view of these sets.

X

FIGURE 1. The deformation of the i.c.i.s. and the stratification

The function fy coincides with f, where 0 € S is the origin of the base of the
unfolding.
Let € and § be radii for a Milnor fibration of f, that is radii such that
(1) the central fibre f~1(0) meets OB, transversely in the stratified sense for
any € < e,
(2) for any t € Ds \ {0}, the fibre f~1(t) meets OB, transversely,
(3) the only critical value of f|p, is 0.
From [2] and [3] we obtain:

Theorem 2.2. There exists a proper closed analytic subset A of S, and a ball B,
centred at 0 € S such that for any s € B, \ A we have
(1) for any t € Ds the intersection of f:1(t) with OB, is transversal (in the
stratified sense if t =0).
(2) the critical set of the function fq|p. is the union of X5 N Be with a finite
number of Morse type singularities, whose critical values are pairwise dif-
ferent and different from 0.
(3) the set ¥s N B, is smooth (a Milnor fibre of the i.c.i.s. (29,0)) and the
mapping
(2) H(fs)|s.nB, : s N Be = SM(n — 3)

is transversal to the stratification of SM(n — 3) by corank. In particular
Y[i]s is a manifold of codimension i(i+1)/2 in the 3-dimensional manifold
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YN DB.. Therefore the critical points of fs in Xg are of type D(3,0), D(3,1)
or D(3,2).

Denote by C and D the critical set and the discriminant of the mapping

(3) (F,prg) : C" x By, :— C x By,

where pray denotes the projection of C™ x By, to the second factor. Then the restric-
tion

(F,pra) : (Be x By) N (F,pr2)~'((Ds x B,) \ D) = (Ds x B,)\ D
1s a locally trivial fibration with fibre diffeomorphic to the Milnor fibre of f.

Lemma 2.3. The set X[1]o = V(det(H(f)), 91, .., gn—3) is a 2-dimensional i.c.i.s.

Proof. For any s € S the set of points of 33N B, where H(f;) has corank at least 1
coincides with V(det(H(fs)). Denote by cr, o((fs)s) the extended codimension of
the germ f, at « with respect to the ideal I, defining the germ (3,,z). In [2] it is
shown that the set of points such that H(f;) is not transversal to the stratification of
SM(n—3) by corank coincides precisely with the set of points at which ¢z, o((fs)z)
is non-zero. Therefore the only point at which H(f) is not transversal to the
corank stratification is the origin if we take ¢ small enough. Thus at any = €
Yo \ {0} the germ f, is of type D(3,0) if det(H(f)(z) # 0 and of type D(3,1) if
det(H(f)(z) = 0. Inspecting the normal form of the D(3,1) singularity we find
that V(det(H(f)),91,---, gn—3) has an isolated singularity at the origin. O

Now we study the deformation X[1], := V(det(H(fs)),G1,s,---s Gn-3,s) N Be as
we move in S. Choose s € S\ A. Since H(f,) is transversal to the stratification by
corank there is a finite set of points X[2], in X[1], of type D(3,2) and the rest of the
points are of type D(3,1). The normal form of the D(3,2) singularity gives that
Y[1]s has an A;-type singularity at any point in X[2]s. Let a denote the cardinality
of ¥,[2]. In the next Lemma we show that a is independent on s.

Lemma 2.4. The restriction
pra: (5,21 SR) Npry(S\A) = S\ A
s a topological locally trivial fibration of triples such that X is the Milnor fibre

of the i.c.i.s. X, the surface 3[1], is a deformation of X[1]g having precisely a
singularities of Aj-type in X[2]s. Moreover the restriction

(4) prQ:E[Q]ﬂprz_l(S\A)%S\A

is a covering and %[2] Npry ' (S\ A) is connected.

Proof. The topological triviality statements are easy after the normal forms of the
D(3,p) singularities.

The space ¥ is smooth since it is the product of the total space V of the versal
deformation of the i.c.i.s. V(g1,..., gn—3) (which is smooth) with the space SM (n—
3). For any matrix M € SM(n — 3) the fibre H(F)~'(M) is diffeomorphic to V,
being the diffeomorphism ¢y : V — H(F)"'(M) defined by ¢ (z) == (2, M —
(hi,j(x)). This shows that H(F) : ¥ — SM(n — 3) is a trivial fibration. The set
Y[2] is connected because it is a Zariski dense open subset in the analytic manifold
H(F)~Y(SM(n — 3,2)), which is diffeomorphic to the product V x SM(n — 3,2),
being SM(n — 3,2) irreducible. O
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‘We summarise for further reference the main invariants introduced for the func-
tion f.

Definition 2.5. Define po and p1 to be the Milnor numbers at the origin of the
i.cis. Yo and X[1]p. For s € S\ A close to the origin we define a to be the
cardinality of X[2]s and #A4; to be the number of Morse points of f.

2.1. The corank = 2 case. We will need an slightly larger unfolding of f in the
particular case in which corank(H (f)(O)) is precisely equal to 2. In that case, after
possibly changing the generators of the i.c.i.s we can assume that f is of the form

n—3
(5) f=1(91,92)(hi)(g1:92)" + > g7
=3

When ¢g ((f) is finite the mapping
H(f): X — SM(2)

is transverse to the corank stratification outside the origin. Therefore the ori-
gin is an isolated point of the locus where corank(H(f)) is at least 2. Since
in this case the corank 2 locus is defined by the vanishing of the n functions
hi1,h12,h2.2,91, ..., gn—3, we have that X[2]p is a 0-dimensional i.c.i.s. concen-
trated at the origin. Let a be its length as 0-dimensional scheme. Let

2[2] = V(Hl,l,Hl,g,Hg,g,Gl, ...,ang) C C"xS—>S

be the versal deformation of the i.cis. V(hi1,hi2,h22,91,...,9n—3). Any fibre
Y[2]s is a O-dimensional scheme of lenght a. The discriminant A C S is the set of
parameters where X[2]; is non-reduced. By versality the discriminant is irreducible
and reduced (Corollary 4.11 and Proposition 6.11 of [10]), and its smooth locus A
is the set of parameters such that X[2]; has exactly a fat point of length 2 and is
otherwise reduced (Lemma 4.9 of [10]).

Definition 2.6. Fix a base point so € S\ A. Any path v : [0,1] — S such that
~(0) = so, ¥([0,1)) is included in S\ A and ~(1) is a smooth point of A induces a
deformation {¥[2];}+c[0,1) along v such that precisely two points {po, p1} in X[2]o =
%[2]s, collapse to the same point in 3[2];. The vanishing cycle in 3[2]s, associated
to «y is, by definition, the pair {pg, p1}.

Lemma 2.7. All the points of ¥[2]s, are at the same equivalence class by the
equivalence relation generated by the vanishing cycles.

Proof. The base S of the versal unfolding
Y:X[2] — S

of the 0-dimensional i.c.i.s. 3[2]o can be identified with a neighbourhood U of the
origin in CV. We choose a straight line [ through sg such that [ meets A transversely
at smooth points. The neighbourhood and the line can be chosen so that =1 (INU)
is the Milnor fibre of a 1-dimensional i.c.i.s. Therefore ¥»~1(INU) is connected ([10,
Chapter 5]). Choose a system of paths {~;}}, joining so with each of the points of
INA, without self intersections and not intersecting pairwise except at sg. Since the
space ¥~ 1(INU) is homotopy equivalent to the result of attaching a 1-cell at each of
the vanishing cycles associted to the paths {7;}*,, the connectivity of ¥ ~1(INU)
proves the lemma. [
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Given any finite set K denote by Aut(K) its permutation group. Consider
Sym?(2[2],,) the second symmetric product of ¥[2],,; and denote by D its diag-
onal. Then Sym?(¥[2],,) \ D is the set of subsets of cardinality precisely 2. The
monodromy action

p:m(S\ A, s0) = Aut(X[2]s,)
induces a monodromy action
pa (S \ A, s0) = Aut(Sym?(Z[2],,) \ D.
The set of vanishing cycles is a subset of Sym?(2[2],,) \ D.

Lemma 2.8. The monodromy action py preserves the set of vanishing cycles and
acts transitively on it. In other words, the set of vanishing cycles is an orbit by the
monodromy action.

Proof. A vanishing cycle induced by a path « is transformed by an element [a] €
m1(S \ A,s0) to the vanishing cycles induced by the concatenation path « . ~.
The transitivity is a classical consequence of the irreducibility of the discrimi-
nant ([1] Chapter 3). O

We enlarge the unfolding of f defined in (1) by considering the following one
instead of it:

F:C"xS—C
given by
n—3
(6) F .= (Gl,GQ)(Hi,j)(G1;G2)t+ZG?'
i=3

The statements of Theorem 2.2 and Lemma 2.3 clearly remain true for this
unfolding.

3. HOMOLOGY SPLITTING

We will compute the homology of the Milnor fibre using a general method of
Siersma [17, 18, 19].

We have chosen radii € and § for a Milnor fibration of f. In that situation the
total space Xo := B. N f~1(Djs) of the representative

f:Xo—)C

is contractible.

Consider the versal unfolding F' : C™ x S — C defined in the previous section.
Choose a direction in S such that the line [ through the origin O of S in this
direction has O as an isolated point of A. Let D¢ be a disc in | around O only
meeting A in O. Consider the associated 1-parameter unfolding

F:C"x D{ — C.
Denote by fs the function fi(x) := F(z,s). By Ehresmann fibration theorem
X := BeN f;71(D,) is diffeomorphic to X and hence it is contractible. If s # 0
the function
fs : Xs — D5

is a locally trivial fibration over Ds \ {0,v1,...,v,}, where {0,v1,...,v.} are the
critical values of f;. Each v; # 0 is the image of precisely one singular point of
type Ay of fs. The fibre of f over any point w not in {0, vy, ..., v,.} is diffeomorphic
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to the Milnor fibre of f. Therefore we are interested in the reduced homology
Hy(f7Y(w);Z), which is isomorphic to Hy,1(Xs, fi'(w);Z) by the contractibility
of X,.

Consider Dy, Dy, ..., D, a system of disjoint small disks inside Ds centered in
0,v1,...v; respectively. Choose points t; € dD;, and disjoint paths «; joining ¢t
with t;. We can take w = tg. Define

G = O o; U LTJ Dl
i=1 =0

It is clear that G is a deformation retract of D, and since fs is a locally trivial
fibration outside G, we have that

Hy (X, £ (w)) = Hy(f7H(G), 7 (w))-
By excision:
Hy(f;1(G), £ (w)) = @i Hi (£ (Di), £ (1)).
It is classical from Picard-Lefschetz theory that for any i > 0 we have
Hy(f7H(Di), fH (1) 2 Z

and

if k#n.

Now let T' be a tubular neighbourhood of ¥;. We can take for example T' :=
(G1sy-,Gno3s) Y(B) for B a small ball around the origin in C"~3. Taking T
small enough and Dy small in comparison with 7' we can assume that f;1(¢) meets
the boundary 9T transversely for any t € Dy. We define

(7) M= () NT.

By this tranversality, and because of the fact that f; has no critical points in
foY (Do) \ T, the part of the space f;1(Dg) that lives outside T' can be retracted
to f71(to). This means that the pair (f;1(Dy), fi'(to)) is homotopy equivalent to
the pair (f;(to) UT, fi1(tp)). By excision we have

Hi(f71 (Do), f5 ' (to)) = Hi (T, f ' (to) N'T) = Hg(T, M).
We summarise what we have obtained:

Proposition 3.1. Denote the Milnor fibre of f by Fy. Let r be the number of Ay
points that fs has in Be for s € S\ A close to the origin of S. Then

H, «(Fp;2) = H,(T,M;Z)®Z",
Hy(Fp;Z) =2 Hy1 (T, M Z)
for 1 <k <n—2. By connectivity
Ho(Ff;Z) = 7.

By construction, T is homotopic to ¥4, which is the Milnor fibre of ¥7. We will
spend a large part of this paper computing the homology of M.
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4. THE MILNOR FIBRE OF THE D(k,p) SINGULARITY

We collect and reprove the following proposition, which follows from [4] and [6].

Proposition 4.1. The Milnor fibre of the D(k,p) singularity in C™ is homotopy-
equivalent to the sphere SPTP—k=1,

Proof. Since the D(k,p) in C™ singularity is quasi-homogeneous its Milnor fibre is
diffeomophic to the global hypersurface X € C™ defined by

2
E T 5YiY5 + E y; =1,
1<i<j<p p1<i<n—k
where {2; ; }1<i<j<p U{¥i}i1<i<n—k is an independent system of linear forms in C".

p2+3p

Hence X is homotopic to the (n—p—k)-suspension of the hypersurface Y € C™2

defined by
Z T 3Yiy; = 1.

1<i<j<p

The projection
o:Y = CF\ {0}
defined by o(z; j, y1) = y; is alocally trivial fibration with fibre an affine hyperplane

2
in C*3* , and hence contractible. We conclude that Y is homotopy equivalent to the

unit sphere S?*=1 in C*. Consequently X is homotopic to the sphere S*T*—r=1

Lemma 4.2. Given the D(1,1) singularity
fr=mys+y5.. +yh: (C"0)=C

in C™ its restriction

f‘Hl cHy — C
to the hyperplane H, defined by ©1 = 1 is a Morse singularity at the origin.
The pair of Milnor fibres (f=1(t), (f|m,)~1(t)) is homotopy equivalent to the pair
(Sn=1,8"=2) with S*=2 embedded in S*~! as the equator.

Proof. By suspension it is enough to consider n = 2, and in this case it is obvious,
since the Milnor fibre of z1y3 projects to the double cover of C\ {O} by the
projection pr(z,y) =  and the Milnor fibre of f|g, is a fibre of this projection. O

Consider the D(3,2) singularity
[ =21y} +220y192 +3y3 + 45 + ..+ 425 (C",0) = C
in C™.

Recall from Notation 2.1 the definition of X[i]. As here we are considering no
unfolding we have the equality ¥ = X3. The restriction of f to any (n — 3)-
dimensional transversal to (0] is a Morse type singularity in C*~3. The restriction
of f to any (n — 2)-dimensional transversal to $[1] is a D(1, 1) singularity in C"~2.

The stratum X[1] is equal to V(det(H(f)) \ {0} and hence is homotopic to its
link L. := X[1] NS, at the origin. Since the singularity is homogeneous we can take
e = 1 and denote L. by L. This link is diffeomorphic to RP3, since the surface
¥[1] is defined by det(H(f))(z1,72,73) = z1203 — 23 = 0 in ¥ = C3. Hence its
fundamental group is isomorphic to Zs.
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Let
k:N(C"Y) =X
k1@ N(C" 2[1]) — X[1]
be the holomorphic normal bundles of ¥ and X[1] in C™ respectively. We have the
inclusion of restrictions
(8) v N(C" X)[gp — N(C, E[1)),

compatible with the bundle maps.

Observe that, since in this case ¥ is a 3-dimensional coordinate subspace, the
first bundle is trivial with fibre C*~3. Notice that, as L is compact, there is a
positive p such that the p-neighbourhood of the zero section of the restriction

I<L1|L : N((Cn, E[]-DL — L
embedds in C™ holomorphically on each fibre. We denote by N°(C™, X[1])|r this
p-neighbourhood, and by

Ky NP(C" X[1))|p — L

its embedding; its fibre is a complex (n — 2)-dimensional ball.
For any y € L the restriction of f to the fibre of the embedded normal bundle

fIne@r 2, + (NP(C", 2[1])y,y) — C

is a D(1, 1) singularity with critical set the line Crit(y) := N°(C", £[1]), N X.

Since the restriction of the function det(H(f)) to Crit(y) is non-singular at the
point y for any y € L, for u small enough the intersection Crit(y) Ndet(H (f))~!(u)
is a unique point for any y € L, and hence

2, i=det(H(f)) (w) NS N NP(C™, 2]
defines a cross-section of the embedded normal bundle, and the restriction
HT‘Eu =2u — L

is a diffeomorphism.

Let

k? : NP(C", %)z, — Eu

be a holomorphic embedding of a p-neighbourhood of the zero section of the re-
striction to =, of the normal bundle of ¥ in C". It is a trivial bundle with fibre
a complex n — 3 dimensional ball. For any = € =, the restriction of f to the fibre
(N?P(C™, %)|=, )« is a Morse type singularity.

If p and w are chosen small enough we may assume that, for any « € =,, we

have an inclusion of fibres

(N?(C*, D)[z.)e € (N(C™ Z[A])L) w2, (o)-

Now we study the restrictions of the bundle maps x” and s/ to a fibre of f=1(9)
for small §. Define

o= H’f|f71(5)mNp(cn7§;[1])|L : f_1(5) N Np((Cn,Z[l])‘L — L,

6 = KT'EuOﬁp|f*1(6)ﬁNP(C",E)|5u : f_l((S) N ]\7/)<(Cn7 Z)|Eu — L.
We have
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Lemma 4.3. For § small enough the mapping
(@, ) = (f71@) NN?(C™, S]]z, f7H () NNP(C, D)z, — L

is a locally trivial fibration of pairs with fibre homotopic to (S*~=3,S"=4), with S*~*
embedded in S*3 as an equator and whose monodromy is isotopic to the identity
in S*™* and is the reflection over the equator in S*3.

Proof. The statement of the homotopy type of the fibre is just Lemma 4.2.

The circle v() := (0,0, e>™?) parametrises a generator of the fundamental group
of L. The normal bundle N?(C" X[1])|; can be choosen so that for any 6 the
line Crit(y(6)) is equal to V(xg, x5 — 2™ 4y, ..., y,_3) and the cross-section Z, is
defined by Z,(7(0)) = (ue=27% 0,27 0...,0).

For any @ € [0,27] the pair of fibres (a=1(v(6)), 37 (v(#)) is homotopic to the
pair of varieties (Xy, Yy) defined by

Xg = V(wg, 2193 + 202 442+ 442 ),

Vo i= V(wg,ue 2 0y 4 e2™0y2 192 4o 4 g2 ooy — ue” 2™P),
The family of diffeomorphism
©wg - ct—-cC"
defined by

6727”9

I 710 —mi6
<,09($17352,x3,y17~--7yn—3) = ( X1,22,T3,€ "Y1,€ y27y3a"'ayn—3)

induces a diffeomorphism from (Xo,Yy) to Xg,Yp) for any 6 € [0,27]. Therefore a
geometric monodromy is given by

¢1: (Xo,Yp) = (X1, Y1) = (X0, Y0).

The pair (X, Yp) is homotopic to (S"~2,S"~%) and it is easy to chech that ¢;
preserves the orientation in S*~* and reverses it in S” 3. O

5. A DECOMPOSITION OF M

In Proposition 3.1 it has become clear that in order to understand the homology
of the Milnor fibre of f we need to compute the homology of the intersection
M = f7l(to) NT, with s € S\ A small enough and ¢y # 0 small enough. The
tubular neighbourhood T is the total space of a trivial fibration

9) T — X

with fibre a (n — 3)-complex dimensional ball. If B is a subspace of 3; we denote
7 YB) by Ts.

By Theorem 2.2, for a generic parameter s close to the origin of the base S of
the unfolding of f, the maximal corank of H(fs)(z) is two for any « € ¥,. Recall

that the set of points where the corank is at least 1 is the surface X[1]; defined by
the vanishing of det(H(f,)). The singular points £[2]s = {p1,...,pa} of X[1], are
of Morse type and coincide precisely with the points where the corank of H(fs)
equals 2.

For each point p; let B;(¢) be a ball of radius ¢ around p; in C" such that f|p, ()
is biholomorphic to the restriction of the singularity D(3,2) to the unit ball of C".

Taking ¢ small enough we can assume that the balls are mutually disjoint and that
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the intersections A4;(¢) := B;(¢) N X, are balls in X centered in each of the points
pi. Taking T', {, s, and £y small enough the space

(10) A= f7H o) N (Ai(Q) = M N o (Ai(Q)

is diffeomeorphic to the Milnor fibre of f; at p; for any ¢, and hence homotopy
equivalent to S"2.
Now we choose the following parameters:

e We take ¢ small enough so that 9A4;({’) is transverse to X[1], for any
0<¢ <.
e We choose (y < ( sufficiently close to ¢ so that the inclusion
MoaHA(C)) C A

is a homotopy equivalence for any ¢y < ¢’ < (.
e Choose ¢ > 0 small enough so that det(H(fs))!(u) meets 9A;(¢’) trans-
versely for any v € D and (o < ¢’ <.

Consider A;(¢p) the interior of A;(¢y) and define

a

B = det(H(f,) ™ (De) \ (| 4i(%)),

i=1

By = det(H(f,)) ™" (u) \ (U Ai(Go)).

A schematic picture of this decomposition can be seen in Figure 2.
The space B is a tubular neighbourhood of By in 3, \ (UA;({p)). The mapping

det(H(fs)): B — D¢
is a trivial fibration. Therefore there is a product structure B = By x D, and the
projection
p: B — By
to the first factor induces a diffeomorphism
ou : By — By

for any wu.
The restriction
pOﬂ"TB : TB — Bo
is a locally trivial fibration with fibre a polycylinder of complex dimension n — 2.
Define
B:= MnN TB7
the piece of M falling over B. Taking 7', ¢ and t( sufficiently small we have that
the restriction

(11) por|p : B— By

is a locally trivial fibration with fibre diffeomorphic to the Milnor fibre of the D(1,1)
in C*!, and hence homotopy equivalent to S?—3.
For any & > 0 we define

Ug == 5, \ det(H(f)) " (Dgr),
Uer = 7T71(U§/) nM,
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By

FIGURE 2. The decomposition of 3

(
X

{

| /]
"v
A\

(

the complement of a tube around ¥[1]; in X4, and the piece of M lying over it. For
T and ty small enough the restiction

7T|u£/ :Ugf — Ugl
is a locally trivial fibration with fibre diffeomorphic to the Milnor fibre of the Morse

singularity in C"~3, and hence homotopic to S*~4.
We fix a positive £y smaller and close to £ and define:

U :=Ug,,
U = Uy, .
The restriction
(12) Ty U —>TU

is locally trivial with fibre homotopic to S*~4.
Fix a point v in 0Dg,. Define

B, :=n"'(B,) N M.
The mapping
p|Bu : Bu — BO
is a diffeomorphism. Hence the mapping

(13) ((p

Bu)ilopO’/ﬂBaﬂ— Bu) : (BaBu) — By,




14 JAVIER FERNANDEZ DE BOBADILLA AND MIGUEL MARCO-BUZUNARIZ

is a locally trivial fibration of pairs with fibre the pair (S"~3,S"~%), being S*~*
embedded as an equator of S”~3.

6. THE TOPOLOGY OF By

6.1. The fundamental group of By. The space SM (k) of symmetric matrices of
size k with complex coefficients is a complex vector space of dimension k(k + 1)/2.
The smooth locally closed algebraic subset SM(k,l) has codimension [(I + 1)/2,
and we have seen that its Zariski closure SM(k,1) is defined by the vanishing of all
I x I minors. It is easy to check that SM(k,[) is far to be, in general, a complete
intersection.

Define MM (k x (k—1)) to be the set of (k x (k— 1)) matrices of maximal rank.
Lemma 6.1. The fundamental group of MM (k x (k — 1)) is trivial.

Proof. The set of matrices k x (k— 1) which are not of maximal rank is an algebraic
subvariety of codimension at least 2. ]

The mapping
ap : MMk x (k—1)) - SM(k,1)
given by
ap(M) = MM*
is a locally trivial fibration (by homogeneity of the action of the general linear
group). Denote by F}, the fibre over the matrix A = (a; ;), where a; ; = d;; unless
i = j = k, in which case, ay ; = 0.

Lemma 6.2. The fiber Fy, has two connected components.

Proof. We will work by induction over k > 2. For k = 2, it is a direct computation.
Now let us compute the fibre Fj. Consider the following matricial equation:
(mij)(myi) = (ai ;).

Let v; be the vector in C*~1 given by the i-th row of (m; ;). Denote by Re(v;) and

Im(v;) its real and imaginary parts respectively.
Now the previous matricial equation becomes the following system of vector
equations: if (4,7) # (k, k) then
Re(v;) - Re(v;) = 0i5 + Im(v;) - Im(vy)
Re(v;) - Im(v;) =0
and
Re(vg) - Re(v) = Im(vg) - Im(vy)
Re(vy) - Im(vg) =0,
where v - w denotes the standard scalar product in R¥1.

Consider the projection MM (k x (k — 1)) C (C*~1)k¥ — C¥~1 to the first com-
ponent. Let By be the image of Fj, under this projection. It is easy to check that
the restriction

Tk - Fk — Bk
is a locally trivial fibration.

Obviously By, is the set of vectors vy satisfying the above system of equations for
i = j = 1. The vector v; belongs to By if and only if ||Re(v1)||? is one unit longer
than ||Im(v1)||* and both vectors are orthogonal. That is, the vector Re(v1) can
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be anywhere except in the interior of the unit sphere in R¥=1. If || Re(v1)||? equals
1 then the vector I'm(vy) is zero. In any other case, the vector I'm(vy) lies in the
(k — 2)-sphere of radius y/1 — ||Re(v1)||? in the hyperplane orthogonal to Re(vy).
It is easy to show that Bj admits the unit sphere in R¥~! embedded in the real
part of C*~! as a deformation retract.

The fiber 7;,'((1,0,...,0)) is equal to the fiber F_; of a1 over A’ where A’
is the result of deleting the first row and the first column in A.

We have constructed a fibration of Fj over a space with the homotpy type of
S¥=2 whose fibre is Fj,_1. If F,_1 has two connected components and k > 4, the
homotopy exact sequence of the fibrations gives the result. For & = 3 we have to
check that the monodromy of the fibration does not interchange the two connected
components of F5, but this is direct computation. ([

Proposition 6.3. The fundamental group of SM(k,1) is isomorphic to Zs.

Proof. This is just the homotopy exact sequence of the fibration ay, together with
Lemmas 6.1 and 6.2. O

Proposition 6.4. The fundamental group of By is isomorphic to Zs.
Proof. The unfolding

fs= (91 —S81,--+y9n—-3 — 5n73)(mi,j + Si,j)(gl —S81,--+y9n—-3 — Sn73)t7

with s € C" =3xS M (n—3) can be obtained by pullback from the unfoldings of f that
we considered in Section 2 both in the corank(H (f)(O) = 2 and corank(H (f)(0) #
2 cases. In both cases a generic parameter s € C"=3 x SM(n — 3) maps to a
parameter outside the discriminant A. Thus we can use this unfolding in order to
compute the topology of By.
The mapping
a:C"x SM(n—3)— SM(n—3)
defined by a(z, (s;5)) = (m; j(x) + s, ;) is obviously a submersion wherever it is
defined. Define
Zi:=a Y (SM(n —3,1))

Since SM (n — 3,4) is a cone for any %, and the fundamental group of SM(n—3,1) is
isomorphic to Zs, we have that the local fundamental group of the germ SM (n—3,1)
at the origin is Zs. Since the mapping « is a submersion, the local fundamental
group of (Z; \ 2Z3) at the origin is Zs.

Fix a positive € and a generic

0 = (s?, e 39173, (S?yj)lgigjgnfg) e C" 3 x SM(n — 3)

sufficiently close to the origin. Consider set of functions {g; ?;13U{Si’j}1§igj§n,3 in

Ocnx g0 (n—3)- Applying Hamm-Lé Theorem (Main Theorem (7, I1.1.4]) repeatedly
for the above set of functions, and using the relative homotopy exact sequence we
get that the fundamental group of

n—3
Ben(Z\Z)Nn (\Vigi—sHn [ Visij—sP,)
i=1 1<i<j<n—3

is isomorphic to Zs. But it is clear that the above space is homotopic to By. (I
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6.2. Homology of Bjy. We will now compute the homology of By, which is the
same as B. Given the function

det(H(f,)) : By — C

we use the Mayer-Vietoris sequence of the decomposition of det(H (fs)) ™! (Dg) as
the union of UA;(¢) and B given in Section 5.

The space det(H(fs)) ' (D¢) is homotopy equivalent to det(H (fs))~*(0), which
is homotopic to a bouquet of (u1 —a) 2-spheres (see Definition 2.5). This is because
det(H (fs))~1(0) is a deformation of det(H (f))~1(0), which is an i.c.i.s. with Milnor
number p1, and det(H(fs))~*(0) has only a Morse-points as singularities.

On the other hand, the intersection of each space A;(¢) with B is the link RP?
of a Morse type singularity, and the spaces A;({) are contractible.

Sumarizing, we have the following:

oH;;(UA()ﬁB;Z)%Z“

o Hi(UA;(Q)NB;Z) =

e H;(UA ()OBZ)NOforz¢{O,1,3}

o Hy(det(H(fs))"" (D ) L) =17m~"

o H;(det(H(fs)) " "(D¢);Z) =0 for i ¢ {0,2}
.Hl(B,Z)gZQ

These data allows us to compute the following Mayer-Vietoris sequence:

(14)

0— H3(UA;()NB;Z) — H3(BiZ) —= Hs(det(H(fs))™ (Dg);Z) —=

2l 2 2
7° 72 0

> Hy(UA(Q)NBZ) — Hy(B;Z) —= Hy(det(H(f.)" (De);Z) —>
2l 2 2
0 FH1—a FH1—a

2 H(UAO)NBZ) S H(BiZ) — Hy(det(H(f,)"Y(De);Z) —0
2l 2 2
Z5 Zs 0

Remark 6.5. The restriction of the mapping o to Hy(A;(¢’);Z) is an isomorphism
onto Hy(B;Z) for any i.

Proof. Obvious from the proof of Proposition 6.4. (]

The homology of B with coefficients in Zs can be computed analogously, or by
using the universal coefficient theorem. We obtain

o Hy(B;Zs) = 0

o H3(B;Zs2) =

o Hy(B;Zs) = 22@2“1 “
* Hy(B;Z) =
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Remark 6.6. Note that the generators of Ho(det(H(fs))™'(D¢);Z) can be inter-
preted as follows. The Milnor fibre of det(H(fo))~!(0) has u; 2-spheres as gen-
erators of its homology. Out of these spheres there are a of them which corre-
spond to the vanishing cycles of the a Morse points of det(H (fs))~1(0). The space
det(H(fs)) " (Dg) is homotopic to det(H (fs))~*(0), which in turn is homotopic to
the result of collapsing these a spheres in the Milnor fibre of det(H (fo))~(0). The
remaining spheres give rise to the 1 — a generators of Ha(det(H (fs)) ™! (De¢);Z).

7. HoMoLoGY oF (B, B,)

There are several sphere fibrations involved in the computation of the homology
of the Milnor fibre, and we will need to deal with the corresponding Gysin sequences.
These are greatly simplified if we are in the case n > 8. The homology of the Milnor
fibre can be always deduced (by suspension) from the homology of the Milnor fibre
of a function f : (C",0) — C with n > 8. We will assume in n > 8 whenever is
needed.

Consider the fibration B, — B,. As we have seen previously, it is a fibration,
with fiber homotopically equivalent to S*~%4. This fibration can be extended to
h;1(u), which is simply conected, and hence, the fibration is orientable. Its Gysin

S
exact sequence leads to the isomorphisms:

(15) Hi(By;Z) = Hy—a4i(Bu; Z),  Hi(Bu; Z) = Hi(Bu; Z)

for i =0,1,2,3. The rest of the homology groups of B, vanish.

Consider the projection B — B,,. As we have seen before, it is a fibration with
fibre homotopically equivalent to S*~3, and the monodromy reverses the orienta-
tion. Since the fibration is not orientable, we can only consider its Gysin sequence
with coefficients in Zs, which gives the following isomorphisms:

(16) Hi(By; Z2) = Hy—31i(B; Z), Hi(B;Z2) = Hi(By; 7o)

fori =0,1,2,3. The rest of the homology groups of B with coefficients in Zs vanish.

The fibration of pairs (B, B,) — B, has as fibre the pair (S*~3,S"~4) with S*—*
embedded as the equator of S"~3. Its monodromy acts trivally on S*~* and reverses
the hemispheres of S"~2 along the only non-trivial class of 71 (B,) = Z2.

In order to compute the homology of the pair (B,5,) we can simultaneously
thicken the equator S*~* of each fibre to a small collar S*~* x [—n, n)] in S*~3. By
excision we can remove fibrewise the interior of the collar. We obtain a fibration over
B,, with fibre two (n—3)-disks relative to their boundary, such that the monodromy
interchanges them.

Since 1 (B,,) & Zs, its universal cover

U:Bu*)Bu

is the only connected double cover. The fibration of pairs is then homologically
equivalent to the composition of an orientable fibration

cp:yﬁéu

of (n — 3)-spheres over B,, with the covering map . The Gysin sequence of the
fibration ¢ gives

Hy(B,By; Z) = Hyp(V;Z) = Hy— (n—3)(Bu; Z)

if kK > n — 3 and zero otherwise.
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The space B, is homotopically equivalent to the double cover By of By branched
over its a singular points, minus the preimage of these a points. The space By is
a 2-dimensional Stein space (for being a branched cover of the 2-dimensional Stein
space By), and hence it has the homotopy type of a 2-dimensional CW-complex.
Therefore, Ho (BO; Z) is free and Hg(Bo; Z) vanishes. Since the singularities of By
are of Morse type, and the 2-dimensional Morse singularity is the quotient of C? by
the action of the group of two elements, the space By is smooth. Hence B, is the
result of deleting from By small balls around the a preimages by the double cover
of the singular points of By. Using the Mayer-Vietoris sequence we see that such
deletion leaves unchanged the homology except in dimension 3, where we obtain a
copy of Z for each deleted point. Sumarizing, we get that
H3(B,;Z) = Z°
Hy (Bu, 7) = 7F for a certain k
H, (Bu; Z) = 0, since it is the universal cover of B,

Ho(By;Z) = 7, for it is connected.

Since the Euler characteristic of B, is twice the one of B, k must be equal to
2p1 — 3a+ 1.
Its is easy to check that the following diagram is commutative

Oitn—3

Hi+n73(67 Bua Z) — > I1j4n—4 (Bu7 Z) )

|- i:

Hi(By;Z) —=— H;(By; Z)

for any ¢, where d;,_3 is the connecting homomorphism of the long exact sequence
of the pair (B, B,), the mapping o : B, — B, is the covering map and the vertical
arrows are the isomorphism coming from the Gysin sequences.

Notice that the generators of Hs(B,;Z) are 3-spheres bounding balls in By
around the inverse image of the singularities of By. The generators of H3(B,;Z)
are precisely the classes [4;(n) N B,]. Each of them is diffemorphic to RP? and
doubly covered by one of the 3-spheres. This shows that

Ty Hg(éu;Z) — Hs(B,;7Z),

and hence also d,,, is multiplication by 2.
For being o a covering there is a well defined pull-back mapping in homology

o* : Hi(By;Z) — Hi(B,:; 7).

It is clear that the map o.0* : H;(B,;Z) — H;(B,;Z) is multiplication by 2 (the
degree of the covering). This, together with the previous commutative diagram,
implies that 2H,_1(By;Z) is always in the image of §; for any . In view of this and
of the long exact sequence of the pair (B, B,) we obtain that H,_2(B,Z) can not
have p-torsion for p # 2.

By the above diagram and the connectedness of Bu we have that §,,_3 is an
isomorphism.

Using these facts, together with the previous computations of He(B,;Z), He(B;Z2)
and He (B, B,;Z), plus the universal coefficients theorem allows us to completely
determine the long integral homology exact sequence of the pair (B, B,,):
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0—— H,(By;Z) —— H,(B;Z) —— H,(B,B,;Z) ——
Al 2l 2l
0 0 Y/

—_—> Hn—l(Bu;Z) — n—l(B; Z) — n—l(Bylgu;Z) I
2l 2l 2l
7% Zg o) Zu172a+1 ZQ;“fScH»l

— Hn72(8u;Z) E—— n72(8§ Z) I n72(BvBu;Z) —
Al 2l 2l
Zm—e 0 0

I Hn—3(Bu;Z) - n—3(B;Z> — n—3(878u§Z) —
2l 2l 2l
Lo Zy Z

— Hn74(Bu;Z) E—— n74(8§ Z) E—— n74(B7Bu;Z) —
Al 2l 2l
7 0 0

The non-zero lower homology groups are isomorphic to those of B,,, which coin-
cide with those of B.

8. HoMOLOGY OF X

Let X be the union of U{_;.4; and B. We will now consider the Mayer-Vietoris
sequence of this union with coefficients in Zs. To do so, we need to compute the
groups He(A;; Z2) and He(A;NB; Zs), since Hq(B; Z2) has already been computed.

The space A; is the Milnor fiber of the singularity D(3,2), and hence, it has the
homotopy type of the sphere S?—2.

To study the homology of A; N B, we can use the Gysin sequence of the fibration

7 A NB—= A;NB~d(A;Ndet(H(f)) '(0)) = RP?,

with fibre S"~3. The groups H;(RP?; Zy) are Zy for i = 0,1, 2,3, and zero otherwise.
We obtain that

Zo fori=0,1,2,3,n—3,n—2,n—1,n

0 otherwise.

Hi(A;i N B, Zy) = {

To study the maps vy : @, Hi(A; N B;Zo) — Hy(B;Z3) induced by inclusion,
we will see them as the Gysin lift of the maps @, H;(A; N B;Zy) — H;(B;Zs) for
j=korj=k—n+3. Using the version of the Mayer Vietoris sequence (14) with
coefficients in Z,, we get easily

Lp and t3 are isomorphisms.

ln—1 1S & monomorphism.

tn_o and t,_3 are epimorphisms.
11 is an epimorphism.
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® /5 is a monomorphism.
We need also the following Lemma, whose proof we postpone:

Lemma 8.1. The map 1o : Hy_o(A;NB;Zo) — Hy—o(Ai; Zs) induced by inclusion
is an isomorphism.

With all these facts, we can compute the Mayer-Vietoris sequence:

(17)

@ Hp(A; N B; Zy) —— @®;Hp(Ai; Zo)DHp(B; Zo) —— H,(X;Zs)
2l 2l 2l 2l
78 0 78 0

( )
®iH, 1(A;NB;Zo) —> &;Hp 1(Ai; Zo)DHp—1(B;Z2) —= H,_1(X;Zs)

Al Al 2l Al
75 0 Zy & TH° /S

( J
®iHp o(A;NB;Zy) —> &;Hp o(Ai; Lo)DHp—2(B; Z2) —> Hy,_o(X;Zs)

2l 2l 2l 2l
75 78 Zy Zy & 251

( )
®iH, 3(A;NB;Zy) —> &;Hp_3(Ai; Zo)DHp—3(B; Z2) —> H,_3(X;Zs)

2 2 2 2
78 0 Zs 0

We omit the lower part of the sequence. The non-vanishing remaining homology
groups of X are

HQ(X,ZQ) ngl_a, Ho(X,ZQ) ’EZQ.

8.1. A basis of H, 5(X;Zs). Fix a base point 21 € A;1(¢) N B,. Choose paths
vi : [0,1] = B, such that -, is a generator of the fundamental group of A;(¢) N By,
and ~; connects x; with some point z; € A;({) N B,. We choose chains G; C B
such that the natural projection 7|q, is a locally trivial fibration over ~; with fibre
diffeomorphic to a S"~3 generating the homology of the corresponding fibre of
(p|B, ) topor|s. Since v; is closed, the chain G is closed with coefficients in Zs.
For each i, we choose an (n —2)-sphere generating H,,_2(A;; Z). Take a hemisphere
K; of such sphere; its boundary dK; is an (n — 3)-sphere in A;. The boundary 9G;
consists of two (n — 3)-spheres Ly and L;, being L; contained in A4;. Since A; is
homotopic to S*~2 there exists a chain

Wi [0,1] x S"73 — A;
such that OW; = 0K; + L;.
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The generators of H,,_o(X;Zs) are represented by the Zo-closed chains Z; := G,
and Z; := K1 + W1 + G; + W, + K;. Notice that since the coefficients are in Zy we
have K1 + W, 4+ C1 + Wi + K1 = G4, and so the way of defining the generators is
consistent. To check that these are really generators we observe that Zs, ..., Z, are
sent by the connecting homomorphism of the Mayer-Vietoris sequence 17 to the
kernel of the first mapping of the (n — 3)-row, and that Z; generates the cokernel
of the first mapping of the (n — 2)-row.

Lemma 8.2. Let v, : [0,1] — B, be any other path joining =} and x}, being
and x} points in A1(() N B and A;({) N B respectively. As above we can associate
with v, an element [Z!] € H,,_2(X;Z2). We have the equality

(Z]] = [Zi] + m[Z:]

for a certain m € Zs.

Proof. Let a; be a path joining z; and x; for j = 1,i. The product of paths
Yivis (V)7 e (1) 71 is a loop based in . Since the fundamental group 71 (B, 1)
is isomorphic to Z and generated by 71, the loop ;.. (y/) ™'+ (1)~ is homotopic
to my; for a certain m. After this, the above equality follows easily from the
construction of the chains Z;. O

8.2. A system of generators of H, »(X;Z). To lift the computation to coef-
ficients in Z, we need to compute the integer homology of A; N 5. We can do so
by computing the long exact sequence of the pair (A4; N B, A; N B,) using the same
arguments used to compute the long exact sequence of the pair (B, B,,). We obtain:

Hy, 1 (AiNByZ) = Zs
H, _3(AiNB;Z) = Zo
Hy(ANB;Z) =7
Hy(AiNB;Z) = Zy
Ho(ANB,Z) =7

and zero otherwise.
With these data, and the universal coefficients theorem, we can compute the
Mayer-Vietoris sequence (17) with coefficients in Z
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(18)

2l Al Al Al
0 0 0 0

( )
®iH, (A NBZ) — ®iH, (A Z)PH,-1(B;Z) — Hp1(X;7Z)

2l Al A Al
ZS 0 ZSEBZ/J,172C1+1 Zp,172a+1

( )
®iHy, o(A;NBZ) — @®iHy 2(Ai Z)PH,—2(B;Z) — Hy_2(X;7Z)

! 2l 2l 2l
0 Z7*° 0 z*

; /
®iHy—3(AiNB;Z) — @©ily—3(Ai; Z)DH,—3(B;Z) = H,3(X;Z)

2 2 2 2
78 0 Z, 0

The non-zero lower homology groups are isomorphic to those of X[1].

We give a system of generators of H,,_o(X;Z). For any ¢ choose an (n—2)-sphere
S; in A; generating H,,_2(A;;Z). Choosing the orientations of the summands of Z;
appropiately it turns out that we have a Z-closed chain. It is clear that [Zs], ..., [Z4]
generate the kernel of the first homomorphism of the (n — 3)-row of the Mayer-
Vietoris sequence. The image of the second morphism of the (n—2)-row is obviously
generated by the (n — 2)-spheres S;.

9. HoMOLOGY OF M

9.1. Coefficients in Zs. Recall that 3, is the Milnor fibre of ¥, and has the

homotopy type of a bouquet of g spheres. The functions g, ..., gn—3,det(H(f))

define a 2-dimensional i.c.i.s. X[2]p with Milnor number p; (see Definition 2.5).
The restriction

det(H(fs))|s, : s = C

has isolated critical points. Therefore, taking 1 so small that the disk D,, only con-
tains 0 as critical value of the restriction, the set X5 is homotopy equivalent to the
result of attaching to (det(H(fs))|s,) ' (D,) the Lefschetz thimbles associated to
the critical points of det(H (fs))|x, not contained in the zero level. There are exactly
to + p1 — a such Lefschetz thimbles (see [10]). Since the Lefschetz thimbles are 3-
disks they are attached along 2-spheres to the boundary of (det(H (fs))|s,) (D).
which is 5-dimensional. Hence, a transversality argument ensures that all the at-
taching spheres are disjoint. Denote by Chi,...,Cpy4u,—a the Lefschetz thimbles.
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We have found a homotopy equivalence

potpi—a

(19) M= (det(H(f))|z) (DY U( |J C) =%,
=1

which in fact (since we are working with C'W-complexes) is a deformation retract.
Since we have a locally trivial fibration

(20) 7 M\ 7 (det(H (f5))H(0)) = s \ det(H(f5)) " (0)
we can lift the deformation retract (19) to a deformation retract
(21) M =77 M') = M.

We will compute the homology of M’ using a Mayer-Vietoris sequence. By the
previous deformation retract we identify the homology of M’ and M. Denote
7-Y(C;) by C;. Since C; is contractible the fibration over it is trivial, and, hence, C;
and 7~1(9C;) are homotopy equivalent to C; x S*~*, and 9C; x SP~* = §2 x §"—4,
Decompose M’ as

potpr—a

(22) M=xu( |J o).
i=1
The associated Mayer-Vietoris sequence (with coefficients in Zsg) is:

(23)

®iHp 1(m710C,); Zy) “ ®iHn-1(Ci; Zo)PHn-1(X;Z2) — n—1(M;Zs)
2l 2l 2l ]l
0 0 Z/éLl*QCIJrl Zgo+2p.1 —4a+1+e

( J
GiHy o(mN8Cy); Zo) 5 ©iHp o(Ci; Zo)DHyp—2(X; Zg) —> Hp_o(M;Zs)

2l dl 2l 2l
Zhetmee 0 Zo® 75! z5

J
(
@®iHy—3(m 1 (0C;); Zy) — @®;iHp_3(Ci; Lo)DHn—3(X;Z2) —> Hy_3(M;Zs)

Al dl Al Al
0 0 0 0

J

@iHn74(7T71(8Ci)§Z2) — @iHn74(Ci;ZQ)®Hn74(X§Z2) —>> n—4(M;Zz)
2l 2l 2l 2l
Z§0+M1—a leto-f—ul—ll 0 0

for some e € N. Recall that only the last column was unknown. The fact that
®iH,_4(771(0C;); Zo) — ®iH,,_4(Cy; Zs) is an isomorphism determines H,,_3(M; Zs)
and H,,_4(M;Zs). Given e, H,_4(M;Zs) is determined by Euler characteristic.
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We will find out what are the possible values for e. We have given a basis {Z; }_;
of Hn_Q(X; Zg) in 8.1.

Lemma 9.1. The composition

7 @Hn_g(ﬂ'_l(aci);zz) 5 Hyyo (X5 Z2) = Hooo(X5Z2)/([21])

18 surjective.

Proof. For each one of the a singular points p; of det(H(fs))~*(0) there is a van-
ishing cycle E; which is a embedded 2-sphere in det(H (fs))~!(u). The parameters
s,u,( (see Section 5) can be choosen so that det(H (f,))~!(u) N A4;(¢) is a tubular
neighbourhood of E; in det(H (f))~*(u).

The sphere C), can be choosen to be embedded in det(H (f,))~!(u) and, after
a perturbation, transverse to F; for any i. Let

tg 2 OCy = det(H(fs)) ™ (u)
denote the embedding. Let by ; the number of intersection points of C) and E;.
Choosing the tubular neighbourhoods of E; small enough we find that ¢; *(A;(C))
is a disjoint union of disks Dy ; ; with j € {1,...,bx;}, and the boundary of each
of them represents the generator of Hy(B,;Z). By Remark 6.5 the number by, :=
>, br,i is even: otherwise the image in H;(B,;Z) of the boundary

I(Ck \ (Ui,jDr,i5))

would be a non-zero homology class. We claim the following equality

(24) T([r 71 (8Cy))) Zbkz

Let us finish the proof assuming this claim.
Any Lefschetz thimble Cj, gives rise to a class [0Cy] € Ha(det(H (fs)) ™ (Dy¢); Z).
It is easy to check that its image by the connecting homomorphism J, is equal to

(25) 2([0Ck)) Z bieilthi] = Y bei([i] — 1))
=2

where 1; is a generator of H (6Ai(§ )N B;Z) for any i. The first equality is by con-
struction of the connecting homomorphism and the second is true because ), by ;
is even and, hence we have the equality b; 1 = 2?22 by; in Zs.

Let ay be the first mapping of the 1-row of the sequence (14). Define the iso-
morphism

0 : Hn_Q(X, Zg)/([zl]) — ker(oq)

given by 0([Z;]) = [¢i] — [¥1]. Any element [Z'] € H,_2(X;Z2)/([Z1]) cor-
responds to an element in ker(cy), which is the image by o of a class [Y] €
Hy(det(H(f5)) ' (D¢); Z). Such a class can be expressed as a sum

potpi—a
Y= > mloCy.
k=1
The concidence of the coefficients in the last terms of equations (24) and (25) give
the equality 7([Y]) = [Z'].
Now we prove the claim. Choose a point zg € 9Cy \ U; ;D ; and choose a
disk Dy around it in OC} disjoint to the disks Dy ; ;. Deform the immersion tx|p,
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so that the embedding of its boundary remains fixed, it meets F; transversely
precisely at b points, all different from zy, and it is disjoint from F; for any
j # 1. After this deformation the intersection Lk|15$ (A1(¢)) consists of by, disjoint
disks {Dﬁc,i,j}z‘e{1,..,a},je{1,...,bk,i} (we choose the indexing to make it easy to make
a bijection with the disks Dy ; ;).

Choose non-intersecting paths ay ; ;j in Dg '\ (UMD’MJ-) joining xg with a point
Yk,ij € OD} ;. ;- Choose non-intersecting paths

Brig : 10,1] = 0Ck \ (| (i ((0,1]) U D'k j U Dy )
ki,

joining 9Dy ; ; with dDy; ;. For a schematic picture, see Figure 3.

Qk,i,j

FIGURE 3. The system of paths in 0C}

The complement of Uy, ; ;(Bk.i,;([0,1]) U ek,,5([0,1]) U D'k 3,5 U Dy i,5) is a topo-
logical disk G. Since G is contained in B, we can restrict the fibration (13) to G
and obtain a trivial fibration of pairs with fibre homotopic to (S*~3,S"~%), with
S"~* embedded as an equator. Consider a mapping

c:GxS" 3 3B
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such that o({g} x S"~3) generates the (n — 3)-homology of the fibre over ¢(g) by
the fibration (13). Denote by H* one hemisphere of S*~3. The restriction

V:Gx Ht 5 BCX

defines a singular chain in X.
Let Z,fm)j be the chain associated to S ; ; by the procedure given in 8.1. Adding
and substracting S"~*-hemispheres K} ; j and K}, ; ; for any 4, j (see the procedure

in 8.1), the chain 9Cy, + 9% is shown to be equal to a sum

D Zii+Y Y
i i—1

where Y; is a closed chain contained in A;.

The (n—2)-row of the sequence (17) shows that, for any ¢, any class in H,,_o(X’; Zs)
supported by a chain contained in A; is a multiple of [Z1]. On the other hand, by
Lemma 8.2 there exists ¢; ; € Zy such that [Z] ;] = [Zi] + ¢; j[Z1]. This proves the
claim. (]

This means that the only possible values for e are 0 and 1. We will now charac-
terize the cases in which each value is obtained.

Lemma 9.2. If corank(H|[fo](0)) > 3, then e = 0.
Proof. Consider the unfolding
(26) F(,Il, cees Ty b, (Ci,j)) = (Gl,b? ceey Gn—3,b)(hi,j + Ci,j)(Gl,by ceey Gn_37b)t.

given in (1). If corank(H|[f](0)) > 3 there exists a parameter so € S and a point
x € ¥, such that the germ f,, at x is right-equivalent to a germ of the form:

Ii l2 I3 h
lo Iy 5 0 Y2
<y17y2>y3a--~) : l3 l5 l6 Y3 )
0 |1d

where the /;’s are generic linear forms and the y;’s are variables. The Milnor fibre
of such germ function is the suspension of the Milnor fibre M of

ll 12 l3 Y1
(y1,92,y3) - | Lo s |- | v |,
I3 Is g Y3

and this one can be computed by projecting to the variables (y1,y2,y3). This
projection is a fibration over C3 \ {0} ~ S® whose fibre is contractible for being
given by the solutions of a system of linear equations. So M has the homotopy
type of S° and Hy(M) = 0. The general case is a suspension of this one. Hence the
Milnor fibre of the germ f,, at z is homotopic to S*~! and its (n — 2)-homology
vanishes.

Since X, is smooth at z its versal deformation is trivial. Hence the unfolding
given by (1) for the germ (f,), is of the form:

(27) F(.’I}l, ceey Ly (Ci,j)) = (Gl,SO’ ceey Gn73,so)(hi,j + Ci,j)(Gl,sm ceey Gn,3)50>t.

with (¢; ;) € SM(n — 3). Observe that this unfolding can be obtained by pullback
and localising near z from the unfolding (26). Let B(z,€p) be a Milnor ball for
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(fso)x contained in the Milnor ball B, of f. If s is generic and very close to sy and
t is small enough then

(28) v f7N ) N Bz, e0) — £ (t) N B

is an inclusion of the Milnor fibre of (fs,), into the Milnor fibre of f.

Since corank(H(fs,))(z) > 2, if s is close to sy there exists at least a point
p; of ¥[2]s contained in B(z,eq). If e # 0, that is, if H,_o(M;Z2) # 0 then,
by Proposition 3.1 with coefficients in Zy there is a S"~2 in A; C f7(t) N B.
representing a non-trivial homology class in the Milnor fibre of f. But this is
impossible because A; is already contained in f;1(¢) N B(z,€0) and in this space
there is no non-trivial (n — 2)-homology. O

Now we will see that, in the case where corank(H|[fo](0)) = 2, the number e
turns out to be 1. Recall that A; is homotopic to S?~2, denote by Z the generator
of H,_2(A;;Z). Since we have an inclusion 4 : A; < M, we need to check that

ix(Z) # 0.
Lemma 9.3. If f is of the form

_ . h1,1 h1,2 . g1
f_ (91,92) ( h1’2 h2,2 ) ( g2 )
then i,.(Z) #0

Proof. Let w be a closed differential form defined in C?\ {0} such that [;, w # 0
for a sphere S around the origin in C2. Consider the map

¢:C" —C?

defined by ¢ = (g1, g2).
Then ) := ¢*w is a closed differential form defined over the Milnor fibre of f.
The change of variables formula gives the inequality fi*( 2) P*w #0 ]

Now let’s generalize this argument for the case where the corank is two, but the
dimension is higher:

Lemma 9.4. If corank(H|[fo](0)) = 2, then e = 1.

Proof. We may assume (see 2.1) that f is of the form

h1,1 hl,z g1 2 2
f=1(91,92)- ( his oo ) - ( o ) +g5+ -+ gas

We consider the unfolding F' defined in (6). Clearly there are parameters s such
that the functions (h1,1.s,h1,2,s,h2,2.5,G1,s,--.,Gn_3,s) vanish at the origin and
form a holomorphic coordinate system around it. In this case the local Milnor fibre
of the deformed function F; at the origin has the homotopy type of a (n—2)-sphere.

Let € and ¢ be radii for the Milnor fibration of f. Let ¢ and ¢’ be radii for the
Milnor fibration of f at the origin. By Theorem 2.2 we have that F.-1(8') N B, is
diffeomorphic to the Milnor fibre of f. Let Z be a cycle in the local Milnor fibre
F71(8") N B generating the (n — 2)-homology group. In order to show that e = 1
it is enough to show that the homology class [Z] is nonzero considered in the bigger
space F;1(6") N B.. For this it suffices to find a closed (n — 2)-differential form €,
defined in F;'(6") N B such that [, Q # 0.
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In order to define such a form, choose a positive function g : C +— R C C such
that B|p(o,n/2) = 0 and Blc\p(o,n) = 1 for a sufficiently small radius 1. Now take w
a closed 3-form in C?\ {0} that generates the de Rham cohomology in degree 3.

We have the function

Y :C*"\V(G15,Gas) — C2\ {0}
T — (G1(x),Gas(x))

Define
Q.= ’(/J*OJ A ﬂ(Gg,s +eee Tt G?L*?),t - 5l)dG3,S ARERRA dGn73,s~
Let us check that Q is defined in all F;1(§") N Be: the form ¢*w is only defined

in C"\ V(G1,s,Ga,s), but the factor (G5, —--- — G _3 , — &) is identically zero
when G5, — -+ — G2 _3 _ — 0’ is small enough.

In order to check that €2 is closed notice that since w is closed, so is ¥*w. Hence
it is sufficient to show that

6(G§,s et G?L—S,t - 6,)dG3,S ARERIA dGn—3,s

is closed. A chain rule argument shows the equality:

86 n—3
2 2 no_ 2 2 ) )
dﬁ(Gi’),s +o Gn73,t =9 ) - &(GS,S - Gn73,s) ; QGZ,SdGLS
which means that
86 n—3
dQ = Y wA &(G;S to 4 GE g =)D 2GiWdGi ) AdGs oA+ NdGy 5.5 = 0.
i=3

Finally we will check that the form () integrated against the cycle Z gives a
non-zero result. We start by giving an explicit description of Z. Let Z’ be the cycle
that generates the 3-homology of

{(G1,5,G2,5)(hijs)(G1,s,Gas) = 0"} N Ber.
Define the function
Quy : CP — C’
(z1, 22,23, 24, 05) +—— Y L(x1, 22, 23,24, 75)
The cycle Z admits the following parametrisation: since the functions
(h1,1,5,h1,2,5, 22,5, G165+, Gno3.s)

form a holomorphic coordinate system at the origin the vanishing of the first 5 of
them defines a germ (M, O) of (n — 5)-dimensional complex manifold at the origin.
Let B(0,4/§') denote the ball of radius v/’ centered at the origin of R"~5 being
R™~5 the real locus of (M, Q). The parametrisation is given by

Z' x B0,/ — Z
(Y3 Yn—3) > (ag_yz 2 (D), Y3, Yn-3) ’

Now we compute f » € using Fubini’s theorem:

/ Q:/ VONBGE 4+ G2y —6)dGs N NGz =
z "xB(0,V/3) ' ’

— 2 —_— s 2 R 4 . * * ... =
B /B(O,ﬁ) ﬁ(G&S +Gn73)8 0 ) // acgv-§+"'+ci73,s_5/w WdGB’S/\ /\dGn_37s -
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= / BGh+ 4+ G2 55 —08)dG3 s A+ NdGp_3
B(0,v/3) ' '

which is nonzero. O
Now we can prove easily Lemma 8.1 using an example:

Proof of Lemma 8.1. Since we are with coefficients in Zs, if the mapping is not an
isomorphism then it is identically zero.
The function f : C° — C given by

f=(21,22) ( ii 33336—43% ) ( il )

has finite extended codimension with respect to (z1,22). By a procedure similar
to the one we have used to compute the homotopy type of the Milnor fibre of the
D(3,2) singularity, in [4] we have shown that the Milnor fibre of f at the origin is
homotopy equivalent to S?.

If we take a generic parameter s of the unfolding F associated to f in Section 2
we see that F; has no Morse points outside X3 = g, there are precisely 2 points of
type D(3,2), and the Milnor number of the i.c.i.s. 3o N {det(H(f)) = 0} is equal
to 3. Let us assume that the mapping in the statement of Lemma 8.1 is identically
zero. In this case the previous long exact sequences can be used to compute the
homology of the Milnor fibre of f, and they give that the 4-homology group is
non-zero. This gives a contradiction. (I

9.2. Integral coefficients. From the integer homology of X, it is easy to see by
the Mayer-Vietoris sequence that Hp(M;Z) = Hg(X;Z) for k #n—1,n — 2.

On the other hand, the group H,_1(M;Z) is torsion free since M is a (n — 1)-
dimensional Stein space. By the Universal Coefficients Theorem and our computa-
tion of homology with coeffficients in Zs, it is easily obtained that H,,_(M;Z) has
no 2-torsion: as we have seen in the proof of Lemma 9.4, when e = 1, the Zs com-
ponent of H,_2(M;Zs) is represented by a torsion free class (its integral against a
closed form is non-zero), and hence it comes from a Z component in H,_o(M;Z).
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Summarising, the Mayer-Vietoris sequence with coefficients in Z is as follows:
(29)

@ianl(ﬂ-_l<aCi);Z) > @anfl(CwZ)@anl(XaZ) — nfl(M7Z>
2l 2l Al 2l
0 0 Zu172a+1 Z#0+2u174a+1+e

J
-

®iHp_o(m 1 (0C;); Z) == ®;Hp_o(Ci; ZYDHp—2(X;Z) —> H,_2(M;Z)
2l 2l 2l 2l
Zpotr—a 0 ze Z5e T

J
(
@®iH,—3(m 1 (0C;);Z) — @®;Hy—3(Ci; Z)YDH,—3(X;Z) — H,_3(M;Z)

2l dl Ul Al
0 0 0 0

J
(
®iHp_a(m71(0C;); Z) — ®iHps(Ci; ZYDHp—o(X;Z) —s Hy,_s(M;Z)

2l 2l 2l 2l
ZHotH1—a ZHotpi—a 0 0

where T is a torsion group without 2-torsion. We prove now that 7" = 0. We have
to deal separatedly with the cases corank(H (f)) > 3 and corank(H(f)) = 2.

Lemma 9.5. If corank(H(f)(O)) > 3, then T = 0.

Proof. Let F : C" x S — C be the unfolding associated with f in Section 2. By
Theorem 2.2 there is a monodromy representation

p:m(S\A) = Aut(H,_o(F;(6) N B Z)).

By Lemma 2.4, if one of the generators of the form S; of H,,_2(X;Z) maps to zero
in H,_2(F;1(6) N Be; Z), then every other generator of the form S; maps to zero
too. In the proof Lemma 9.2 we have seen that this is the case. By Homology
Splitting we conclude that any S; is zero in H,,_o(M;Z).

Now let z € H,,_2(M;Z) be a p-torsion element with p # 2. Then pz = 0, which
means that, considered with coefficients in Zg its class [z] € H,_2(M;Zs2) must
be also zero. This means that z is homologous to 2’ = ). 2a;Z;. But from the
exactness of the sequence

0— EBiHn—Q(-Ai;Z) - Hn—Q(X; Z) - @iHn—fi(aAi;Z) — Hn—3(B; Z) —0

we get that 2Z; can be expressed as a linear combination of the S;’s (recall that the
S; are the images of the generators of H,_2(A;;Z), and that the Z; corresponds
to the generators of the kernel of @®;H, _3(A; N B;Z) — H,_3(B;Z), which is
isomorphic to ngl). We can finally conclude that 2’ can be expressed as a sum of
some S;’s, but as we have seen before, all of them are zero in H,,_o(M;Z). O
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Lemma 9.6. If corank(H(f)(O)) =2, then T = 0.

Proof. Let z € H,_o(M;Z) be a p-torsion element with p # 2. Then we have the
following equality with coefficients in Zs:

0= [Z] € ang(M;ZQ).

As before, this means that homologically, z can be expressed as z = >, a;S;.
Assume that all S; are equal in H,_o(M;Z). We would have that, integrating
against the form Q of Lemma 9.3 and Lemma 9.4 (normalizing it if necessary) we

get

which, by the hypothesis of z being of p-torsion, means that ). a; = 0, and, hence,
that [z] = 0.

We only need to prove that S; and S; represent the same class in H,,_s(M;Z)
for any ¢, j.

If the functions

(30) {hi,1,h12,h22, 91, ., Gn—3}

form an i.c.i.s at the origin of Milnor number 0 (that is they are smooth and
transverse) then there is only one sphere S; and the result is proved. Let us assume
that they form an i.c.i.s at the origin of Milnor number at least 1.

Given a point sy € S\ A there is a 1 — 1 correspondence between points p; of
¥[2]s, and spheres S; as above. To a vanishing cycle {p;,p;} (recall Definition 2.6)
corresponds a pair of spheres {S;,S;}. By Lemmas 2.7 and 2.8 in order to prove
that S; and S; represent the same class in H,,_o(M;Z) for any ¢, j it is enough to
show that there exists a vanishing cycle {p;, p;} such that S; and S; represent the
same class in H,,_3(M;Z). This reduces the proof to the case in which the Milnor
number of the i.c.i.s. defined by (30) at the origin is 1.

The fact that the functions (30) have Milnor number 1 at the origin implies
that at least n — 1 of them must be linearly independent variables (after a suitable
change of coordinates). After this it is easy to see that we can restrict ourselves to
one of the following cases that we will list and analyse below. In this analysis we
will use repeatedly the following fundamental fact, which is clear from Homology
Splitting and from Section 5:

Fact 1. The homology of the Milnor Fibre of a germ f only depends on the
number of Morse points appearing in a generic value of s of the base space of
the versal deformation S and on the topology of the triple (35, 3[1]s, X[2]5). The
homology of M only depends on the topology of the triple. The homology of the
Milnor Fibre has torsion if and only if the homology of M has torsion.

The list of cases is the following:

CAse 1. Suppose f = (g1,92) - ( g3 94 ) . ( g1 ) with g1, 92, g3, g4 inde-
ga G5 g2

pendent variables. In this case, we can take coordinates such that g; = z; for
i=1,...,4, and g5 = axz + br2 + ¢, being ¢ a sum of higher order terms.
Consider the following family of functions:

fom (o) (T2 o (o
t = \T1, 22 Ty aws+br+to To )
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It is clear that f; = f. For any t the singular set ¥ is smooth, the set X[1]
is the surface given by the suspension of two smooth branches with intersection
multiplicity equal to 2, and the set X[2] is just the origin. After a perturbation the
triple (X, 3[1], X[2]) becomes a triple which has the topology of

((C3, Vizi(z1 + zg -1+ 232,, V(zl,zg —1,23))

independently of ¢t. Moreover in the generic perturbation there are no A; points
appearin outside ¥ for any ¢t. Therefore, by Fact 1 in order to compute the homology
of the Milnor fibre we may assume t = 0.

Write fo = 23w3 + 22012074 + aw323 +br3z? = (23 + axd)ws + (27122) w4 + b2da2.
Since it is quasi-homogenous, we can take infinite Milnor radius and we are reduced
to compute the homology of:

(23 + ax3)ws + (2x102) 2y + brjal = 1.
Projecting to (z1,72), we see that there exists a preimage if and only if (2% +
ax?, x11o,bx3) # (0,0,0), that is, everywehere except in the point (z1,z2) = (0,0).
It can be easily checked that the fibre over each point is contractible, and hence
the Milnor fibre Fy, has the homotopy type of C?\ {0} ~ S3.

CASE 2. Suppose f = (g1,92) - ( g3 913 . ( 9 > with g1, g2, g3, g5 inde-
ga g5 g2

pendent variables. We can write f = (x1,z2) - < T3 94 ) . ( 1 ), where
g4 Ts T2

g4 = axy + bxy + 23 + ¢, being ¢ again a sum of higher order terms. After an

appropriate change of basis in 1 and z2 we get

_ T3 ary + bxs —l—xi—f—qﬁ 1\

= (21,22 ( azq + bry + 23 + ¢ T5 zy )
— (21—22, 72)- T3 axl—&—bxg—&—xg—&—xi—&—qb o T1i—x2 )\ _
T\, 2 ary +bry+x3+23+¢  2axy + 2bxo + 73 + T35 o o

2ax1 + 2bxro + 13 + 75  axy +bro + a3+ 75+ @ T
= (22, 11—22) 2 .
ary +bry +x3+ 2]+ ¢ T3 X1 — To
which falls into the previous case.

CASE 3. Suppose f = (¢1,92) - s 9a ) . ( g1 ) with ¢g; and go are not
g4 95 92

linearly independent variables. After a change of base, we may assume that f is of

the form
_ s T S N A |
et (5 2) (%)

where ¢ has a Taylor development starting by a generic cuadric. Like in Case 1,
using Fact 1 and an apropiate family f;, we may reduce the to the case in which
qzm%—l—x%—l—x%—l—xi—l—x%.

The triple (X, X[1], X[2]) and its deformations (X, X[1]s, X[2]s) when we move s
in the base S of the unfolding are always contained in the hyperplane z; = 0. We
restrict to this hyperplane and forget the variable x; for the rest of the analysis of
this case.

In this hyperplane, the i.c.i.s. X is given the hypersurface ¢ = 0, and the singular
locus of det = x3-x5—x7 is the xo-axis. When we consider the Milnor Fibre ¢~ (s),
it intersects the x5 axis in two points. This two points correspond to two vanishing
cyles S1, S5 in the Milnor Fibre F of X[1] = V(z1,q,det). Each vanishing cycle
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S; corresponds to a point p; € X[2]s, which gives a class S; in H3(M;Z). We
need to prove that these two classes are equal. Running in this particular case
the general considerations made in Section 9 in order to compute the homology of
M, we observe that if we find a vanishing cycle Ss in F meeting each S; and S
transversely at a point, we can use it and the fibrations above it, in order to express
the chain S; — S5 as a boundary.

The critical locus of the germ (g, det) : C* — C? consists of four linear compo-
nents, whose parametrizations are given by (¢,0,0,0) (0,¢,0,¢), (0,¢,0,—t) and
(0,0,t,0) respectively. The corresponding components of the discriminant are
parametrized as follows: (t,0), (2t2,t2), (2t2,—t?) and (#?,—t?). Since we are
working on the Milnor fibre of ¢, we are looking at the preimage of the set {(x,y) €
C? | z = 1}. In that line, the point (1,0) correspond to the values where we want
to look for the vanishing cycle touching the two critical points, which are (1,0, 0,0)
and (—1,0,0,0). In order to track how this cycle vanishes, we will consider the
interval (1, €), where € ranges from 0 to % We will consider the expansion of ¢ and
det based at the point (0, %, 0, %)

=12 4+V2s+ 22 + 22+ V25 + 22+ 1

1 1
det = B + — (23 + 5) + z325 — 22.

V2

For a fixed € € [0, 1], the fibre over the point (1,€) is given by

1 1
§w2+\/§w+x§+522+x320

x5+ 3z + 27 =1—2¢

where w = (23 + x5), 2 = 3 — 5.

The real solutions of 3 + 323 + 2% = 1 — 2¢ are a single point if ¢ = 1 and
a 2-sphere if € € |0, %) Fixed x2, x4 and z, there are two posible choices for w,
except when the discriminant of %uﬂ +2w+ 3+ %22 + 2% vanishes, that is, when
23+ 322+ 2% = 1. But this condition, togeteher with 23 + 323 + 22 = 1 — 2¢ implies
43 + 2% = —4e, which does not have real solutions if € > 0. Since S? is simply
connected, the only possible double cover over it is two copies of S?. That is, we
have two copies of S? over each point between (1,0) and (1, %), this two spheres
collapse when we go to (1,1), and they intersect in two different points at (1,0).
This two points of intersection are preciselly (1,0,0,0) and (—1,0,0,0), which are
the singular points of det at ¢ = 1. Any of this two spheres is a vanishing cycle as
we are looking for.

CASE 4. If f is of the form

T3 T4 0 T
f=(@,22,96) | 24 25 0 | | 22
0 0 1 de

with the linear part of gg linearly dependent with 1,9, x3, x4, x5, the configura-
tions (X, X[1], 3[2]) and its deformations (X, X[1]s, 2X[2]s) are easily checked to be
suspensions of those in the previous case. Since all the method depends on this
configuration, this case can be treated in the same way as the previous one. (I
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9.3. The case of corank(H(f)(0)) = 1. In this case X = B fibres over h; *(0) ~
V., S? with fibre S"73, and B, fibres over h; *(0) with fibre S"~*. Since h; *(0)
is simply connected, both fibrations are orientable. Using the Gysin sequence of
these fibrations we get that Hy(B;Z) = Z for k = n — 3,0, Hy(B;Z) = Z" for
k=mn—1,2, and 0 otherwise. Adding the Lefschetz thimbles as in subsection 9.2,
we obtain that

Hy 1 (M;Z) = 72+,
Hy, 3(M;Z) = Z,
Ho(M;Z) = 7/

Ho(M;Z) =2 Z,

and the rest of the homology groups are trivial.

10. THE HOMOLOGY OF THE MILNOR FIBRE

Once we have computed the homology of M we can use Proposition 3.1 to
compute the homology of the Milnor fibre of f.

Since the tubular neighbourhood 7' is homotopy equivalent to the Milnor fibre
of ¥, of the 3-dimensional i.c.i.s. ¥y we have

Hy(T;Z)=Z
Hy(T;Z) = 710
H,(T;Z)=0
for any other 1.
The inclusion of M in T gives clearly an isomorphism in the Hs when n > 7, and

hence H;(T, M;Z) =0 for 1 <i <3, and H; (T, M;Z) = H;(M;Z) for i > 4.
We have obtained:

Theorem 10.1. Let g and py be the Milnor numbers of the i.c.i.s. (g1,...,gn—3)
and (det(H(f)), g1, -.-s gn—3)- The homology of the Milnor fibre is the following:

e [f corank(H (f)(0) > 3:
Hy_(Fy; 7) 22 gro+2m—datit#As
Hy(Fg;Z) =0
ifl<k<n-—2,
Hy(Fy;Z) = Z.
e [f corank(H (f)(0) = 2:
Hy1 (Ff;Z) & gro+2m—ta+24A;,
H,(Ff;2) = Z,
H,(Fs;Z)=0
ifl1<k<n-3
Ho(Fy;Z) = Z.
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o [f corank(H(f)(0) = 1:
H,_1(Fy;Z) = zrot2m
Hn—?)(Ff; Z) = Z,

Hk(Ff;Z):O
ifk=n—2and if 1l <k<n-—4,
Hy(Fy;Z) = Z.

e [f corank(H (f)(0) = 0:
Hy1(Fp Z) = 7,
Hn—4(Ff§Z) =7,
Hy(Fy;Z) =0
ifk=n—-2n—-3and1 <k<n-—4,
Hy(Fp;Z) = Z.

Proof. Our computations work for the case corank(H (f)(0)) > 0, if n > 8. In order
to remove this restrictions we notice that by Thom-Sebastiani the Milnor fibre of
f + 22 with z a new variable is the suspension of the original Milnor fibre, and that
the case corank(H (f)(0)) = 0 was proved by Nmethi in [14]. O

11. THE HOMOTOPY TYPE OF THE MILNOR FIBRE
Proposition 11.1. The Milnor fibre F; is simply connected if corank(h; ;(0)) # 0.

Proof. For n > 6, the Kato-Matsumoto bound [9] tells us that F is simply con-
nected. For the case where n = 5, we will need the following reasoning.

Let Z1,..., Zu 4, be representatives of the vanishing cycles of F ¢ corrsponding to
the A; points that appear outside X5 in a generic deformation. Let C(Z;) denote
the cone over Z;. Let C(r) be the cylinder of the mapping

™M — Y.

The space C(7) is simply connected because it admits the simply connected space
Y5 as a deformation retract.
By construction we have that

F;UC(r) Uga, O(S")

is homotopy equivalent to the contractible space X (see Section 3). Since each Z; is
homeomorphic to S%, by Seifert-Van Kampen theorem, the gluing of the C'(Z;) has
no efect over the fundamental group, since both 71 (C(S*)) and 7 (S*) are trivial.
The same reasoning tells us that, if 71 (M) is trivial, so must be w1 (F).

The space M is obtained from X by gluing the preimage by 7 of several Lefschetz
thimbles. These pieces are topologically D? xS! glued along S? xS!. By Seifert-Van
Kampen theorem, if 71 (X) is trivial, the adition of these pieces does not change
the fundamental group. So, to prove that 71(M) = 0 it is enough to prove that
st (X) =0.

We may compute 71 (X) using Seifert-Van Kampen with the decomposition

X=BUA U --UA,.
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In Section 5 it is shown how the mapping 7 allows to express each of the pieces of
the decomposition as fibrations with fibres homotopy spheres of dimension at least
2 over the corresponding piece of the decomposition

Y Ndet(H(Fy)) 1 (0) = BoU A1 (Q) U -+ U Au(Q).

Using this it is easy to see that the computation of 71 (&X") by Seifert van Kampen
mimics the computation of (X, N det(H(Fs))~1(0)), but this space is simply
connected (in fact a bouquet of 2-spheres). O

We now have all the necessary ingredients to prove our Bouquet Theorem.

Theorem 11.2. The Milnor fibre of a singularity over a 3-dimensional i.c.i.s.
with finite extended codimension has the homotopy type of a bouquet of spheres of
different dimensions.

Proof. From Proposition 11.1 we know that the Milnor fibre is simply connected.

In the case where corank H(f)(O) > 2 (that is, a # 0) we have computed the
integer homology, getting that H,,_1(Fs;Z)) and H,,_2(F;Z) are free and finitely
generated and H;(Fy;Z) = 0 otherwise. In this situation, since the Milnor Fibre
has the homotopy type of a (n — 1)-complex, we can apply [14, 2.2] and [?, 2.3] and
we get the result.

If corank(H (f)(O) = 0 the result is covered by Theorem 4.1 of [14].

We are left with the case in which corank(H(f)(O) = 1. By Criterion 2.2 in
[14], we only need to represent each generator of the non-zero homology groups by
a chain modelled in a sphere. When corank(H (f)(O) = 1, in the decomposition of
M given in Section 5 we have that B coincides with X', that B, is diffeomorphic
to By, which are Milnor fibres of the 2-dimensional i.c.i.s. g NV (det(H(f))) and
that the fibration (11) becomes a homotopy S"~3-fibration

(31) ©: X — By 2 B,.

The generator of H,_3(Ff;Z) is the Gysin lift of the generator of Hy(B;Z),
and hence it is represented by a sphere. By Homology Splitting, the generators
of H,_1(Fy;Z) come from two different places: the ones coming from the A;-
singularities of fs outside ¥4 and those coming from H,,_1(M;Z). The first gener-
ators are clearly represented by spheres (the vanshing cycles of the A;-singularities).
The generators of H,,_1(M;Z) come in turn from two different places: the ones
comming from the image of H,_1(X;Z) in H,_1(M;Z), and those coming from
the addition to X of the spaces C; (see the decomposition formula (22)). Recall
that each C; is the product of a Lefschetz thimble associated to a vanishing cycle
of B, = {det(H(fs) = u} N X, with the homotopy-sphere S"~*, which is the fibre
of the fibration (20). The ones coming from H,,_1(X’;Z) are Gysin-liftings over the
vanishing cycles of B,, of the fibration (31).

We claim that the fibration of (n — 3)-spheres over By is trivial. Since By
is a bouquet of 2-spheres given by vanishing cycles it is enough to prove that
the fibration, restricted to each of the vanishing cycles of By is trivial. Choose a
vanising cycle C;. Move the parameter s so that that s is very close to a parameter
so in which X4 N V(det((fs))) adquires an A; singularity to which the vanishing
cycle C; collapses. In this situation a local change of coordinates shows that to
prove that the fibration is trivial over C; is equivalent to prove that the fibration
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of (n — 3)-spheres associated to the function

f=f+a3+a3)2l+ ) a?
=5

is trivial over the vanishing cycle of the restriction of 2?2 + 22 + 23 to V (x4, ..., 7).
Proving this is an easy local computation.

Now we represent each of the two kinds of generators of H,,_1(M;Z) by spheres.
Let us start by the first kind. By the claim the group H,_1(X;Z) is generated by
chains of the form

7:$2 xS 5 X C M CFy,

where 7(S? x S"73) is a Gysin lift of a vanishing cycle C; of By by the fibration (31).

Choose a section s of this fibration such that s(C;) is inside 7(S* x S"~2). For
n = 5, the sphere s(S?) is trivial in Ho(X;Z), since this group is generated by the
fibre. This implies that it is also zero in Hy(Fy;Z), and, by Hurewicz’s Theorem,
it is also trivial in ma(Ff). For n > 5 the triviality of s(S?) in m2(F;) holds by the
connectivity of the Milnor fibre. This means that s(S? x {point}) can be killed
by a 3-disc inside Fy. By Lemma 4.5 in [14], we have that the homology class
[T(S? x S"73)] can be represented by a sphere of dimension (n — 1).

We study now the homology classes in H,,_1(F1;Z) coming from a the addition
of an space C;. The space C; is the product of a Lefschetz thimble L; associated to
a vanishing cycle C; of B, with the sphere S*~*, which is the homotopy-fibre of the
fibration (20). Recall that over B, we have in fact a fibration of pairs with fibre
homotopic to (S"~3,S"~4) being S"~* embedded as the equator of S*~3. Consider
a collar K = 9L, x [0,1] of OL; in the 3-cell L;. We deform continuously the chain
given by the embedding of L x S"~* in M so that fibrewise S"~* is the equator
of S”73 over any point of the internal boundary of the collar and so that S*=* is
collapsed to the north pole of S*~3 at the external boundary dL; of the collar. The
resulting chain is called

@:L;xS"* Fy.
The mapping
s:0L; = X CFy
which assigns to a point of OL; the north pole of the fibre S”~3 has been seen before
to be a trivial element in 7o (Ff). Therefore there exists a 3-disk L’ bounding 9L;
and an extension
s L — F}

of s. The identification L Usr, L' along their common boundary is a 3-sphere. A
representative of our homology class is given by the chain

¢ : (Lz UarL, L/) X Sn_4 — F}

defined by ¥|p«sn—1 := ¢ and Y| wgn-a := s'opry, where pry is the projection of
L’ x S"™* to the first factor. Notice that the source of ¢ is a product of spheres,
which we view as a trivial fibration of S*~* over LUy, L' = S?, and that v fatorises
through the result of collapsing to a point the fibre over any point of L’. Again
Lemma 4.5 in [14] represents the homology class by a sphere. O
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12. EXAMPLES

Despite the apparent simplicity of the homotopy type of the Milnor fibre of
the class singularities considered in this paper, it is possible to find among them
unexpected topological behaviours which at the moment have not been observed
in singularities with smaller critical set. As an illustration of this we summarise
here the properties of a family of examples, which fall in the general class studied
in this paper, and which was used in [4] to produce counterexamples to several old
equisingularity questions.

Ezample 12.1. Let ¢ a possibly identical to 0 convergent power series in a variable
x1. Define
ftP : ((251 O) - (C
by
x T
fo(z1, 22,23, 91,92) = f = (y1,92) - ( ° ? ) ) < o > .

T2 <P(331) — X3 Y2

If ¢ is not identical to 0 the function f, is of finite codimension with respect to
the ideal T = (y1,y2). The critical set ¥ = V(y1,y2) is 3-dimensional and smooth.
It is easily checked that the I-unfolding

ord(p)—2
(32) Fo=fo + Z tirhys,
i=0
where ord(p) denotes the order of the series ¢ in x1, is the versal I-unfolding of
fo in the sense of [15] and [3]. Hence we can obtain all I-unfoldings of f, by
considering deformations of the form
ord(p)—2

i=0
Notice that the determinant
det H(f,) = z3(p(x1) — x3) — xg 1 (2,0) = C

has a singularity at the origin of type Asorq(,)—1- An easy computation shows that
if (f,)s is a generic deformation of f, in its versal I-unfolding, the cardinality of
the set X[2]; of points where H(f3) has corank precisely 2 is equal to ord(yp).

It is also easy to check that for any s in the base of the versal I unfolding the
critical set of f, is equal to ¥ = V' (y1,y2). Hence there are no A; points popping
out of 3 in a generic J-unfolding of f,.

Noticing that corank(H(f,))(O) = 2 we may apply Theorem 10.1 to show that
the Milnor fibre is 2-connected, with third Betti number equal to 1 and fourth Betti
number equal to:

by = pro + 21 —4da+ 2+ #A; =0+ 220rd(p) — 1) —dord() +2+0=0,

which, surprisingly, is independent of ¢. By Theorem 11.2 we conclude that the
Milnor fibre of f, is homotopy equivalent to a 3-sphere. The remarkable fact is
that the homotopy type of the Milnor fibre is independent on ¢ and at the same
time the topology of the pair of germs

(33) ((%,0), (£[1]s,0))

depends heavily on the value s in the base of the versal unfolding.
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In [4] it is shown that in fact the diffeomerphism type of the Milnor fibration
of the germ f, and the generic Lé-numbers are independent of ¢. Using that the
topology of the pair (33) depends on s it is also proven that the topology of the
abstract link of f, does depend on ¢. This kind of examples and their stabilisations
are at the moment the only known families of examples with constant Lé numbers
and constant Milnor fibration and changing topological type. They answer nega-
tively a question of D. Massey in [11]. In [4] modifications of these examples are
also used to give the first known counterexample of Zariski’s Question B of [23].
Also in [4] these examples were used to construct a family of reduced projective hy-
persurfaces with constant homotopy type and changing topological type (therefore
most classical algebro-topological invariants cannot detect the change in topology).
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