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The computation of the volume of solids of revolution in calculus courses is usually
presented by two methods, namely:

1. The disk method, which consists roughly of decomposing the solid into slices
that are perpendicular to the axis of revolution.

2. The shell method, which considers the solid as a series of concentric cylindrical
shells wrapping the axis.

From a geometrical point of view, these two methods look quite different, and it is
the shape of the solid that motivates the choice between one or another. Nevertheless,
from an analytical point of view, both methods produce the same result, as is shown
using integration by parts [1], inverse functions [3], and even Rolle’s theorem [2].

We wondered if there was an even deeper relation between the above methods, and
we looked at computing the volume of a solid of revolution as a double integral in a
very intuitive way. We show that the classical methods (disks and shells) are recovered
if this double integral is computed by each of the two possible applications of Fubini’s
theorem. Furthermore, we can also obtain Pappus’ volume theorem from the formula.

Let S be a bounded and closed region in the yz-plane, and let £ be any straight
line in the same plane such that £ is exterior to S. For every point P = (x, y) € S, let
dy(x, y) be the distance from P to £. Let us denote by V (S, £) the volume of the solid
obtained by rotating the region S around the line £; see Figure 1.

Figure 1. Solid of revolution together with the rotating section.

We claim that
VS, 0) = f / 27dy(x, y) dA. )
S

Although a rigorous proof can be obtained, the underlying idea is, in fact, very
intuitive. For every point P(x, y) € S, consider a tiny circle with center P and area
dA (see the right-hand side of Figure 1). When this circle rotates around the line £,
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it generates a torus of volume 27 d,(x, y)d A. Then it is enough to sum up all these
volumes, i.e., to integrate over S.

Let us show how the classical disk and shell methods can be obtained from this
double integral (1).

Assume, without loss of generality, that the axis of revolution is the y-axis, OY.
First, consider a region S bounded by continuous functions y = fij(x) and y = f5(x)
between x = a and x = b, as in Figure 2. By Fubini’s theorem,

b S2(x) b
// 2nx dA = / (/ 2w x dy) dx = / 27x (fo(x) — fi(x)) dx,
s a S1(x0) a

which is precisely the well-known formula for the shell method.

Assume now that S is bounded by continuous functions x = g;(y) and x = g,(y)
between y = ¢ and y = d, as in Figure 2. Another application of Fubini’s theorem
gives us

d 82 () d
/f 2nx dA = / (/ 2w x dx) dy = / T (gz(y)2 — g1(y)2) dy,
N c g1y c

which is the formula for the disk method.
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Figure 2. Two possible plane regions.

Example. Consider S, the plane region bounded by the unit circle x> + y* = 1 and
the lines y = x and y = —+/3x, as in Figure 3. We want to compute the volume of the
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Figure 3. Area of the rotating region about the y-axis.
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solid obtained by rotating S about the y-axis. Although the shell and disc methods can
be used, they lead to complicated integration.
Using (1), we compute V = [/, ¢ 2mx d A by changing to polar coordinates:

1 /4 371! /4 1 3
V= 271/ ,Ozd,o/ cos Bd6 = 2np—] sin0:| m(+v2)
0 —m/3 3 0 —m/3 3

Pappus’ volume theorem. Consider a region S of the yz-plane and the solid ob-
tained by rotating it around the axis £. Let C denote the centroid of S, A the area of
S, and d the distance from the centroid C to the line £. Then Pappus’ volume theorem
states, in its classical form, that the volume of this solid is given by

V(S,£) =2ndA.

Let us see how to obtain Pappus’ theorem from (1). Recall that if £ has equation

ax + by 4+ ¢ = 0, then d, (xo, yo) = laxg + byo + c|/~a? + b%. Tt is also well known
that if C = (x¢, yc¢), then

[yxda —_ [fvas
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Since S can be assumed to lie on the semiplane determined by ax + by 4 ¢ > 0 (hence
dy(x, y) is a polynomial in x and y), we have

Xc =

V(S, ¢ = // 2rdi(x,y) dA
s

ax+by+c
zzn/f—dA
s a4+ b?
axc +byc +c¢
=2n——————A=2ndA.
Va* 4 b?
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Summary. We show that the disk and shell methods for computing volume are connected by
Fubini’s theorem. The same double integral allows us to derive Pappus’ volume theorem.
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