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1 | INTRODUCTION

| Mario Pérez?

| Juan Luis Varona3

We sum in a closed form the Sneddon-Bessel series

i JoCjm s (Vim,v)

2n+a+f-2v+2 . ’
m=1 Jm,v Jv+1(.]m,v)2

where 0 < x,0 < y,x+ y < 2, nis an integer, a, f,v € C\{-1,-2, ... } with
2Re v<2n+1+Re a+ Re fand {ju,}m>o0 are the zeros of the Bessel func-
tion J, of order v. In most cases, the explicit expressions for these sums involve
hypergeometric functions ,F,. As an application, we prove some extensions of
the Kneser—-Sommerfeld expansion. For instance, we show that

(9]

3 I T im N g Wims)  wlp(y2)
a2 Uy =21 (ma)? 42P0(2)

(Y (2)),(x2) = J(2)Y, (x2)) ,

ifRev<Ref+1and0 < y <x,x+y < 2(here, Y, denotes the Bessel function
of the second kind), which becomes the Kneser-Sommerfeld expansion when

p=v.
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Sneddon considered in [1, § 2.2] the following Bessel series in two variables:

(o)

apiv JaXjm ) p(Yjm,v)
Stk ) = Yy Eo (1.1)
m=1 Jm,v]v+1(Jm,v)

where 0 < x,0 < y,x+ y < 2, and {jm. }m>o are the zeros of the Bessel function J, of order v.
The purpose of this paper is to compute explicitly these Sneddon-Bessel series for

g=qn=2n+a+pf-2v+2, nez,
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2 Wl LEY DURAN ET AL.

under mild conditions on the parameters a, f, and v.
The case n < 0 was computed by Sneddon [1, § 2.2] and more recently by Martin [2]. There are other particular cases
that are already known. For instance,

(a) Thecasex=1l,a=pu+v+1,p=v,andn =—1is[3, p. 690, (9)].
(b) Thecasea =f=v,n>0,0<y<x<1,ispackaged in the Kneser-Sommerfeld expansion (see [2, (2)])

- Ly X jm )y Vimy) 7J,(yz)
: — = Yy (@)J,(xz) — J,(2)Y(x2)) (1.2)

ynZ=:1 (j%fl,v - ZZ)JV+1(jm,v)2 4]\/ (Z)
(more precisely: S;;V‘V(x, ¥), n > 0, are the Taylor coefficients at z = 0 of the analytic function of z on the right-hand
side).

The problem of the explicit summation of Bessel series is a classical topic, but there is no doubt that it remains of
interest today and active research is still being done ([4, § 6.8], [5]) (among other reasons, for its usefulness in applied
mathematics, mathematical physics, and engineering, as explicitly explained in Sneddon's book [1] or, more recently, in
Grebenkov's paper [5]).

The content of the paper is as follows. In Section 3, we use the calculus of residues to find a partial fraction expansion

of functions of the form ZJ S ;Z) where f is an entire function satisfying a suitable bound in C (see Theorem 1 for details).
J, (@) 5(y2)

(x2)*(yz)?
this particular f are not the Sneddon-Bessel series S,
a. ﬂ v

. Although in this first step the series we manage to sum using residues for
a,fiv

We then particularize for f(z) =

(x, y), this approach allows us to avoid the problems that appear

(x, y) when n > 0 (and which do not appear for n < 0; see [1, § 2.2] or [2]). Then,
Q. ﬂ v

when using residues to compute S;
Theorem 1 leads us to a partial dlfferentlal equation for the Sneddon-Bessel series S, (x, ), n > 0, which we solve in

Section 4. To do that, we have to use the integral transform

Tyn()X) = )/f(xS)SZ"“(l s?y 1t ds

201 lr(

(which is introduced and studied in Section 2). Once we have found the sum of Sg;ﬂ ¥(x,y), n > 0,Sneddon's (and Martin's)
results for n < 0 can be easily deduced from the case n = 0 by differentiation (see Section 4.2).

In order to state our result in full detail, we need some notation. For v € C\{-1, — . }, let us consider the entire
function

v v<z> o (—1)"(z/2)*
®,(z) = 2'T(v + 1) =T(v+1) nz:;) AT D (1.3)

a,fiv

Define now the polynomial 6, (x, y) (of degree 2n), n > 0, by the generating function

O (RD)Ps(Y2) @ capiy ,
——— =) 6,7 (x,»z".
. ZO WP, )

This generating function allows the explicit computation of the polynomials 6“ﬂ v

coefficients of the functions ®,, ®4, and ®,.
We also define recursively the functions ¢}’ Y@, n >0, by

(2, y) recursively from the Taylor

Ok % <3> 2 <V/3_+a’1v?‘2) ’ 1.4)
aﬂv 1 1 at1.piv 2 afili
O 5% <2(a+1)¢ O+ G ph (t)>’ (1.5)

a,b

where as usual ,F; ( é ; t) denotes the hypergeometric function
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ab. ) _ v La+mrb+mlc) ™
b ( ¢ ’t> - Z Ia)I'(B)I(c + m) m!’

m=0

If we write
a,fv _ afv 2j 2k
5}’[ (x7 Y) - 2 AZj,Zk,nx y 1)
2j+2k<2n

then forv ¢ {0,1, ... ,n},2 Rev <2n+1+Rea+Ref,and0 <y <x,x+y < 2(andalsoforx+y =2if2Re v <
2n + Re a + Re f), we show that

a,pv
. T'(v+ 1)%x%y? _ ~ 2j.2k;n ;
Sasﬂvv X, — x2n 2v g a.fv X) — x2] 2k , 1.6
o V= @+ DrG 1) AT itktv_n Y (1.6)

2j+2k<2n

ifn >0, and
) xa—2v+2nyﬂl"(v _ l’l) VNV —a—n y2
SEP(x, y) = F ’ =), 1.7
a, 6Y) 20T+ (n+a—v+1) > " p+1 x2 (L.7)
ifn < 0. Thecase v € {0,1, ... ,n} can be computed by passing to the limit.

Using our identity (1.6) for the Sneddon-Bessel series, we find in Section 5 some extensions of the Kneser-Sommerfeld
expansion (1.2), among which is the following:

[c)

Z jrvr;vﬂ-]v(xjm,v)-]ﬂ()’jm,v) _ wJp(y2)
&G, =D (me)? 4PR)

Y (2)),(x2) = 1. (2)Y,(x2)) , (1.8)
ifRev<Ref+1and0< y <x,x+ y < 2 (asusual Y, denotes the Bessel function of the second kind).

2 | PRELIMINARIES

The zeros of the function ®,(w) defined by (1.3), that is, the zeros of the even function J,(w)/w", are simple and can be
ordered as a double sequence {jm. }mez\(0y With j_p, = —jm, and 0 < Rejim, < Rejpir, for m > 1([6, §15.41, p. 497]).

Although these zeros depend on v, we will often omit this dependence to avoid unnecessary complications in the notation.
The imaginary part of these zeros is bounded, and when m is a sufficiently large integer, there is exactly one zero in the
strip mrz + %Re v+ f <Rez<(m+ 1)z + %Re v+ f ([6, § 15.4, p. 497]), so that

lim Yml g,
m—+oo0 TM

It follows from the estimate
_H1/2 -1/2 v z
J,(2) =2%(n2) <cos <z—§ﬂ—z> +o(1)>, 7= o0
([7,(10.7.8)], see also [6, § 7.21(1), p. 199]) that
I@P + T @? = iz (1+¢2™o(1)), 7 — co,
T
where the limit z — oo is to be taken inside a sector | arg(z)| < = — 6. Thus,
0 < ¢ < Won(m)iml < C, 2.1)

for some constants ¢ and C not depending on m. In terms of ®,,;,
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4 Wl LEY DURAN ET AL.

0 < ¢ < |D@ys1Gm)Pliml* BT < C,

for some constants c and C not depending on m.
Bessel functions satisfy the bound

eltmz|

< (C——
@ < €

(2.2)

for |z| large enough, with a constant C depending only on v. To be precise, for |z| > £ > 0 and v on a compact set K, there
is a constant C depending only on ¢ and K, as follows from [7, (10.4.4) and § 10.17(iv)].
For u and n satisfying Rey > Ren > —1, consider the integral transform T, given by

T,MJ’]( f)(x) =

1
; 2n+1 _ 2\u—n-1
PYE / Fxs)s™ (1 = 71 ds (2.3)
0

(with a small abuse of notation, we will often write T, ,( f(x)) if it does not cause confusion).
Sonine's formula for the Bessel functions ([6, 12.11(1), p. 373]) can be written as

1
J,(x n+l-p Jy(xs Jy(x
W _ 2 it )32’7+1(1 - ds =T, 1) : (2.4)
xto Pu—mn) ) (xs) T\ X
0
valid for Reyu > Ren > —1. For 2 Ren + r + 2 > 0, we also have
r <n + g + 1)
Ty (x") = x', (2:5)
2H=1T (;4 +2+ 1)
as follows from the identity
L r (%“) rb+1)
/s“(l —s)ds=—>2  ReaReb>-1.
A or (2 +b+1)

Identities (2.4) and (2.5) can be extended for Ren < —1 as follows. For complex numbers y, n and a positive integer h
satisfying Re 7 > —% — 1, Rey > Ren + h, consider the integral transform T, , given by

1
1M1 (2n + 2 h
T 116 = T L [ (a1 = s27770) 001 s, 26)
0

To be precise, n should not be half a negative integer (in case it is, we will manage somehow).
It is then easy to check that

r (11 + g + 1)
Tﬂ,n,h(xr) = xr,
2o (u+ L4 1) @7)
Jp(x) Ju(x)
T”’y”h xl’] = x_[l.
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3 | PARTIAL FRACTION DECOMPOSITION OF BESSEL FUNCTIONS

f @)

o where f

In this section, we use the calculus of residues to find a partial fraction expansion of functions of the form

is an entire function with some growth control.

Theorem 1. Let f be an entire function satisfying
|f@)] < e+ [z)hVe ™, z e C,
for certain constantsc > 0, N € R, and x < 2. Let v € C\{-1,-2, ... } and n be a nonnegative integer such that
N+142Rev<n, if k=2,

or

N+2Rev<n, ifk <2.

Then,

>

1 d* @) 2((2‘/ + Dt = Qv —m)jm) fUm) = jmlm — t)f,(jm)
el = 4 1
nl drm <d>v(t)2 ) me;{o} v+ U = 23,001 G2

where the convergence is uniform in bounded subsets of C\{j,, : m € Z\{0}}.

fw)
W—)"+1, (w)?

Proof. Letusfixt € C\{j, : m € Z\{0}} and consider the holomorphic function It has a pole at ¢t of

order n + 1, and a double pole at each j,,, m € Z\{0}. The residue at ¢ is, therefore,

1 (s
ntdw'\ ®,w)? ) _’

while the residue at each j,, is

i i( W = jm)*f (W) >=i< f(w) ) <hm w—jm>2+ fUm)  d (w—jm>2 3.1
w—j, dw \ (W — )1, (w)2 dw \ (w— pn+t wej \W=in @ (W) Gim — D"+ dw D, (w) o '
m W=/

Let us consider separately the last term:

d((w=in\\ 1 P = )@ W)
dw\ \ @,(w) _ @, (jm) W=m @, (w)?
W=Jp
_ 2 ‘m -(w— jm)q)(/’(w) _ 2 ) _q)(/’(jm) - _ q)(/,(jm)
D, (jm) W=in 20, (WD), (W) D (jm) 2P, (jm)P),(jm) D, (jm)? ’

Now, the identities

’ _ Z
D (z) = 0+ D D,.1(2), .
1" 2v+1 (-2)
D, (2) = -D,(2) + md)m(z)

(see [6, § 3.2, p. 45]) prove that
_9(m) _ 4v+D*2v+ D)
@, (jm)? J®yi1(im)?

bl
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6 Wl LEY DURAN ET AL.

so that, going back to (3.1) and using (3.2) again, the residue at j, is

Um =0 (m) = (0 + 1) f (jm) < 1 )2 N fUm)  4v+1Qv+1)
G

(jm - t)n+2 q)C(Jm) m = t)n+1 jyg;;q)v+1(jm)2
_ Unm— Of' Gm) =(n+ D fGm) 4V +1)° 4 fGm)  4v+1PQv+1)
Um — t)n+2 .2 v+1(jm)2 (J - t)n+1 jyan)v+l(jm)2

2 JmUm = O Gm) + ((2V — Mijm = 2v+ DD f(m)

—4(v+1
v+ U — 0" 23®, 11 G

Thus,if D = {z € C : |z| = A} is a large circle of radius A > |t| with the only condition, at the moment, that none
of the points j,, lie in D, the calculus of residues gives

/ w1 dt ()
27i f  (w— )1, (w)? nldw' \ ®,w)? J _,

+ Y agy 4 1y dnlin =08 Un) + @V = i = @V + DO /)
lml<A (m = D2 ®@ys1(m)?

(3.3)

Now, the value of A can be chosen arbitrarily large and such that there exists some constant ¢ > 0, independent
of A, satisfying

e|Imw|
— <
o < Ml
for w € D (see [8, formula (2.4)]). Thus,
fw) |f(w)| |w"|2 AN+142 Revp(x=2)|Imw|
‘(W —He,w2 | jw— L, w)2 T (A — [+ '

for w € D, where C is a constant, independent of A, but possibly different at each occurrence. The natural
parametrization of D then gives

T

N+2+2 Rev ,(k—2)A| sins|
/ __Jw gl C / A e ds
27i | (w—)nHid, (w)? 2 (A — |ttt

-

/2 n/2

2C AN RV [ e-dalsing| gg < %€ AR [ e-dans/x g
T (A—|thm! m (A— [t
0 0

Now, the last integral is obviously a constant if k = 2, while it is O(A™) as A — oo if & < 2. Taking this bound
into (3.3) and letting A be arbitrarily large proves the theorem. O

Evaluating at t = 0, the identity of Theorem 1 gives

1d ( f(®) > aprp Y QS tinS ) (3.

n!dem \ @, (1)> meg0) @ (jm)?
under the assumption that

N+1+2Rev<un, if «k =2,
N+2Rev<n, if k <2.
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DURAN ET AL. Wl LEY 7

We then define the double Bessel numbers &/ by

sfvo Ld (SO
Tonlder\ @02 ),

These are the Taylor (or Maclaurin) coefficients of % att = 0, in other words,

SO N oo
o nz_;)an ",

in a neighborhood of 0.

4 | SUMMING SNEDDON-BESSEL SERIES EXPLICITLY

Our goal is to sum the Sneddon-Bessel series

2 Ja X jn)Ig(Vim)
=t dm T )
where a, f,v € C\{-1,-2, ... },0 < x,0 < y,x+ y < 2, and n is an integer. Our method extends the known results,
which mainly refer to some particular cases as we mentioned in Section 1, to a rather general setting. In particular, as far
as we know, the explicit expressions for ng (x, y) and S;;ﬂ ¥(x,y) in Sections 4.1.1 and 4.1.2 and S;;"* (x) in Section 4.3 have
not been previously stated in the literature.

To this end, let us take

d)a(xjm)q)/i(ij)
Enapv(X, ) = — (4.1)
o ,,,21 JEHAD, 1 (jm)?
with the condition that
2Rev<2n+1+Re a+Rep. 4.2)

According to (2.1) and (2.2), this guarantees that the series converges absolutely. These series are related to the
Sneddon-Bessel series (1.1) by

(v 4 2)*x%yf
20+P-2v=2T(a + DI'(F + 1)

Se(x,y) = Enapy(X. V). (4.3)
Under the stronger condition
2Rev<2n+Rea+ Rep, (4.4)

termwise differentiation in (4.1) is allowed. In particular, we obtain

X

_mgn—l,oﬁl,ﬂ,v(x, y) (4.5)

0
&én,a,ﬁ,v()‘:, y) =

(and the same for the other partial derivative).

41 | Thecasen >0

Let us assume firstly that n is a nonnegative integer (later on, we will address the case when 7 is negative).
The function f(z) = ®,(xz)P4(yz) meets the conditions of Theorem 1 with N = —Re a —Re f—1and x =x + y, and
the condition N + 2 Re v < 2n of Theorem 1 is therefore (4.2). Thus, (3.4) becomes

57V y)

0napv (X, Y) 0 a5 (X, )
m =Qv- zn)én,a,ﬂ,v(x’ »+x n +y n ’

ox dy

(4.6)
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8 Wl LEY DURAN ET AL.

where the function

n (e, y) = )l dz2n (I)V(Z)Z (4.7)

is a polynomial in x? and y? (i.e., even powers of x and y) which could be computed recursively from the Taylor coefficients
of the functions ®,, ®4, and ®, involved. Notice that

50: Biv 1 d2n < (I)a(xZ)(Dﬂ(yZ) >
z=0

O,02)Ps(2) A oy
A Y S e v (4.8)
@, () Z‘) "
Let us write
5 ﬁ v afiv 2j 2k
x,) = Z Ay sien® R (4.9)
2j+2k<2n
and assume also, for simplicity, that v # 0, 1, ... , n. Then, it is easy to see that the solution to (4.6) is
a,fiv
1 2j.2k,n 2j . 2k 2n—2v
xX,y)=——|- — X +x x) |, 4.10
gn,a,ﬂ,v( ») 16(v + 12 2j+§<2n i+k+v-n Yy d’n,a,ﬂ,v(Y/ ) ( )
if (4.4) holds, where ¢, s, is a one-variable function to be determined. In case v € {0,1, ... , n}, some logarithmic terms

appear also.

Before going on, let us focus on the dependence of these functions and constants on the parameter « and g. It is apparent
from (4.7) and (4.9) that each A” b 2; is a rational functlon ofa, p,and v.If n, v, x, y, and g (respectively, «) are fixed, then
the function ®,(xj,,) is holomorphlc ona € C\{-1,- . },and sois &, 4.5, (x, ¥) (resp., f) under the condition (4.2) (the
series involved converge uniformly on a-compacts, as follows from 1.3 and 2.2). The same applies therefore to ¢y, o 5., (¥/X).
This analytic dependence on « (resp., #) will eventually allow us to extend some identities by analytic continuation.

Thus, formula (4.10), which in principle requires (4.4) to hold, extends to the whole range (4.2) in this way: Firstly, (4.5)
can be written as

20 0
Enapy(X,y) = i~ a§n+1,a—1,ﬂ,v(xa )

on the whole range (4.2); using now (4.10) on the right-hand side gives an expression for &, 44, (x, ) with holomorphic
coefficients, which by analytic continuation must equal the coefficients in (4.10).

In view of (4.10), it is enough to find the function ¢, 4, to explicitly determine the function &, 4, . So let us now find
a recursion for the functions ¢, 4,. Given 0 < t < 1, let us write

Pnapv(S) = Enapv(s, ts),

for s small enough. Then, (4.5) yields

PrapS) = énapv(s fs) + =~ §naﬂv(s ts)
=5 ¢ (5,09 - =L ¢ 5,19
2((X T 1) n—1,a+1,5,v\9s Z(ﬁ n 1) n—1,a,p+1,v\3, .

The coefficient of s?*~1=2 on the right-hand side, as follows from (4.10), is

2

2(0+1)

1
16(v + 1)2 < 2(a+1)

d)n l,a+1,p, v( ) ¢n—1,a,ﬂ+1,v(t)> .

On the other hand, (4.10) translates into

APy
1 2j.2k.n 2j+2k 2k | 2n-2v
)= ———| — —_— " +s Hl,
(Pn,a,ﬁ,v( ) T6(v + 1) § i+k+v_n ¢n,ﬂt,ﬂ,v( )

2j+2k<2n
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DURAN ET AL. Wl LEY 9

so that the coefficient of s**~'2" in ¢/ _ IO

2n—2v
———Pnap(0).
Totw 3 12 e ()
Equating both formulas for the coefficient of s2*~172¥ results in
Prapoll) = — L O+ g 0 (411)
n,a,p,v v —2n 2((1 T 1) n—-1,a+1,6,v Z(ﬂ T 1) n—1,a,+1,v . .

This recursion reduces the problem of finding &, 4. (x, y) to the case n = 0, so let us concentrate on this. We first
consider the case « = f = v, then address the general case. Observe that condition (4.2) holds forn = 0, = g = v.
Now, (4.7) gives 53,/; Y(x, ¥) = 1, so that (4.10) is

_ 1 _l —2v
ona060) = Ty (=] + B0una /).

Since @, (j,,) = 0, the definition (4.1) trivially gives
éo,v,v,v(l, [) =0,0<t<1.

Therefore, ¢o,,., () = % for 0 < t < 1 and (by symmetry)

;(_1 +x—2v> ify<x
Lopun(X,y) = {10 o e (4.12)
o 16v(3+1)2 (_1 +y 2”) ,ifx < y.

Let us now find &4 4, (x, ¥). By symmetry, we can assume that y < x without loss of generality. Sonine's formula (2.4)
easily gives

AN+ DTB + 1)
I'(v+ 1) (a—v)I(B—-v)

Eoapv(X,y) = / / oy O, YOI — P11 — $2PV drds,

[0,1]x[0,1]

with the additional restrictions Re @ > Re v > —1, Re f > Re v > —1. To evaluate this integral, let us separate the square
[0,1] x [0, 1] into the sets

Axy = {(r,s) 1 xr > ys},
By, = {(r,s) : xr < ys},

so that

1

2
go,v,v,v(xrv yS) = { 16‘/(11-'—‘/)

16v(1+v)?

(=14 x72717%), (r,5) € Ay,
(=14 y2s7%), (r,5) € B,
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lo_I_Wl HEY DURAN ET AL.
The above integral is therefore
11
m — / / r2v+1S2v+1(1 — r2)a—v—1(1 _ SZ)ﬂ—v_l drds
0o "o

+ // x—2vr—2vr2v+ls2v+1(1 _ r2)a—v—1(1 _ SZ)ﬂ—v—l drds
A

Xy

+ // y—2vs—2vr2v+182v+1(1 _ r2)a—v—1(1 _ SZ)ﬂ—v—l drds|.

B

Xy

The first of these three integrals is immediate:

(e — VI — VIV + 1)
@+ DB+ 1)

1 1
/ / r2v+1S2v+1(1 _ rZ)a—v—l(l _ SZ)ﬂ—V—l dl’dS —
0 0

Taking into account that y < x, the second integral is

// x—2vr—2vr2v+1s2v+1(1 _ r2)a—v—1(1 _ SZ)ﬂ—v—l drds

Ayy
1 1
— x—2v / / r(l _ r2)a—v—l dr S2v+1(1 _ SZ)ﬂ—v—l ds
0 \)2s2/x2

1
—2v 2 a=v
S A / 1-2¢ s (1 = )1y
2(a —v) x2
0

_ XTI+ DI - v) vea,v+l Y
T 4a-wrp+n 2P\ B+l 2 )

where the integral representation of the hypergeometric function ,F; is used [7, (15.6.1)].
The third integral is

// YR pRALRVEL (] p2yav=l(] _ @2y g
B,,
VX 1
=y s(1 — 2P~ Vds [P+ = )L dr
0 \x2r22/y?

v/

—2v 2 p-v
y / <1 _ x_2r2> V2V+1(1 _ r2)a—v—1 dr
2(=v) y
0
1

25—2v=2 2 a—v-1
_7Y /(1 — v (1 - Y p dt
2(f—v) x2
0

_YTIIA DB v+ D) o (v—a+ v+l Y
- 4 — VLB +2) . p+2  x2)

85UB0| SUOLILLOD BA 18810 3 dedldde ayy Aq peusenob e sejoile VO ‘88N Jo se|ni Joj Afeq1 8UlUO A8]IM UO (SUORIPUOD-PUR-SWLB)ALO" A3 1WA e.d|1|BU{UO//SANY) SUONIPUOD PUe SWB | 8L 88S *[7202/80/#0] Uo Akeidi8uluo Ae|im ezoflelez 8@ pepsIBAIUN AQ 6E66BWW/ZO0T OT/I0P/WO0Y™A8|IM AIq Ul |Uo//SdNY WO1) pepeojumod ‘0 ‘9/yT660T


https://dlmf.nist.gov/15.6.E1

DURAN ET AL. WILEY 11
Putting together all the pieces,
_ 1 X 2T(a+1)
S0apr(:9) = 16v(v + 1)2 < v+ D@ —v+1)

ve—a,v+1 ) y(a—v) vea+1lv+1 »
X | »F i ;= — ~,F ; ;= .
<2 1< p+1 x2>+x2(ﬂ+1)2 1 p+2 X2

Finally, the elementary relation

a,b+1 a a+1,b+1 .\ _ a,b
2F1< e t>—f22F1< c+1 J>—2F1< ¢ ,t>
gives

1 o o V—a,V y2
o v N = ——-————- _1 v F i ;_ 9 4'13
So.a.p.v(X, ¥) 16v(v+1)2< +Xx <v>2 1< B+1 x2>> (4.13)

valid for Re «,Re f>Re v>—-l,and0<y<x,x+y<2.

Assuming that Re v > —1, identity (4.13) extends to the whole range given by (4.2), thatis,2 Re v <1+ Re a + Re f,
by an argument of analyticity (and also forx + y = 2if 2 Re v < Re a + Re f).

Let us consider now the case Re v < —1. Take a positive integer h such that Re v > —h/2 — 1 and a, § satisfying
Rea,Re f > Re v + h. Let us assume for the moment that v is not half a negative integer; using the integral transform
T,» defined by (2.6) acting on x and Ty, acting on y, we get from (2.7):

AT(a + DT+ 1) - '@ev+ 2)?
I'(v+1)2T(a—-vI(P-v) TQv+2+h)?

021’1 )
X (& G, yS)(A — P2V = 2P () dr ds.
// arhash(&)”’( ys)( ) ( ) ) (rs)
[0.1]x[0,1]

go,a,ﬂ,v(x’ y) =

The function &y,,,,(x, y) is given by (4.12). Therefore, & ,,,,, is analytic in v and so is the function on the right-hand side
of the above identity (on the region Re v > —h/2 — 1). For v > —1, integrating by parts, we deduce that this function is
equal to

4T+ DIB + 1)
I'(v+1)2I'(a = v)['(B — V)

/ o Cer, y8)(1 — P2 V(1 = 2P () dr ds. (4.14)
[0.11[0,1]

Proceeding as before, we deduce that forv > -1 and 0 < y < x, x + y < 2, the function (4.14) is equal to the function
on the right-hand side of (4.13), which is also analytic in v. This proves identity (4.13) also for Re v > —h/2 — 1 and
Rea,Re f > Re v+ h. Using again an argument of analyticity on the variables a and f, we prove that (4.13) holds indeed
for2 Re v < 1+Re a+Re f(and alsoforx+y =2if2 Re v < Re a+Re f). The requirement that v is not half a negative
integer can be suppressed by continuity.

By the way, this means that

1 - &,
Po,a,5,(8) = M <(:> 2 (Vﬂ +a1v ;t2> ,0<t <1, (4.15)

which, together with (4.11), allows to find the functions ¢, 4, and, therefore, &, , 5., for every positive integer n.
For the sake of completeness, we display in full extension the cases n = 0, 1.

4.1.1 | Thecasen=20
Identities (4.3) and (4.13) give

. T(v 4 1)>x%yf o @ v—a,v_ )
S¥PY(x, y) = —14x7 F i) ), 4.16
5 5Y) 20vI(a + DB + 1) X v )EI B+1 02 (4.16)

valid for2 Rev <1+ Rea+Reff,v#0,and0 <y <x,x+y<2(andalsoforx+ y=2if 2 Re v < Re a + Re f).
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12 Wl LEY DURAN ET AL.

Now, SZ(;’} “(x, y) can be obtained taking v — 0 in the above formula: On one hand, after writing the hypergeometric
function as a power series and looking for a hypergeometric representation of the resulting limit, it turns out that

lim L xT(a+1) 14,F V—O!,V.y_z __LY_2F 1,1,1—01.y_2
v=0vI'(v+ DIl(@—v+1) UL p+1 02 ﬁ+1x232 2,0+2 >y2 )
On the other hand, L'H6pital's rule gives

.1 X 2T(a+1)
lim= [ -1 =-21 H,,
vl—I>I(l)v< +F(v+1)F(a—v+1)> ogx+

where H, = y + % is the harmonic number of order « (as usual y denotes the Euler constant). Then, we conclude that

. x*yP a ) 1,1,L1—-a )
SPO(x, ) = —2logx+H, — 22 . 2" L) ).
5 5 20T (a + VIS + 1) & Tar1xe i\ 2842 0%

4.1.2 | Thecasen=1
Identities (4.3), (4.10), (4.11), and (4.15) lead to

D+ 1)y, ¥ _» 1
207+ DI+ 1) | 2v(@+ 1) 2v(f+1) v2—1

o [ @ v—a—1v p 72 v—a,v y
X <V> 2F1< p+1 ’x2> x22F1< p+2 ’x2>
+

2v(v—1) a+l-v p+1

a,fiv
Sq, (X, y)

)

validfor2Re v<3+Re a+Re f,v#0,1,and0< y<x,x+y<2(alsoforx+y=2if2Re v<2+Re a+ Re f).
Now, Sg;ﬂ O(x, y) and Sgiﬂ 1(x, y) follow taking limits as v — 0 and v — 1 in the above formula with the same kind of
manipulations of the case n = 0. We thus obtain that

S0y, ) = x%yP ”_ X2 _((a+1)y2+(ﬂ+1)x2)(1+H,,—210gx)
o YT e+ DI+ 1) @+17 @+ D+ 1)
2 2 4 2
y 1,1,—a Yy ay 1,1,1—a Yy
+—=—F > = |+t F 2 Y s
p+1° 2<2,ﬁ+2 x2> B+D(+2x2° 2< 2,p+3 x2>>
and
wpil x%yP x2 y? -3 +2H, —4logx a ) 1.1.1—a )
S, y) = + - =3 57 =5 -
g 200(a+ DIB+1) \a+1  p+1 2 p+1x2 2,p+2 7 2

4.2 | Thecasen <0

Once we have determined the case n > 0, let us consider now the case when n is a negative integer.
From (4.5), we get

2a 0
E rapv(X,y) = - afo,a—l,ﬁ,v(& »).

An easy computation using (4.13) gives

[(a+1) o vea+1,v+1 y?
E apy(X,y) = X2, < =,

A4(v + 12T (v + Dl(a — v) p+1 " x2
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DURAN ET AL. Wl LEY 13

from where identity (1.7) for n = —1 follows easily using (4.3). Identity (1.7) for an integer n < —1 can be proved similarly.
The case v € {0, 1, ... ,n} follows by passing to the limit.

4.3 | The one-variable case

We will need later the following Sneddon-Bessel series in one variable:

(s

SZ;V(X) — Z Ja(xjm,v) (417)

2n+a—2v+2 . 2’
m=1 Jm,v ]v+1(.]m,v)

where 0 < x < 2.

If we assume 2 Rev < 2n + 1/2 + Rea, then the uniform convergence of the Sneddon-Bessel series (1.1) holds also
for y = 0; hence, the Sneddon-Bessel series (4.17) arises after dividing the Sneddon-Bessel series (1.1) by y# and taking
y — 0. This can be done in identities (1.6) and (1.7). To this end, we have to compute the sequence

d*v = ¢ (0), n > 0.

After some easy computations, using (1.4) and (1.5), we arrive at

n>0.

5 [(a+ DI(v —n)
"2y 4+ 12T (n+1+a—v)

Let us define the polynomial 6, (x) (of degree 2n), n > 0, by the generating function

oo

q)a(xZ) _ av 2n
Y DI (4.18)

n=0

This generating function allows the explicit computation of the polynomials &, (x) recursively from the Taylor
coefficients of the functions ®, and ®,,.

If we write
n

) = ) A, (4.19)
j=0
then forv ¢ {0,1, ... ,n},2Re v<2n+1/2+Re a,and 0 < x < 2 (and also forx = 2if2 Re v < 2n —1/2 + Re «),
we have

a
I'la—v+1DI'(v—n) ayv
F(V + 1)2xa < v > 2n—-2v ¢ Aj n 2j

By Y | (4.20)
2022+ 1) | 22 T(v+ DI(n+ 14+ a —v) Sitv-n

Sy(x) =

ifn >0, and
S’Z;V(x) — F(V - n) xa—2v+2n’
2242 2(n+a — v+ 1)

ifn <o0.
For instance, for n = 0, we get

wy (v +1)%* a\. -
S =o———— -1+ x),
o 2229y (a + 1) < < v >

assuming 0 < x < 2, 2 Re v<§+Re a,and v # 0 (also forx = 2if 2 Re v < Re a).Andforv:Oand—% < Re a,

xa

Sa;O —
0 0= e D

(— logx + %H(,) ,
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14 Wl LEY DURAN ET AL.

which was previously computed using a different method in [9, (4)].
And for n = 1, the corresponding Sneddon-Bessel series is

2-2v
T+ DI —Dx* | (v=Dx* vy < v > *

S0 = :
23te=2(@+1) | 2(a+1) v+1 2@a@+1-v)

assuming0 < x < 2,2Re v< g +Re a,and v #0, 1.
The cases v = 0, 1 can be deduced taking limits as v — 0 and v — 1, respectively. As a result,

. o 1+ Hyp
SO0y = — 2 (xlogx— ——2 L2 L g 41 ,
1) 203 (q + 2) ( 2 5 o
for—g < Re a,and
. « -3 +2H, 1
sl = —X [ _logx+ Z+ x?),
R TPy < g 4 2a+1)

1
whenever -5 < Re a.

5 | EXTENDING THE KNESER-SOMMERFELD EXPANSION

In this section, we use identity (4.10) to prove some extensions of the Kneser-Sommerfeld expansion (1.2). These new
extensions, which provide the sum of some series in a closed form, are (1.8) and (5.5).

For the sake of completeness, we first prove the Kneser-Sommerfeld expansion (1.2). In terms of the functions @,
defined by (1.3), the identity to be proved is

(5.1)

i D, (jm)Py(Yimyv) 7J,(yz) (Y, (2)],(x2) — J,(2)Y, (X))

it Jma Uy = Z)Pus1(my)? 16(v + 1)2(xy)"],(2) ‘

Write ¢(x, y,z) and w(x, y, 2) for the left- and right-hand sides of (5.1), respectively. Using the geometric series, we can
write

o Puim)P(Yimy) - )
(p(x, Y, Z) = N N - ’. = 5 ,v,v,v(xa y)Z n’
mz;l Gy = 2P ys1 Gy ZO "
where the function &, ,(x, y) is defined by (4.1).
Consider now the partial differential equation

_®,0R)P, (Vjm)

ou oU ou
L = WU, 1,2) — 2 (%, 1,2) + X—(X, 1, 2) + y——(x, ¥, 2). 5.2
s o 2 06 3,2) = 25X, 9, 2) + X 52, 3. 2) yay(Xyz) (5.2)

On the one hand, using the partial differential equation (4.6) for &,(x, y) and (4.8), we get that ¢(x, y,z) satisfies the
partial differential equation (5.2). On the other hand, it is a matter of computation to check that the function w(x, y,z)
satisfies the partial differential equation (5.2) as well. Hence, we deduce that

—2v

X, y,2) —wX,»,2) =x""p(y/x,2/%),

for certain two-variable function p. But the definition of ¢ and y as both sides of (5.1) shows that
»(1,,2) =y(1,y,2) =0,

so that p = 0 and identity (5.1) holds.
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For Re § > Re v > —1, identity (1.8) follows by applying the integral transform T, defined by (2.3) acting in the
variable y to both sides of the Kneser-Sommerfeld expansion (1.2) and using Sonine's formula (2.4). With a standard
argument of analyticity, identity (1.8) extends to —1 < Re v < Re f+ 1.

If Re v < —1, we can take a positive integer h satisfying Re v > —h/2 — 1. When Ref > Rev + h, using the integral
transform T}, defined by (2.6), we prove identity (1.8) for Re # > Re v + h, and using an argument of analyticity for
Rev<Re f+1.

The Kneser-Sommerfeld expansion has the following one-variable version:

(o9

z j%,vjv(xjm,v) p A

e Gy = WG W) OO TR, 3

valid for Re v < 1/2 (it follows easily dividing identity 1.2 by y* and then taking limit as y — 0).

Now, the well-known properties of the Bessel function of the second kind Y, allow us to rewrite (5.3) as
i jp;,vjv(xjm,v) _ 74
it Uy = 2 Woi1(mp)? - 48INEVL(R)

Vv

(@I (x2) = T (2)],(x2)) (54)

(as usual, if v = n is a nonnegative integer, the function on the right can be understood as the limit as v — n).
We finish this paper proving the following extension of identity (5.4):

1 2
a—ZVJ F : _ (x)*
» J i T B ] VS RS R N R,
S (2, — 2 eni(my 2 Asin@v)I,(2) 202 (—v + DIN(a — v + 1) T ’ '
validfor2Re v<Re a+1/2,a—v+1#0,-1,-2, ... ,v¢ Zand 0 < x <2 (for v=n € Z, we can extend it passing to

the limit v — n).

For Re v < 1/2 and 2 Rev < Rea + 1/2, the proof is similar to that of identity (1.8). For Rea > Rev and -1 <
Re v < 1/2, identity (5.5) follows by applying the integral transform T, , defined by (2.3) to both sides of the one-variable
Kneser-Sommerfeld expansion (5.4): In the left-hand side, we use Sonine's formula (2.4) and in the right-hand side iden-
tity (2.5) applied to the power expansion of J_,(xz). Using a standard argument of analyticity, identity (5.5) extends to
—2<2Re v<Re a+1/2.IfRe v < —1, we can take a positive integer h satisfying Re v > —h/2 — 1 and use the integral
transform T, , , defined by (2.6).

In order to extend identity (5.4)to2 Re v<Re a +1/2,a —v+1#0,-1,-2, ... ,v & Z,and 0 < x < 2, we proceed
as follows. First of all, since both sides of identity (5.4) are analytic functions of z, it would be enough to prove (5.4) for
|z| small enough. To this end, let us find suitable bounds for the Sneddon-Bessel series (4.17). Looking at (4.20), for each
v-compact set K ¢ C\Z, we have

rv+1) < (5 > [(a — v + DI(v — n)xat2n-2v

<ok 5.6
20+ DI(n+ 14+ a —v) - o

with a positive constant ¢, ¢ depending only on « and the v-compact K; this follows from the fact that 0 < x < 2 and

I'v+1)
viv=1)---(v=n)’
I'm+1+a-v)=(n+a—-v)---(a—v+2)(a—v+Dl(a—v+1).

I'(v—n)=

Now, let us consider the analytic function
2j
Z

Fj,v(Z) = W,
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16 Wl LEY DURAN ET AL.

for each j > 0. There exists some constant Cx depending on the v-compact K such that
|Fjv(@)| < Ck,

on the circle |z] = 1/2. Then, Cauchy's integral formula gives

Using again Cauchy's integral formula, together with (4.19) and (4.18), it follows that

@ (0)F'*™(0)
A% | = | ————2 | <d,Cx2*". (5.7)
s @t 2mn)!
Inserting estimates (5.6) and (5.7) in (4.20) proves that
1Sp ™ (0] < eq 2%, (58)
n >

where e,k is a constant depending only on « and the v-compact K. Now, the power series expansion of (j, , —z*)~* and
the definition (4.17) lead to

oo 2y—

2v—a . 0
Ty JaXjmv) y
Z - m = Z SEV(x)z*". (5.9)

m=1 (Jrznv - zz)]\/+1(jm,v)2 n=0

To be precise, estimate (5.8) shows thatif 2Re v < Re a +1/2, 0 —v+1 # 0,—-1,-2, ... ,v ¢ Z,0 < x < 2, and
|z| < 1/23, identity (5.9) holds and the right-hand side is an analytic function of v. Since we have already proved that
identity (5.5) for —1 < Re v < 1/2 and its right-hand side is also an analytic function of v, we deduce that identity (5.5)
holdsindeedfor2Re v<Re a+1/2,a —v+1#0,-1,-2, ... ,vE€Z,0<x<2.

6 | CONCLUSION

We have summed in a closed form the Sneddon-Bessel series

[c)

2 Ja(xjm,v)Jﬂ(YJm,v)

2n+a+f-2v+2 . ’
m=1 Jm,v Jv10mu)?*

where 0 < x,0 < y,x+ y < 2, nis an integer, a, f,v € C\{-1,-2, ... } with2 Re v<2n+1+Re a +Re f.
We have also given closed expressions, for some range of the parameters and the variables, for series like

o0

3 Il T jma T3 (i)
m=1 (jrzn,v - zz)Jv+1 (jm,v)2

and also, as an application, for the series
ey 2v—a

Z Jmy ]a(xjm,v)
m=1 (Jyznv - ZZ)J\/+1(jm,v)2
which constitutes an extension of the Kneser-Sommerfeld expansion.
There are some interesting problems for a future work in this field. For instance, would it be possible to extend the
Sneddon-Bessel series to more than two variables? For the simple case n = 0, the problem consists in finding the explicit
sum of the series

i Hi'{:l Jai (xijm,v)

,—2v+2+zk

L .
m=1 .]m,v = lJv+1(.]m,\/)2
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(see (4.16) for the case k = 2).
Taking into account our extension (1.8) of the Kneser-Sommerfeld expansion (1.2), we would like to mention also that
it remains as a challenge to find explicitly the sum of the series

© .2v-a—

ij,v ﬂja(xjm,v)Jﬂ(ij,v)
m=1 (jrzn,v - ZZ)J\/+1(jm,v)2
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