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We consider the three-dimensional (3D) polarimetric properties of an evanescent optical field excited in the gap of
a double-prism system by a random plane wave. The analysis covers the case of frustrated total internal reflection
(FTIR), i.e., optical tunneling, and relies on the characteristic decomposition of the 3× 3 polarization matrix.
We find in particular that, for any incident partially polarized plane wave, the evanescent field inside the gap is
necessarily in a nonregular, genuine 3D polarization state. We also show that the 3D polarimetric properties of the
field at the second boundary are sensitive to the changes of the gap width and that the relevant effects occur for the
smaller widths when the angle of incidence of the plane wave becomes larger. The results of this work uncover new
aspects of the polarimetric structure of genuine 3D evanescent fields and may find applications in near-field optics
and surface nanophotonics. ©2023Optica PublishingGroup

https://doi.org/10.1364/JOSAA.499914

1. INTRODUCTION

Three-dimensional (3D) polarization is a subject of increasing
interest due to the recent rapid progress in nonparaxial optics
and nanophotonics [1–15]. In contrast to two-dimensional
(2D) polarization states whose electric field vector at a single
point evolves in a fixed plane, the electric field of 3D polariza-
tion states has three nonzero orthogonal components in any
reference frame [1,16]. Yet, on account of the complex structure
of 3D polarization states, a variety of polarimetric descriptors
have been developed for the analysis and physical interpretation
of general 3D states [1,5,7,15,17–22]. In particular, 3D polari-
zation states can be classified into regular and nonregular states
according to the nature of the characteristic decomposition
[17]. A regular state is represented as an incoherent composition
of a pure state, a 2D unpolarized state, and a 3D unpolarized
state, while for nonregular states the middle component is a true
3D state that can be regarded as an equiprobable mixture of two
mutually orthogonal pure states with the polarization ellipses
lying in different planes. Recently, nonregular polarization states
have been found in the context of an evanescent wave created
in total internal reflection at a lossless planar interface [23] and
tightly focused light [24,25]. In addition, it has been shown that
nonregularity implies an inner structure for the spin vector of
3D light fields [20,25].

Another frequently encountered case in which a genuine
3D light field is expected to be created is a double-prism con-
figuration with an evanescent optical wave in the gap between

the prisms. The occurring frustrated total internal reflection
(FTIR) or optical tunneling [26] has numerous applications in
contemporary physics. One of the applications is to make beam
splitters, as any desired ratio for the reflected and transmitted
light can be obtained by adjusting the distance between the two
prisms [27]. Optical scanning tunneling microscopy also takes
advantage of the FTIR phenomenon such that an evanescent
field at the tip of a sharp transparent fiber is converted into a
guided mode propagating along the fiber [28]. Other applica-
tions of FTIR include laser resonator design [29], optical filters
[30], and spectroscopy [31].

The aim of this work is to investigate the 3D polarimetric
properties of the evanescent field generated by a random, gener-
ally partially polarized plane wave in the gap of a double-prism
system. A representation for the random evanescent field is
derived from the first principles by employing the electro-
magnetic boundary conditions. Besides applying the 3× 3
polarization matrix, the creation of the wave is interpreted
as a 2D→ 3D transformation where an incident random
plane (2D) wave creates a three-component light field. Such an
approach significantly facilitates the analysis of the 3D polari-
metric features of the ensuing evanescent gap field. The analysis
reveals that, unless the incident plane wave is fully polarized,
the evanescent field is in a nonregular, genuine 3D polarization
state throughout the gap apart from the second boundary in
the case of FTIR. Furthermore, we show that the polarimetric
characteristics of the field at the second boundary are sensitive to
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the gap width. When the angle of incidence of the plane wave is
larger, smaller gap width values of the important variations are
found.

The paper is organized as follows. In Section 2, we recall the
characteristic decomposition and the notions of nonregularity
and polarimetric dimension, as well as other essential polarimet-
ric descriptors. In Section 3, we analyze the evanescent wave in
the gap and employ a general 2D→ 3D transformation to draw
conclusions on the polarimetric properties such as nonregularity
and dimensionality. Finally, we summarize the main results in
Section 4. Some mathematical steps related to the derivation of
the evanescent-wave electric field are relegated to Appendix A.

2. POLARIMETRIC CHARACTERIZATION OF 3D
LIGHT FIELDS

We consider a random, statistically stationary, 3D
electromagnetic field in the space-frequency domain. The three-
component electric field at a spatial point r and at frequency
ω is represented in the Cartesian frame by a monochromatic
realization, E(r, ω)= [E x (r, ω), E y (r, ω), E z(r, ω)]T, where
the superscript T denotes the transpose. The spectral polariza-
tion properties are fully characterized by the 3× 3 polarization
matrix [32],

8(r, ω)= 〈E∗(r, ω)ET(r, ω)〉, (1)

where the angle brackets and the asterisk represent ensemble
averaging and complex conjugation, respectively. The spectral
density (intensity) is I (r, ω)= tr[8(r, ω)]with tr denoting the
trace. The 3D degree of polarimetric purity (also called the 3D
degree of polarization [4]) is defined by the following relation:

P3D(r, ω)=

√
3

2

[
tr82(r, ω)
tr28(r, ω)

−
1

3

]
, (2)

which is bounded as 0≤ P3D ≤ 1, with the lower limit P3D = 0
referring to a fully unpolarized 3D state and the upper limit
P3D = 1 corresponding to a completely polarized (pure) state
at point r and at frequency ω. It is possible to interpret P3D as a
distance between the polarization matrix and the identity matrix
I representing a completely unpolarized 3D light [6].

For later purposes, we recall the degree of polarization of
beam fields, which reads as [32]

P2D(r, ω)=

√
2

[
tr82(r, ω)
tr28(r, ω)

−
1

2

]
, (3)

where 8(r, ω) is the 2× 2 polarization matrix con-
structed from the two-component (transverse) electric field,
E(r, ω)= [E x (r, ω), E y (r, ω)]T. The quantity P2D is limited
as 0≤ P2D ≤ 1 with the extreme values corresponding to spec-
trally unpolarized and polarized field at r. The origin of P2D is
the decomposition

8(r, ω)=8(p)(r, ω)+8(u)(r, ω), (4)

where 8(p)(r, ω) and 8(u)(r, ω) are, respectively, the polariza-
tion matrices corresponding to the polarized and unpolarized
constituents of 8(r, ω) [32]. The degree of polarization then is

the ratio of the intensity contained in the polarized part to the
total intensity, i.e., P2D(r, ω)= tr8(p)(r, ω)/tr8(r, ω).

A. Characteristic Decomposition and Nonregularity

Since the 3D polarization matrix is Hermitian, it can always be
diagonalized and written via the spectral decomposition as [17]

8(r, ω)=Udiag(λ1, λ2, λ3)U†
= I

3∑
j=1

λ̂ j û j û
†
j , (5)

where U is the unitary matrix diagonalizing 8(r, ω) and λ j

represents the (real) eigenvalues of 8(r, ω). Since 8(r, ω) is
nonnegative definite, the eigenvalues are nonnegative, and
we take them to be ordered as λ1 ≥ λ2 ≥ λ3 ≥ 0. In addition,
I = λ1 + λ2 + λ3 is the intensity, λ̂ j = λ j/I represents the
intensity-normalized eigenvalues, û j represents the unit col-
umn eigenvectors of 8(r, ω), j ∈ (1, 2, 3), and the dagger
† denotes the conjugate transpose. Above, we have dropped
the explicit spatial and frequency dependence of all quantities
except 8(r, ω). This convention will be followed also later.
To get further insight into the structure of the 3× 3 polari-
zation matrix, Eq. (5) can be developed into the form of the
characteristic decomposition [17],

8(r, ω)= I [P18̂p + (P2 − P1)8̂m + (1− P2)8̂u], (6)

where

P1 = λ̂1 − λ̂2, P2 = 1− 3λ̂3 (7)

are the indices of polarimetric purity (IPP) [1,33,34] restricted
by 0≤ P1 ≤ P2 ≤ 1. Further,

8̂p =Udiag(1, 0, 0)U†
= û1û†

1, (8)

8̂m =
1

2
Udiag(1, 1, 0)U†

=
1

2
(û1û†

1 + û2û†
2), (9)

8̂u =
1

3
Udiag(1, 1, 1)U†

=
1

3
I. (10)

The matrices 8̂p and 8̂u represent, respectively, a pure state
and a 3D unpolarized state, whereas 8̂m is the discriminating
component leading to the classification of 3D polarization states
into regular and nonregular states [17]. The polarization state
8(r, ω) is said to be regular when 8̂m is a real matrix standing
for a 2D unpolarized state, i.e., the polarization ellipse evolves
fully randomly in a fixed plane. On the other hand, the state of
8(r, ω) is nonregular when 8̂m is complex, describing a genu-
ine 3D state that is an equiprobable mixture of two mutually
orthogonal states with respective polarization ellipses lying in
different planes. Note that in the particular case of P1 = P2 the
term 8̂m in the characteristic decomposition is absent and the
state is regular.

The degree of nonregularity of the middle component
8̂m is given by PN(8̂m)= 4m̂3 [20], where 0≤ m̂3 ≤ 1/4 is
the smallest eigenvalue of Re(8̂m) with Re denoting the real
part. The state 8̂m is regular when m̂3 = 0 and nonregular
if 0< m̂3 ≤ 1/4. In addition, the state 8̂m is called a perfect
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nonregular state when m̂3 = 1/4. Such a state is an incoherent
composition of a circularly polarized state and an orthogonal
linearly polarized state, both having the same intensity. For the
full state 8(r, ω), the degree of nonregularity PN is defined
by [20]

PN = (P2 − P1)PN(8̂m), (11)

satisfying 0≤ PN ≤ 1 since 0≤ P2 − P1 ≤ 1 and 0≤
PN(8̂m)≤ 1. This definition takes into account the weight
factor P2 − P1 of 8̂m in the characteristic decomposition. The
lower limit occurs when the whole state 8(r, ω) is regular while
0< PN ≤ 1 means nonregularity. The upper limit indicates the
maximal nonregularity, which is met only when P1 = 0, P2 = 1,
and m̂3 = 1/4, i.e., there exists merely the discriminating com-
ponent in the characteristic decomposition [8(r, ω)= I 8̂m]
and this state is perfectly nonregular. Notice that nonregular-
ity is an intrinsic property of the polarization state 8(r, ω)
completely determined by its eigenvectors and eigenvalues.

B. Polarimetric Dimension

The 3D polarization state can be expressed in terms of the
intrinsic polarization matrix 80(r, ω) obtained by a rotation of
the Cartesian reference frame. The matrix 80(r, ω) represents
the same polarization state as 8(r, ω) due to the invariance
of the state in an orthogonal transformation. In the intrinsic
coordinate frame, the polarization matrix is [5]

80(r, ω)=QT
0 8(r, ω)Q0

= I

 â1 −i n̂3/2 i n̂2/2
i n̂3/2 â2 −i n̂1/2
−i n̂2/2 i n̂1/2 â3

 , (12)

where Q0 denotes the orthogonal transformation (rotation)
that diagonalizes Re[8(r, ω)]. The normalized eigenvalues
â1 ≥ â2 ≥ â3 ≥ 0 of Re[8(r, ω)] are called the normalized
principal intensities with â1 + â2 + â3 = 1, determining the
physical dimensionality and intensity anisotropy of the light
field.

The dimensionality of the intensity distribution can be quan-
titatively characterized by the polarimetric dimension [15],

D= 3− 2v, (13)

where the dimensionality index v is

v =

√
3

2

(
tr{Re2

[8(r, ω)]}
tr2{Re[8(r, ω)]}

−
1

3

)
, (14)

which describes the distance between Re[8(r, ω)] and the iden-
tity matrix associated with the 3D intensity isotropic light (see
below). The index v is unchanged in orthogonal transforma-
tions (as is thus D) and can be written in terms of the normalized
eigenvalues of Re[8(r, ω)] as

v =

√
1

2

[
(â1 − â2)

2
+ (â1 − â3)

2
+ (â2 − â3)

2
]
. (15)

The dimensionality index is bounded between 0≤ v ≤ 1;
therefore, the polarimetric dimension is limited to 1≤ D≤ 3.

The lower limit D= 1 is met only for a linearly polarized light
(â1 = 1, â2 = â3 = 0) implying the maximum intensity
anisotropy, whereas the upper limit D= 3 is encoun-
tered only for a completely 3D intensity isotropic light
(â1 = â2 = â3 = 1/3) [18]. For 2D light (â3 = 0, â2 > 0),
the polarimetric dimension satisfies 1< D≤ 2, with the case
D= 2 specifying a 2D intensity isotropic state (â1 = â2), such
as the 2D unpolarized state or a circularly polarized state. Values
in the range 2< D≤ 3 are, thus, clear signals of a genuine 3D
light field (â3 > 0). Note that 3D light can also assume any
value within the interval 1< D≤ 2.

For the polarimetric analyses in the later sections, we also
invoke the degree of circular polarization Pc defined by [1]

Pc = |n̂|, (16)

where n̂= [n̂1, n̂2, n̂3]
T is the spectral spin vector constructed

from the off-diagonal elements of 80(r, ω) in Eq. (12). The
vector n̂ describes the intensity-normalized, nondimensional,
average intrinsic angular momentum (per unit volume) in the
polarization state [5,12,21]. Together with the dimensionality
index v, we can write the degree of polarimetric purity in the
following form [18]:

P3D =

√
v2 +

3

4
P 2

c . (17)

This reveals two different but complementary contributions
to 3D polarimetric purity: the intensity anisotropy (dimen-
sionality) described by v and the spin anisotropy characterized
by Pc.

3. EVANESCENT FIELD IN A DOUBLE-PRISM
SYSTEM

A. Polarization Matrix of the Evanescent Field in the
Gap

Next we analyze the field in the geometry of Fig. 1 where a
uniform, partially polarized plane wave is incident on a system
consisting of two prisms sandwiched back-to-back and sepa-
rated by a distance d . The (real) refractive indices of the prisms
and the gap medium are n1, n3, and n2, respectively (n1 > n2).
The interfaces are in the x−y plane, and the plane of incidence
is the x−z plane. The angle of incidence θ1 is taken to satisfy
θc < θ1 <π/2, where θc = arc sin(ñ−1) is the critical angle with
ñ = n1/n2. The first limit ensures that an evanescent field is gen-
erated in the gap while the equality in the upper limit is excluded
as it is a physically unimportant situation. Notice that if the gap
width d is less than or on the order of the typical decay length
of the evanescent field, then strong multiple evanescent-wave
reflections take place at the interfaces.

The propagation of the plane wave through the double-prism
system can be rigorously treated by applying the electromag-
netic boundary conditions to the two-interface structure. This
approach is valid for both propagating and evanescent waves, as
it is a direct consequence of Maxwell’s equations. The electric
field within the gap contains two waves: a forward plane wave
with wave vector k+2 traveling (or decaying) in the positive
z direction and a backward plane wave with wave vector k−2

propagating in the negative z direction. The derivation of the
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Fig. 1. Transmission of a partially polarized plane wave through a
system of two parallel prisms between which a 3D evanescent field is
generated. The refractive index of the gap medium is n2 while those
of the prisms, separated by d , are n1 and n3, respectively. The wave is
incident in the x−z plane with the angle of incidence θ1.

transmission and reflection coefficients t s,p
+ and r s,p

− , which give
the amplitudes of the s - and p-polarized components in the gap
in terms of the incident ones, are given in detail in Appendix A.
The expressions are

t s,p
+ =

E s,p
+2

E s,p
+1

=
t s,p
12

1+ r s,p
12 r s,p

23 e−2k1γ d
, (18)

r s,p
− =

E s,p
−2

E s,p
+1

=
t s,p
12 r s,p

23 e−2k1γ d

1+ r s,p
12 r s,p

23 e−2k1γ d
. (19)

Here E s,p
+1 are the complex amplitudes of the s - and p-polarized

components of the incident plane wave, whereas E s,p
+2 and E s,p

−2
represent the amplitudes of the forward and backward propa-
gating plane waves in the gap, respectively. In addition, t s,p

ij and

r s,p
ij are the Fresnel transmission and reflection coefficients for

an interface between media i and j , with i j ∈ (12, 23) [2].
In Eqs. (18)–(19), we have used Snell’s law sin θ2 = ñ sin θ1,
where θ2 is the angle of refraction at the first boundary, and
the fact that the z component of the wave vector k+2 in the

gap can be expressed as kz2 = ik2

√
(ñ sin θ1)

2
− 1= ik1γ ,

with γ = ñ−1
√
(ñ sin θ1)

2
− 1 and k1, k2 denoting the

wavenumbers in the first prism and the gap, respectively.
The total electric field in the gap is a superposition of the two

waves, i.e., E(r, ω)= E+2(r, ω)+ E−2(r, ω), whose com-
ponents can be expressed in the Cartesian coordinate system
as

E x (r, ω)= cos θ2(−E p
+2e ik+2·r + E p

−2e ik−2·r), (20)

E y (r, ω)= E s
+2e ik+2·r + E s

−2e ik−2·r, (21)

E z(r, ω)= sin θ2(E
p
+2e ik+2·r + E p

−2e ik−2·r). (22)

By employing Snell’s law as well as the transmission and reflec-
tion coefficients defined in Eqs. (18) and (19), we obtain for the
electric field in the gap,

E(r, ω)=

 −i ñγ (tp
+e−k1γ z

− r p
−e k1γ z)E p

+1
(t s
+

e−k1γ z
+ r s
−

e k1γ z)E s
+1

ñ sin θ1(t
p
+e−k1γ z

+ r p
−e k1γ z)E p

+1

 e ik1 sin θ1x .

(23)
In this equation, we have used the fact that, due to the boundary
conditions, the transverse components of the wave vectors are
the same on both sides of an interface. It should be noted that the
second terms on the right-hand sides of Eqs. (20)–(23) originate
from the reflection of the primary evanescent wave (the first
terms) at the second boundary.

In later sections, the field in Eq. (23) constitutes our starting
point, but for completeness, we provide at this stage the full
3× 3 polarization matrix for the evanescent field in the gap.
This can be obtained from Eqs. (1) and (23), and it is

8(r, ω)= ñ2γ 2ξxxφpp i ñγ ξxyφps i ñ2γ sin θ1ξxzφpp

−i ñγ ξ ∗xyφsp ξyyφss ñ sin θ1ξyzφsp

−i ñ2γ sin θ1ξ
∗
xzφpp ñ sin θ1ξ

∗
yzφps ñ2 sin2 θ1ξzzφpp

 ,
(24)

with

ξxx = |t
p
+|

2e−2k1γ z
+ |r p

−|
2e 2k1γ z

− (tp
+)
∗r p
− − tp

+(r
p
−)
∗, (25)

ξyy = |t s
+
|
2e−2k1γ z

+ |r s
−
|
2e 2k1γ z

+ (t s
+
)∗r s
−
+ t s
+
(r s
−
)∗, (26)

ξzz = |t
p
+|

2e−2k1γ z
+ |r p

−|
2e 2k1γ z

+ (tp
+)
∗r p
− + tp

+(r
p
−)
∗, (27)

ξxy = (t
p
+)
∗t s
+

e−2k1γ z
− (r p

−)
∗r s
−

e 2k1γ z
+ (tp

+)
∗r s
−
− t s
+
(r p
−)
∗,

(28)

ξxz = |t
p
+|

2e−2k1γ z
− |r p

−|
2e 2k1γ z

+ (tp
+)
∗r p
− − tp

+(r
p
−)
∗, (29)

ξyz = tp
+(t

s
+
)∗e−2k1γ z

+ r p
−(r

s
−
)∗e 2k1γ z

+ tp
+(r

s
−
)∗ + (t s

+
)∗r p
−.
(30)

Above, φmn = 〈(E m
+1)
∗E n
+1〉 with (m, n)= (p, s ) are the

elements of the polarization matrix of the incident plane wave
expressed in the s p basis. We can see from Eqs. (24)–(30) that
the polarization matrix of the evanescent field depends on the
refractive indices of the materials, the angle of incidence θ1, the
gap width d , and the polarization properties of the incident
light, as well as the distance z from the first interface. Note that
the field is uniform in the x−y plane and the z dependence only
appears in the exponential functions.

B. General Formulas for Polarimetric Quantities in
2D→ 3D Transformation Systems

Due to the complicated expressions for the polarization matrix
of the evanescent field in the gap, it is tedious to derive the
polarimetric quantities (such as the degree of nonregularity)
directly from Eq. (24). A more convenient approach is based on
the general considerations discussed next. We notice that the 3D
optical field in Eq. (23) is generated from a partially polarized
plane wave, and this process can be regarded as a 2D→ 3D
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transformation described by a 3× 2 transformation matrix
M [35]. Suppose that the input plane wave is characterized
by the p-polarized and s -polarized components in the form
Ein = [E p , E s ]

T and the output 3D field is expressed in terms of
the Cartesian coordinate system as Eout = [E x , E y , E z]

T. The
two fields are connected as Eout =MEin, where the (complex)
transformation matrix has the following structure:

M=

 ax 0
0 a y

az 0

 . (31)

Hence,

Eout =

 ax E p

a y E s

az E p

 . (32)

The transformation matrix M describes a specific type of
2D→ 3D transformation system. Examples of geometries with
M of this form are stratified structures consisting of layers of
homogeneous media, e.g., those with one [23] or two (the case
considered in Section 3.A) material interfaces. It then follows
that the relationship between the polarization matrices of the
input and output fields can be written in the following form:

8out =M∗8inMT, (33)

where 8in = 〈E∗inET
in〉 and 8out = 〈E∗outE

T
out〉 are the 2× 2 and

3× 3 polarization matrices of the input and output fields,
respectively.

Equation (33) implies that det(8out)= 0 with det denoting
the determinant. Thus, at least the smallest eigenvalue of 8out

is zero since det(8out)= λ1λ2λ3. In this case (λ3 = 0), the 3D
degree of polarimetric purity assumes the following form:

P3D =

√
1−

3λ1λ2

(λ1 + λ2)
2 , (34)

for which 1/2≤ P3D ≤ 1 holds. We remark that this result holds
for a three-component field generated from a partially polarized
beam field by an arbitrary optical system [35].

1. Eigenvalues andEigenvectors of 8out

Employing Eq. (32), we can write the polarization matrix 8out

of the generated 3D field in the following form:

8out =

 |ax |
2 Ip a∗x a y

√
Ip Isµps a∗x az Ip

ax a∗y
√

Ip Isµ
∗
ps |a y |

2 Is a∗y az
√

Ip Isµ
∗
ps

ax a∗z Ip a y a∗z
√

Ip Isµps |az|
2 Ip

 ,
(35)

where µps = 〈E ∗p E s 〉/(Ip Is )
1/2 is the correlation coefficient

between the p-polarized and s -polarized components of the
incident plane wave, with Ip and Is being the intensities of the
components. The eigenvalues of 8out can be solved from the
characteristic equation,

det(8out − λI)= 0, (36)

which together with Eq. (35) results in

λ̂1 =
1

2
(1+ P1), λ̂2 =

1

2
(1− P1), λ̂3 = 0, (37)

where the polarimetric purity index is

P1 =

√
1− 4

wpws (1− |µps|
2)

(wp +ws)
2 . (38)

In this expression, ws = |a y |
2 Is , wp =wpx +wpz, with

wpx = |ax |
2 Ip and wpz = |az|

2 Ip . The intensity of the output
3D field is Iout =ws +wp , and the eigenvalues areλ j = Ioutλ̂ j ,
j ∈ (1, 2, 3). It is essential to note that λ̂3 = 0 implies P2 = 1,
meaning the absence of the 3D unpolarized component in
the characteristic decomposition in Eq. (6), i.e., 8(r, ω)=
I [P18̂p + (1− P1)8̂m]. Moreover, if the incident light is fully
polarized (Ip = 0 or Is = 0, or these intensities are nonzero
but |µps| = 1), Eqs. (38) and (37) lead to P1 = 1 and λ̂2 = 0,
implying that the output field is also fully polarized. Since we are
considering the genuine 3D evanescent fields, we, henceforth,
assume that the incident wave is partially polarized (Ip > 0,
Is > 0, and |µps|< 1).

The orthonormal eigenvectors û j are obtained from the
eigenequation 8outû j = λ j û j , j ∈ (1, 2, 3). Employing
Eq. (35), we obtain

û j = A j

 a∗x /a
∗
z

(λ j −wp)/(a y a∗z
√

Ip Isµps)

1

 , j ∈ (1, 2),

(39)

û3 =

√
|ax |

2

|ax |
2 + |az|

2

−az/ax

0
1

 , (40)

where

A j =

√
wpzws |µps|

2

(λ j −wp)
2
+wpws |µps|

2
. (41)

2. DiscriminatingComponent 8̂mof8out

The orthonormal eigenvectors û1 and û2 in Eq. (39), combined
with Eq. (9), result in

8̂m =
1

2(1+ |α|2)

 1 0 α

0 1+ |α|2 0
α∗ 0 |α|2

 , (42)

where α = az/ax . We observe that the matrix 8̂m of the out-
put field in Eq. (42) is independent of the polarization state of
the incident plane wave, i.e., it depends on the geometry only.
Nonetheless, the weights of 8̂m and 8̂p , as well as the matrix
8̂p in the corresponding characteristic decomposition, do
depend on the polarization of the incident light via the polari-
metric purity index P1 given by Eq. (38) and the eigenvector
û1 in Eq. (39). We remark that, from the above results, the
whole characteristic decomposition of 8out can be explicitly
determined.
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It is noted that 8̂m above corresponds to an equiprobable
mixture of two mutually orthogonal pure states, characterized
by the Jones vectors,

ê1 = e iβ1

 0
1
0

 , ê2 =
e iβ2√

1+ |α|2

 1
0
α

 , (43)

with β1 and β2 being phase factors. The former vector describes
a linearly polarized state in the y direction, while the latter rep-
resents an elliptically (linearly) polarized state in the x−z plane
when α is complex (real). This structure of 8̂m is valid for any
incident partially polarized wave.

3. Nonregularity andDimensionality of 8out

We further investigate the nonregularity of the output 3D field.
The eigenvalues of Re(8̂m) can be solved from the characteristic
equation det[Re(8̂m)− m̂I] = 0, and they are

m̂1 =
1

2
, m̂2,3 =

1

4

1±

√
1−

4 Im2(α)

(1+ |α|2)2

 , (44)

where the + and − signs correspond to m̂2 and m̂3, respec-
tively, and Im denotes the imaginary part. From this equation,
we obtain the degree of nonregularity of 8̂m , namely,
PN(8̂m)= 1− [1− 4Im2(α)/(1+ |α|2)2]1/2. Furthermore,
using Eq. (11), the degree of nonregularity PN of the full state
8out can be written as

PN = (1− P1)

1−

√
1−

4 Im2(α)

(1+ |α|2)2

 . (45)

We see from Eq. (44) that the smallest eigenvalue m̂3 vanishes if
Im(α)= 0 or |α| diverges (ax = 0). In these cases, the polariza-
tion state of the discriminating component is regular, while in
the other situations it is nonregular. If the incident plane wave is
not fully polarized, i.e., P1 6= 1 [see discussion below Eq. (38)],
the nonregularity features of 8̂m are, due to Eq. (45), reflected
into the total field described by 8out.

The degree of nonregularity can be employed to determine if
the output field of the general system described by M in Eq. (31)
is genuinely 3D or not. Alternatively, this information can also
be deduced from the determinant of Re(8out), which is given by

det[Re(8out)] =wpxwpzws (1− |µps|
2){1− cos2

[arg(α)]},
(46)

where arg denotes the argument of a complex number. We find
at once that if the incident light is fully polarized (Ip = 0 or
Is = 0, or |µps| = 1 with Ip , Is 6= 0) or if arg(α)= lπ with l
being an integer, then det[Re(8out)] = 0. Consequently, the
smallest eigenvalue of Re(8out) is â3 = 0, and the output field
is not a true 3D field. If the incident wave is not fully polarized,
det[Re(8out)]> 0 holds, and the output field is genuinely 3D,
except in a situation of arg(α)= lπ . This special case, however,
is equivalent to the condition Im(α)= 0 manifesting regularity,
PN = 0. Therefore, we may summarize that if the incident plane
wave is not fully polarized then the three-component field cre-
ated by an optical system characterized by the matrix in Eq. (31),

with Im(α) 6= 0 and ax 6= 0, is always in a nonregular, genuine
3D polarization state.

C. Polarimetry of the Evanescent Gap Field

The generation of an evanescent field in the double-prism sys-
tem is a specific case of the 2D→ 3D transformations discussed
above, whose transformation matrix can be readily obtained
from Eq. (23), which is

M= e ik1 sin θ1x

×

 −i ñγ (tp
+e−k1γ z

− r p
−e k1γ z) 0

0 t s
+

e−k1γ z
+ r s
−

e k1γ z

ñ sin θ1(t
p
+e−k1γ z

+ r p
−e k1γ z) 0

.

(47)

On comparing Eq. (47) with Eq. (31), the expressions for ax ,
a y , and az are obtained, and, further, the polarimetric properties
(such as the characteristic decomposition and the degree of
nonregularity) of the gap field can be determined by substituting
them into the results derived for the general case.

1. Degree ofNonregularity

According to Eqs. (45) and (46), a field is in a nonregular,
genuine 3D polarization state provided that the incident field
is partially polarized and the system satisfying Im(α) 6= 0,
|α| does not diverge. In the present context, the latter condi-
tion corresponds to incidence at the critical angle (θ1 = θc),
a situation leading to a 2D gap field. This limiting case was
excluded already in the beginning of Section 3.A; hence, α is
finite in the following considerations. By employing the relation
r p
− = tp

+r p
23e−2k1γ d [from Eqs. (18) and (19)], the coefficient

α = az/ax of the double-prism system takes the following form:

α =
i sin θ1

[
1+ r p

23e−2k1γ (d−z)
]

γ
[
1− r p

23e−2k1γ (d−z)
] . (48)

To assess the nonregularity properties of the gap field, we
consider Im(α) in the following two cases:

Case 1. The field in the gap is evanescent, but in the second
prism it is propagating. This case corresponds to FTIR, where
the evanescent waves are converted into propagating waves
at the second boundary. This situation is achieved when the
refractive indices satisfy n2 < n3 < n1 and the angle of incidence
obeys arcsin(n2/n1) < θ1 < arcsin(n3/n1) [or n2 < n1 < n3

and θ1 > arcsin(n2/n1)]. Under these conditions, r p
23 is a

complex number with |r p
23| = 1 [obtained from Eq. (A23)], and

Im(α)=
sin θ1

[
1− e−4k1γ (d−z)

]
γ
[
1+ e−4k1γ (d−z) − 2 Re(r p

23)e−2k1γ (d−z)
] . (49)

We observe that Im(α) 6= 0 unless z= d (at the second bound-
ary). This implies that for a partially polarized incident wave
the gap field in the case of FTIR is always in a nonregular polari-
zation state apart from the second boundary where the state is
regular, for any gap width d . Regularity of the polarization state
at the upper boundary reflects the propagating character of the
field in the second prism.
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Case 2. The fields both in the gap and in the second prism are
evanescent. This situation is encountered if n2 < n3 < n1 and
θ1 > arcsin(n3/n1) [or n3 < n2 < n1 and θ1 > arcsin(n2/n1)].
In these conditions, r p

23 is a real number with 0< |r p
23|< 1 [cf.

Eq. (A23)], and according to Eq. (48), α is purely imaginary.
We notice that Im(α) 6= 0 for any distance z, meaning that the
polarization state is nonregular throughout the gap.

Combining cases 1 and 2 above, we can state that if the excit-
ing plane wave is partially polarized (P2D < 1) the evanescent
gap field in the double-prism system is necessarily in a nonreg-
ular polarization state, except at the upper boundary in the case
of FTIR. Since Im(α) 6= 0 holds when PN 6= 0, the nonregular
field is necessarily in a genuine 3D polarization state, according
to Eq. (46).

2. Numerical Polarimetric Analysis

Figures 2 and 3 show the numerical results concerning the
weight coefficients P1 and P2 − P1 of the characteristic decom-
position, the degrees of nonregularity PN(8̂m) and PN , the
polarimetric dimension D, the 3D degree of polarimetric purity
P3D, the degree of circular polarization Pc, and the smallest
eigenvalue â3 of Re[8(r, ω)] for the evanescent field generated
in the double-prism system. The refractive indices of the system
are chosen as n1 = 4, n2 = 1 (air), and n3 = 1.5 (glass), which is
a nonsymmetric structure. The first value corresponds, e.g., to
GaP at optical frequencies [36]. The critical angles at the inter-
faces are arcsin(n2/n1)≈ 14.5◦ and arcsin(n3/n1)≈ 22.0◦.
Therefore, we take two angles of incidence: θ1 = 15◦ depicting
Case 1 (FTIR) and θ1 = 30◦ depicting Case 2. The parameters
of the incident plane wave are vacuum wavelength 632.8 nm,
Is /Ip = 1,µps = 0.5e iπ/2. This implies that the incident light is
2D partially polarized with the beam field degree of polarization
in Eq. (3) having the value of P2D = 0.5 and that the polarized
component, 8(p) in Eq. (4), exhibits circular polarization [32].
Figure 2 shows the behavior of the mentioned polarimetric
quantities as a function of z in the double-prism system when
the gap width is d = λ2/4, where λ2 is the wavelength of a
propagating wave in the gap. As shown in Fig. 2, both the degree
of nonregularity PN and the eigenvalue â3 indicate that the
gap field is nonregular and genuinely 3D except at the second
boundary when θ1 = 15◦ (FTIR case). Notice that in Fig. 2(c)
and for large z values in Fig. 2(d) the dimensionality obeys
D< 2 and, hence, cannot, in those cases, be used to determine
whether or not the field is a genuine 3D field [see the discussion
below Eq. (15)]. We also observe that, for the larger angle of inci-
dence θ1, the weight coefficient P2 − P1 and the nonregularity
PN(8̂m) of the discriminating component are generally larger
and, consequently, the degree of nonregularity PN of the full
state is larger as well. The same behavior is found for D, Pc, and
â3. Although not shown, we verified the behavior by considering
also other θ1 values than the two in the figure.

Figure 3 illustrates the d -dependent behaviors of the
polarimetric quantities at the second boundary z= d of the
double-prism system. In the FTIR situation [Figs. 3(a) and 3(c),
Case 1], the degrees of nonregularity PN(8̂m) and PN as well as
â3 vanish for all gap widths d . This indicates that for any d the
field at z= d is 2D partially polarized. From the behaviors of
the weight coefficients P1 = P2D and P2 − P1 in Fig. 3(a) and

Fig. 2. Weight factors P1 and P2 − P1 of the characteristic
decomposition, the degrees of nonregularity PN(8̂m) and PN , the
polarimetric dimension D, the 3D degree of polarimetric purity P3D,
the degree of circular polarization Pc, and the smallest eigenvalue
â3 of Re[8(r, ω)] as a function of distance z for the evanescent field
generated in the gap of the double-prism system when the angle of
incidence is (a) and (c) θ1 = 15◦, (b) and (d) θ1 = 30◦. The gap width is
d = λ2/4 while the refractive indices are n1 = 4, n2 = 1, and n3 = 1.5.

Fig. 3. Weight factors P1 and P2 − P1 of the characteristic
decomposition, the degrees of nonregularity PN(8̂m) and PN , the
polarimetric dimension D, the 3D degree of polarimetric purity P3D,
the degree of circular polarization Pc, and the smallest eigenvalue â3 of
Re[8(r, ω)] at the second boundary (z= d ) as a function of the gap
width d for the evanescent field created in the double-prism system.
The angle of incidence is (a) and (c) θ1 = 15◦, (b) and (d) θ1 = 30◦.
The refractive indices are n1 = 4, n2 = 1, and n3 = 1.5.

all quantities in Fig. 3(c), we can deduce that, even though the
field at z= d is regular, the polarization properties at that plane
depend significantly on d for θ1 = 15◦. Figures 3(b) and 3(d),
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corresponding to Case 2, demonstrate that the field at the second
interface can be a nonregular 3D wave for any gap width d (since
PN 6= 0 and â3 6= 0). Note that the nonregularity PN(8̂m) of
the discriminating component remains unchanged when the
gap width d varies. However, the total nonregularity PN does
change with d due to the dependence of the weight coefficient
P2 − P1 on the gap width d . Nonetheless, this happens only
when d is very small and PN approaches a constant when d is
sufficiently large (d ∼ 0.2λ2). This phenomenon also occurs for
the polarimetric dimension D, the 3D degree of polarimetric
purity P3D, the degree of circular polarization Pc, and the eigen-
value â3. Its physical reason is that the larger angle of incidence
leads to a higher decay rate of the evanescent gap field and, as
a result, the above quantities settle to a specific value when d is
large enough.

The yellow solid curves in Figs. 2 and 3 show that even though
the field can be genuinely 3D its polarimetric dimension D can
assume values D< 2. In addition, the 3D degree of polarimetric
purity P3D presented in Figs. 2 and 3 is always in the range
1/2≤ P3D ≤ 1, which is consistent with the analytical result in
Eq. (34).

4. CONCLUSION

In this work, we investigate the 3D polarimetric properties
of a random evanescent electromagnetic field generated by a
random, generally partially polarized plane wave in the gap
of a double-prism system. Interpreting the generation of the
evanescent wave as a 2D→ 3D transformation where a plane
(2D) wave creates a 3D evanescent field, and taking advantage
of the structure of the related transformation matrix, we derived
analytical expressions for the eigenvalues and eigenvectors of the
3× 3 polarization matrix of the evanescent wave. This enabled
us to establish the general analytical representations for the
characteristic decomposition and its discriminating compo-
nent as well as for the degree of nonregularity and allowed us to
identify the situations when the field is genuinely 3D. We found
that in all cases the characteristic decomposition lacks the 3D
unpolarized component and the (normalized) discriminating
component and its nonregularity properties are independent
of the polarization state of the incident light. In addition, for
any partially polarized incident plane wave, the gap field was
found to be in all points in a nonregular, genuine 3D polariza-
tion state, except at the second boundary in the case of FTIR.
The 3D polarimetric properties at the upper boundary were
found to depend strongly on the gap width for small angles of
incidence (above the critical angle), but the important polari-
metric effects occur for the smaller gap widths when the angle of
incidence is becoming larger. The results provide novel insight
into the polarimetric structure of the genuine 3D evanescent
field involved in optical tunneling and may find applications in
nanophotonics.

APPENDIX A: DERIVATION OF THE
TRANSMISSION AND REFLECTION
COEFFICIENTS FOR A TWO-INTERFACE
STRUCTURE

Consider a three-layer structure comprising two boundaries
located at z= 0 and z= d (see Fig. 4). The refractive indices
of the media (dielectric materials) in z< 0, 0< z< d , and
z> d are n1, n2, and n3, respectively. A plane wave carrying
both s -polarized and p-polarized components is incident from
medium 1. The total field in medium 1 is a superposition of
the incident wave E+1(r, ω) and the reflected wave E−1(r, ω)
propagating in the positive and negative z direction, respec-
tively. Similarly, two waves, E+2(r, ω) and E−2(r, ω), constitute
the electric field in medium 2, whereas in medium 3 only one
(transmitted) wave E+3(r, ω) is present. The electromagnetic
plane waves propagating in different directions within each
region are expressed as

E+1(r, ω)= (E s
+1ŝ+ E p

+1p̂
+1)e

ik+1·r, (A1)

E−1(r, ω)= (E s
−1ŝ+ E p

−1p̂
−1)e

ik−1·r, (A2)

E+2(r, ω)= (E s
+2ŝ+ E p

+2p̂
+2)e

ik+2·r, (A3)

E−2(r, ω)= (E s
−2ŝ+ E p

−2p̂
−2)e

ik−2·r, (A4)

E+3(r, ω)= (E s
+3ŝ+ E p

+3p̂
+3)e

ik+3·r, (A5)

where k± j are the wave vectors and E s
± j and E p

± j are the ampli-
tudes of the s -polarized and p-polarized components, while
ŝ= ûz × k̂± j/|ûz × k̂± j | and p̂

± j = k̂± j × ŝ are the corre-
sponding basis vectors. Above, ûz is the unit vector in the z
direction and k̂± j = k± j/k j , with k j denoting the wavenumber
in medium j ∈ (1, 2, 3).

According to Maxwell’s equations, the electromagnetic fields
satisfy the following boundary conditions:

Fig. 4. Illustration of the geometry and notation related to the
electromagnetic plane waves propagating in a three-layer structure.
The boundaries are located at z= 0 and z= d ; k± j represents the
wave vectors of the plane waves in medium j while Es

± j and Ep
± j are

the corresponding s -polarized and p-polarized components. The
sign± represents the waves propagating in the positive (upwards) and
negative (downwards) z direction, respectively.
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n̂× (E j − Ei )= 0, (A6)

n̂× (H j −Hi )= J, (A7)

where ( j i) ∈ (21, 32) and E j and H j are the total electric and
magnetic fields in the medium labeled by index j . In addition, n̂
is the unit normal vector of the boundary directed from medium
i to medium j (in Fig. 4, n̂= ûz), and J is the surface current
density that vanishes for dielectric materials. It follows from the
boundary conditions that the transverse components (kx , ky ) of
the wave vectors are conserved and the longitudinal components
of the wave vectors are given by kzj =±(k2

j − k2
x − k2

y )
1/2 with

± specifying the forward and backward waves (note that there is
no backward wave in medium 3), j ∈ (1, 2, 3). The magnetic
fields of the various plane waves are given by

H± j (r, ω)=
k± j × E± j (r, ω)

ωµ0µrj
, j ∈ (1, 2, 3), (A8)

whereµ0 andµrj are the permeability of vacuum and the relative
permeability of medium j , respectively.

The transmission and reflection coefficients in medium 2 for
the s and p polarizations are, respectively, defined as

t s
+
=

E s
+2

E s
+1
, r s

−
=

E s
−2

E s
+1
, (A9)

tp
+ =

E p
+2

E p
+1

, r p
− =

E p
−2

E p
+1

. (A10)

These coefficients can be obtained by applying the boundary
conditions in Eqs. (A6)–(A7) and Eq. (A8).

We first consider the electric field perpendicular to the plane
of incidence (s polarization). At the interface z= 0, we have

E s
+1 + E s

−1 = E s
+2 + E s

−2, (A11)

kz1

µr 1
(E s
+1 − E s

−1)=
kz2

µr 2
(E s
+2 − E s

−2). (A12)

Similarly, at the boundary z= d , we get

E s
+2e ikz2d

+ E s
−2e−ikz2d

= E s
+3e ikz3d , (A13)

kz2

µr 2
(E s
+2e ikz2d

− E s
−2e−ikz2d )=

kz3

µr 3
E s
+3e ikz3d . (A14)

The transmission and reflection coefficients for the s polariza-
tion in medium 2 can be found from the above four relations.
These are

t s
+
=

t s
12

1+ r s
12r s

23e 2ikz2d
, (A15)

r s
−
=

t s
12r s

23e 2ikz2d

1+ r s
12r s

23e 2ikz2d
. (A16)

For the electric field parallel to the plane of incidence (p polari-
zation), at the boundary z= 0, we obtain

kz1

k1
(E p
+1 − E p

−1)=
kz2

k2
(E p
+2 − E p

−2), (A17)

k1

µr 1
(E p
+1 + E p

−1)=
k2

µr 2
(E p
+2 + E p

−2), (A18)

and, at the boundary z= d , we find

kz2

k2
(E p
+2e ikz2d

− E p
−2e−ikz2d )=

kz3

k3
E p
+3e ikz3d , (A19)

k2

µr 2
(E p
+2e ikz2d

+ E p
−2e−ikz2d )=

k3

µr 3
E p
+3e ikz3d . (A20)

From Eqs. (A17)–(A20), we can get the transmission and reflec-
tion coefficients in medium 2 for the p polarization,

tp
+ =

tp
12

1+ r p
12r p

23e 2ikz2d
, (A21)

r p
− =

tp
12r p

23e 2ikz2d

1+ r p
12r p

23e 2ikz2d
. (A22)

The terms t s,p
ij and r s,p

ij in Eqs. (A15), (A16), (A21), and (A22)
are the Fresnel transmission and reflection coefficients for the
interface between media i and j [2] given explicitly by

r s
ij =

µrjkzi −µrikzj

µrjkzi +µrikzj
, r p

ij =
εrjkzi − εrikzj

εrjkzi + εrikzj
, (A23)

t s
ij =

2µrjkzi

µrjkzi +µrikzj
, tp

ij =
2εrjkzi

εrjkzi + εrikzj

√
µrjεri

µriεrj
, (A24)

where εrj denotes the relative permittivity of medium j , with
j ∈ (1, 2, 3). We remark that, due to the common wave vector
normalization k̂± j = k± j/k j employed here [2], the above
Fresnel coefficients for p polarization do not describe amplitude
ratios if one of the involved waves is evanescent. The reason
is that in this case such a normalization does not result in a
unit-normalized vector basis in Eqs. (A3)–(A5) [37–39]. This,
however, does not affect the gap field or any quantity derived
from the related polarization matrix.
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