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ABSTRACT

Nowadays, the vast majority of coastal oil spill simulation models are based on Lagrangian methods focused on particle tracking algorithms
to represent the oil slick fate. In this work, a fully Eulerian numerical model for the simulation of such environmentally significant disaster is
implemented by means of a two-dimensional two-layer shallow water model. A very thin oil layer over a thicker water layer is considered in
order to neglect the pressure term that the oil layer exerts over the water. Friction terms between layers are responsible for the layers coupling
so that the oil layer flows over a moving water volume. To complete this dynamic model, the temperature transport and evolution under heat
exchange for the oil upper layer is considered and the weathering process of evaporation is included. The numerical solution adopted is based
on a finite volume upwind scheme with a Roe solver for both oil and water layers. Special care has been taken on the numerical treatment of
the two-layer wet-dry boundaries (oil–water–land) and friction terms, since the objective of the model is to compute the oil slick front
advancing near the coast.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0169493

I. INTRODUCTION

Oil spills are environmental disasters that can have far-reaching
impacts, disrupting the balance of the marine and coastal ecosystem.
When an oil spill occurs, a thin oil film covers the water surface pre-
venting sunlight from passing through water and causing significant
harm to the marine ecosystem. One of the primary impacts of oil spills
is the generation of toxicity, which can result in the death of marine
organisms that affected their ability to breathe, feed, and reproduce. As
the oil slick spreads, it can create other environmental problems, such
as the destruction of shoreline habitats and the contamination of water
supplies. According to data from the International Tanker Owners
Pollution Federation (ITOPF), in 2022, there were seven recorded inci-
dents, with three of them categorized as “large” spills due to their spill-
age exceeding 700 ton. In total, the cumulative amount of oil released
into the environment from tanker accidents in 2022 was around
15 000 ton, with over 14000 ton stemming from those three large
incidents.1

The occurrence of oil spills poses significant challenges to society,
requiring the development of effective strategies for protection and
response. The establishment of clear priorities for protection is crucial
for maximizing the efficient use of mitigating resources, such as booms,

to limit the extent of oil spread. In this regard, understanding the evolv-
ing nature of an oil spill becomes crucial. According to a survey con-
ducted by the ITOPF,2 the ability to predict the behavior of oil spills
plays a vital role in determining the most effective response measures.

Traditionally, oil spills containment decisions have relied on
aerial images and SAR satellite observations,3 where the identification
of thicker oil areas is useful for the allocation of resources and correc-
tive actions proposals. However, these methods often rely solely on the
visual assessment of oil color, which may not provide an accurate rep-
resentation of the real oil thickness.3 The ITOPF’s report highlights the
limitations of this method based only on aerial images and emphasizes
the value of incorporating simulation models for a more comprehen-
sive understanding of the extent and thickness of oil pollution.

The modelization of oil spills as an alternative to observations has
a long trajectory and has received different contributions along the
years. Earlier works were focused on the development of empirical
laws for the maximum extension of an oil slick, requiring usually a pre-
vious estimation of the distribution of some variables, such as the oil
slick thickness.4

Afterward, some models were developed focused on the weather-
ing processes and the interactions between the oil and the shoreline4
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using simplified methodologies for the problem dynamics. While these
simplified models may be useful in situations where observational or
modeling constraints exist, they often fail to capture the full signifi-
cance and complexity of the environmental conditions, such as cur-
rents or winds. A few models are based on some simplified kinematic
equations that, however, need to be numerically solved.4–6 In some
other cases, the models only take care of the computation of the oil
slick extension, and thickness, assuming the dynamics as an input.
However, in order to advance the understanding of the underlying
governing processes, models should prioritize explicit descriptions of
the dynamics occurring at the coastline.4

For this reason, in recent years, significant contributions have
been made in the field of oil spill modeling7 and their dynamics. The
majority of numerical models available for oil spill dynamics modeling
can be divided into two different groups: Eulerian and Lagrangian
models. Eulerian approaches are based on the modelization of the oil
slick through physical conservation laws,8 while Lagrangian models
rely on the use of a large set of particles that are transported by the
combined effects of wind, water currents, waves, and diffusion, effec-
tively representing the movement and behavior of oil slicks under a
given velocity field representing the water behavior. Focusing on parti-
cle tracking algorithms to represent the movement and behavior of oil
slicks, they are simpler than Eulerian models and, thus, require less
computational effort. However, these Lagrangian-based approaches
often overlook the interplay between the oil layer and the underlying
water dynamics, limiting their ability to capture the intricate processes
involved in oil spill spreading.8,9

In either case (whether Lagrangian or Eulerian), these advanced
models that consider the dynamics with meteorological, hydrody-
namic, and wave models often need additional fate mechanisms in
order to enable high-resolution and highly accurate forecasts of oil
transport and fate. Among all the mechanisms present in oil spreading,
the most commonly accounted for processes include spreading, advec-
tion, diffusion, evaporation, emulsification, and dispersion,6,7 fre-
quently neglecting oil dissolution, photo-oxidation, biodegradation,
vertical mixing, and sedimentation.

In addition to weathering processes and water dynamics, wind
stresses have been traditionally accounted when dealing with free
source flows,10 specially in coastal areas.11,12 Consequently, in the con-
text of oil spill simulation, the inclusion of wind effect plays a signifi-
cant role in shaping the behavior of oil spills,13,14 particularly when
considering wind–wave–current interactions (WWCI) in marine envi-
ronments. For instance, Ref. 14 has shown strong currents and large
waves contribute to the expansion of the oil film coverage, while high
wind speeds tend to transport oil mass in shallow water areas.
Understanding the complex dynamics of wind and its interactions
with waves and currents is crucial for accurately predicting oil spill tra-
jectories and designing effective prevention and mitigation strategies in
coastal areas and estuaries. By integrating wind effects into the oil spill
model, a more accurate representation of real-world scenarios is
achieved, capturing the intricate dynamics of oil slicks under varying
wind conditions.

In the same sense, the temperature effect is also crucial when try-
ing to simulate oil spills spreading, due to its influence on other varia-
bles such as viscosity, density, and evaporation rate.15 In addition to
the rheology of the oil, other oil processes are strongly affected by tem-
perature. However, although the significance of evaporation in oil spills

is recognized,16 there is a gap in understanding the specific physics and
chemistry involved. Further research is necessary to develop compre-
hensive models and equations that account for the complexities of oil
evaporation and to improve the accuracy of predicting its effects in dif-
ferent spill scenarios.16 Although evaporation has been traditionally
modeled as a decay with time,17 nowadays several studies provide
more complex models depending on temperature and atmosphere
exposure time.18 As these approximations are calibrated with real
events to reproduce the oil evaporation mechanisms,18 it can be con-
cluded that accurate temperature modeling is essential for capturing
the evaporation.

The present work is concerned with a new model for the simula-
tion of oil spills implemented by means of a fully Eulerian 2D two-
layer shallow water type model. The depth-averaged mass and
momentum conservation equations, solved in both layers, are coupled
through the inter-layer friction source terms in which the lower layer
acts as the moving bottom of the upper layer, affecting its dynamics.
Additionally, the depth-averaged energy equation in the upper layer
leads to a transport equation of the oil temperature whose changes
affect the oil viscosity and density. Additionally, wind stress, heat
exchange, and evaporation are included in the model.

In generic depth-averaged two-layer models, not only friction
source terms but also pressure terms provide the coupling mechanism
between layers.19,20 The present model is oriented to relatively thin
layers of oil spills. For this reason, one of the new contributions of this
model consists in neglecting the pressure term exerted by the upper oil
layer over the lower water layer based on dimensional analysis reasons.
The coupling pressure terms usually derive into numerical instabilities,
as reported by Ref. 19.

Due to the necessity of a local formulation for the evaporation
process in terms of local variables and time, global models have been
dismissed. In this work, an evaporation model calibrated for a specific
oil has been incorporated as an example to account for the evaporation
process16 in the oil (upper) layer. Although there is a recognized need
for further improvements and the complex nature of oil compositions
poses challenges in formulating precise evaporation equations tailored
to specific oil types,18 the implemented model computes the evapora-
tion with an expression that depends not only on temperature, but also
on the age of the spilled petroleum, based on the fact that the evapora-
tion process occurs in the first stages of the spillage.16,18

In summary, the design of a numerical model based on a thin
two-layer assumption for the simulation of the oil and water dynamics
of oil spills is presented in this work, together with the additional pro-
cesses of wind stress, temperature transport, and evaporation that can
affect oil spill. To solve this system, a finite volume first order upwind
scheme with an augmented Roe solver is used to solve the equations in
both layers: oil slick and water column. Special care is taken on the
treatment of the two-layer wet-dry mechanisms following21–23 and
the numerical treatment of source term between layers, as the aim
of the model is to compute the oil slicks front advance spreading. The
treatment of friction source terms in shallow water models has been
extensively studied.24–27 Different numerical strategies have been pro-
posed to address the stability limitations of including friction terms in
the numerical schemes. One approach is the use of an additional stabil-
ity condition governed by friction.24–26 On the other hand, implicit
approaches, which lead to the introduction of friction terms in a cell-
centered manner,27 provide stability although potentially sacrificing
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accuracy in preserving steady states. Alternatively, numerical fixes
have been proposed to limit the source term strength instead of the
time step size22,23 to gain computational speed. In the context of sensi-
tivity to friction stresses between layers, two options for computing
friction source terms are considered in the present work: the pure
upwind approach and a semi-implicit discretization.

The outline of this work is as follows: in Sec. II, the set of mass
and momentum equations governing the 2D two-layer oil-water
movement as well as the energy equation for the oil upper layer tem-
perature and evaporation evolution are presented. Then, in Sec. III, the
numerical model used to solve them is summarized with emphasis on
the numerical treatment of the friction stresses. The numerical results
can be seen in Sec. IV. First, steady state reference solutions are com-
pared with numerical results, as well as mass conservation with evapo-
ration is validated. Next, unsteady test cases are proposed to analyze
the performance of the model in complex wet/dry situations involving
oil spills over water approaching the land, including wind and evapora-
tion. Finally, concluding remarks can be read in Sec. V.

II. FULLY EULERIAN 2D TWO-LAYER GOVERNING
EQUATIONS

Oil and water flow at each layer, upper and lower, are assumed to
be governed by a set of depth-averaged shallow water (SW) equations
coupled through friction terms in the momentum equations.19 For
each of the layers, the SW system contains the vertical depth-averaged
2D mass and momentum conservation equations. As depicted in
Fig. 1, from now on, subindex 1 will refer to the upper layer corre-
sponding to the oil flow, while subindex 2 will refer to the lower layer
corresponding to the water flow. Therefore, assuming constant density,
equations for each layer, L ¼ ð1; 2Þ, are written as follows:

@hL
@t

þ @ðhLuLÞ
@x

þ @ðhLvLÞ
@y

¼ hfevap; (1a)

@ðhLuLÞ
@t

þ @

@x
hLu

2
L þ

1
2
gh2L

� �
þ @ðhLuLvLÞ

@y

¼ � hL
qL

@psL
@x

� ghL
@zbL
@x

þ ssL
qL

þ sbL
qL

; (1b)

@ðhLvLÞ
@t

þ @ðhLuLvLÞ
@x

þ @

@y
hLv

2
L þ

1
2
gh2L

� �

¼ � hL
qL

@psL
@y

� ghL
@zbL
@y

þ ssL
qL

þ sbL
qL

; (1c)

where hL and qL are the layer depth and density, respectively; uL ¼
ðuL; vLÞ are the x and y components of the velocity vector; hLuL and
hLvL stand for the corresponding unit discharges in each spatial hori-
zontal direction; psL represents the pressure; zbL is the reference bottom
depth for each layer; and ssL and sbL are viscous and bed friction
stresses. Finally, fevap stands for the evaporation rate in the oil and is
multiplied by h, which is h¼ 0 for the lower layer (L¼ 2) and h¼ 1
for the upper layer (L¼ 1).

The boundary conditions on the different surfaces are given in
the following:

For the upper layer (L¼ 1):
• At z ¼ zs1 ¼ zs; ps1 is assumed to be the atmospheric pressure
by neglecting surface tension effects, ps1 ¼ patm ¼ 0.

• At z ¼ zs1 ¼ zs, the viscous stress can be modeled as the friction
exerted by wind, to be defined as sa.

• At z ¼ zb1 ¼ zw, the pressure is represented by the same value
at the bottom level of the upper layer that coincides with the
upper surface of lower layer (L¼ 2), which is zb1 ¼ zs2
¼ zb2 þ h2.

• At z ¼ zb1 ¼ zw, the bed friction stress is imposed as sw.
For the lower layer (L¼ 2):

• At z ¼ zs2 ¼ zw; ps2 is the pressure exerted by the upper column
of oil at the interface, ps2 ¼ p1ðzb1Þ ¼ patm þ q1gh1.

• At z ¼ zs2 ¼ zw, the surface shear stress is the friction with the
upper layer, also modeled as �sw.

• At z ¼ zb2 ¼ zb, the bottom level coincides with the bed layer
level, which is zb2 ¼ zb.

• At z ¼ zb2 ¼ zb, the bed friction stress is the friction with the
bed layer, modeled as sb.
Therefore, the final 2D two-layer system of equations is

@h1
@t

þ @ðh1u1Þ
@x

þ @ðh1v1Þ
@y

¼ hfevap; (2a)

@ðh1u1Þ
@t

þ @

@x
h1u

2
1 þ

1
2
gh21

� �
þ @ðh1u1v1Þ

@y

¼ �gh1
@h2
@x

þ @zb
@x

� �
þ sa
q1

þ sw
q1

; (2b)

@ðh1v1Þ
@t

þ @ðh1u1v1Þ
@x

þ @

@y
h1v

2
1 þ

1
2
gh21

� �

¼ �gh1
@h2
@y

þ @zb
@y

� �
þ sa
q1

þ sw
q1

; (2c)

@h2
@t

þ @ðh2u2Þ
@x

þ @ðh2v2Þ
@y

¼ 0; (2d)

@ðh2u2Þ
@t

þ @

@x
h2u

2
2 þ

1
2
gh22

� �
þ @ðh2u2v2Þ

@y

¼ � q1
q2

gh2
@h1
@x

� g
@zb
@x

� sw
q2

þ sb
q2

; (2e)

@ðh2v2Þ
@t

þ @ðh2u2v2Þ
@x

þ @

@y
h2v

2
2 þ

1
2
gh22

� �

¼ � q1
q2

gh2
@h1
@y

� g
@zb
@y

� sw
q2

þ sb
q2

: (2f)
FIG. 1. Profile of the 2D two-layer system considered in this work.
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A. The 2D two-layer oil-water model under an oil thin
layer assumption

The system of equations (2) represents a generic 2D two-layer
model. However, for its application to oil spill simulation, where the
upper layer represents a very thin layer, the pressure exerted by the
upper layer over the lower one can be neglected.

The estimation of the relative size of the gravity terms in the
lower layer momentum equation depends on the relative size of h1 in
comparison with h2 and the characteristic length of the problem, rep-
resented with ‘, as

�h2g
h1
‘

g
h22
‘

¼ h1
h2

� 1: (3)

Since in this work, the oil layer is considered much thinner than
the water layer, this term is neglected, and system of equations (2) is
simplified to

@h1
@t

þ @ðh1u1Þ
@x

þ @ðh1v1Þ
@y

¼ hfevap; (4a)

@ðh1u1Þ
@t

þ @

@x
h1u

2
1 þ

1
2
gh21

� �
þ @ðh1u1v1Þ

@y

¼ �gh1
@h2
@x

þ @zb
@x

� �
þ sa
q1

þ sw
q1

; (4b)

@ðh1v1Þ
@t

þ @ðh1u1v1Þ
@x

þ @

@y
h1v

2
1 þ

1
2
gh21

� �

¼ �gh1
@h2
@y

þ @zb
@y

� �
þ sa
q1

þ sw
q1

; (4c)

@h2
@t

þ @ðh2u2Þ
@x

þ @ðh2v2Þ
@y

¼ 0; (4d)

@ðh2u2Þ
@t

þ @

@x
h2u

2
2 þ

1
2
gh22

� �
þ @ðh2u2v2Þ

@y
¼ �g

@zb
@x

� sw
q2

þ sb
q2

;

(4e)

@ðh2v2Þ
@t

þ @ðh2u2v2Þ
@x

þ @

@y
h2v

2
2 þ

1
2
gh22

� �
¼ �g

@zb
@y

� sw
q2

þ sb
q2

:

(4f)

At this point, friction stresses need to be defined to close system
(4): the basal stress sb (Pa), affecting mainly the lower layer—unless
h2¼ 0—, the wind stress sa (Pa), which affects the upper layer in the
most general case—unless h1¼ 0—, and the interface stress between
the two layers, sw (Pa). All are expressed in the equations by means of
their components as

sb ¼ ðsbx; sbyÞ ¼ sb nuL; (5a)

sw ¼ ðswx; swyÞ ¼ sw nur;w; (5b)

sa ¼ ðsax; sayÞ ¼ sa nur;a; (5c)

with nu ¼ ðnux; nuyÞ the direction given by the velocity unit vector,
which is different depending on the layer. For stresses affecting
only one layer, L, such as bed friction, it is based on the layer
velocity as

nuL ¼ ðnuLx; nuLyÞ ¼
uL
juLj

;
vL
juLj

� �
: (6)

When computing the interface stress, the unit velocity vector is
computed with the relative velocity between layers

nur;w ¼ ðnur;w;x; nur;w;yÞ ¼
ur;w
jur;wj

;
vr;w
jur;wj

� �
; (7)

being ur;w ¼ u1 � u2, the relative velocity between layers. At this
point, it is important to mention that this model comes from an
empirical formula. However, when dealing with two fluids of different
densities and velocities at an interface, shear stress across the interface
due to the velocity difference and density contrast could be more com-
plex. In any case, not only the differences in densities of oil and water
and the differences on velocities in the vast majority of application
cases are not such big, but also is important to note that the aim of this
work is the numerical validation and robustness analysis of the model.
Thus, the most accurate validation with more complex models is out
of scope of this work.

On the other hand, in the interface between fluid and air,

nur;a ¼ ðnur;a;x; nur;a;yÞ ¼
ur;a
jur;aj

;
vr;a
jur;aj

� �
; (8)

being ur;a ¼ ua � uL, the relative velocity between the air and the
layer affected by wind, L.

For the formulation of the basal shear stress, a turbulent friction
model has been used in the present work,

sb ¼ qLghLCfnjuLj2; (9)

where juLj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2L þ v2L

p
is the depth-averaged velocity modulus, and

Cfn is a friction coefficient. When using Manning’s formula, this coeffi-
cient takes the form of a flow depth (hL) function, and a Manning
roughness coefficient, nb (s m

1/3),28–31 as

Cfn ¼
n2b
h4=3L

: (10)

On the other hand, the friction between layers, sw, follows a
Ch�ezy-type formula applied to the shear interface; thus, depending on
the square of the relative velocity,

sw ¼ q1gCf1ður;wÞjur;wj ¼ q2gCfw2ður;wÞjur;wj; (11)

with Cf2 ¼ rCf1 , being r ¼ q1=q2 the density relation between both
layers.

Finally, the friction with air, sa, can be modeled through11,12

sa ¼ qagCaður;aÞjur;aj; (12)

where qa stands for the air density, Ca represents the air friction coeffi-
cient, and ua represents the wind velocity.

B. Oil temperature transport equation and density

In order to include additional processes, such as oil evaporation
or fluid rheological behavior changes, most of them governed by tem-
perature, the fluid temperature, T, is added to the list of variables at the
upper layer L¼ 1. Afterward, other variables, such as density, q, can
also be updated as a function of temperature. The temperature
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transport in the upper layer can be formulated by an equation derived
from the internal energy conservation law32,33 as

@ðh1T1Þ
@t

þ @ðh1u1T1Þ
@x

þ @ðh1v1T1Þ
@y

¼
_Q

q1Cp
¼ ST ; (13)

where _Q is the net heat flux per unit area [W/(m2)], and Cp [J/(kg �K)]
is the oil specific heat coefficient. The heat transfer mechanisms con-
sidered in the source term ST are

ST ¼
_Q

qCp
¼

_Qcv;a þ _Qcv;w þ _Qrad

qCp
; (14)

where _Qrad stands for the received solar radiation (provided directly as
an input), and _Qcv;a and _Qcv;w represent the convection heat losses
with air and water, respectively, defined as

_Qcv;a ¼ hc;a T � Tairð Þ; (15a)

_Qcv;w ¼ hc;w T � Twaterð Þ; (15b)

where Tair and Twater are the air and water temperature, respectively,
which in this work are considered constant being the oil temperature
the only transported and distributed temperature. The convection
coefficient, hc, takes into account the increase in heat transfer due to
the motion of the surroundings. Thus, in this case, they are modeled
as34

hc;a ¼ 8:55þ 2:56jur;aj; (16a)

hc;w ¼ 8:55þ 2:56jur;wj; (16b)

in terms of the wind velocity modulus and the modulus of the relative
velocity between the two liquid layers (oil and water). Finally, the net
radiation is neglected for the present application.

Finally, the depth-averaged density q can be linearly related to
the flow averaged temperature along the flow column T as

qðTÞ ¼ q0 þ KðT � T0Þ; (17)

where q0 is the fluid reference density at the reference temperature T0,
and K is a tuning constant specific for each oil.

C. Oil age and evaporation

There are models that represent oil evaporation based on global
variables such as the total area of the slick and the time since the spill
began.35 However, the approach adopted here follows another approx-
imation focused on the local process, which calculates evaporation as a
function of the oil column properties at each point in space and time,
which fits better in discretized models such the designed in this work.
Evaporation can depend not only on the fluid properties, such as den-
sity, temperature, or viscosity, but also on the surrounding conditions,
such as wind velocity, waves, and currents. However, simplified models
have been developed focusing on important aspects of the phenome-
non being modeled. For this kind of spills, it is well established that
evaporation depends on the oil temperature and on the degradation to
which it has been subjected during the time it has been exposed to the
environment.18 The evaporation rate present in Eq. (4a), fevap, is the
variation of evaporation fraction, Fv, as

fevap ¼
@Fv
@t

h: (18)

In addition, according to Ref. 18, the evaporated fraction at a
point (x, y) at time t, Fvðx; y; tÞ, can be formulated as

Fvðx; y; tÞ ¼ min ð�0:14þ 0:013Tðt; x; yÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðx; y; tÞ

p
; Emax

h i
; (19)

where Tðx; y; tÞ is the oil temperature, Emax is the maximum evapora-
tion fraction, which depends on the oil type (in this work, 0.05 is
assumed as in Ref. 18), and aðx; y; tÞ is the age of the oil, which is com-
puted as a transported variable that increases with time. The evolution
of this temporal variable is

@ðh1a1Þ
@t

þ @ðh1a1u1Þ
@x

þ @ðh1a1v1Þ
@y

¼ h1X c; (20)

which represents the transport equation of the depth-averaged oil age
a1 over the oil column depth, h1. Additionally, X c is a source term
whose value is 1 where oil depth exists and 0 elsewhere. This means
that the value of the oil age a, besides being transported, increases at
the same rate as local time. This equation is only considered in the
upper layer (layer 1). Diffusion effects are neglected, as the model is
applied to situations with strong convection, which is higher than
conduction.33

III. UPWIND FIRST ORDER NUMERICAL SCHEME
AND COMPUTATIONAL DETAILS

The system of equations (4) can be computed independently
using a synchronous procedure as the coupling is provided only by the
friction source terms sw. For that reason, the generic resolution for a
SW layer with varying topography and bottom friction is detailed.
After that, the particular treatment used in this work for the shear
source term between layers sw is presented. For the design of the
numerical scheme, the system of conservation laws (4) can be written
for each layer, L, in a compact way as

@UL

@t
þr � ELðUÞ ¼ SL;bðUÞ þ SL;sðUÞ; (21)

where UL stands for the conserved variables vector for layer
L ¼ ð1; 2Þ,

UL ¼ hL hLuL hLvL
� �T : (22)

For the sake of clarity, L is removed from the variables during the
following explanation. Accordingly, the conservative fluxes are embed-
ded in EðUÞ ¼ ðFðUÞ;GðUÞÞ,

FðUÞ ¼
hu

hu2 þ 1
2
gh2

huv

0
BB@

1
CCA ; GðUÞ ¼

hv
huv

hv2 þ 1
2
gh2

0
B@

1
CA : (23)

SbðUÞ represents the bottom slope source term for each layer,
this is, zb variations for the lower layer and zb þ h2 for the upper layer.
This leads to the definition of a generic layer bottom,

Zb ¼ zb þ hh2;

being h ¼ 0 for the lower layer (L¼ 2) and h ¼ 1 for the upper layer
(L¼ 1). The other source vector, SsðUÞ, stands for friction stresses
that, unless the single layer case is presented, is composed of two differ-
ent friction stresses acting in the bottom and surface boundaries of
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each layer. In particular, for the upper layer L¼ 1, it represents wind
and interface frictions, while in the lower layer L¼ 2, it represents
interface and bed friction. Therefore, in a generic way, it can be written
as follows: SsðUÞ ¼ SsaðUÞ þ SswðUÞ þ SsbðUÞ, which can be
expressed as

SbðUÞ ¼
0

�ghð@Zb=@xÞ
�ghð@Zb=@yÞ

0
B@

1
CA ; SsðUÞ ¼

0
ðsa6sw � sbÞ nux=q
ðsa6sw � sbÞ nuy=q

0
@

1
A:

(24)

As mentioned before, the non-linear system (21) is discretized by
means of a Godunov type finite volume scheme.36,37 In the domain, a
piecewise uniform distribution of variables is assumed at time level n.
The order of the scheme is chosen to be first order as the model, which
aims to be applied to real cases, will deal with real coastal topographies,
lack of data in parameterized models such those for heat transfer or
evaporation, and, thus, it contains too many uncertainties turning
higher order methods into useless, besides computationally expensive.

In the 2D framework, the solution is obtained by means of a
locally linearized 1D Riemann problem (RP) at each cell edge, k, pro-
jected onto the n direction over an x0 axis, following the Roe
approach,22,38 fulfilling the consistency condition.39 Therefore, the
fluxes are evaluated at cell edges as dE ¼ Ej � Ei, where Ej is the value
of fluxes E at the neighboring cell j that shares a cell edge, k, of length
lk, with the cell i.

The system (21) has exactly the same Jacobian matrix, ~Jn;k, same
eigenvectors, ~em, and same system coefficients, ~am, for each layer.
Consequently, the same eigenvalues, ~k

m
, defined as

~k
1 ¼ ~un� ~c; ~k

2 ¼ ~un; ~k
3 ¼ ~unþ ~c; (25)

where u is the velocity vector u ¼ ðu; vÞ, and c refers to the wave celer-
ity under shallow water assumption c ¼

ffiffiffiffiffi
gh

p
. Note that the tilde vari-

ables account for the linearized values at the cell edges derived from
Roe’s linearization. A comprehensive detail of this procedure can be
found in Ref. 23, and more discussion on the numerical fixes included
in the model can be found in Refs. 22 and 40.

A. Computation of friction source terms

In shallow water models, the treatment of the friction source
terms has been under study for years to find the most stable, robust,
and efficient way to include it. The explicit inclusion of this term
within the numerical contributions entails the existence of an addi-
tional stability condition that could govern and limit the time step size,
Dt.24–26 In order to avoid this global reductions of the time step, differ-
ent numerical strategies have been proposed in the literature. On the
one hand, the implicit introduction of these friction terms in a cell-
centered manner has been used extensively.27 This formulation,
despite certain disadvantages such as not correctly preserving the
steady states, provides good results and is very robust. Conversely,
numerical fixes have been proposed in the context of upwind formula-
tion that limit the source term strength instead of Dt,22,23,38 allowing
to keep the full explicit character of the scheme.

In this case, due to the sensitivity to the friction stresses between
layers, specially when dealing with small oil depths over water, two
options have been considered: on one side, a pure explicit approach, in

which the interface friction participates in the upwind decomposition,
has been implemented introducing a new contribution in ~b. The
numerical fix proposed by Refs. 22 and 23 is applied only to bed fric-
tion. This numerical fix is based on physical constraints that cannot be
applied straightforward to the interface between two fluids in the two-
layer model.23 For this reason, an alternative, based on a semi-implicit
discretization of the interface friction source term, can be directly used
within cell centers in the final updating expression for cases where
numerical stability is more compromised.

Thus, the general expression for the update of conserved variables
can be written in terms of both approaches as

Unþ1
i ¼Un

i �
Dt
Ai

XNE

k¼1

XNW

m¼1

~k
�

~a�
~b
~k

 !
~e

 !m

k

lk

2
4

3
5
n

þ#DtSsw;i; (26)

where superscripts n and nþ 1 stand for the current and next time
step, respectively, NE refers to the number of neighbor elements of
each cell, run with k up to 3 for the triangular mesh, NW to the number
of waves in the model, run with m up to 3 for each layer in the system
(21), and # is a switch that is equal to 1 when the semi-implicit cen-
tered discretization of the interface source term is chosen, and 0 if the
explicit upwind discretization is used. The information is propagated
according to the upwind philosophy: k6 ¼ k6jkj

2 .
All the friction source terms can be evaluated at the shared wall,

k, between two cells, projected onto the eigenvector basis and repre-
sented by means of an extra stationary wave using the so-called aug-
mented Roe approach (ARoe approach).22 They can contain not only
information about topography and bed friction, but also friction terms
of the two-layer system. The expression of source strengths,
~Ss;k ¼ ð~b1

; ~b
2
; ~b

3ÞTk , contains additional terms as

~b
1 ¼� 1

2~c
dZbþ

~sa;n
q

þð1�#Þ~sw;n
q

þ~sb;n
q

� �
; ~b

2 ¼ 0; ~b
3 ¼�~b

1
;

(27)

where ~s;n accounts for the discretized and projected friction stresses.
For this model, where dynamics is extremely sensitive to friction terms,
the projection has been made not over the normal of the cell edge, as
in the single layer model, following,22 but over the velocity direction,
which provides better results when friction governs.41 Therefore, the
bottom stresses are given as follows:

~sb;n ¼
~n2
b ~u � nuL minðjuij; jujjÞ

maxðhi; hjÞ4=3
dn; (28)

with ~nb ¼ 1
2 ðni þ njÞ being the averaged Manning’s coefficient

between cells, dn the normal distance between the cell centers, and ~u �
nuL ¼ ~u nux þ ~v nuy the average states at each wall k represented with
the tilde variables.

The friction between fluid and wind (air)10–12 is

~sa;n ¼ qaCa~unur;a minðjuij; jujjÞ
dn
q
; (29)

1. Explicit upwind approach for source terms

In particular, when the explicit upwind approach is also used for
friction between layers (# ¼ 0), the augmented approach includes in
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the source term strengths, ~b, all the stresses of the problem: bed fric-
tion modeled as in (28), air friction following (29), and interface fric-
tion modeled with a Chezy formula42 as

~sw;n ¼ qgCf ~unur;w minðjuij; jujjÞ
dn
q
; (30)

where normal vectors are computed with velocities using Eqs. (6)–(8).

2. Semi-implicit computation of the shear stress
between layers

If contributions of interface friction are subtracted from source
strengths and discretized cell centered, source strengths only contain
the bed and air contributions and interface friction is used for updating
the final conserved variables, as seen in (26) with # ¼ 1.

In that case, the centered discretized source term for the layer
L¼ 1 (upper layer) is

Ssw;i ¼ �gCf

���� ðhuÞ1h1
� ðhuÞ2

h2

����
n

i

ðhuÞnþ1
1

hn1
� ðhuÞn2

hn2

 !
i

; (31)

which is introduced into the momentum equation of system (26), to
get the final updating for the discharge, hLuL. The state nþ 1 at layers
is obtained as a function of its intermediate state �, obtained from
upwind contributions and wave strengths in (26), and the semi-
implicit term. Thus, the approach yields for a generic layer, L, as

ðhuÞnþ1
L ¼

ðhuÞ�L þ DtCf 1g
ðhuÞn2
hn2

jur;wjn

1þ DtCf 1g
1
hnL

jur;wjn
;

ðhvÞnþ1
L ¼

ðhvÞ�L þ DtCf 1g
ðhvÞn2
hn2

jvr;wjn

1þ DtCf 1g
1
hnL

jvr;wjn
;

(32)

with ur;w and vr;w the x and y components of the relative velocity
between layers. As these source terms are discretized implicitly and cell
centered, they only affect x and ymomentum.

B. Computational algorithm andmodel

The model is designed so that by providing initial conditions for
the variables (level, oil temperature if present, and velocity field) and
boundary conditions that provide information on how the flows enter
and exit the physical boundaries of the domain, the model progresses
over time providing information on the transient evolution of the oil
layer above the water and/or land layer, in terms of draught, velocities,
and temperatures.

For that purpose, each time step that the simulation runs forward,
this methodology solves both layers as a coupled model. It starts from
an initial condition of conserved variables for each layer (hL, hLuL, and
hLvL) and computes all the numerical contributions, which are a con-
sequence of inner waves and boundary condition perturbations. With
those contributions, the conserved variables can be updated and, con-
sequently, also the secondary variables (uL, vL, zb;1) and oil layer fea-
tures (T1, q1) can be computed.

When dealing with the global model in a synchronous form, one
of the issues concerns the global time step size. Conversely, an algo-
rithm to distinguish the proper friction terms which apply to each
layer, depending on the situation, is also required. In Fig. 2, a general
flow chart of the global algorithm is represented. Additionally, some
details are described next.

On one side, for each layer L, the time step size, DtL, is dynami-
cally computed, limited by the CFL condition: CFL 2 ð0; 1Þ,43 and
responds to the dynamics of the layer following

DtL ¼ CFL min
k;m

dxk
~k
m
k

 !
L

; (33)

where

dxk ¼ minðvi; vjÞ vi ¼
Ai

max
k¼1;NE

lk
; (34)

recalling that lk stands for the cell edge length, while Ai is the cell area.
However, in the context of a two-layer model, both layers must

be explicitly updated with the same time step size. For this reason, a
normalization of the time step must be done, so that the global time
step size is

FIG. 2. Sketch of the algorithm flow chart.
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Dt ¼ min Dt1;Dt2ð Þ; (35)

with Dt1 andDt2 the upper and lower layer minimum time step size,
respectively.

Regardless of the discretization approach chosen for the interface
stress contribution, the general friction source term has three compo-
nents SsðUÞ ¼ SsaðUÞ þ SswðUÞ þ SsbðUÞ, that cannot be acting at
the same time over a layer, as it would be unphysical. The following
cases, represented in Fig. 3, are identified:

1. If both layers are wet (h1 > 0 and h2 > 0):
• The wind stress, SsaðUÞ, acts over layer 1;
• The interface stress, SswðUÞ, acts over both layers 1 and 2;
• Bed stress, SsbðUÞ, acts over layer 2.

2. If the oil upper layer is dry (h1 ¼ 0 and h2 > 0):
• The wind stress, SsaðUÞ, acts over layer 2;
• Interface stress, SswðUÞ, is not acting;
• The bed stress, SsbðUÞ, acts over layer 2.

3. If the lower layer is dry (h1 > 0 and h2 ¼ 0):
• The wind stress, SsaðUÞ, acts over layer 1;
• The interface stress, SswðUÞ, is not acting;
• The bed stress, SsbðUÞ, acts over layer 1.

Here, one of the main advantages of this two-layer model arises.
As an alternative to traditional particle tracking oil spill models, the
model presented here allows the oil layer evolution as a fluid layer,
even in cases where water does not exist. This situation can happen
when oil spills arrive to coastal areas and reach the land and also when
oil pipes fail inland and spills are produced overland close to coastal
areas, which could reach the sea eventually.

C. Computation of age and temperature transport

Both oil age, a, and temperature, T, evolution are scalar
transport equations. They can be computed decoupled from the
hydrodynamic finite volume scheme [i.e., Eq. (26)], being updated
with the previously computed velocity field. Following Ref. 44, the
analysis of the augmented Riemann solver allows to define a
numerical flux, ðhunÞ#k , that decouples the transport system from
the hydrodynamics preserving conservation. Defining a general
transported value, /, the numerical flux at each edge, k, between
cells i and j is

ðhunÞ#k ¼ ðhunÞi þ
X3
m¼1

~k
�
~c~e1

� �m
k ; (36)

with ðhunÞk the projection of the discharge over the normal vector
from cell i to j, n ¼ ðnx; nyÞ, defined as ðhunÞk ¼ ðhunÞ, where
u ¼ ðu; vÞ. Taking into account this definition, the updating expres-
sion for an arbitrary transported scalar, /, is

ðh/Þ�i ¼ ðh/Þni �
Dt
Ai

XNE

k¼1

ðhun/Þ#klk; (37)

where

/#
k ¼

/i if ðhunÞ#k > 0

/j if ðhunÞ#k < 0:

8<
: (38)

Note that this notation is common for any scalar, /, such as T or
a. Their final update depends on the source term, which is computed
cell-centered in both cases as follows:

ðh/Þnþ1
i ¼ ðh/Þ�i þ DtS/;i; (39)

where S/ is the source term. In the case of the temperature equation,
S/;i is the discretized version of ST , defined in Eq. (14). The discrete
values of variables for the upper layer when available as

ST ;i ¼
1

qiCp

_Qrad þ hc;a;iðTi � TairÞ þ hc;w;iðTi � TwaterÞ
� 	

(40)

are used, defining hc;a;i and hc;w;i as in (16a).
In the case of oil age, the source term, X c, coming from Eq. (20)

is just a discrete distribution of 0 or 1, depending on the oil depth.

D. Computation of oil evaporation

Once the age and T have been computed and updated for each
cell of the computational domain, the evaporation can be computed in
order to update the source term of mass equation (4a) of the upper
layer.

In general terms, the evaporation rate is obtained as

fevap;i ¼
Fv;i � Fv;old;i

Dt
hi; (41)

after computing the new evaporation fraction, Fv;i, at each cell follow-
ing Eq. (19).

When the evaporation rate or evaporation velocity, fevap, has been
computed, the water depth can be updated at each cell as

FIG. 3. Representation of friction stresses acting over each layer in the different identified cases.
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hnþ1 ¼ h� � hfevap;iDt; (42)

where h� represents the value of water depth already updated with
computational fluxes from the homogeneous part of the equation.
Remember that h is equal to 1 in the upper layer. Thus, evaporation
update is only performed in the oil layer. Finally, note that the evapo-
ration rate needs to be truncated in the case of not having enough
mass in the cell to evaporate all. This is, if fevap;iDt > h�, then hnþ1 is
set to 0 (dry cell).

IV. OIL SPILLS TWO-LAYER MODEL VALIDATION
AND APPLICATIONS
A. Steady state validation with reference solution

The two-layer SW system can be validated for steady states by
assuming 1D flow, removing temporal derivatives and assuming a con-
stant discharge in both layers. MacDonald proposed different reference
solutions for a one-layer model in 1D,45 and this idea can be extended
to a generic two-layer model.19 In this work, this idea has been applied
to the two-layer model assuming the thin layer hypothesis and includ-
ing the wind as an additional stress in the upper layer, getting

d q1ð Þ
dx

¼ 0; (43a)

dh1
dx

1� Fr21
� �

¼ dzb
dx

þ dh2
dx

� �
� sw
gh1q1

þ sa
q2h1g

; (43b)

d q2ð Þ
dx

¼ 0; (43c)

dh2
dx

1� Fr22
� �

¼ � dzb
dx

� �
þ sw
gh2q2

� sb
gh2q2

; (43d)

where FrL stands for the Froude number, computed as u/c, with c the
celerity of the system c ¼

ffiffiffiffiffi
gh

p
. The variables q1 and q2 represent the

unit discharge at each layer, which does not vary in space. Re-ordering
system (43), the equations can be written in terms of the distribution
of the two unknowns, h2ðxÞ and zbðxÞ, if h1ðxÞ is given as input,

dh2
dx

¼ � gh32
q22

 !
dh1
dx

1� q21
gh31

 !
þ Cf u1 � u2ð Þju1 � u2j

1
h1

þ r
h2

� �"

þ sa
q1h1g

� n2bu2ju2j
h4=32

#
; (44a)

dzb
dx

¼ � dh2
dx

1� q22
gh32

 !
� r

cf
h2

q1
h1

� q2
h2

� ����� q1h1 �
q2
h2

����þ n2bu2ju2j
h4=32

" #
:

(44b)

This resulting system, although is still lacking of analytical solu-
tion, can be easily computed by using an ODE-solver (i.e., Python

function odeint from SciPy library). After providing a spatial distribu-
tion of the upper layer depth and both constant discharges as input,
the lower layer depth and bottom are provided as a result by the solver.
Additionally, some other values are needed to define the solution:
boundary conditions at bottom elevation, zb(0), and lower layer, h2(0),
functions (at x¼ 0 m), density of both layers, and friction parameters.
In Table I, all the chosen parameters set in the ODE-solver to solve sys-
tem (43) are summarized.

In order to perform this validation, the above-mentioned refer-
ence solution is compared with the solution along a channel of fixed
width simulated with the 2D model. Two different steady cases, case
A, frictionless, and case B, with friction, have been computed. The
inflow boundary condition (x¼ 0 m) is a constant discharge at each
layer, while the outflow boundary condition (x¼ 150 m) is a con-
stant fluid level. Both simulations begin with initial conditions cor-
responding to uniform surface elevation and zero velocity in the
whole domain. In both cases, the upper layer depth distribution
follows

h1ðxÞ ¼ cþ d exp �b
x

150� a

� �2
" #

; (45)

where a¼ 0.5, b¼ 33.75, c¼ 0.8, and d¼ 0.25, and the function is
bounded h1ðxÞ 2 ½0; L�, with L¼ 150 m. These values have been
selected as an adaptation of those found in the literature to the thin
two-layer model.19,45

The steady states are simulated with the 2D two-layer model,
mapped over a line along the x axis and compared with the reference
solutions. The numerical simulations are carried out over an
unstructured triangular mesh with 4913 computational elements,
whose area ranges from the 0.5 to 0.14m2 in the smallest cells. This
mesh, as well as all those built for this work, has been done with
Triangle.46 The topography represents a 10m transversal extension
of the bed distribution provided by the reference solution, as seen in
Fig. 4, where the mesh and the surface layers at final state are repre-
sented in 3D.

The constant discharge corresponding to the steady solution is
set at each layer as the inflow boundary condition, while the constant
fluid level at the outflow boundary is imposed at the outlet condition.
Both numerical simulations are carried out starting with an initial con-
dition given by a constant fluid level determined by the inlet boundary
condition (at x¼ 0 m). A transitory simulation is developed until
2000 s, to ensure that the flow converges to the steady state. The simu-
lations are carried out using CFL¼ 0.95.

Figures 5 and 6 show the comparison between the numerical
results with a 2D unstructured mesh and the 1D reference solution in
case A and B, respectively. In both figures, the left plot represents the
bottom and layers’ surface elevation, while the right plot shows the x
velocity distribution.

TABLE I. Parameters to define reference steady solutions.

q1 q2 qa q1 q2 zb(0) h2(0) Cf nb Ua Ca

Case A 1.0 3.0 1.29 � 10–3 1.0 0.4 0.5 1.5 0.0 0.0 0.0 0.0
Case B 1.0 3.0 1.29 � 10–3 1.0 2.0 1.5 0.4 0.01 0.04 40.0 0.005
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FIG. 4. 3D representation of the layers surface elevation and computational mesh in the bottom for the steady state (case B) simulated with the 2D two-layer model.

FIG. 5. Comparison between the numerical results with a 2D unstructured mesh and the 1D reference solution for the two-layer steady state in case A (without friction) in terms
of surface elevation (left) and velocity (right).

FIG. 6. Comparison between the numerical results with a 2D unstructured mesh and the 1D reference solution for the two-layer steady state in case B (with friction) in terms of
surface elevation (left) and velocity (right).
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B. Validation of the evaporation rate numerical
performance in an academic test case

In order to validate the mass conservation during the evaporation
process in the model and the performance of the evaporation model
chosen, a test case is carried out focusing on the mass evolution in the
upper layer. A squared domain of side length 10 km is considered.
Both layers cover the whole domain and are initially at rest, sur-
rounded by closed boundaries. The initial water depth at the lower
layer is 1m, while the upper layer has an oil depth of 0.1m. Therefore,
there are 10� 106 cubic meters of oil initially.

The model provided by Ref. 18 is used with a maximum evapora-
tion rate Emax corresponding to the 5% of the available mass
(Emax ¼ 0:05), whose value is based on observations. Although this is
a proper value for the simulation of realistic cases, in this test case in
which the purpose is to understand the model behavior, the maximum
evaporation has been increased to 50%, that is, Emax ¼ 0:5.
Additionally, this maximum can be activated or deactivated to analyze
the effect on the results.

Different test cases have been carried out, and their characteristics
are summarized in Table II. The heat transfer is null in all the cases
except in case 2 and 2L, where a positive heat transfer is considered so
the temperature of the oil slick increases up to 19.96 and 17.62 �C,
respectively. The parameters to compute the heat flux source term [see
Eq. (14)] in cases 2 and 2L are 10� (283.15K) for water temperature
and 45� (318.15K) for air temperature; _Qrad ¼ 1000 W/m2 for solar
radiation, cp ¼ 1900W/m2, as specific oil heat and null wind velocity.

The maximum temperature reached by the oil layer can be seen
in column Tmax, which is the oil temperature at the end of the simula-
tion. This temperature differs from the initial condition only in cases 2
and 2L, where external heat flux source term is activated. The initial
temperature of the oil slick is set to 15 �C in cases 1, 1L, 2, and 2L,
while the initial temperature of cases 3 and 3L is the same as the final
temperature reached by cases 2 and 2L. In Fig. 7, the unstructured
mesh with 5124 triangular cells used for the test case can be seen. The
CFL is set to 0.95 and the simulations run during 200 s.

In Fig. 8, the time evolution of the oil volume within the domain,
VI, is represented together with the evaporated volume, VE. In the
same figure, the total mass (i.e., their sum) is represented, so that the
constant initial value is preserved to machine precision.

All the cases preserve the total amount of mass, validating the
evaporation physical model. Additionally, this test case highlights the
effects of evaporation limit, temperature, and heat transfer not only in
the total evaporated mass, but also in the evaporation velocity.

First, the comparison of the total mass with and without limit
seen in Fig. 8 shows the threshold effect of Emax . It is worth noting that
it acts as a limit each time step limiting the percentage of mass (i.e., oil
depth) that can be evaporated at time t and cell i. Thus, when it is set
to 50%, as in this case, the total evaporated mass reaches a bit less than
the 40% of the total mass.

In Fig. 9, the same results of cases 1 and 1L are compared with
those starting with the same temperature but with the heat transfer
mechanism active (cases 2 and 2L). In Fig. 9(a), the evolution of mass
without limits can be seen, while (b) plots the results with Emax limit-
ing. It is worth recalling that the temperature increase affects the evap-
oration velocity, but the final evaporation mass will be different only in
the case of not having an evaporation limit. All results are plotted in
the same graph and can be seen in Fig. 10 for proper comparison.

Finally, as evaporation also depends on oil age (which in this case
coincides directly with time), simulations in which the initial tempera-
ture is as high as reached by cases 2 and 2L are carried out. The results
are shown in graphs (a) and (b) of Fig. 11. In both cases, regardless of

TABLE II. Summary of numerical test cases performed for the validation of the evap-
oration rate model.

Case Tini (�C) _Q Emax Tmax (�C)

Case 1 15.00 0 1 15.00
Case 1L 15.00 0 0.5 15.00
Case 2 15.00 >0 1 19.96
Case 2L 15.00 >0 0.5 17.62
Case 3 19.96 >0 1 19.96
Case 3L 17.62 >0 0.5 17.62

FIG. 7. Wireframe of the unstructured computational mesh used to discretize the
2D domain in the evaporation test case.

FIG. 8. Evolution of oil volume inside the domain, VI, evaporated volume, VE, and
total mass (VI þ VE) for cases 1L and 1L.
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the use of the evaporation limit, the evaporation velocity increases sig-
nificantly for higher temperatures, even the age of oil during first stages
of the simulation is not as high.

C. Test case for friction discretization assessment

The aim of this test case is to assess and compare two different
friction treatments, explicit upwind and semi-implicit centered, in the
two-layer model. The test case focuses on understanding the impact of
these two approximations on extreme situations such as those corre-
sponding to irregular topography and wet-dry fronts with variable bot-
tom and strong friction terms. The 2D simulation results are analyzed,
particularly in terms of water surface elevation, velocity fields, flow pat-
terns, and wet-dry treatment. Additionally, the mesh convergence of
the model with and without friction, which is another important
numerical aspect of the scheme, is also addressed.

For all the analysis performed, the simulation domain is a square,
10.0 � 10.0 km2. It has closed boundaries and a Gaussian mound in
the middle of the domain representing a variable bottom that reaches a
total height of zb¼ 10.0m, starting from zb¼ 0m. Initially, the oil layer
has a constant level of 7.0m, and the lower water layer has an initial

discontinuity along one of the boundaries, which varies from 6.0 to
4.5m, that will cause a wave in both layers moving around the island.
The longitudinal profile and its 3D representation can be seen in
Figs. 12 and 13, respectively.

In this case, there is no wind stress sa¼ 0, the Manning rough-
ness coefficient at the bottom is n¼ 0.032 and the Chezy coefficient
between layers is C¼ 0.01, which corresponds to a high value.

FIG. 9. Divided comparison between cases 1 and 2 (a) and 1L and 2L (b) of the oil volume evolution inside the domain, VI, evaporated volume, VE, and total mass (VI þ VE).

FIG. 10. Comparison between cases 1 and 2 of oil volume evolution inside the
domain, VI, and evaporated volume, VE, without and with evaporation limit.

FIG. 11. Comparison between cases 1, 2, and 3 of the oil evaporation evolution
without limit (a) and 1L, 2L, and 3L with evaporation limit (b).
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The upper density is assumed constant q1¼ 800 kg=m3 as well as in
the lower layer q2 ¼ 1000 kg=m3.

1. Friction discretization assessment

For the simulation for friction discretization comparison, the total
time is 5000.0 s and CFL¼ 0.9 is used. The domain is discretized over
an unstructured triangular coarse mesh, named M1 (mesh 1), contain-
ing 5124 computational elements, generated setting a maximum cell
size of 32000m2 in the Triangle mesher.46 Three different cases are
considered for comparison: explicit case, with a full explicit formula-
tion of all the friction terms; semi-implicit case, with an augmented
Roe approach for bottom friction but a semi-implicit discretization for
interface friction; and a slip case, without friction between layers, just
for comparison purposes.

In Figs. 14 and 15, the 2D spatial distribution of fluid depth can
be seen for both layers at different times. The initial condition is the
same for the three cases in both layers. In Fig. 14, the same distribution
is presented at t¼ 400 s. It can be seen that the order of magnitude is
almost the same in both the explicit and the implicit discretization,
although the explicit one shows an erratic wave advance, while the
implicit one shows a smoother solution. Both solutions can be com-
pared with the frictionless case, which presents a very different distri-
bution. In Fig. 15, the 2D distribution is shown again for both layers at
t¼ 750 s. At this stage, it is possible to see how some instabilities
appear close to the wet/dry front in the upper layer of the explicit dis-
cretization (a), while the implicit approach presents a smooth pattern.
Nevertheless, these two discretizations show a very different pattern

from those of the frictionless simulation, which is propagated with less
diffusion.

Additionally, in Fig. 16, the 2D velocity field of the upper layer is
shown over its water depth 2D distribution, which is only plotted
when depth is not null. The velocity fields show how the frictionless
case is much more accelerated than the ones with friction, which pre-
sent a very similar behavior. However, the main difference between
these two discretizations is the instabilities that appear in the explicit
discretization, not present in the implicit approach.

In order to ensure stability, a last approach is implemented to
achieve positive water depths. This approach halves the time step size
if at least one cell with negative depth is detected. Although the final
time of the simulation is 5000 s, the most evolved results shown only
reach t¼ 750 s. The reason is due to the explicit discretization, which
needs to use this safety approach around that time or the time step
reduces almost to zero, turning the simulation into unaffordable. In
Fig. 17, the time evolution of time step, Dt, can be seen and the behav-
ior of the halving approach is registered.

2. Mesh convergence analysis

Over the same domain, a mesh convergence analysis is performed
to ensure that the results do not vary while refining the computational
mesh and, thus, can be considered stable and reliable. The analysis
starts with previous coarse mesh, M1, and the maximum size of cells is
halved seven times generating seven different meshes, whose charac-
teristics are summarized in Table III. The total time of the simulation
is 400.0 s, and CFL¼ 0.9 is used. From the three friction previous
cases, two of them have been selected for comparison: the semi-
implicit and the frictionless case.

As there is no analytical solution to compare with, the mesh con-
vergence analysis is performed comparing between meshes and com-
puting the root mean square error (RMSE). Additionally, as the
simulation is performed over unstructured meshes that vary with the
refinement, the results are mapped over a profile with a constant num-
ber of points, Np, acting as probes for comparison between meshes.
The profile is located in the middle point of the domain in order to get
wet/dry fronts for checking purposes. In particular, it is discretized in

FIG. 12. Sketch of the initial condition profile representing the surface level and bot-
tom of both layers for the friction assessment test case.

FIG. 13. 3D representation of the initial condition representing the surface level and bottom of both layers for the friction assessment.
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FIG. 15. 2D spatial distribution of fluid
depth in the upper layer at t¼ 750 s for
explicit (a), implicit (b), and frictionless (c)
cases; and for lower layer with explicit (d),
implicit (e), and frictionless (f) cases.

FIG. 14. 2D spatial distribution of fluid
depth in the upper layer at t¼ 400 s for
explicit (a), implicit (b), and frictionless (c)
cases; and for lower layer with explicit (d),
implicit (e), and frictionless (f) cases.
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100 000 points covering the line that goes from point (�5000.0, 0.0) to
point (5000.0, 0.0). The RMSE is computed as

RMSEMaMb ¼
1
Np

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNp

p¼0

hp;aðtnÞ � hp;bðtnÞ
� 	2

vuut ; (46)

where a and b represent two consecutive meshes, and the summation
runs through all points, p, of the profile computing the difference
between the water depth of mesh a and mesh b. This comparison is
done at a specific time tn¼ 400.0 s, as it is sufficiently advanced for the
dam break wave to have reached the dry/wet boundary caused by the
existence of the bottom bump. In Table IV, all the computed RMSE
betweenmeshes for both friction cases are summarized. For both cases,
the RMSE decreases up to small values, indicating that the results are
getting similar when refining.

FIG. 16. 2D velocity in the upper layer at
t¼ 750 s for explicit (a), implicit (b), and
frictionless (c) cases.

FIG. 17. Evolution of the time step, Dt, for each case in the friction discretization
assessment.

TABLE III. Geometric characteristics of computational meshes used for the mesh
convergence analysis.

Mesh Max. cell area (m2) Number of cells

M1 32 000 5 124
M2 18 000 10 205
M3 8 000 20 481
M4 4 000 40 857
M5 2 000 81 761
M6 1 000 163 501
M7 500 327 242

TABLE IV. RMSE of water depth between different meshes for the semi-implicit and
the frictionless cases.

Compared meshes Semi-implicit friction Frictionless

RMSEM1M2 0.076 068 0.070 861
RMSEM2M3 0.054 392 0.058 249
RMSEM3M4 0.038 365 0.051 610
RMSEM4M5 0.021 936 0.035 712
RMSEM5M6 0.024 802 0.029 835
RMSEM6M7 0.017 100 0.023 125

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 116602 (2023); doi: 10.1063/5.0169493 35, 116602-15

Published under an exclusive license by AIP Publishing

 12 February 2024 13:01:01

pubs.aip.org/aip/phf


Finally, Table V shows the computational times used by the
model for the simulation on each of the meshes and each of the fric-
tion assumptions, for the computation of the 400 s of the test case. The
simulation has been performed without parallelization with a single
Intel (R) Core i7–8700, and it is observed that the increase in the com-
putation time is proportional to the increase in load, caused by the
increase in the number of computation cells. Moreover, the computa-
tional increase factor is not exactly the same as the increase factor of
the number of cells, but somewhat higher, due to the fact that the
increase in the number of cells increases the computational time of
extra tasks of the model, such as data dumping or updating and impos-
ing boundary conditions, in which more cells are involved in the finer
the mesh. It is also worth mentioning that no noticeable differences
can be found between simulation with and without the friction algo-
rithm activated.

D. Wind sensitivity analysis of an oil spill over a coastal
area

1. Test case description

This test case is devoted to ensure the proper behavior of the model
when dealing with wet-dry fronts and long unsteady simulations. It also
serves as a test case to perform sensitivity analysis of the 2Dmodel.

The base of this test case is the computational 2D extension of a
1D laboratory experiment carried out in 1993 in Delft representing the
behavior of coastal waves propagation.47 This experiment setup has
been used for the validation of coastal numerical models.48–52 In this
case, its data are scaled and used for the representation of a coastal
area where an oil spill might occur.

Regarding the water layer and bottom, all the spatial dimensions
of the Delft test case are scaled by 100 and are represented in Fig. 18.
In order to create a 2D domain, the profile is projected along the long-
shore direction until it reaches the same length (L¼ 3170 m), so the
top view of the experiment is a square. In Fig. 19, a representation of
the numerical unstructured mesh of the bottom and the water surface
elevation can be seen. Note that the inshore boundary condition does
not affect the flow, as the terrain elevation is higher than the water sur-
face and the wet/dry front remains within the domain. On the other
hand, the onshore boundary condition is the scaled time series of water
elevation obtained from the SLN Beji and Battjes experiment over the
Delft channel.47 By doing a dimensional analysis, the spatial variables
(i.e., elevation) are multiplied by 100, while the temporal variables (i.e.,
time) are multiplied by 10. The result is the time water surface eleva-
tion series represented in Fig. 20.

The simulation is carried out over a triangular unstructured mesh
with an approximated homogeneous distribution of cell sizes. The
target area of the triangular elements is set to 500m2 in the whole
domain. However, it decreases up to 102m2 in the smallest element
due to the unstructured nature. The simulation runs 10000 s (2.7 h)

with a CFL¼ 0.9. The Manning number at the seabed is considered
nb¼ 0.01.

On the other hand, the oil is assumed to spill over the water vol-
ume by means of a mass source term in Eq. (4a). The spill source is
located in two points, whose exact location can be seen in the top view
of Fig. 18(b). The mass is introduced within the domain through an
additional mass source term in the computational cells where sources
are located. The extra water depth added each time step as spill
depends on the area of the cell, which have 314.6 and 457.04m2, as the
given input for the spill is a discharge. The time series of discharge and
temperature of the different oil sources for the test case are represented
in Fig. 21. Finally, a wind polygon is set affecting all the domain with
three different values that are summarized in Table VI.

2. Wind sensitivity analysis

In order to ensure the suitability of the model to handle such oil
spill phenomena, challenging numerical test cases must be carried out
to test the model wet/dry fronts or the high friction stresses handling.

In this case, three different wind scenarios have been considered
to test the numerical stability as well as the influence of this term in the
system. Table VI summarizes the parameters chosen for the three
subcases.

FIG. 18. Lateral profile (a) and top view (b) of the 2D oil spill numerical test case in
which two oil sources have been located and represented by a thick point.

TABLE V. Computational times in seconds of the two-layer model for the simulation
of the different meshes and two friction assumptions.

M1 M2 M3 M4 M5 M6 M7

Implicit Friction 1.87 4.14 8.98 21.73 51.11 124.72 334.98
Frictionless 1.84 3.89 8.83 20.43 49.93 129.38 329.25

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 116602 (2023); doi: 10.1063/5.0169493 35, 116602-16

Published under an exclusive license by AIP Publishing

 12 February 2024 13:01:01

pubs.aip.org/aip/phf


The model has been specifically designed to handle wet/dry
boundaries for simulating such spills. The significance of incorporating
the spatial distribution of temperature, density, heat transfer, and wind
is evident from the obtained results. Two distinct scenarios were simu-
lated: environment A, characterized by the absence of wind (low con-
vection coefficient), typical air temperature, and solar radiation; and
environment B, characterized by high wind speed, low air temperature,

FIG. 19. 3D representation of the bottom and the water surface elevation of the 2D oil spill numerical test case for a random time.

FIG. 20. Time evolution of water surface elevation at the boundary condition for the
numerical test case proposed.

FIG. 21. Time evolution of inlet oil sources in terms of discharge (up) and tempera-
ture (down).

TABLE VI. Summary of parameters for the wind sensitivity analysis of the 2D two-
layer oil spill model.

Case x wind (m/s) y wind Ca qa (kg/m
3)

Case 0 0 0 0.01 1.29
Case 1 10 0 0.01 1.29
Case 2 �10 0 0.01 1.29

FIG. 22. Oil depth distribution along longshore profile at time t¼ 0.1 h and t¼ 2.7 h
in the three different wind scenarios proposed.
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and no solar radiation. In Fig. 22, a profile of the oil slicks for the three
different wind situations can be seen. It can be noted how the wind
can govern totally the way in which the oil slick is spread. This is also
seen in Fig. 23, where a 2D representation of oil slicks is shown, and in
Fig. 24, where spread is seen within a 3D representation with the water
layer and the bottom.

The simulation results highlight the importance of considering
various environmental factors when modeling oil spills over water.
The incorporation of elements, such as temperature, evaporation, heat
transfer, and wind, allows for a more comprehensive representation of
the complex dynamics involved. It is evident that oil spills can evolve
differently under different conditions, and the model’s ability to
encompass these variations enhances its efficacy in providing a more
accurate understanding of potential spill scenarios.

E. Oil spill over coastal-type water volume with land
interaction

The objective of this test case is to test together the use of all the
mechanisms implemented in the two-layer oil spill model. For this
purpose, a spill with the influence of wind, waves, evaporation, and
involving not only the release of oil over volumes of water, but also the
eventual arrival of the oil on the beach, so that it begins to flow over
the land, is simulated.

Figure 25 shows a 3D representation of the computational mesh
used for the discretization of the terrain, as well as the representation of
the initial water level at rest. The computational mesh is composed of
41176 triangular elements, homogeneously distributed with an area of
6000m2 that can decrease up to 1244m2. Upon the water initial condi-
tion, an oil source is placed on one side, while a temporal variation of
level is imposed on the input boundary condition, which introduces
monochromatic waves. All other boundaries of the domain are closed.

Additionally, a constant wind is imposed on the whole domain
whose components are

ua;x ¼
ffiffiffi
2

p

2
; ua;y ¼

ffiffiffi
2

p

2
; (47)

so that the velocity magnitude is 1m/s. Evaporation is activated, and
the model transports not only the temperature, but also the age of the
oil since it left the leak point.

The source representing the spill has a time-varying flow rate,
shown in Fig. 26, and enters with a time-varying temperature, also
plotted in Fig. 26.

The simulation runs for 2.7 h with a CFL of 0.9, and the interface
friction is used implicitly to avoid instabilities due to the advance of
very small oil depths on the shore. The friction Chezy coefficient
between layers is C¼ 0.001, and the Manning coefficient with the bot-
tom is n¼ 0.01.

FIG. 23. 2D spatial distribution of oil depth at final time (t¼ 2.7 h) in the three different wind scenarios proposed: no wind (a), positive wind (b), and negative wind (c).
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FIG. 24. 3D representation of oil spill over
the water volume at final time (t¼ 2.7 h)
in the three different wind scenarios pro-
posed: no wind (a), positive wind (b), and
negative wind (c).
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Figure 27 shows the spatial distribution of the depth and velocity
field for the oil layer at different times. In the same figure, the wet cells
of water layer have been represented with the mesh wireframe, so that
the areas where the oil is advancing over the dry terrain without water
underneath can be easily observed. Additionally, the dry terrain is also
represented with some transparency and the intersection between oil
and the terrain can be detected. Analogous results can be observed in
Fig. 28 for oil age and temperature.

The spatial distribution figures show the impact of wind, which
forces the oil slick toward the beach and provokes its penetration inland.

The evolution of the slick shows that, although the oil propagates
over the coast, the change in the friction law and the magnitude of the
friction cause a barrier effect that accumulates the oil on the shore. This
behavior, although justifies the existence of a model capable of simulat-
ing the evolution of the oil inland, demonstrates that it is not necessary
for these cases to use a more complex friction or rheological model.

V. CONCLUSIONS

Oil spills over water volumes can be simulated with two-layer
models with the aim of providing the oil layer its own characteris-
tics and rheological behavior, since traditionally it has been only
transported as a passive solute or coupled with Lagrangian methods

that represent the oil slick as a set of oil particles moving under a
given velocity distribution. In this work, a two-layer shallow water
type model for oil and water has been implemented with an addi-
tional hypothesis: a null pressure effect from the upper oil layer
over the thick water volume below. One of the challenges of this
models resides on the numerical stability due to the presence of
very low oil depths and the presence of wet/dry fronts transporting
temperature.

The model presented has been validated through reference solu-
tions for steady states with and without the presence of friction
stresses. No instabilities have been detected, and a good agreement has
been achieved applying the explicit approach for interface friction sw.
Additionally, a hypothetical oil spill has been simulated to ensure the
robust behavior of the model in the presence of wet/dry fronts, strong
winds, and temperature evolution. Good results are presented in terms
of stability even for a low slick thickness, and the effect of wind has
been tested and validated.

An evaluation of the explicit and semi-implicit approaches for
friction terms in the oil–water interface has been done with a challeng-
ing test case. The semi-implicit approach exhibited a notable advantage
in terms of robustness, owing to its unconditionally stable nature, thus
outperforming the explicit approach.

This application represents an extreme test case featuring high
friction terms and wet/dry fronts that emerged as a challenging sce-
nario wherein the semi-implicit approach was indispensable to avoid
instabilities. In other cases, the explicit approach demonstrated satis-
factory performance, effectively preserving steady states, which is a
limitation of the semi-implicit approach. Consequently, it can be con-
cluded that neither approach can be universally regarded as superior,
as each exhibits strengths and weaknesses that make them suitable for
specific scenarios. A comprehensive understanding of the strengths
and limitations of both approaches is imperative for selecting the most
appropriate method tailored to the unique characteristics and com-
plexities of the oil spill scenario under consideration.

FIG. 25. 3D representation of computational mesh in terrain and water surface elevation of an oil spill on a beach test case.

FIG. 26. Time series of inlet sources in terms of discharge and temperature.
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The oil spill model presented in this study incorporates a specific
evaporation model to account for the evaporation process in oil spills.
While acknowledging the need for further improvements, it is impor-
tant to note that the existing evaporation model provides a valuable
representation of at least some evaporation effects such as the mass
loss. The model has been validated in terms of mass conservation. The
complexity of oil compositions, which vary across sources and over
time, presents challenges in developing precise evaporation equations

associated with specific oil types. Given the limited research on oil spill
evaporation and the lack of comprehensive data, the current evapora-
tion model serves as a reasonable approximation to introduce the
effects of evaporation into the model. Future efforts should focus on
refining the evaporation model affecting other rheological variables of
the oil with experimental or real cases.

Finally, it is interesting to mention that the aim of the
paper focuses on numerical validation of the model, and future

FIG. 27. 2D distribution of oil depth (left) and velocity field (right) of an oil spill on a
beach at different times.

FIG. 28. 2D distribution of oil age (left) and temperature field (right) of an oil spill on
a beach at different times.
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improvements could be done. In particular, in the model in its present
form, different types of oil can be represented by means of the parame-
ters defining the dependence of density and viscosity with temperature
and the rheological model. However, in future improvements of the
model, the oil composition could be divided into volatile and nonvola-
tile components of different concentration and evaporation affecting
only volatile part.
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