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ABSTRACT. In this paper we extend the concept of Milnor fiber and Milnor
number to curve germs on surface quotient singularities. A generalization of
the local §-invariant is defined and described in terms of a Q-resolution of the
curve singularity. In particular, when applied to the classical case (the ambient
space is a smooth surface) one obtains a formula for the classical -invariant in
terms of a Q-resolution, which simplifies considerably effective computations.
All these tools will finally allow for an explicit description of the genus formula
of a curve defined on a weighted projective plane in terms of its degree and
the local type of its singularities.

1. INTRODUCTION

In the present paper we focus on the study of curves on non-smooth surfaces, in
particular on quotient surface singularities.

The goal of this paper is two-fold: first, define and investigate some of the prop-
erties of local invariants of curve germs on quotient singular surfaces. In particular,
we define a Milnor fiber, Milnor number, and a §-invariant which generalize their
analogues over smooth surfaces. In §3|and §4| we show that such invariants can be
effectively computed in terms of embedded Q-resolutions. Second, obtain a formula
for the genus of a curve in the weighted projective plane in terms of its degree and
the previous invariants.

Note that alternative generalizations of Milnor numbers can be found, for in-
stance, in [Il 4, 10, 17]. The one proposed in the present paper seems more natural
for quotient singularities (see 7 but more importantly, it allows for the
existence of an explicit formula relating Milnor number, d-invariant, and genus of
a curve on a singular surface.

As a by-product, in addition to the generalization purpose, note that these for-
mulas in terms of Q-resolutions can also be applied in the smooth surface context.
Since Q-resolutions are computationally easier to obtain, our method provides a
significantly more efficient way to calculate such invariants.

Consider an irreducible curve C C P? of degree d, it is a classical result (cf. [13)
12 18, 5, ©6]) that the genus of its normalization considered as a compact oriented
Riemann surface (also denoted by ¢(C)) depends only on d and the local type of its
singularities. In §5| we apply our previous results to generalize such a formula for
the genus of a weighted-projective curve from its degree and the local type of its

singularities. This question is solved in [Theorem 5.7| (see also [7, [I4] for the quasi
smooth case).
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As an application of such a formula (cf. [I5]) this provides with a more concrete
and computable version of the Adjunction Formula for divisors on quotient surface
singularities, in particular on weighted projective planes.

For the sake of completeness, a brief section (see to introduce the necessary
definitions and notation is included.

2. PRELIMINARIES

Let us recall some definitions and properties on V-manifolds, weighted projective
spaces, embedded Q-resolutions, and weighted blow-ups, see [7, [3, 2] for a more
detailed exposition.

2.1. V-manifolds and quotient singularities.

Definition 2.1. A V-manifold of dimension n is a complex analytic space which
admits an open covering {U;} such that U; is analytically isomorphic to B;/G;
where B; C C" is an open ball and G; is a finite subgroup of GL(n,C).

Theorem 2.2. ([I6]). Let G1, Go be small subgroups of GL(n,C). Then C"/G; is
isomorphic to C™/Gs if and only if G1 and Go are conjugate subgroups. O

Notation 2.3. For d := (d; ...d,) we denote by Gq := Gg4, x -+ x Gy, a finite
abelian group written as a product of finite cyclic groups, that is, Gg4, is the cyclic
group of d;-th roots of unity in C. Consider a matrix of weight vectors

A= (aij)m = [a1 ‘ v |an} S Mat(r X TL,Z),

a; :="(a1;...a,;) € Mat(r x 1,7Z),

and the action
(Gdlx"'XGdr)X(cn—)Cna gd:(gduu'agdr)a
(£d7x) = ( 21“ coe g:l T, ... ,f;ll” coe ;:” Zn), X =(T1,...,Tpn)-
Note that the i-th row of the matrix A can be considered modulo d;. The set of
all orbits C™/G is called (cyclic) quotient space of type (d; A) and it is denoted by
di |a;n -+ ai
X(d;A):=X
dr a1 -+ apm
The orbit of an element x € C™ under this action is denoted by [x](4;4) and the
subindex is omitted if no ambiguity seems likely to arise. Using multi-index notation
the action takes the simple form
GaxC" — C",
(Ed)x) = Ed'x:: (gcall xlw-'?Ecain l’n)
The quotient of C™ by a finite abelian group is always isomorphic to a quotient

space of type (d; A), see [3] for a proof of this classical result. Different types (d; A)
can give rise to isomorphic quotient spaces.

Example 2.4. When n = 1 all spaces X(d; A) are isomorphic to C. It is clear
that we can assume that ged(d;,a;) = 1. If » = 1, the map [2] — 2% gives an
isomorphism between X (dy;a1) and C.

Consider the case r = 2. Note that C/(G4, X Gg4,) equals (C/Gq4,)/G4,. Using
the previous isomorphism, it is isomorphic to X (da, dyas), which is again isomorphic
to C. By induction, we obtain the result for any 7.
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If an action is not free on (C*)™ we can factor the group by the kernel of the
action and the isomorphism type does not change. This motivates the following
definition.

The type (d; A) is said to be normalized if the action is free on (C*)" and Ggq is
small as subgroup of GL(n, C). By abuse of language we often say the space X (d; A)
is written in a normalized form when we mean the type (d; A) is normalized.

Proposition 2.5. The space X(d; A) is written in a normalized form if and only
if the stabilizer subgroup of P is trivial for all P € C™ with exactly n—1 coordinates
different from zero.

In the cyclic case the stabilizer of a point as above (with exactly n—1 coordinates
different from zero) has order ged(d, aq, ..., G, ..., a,).

It is possible to convert general types (d; A) into their normalized form.
[rem 2.2] allows one to decide whether two quotient spaces are isomorphic. In partic-
ular, one can use this result to compute the singular points of the space X (d; A). In
we have explained this normalization process in dimension one. The
two dimensional case is treated in the following example.

Example 2.6. All quotient spaces for n = 2 are cyclic. The space X(d;a,b) is
written in a normalized form if and only if (d,a) = (d,b) = 1, where (a1,...,a,)
denotes ged(ay, .. ., ay,). If this is not the case, one uses the isomorphism (assuming
(da a7b) - 1) X(d, a, b) - X(ma ﬁ7 %)7 [(as,y)] = [(x(d,b)7y(d,a))] to
convert it into a normalized one.

2.2. Weighted Blow-ups and Embedded Q-Resolutions.
Classically an embedded resolution of {f = 0} C C™ is a proper map 7 : X —
(C™,0) from a smooth variety X satisfying, among other conditions, that 7=({f =
0}) is a normal crossing divisor. To weaken the condition on the preimage of
the singularity we allow the new ambient space X to contain abelian quotient
singularities and the divisor 7=1({f = 0}) to have “normal crossings” over this
kind of varieties. This notion of normal crossing divisor on V-manifolds was first
introduced by Steenbrink in [19].

We recall that in the class of V-manifolds, the abelian groups of Cartier and
Weil divisors are not isomorphic. However the isomorphism can be achieved after
tensoring by Q. Such divisors will be referred to as Q-divisors.

Definition 2.7. Let X be a V-manifold with abelian quotient singularities. A
hypersurface D on X is said to be with Q-normal crossings if it is locally iso-
morphic to the quotient of a union of coordinate hyperplanes under a group ac-
tion of type (d;A). That is, given z € X, there is an isomorphism of germs
(X,z) ~ (X(d; A), [0]) such that (D,x) C (X, z) is identified under this morphism
with a germ of the form

({[x] € X(d; A) | 27" - ... 2} = 0},[(0,...,0)]).

Let M = C"*"1/G be an abelian quotient space. Consider H C M an analytic
subvariety of codimension one. An embedded Q-resolution of (H,0) C (M,0) is a
proper analytic map 7 : X — (M, 0) such that:

(1) X is a V-manifold with abelian quotient singularities.
(2) 7 is an isomorphism over X \ 7~ !(Sing(H)).
(3) 7~ 1(H) is a hypersurface with Q-normal crossings on X.
Remark 2.8. In some cases, one needs to consider a stronger condition on Q-

resolutions, namely, the strict transform of H does not contain any singular points
of X. This can always be achieved by blowing up eventually once more the strict
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preimage of the hypersurface. Such an embedded resolution will be referred to as
a strong Q-resolution.

Usually one uses weighted or toric blow-ups with smooth center as a tool for
finding embedded Q-resolutions. Here we only discuss briefly the surface case. Let
X be an analytic surface with abelian quotient singularities. Let us define the
weighted blow-up 7 : X 5 Xata point P € X with respect to w = (p,q). We
distinguish two different situations.

(i) The point P is smooth. Assume X = C2 and 7 = m, : C2 — C2 the
weighted blow-up at the origin with respect to w = (p, q),

C2 == {((z,y),[u: v]l) € C* x P | (z,y) € [u:v],}.

Here the condition about the c/}osure means that 3t € C | z = tPu, y = t%. The
new ambient space is covered as C2 = Uy UUs = X (p; —1,q) U X (g; p, —1) and the
charts are given by

X(p-lqg) — U, X(gp—1) — Us,
()] = (@ 2%), [Lyle) | ()] = (2P, y9), [z : 1)

The exceptional divisor E = 7;1(0) is isomorphic to P. which is in turn isomor-
phic to P! under the map [z : y,, — [27 : yP]. The singular points of C2 are cyclic

quotient singularities located at the exceptional divisor. They actually coincide
with the origins of the two charts.

(ii) The point P is of type (d;a,b). Assume that X = X (d;a,b). The group
G acts also on C2 and passes to the quotient yielding a map 7 = T(dsab)w
X(d;a,b),, — X(d;a,b), where by definition X (d;a,b), = ((Aju%/Gd. The new space
is covered as

— == d . —q+apb d —p+V
(1) X@wﬁhUﬂﬂ&X(pﬂ,Q+ap>Ux<q-p+WJ>

e e e’ e

with ¢’'a = ¥'b=1 mod (d) and e = ged(d, pb — ga). The charts are given by

d = — b PN d — v ~
X IL;LM —s Uy, X Q;MJ —s Us,

(= 9)] = (@, 29Y), [ ylo)] gy | (@ 9] = [Py, [ )] g0

The exceptional divisor E = 7r(7d,1a b ,,(0) is identified with PL(d;a,b) := PL/Gg.
Again the singular points are cyclic and correspond to the origins of the two charts.

Proposition 2.9. Let X be a surface with abelian quotient singularities. Let 7 :
X — X be the weighted blow-up at a point P of type (d;a,b) with respect to w =
(p,q). Assume (d,a) = (d,b) = (p,q) =1 and write e = ged(d, pb — qa).

Consider C and D two Q-divisors on X, denote by E the exceptional divisor of
7, and by C (resp. D) the strict transform of C (resp. D). Let ve,p (resp. vp.p) be
the (p, q)-multiplicity of C (resp D) at P, (defined such that v, p = p and vy p = q).
Then the following equalities hold:

1) 7(C) =C + ”%PE

~ _ evep
2) E-C= -
? pqci AN, Yo,pPVD,P
3) (C-D)p=C-D+—7—.
(3) (C-D)p o
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2.3. Local intersection number on X(d;a,b).
Denote by X the cyclic quotient space X (d;a,b) and consider two divisors D; =
{fi = 0} and Dy = {fo = 0} given by f1, fo € C{z,y} reduced. Assume that,
(d; a,b) is normalized, D; is irreducible, f; induces a function on X, and finally
that D1 SZ DQ.

Then as Cartier divisors Dy = {(X, f1)}, D> = 3{(X, f§)}. The local number
(D1 - D3)(py at the singular point P is defined as

C Gq
(D1 - D2)ipy = %dim@ (%) |

where C{z,y}¢ is the local ring of functions at P.
Analogously, if f; does not define a function on X, for computing the intersection
number at P one substitutes f; by f{ and divides the result by d.

Example 2.10. Let z; and o be the local coordinates of the axes in M :=
X(d;a,b). Consider X; := {(M,z;)} the Q-divisors associated with them. Note
that

1
(Xl . XQ)O = E

2.4. Weighted projective plane.
The main reference that has been used in this subsection is [7]. Here we concentrate
our attention on describing the analytic structure and singularities.

Let w := (wp,w1,ws) be a weight vector, that is, a finite set of coprime positive
integers. There is a natural action of the multiplicative group C* on C3\ {0} given
by

(330, Xy, 332) — (twoxo, twll‘l, twgl‘g).

The set of orbits % under this action is denoted by P2 and it is called the
weighted projective plane of type w. The class of a nonzero element (Xg, X1, X2) €
C3 is denoted by [Xo : X1 : X»],, and the weight vector is omitted if no ambiguity
seems likely to arise. When (wp,wr,ws2) = (1,1,1) one obtains the usual projective
space and the weight vector is always omitted. For x € C?\ {0}, the closure of [x],,
in C3? is obtained by adding the origin and it is an algebraic curve.

Consider the decomposition P2, = UyUU; UUz, where Uj is the open set consisting
of all elements [X( : X; : Xa], with X; # 0. The map

1:/;0 : C? — Uy, 1;(]($17$2) =121 2oy

defines an isomorphism 1)y if we replace C2 by X (wp; w,ws). Analogously, X (w1; wo,ws)
Uy and X (we; wg,w1) = Uy under the obvious analytic map.

~

Remark 2.11. (Another way to describe P2). Let P? be the classical projective
space and G, = G, X Gy, x G, the product of cyclic groups. Consider the
group action

G, x P? — P2,
((gwovgwwng)v [XO t Xy XQD = [gonO : glel : EWQXQ:I'

Then the set of all orbits P?/G,, is isomorphic to the weighted projective plane
of type w and the isomorphism is induced by the branched covering

(2) P25 [Xo: X7 @ Xo] m0 [XS0 : X9 1 X52], € P2,
Note that this branched covering is unramified over
P2\ {[Xo, X1, Xow | Xo- X1 - X =0}

and has @ = wg - w1 - w2 sheets. Moreover, the covering respects the coordinate axes.
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Example 2.12. Let ¢ : P2 — P2 be the branched covering defined above with
weights w = (1,2, 3). For instance, the preimage of [1 : 1 : 1],, consists of 6 points,
namely the set {[1: & : &) € P? | & € Ga, & € Gs).

The following result is well known.

Proposition 2.13. Let dy := ged(wy,ws), di = ged(wo,ws) , do = ged(wo,wr),
eg :=dy - do, €1 :=dgy-dy, es ;= dy-dy and p; = ‘;’—; The following map is an
isomorphism:

P2 (wo,w1,w2)  —> P2(po,p1,p2),

(Xo:X1:Xo] = [Xgo:X:Xx$].

Remark 2.14. Note that, due to the preceding proposition, one can always assume
the weight vector satisfies that (wp,ws,ws) are pairwise relatively prime numbers.
Note that following a similar argument, }P’%WO wi) ~ pl

Proposition 2.15 (Bézout’s Theorem on P2). The intersection number of two
Q-divisors, D1 and Dy on P2 without common components is

1
Dy Dy= Y (Di-Dy)p = —deg,(D1)deg,(Ds) € Q,
PeDiNDy w

where W = wowiws.

3. MILNOR FIBERS ON QUOTIENT SINGULARITIES

Our purpose in this section is to provide a definition for the Milnor fiber of the
germ of an isolated hypersurface (f, [0]) singularity defined on an abelian V-surface
X(d;a,b).

In the classical case, if (C = {f = 0},0) C (C%,0) defines a local singularity, the
Milnor fiber is defined as F; = {f = ¢} and it satisfies x(F;) = r — 26, where 7 is
the number of local branches of (C,0). Note that this cannot be extended directly
to the case C C X (d;a,b) because, in general, the germ (f,[0]) does not define a
function on X(d;a,b). However, F':=[[ o f9 = uf? (u a unit) is a well-defined
function on X (d;a,b) and hence the set {F =t} is also well defined and invariant
under the action of the cyclic group G4. One can offer the following alternative
definition for the Milnor fiber of C.

Definition 3.1. Let C = {f = 0} C X(d;a,b) be a curve germ. The Milnor fiber
Fp of (C,[0]) is defined as follows,

Fr ={F =t}/Gq.
The Milnor number p* of (C,[0]) is defined as follows,
’uw =1 — Xorb<F£,J>.
The symbol x°*P(M) denotes the orbifold Euler characteristic of M C X =

C?/G 4 as a subvariety of a quotient space which carries an orbifold structure. Note
that one can also consider C as a germ in (C?,0) in which case, x°™(F{*) = 1x(F}),

where F; = {f =t} C C%. Therefore, 1 — u* = % — 4, which implies
d—1 pn
3 w_d-1  p
3) p Tty
Note the difference between this definition and [I Definition 2.10].

Also note that p(z) = p(y) = 4, which extends immediately to all local

curves that can become an axis after an action-preserving change of coordinates.
In other words,
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Definition 3.2. The curve {f = 0} C X (d;a,b) is called a Q-smooth curve if there
exists g € C{z,y} such that C{f,g}¢ = C{z,y}C.

Corollary 3.3.

{f =0} is a Q-smooth curve < p*(f) = ——.

4. LOCAL INVARIANTS ON QUOTIENT SINGULARITIES

4.1. Noether’s Formula.
In this section we present a version of Noether’s formula for curves on quotient
singularities and Q-resolutions. During this section we will use the notation in-

troduced in As an immediate consequence of [Proposition 2.9|(3)) one has the

following formula,

VoVp ~ o~
(4) (C- D)y = pad + Z (C- D),
Q=<I[0]
where @ runs over all infinitely near points to [0] € X (d;a,b) after a weighted

(p, q)-blow-up.
By induction, using formula , one can prove a Noether’s formula for Q-divisors
on quotient surface singularities.

Theorem 4.1 (Noether’s Formula). Consider C and D two germs of Q-divisors
without common components at [0] a quotient surface singularity. Then the follow-
ing formula holds:

ve,QVD,
(€ Dy = 3 ;zqd 2
Q=00]

where Q runs over all the infinitely near points of [0] and Q appears after a blow-up
of type (p,q) of the origin in X (d;a,b).

Remark 4.2. Note that p, ¢,d,a, and b in depend on @ and its prede-

cesor.

4.2. Definition of the § invariant on quotient singularities.
In this section the local invariant 6* for curve singularities on X (d; a, b) is defined.

Definition 4.3. Let C be a reduced curve germ at [0] € X (d;a,b), then we define
0% as the number verifying

(5) X (F) =1 = 267,
where 7 is the number of local branches of C at [0], F}’ denotes its Milnor fiber,

and x°™(F?) denotes the orbifold Euler characteristic of F.

Using the same argument as in , one can check that

1 1 T
Pl e-3)
© a2\ g
where § denotes the classical §-invariant of C' as a germ in (C2,0) and r is the
number of local branches of C in (C2,0).

Remark 4.4. At this point it is worth mentioning that r and r do not necessarily
coincide. For instance, (z? — y*) defines an irreducible curve germ in X(2;1,1)
(hence r* = 1), but it is not irreducible in C? (where 7 = 2). One can check that

§“ =1, § =2 (see [Example 4.6)), which verify (6).
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The purpose of this section is to give a recurrent formula for §“ based on a
Q-resolution of the singularity. For technical reasons it seems more natural to use
strong Q-resolutions (see [Remark 2.8)) for the statement, but this is no restriction

(see [Remark 4.7)).

Theorem 4.5. Let (C,[0]) be a curve germ on an abelian quotient surface singu-
larity. Then

o 1 v
(7) 5=§Zd;2q(cz p—g+e),
Q=([0]

where Q runs over all the infinitely near points of a strong Q-resolution of (C,[0]),
Q appears after a (p, q)-blow-up of the origin of X (d;a,b), and e := ged(d, ag—bp).

A similar comment to applies to

Proof. Since we want to proceed by induction, let us assume [0] € X(d;a,b). Af-
ter a (p,q)-blow-up of [0] there are three types of infinitely near points to [0],

namely, P; (resp. P») a point on the surface of local type X(%; 1, %‘ﬂpb) (resp.

X (4 %b/q“, 1)) and P, ..., P, smooth points on the surface (see (I))). Outside
the neighborhoods B; of the points P;, the preimage of the Milnor fiber is a covering

of degree Z over E.
Therefore

X () = X" (BN {Py,..., P, —|—Zxorb B, ﬂ{m CFy =1t}),

SNince the intersection is glued over disks, whose Euler characteristic is zero. Here
F; denotes the strict preimage of F’ at P;.

In order to compute x°™P(B; N {z“¢ F; = t}) we have to distinguish three cases:
Py, Py,and P; (i =3,...,n).
Assume first that P = P;, i = 3,...,n, then one can push F; into F in a direction

transversal to E as in then x°™P(B; N {z ¢ F, = t}) = x((F!):) — (E, F})p,.
In case P =P, € X(%; 1, %‘”’b), one has x°™(B; N{z ¢ F} = t}) = Zax(B1N

dv 1

{z¢ 1 fi =t}), where f, is the preimage of F| in C2. Therefore, after applying the
deformation strategy, x(By N {z* f; =t}) = £ (1 — (E, f1)p,), and hence
orb dv ~ v € n
BiN{zxeFi=t})=—-|— —(E,F .
BN (@ F =) = 2 (£ - (B, Fn )

One obtains an analogous formula for P,. Adding up all the terms and applying

[Proposition 2.9 one obtains:

or w v v orb/ 17
XOP(FY) = —+— Jer b (Fy)

v—p— q+6+ Xorb
dp ' dg dpq ( Z i)

A

dpq

The formula follows by induction since, after a strong Q-resolution, 3, x***(F};) =
r* and hence

orb w w v w w
XOP(FY) = — —W—-—p—qg+e)=r—2".
(F) =1 = 30 2= )
[l

Example 4.6. Assume 2P — y? = 0 defines a curve on a surface singularity of type
X(d;a,b). Note that a simple (g, p)-blow-up will be a (strong) Q-resolution of the
singular point. Therefore, using one obtains

v
o = —qup(y—q—p—i—e).
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FIGURE 1. Deformation F;

Note that v = pg. Also, since 2P — y? = 0 defines a set of zeros in X (d;a,b) by
hypothesis, this implies ap = bg mod d and hence e := ged(d, ap — bg) = d. Thus
(pg—p—q+d
8 gw =2 ¥ 2T
Note that this provides a direct proof, for the classical case (d = 1), that
s P=Dle-1)
2
for a singularity of type z¥ — y? in (C?,0).
Another direct consequence of is that
d—1

(;K.d — 5(/.) —
) (e) = 0°(y) = S
and the same formula holds for any Q-smooth curve (see [Definition 3.2)).

Remark 4.7. By @, a Q-resolution is enough to obtain 0“. Note that a Q-
resolution end when the branches are separated and each strict transform is a
Q-smooth curve. Therefore if is applied for a Q-resolution, one needs to add

dé(zl for each local branch v; C X(d;;a4,b;),i=1,...,7%.

Corollary 4.8. Let C and D be two reduced Q-divisors at [0] € X (d; a,b) without
common components. Then

§(C- D) = §*(C) 4 6*(D) + (C - D)yq;.

Proof. One has,
(10) ve.p(Vep —p—q+e)=(vc+vp)(vc+vp—p—q+e)=
=ve(ve —p—q+e)+vplvp—p—q+e)+2vcrp.
Dividing by 2dpq and making the addition over all the infinitely near points
to [0] one obtains,

§°(C-D) = 6*(C) +8“(D) + > %:5“(0)%%1)”(00)”
Q=I0]

O

4.3. The ¢¥ invariant as the dimension of a vector space.
In the classical case this invariant can be interpreted as the dimension of a vector
space. Since §“ is in general a rational number, a similar result can only be expected
in certain cases, namely, when associated with Cartier divisors. This section is
devoted to proving this fact.

Let us start with the following constructive result which allows one to see any
singularity on the quotient X (d;a,b) as the strict transform of some {g = 0} C C?
after performing a certain weighted blow-up.
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Lemma 4.9. Let f € C{z}[y] defining an analytic function germ on X (p;—1,q),
ged(p,q) = 1, such that © + f. Then there exist g € C{x}[y] with = { g and
v € N multiple of p such that g(aP,x%) = ¥ f(x,y). Moreover, f is reduced
(resp. irreducible) if and only if g is.

Proof. Let us write f as a finite sum of monomials, f =), j ai;x'yl. Since every
monomial of f is Gp-invariant, p divides —i + ¢j for all 7, j. Consider

g(@,y) =D aya 7y € Cla*[y
i,
and take the minimal non-negative integer ¢ such that g(x,y) := x‘g;(z,y) is an
element of C{z}[y]. Note that ¢ exists because f is a polynomial in y.
Then g(zP,z%) = 2P’ f(z,y) and the minimality of ¢ ensures that x { g. The
final part of the statement is a consequence of the fact that the (p, ¢)-blowing-up is
a birational morphism. O

Let I, 4 := (z9,y?) C C{z,y} be the integral closure of (z?,y?) in C{z,y} with
ged(p, q) = 1. Note that the integral closure of a monomial ideal is well understood.
In fact, the exponent set of the integral closure of a monomial ideal equals all the
integer lattice points in the convex hull of the exponent set of such ideal, (see for
instance [8, Proposition 1.4.6]). In our case, I, = (z%,y?)" and the following
property holds for any h € C{x,y},

(11) hely, < Vp.q(h) > pgn.

Lemma 4.10. Assume f € C{x,y} has (p,q)-order v a multiple of pq. Then, for
alln > p—”q, one has

C —p— 1
dim@( {z,y} ) _ gy Y —p—a+ 1)
Iy, +(f) 2pgq
Proof. Since pq|v, by , the multiplication by f gives rise to the short exact
sequence for all n > ﬁ,
C g C C
i{g} o, {i,y} N n{xvy}
Ipq ™ I Lpg +(f)
Note that, by virtue of Pick’s Theorem and , the dimension of the second

vector space above is given by the formula

F(n) == dime <W> et (oD

., 2 2

0— — 0.

Finally, the required dimension is F(n) — F(n — p”—q) and the claims follow. [

Although the following results can be stated in a more general setting, consid-
ering a direct sum of vector spaces in the ring R! (see below), we proceed in this
way for the sake of simplicity.

Let f: (C2,0) — (C,0) be an analytic function germ and C := {f = 0}. Con-
sider the weighted blow-up at the origin with ged(p, g) = 1. Assume the exceptional
divisor E and the strict transform C intersect just at the origin of the first chart
X (p;—1,q) and the latter divisor is given by a well-defined function fon the quo-

Clzyt and R — Clzyt®

tient space. Also denote by R = ) o their corresponding

local rings.
Remark 4.11. The Weierstrass division theorem states that given f,g € C{z,y}

with f y-general of order k, there exist ¢ € C{z,y} and r € C{z}[y] of degree
in y less than or equal to & — 1, both uniquely determined by f and g, such that



LOCAL INVARIANTS ON QUOTIENT SINGULARITIES AND A GENUS FORMULA ... 11

g = qf +r. The uniqueness and the linearity of the action ensure that the division
can be performed in C{z,y}%4, i.e. if f and g are Gy4-invariant, then so are g and r.
In other words, the Weierstrass preparation theorem still holds in C{z,y}%.

Assume f is a Weierstrass polynomial in y of degree b with v := v, ,(f) = ¢b.
Then its strict transform ]? is again a Weierstrass polynomial in y of the same
degree. Classical arguments using the Weierstrass division theorem, see for instance
[6, Theorem 1.8.8], provide the following isomorphisms R ~ % and R! ~

G

%, which allow one to prove that the pull-back morphism

¢: R — R!

Ma,y) = (2P, zl)
is in fact injective. Hereafter R is identified with a subring of R! and thus one just
simply writes R C R'.
Lemma 4.12. For alln >0,

_ pl
RI}, = R 2P,
Proof. By , the ideal I}, is generated by all monomials x'yd with pi+qj > pgn.
Each monomial 2y is converted under ¢ in zP*+%yl = gPi+ai—panyi . zPa" which
belongs to R'xPI™,
For the other inclusion, given g =),

as in the proof of [Lemma 4.9
paqnti—qj
Wa,y) =Y aya™ 5y € Claty

2%

i @i T iyd.gPan ¢ (C{x}[y])FraP9, consider

which is an element of C{x}[y] for all n > 0. The (p, ¢)-order of each monomial of
h is greater than or equal to pgn hence they are in I}, by . Finally, it is clear

that o(h + (f)) = g + (f) which concludes the proof. O

Proposition 4.13. Using the previous conventions and assumptions, the order
v =1, 4(f) is a multiple of pg and

) R! viv—p—q+1)
dlm(c (R) = T € N.

Proof. Since E and C only intersect at the origin of the first chart, the (p,q)-
initial part of f is of the form f, = Ay®, A € C*; thus ¢|v. On the other hand,
flaP xly) = x”f(x y) and f(x y) define functions on X (p; —1,¢) and hence z" is
Gp-invariant. Consequently, p|v and also pg |v because p and ¢ are coprime.
For the second part of the statement, by there is a short exact
sequence, for all n > 0,
R R! R!

0— RIZ, — Rigpn — N — 0.

The dimension of the first vector space is calculated in[Cemma 4.10] The second

one is a consequence of F - C= p—l’q, see |Proposition 2.9|.7

o (Tl N
dimc (Rlqun) = dimg ((J?’qu") =pgn E-C =nv. O

Now we are ready to state the main result of this section which allows one to
interpret the invariant ¢ as the dimension of a vector space given by the normal-
ization of the singularity.
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Theorem 4.14. Let f : (X(d;a,b),0) — (C,0) be a reduced analytic function
G
germ. Assume (d;a,b) is a normalized type. Consider R = % the local Ting

associated with f and R its normalization ring. Then,
R
3¢ (f) = dime <) e N.
R
Proof. After a suitable change of coordinates of the form X(d;a,b) — X(d;a,b),
z,7)] — [(x + A\y*,y)] where bk = a mod d, one can assume x { f. Moreover, by
Remark 4.11) f can be written in C{x, 3} in the form
(12) flay) =y + Y aya'y! € Cla}yl.
i#0, j<r
Consider g € C{z, y} the reduced germ obtained after applying to f.
Denote by R™! = % its corresponding local ring and by m(, ) the blowing-up
at the origin with p, ¢ € N coprime satisfying X (p; —1,q) = X(d; a,b). Also, denote
by 0z, ., the contributing rational number associated with the blowing-up and to
viv—p—q+1)

67T(p1q) (f) = 2pq

)

where v is vy, 4(f).
On one hand 6o(g) = r, ,, (f) + 5 (f) by definition. On the other hand, since

R is also the normalization of ¢ because R~! C R C R, by the classical case

. R . R . R
do(g) = dimg¢ (Rl) = dimc¢ (R) + dim¢ (Rl> )

The special form of f(z,y) in implies the hypotheses of [Proposition 4.13| are
satisfied for g. Hence o, (f) = dim¢ % and the proof is complete. O

5. A GENUS FORMULA FOR WEIGHTED PROJECTIVE CURVES

Denote by P2 the weighted projective space of weight w = (wg, w1, ws) written
in a normalized form, that is, gcd(w;, w;) = 1, for any pair of weights i # j (cf. [7]).
Denote by Py :=[1:0:0],, PA:=[0:1:0], and P, := [0 : 0 : 1], the three
vertices of P2. Denote @ := wowiws, wij = wiw; and |w| =Y w;.

Note that the condition ged(w;,w;) = 1 can be assumed without loss of general-

ity, since a polynomial F'(Xg, X1, X5) defining a zero set on P2 (wo, w1, wg) such that
1 1

1

X; 1 F is transformed into another polynomial F(X;°, X", X,?) on P?(pg, p1,p2)
by the isomorphism defined in [Proposition 2.13|

Consider C C P2 a curve of degree d given by a reduced equation F = 0. We
define Sing(C) = C N ({0, F = 0y,F = 0,F =0} U{Py, P, P,}). Thus, we say C is
smooth if Sing(C) = 0. Also, we say C is transversal w.r.t. the axes if { Py, Py, P2} N
C = () and for any P € C N {X; = 0} the local equations of C and {X; = 0} are
given by uv = 0.

Formulas for the genus of quasi-smooth curves can be found in [7].

Suppose C C P2 is a smooth curve of degree d transversal w.r.t. the axes. Con-
sider the covering

o P2 — ]P)Ev
[(Xo: Xy:Xo] = [X°: X" X597

Note that ¢*(C) is a smooth projective curve of degree d. Therefore x(¢*(C)) =
2—(d—1)(d—2) and x(C) = 2 — 2¢(C). Using the Riemann-Hurwitz formula one
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obtains

2—(d—1)(d—2) =& (X(C)—dzl> +3d =20 — 2w0g(C) —d Y _w; +3d
Wik Z

%

and hence

20g(C) = d* — d|w| + 2.
This justifies the following.

Definition 5.1. For a given d € N and a normalized weight list w € N3 the virtual
genus associated with d and w is defined as

d(d — |w])

1.
2w +

9d,w =

Remark 5.2. Note that g4, is always defined regardless of whether or not there
actually exist even smooth curves of degree d in P2, For instance, it is easy to see
that there are no smooth curves of degree 5 in IE”(2 35 (see |

In general, by the discussion above, if g4, is not a positive integer, then no
smooth curves in P2 of degree d transversal w.r.t. the axes can exist. However, this
is not a sufficient condition, since g49,(2,3,5) = 20, but all curves of degree 40 need
to pass through at least one vertex.

The characterization is given by the following.

Lemma 5.3. Given d and w as above, then the space of smooth curves of degree
d transversal w.r.t. the azes in P2 is non-empty if and only if ©|d. Moreover,
any smooth curve can be deformed into a smooth curve of the same degree and
transversal w.r.t. the axes.

Proof. Let F be a weighted homogeneous polynomial of degree d whose set of
zeroes defines C. The condition P; ¢ C implies that F' contains a monomial of
type \; Xdi7 Ai #0,4=0,1,2. Therefore w;d; = d, which implies the result since
ged(w;, w;) =1 by hypothesis on the welghts w.

For the converse, assume @|d, then X, + Xf”l + X2 is a smooth curves of
degree d transversal w.r.t. the axes in P2.
The moreover part is a consequence of the fact that if C is smooth then @|d

and hence C + )\OX“’O + XY o + )\ng2 is transversal w.r.t. the axes for and
appropriate generic choice of \;. O

One has the following.
Corollary 5.4. IfC is a smooth weighted curve in P2 of degree d, then g(C) = ga..-

Proof. By one can assume that C is transversal w.r.t. the axes. The
result follows immediately from the discussion above. O

Example 5.5. Consider Fermat curves of type
C = {X§w2 4 X{wowz 4 X§wowt = 0} C P2,
w = (wo, w1, ws). Note that d = aw and hence applying [Corollary 5.4] one obtains
a, B _
9(€) = gaw = 5law —[w]) + 1,

(see [9] for the special case wg = 1).
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Remark 5.6. Note that does not apply to quasi-smooth weighted

curves, that is, curves whose equation is a weighted homogeneous polynomial whose
only singularity in C? is {0}. For instance, the curve C := {XoX; = Xo} C IP’%Q 3.5)

of degree 5 can be parametrized by the map P! — P%z,&s)’ given by [t : 5] = [t?:
5% : 1253],,. Hence it is rational and g(C) = g(P*) = 0. However, g5 (235 = % As
a consequence of |Corollary 5.4L there are no smooth curves of degree 5 in }P’é 3.5)

(see |[Remark 5.2)).

The purpose of this section is to prove the following.

Theorem 5.7. Let C C P2 be a reduced curve of degree d > 0, then

9(C) = gaw — Z 0p-
PeSing(C)
Proof. Let F € C[Xy, X1, X2] be a defining equation for C. Note that F*“ defines a
function. Also, from the proof of one can obtain an algebraic family of
smooth curves C; = {F; = 0}, t € (0, 1] of degree dw whose defining polynomials F}
degenerate to F¥ = Fj such that C; and C intersect transversally and outside the
axes. Therefore, by
dw , d, ._
9(C) = s = 5o (00— o) + 1= $(d — o) + 1
On the other hand, define I; := C N C;. Using Bézout’s [Proposition 2.15|

€-c)=Y (C-Cp, = éd?* s

Pel,

Since C; and C intersect transversally outside the axes at smooth points one has
(C-Ci)p, =1 (see and hence #1I; = d°.

For each P € Sing(C), consider B} a regular neighborhood of C at P and for
each P; € I; consider B{Dt a regular neighborhood of CUC; at P;.

Note that, outside B := Upcgingc) BB UUp,ez, Bp,» Ci provides a @ : 1 covering
of C, that is,

X(C\BNC) = x(C\BNC).

Also, in each B3, the curve C; is the disjoint union of @ Milnor fibers of (C, P).
Therefore

(13) X(Ce) = Xx(C: \ BNCt) + 3 pesing(c) X(BENCy) + >per, X(Bp,NC) =
w-x(C\BNC)+w- [ZPESing(C) 20% + > pesing(c) TP} +d.
On the other hand

(14) X(C)=2-2 (;l(d@— |w|)+1) = d|w| — d*@

and
(€)= {2 —29(C) - ZPESing(C)(.TP -1
X(C\ BNC) + d? + # Sing(C).
Therefore

(15) XC\BNC)=2-29(C)—d*~ > rp.
PeSing(C)

Substituting and in one obtains

dlw|-d*w =@ [2-29C) —d*~ Y e+ > 208+ > rp|+d
PeSing(C) PeSing(C) PeSing(C)
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which after simplification becomes

20g(C) =d* —dlw| + 20— 2w | Y &
PeSing(C)

and results into the desired formula. O

Example 5.8. In the following example, the curve C is tangent to one of the
axis. From the point of view of this work, such points are not special and do not
contribute to the genus of C since they are smooth in C. Note that this is one one
the main differences with the approach shown in [IJ.
Let us consider the curve C = { XX Xo+(X3—X7)?} C P2 of quasi-homogeneous
degree d = 12, with w = (2, 3,7). Note that
9120 = 712(12,_ 12) +1=1
20w

On the other hand, Sing(C) = {P2}, which is a quotient singularity of local type
xy + (2% —¥3)? in X(7;2,3). In order to obtain dp, one can perform, for instance,
a blow-up of type (1,5). The multiplicity of the exceptional divisor is 6 and hence

16 viv—-p—q+e) 6(6-1-5+7) 3

(16) 2dpq - 2.7-1-5 5
After this first blow-up, the two branches separate and the strict preimage becomes
a smooth branch (at a smooth point of the surface) and a singularity of type zP —y?,
where (p,q) = (1,14), in X (5;2,1). Using formula one obtains:

viv—p—q+e) pg—p—q+d 14-1-14+5 2

17 —.
(17) 2dpq 2d 2-5 5
Combining and one obtains

3 2
05, =-+-=1.
P55
Therefore g(C) =1 — 1 = 0 according to [Theorem 5.7
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