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Abstract

This article outlines the research on the application of the variational multiscale theory (VMS) to a posteriori error estimation.
VMS theory was initially developed by Professor Hughes to evince the origins of stabilized methods. In this paper it is shown
that the stabilization parameters and the stabilization terms contain true error information that can be used to obtain explicit and
implicit a posteriori error estimates. The technology consists of splitting the exact solution into resolved or coarse scales (finite
element solution) and unresolved or fine scales (numerical error). By feeding this splitting into the variational formulation, an
exact weak form can be derived for the fine scales as a function of the resolved scales. The way of solving or approximating
this equation yields different algorithms and models for error estimation. Furthermore, using the so-called fine-scale Green’s
function, an analytical representation of the fine scales is possible. Again, different approximations of this function give rise to
various algorithms and models. This theory naturally suggests that the error can be computed by the combination of element
interior and inter-element faces residuals with the corresponding error time-scales. From this standpoint, error estimators are
developed for the transport equation and the Navier-Stokes equations. This technology can be further used for example to
generate adapted meshes, to derive reduced order models and in verification and validation algorithms.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Stabilized methods [1-3] have been around now for a few decades. In particular, in [4,5] Professor Hughes
unveiled that the extra variational integral added to the Galerkin method amounts to incorporate the error of the
numerical method into the finite element solution. These last two papers (extended to the transient case in [6])
point also out that any stabilized method can be understood as a posteriori error estimator and, conversely, any
error estimator can be interpreted as a potential stabilized method. This powerful and simple idea then would close
the circle quadrature since each stabilized method would possess its own a posteriori error estimator, opening a new
avenue for investigation. Thus, the goal of this paper is to summarize the investigations in our group on applying
the variational multiscale approach (VMS) to the development of explicit and implicit a posteriori error estimators
in general, and to fluid transport problems in particular.
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Let us recall that a posteriori error estimation methods can be classified as residual based methods, recovery-
based methods and auxiliary-problem-based methods [7].

1. Residual-based methods estimate the error of the solution directly by computing residuals, both, interior
and/or inter-element or boundary residuals. Typically, they postprocess the discrete finite element solution,
and so, are called explicit methods. Explicit residual-based error estimators were proposed for the first time
by Babuska and Rheinbolt [8], and then extended to two-dimensions in [9,10].

2. Recovery-based methods use up superconvergent properties of the solutions and were first proposed by
[11,12]. They can be used at the element level or using patches of elements [13,14]. A general framework
for the analysis of the above methods can be found in [15]. For applications to aerodynamics see [16,17]
and for a recent contribution, [18].

3. Auxiliary-problem-based methods. In this technique, new partial differential equations are solved either at
the element level, in subdomains or in the whole domain. Since estimating the error requires solving a new
problem, they are also called implicit error estimators. Pioneering work was started by [19-22]. Important
contributions are those in [23-26], for instance.

A posteriori error estimation is in general a vast field, that was initiated for elliptic problems by Babuska and
Rheinbolt [19], and then followed by Zienkiewicz and Zhu [11,12], Eriksson and Johnson [27], Ainsworth and
Oden [28], among others. Stewart and Hughes also made contributions in [29,30]. The above ideas were then applied
to hyperbolic and fluid mechanics problems, for instance by Oden et al. [31,32], Johnson and coworkers [33-35],
Strouboulis and Oden [36], and Verfiirth [37]. Developing strict bounds for linear-functionals of the solution is
another promising approach to error control (see [38—42]).

For the Stokes equations, we remark the work of Verfiirth [43], Kay and Silvester [44], Bank and Welfert [45]
and, more recently, Larsson et al. [46] that propose implicit estimators which imply the solution of local problems
at the element level. The error is measured in energy-like norms. On the other hand, Ainsworth and Oden [47]
and Nobile [48], develop implicit error estimators which provide the lower and upper bounds of the error. In [49],
Russo proposes an explicit error estimator for the MINI-element employing bubble functions. Song et al. [50] take
advantage of VMS to develop an error estimator oriented towards generating adapted meshes.

As regards to the Navier—Stokes equations, Johnson and coworkers established residual-based error estimates in
various norms and their application to incompressible flow can be found in [51]. Ainsworth and Oden in [47,52]
established an error estimation measured in a energy-like norm which is bounded. Berrone presented a residual-
based approach in [53,54], where the influence of the Reynolds number is made explicit and the error estimate is
used to adapt the mesh.

For a more elaborate review on the topic, the reader can consult [7,55-57]. Furthermore, [58,59] review and
compare the performance of the most successful a posteriori error estimators when applied to fluid mechanics
problems. And despite of the breadth of the subject, their conclusions are not optimistic, since all authors conclude
that for fluid transport, present techniques are far from satisfactory. Simple algorithms are non-robust, that is, the
ratio of predicted to true error changes dramatically with the diffusion coefficient (see [60,61]). Some solutions
exist but require solving additional partial differential equations, which can turn computationally expensive.

Beyond the ideas outlined in this paper, VMS a posteriori error estimation has found application in other
areas, such as reduced-order models [62,63], uncertainty quantification [64,65], isogeometric analysis [66,67] and
convergence and accuracy enhancement of finite element solutions [68].

2. The transport equation
The transport equation is a simple linear model of fluid motion, ideal to illustrate the main ideas on a posteriori
error estimation driven by the variational multiscale theory (VMS).

2.1. Preliminaries

Consider a spatial domain {2 with boundary I", which is partitioned into two non-overlapping zones Iy and I’.
Let x and y be two points in {2. The strong form of the boundary-value problem consists of finding u : 2 — R
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Fig. 1. Notation for the jump across element interfaces.

such that for the given essential boundary condition g : I, — IR, the natural boundary condition 4 : I, — R, and
forcing function f : {2 — R, the following equations are satisfied
Lu =f in 2
u =g on I (N
Bu =h on I}
where L is in principle a second-order differential operator and 13, an operator defined later, acting on the boundary.
Next, let us define the weak form. Given the functional solution space S C H'(f2) and weighting space
VY C H'(£2), with H'(£2) the Sobolev space of order one [69],

S={ueH' (@) |u=g on Iy}

V={veH'() | v=0 on Iy} )
the variational formulation for the above boundary-value problem consists of finding u € S such that:
a(w,u) =(w, f)+ (w,”)r, Yw eV 3)

where (-, -) is the L,({2) inner product, (-, -),, is the L,(w) inner product in the domain w, and a(-, -) is a bilinear
form satisfying

a(w, u) = (w, Lu) + (w, Bu)p, @)

for all sufficiently smooth functions w € V and u € S. Likewise, a(, -),, is the bilinear operator with the integral
extended over the domain w.
In the case of finite element methods, the domain (2 is discretized into ne non-overlapping elements with

domain (2¢ and boundary I'* (e = 1,2, ..., ne). The functionsNthen maybe discontinuous across the inter-element
boundaries. Let us denote the union of element interiors as {2, where () = U:il (2¢ and the union of element
boundaries minus I" as I, with I' = UZ;‘I I'“ \ I' also referred to as the element interfaces or inter-element

boundaries. Furthermore, let [[-]] denote the jump operator of a function across an inter-element boundary. Following
the notation of Fig. 1, where the respective outward unit normals to elements 2% and {2~ are n* and n~, the jump
of v - n is defined as [69]

[v-nl=nt-vT+n" -v™ )

2.2. The variational multiscale approach to error estimation

Professor Hughes evinced the origin of the variational multiscale theory in the seminal works [4,5] by applying
the concept of scale splitting to the solution # and weighting functions w,
u =i+u ﬁeé_: ues
w =w4uw weV welV

(6)

where S, V and &, V' denote the respective resolved and unresolved scales finite element spaces, satisfying
S =8\Sand V' = V\ V. For our purposes, u represents the exact solution; ii, the resolved scales or finite
element solution; and u’, the unresolved scales, subgrid scales or error.

The above decomposition can be substituted in the variational formulation (3). Because of its bilinearity, the
weak form is equivalent to these two subproblems,

a(w, it) = —a(w, u’) + (0, )+ (W, h)p, (7a)
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aw',u') = —a(', )+ W', f)+ @', bp, (7b)

the first one for the resolved scales i and the second one for the unresolved scales u’.
For smooth functions within the element interiors but rough across the inter-element boundaries, such as finite
element functions, integration by parts of a(w’, i) leads to
Nel
a(w',it) = Y a(w', i) o)
e=1

= i{(w/’ Lit)(gey + (W', Bﬁ)pe}

e=1
= (W', L)y + (W', [Bal)y + (W', Bi)r, (®)
Consequently, the fine-scale subproblem (7b) can be written as
aw',u') = —(w', L)y — (W', [Bal)y — (w, Bit)p,
+ @', f)+ W'
=—', Li — g — W', [Bul)y — (', Bi — h)r, )

Finally, the fine-scale problem (9) can be solved analytically using the Green’s function of the fine-scale problem,
g'(x, y), so the error can be exactly computed as

W)= — / ¢, y) (Lii — F)(») A2,

y

- /N g'(x, y) (IBal)(y) dI, (10
Iy

- / g'(x,y) (Bi —h)(y) dI’,
Iy

y

The fine-scale Green’s function is the projection of the classic Green’s function into the unresolved-scales space.
This concept was introduced in [4,5] and was further investigated and formally defined in [70]. The interested reader
is referred to the above publications for a more detailed information.

Remarks.

1. The same result can be expressed via the Green’s function of the adjoint fine-scale problem g’* through the
identity g'(x, y) = g"™*(y, x).

2. Note that the integral is non-local and, therefore, the effect of the error is, in principle, non-local. For instance,
the error at a singularity can influence the precision at distant places. This is called the pollution effect [7].
For certain problems and computational methods, such as stabilized methods, the pollution effect is mostly
locally restrained.

3. The error estimator is residual-based. The contemplated residuals include:

i. Element interior residuals, Lu — ]: in 0.
ii. Inter-element residuals, [Bu] on I'.
iii. Natural boundary condition residual, Bu — h on [,.

4. Other sources of errors, such as Dirichlet boundary condition approximations or boundary approximation,
are not considered here.

5. The fine-scale Green’s function g’(x, y) is the distribution that characterizes the behavior of the numerical
error, and emanates from the proper projection of the global Green’s function. Therefore, it depends on the
operator (with the corresponding geometry and boundary conditions), on the finite element space and on the
method (or projector). Furthermore, S’ is the kernel of the projector that defines the method and can also be
viewed as the quotient space S’ = S/S (see [70] for further details).

6. Even though (10) is exact for a linear problem, the calculation of the fine-scale Green’s function can be
more complex than that of the solution of the original problem. In order to simplify the procedure, a simpler
strategy based on approximations compatible with the theory of stabilized methods is proposed.

4
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7. Using global Green’s functions to compute the pointwise error was investigated for elasticity problems
in [71,72] and the link between finite elements and Green’s functions in [73]. Also Estep et al. [74] use
global Green’s functions to study the domain of influence of the error in elliptic problems. These ideas will
be revisited in the section on the nature of the finite element error, where it will be shown that the pollution
error can be exactly computed as a combination of global free-space Green’s functions.

2.3. A model for error estimation
The error representation (10) can be split into errors stemming from element interior residuals u/;, (x) and element
boundary residuals u'y,q(x) [75,76], namely
w'(x) = u'in(x) + 'pna(x) (11)
Therefore, using the triangle inequality [75] we can write
Nl GO < Ml GO 4 12 na () | (12)
2.3.1. Element interior error
In [70] it is shown that for certain types of variational methods, such as stabilized methods, the error distribution
is practically local. For these methods, the fine-scale Green’s function can be approximated by the element Green’s

function g.(x, y), which is the classic Green’s function defined within the domain of one element [4,5].
Therefore, following [77-79] the error due to element interiors can modeled as the smooth paradigm,

Win(x) & — /Q ge(x,y) (Lu — f)(y) df2,  on £* 13)

As stated earlier, (13) is exact for element-edge-exact solutions.
By Holders inequality (see Brenner and Scott [80]) we can develop an (approximate) upper bound,

|t ()] < Nlge(x, WL, 09 1L — fllz 0 (14)
with 1 < p,q < oo, 1/p+ 1/q = 1. Taking the L, norm,

I im0 < || Nl ey ||, o 147 = Fllgcory 1s)

Lr(92%

Remark. This contribution is vital for error estimation in the hyperbolic limit.

2.3.2. Element boundary error
The term u'pnq(x) is connected to the non-smooth derivatives across the element boundaries of the finite element
solution, u. The inter-element boundary errors are approximated within each element as

Wona(x) A —/ g'(x, y) (IBal)(y) dIy  on £° (16)
Iy

where the jump definition has been formally extended to encompass the natural boundary condition residual,

Bi—h onlI*NI

[Bull = { 0 on I'"“N Ty a7

Note that the inter-element boundary integral on T has been replaced by the boundary integral along I"¢. Since this
integral contains the jump of the flux, Bu, it increases the non-locality by one layer of elements around 2¢.
Again, by Hélders inequality

0'ona GO = 118'CE, Dy IBEy e (s)
with 1 < p,qg <00, 1/p+ 1/q =1 and taking the L, norm,
I a0 < || 0 G |, o By (19)

5
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Remarks.

1. This contribution is vital for error estimation in the diffusive limit.

2. Larson and Malqvist [81] state that most of the error lays within one layer of elements around {2¢, confirming
the above approximation.

3. Still, ¢’ needs to be related to a simpler function, such as g.. This is done in the next subsection.

2.3.3. Norms based on the L, norm of the residual

Because the Green’s function may not be very smooth in multidimensional applications, the choice p = 1 and
q = oo stands out. Then, typical choices for r are r = 1 or r = 2. In this case, if g.(x, y) does not change sign in
0,

el Pl |, = 166G cay 20)

Lr($2¢
where the function b{j(x) is a residual-free bubble [82—84]. Then, the error time scales can be defined as norms or
averages of residual-free bubbles [78],

T, = —meas(m)IIbS(x)IILl(Qe) T, = S—TTE 155G Ly ) (21)

Remarks.

1. The above equations show the relation between element Green’s functions, residual-free bubbles and error
time-scales.

2. Note that whereas the norms of the element Green’s function depend on the dimensionality of the problem,
the error time scales do not. Time scales have the advantage that allow comparison between the various norm
choices and the flow time scale.

Now, an approximate analysis [75] shows that the norm of the fine-scale Green’s function on I can be
approximately linked to the norm of the element Green’s function in the domain 2¢ by

[ 1g'ce. i e et 3| 22)
xa ¢ N - X, ¢
§WEINLIDN L ey ™ 2 meas(29) 1118 YL@ o)
2.3.4. Summary of the model
Gathering all the contributions of the model, the a posteriori error estimator is defined as
' )|z, 00y < meas(29)'" 7,
- re -
% (120 = flliacoe) + 3B Bl 1)) (23)
on {2¢

Remarks.

1. This is an explicit a-posteriori error estimator.

2. It is very similar to the estimator proposed by [37] and its extensions, with the advantage that it is
constant-free, that is, the method gives the error constant.

3. The error constants are dimensionally correct.

4. In principle, the theory allows the error estimate in the norm of choice, assuming that the corresponding
norm of the element Green’s function exists.

5. In [85], the stabilizing parameter is tuned to predict the error norm exactly in the one-dimensional case. Here,
this parameter is predicted by the theory and there is no need to solve local problems. The present method
is also exact for one-dimensional solutions which are nodally exact.

6. Russo shows in [86] a relation between residual-based error estimators and bubble functions for elliptic
problems.

7. Masud et al. in [87] consider using interior shape functions that are nonzero along the element edges for the
diffusion-reaction equation.
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2.4. Relation to the flow time-scale parameter

Selecting above p = 1, ¢ = oo, r = 1, then,

' GOy 20y < 18e, MlLycagx 9 1£d — fllLowe (24)
But for g, > 0, the definition of zj_, [4] is precisely
1
Thow = ———= x, ¢ ¢ 25
flow meaS(Q)e ”ge( y)“Ll(.QX QA‘) ( )

Therefore, the flow time-scale parameter 75, gives an upper bound in the L; norm of the solution error as a
function of the Lo, norm of the residual. Thus,

' () lzy20) < Thow meas(f)* ILit — fllz(ee) (26)

Remarks.

1. For piecewise constant residuals and nodally exact solutions, the above expression holds with the equal sign.

2. All the above results can be extended to more general cases, such as higher-order elements [88], piecewise
linear residuals [79] and other norms [78].

3. For parabolic problems, the so-called stability factors in [89] play here the role of error time-scales.

2.5. Example: error time scales for the one-dimensional case

In the case of nodally exact finite element solutions, the fine-scale Green’s function is precisely equal to the
element Green’s function g.(x, y) [70,77], which can be obtained as the solution of the following problem

Lg, =46, in (¥
g =0 on I°

where 8,(x) = 6(x — y) is the Dirac’s delta function.
Therefore, in this context the error in each element {2¢ depends only on residuals inside the element. That is,
the error estimator becomes

u'(x) =— /Q ge(x,y) (Lu — f)(y) df2y on ¢ (27)
(£2¢9)
If the residual is constant inside the element, i.e., (Li — f) € Py, Eq. (27) reveals that

u' ()]0 = —/Q ge(x, y)(Lu — f)(y) di2,

= —(Lu — f)/ﬂ gelx, y) df2, (28)
= —(Li — f) by(x)
where b§(x) = [ 0, 8e(X,y) df2, is a residual-free bubble function [77,82—-84], also solution of the problem

Lb; =1 in ¢
{ by =0 on I* (29)
In relation to the bubble function, again we obtain the error scale, rfr, as
3 ! 165Gl (30)
T = . oe
Lr™ meas(02¢)V/r O IIL (42

For the transport equation, this parameter has dimensions of time and it becomes an error time-scale, similarly to
the flow stabilization parameter employed to stabilize the Galerkin method in stabilized methods [4].

The above concepts on a posteriori error estimation are applied to one-dimensional advection—diffusion—reaction
problems, where Lu = au , —ku  x —su, with a the fluid velocity, « the diffusivity and s a source parameter [78,79].

7
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Fig. 2. One-dimensional advection—diffusion problem. Exact and asymptotic dimensionless error time-scale tzz as a function of the element

Peclet number «.

1.5

Lot

0.5

Exlact MS L
Asymptotic MS

20 40 60 80
number of elements

100

Fig. 3. Global effectivity index for one dimensional advection—diffusion. “Exact MS” shows the results employing the exact expression for
the error time-scale and “Asymptotic MS”, the results using the asymptotic approximation depicted in Fig. 2.

Fig. 2 shows the error time-scale 722 as a function of the element Peclet number o = |a|h®/(2«), where A€ is the
element length. As can be seen, the behavior of the error time-scale is very similar to that of the stabilization

e
parameter T .

The technology is successful for element Peclet numbers ranging from the diffusion dominated regime till the
advection dominated regime. This is illustrated in Fig. 3, where the global effectivity index is shown as a function
of the number of elements for an advection-dominated example. As can be appreciated, the predicted error is exact.
The finite element solution is computed with the SGS stabilized method [90-92].

2.6. Error time-scales for the bilinear quad

In this section, we calculate the 2D error time scales for the bilinear quad. For the linear triangle, see [75].
Hyperbolic limit. In the hyperbolic limit, the residual-free-bubble is the solution of the problem

Qe
FE

in

=1 in

la|Vabg
=0 on

b
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(a) (b)

Fig. 4. Bubble function b§(x, y) for the rectangular element in the (a) hyperbolic limit for a velocity of a = (sin30, cos 30) (b) diffusive
limit.

where a is the velocity; V,, the derivative in the direction of a and I, denotes the inflow portion of the boundary,
where a - n < 0. The solution can be expressed as (see Fig. 4)

— Yy
be(x) = |a] sin 6 G
b =1 % 3D

_— >

|a| cos O Y7

For a rectangular element of sides %, and £,, the norms of bi(x) yield the corresponding error time scales,
e ”bO“Ll(Q") - Rfiow (1 layh_x) < Rfiow

Lv™ meas(2¢) ~ 2la| 3a, hy) = 2lal
. 160l 2y 26y Rfiow
.CLQ = —

meas(2)°?  3|a|

where hgqy is the longest length of the element along the streamwise direction.

Remarks.

1. The above upper bound for the L; error scale, calculated here for the rectangular bilinear quad and any
velocity direction, was suggested by [91]. An attempt to include flow directionality into the flow intrinsic
time scale was given in [93].

2. For & = 0, the one-dimensional error time scales are recovered.

3. Let us recall that in 1D tgow = 77, [78].

Elliptic limit. In the elliptic limit, the residual-free-bubble is the solution of the problem
kAb§ =1 in [
by =0 on I
where « is the diffusion coefficient.
The solution, depicted in Fig. 4, can be expressed as the series [94]

b (x) 16 i i 1 1 . (nm . (mm (32)
xX) = — ———sin|{ —x |sin | —
0 i n2 4 m2nm hy h,
m=1(odd) n=1(odd) h% h%
which leads to the following error time scales:

64 > 1 1
'CL[ = E Z Z n2 m22 (nm)z (33)

i 5+ 2%
m=1(odd) n=1(odd) 37 T 2

8 > > 1 1
TLZ = E Z Z 2 )2 (nm)Z (34)

2
=1(odd) n=1(odd) ( Z5 4+ 2=
m=1( ) n=1( ) (h% + h%
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x=10° x=10°
3 T T T 3 T T T
q —t q —t
25 tr B 25 tr —
trinv ------ trinv ------
2 B 2+ B
e = _—+
° 155 B s 15 _ =
Sl F S
B L 4 1 * |
0.5 - B 0.5 - B
1 1 1 1 0 1 1 1 1
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Number of elements Number of elements

Fig. 5. L-shaped domain problem. Efficiencies for the L; (left) and L, (right) norms for various types of two-dimensional elements.
Advection dominated flow. (q = quads, tr = triangles, trinv = triangles with the diagonal in opposite direction).

Remarks.

1. The error scales for h, = h, are calculated as
h e
= T L2 =
28.45« 24.24k
. Note that the error time scales are approximately half of the one-dimensional diffusive flow time scale.
. The error time scales for the L; and L, norms are similar.
. For the reaction limit, see [75].

. Chacon and coworkers [95-98] incorporate the above error time scales as stabilization parameters, showing
very good properties of accuracy and stability.

(35)

'L'Ll

B W N

2.7. Two-dimensional example

We show here some results based on the L-shaped domain problem, described in [58], with zero essential
boundary conditions along the domain boundary. The parameters of the problem are @ = (1, 3), two values of
Kk =107% 1, s = —1 and the independent force term f(x),

f(x,y) = 100r(r — 0.5)(r — 1/+/2) (36)

with 72 = (x — 0.5)> + (y — 0.5)%.

Figs. 5-6 show that global and local efficiencies very closed to one are attained for both, advection and diffusion
dominated flows, for various element types and shapes [75]. In Fig. 6, the zones where the efficiency is large
correspond to places with very small exact and estimated errors (of the order of 1077 [75]), where at the same time,
the efficiency index losses its significance as it is the ratio of two very small quantities.

2.8. Application to adaptivity

As mentioned before, it is possible to create adaptive strategies in order to adjust the mesh size in the problem
domain and, thus, optimize the computational time. Given an error tolerance, e = |lu — ill(e) = 1" 101l (2¢), the
local norm of the estimated error 77‘1’1(;) ~ ||u'||(s2¢) at iteration (i), and the mesh size distribution he® at iteration (i),
it can be shown that the new mesh size distribution at iteration (i + 1) is

. 1/p
i tol i
he(l-H) — -5 he(z) (37)
Ly
with p the order of convergence of the solution. In our case, although more efficient strategies are available using
coarsening and refining algorithms, at each iteration the mesh is regenerated using a commercial mesh generator.
For other norms and remeshing strategies, the interested reader is referred to [99].

The L-shaped problem is a common benchmark applied to the transport equation. Fig. 7 illustrates the initial
mesh of the problem whereas the image on the right shows the final adapted mesh, which captures the boundary,
outflow and interior layers for a high Peclet number case with k¥ = 1075 (see [99] for more details).

10
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Fig. 6. L-shaped domain problem. Local efficiencies for the L, norm plotted over the finite element solution. Advection dominated flow
(left), Diffusion dominated flow (right).
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Fig. 7. Adapted mesh for the L-shaped problem generated using VMS.

2.9. Application to quantities of interest

In [100] the present theory was successfully applied to estimate the error for quantities of interest, obviating the
need of computing the dual problem. [101] confirmed that the explicit error estimates obtained with the present
method coincide with those calculated combining the primal and dual problems. However, in order to generate
adapted meshes based on a quantity of interest, the adapted mesh should also be driven by the dual problem.

It is noteworthy that Garg and Stogner [68] use VMS fine-scale information to enhance the accuracy of the
computed quantities of interest, providing superior rates of convergence, including exact recovery for a non-trivial
class of quantities of interest.

2.10. Further works

Initial steps for using directly the subgrid scales to estimate the error can be found in [81,102—-105], where the
subscales are computed in larger patches with homogeneous Dirichlet boundary conditions.

VMS error estimation for the advection—diffusion was applied to fluid problems in [106—110]. An application to
refinement algorithms for Isogeometric Analysis can be found in [66,67].

11
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3. Hyperbolic problems: the Euler and Navier—Stokes equations

The previous ideas are extended to hyperbolic problems, simply by diagonalizing the system and applying the
formulation to the diagonal equations. This is exact for one-dimensional systems with constant coefficient matrices,
whereas it is an approximation for nonlinear or multidimensional cases. A more detailed explanation can be found
in [111].

3.1. Preliminaries

Consider an open spatial domain {2 with boundary I, such that I' = I'¢ U I'y;. The strong form of the boundary-
value problem consists of finding the solution vector ¥ : {2 — R"s, where neq is the number of equations of
the system (which coincides with the number of unknowns), such that for the given essential boundary conditions
G : I'g — R« and the natural boundary conditions H : I'y; — R"4, the following equations are satisfied

LY =0 in
Y =G on Iy (38)
BY =H on Iy

More complex boundary conditions could be contemplated with simple extensions of the theory. Here £ represents
a steady linear second order vector operator, such as the advective—diffusive system

LY =AY ; +(K;;Y j);—S (39)

where A; are constant Euler Jacobians, K;; constant diffusion matrices and § a linear source term. Many systems
admit a conservative form, which can be expressed as [112,113]

LY =F< —F{—§ (40)
where F2" is the ith advective flux with A; = F* and F{'", the ith diffusive flux, with F{f = K ;Y ;.
Remark. For the Euler and Navier—Stokes equations, £ can be taken as the quasilinear form of the equations,
which represents a linearization of the system.

Next, consider the conservative weak form: Find Y € S such that YW € V

—(W i, F*Y) + (W, FiT) = (W, $)+ (W, H)p,, (41)

where & and V are the corresponding solution and weighting spaces,

S = {Y|Ye(HY«s Y=g on g}

Vv = (W] WE(Hl)nC‘l, W =0 on Ig} 42)
and the natural boundary condition is given by the operator
BY = —F*n, + Fdfy, (43)

with n = [n;], the outward normal to the boundary.
3.2. The error estimation paradigm
Following the same steps as in Section 2.2, a sum decomposition is introduced for the exact solution Y €¢ S C H'

into the finite element solution (resolved or subgrid scales) Y and the error (unresolved scales) ¥’, and likewise for
the weighting function [4,5],

Y =Y+Y
W =W+WwW )
Typically Y belongs to a finite element space S with £2°, e = 1, ..., n, disjoint elements. The union of element

interiors is denoted by 0= Use ¢ whereas the inter—ele_ment boundaries, by I = el e \ I" with I'¢ the element
boundary. Accordingly, the error Y’ € &’ with 8’ = &§/S [70].

12
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The above splitting is substituted into the weak form and invoking linearity, Eq. (41) is equivalent to two
subproblems,

(Wi, Fi™) + (Wi, Fi'™) = (W, 8) + (W, H)r,, (452)
—(W' i, FI%) + (Wi F = (W, ) + (W, H)r,, (45b)
The first subproblem is the equation for the coarse scales and the second one, the subproblem for the subgrid scales

Or error.
We are interested in deriving an equation for the error ¥’. Because of linearity, one can write

Py = Y padv
F?iﬁ _ I—;,;iiff+ F?iﬁ, (46)

S =8S+¢8
Therefore, the second subproblem can be written as
_ (W/,i, F?dw) + (W/’i’ F?lff/) _ (W’, S/) —

W, B — W B+ (W, 8) + (W, H)r, (47)

Now, the first two terms on the right-hand-side can be integrated by parts, that is,

—adv —ad
Wi F™) = (Wi F{ ™))

= > |- WL F e + WL e
e
a

— (W, F* 5 + W I nly + W, F " nr,, 48)
— diff = diff

Wi Fi5) =Y (Wi, F; )

e

S =W Fian + WL F e

e

— — (W, F D+ W IF )y + W, F oy, (49)

where [-] is the jump operator [5,69].
Substituting in the fine-scale problem (47), one arrives at

_(W/,i» F?dv/) 4 (W/,i’ F?iff/) _ (W/, S/)

= — (W, LY = 8)g + (W, [F;"n] — [F}" ni 7

+ W, 0 — Fn + M, (50)
=— (W,LY —8)p — (W, [BY])5

— (W, BY —H)r,,

Remarks.

1. As a consequence, it can be seen that the error is driven by the same partial differential equation as the
primal problem but with a modified right-hand-side. The right-hand-side contains the sources of error: element
interior residuals, inter-element flux jumps and natural boundary condition errors.

2. Errors associated with the Dirichlet boundary condition have been ignored.

3. For continuous solution finite element spaces, F ?dv is also continuous because it is a function of the solution
variables and, therefore, the jump of F ;‘dv across inter-element boundaries is zero. This jump might have an
impact in discontinuous Galerkin methods. However, Fl?'“ff contains derivatives of the solution variables and
it is discontinuous even for continuous finite element spaces.

13
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Then, solving analytically for ¥’ as a function of the fine-scale Green’s function [5,75], the error of the numerical
computation can be calculated by the following paradigm

Y'(x) = —/N G'(x,y) (LY — 85)(y) df2, — ff G'(x, y) (IBYI)(y) dI,

- G'(x,y) (BY — H)(y) dI,
Iy

(D)

where G'(x,y) € 8’ x & is the Green’s function of the fine-scale problem [4,5], a matrix operator in this case,
[-1 is the jump operator [5,69] and x, y € (2.

The fine-scale Green’s function is the distribution that characterizes the behavior of the numerical error, and
emanates from the proper projection of the global Green’s function. Therefore, it depends on the differential operator
(the partial differential equation with the corresponding geometry and boundary conditions), on the finite element
space and on the method (or projector).

Remarks.

1. The interpolation errors of the boundary conditions have been neglected.
2. For the non-conservative form of the equations, the weak form can be written: Find ¥ € & such that YW € V

(W, FX) + (W, FI'™) = (W, 8) + (W, H)r,, (52)

where S and V are the corresponding solution and weighting spaces and the natural boundary condition is
given by the operator

BY = Fiifiy, (53)

with n = [n;], the outward normal to the boundary. Then, the same error paradigm as (51) can be derived,
but with B given as above.

The error representation (51) can be split into errors stemming from element interior residuals and element
boundary residuals [75], namely

Y'(x) = Y'in(x) + ¥'ppa(x) (54)
Using the triangle inequality, we can write for each component

1Y/ GOl < 1Y/ 0 GOl + 1Y/ g (O (55)
3.3. Summary of models

In this section, the proposed error estimators are summarized for convenience of the reader, distinguishing
methods for hyperbolic systems and advection—diffusion systems.
Hyperbolic systems. There are three models:

1. Standard r=1,2

1Y/, ey ~ ITtowis (€Y = 8)illL,0e)  on 2° (56)

where for the L, norm, g,y is substituted by 7,,.
2. Naive r=1,2

1 o
1Y/l e < meas(29)'" 7"

_ (57)
X (LY = 8)jllLo2e) on (¢

where 7;}" is the signed maximum, that is the maximum absolute value within an element multiplied by its
sign. In practice, the maximum value is searched from the collection of integration points.

14
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3. Upper bound r=1,2

1Y/l 00 < meas(29)" |75, |

A (58)
X ||(£Y — S)j”Loo(Qe) on f2¢

where T ; is the average value of the parameter within an element. In practice, it can be calculated from the
values at the integration points. It can be substituted by the maximum value within the element, but then, the
upper bound results in a much higher error estimate.

Remarks.

1. Typically the Standard error estimator gives a smaller error estimate than the Naive model, which in turn
gives a smaller error estimate than the Upper bound error estimator.

2. In practice, the Lo, norm is computed as the maximum value at Gaussian quadrature points or nodal
quadrature points. Using the nodal quadrature points results in higher error estimates, but it is less robust
because at the boundary zero boundary condition values can be encountered.

3. Sources of approximation in these models are: the multi-dimensionality, the nonlinearity of the system of
equations and the model for 7 (in the case of nondiagonalizable systems).

Advection—diffusion systems. There are three models:

1. Standard r=1,2

1Y/, 20) = IThow ij ([,I_l//— )il 00
e r +
+ measi?i L i) )
meas(]™ - .
%W(Qe) IBYNjllLocrey — on £2

where (as for the inviscid case) for the L, norm, Tgey is substituted by zz,, and r;; = maxm(O, rfj)
calculated within the element.
2. Naive r=1,2

1 +
1Y/l < meas(29)'" 7}

X ( 1LY = 8); 1l Looi2) (60)

FE v e
+ %% ”[[BY]]j”LOO(F“)) on {2

+

where 7, = max*?‘ (0, rfj) calculated within the element.

3. Upper bound r=1,2

1.
1Y/ ()l 20 < meas(29)"" L7

x ( ICLY = 8); 1l (61)

Ie - e
st BT Llar) on @

where t;”j" = max(m)(|tfj|) is the maximum value of the absolute value parameter within an element. In
practice, it can be calculated from the values at the integration points.

3.4. Further works

Using VMS for error estimation in compressible flow simulation was further investigated in [114]. Some
examples of adaptivity in the incompressible limit of the unified compressible—incompressible formulation [112,113]
applied to thermal problems with natural convection can be found in [115]. [116,117] apply error estimates to
boundary layer and unstructured mesh generation in ballistic applications with evolving geometries.
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3.5. Numerical examples

To illustrate the performance of the a posteriori error estimator for the Euler and Navier—Stokes equations, the
present formulation is applied to two inviscid examples (one supersonic and another one subsonic) and to a viscous
low-Mach number case.

3.5.1. Oblique shock at M = 2
In this supersonic inviscid case, a uniform M = 2 flow is sharply turned 10° by a wall (see Fig. 8). Fig. 9
depicts the distribution of local efficiencies for temperature. It also shows that when changes in the solution are

important, the local efficiency is about one. Table 1 summarizes the global efficiencies obtained by the three methods
(see [111]).

3.5.2. Joukowski airfoil at M = 0.1

This example is devoted to the subsonic inviscid simulation of a Joukowski airfoil, with a dimensionless thickness
t. Table 2 summarizes the efficiencies for p, u; and u, for the three estimators with an airfoil thickness r = 0.15.
Fig. 10 shows an application of the error estimator to mesh adaptation based on the u, velocity component. For
more information of the case description and for further results see [111].
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Table 1
Oblique shock problem at M = 2. Global efficiencies.
Model norm P uy Us T
Standard Ly 0.29 0.25 0.32 0.28
Ly 0.31 0.28 0.34 0.31
Naive L, 0.74 0.76 0.88 0.92
Ly 0.68 0.80 0.83 0.94
Upper bound L 3.70 791 0.98 7.74
Ly 3.30 7.42 091 7.29
Table 2

Joukowski airfoil at M = 0.1, t = 0.15. Global efficiencies using a low Mach number
tau based on [118].

Model norm p up U T
Standard Ly 0.63 0.17 0.67 -
L, 2.73 0.49 1.70 -
Naive Ly 1.35 0.44 1.42 -
L, 4.92 1.00 3.38 -
Upper bound L 1.63 0.99 1.30 -
L, 5.58 2.58 3.35 -
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Fig. 10. Joukowski airfoil M = 0.1, = 0.15. Adapted mesh based on Ly norm of uz, vil/tec = 0.001.

3.5.3. Viscous boundary layer at Re = 10000, M = 0.01

In this final example, the formulation is applied to a viscous boundary layer (see Fig. 11 for the problem setup).
Fig. 12 shows the local efficiencies of p, u; and u, obtained with the Naive method. Note that outside of the
boundary layer, the exact and estimated errors are both very small and the effectivity index is not a reliable quantity.

4. Saddle-point problems: Stokes and Navier—-Stokes equations

The concepts explained in the previous sections are extended to the Stokes and the incompressible Navier—
Stokes equations. It is well known that saddle-point problems present some peculiarities that need to be taken into
consideration. And although the Navier—Stokes are more demanding than the Stokes problem due to the presence
of the convective term, both systems share many important traits.

In particular, the difficulties of calculating explicitly the fine-scale Green’s function, made us take a different
approach to calculate the error time-scales. Residuals and solution error are linked in a way inspired by VMS, that
is, by multiplying the residuals with the corresponding error time-scales (or inverse-velocity scales in the case of
H' seminorms), 7’s. However, these 7’s are computed a-priori from unitary problems.
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Fig. 12. Local efficiencies in a compressible boundary layer. L; norm, Naive method.

In this work, the problem is treated as a saddle point problem, thus, considering the pressure a Lagrange multiplier
and focusing the efforts on the analysis of the error in the velocity field. The error estimation is analyzed in problems
that reach the steady state; thus, turbulent flows at high Reynolds numbers are not handled. An extended explanation
of this work is found in [119,120].

4.1. Preliminaries

Let {2 be a domain in R"s¢ with boundary I', where ngy is the number of spatial dimensions of the problem. In this
case ng = 2. According to the boundary conditions, the boundary is partitioned in two parts: Iy, where Dirichlet
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boundary conditions are imposed and I}, where Neumann boundary condition are defined, such that I', U I}, = I
and I'; N I, = . The steady incompressible Navier—Stokes equations read

u-Vu+Vp—vwW?u =f in
V-u =0 in

u =g on I,

Bu=vVu-n =h on I}

where u = (u, v) and p are the unknown variables. u represents the velocity vector and v the kinematic viscosity,
which is assumed constant. In this work, we call p the pressure although, in fact, p = % where puech 1S the
mechanical pressure and p is the density, that is considered constant. Finally, g = (g, gy)” and h = (hy, h,)" are
the Dirichlet and Neumann boundary conditions, respectively. When the viscosity is constant, the viscous term can
be written as a Laplacian. In this simpler form, the above natural condition possesses a physical meaning, namely,
the variation of the velocity in the outward normal direction of the boundary. In doing so, we avoid boundary
conditions on pseudo-tractions, which lack physical meaning (see for instance [121,122]).
In short, problem (62) can be expressed as

LY =8 in 1
u =g on I, (63)
Bu =h on I}

where L is the equation differential operator, B is the differential operator which acts on the Neumann boundaries
and arises from integration by parts. ¥ = (u, p, v)T is the unknown vector and S = (f, 0, fy)T represents the
source term.

The variational form is obtained multiplying the strong form by weighting functions and integrating by parts. To
set it up we need to introduce the velocity weighting and trial solution spaces, } and S, and the pressure weighting
and trial spaces, @ and P. Indeed,

V ={veH')™) | v=0 on I,}
S ={ueH'U)') | u=g on Iy}

(62)

Q ={qel*NH2) st [,q=0]} 64
P ={peLl*)NH(2) st [,p=0]
The variational form can be written as: Find {u, p} € S x P such that
B, p;v,q)=F,q),¥{v,q} €V x Q (65)
with
B(u, p;v,q) =@ -Vu,v) +(Vp,v) +v(Vu, Vo) = (V- u, q) (66)
and
F,q)=@, f)+ @ b, (67)

Note that in order to obtain the above natural boundary condition, the pressure term has not been integrated by
parts.

Now, in order to establish the FEM formulation, we select finite dimensional spaces. Let S, C S and V, C V
be the trial and weighting finite dimensional spaces for the velocity. Similarly, we define P, C P and Q, C Q as
the trial and weighting finite dimensional spaces for the pressure. This spaces represent a partition 4}, formed by
elements (2¢ with boundary I™°.

The Galerkin method is set as: Find {u,, p;} € S, x Pj such that

B(uy, pn; v, qn) = F(vi, qn), Y{vn, qn} € Vi x Py, (68)
with

B(up, pn; i, qn) = @p - Vup, vp) + (Vpp, vp) +v(Vup, Vop) = (V- uy, qn) (69)
and

F(op, gn) = (o, f)+ (v, W), (70
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Stabilized method. In order to obtain stable solutions, it is well known that the finite element spaces for
velocity and pressure must satisfy the Babuska-Brezzi or inf-sup condition [123,124]. A way of circumventing
this condition is to introduce stabilization terms in the discrete formulation. Besides, additional stabilized terms
must be included in the FEM formulation since spurious oscillations can appear in the velocity field for convection-
dominated regimes. Many authors have developed stabilized formulations for the Stokes problem [121,125-129]
and Navier—Stokes [130-133].

In this work, the solution is driven towards steady state through a transient. Thus, following [134] the unsteady
stabilized method reads: Find {u,, p,} € S, x P) such that

Bsav (W, prs i, qn) = Fsao(Vn, qn), Y{vi, g} € Vi x Py (71)
with
3uh
Bgaw (U, pr; i, gn) = (?, vy) + (- Vuy, vy) + (Vpy, vp)+
v(Vuy, Vog) — (V - up, qp)+

u
> Tomom ( =tV + V= vAuy, uy - Vo, (72)
Qee%h

+Vg, — vAv, ) +6(V - up, V-vyp)
(£2¢)
and
Faav@i, @) = @y £)+ @ r, + D Tmom (f 101 - VOu + Vg — vAv) 0, (73)
.Q“G(fh

where § and Ty, are stability parameters. They are taken from Codina [131]

av - elul\ ™! c3h? 4
o = G2 T > oo 7

The constants ¢y, ¢, and c3 are taken as ¢; = 4, ¢c; = 2 and ¢3 = 1. Note that other definitions exist that use the
metric of the mesh, such as [113,135].

This stabilized formulation allows us to employ the same shape functions for the velocity and the pressure.
Particularly, we select linear elements for triangles and bilinear elements for quadrilaterals.

4.2. The variational multiscale background

In the VMS framework, both the trial and test function spaces are decomposed into the resolved and unresolved
subsets, S = S® S and V = V@ V'. Due to the multiscale decomposition, the variables are divided into two parts
such that

Y=Y+Y YeS, Y e&
- - (75)
W=W+W Wey, WeV
Thus, the variational formulation can be split into
B, p;v,§)+ B, p';v,§) = F(®,§),V{v,G} € V x Q (76a)
B(u, p;v',q)+ B/, p'sv',q") = F(v',¢"),V{v',q'} e V' x & (76b)

Remark. Due to the decomposition, the convective term is split into the following terms, u - Vu = u - Vu + u -
Vu' +u'-Vu+u' - Vu' The first term on the RHS corresponds to the coarse scales whereas the last three terms,
to the error. The last and the second-to-last terms are neglected with respect to the first term on the RHS since we
suppose that [|lu'[| < [|i]|.
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Now, in order to estimate the error, we turn our attention to the fine-scale equation Eq. (76b). The fine-scale
variational form can be expressed as: Find u#’ € &’ and p’ € P’ such that

@-Vu',w)+(Vp,w)+v(Vu',Vw')= (f —u-Va—-Vp+vaa,w)y
—([Bulg, w')z (77
—(Bu —h,w)p, Yw' el

V-u,qg)=(=V-u,q) Vg €P (78)

where {2 is the union of the element interiors and I is the internal element boundaries, i.e., I = Ure\I' = UE\T',
with E being the edges of the partition 6},. Also, [[-] £ denotes the jump operator that takes into account the derivative
discontinuities of S—Z across the element edges. For a velocity field # = (u, v)7, and an edge shared by elements
27 and 27, it is defined as

[Bulg = v(Vil,

antnE

-nt 4+ Vi

- vp + = —T
RN ' ] nt VY, on7) (79)

atnE

where n and r~ are the unit outward normal of elements 2% and {2~, respectively.

On the LHS of Egs. (77) and (78), there appear terms which only involve the fine scales, particularly, the error
projected to the fine-scale test functions. On the RHS, we have the residuals of the numerical solution projected
to the same fine-scale test functions. Again there appear three kinds of residuals: element internal residuals, inter-
element residuals and Neumann boundary condition residuals. The first residuals are related to the non satisfaction
of the differential equation LY — f inside each element. It can be seen as the difference between the numerical
and the exact solution once the differential operator is applied, LY — LY. The second and third residuals are
assembled together because they emerge from the lack of continuity of the numerical solution on the element
boundaries.

In this error estimator, as the VMS theory shows, the residuals and the error estimate are directly linked. The
way to proceed is to obtain error time scales, T’s, which represent an average of the fine scales on the element.
Classically, the intrinsic time-scale t’s have been identified with stabilization parameters. However, these 7’s also
are linked to the subgrid scales or error of the numerical solution.

Taking the fine-scale Eqs. (77), the local error estimation is carried out setting this problem on each element
0,

@ - Vu', w)ney + (Vp', w)gey +v(Vu', V') ey =(f —u-Vu—Vp+vAu, w')ge
—([Bullg, w)ze
—(Bu —h, w)renr, Yw' €)'

(80)

(V-u',q' ) o=V u,q) o) Yq' €P'
From Eq. (80) we can identify five kinds of residuals for an element,

Ryx = fr —u-Vi— 9, p+vAiu on 2°

Rmy=fy—u-Vo—09,p+vAv on {2°

Rc=V-u on (¢ 81
Rs, =v[Vu-n]-n on OE € §2¢

Rsu =v[Vu-n]-n; on 0E € ¢

The residuals Ry, Ruy, Re represent the internal residual for the momentum equation and continuity equation,
respectively. On the other hand, the residuals Rg, and Rg, denote the inter-element residual due to the jumps of
the FEM solution on the element boundaries. Particularly, R, is the orthogonal component of the jump and Ry,
the parallel component with respect to the element edge.

Thus, extending previous works on VMS error estimation [18,75-78,81,99—-102,106,108,109,111,114,136-143],
the error estimator is built as the sum products of each residual times the corresponding parameter, which will
be explained later. Thus, a dimensionally consistent expression to compute the explicit error estimator in the H'
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seminorm is defined as

1 Nbub
i1 g2e) = |(Qe)| RMX Z |(Roacs Voub; ) 2¢ |+
1 RM nbub
+ T i]mwwmmw
1 urn "bub
+ W(T)Hl ¢ Z (R, Voub,; )¢ |+ (82)
i=1
uRS Nedge 1
+ VI2U@, " Y T IRsy v e+
i=1 l
Nedge

+¢W(%”Z|m%mmw

where /; is the length of the edge i in the element (2¢ and (‘L’)Z?i is the error time scale for each residual, i.e., for
i=Mx,My,C,S,,S). In order to be consistent with the definition of the 7’s, we have included geometric factors
of the measure of the element, |{2¢|, in each residual [1,5,78]. In Eq. (82) we can see that the residuals are projected
into functions called vpu,. The functions vy, are npy, local bubble functions defined in the element and 7¢gge ON
the element edges, which are related to the solution of the subgrid problem and error time scales, t’s, see [119].

These functions are defined as:

e Triangular elements: Let Ar1, Ara, A3 be the barycentric or area coordinates. Then,

Vpub; =A7i-Arjforl <i<j<3 (83)
Vbuby = ATIAT2AT3
Thus, we have four bubble functions per element.
e Quadrilateral elements: Let o1, g2, o3, Apa be the barycentric or area coordinates. Then,
Ao1rgado3ros .
Vpupy, = ——————for 1 <i <4
bub; hoi =t= (84)

Ububs = AQ1rg2Ag3Apa

Thus, we have five bubble functions per element.

The rest of the section is devoted to explain the calculation of the t’s. In order to compute the error time-scales
for the momentum equations, we consider two different contributions: one related to the convective term and another
one connected to the solution of a local Stokes problem. The diffusion-dominated contribution is taken from the work
on Stokes flow [119], (‘L’St)u . The advection-dominated contribution is taken from the one-dimensional analysis
of the advection-diffusion equation in [78] for the H; seminorm. There, it is shown that the error inverse-velocity
scale for the transport equation is

85
A h| — min(v/a, f (85)

where o = h,|uy|/(2v) is the element Reynolds number. Considering that the Stokes contribution already takes into
account the diffusive limit, the final expression for the error scale can be simplified to

um-mm(|f<mm) (86)

Once the elemental error is obtained, the global error (i.e. the error in the whole domain) can be computed as

12
/ 2
|u |H1(Q) = < Z |u/|H1(Q€)> (87)

vVeel?
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Remarks.

1. The Stokes error scales Ts,’s represent a measure of the error on a element of unit area (measured in H'-
seminorm) produced by a determined unit residual. As quadrilaterals and triangles are employed, we have
to compute 7’s for both types of elements using a unit-area triangular domain and a unit-area rectangular
domain, respectively. They are computed solving the problem below (88) on an element of unit area. That
is,

Find (v/, p’) € (Qp, Pp), that satisfies

Vp',w)+v(Vu',Vw') =
(f =Vp+ vV, w)ge + [V - nll, w')pe+
(h—vVu -n,w)p, Yw' € Qp
(V-u',q)= (=V-u,q') Vq' € P

(88)

where Qp and Pp are the velocity and pressure spaces, respectively. The tg,’s are calculated integrating the
solution of the subgrid problem. For more information, see [43,44,119], where the shape functions are a
combination of bubble functions and edge bubble functions. The selected finite element spaces for velocities,
O3, and pressure, Pg, to solve the local problem (88), satisfy the Babuska-Brezzi condition.

2. The factor % in the jump in Eq. (88), expresses the splitting of the residuals on the element boundary between
the two elements that share the boundary [7,22,43,44].

3. The values of the Stokes tg,’s are listed in [119]. Eq. (82) shows that a specific error scale corresponds to
each type of residual. It turns out that the classic 7 associated to the internal bubble is not enough to predict
the error correctly. In fact, as can be seen that the tg,’s related to edge bubbles provide a significant error
contribution (see [144], where it is shown that for low order elements, the edge residuals dominate the error
estimate). Thus, a simpler error estimator could be considered taking into account only the residuals on the
element boundaries, R, and RSH.

4. The extension of the error estimation to 3D problems can be made using the expression (82) and considering
the residuals on the faces instead of the residuals on the element boundaries. As a first approximation, the
T’s in [119] can be employed.

5. Note that for estimates in the H'! seminorm, the inviscid limit of the inverse-velocity error scale does not
converge to the inviscid inverse-velocity error scale. This is so because the slope of the solution in the
layers increases as the viscosity decreases. As a consequence, the error scales in the H! seminorm cannot
be composed from the error scales for the inviscid limit and those for the diffusive limit, but it has to be
derived considering both components simultaneously.

6. For incompressible and Stokes flow [119,120], direct computation of the error scales from the stabilization
matrix underestimates the actual error. Also, we had to recur to numerical computation of the error constants
because they could not be obtained from the fine-scale Green’s function.

4.3. Further works

The variational multiscale theory was employed by Song and coworkers [50] to estimate the error and generate
adapted meshes, where local Dirichlet problems are solved to both obtain the stabilized term and estimate the error
employed in the mesh refinement process. Zheng et al. [145] developed a simple error estimator based on a local
projection which is used for driving adaptive meshes. Araya et al. made use of VMS a posteriori error estimation
for the Stokes and Brinkman equations in [146].

In the field of finite volume methods, Colomés et al. [147] develop an explicit VMS error estimator where the
fine scales are modeled by the flow subgrid time-scales.

[139,148] applied the estimator to aerothermal problems. [138] uses the VMS error estimation with the orthogonal
subscales for incompressible flows using the stabilization matrix as an error time scale, which as shown here
underestimates the local error. This last work was extended to adaptivity for viscoelastic flows in [149].

Finally, following these ideas, VMS has been applied to linear elasticity in [141-143]. In [150] VMS error
estimation is extended to small deformation elasticity applied to contact mechanics with friction and in [151] to
incompressible finite elasticity with quite success.
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Fig. 13. Lid-driven cavity flow problem with unitary velocity on the top edge.

Table 3

Lid-driven cavity. Global efficiencies for velocity in H'-seminorm for quadrilaterals
and triangles.

Nel Quadrilaterals Nl Triangles
Re =1 Re =100 Re = 1000 Re=1 Re =100 Re = 1000
16 2.717 2.482 2.433 32 0.845 0.825 0.795
64 3404 2798 2.048 128  1.192 1.136 1.125
256  3.305 2.693 1.887 512 1.263 1.150 0.932
1024 3.843 3.294 2.166 2048 1.294 1.210 0.921
706 322
5.000 6.000
=4.000 F
i —4.000
—3.000 g
2.000 2.000
1.000
0.716 0.167
(a) ne; = 16 (b) ne = 256

Fig. 14. Lid-driven cavity. Local efficiencies with the explicit error estimator. Re = 1.
4.4. Numerical example: Lid-driven cavity

The lid-driven cavity problem is a typical benchmark for viscous fluid flows. The domain is a unitary square
consisting of three edges with no-slip conditions and a top edge with a unit tangential velocity (see Fig. 13). The
pressure is set to zero at the lower left corner. As usual, the Reynolds number is based on the lid velocity and the
square side length. Uniform meshes are considered.

Table 3 shows the global efficiencies for the considered estimators whereas Fig. 14 represents the local efficiencies
for n,; = 16 and n,; = 256.
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Fig. 16. Lid-driven cavity. Adaptive mesh refinement for triangles. Re = 1, Re = 100 and Re = 1000.

Once the local error is estimated, we can evaluate where it is convenient to refine the mesh to obtain a more
accurate solution. This remeshing process is made following Section 2.8, with an objective error tolerance of
luFor Iy gey = 0.080. In Figs. 15 and 16, we observe how the elements are concentrated at the upper corners.
The greater the Reynolds number, the finer the elements on the right side.

5. The nature of discrete error and pointwise error computation

This section is devoted to shedding light into the nature of the FEM error showing the connection between
the residuals and the error itself. According to the nature of the residuals, the numerical error can be split into
two components: element interior residuals and inter-element jumps. A relationship between these residuals (coarse
scales) and the error components (fine scales) is established, yielding to a very simple model for the pointwise
error, which is modeled as a linear combination of bubble functions for the element interior residuals and free-space
Green’s functions for the inter-element jumps. The numerical error is studied for the standard Galerkin and SUPG
methods with application to the convection—diffusion equation.

5.1. Preliminaries

This section is based on the model, equations and definitions of Section 2. Again, the variational formulation
reads: Find u € S such that

a(w,u) = (w, f)+w,h)p, Yw eV (89)

with the usual meaning for the bilinear forms operators, spaces and domains. Taking the elements of the partition,
we define the associated finite dimensional spaces S" C S and V" C V for the trial and weighting functions,
respectively,
Sh = {u, € HI(Q) | Up|pe € ]P)k,umpg =g,V e f)i
Vh = {wh (S HI(Q) | Whi e € Pk, wh‘pg =0, V¢ e Q}
25
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where P, denotes the space of polynomials of degree k. Thus, the standard Galerkin method reads: Find u;, € S"
such that

a(wp, up) = (i, )+ i, W, Yw, € V" 1)

In order to stabilize the convection—diffusion equation, a popular method is SUPG, which includes an additional
term to the Galerkin method. The SUPG method reads: Find u, € S" such that

asup(Wp, up) = a(wy, up) + ar(wy; up, f) = (wp, )+ Wy, ), Yw, € V! (92)
The stabilizing term a.(-; -, -) is
ar(wys up, f)= Y at(wp:up, f) 93)
need
where a&(wp; up, f) = (a- Vwy, t°(Lup — f)) . and ¢ = min(ﬁ, %) The value 4 is a measure of the element
length.

The variational multiscale theory consists of splitting the variational form in a coarse and fine components. We
identify the coarse scales with the finite element solution and the error with the fine scales. Therefore,

a(w, i) + a(w, u') = (w, f)+ @, h)y, VYweV (94a)
aw' i) +aw’,u)y =, )+ @' h) Y eV (94b)

The spaces V and S represent the coarse scales and are identified with V" and S". The fine scales are defined such
that S =SS and V=V V.

Observing the variational multiscale form, Eq. ((94)a) represents the coarse-scale variational form and Eq. ((94)b),
the fine-scale variational form. We focus on this last equation to estimate the error. Integrating by parts Eq. ((94)b),
we establish the relationship between the error and the residuals,

aw',u'y=—w', Liu — flp — W', [Bul)p — (W', Bi — h)p, (95)

The LHS of Eq. (95) is the bilinear form applied to the fine scales, where the error u’ is projected on the fine
scales w’. The RHS of Eq. (95) contains the residuals of the numerical solution. The first term of the RHS is
the internal residuals defined inside the elements, the second one considers the jump of the flux on the element
boundaries, and finally, the third term represents the Neumann boundary condition residual.

5.2. VMS error estimation framework

Following the nature of the residuals, the error is decomposed in two terms, uy,, and u,. Accordingly, the
uy,, component is in charge of modeling the error that arises from the internal residuals inside each element,
(W', Lit — f)pe, and the u;mll component represents the error produced by the residuals on the element boundary,
(w', [Bual)7 and (w', Bi — h)p,.

5.2.1. Internal residual error, u{,ub
This kind of error possesses a local character since it is defined inside the element. This error is computed as a
combination of bubble functions on each element,
Nbub
U (20)(X) = Y _ cP"b;(x) (96)
i=1

There are different ways of defining the bubble functions, b;(x), depending on whether we consider 1D and 2D
problems.

One-dimensional problems. For 1D problems, the internal residual error is modeled by means of residual-free
bubbles [4,5,82,84]. In this case, the residual-free bubbles are calculated using the fine-scale Green’s functions.
A relevant article written by Hughes and Sangalli [70] establishes an explicit definition of the fine-scale Green’s
operator,

G =G-GP(PGP"'PG 7)
26
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Eq. (97) shows that the fine-scale Green’s operator is computed taking into account two terms, G and P (see [70,137]
for further details):

e The classical Green’s function operator, G, which is the inverse of the differential_equation, g = L1
e A projection, P, that goes from the space of all scales, S, to the coarse scales, S, P : S — S. We select a
projector induced by the H_-seminorm since it provides fine-scale Green’s functions confined in the elements.

Therefore, employing the fine-scale Green’s functions, g’(x, y), the internal residual error is computed as
U, e (X) = —/ g, (L — f)(y) d2, (98)
QE
In order to compute the error with bubble functions, we consider two cases

e Constant residual:
Upp, e (X) = b5 (x0)(f — Lu) (99)

e Non-constant residual:

[e0] —
_ 1 d*(f — Lu)
e () = DS — L) + 3 by, L (100)
k=1 ) Y y=ci
where ¢; is the central point of the element and b is the k"™-moment order residual-free bubble, defined as
bi(x) = /Q g, )y — )t Ay (101)

These bubble functions, which arise from the fine-scale Green’s function, are called residual-free bubbles since uy,,
fulfills

/ Lupw' d2 = (f — Liyw' d2 Yw' € V' N Hy (2°) (102)
fol Qe

That is to say, in each element, u;, represents the solution that lives in S’ with homogeneous Dirichlet boundary
condition, where the source term is f — Li.

Multi-dimensional problems. In multidimensional problems, residual-free bubbles are very difficult to obtain.
Thus, the error component, uj , (x) = Y 24" ¢;b;(x) is a linear combination of polynomial bubble functions defined
on a finite dimensional space, S{,’ub. For both triangles and quadrilaterals, the first bubble function, b;(x), is the
simplest polynomial that fulfills to be zero on the element boundary. The successive bubbles are built adding the
monomials of the Pascal triangle with center in the barycenter of the element. The problem is set on each element
as: Find uj,, € S, such that

a(wl/)ub’ u{)ub) = (wt,)ub’ f - ‘Cﬁ) le,aub € S{)lub (103)
5.2.2. Inter-element error, “{ooll
The inter-element error presents a global character and is originated by the lack of continuity of the FEM solution,

i, and the internal residual error, uy . This kind of error is in charge of solving the part of the error that u;,, does
not consider. Thus, the inter-element error, ul’mn represents the solution of the following problem,

Lu'yon =0 in 2\ T

[fu/poll = _(HBIZ]] + [[Bu{)ub]])af‘ on F (104)
' poll =0 on [,

Buyy  =h— Bit — Buy,, on I}

It is assumed that the error component u;,, defined inside the elements, satisfies Lu'pu, = f — Lit enabling to
approach Lu'yon = 0 as the first equation in Eq. (104) expresses. Then, the error source is the jump of i and uy
on the element boundaries.

Although it seems that the way of determining the error pollution leads to the solution of a problem in the whole
domain, it can be simplified both in 1D and multiD problems.

27



G. Hauke and D. Irisarri Computer Methods in Applied Mechanics and Engineering 417 (2023) 116341

One-dimensional problems. Here only linear elements are considered (see [137] for the extension to higher-order
elements). The error pollution is modeled as a linear combination of free-space Green’s functions set at the nodes
of the discretization, 7,,,

nnp

o (x) = Zcb"d Fx, xp) (105)

The coefficients cb“d are determined depending on the nodes we are treating:

e Internal nodes

The coefficients cb"d

are chosen imposing the Galerkin orthogonality property

a(w,u) = a(w, u'vw) + a(w, u'pon) =0 Yw eV (106)
Therefore,

a(w, u'pon) = —a(w, u'py) YweV (107)
Introducing the definition of ”;ou in Eq. (105) and integrating by parts the LHS of Eq. (107), for a internal
node A

(wa, L™ (x,x4)) = —a(wa, u'bub) (108)

(wa, 8(x, x)c™) = —a(wa, u'pup) (109)

N = —a(wa, ') (110)

e Neumann boundary nodes

Following the same steps as for the internal nodes, the coefficients cb“d at these nodes are computed as
npp
F
= —a(wa, u'pw) — (wA, > iBef(x, x3>> (111)
B=1,B#A Iy

e Dirichlet boundary nodes
For the nodes set at the Dirichlet boundaries, we know that the u’ = 0. Therefore, the cb“d coefficients are
solved imposing this condition, i.e.,

nup

e ra x)+ Y el xp) =0 (112)
B=1,B#A

Multi-dimensional problems. Taking problem (104), the second equation is multiplied by the free-space Green’s
function and integrated by parts twice. Then, we get the expression

Upo(X) = —/~gF(x,y)(lIBﬁ]](y)vL[[Bu’bub]](y)> dI'y+
r

/ / 113
8" DByt AT~ /  tpon(9Byg" e, ) AT, (13
il 0

for all x € (2
As can be observed, the calculation of upoll implies the computation of an integral on the inter-element boundaries,
T, which involves the j jumps of u# and u'yy,. The other two integrals are set on the domain boundary and contain

both ”pon and its derivative. Hence, the integro-differential equation can be solved via boundary element methods
(BEM).
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Fig. 17. 1D Convection—diffusion problem. Exact and FEM solution.
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Fig. 18. 1D Convection—diffusion problem. Error components.

5.3. Numerical examples

5.3.1. Pointwise error estimation in 1D problems
The convection—diffusion problem is expressed as

d*u du .
—KW +aa =4x(1—x) in 2 =710,1] (114)
u =0 on I}

The case k = 0.01 and a = 1 is solved with the standard Galerkin method using a uniform mesh with 5 elements.
Fig. 17 represents the exact and the FEM solution, where spurious oscillations can be seen due to the regime being
convection-dominated.

The error components uy,, and ”;)ou are depicted in Fig. 18. The interior error is estimated with Eq. (100) and
the inter-element error is computed according to Section 5.2.2.

Finally, the estimated error is obtained summing both components, u = uy, + u{w“. The estimated and the exact
error are shown in Fig. 19. Both are almost identical.

5.3.2. Pointwise error estimation in 2D problems
The convection—diffusion problem in 2D is expressed as

—«kAu+a-Vu =f in 2
u =g on I (115)
kVu-n =h on I}

where k and a = (ay, a,) are the diffusive and convection coefficients, respectively.

For the example, we select a (0, 1) x (0, 1)-domain with k = 0.03 and a = (1, 2)/ V5 and homogeneous Dirichlet
boundary conditions. We take f = 1. The numerical solution is obtained via the SUPG method employing a 8§ x 8
mesh with bilinear quadrilaterals. The numerical and the reference solutions are shown in Fig. 20. The reference
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Fig. 19. 1D Convection—diffusion problem. Exact and estimated error.

0.85
0.8
0.78 o
07 il
0.68
0.6
0.58 0.6
0.5
0.4¢ >
0.4
0.3¢ 0.4
0.3
0.28
02 |
0.15 o2
01
0.08

j 0 0

(a) Reference solution (b) FEM solution

Fig. 20. 2D Convection—diffusion equation. Reference and FEM solution.

solution, uf, has been obtained in a fine mesh (100 x 100 elements) and is assumed to be similar to the exact
solution.

The internal residual error, uy,, is depicted in Fig. 21a using six bubble functions per element. On the other
hand, the error pollution is computed solving Eq. (113). Fig. 21b shows this error term. Finally, the estimated error
is the addition of both components. We can appreciate in Fig. 22 that the reference error, u,; = uef — it, and
the estimated error are similar. The error is mainly concentrated in the boundary layer where the solution is more
abrupt.

6. Conclusion

Explicit and implicit a posteriori error estimators have been derived from the variational multiscale theory (VMS).
The error estimators, which are based on a model that introduces approximations compatible with the theory of
stabilized methods, include both, element interior and inter-element residuals. The element interior residual is key
for predicting the error in the hyperbolic regime, whereas the inter-element residual, in the diffusive regime.

It has been shown that the error constants can be written in the form of error time scales, which have been
calculated explicitly from element Green’s functions. Incompressible flows require a slightly different approach,
and the error time scales are precomputed from unitary problems.

Numerical examples confirm that the global efficiencies are close to one and that the local efficiencies are a good
approximation of the true error, mainly in areas where the errors are large.

Thus, the proposed a posteriori error estimator leads to a very economical and robust technique for fluid problems
computed with stabilized methods and can be readily implemented in existing computer codes.
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Fig. 21. 2D Convection—diffusion equation. Internal residual error and inter-element error.
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Fig. 22. 2D Convection—diffusion equation. Reference error and estimated pointwise error.

A study on the nature of the error shows that the error can be decomposed into an element interior contribution
described by residual-free bubbles (or a sufficiently rich bubble space) plus an inter-element contribution, described
by global free-space Green’s functions. This decomposition has been applied successfully to both, Galerkin and
SUPG solutions.

The success of this estimator can be explained by the fact that it solves a-priori the local dual problems at
the element level and since the error distribution is practically local for methods stemming from HO1 projection,
these represent fairly well the exact error. Moreover, the proposed technology achieves similar accuracy as implicit
methods with less computational cost, since it is not necessary to solve any differential equation to calculate the
error.
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