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BIVARIATE TRINOMIALS OVER FINITE FIELDS

MARTIN AVENDANO AND JORGE MARTIN-MORALES
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ABSTRACT. We study the number of points in the family of plane curves
defined by a trinomial with fixed exponents and varying coefficients over
finite fields. We prove that each of these curves has an almost predictable
number of points, given by a closed formula that depends on the coefficients,
the exponents, and the field, with a small error term for which we provide an
upper bound in terms of an analog of the genus and the size of the field. We
obtain these upper bounds from some linear and quadratic identities that
the error terms satisfy. These identities are, in some cases, strong enough to
determine the error terms completely.

1. INTRODUCTION

The main goal of this paper is to study the number of points in the family of
plane curves defined by a trinomial

Cla, B) = {(z,y) € Fy : az®iy™2 + fooarytee = gooryz)

with fixed exponents (not collinear) and varying coefficients over a finite field [F,.

We prove that each of these curves has an almost predictable number of points,
given by a closed formula that depends on the coefficients, exponents, and the
field, with a small error term N (a, §) that is bounded in absolute value by 25q"/?,
where g is a constant that depends only on the exponents and the field. A formula
for g is provided, as well as a comparison of g with the genus g of the projective
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closure of the curve over F,. We also give several linear and quadratic identities
for the numbers N(«, ) that are strong enough to prove the estimate above, and
in some cases, to characterize them completely.

The main result in this article is inspired by Theorem 1.1 given below, proven
by Gauss in his book Disquisitiones Arithmeticae [5, Theorem 358]. We have used
a mildly rephrased version of the original theorem, taken from [9, p. 111}, that
better matches our more modern notation.

Theorem 1.1 (Gauss). Let p be an odd prime and let M), be the number of points
in the projective curve {[z :y : 2] € P*(F,) : o3 +y3 + 23 = 0}.
(1) If p#1 (mod 3), then M, =p+ 1.
(2) If p=1 (mod 3), then the equation u? + 279> = 4p has a unique integer
solution (up to the signs), and if u is chosen such that u = 1 (mod 3),
then M, =p+1+u.

In a few words, Gauss’ theorem says that the number of (projective) points in
the plane curve z3 +y3 + 23 = 0 (mod p) is p+ 1 plus a small error term u (that
only appears when p = 1 (mod 3)) which is characterized by the quadratic equa-
tion u? + 2702 = 4p with integral unknowns. Our main result (Theorem 2.1) is a
generalization of Gauss’ theorem to any non-degenerate trinomial equation in two
variables, over any finite field, where we show that the number of points is a pre-
dictable number (given by a closed formula in terms of the coeflicients, exponents,
and the field) plus an error term which also satisfies an explicit quadratic equation
in many unknowns, all of them having a precise meaning (as opposed to Gauss’
theorem, where only the variable u matters). More precisely, our result gives, in
the case p = 1 (mod 3), that M, = p + 1 + u, where u? 4+ v* + uv = 3p for some
u,v € Z. The symmetry of the curve allows one to rewrite it as u? + 2792 = 4p,
where 0 = 2%£% € Z and to show that u = 1 (mod 3). All the details are given
in Section 4.

Note that Gauss’ theorem implies that the error term u is bounded in absolute
value by 2,/p. This observation was generalized by Hasse to elliptic curves over
finite fields [8, Chapter 5, Theorem 1.1], then by Weil to hypersurfaces defined
by an equation of the type aoxy® + aqzi* + -+ + ayzé" = b [13], which led
to the statement of the famous Weil’s conjectures, finally proven by Dwork [4],
Grothendieck [6], and Deligne [3] for any smooth hypersurface.

Using our approach, the estimate of the error follows from a simple computation
using Lagrange multipliers (see Proposition 3.4). In contrast with the results
above, our proof is elementary and the estimate is valid for any trinomial (not
necessarily smooth). Moreover, our estimate 2§q'/? (see Corollary 2.2) is better
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that the bound obtained from Weil’s conjectures 2gq'/?, since the genus ¢ is an
invariant that only reflects the complex geometry of the curve, while our g includes
also information about the field. In Section 5, we obtain a closed formula for the
genus g of a trinomial plane curve (see Proposition 5.2), that can be compared
term by term with the definition of § given in (1). For instance, in the case of
Gauss’ theorem, the curve has genus g = 1, but our § is zero when p # 1 (mod 3),
hence capturing both cases of the statement in a unified way.

A bound for trinomials (of the same type studied by Weil), that closely resem-
bles ours, was obtained by Hua and Vandiver [7]. However, their result follows
from estimates using characters, while ours is a consequence of a quadratic opti-
mization problem over R. Some experiments show that a much better estimate
could be computed if we were able to solve the optimization problem over the
integers (see Example 3).

In [12], Wang, Wen, and Cao give formulas for the number of points in a
family of hypersurfaces related to the curves C(«, 8). However, while they work
in arbitrary dimension, their formulas have more stringent assumption than ours
on the exponent vectors.

In [10], Wan approaches a bigger problem than ours (the computation of the
zeta functions and L-functions for arbitrary hypersurfaces). In Section 2, he gives
a method to do this computations in the case of diagonal hypersurfaces. While it
might be possible to rederive our formulas from his framework, our approach has
the advantage of being more direct, explicit, and entirely self-contained.

In [11], Wan gives an algorithm that can be used to compute the number of
points in the curves C(a, 8) modulo p® with complexity O(24(*+0)P) where ¢ = p™.
We do not provide any algorithm in this paper, however, in the case where g = 0,
the formula in Theorem 2.1 becomes a closed formula since N;; = 0 for all 4, j.

2. STATEMENT OF THE RESULTS

Let p be a prime and ¢ = p™ for some n > 1. Let p be a generator of the cyclic
group F;. Consider the curve
Cij =C(p', ) = {(w,y) € F] : plaiiy™2 + platarytee = goaryton},

and let C:j = C'Lj N (FZ)Q
To avoid a degenerate case, we assume that the exponents vectors (a11,a12),
(a21,a22), (as1, ass) are not collinear, i.e. the matrix

B [bn 512} n [au —a31 G12 — a3
bar  bao (21 — G31 Q22 — A32
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is invertible. We need the following constants derived from B:
d = ged(by1, b12,q — 1),
e = ged(ba1, baa, g — 1),
= ged(byy — b2, bia — bao, g — 1),
(

1) k= ged((q — 1) ged(d; e, f), det(B)),
0 q even,
w=4q
5= ¢ odd,

~:%(k—d—e—f—&-Z).

The value k corresponds to |coker(B)|, where B is regarded as a group homo-
morphism B : Z2_; — Z2_, given by the multiplication v — Bv (see Lemma 3.3).

Our goal is to estimate the number of points |C;;| and |Cj;| for all 4,5. Since
p?~1 =1, the indices ¢ and j can be regarded modulo ¢ — 1.

0 if )i,

Definition 1. Dy(i) =
0 otherwise.

Note that [C;;| = [C};|+|CijN{z = 0,y # 0}[+|Ci; N {y = 0,z # O} |+|CiN{z =
y = 0}], and that the points in C;; N {x = 0,y # 0} and C;; N{y = 0,z # 0}
correspond to the solutions in Fy of a univariate equation with at most two non-
zero terms. Therefore, |C;; N {z = 0,y # 0}| and |C;; N {y = 0,z # 0}| can be
computed exactly with a closed formula in terms of ¢, j, ¢, and the exponents
(see Lemma 3.2). Moreover, |C;; N {z = y = 0}] is either 1 or 0, depending on
whether a1 + a12, as1 + a22, and as; + azo are all positive or not. This means
that |C;;| and |Cj;| can be easily derived from each other. For this reason, and to
avoid discussing several cases depending on the configuration of the exponents,
we present our results only for |C;‘j\, which can be done with a more uniform
notation.

Theorem 2.1. With the notation given above, we have
(2) IC5il =q+1—Da(i) — De(j) — Dy(i — j +w) + Nyj

for some integers Nyj; that satisfy:

(1) > Nij =0 for all i,
=0

q—2
(2) ZNU =0 for all j,
=0
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Z Nij =0 for all r,

i—j=r

(4) Ni+b117j+b21 = Nij = Vitbia,j+ba2 fO’I“ all 4,7,
q—2q—2

5) 3 > N5 =23(¢—1)’q=(¢—1)’q(k —d—e— [ +2).
=0 j=0

Using (4), the sum of Theorem 2.1(5) can be rewritten taking only one repre-
sentative of each (i,7) modulo the subgroup ((b11,b12), (b1, b22)) C Z2_4,

(3) > N} =25kq=kq(k—d—e—f+2) <k%q.
(4,5) Ecoker(B)

We immediately obtain the upper bound |Nj;| < k,/q for all 4, j. Using a similar
approach, but taking advantage of (1), (2), and (3), it is possible to obtain a
stronger upper bound.

Corollary 2.2. |N;;| < 2g,/q for alli,j.

3. PROOF OF THE MAIN RESULTS
Lemma 3.1. For anyr > 1,
q—2
D D) =g 1),
i=0
PROOF. By definition of D, we have:
q—2
D D) =3 4= = = (g - 1),
i=0 £i
since the number of indices 0 < ¢ < ¢—1 that are divisible by ¢ is exactly %. O
Lemma 3.2. For any aq,...,0, € Z,
|{ 1, . (IF*) pzx‘lll PR S 1}’ =(q— 1)m_1Dg(i),
where £ = gcd(al, cey Qg — 1),

Proor. Consider the group homomorphism ¢ : (F;)™ — F; given by

(X1y.eoyTm) —> x]t e apm,
The image of ¢ is generated by p®, ..., p®m, which is also generated by p’ since

the group F} is cyclic, and in particular [im(y)| = L When p~ & (p), i.e. 114,
the left-hand side and the right-hand side of the equation in the statement are
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both clearly zero. Otherwise, when ¢|i, the number of solutions is equal to
|coker(p)| = (g —1)™/lim(p)| = (¢ = 1)1 = (¢ — 1)~ De(i). O

Lemma 3.3. We have

(1) |coker(B)| = k.
(2) The subgroups ((1,0)), ((0,1)), ((1,1)) of coker(B) have orders £,
respectively.

Q-
|

b1 b2 g—1 0
ba1 b2 0 q—1
can be regarded as a linear map L : Z* — Z2, whose cokernel is

PROOF. (1) Define the matrix L = € 7%, which

coker(B) = Zg_l/«bn, b12), (ba1, b22)) = Z2 /im(L).

Note that |Z2/im(L)| is invariant under elementary row or column operations (on
L). Therefore, we can substitute L by its Smith Normal form, and in particular
|72 /im(L)| is equal to the greatest common divisor of the determinants of the
2 X 2 minors of L, i.e.

|coker(B)| = |Z?/im(L)| = ged(det(B), (¢ — 1)d, (¢ — 1)e) = k.

(2) Tt is enough to show that [{(1,0)}| = k/e, since the other two are analogous.
By definition, the order of (1,0) is

min{r > 1 : (r,0) € im(L)} = min {r > 1 : |coker(L)| = |coker([L] 5])|}

The greatest common divisor of the determinant of the 2x 2 minors of the extended
matrix [L|g] that do not appear in L is ged(r(q — 1), rba1, rbag) = re. Therefore,
[{((1,0))| = min{r > 1 : k = ged(k,re)} = k/e. O

PROOF OF THEOREM 2.1. We prove (1), since the proofs of (2) and (3) are anal-
ogous. Note that the sets C;; for j =0,...,q — 2 are disjoint, thus

q—2 q—2
Solesl = U eh| = ) & () : plameoymaee 21y
j=0 j=0

= (¢—1)*> = Da(i)(q — 1).
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Therefore,
q_:ZNw = q:: (IC5;] + Da(i) + De(j) + Dy (i — j +w) — (¢ + 1))
= (q—1)2 = Da(i)(g — 1) + Da(i)(g — 1) + ZQ)DEU)
+§Df(i—j+w)—(q+1)(q—1)

which is equal to zero by Lemma 3.1.

To prove (4), note that the map C/\;, | .p, — Ci; given by (z,y) — (pz,y) is
a bijection, so [C},,, | <1y, | = [Cf;|. Moreover, Dq(i+b11) = Da(i), De(j +bo1) =
D.(j), and D¢(i — j + b1 — b21 +w) = Dy(i — j + w) since d|bi1, e|ba1, and
f b1 — ba1 by definition. This implies that Njip,, j+b,, = Nij. The proof of
Nitb1s,j+bs0 = Ny is analogous.

Now we prove (5),

Zlc Z Nij = Da(i) = De(j) = Dy (i — j + w) + ¢+ 1)°
Z +ZDd +ZD +ZDfi—j+w)2+(q+1>2<q—1>2
—22 —2ZNM —22 i Dp(i—j+w) +2(¢+1)) N

iJ
+22Dd +22Dd Df(z—j+w +2) D(j)Dy(i — j+w)
i.J
2(q +1) ZDd —2(q+ 1) De(§) = 2(g+1) > Dyli—j +w).
— v
By (1), (2), and (3) the sixth, seventh, eighth, and ninth terms vanish. The
other terms can be calculated by Lemma 3.1, thus

(4) >_lc; Z +(q—1*¢* —4g+1+d+e+ f)

Note that |C};|* = |C}; x Cjl,

bi1 b12 ba1 b22
* * * l’ + 7£U =1
Cij xCij = {(JJhyhmz,yz) € (]Fq)4 o P }

o .’I?b“ 512 +pij21 b22 =1
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Les us define

b b b b
A det xlllyllz 21y122
- b11 bi2 521 bao
Ty Yz Yo

The set C;‘j X ij can be written as the disjoint union D;; U&;;, where D;; = (Ci*j X
CH) N{(z1, 91,22, 92) € (Fy)* © A # 0} and & = (Cf; x C5) N {(x1, 41,72, 92) €
(]FZ)4 : A =0}.

By Cramer’s rule,

b21 bzz b21 b22
- pl = (=21 Y + 23 )/ A
D;; = {(!Ehyhiﬂz,yz) ( ) A #0, p‘ (z bllyll)lz . b11 blz)/A )

which imply that the D;; are disjoint and their union is

bgl b22 b21 b22
4 7y F My
U’Dij = {($17y1,12,y2) € (F;) DA 7& O %nzl%w 7& xényzhz }

Introducing the change of variables x = x1/x2 and y = y1/y2, we get

xbuybm 75 1
YDyl = |UDy| = (@- 12 |{ (my) € B+ abayh= #1 =

ij i,j xbnyblz 7& Ibzlybzz
(q _ 1)2 ((q _ 1)2 _ ‘ {xbuybm _ 1}U{:Z?b21yb22 —_ 1}U {xbu*bmybm*bm _ 1} >
S Sa S3

Note that S1 NSy =51 NS3=5NS3=5NS5N S3, thus
[S1 US2 U Ss| = |S1| + |S2] + |S5] — 2|51 N Sa.

By Lemma 3.2, |S1| = (¢ — 1)d, |S2| = (¢ — 1)e, and |S3| = (¢ — 1) f. Moreover,
|S1 N Sa| = |coker(B)| = k. All together, we get

Z|Dij|=(q—1)2 (—1)*=(q—1)(d+e+[f)+2k|.

Observe that
b1, b12 __ ,.b11,b12
L1 Y1” =22 Y

4 b b b b-
Eij =1 (1,91, 72,y2) € (IF;) : bx12:)y122 = xl?uygn
p 11 12 + pj:L. 21y122 — 1
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Then 3, ;€] equals

bi1,bi2 _ .b11,b12
L1 Y1 =Ty Y

.. 2 4 b21,,b b
(l7jax17y17x2ay2) € Zq—l X (F;) : xlzlylzz = 1‘221y
i .bi1,b j b2, b
pleuyllz + p]xlzlylzz =1

b2
2

bi1,bi2 _ .bi1,,bi2
_ a4 . T Y17 = To Yo
= (q - 2) ‘{(xlaylax%y?) € (Fq) . xl{my?l)m _ xgzlygn }’

=(¢-2)(g—1)? Ty =1 }’

b1 ybzz =1

{nem?:

=(¢—2)(g— 1)’k

Now we have

doICHP =Dl + ) 1€ = (a - 1)2{(61— 1)? = (¢ =1)(d+e+f)+ak|.

i, ij ij
Finally, using Equation (4), we get Zij ij =(q-1)%*qk—d—e—f+2). O
Proposition 3.4. Let G be an abelian group and let g1,92,93 € G such that

G = {g1,92) = (91,93) = (g2,93). Let K >0 and let N : G — R be a function
a — N, := N(a) such that

(1) Z N, =0 forall g € G,
a€g+(g1)

(2) Z Ny =0 forallg e G,
a€g+(g2)

(3) Z N, =0 forall g € G,

a€g+(gs)

(4) Y N2 =K.

aceG
2 1 1 1
Ny <y [K(1+ = —————— >
| g| \/ ( |G| nq U») ns

for all g € G, where ny, na, and ng are the orders of the elements g1, g2, and gs,
respectively.

Then

PROOF. Let n12 = |(g1) N (g2)|. The isomorphism
G/{g1) = (g2)/(g1) N {(g2)
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implies that nio = "|1G"|2 Similarly, we define n13 and no3.

We study first the case when 1+ % = n% + n—lz + 7713, Assuming without loss of
generality that n; < ny < ng, the previous equality implies that ny; < 3. The case
ny = 1 can only happen when ¢; is the neutral element of G, and then (1) reduces
to Ny =0 for all g € G. In the case n1 = 2, we have |G| = |(g1, g2)| < 2n2, hence

LTI N R S

2 N2 ns |G‘ - TL27
and in particular ng < 2. Therefore n; = no = ng = 2 and G is a group of order
|G| = 4. The elements g1, g2, g3 are pairwise distinct, since each pair of them
generates the group, so G = {0,491, 92,93} ~ Za © Zs.

Ttems (1), (2), (3) yield the following identities:

No + Ng, =Ng, + Ng, =0
No + Ng, =Ng, + Ng, =0
No + Ng, =Ng, + Ng, =0,
which imply N, = 0 for all g € G, and the claim follows.
Now we assume that 1 + f@ # n% + n—lz + n% We use Lagrange multipliers to

get the desired upper bound for N,. By the symmetry of the problem, we can
restrict to the case Ny. Define the auxiliary function

F=No+ > M > No|+ X | D N

geG/(g1) a€g+(g1) geG/(g2) a€g+(g2)
DD e PRI GRS o)
geG/{gs) a€g+(gs) aeG

with Ng, Ag, pg, €5, and v as independent variables. The critical points of F
correspond with the local extrema of Ny subject to the restrictions stated in the
theorem.

Now, we calculate the partial derivatives of F' with respect to each variable.
With respect to Ag, ug, €5, and v, we get the assumptions of the proposition.
With respect to N,, we get

or

(5) TM:(S&,O+)\E+M6+€E+2’YNa:O

for all a € G, where §4,0 stands for the Kronecker delta.
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For any element g € G, we have

Z (5a,0 + g+ pa +ea+ Q’YNa)

acg+(g1)
=X (@) TmAg+ D pat Y e

a€g+(g1) a€g+{g1)

= X(g1)(9) + n1Ag + ni2 Z ta + 13 Z e; = 0.
acG/(gz2) acG/(gs)

ni2 ni3
D DI D DR
' aec/(gs

acG/(g2) )

The previous identity shows that \g = A — — and Ag = A for all g # 0. Similarly,

we define
712 n23
pE=s D M= D A
acG/{g1) acG/(gs)

Define

and then ug = pu — n% and pg = p for all g # 0. Analogously, we define
S DR
aeG/ g1) aeG/ 92)

andthenes(-)ze—n—3 and g5 = ¢ for all g # 0.
By construction of e, we have

EZ—% Z Aa — s Z Ha

aeG/(g1) ? aeG/(ga)
o ny |G| 1 Na3 @ _ i
- ns 77,1 TL1 ns o . na .

Therefore A+ p+¢e = ‘% and Equation (5) can be rewritten as follows:

2 Xn(a)
6 2YN, = —6,
( ) v 0 |G| + ny N9 ns

Squaring the previous equation and summing over all a € G, we get

2 1 1 1

4~2 Ne=14_—- - - - - = 0.
v Z @ + |G‘ ny n9 ns ?é
acG

This allows us to get v # 0, and together with Equation (6) for a = 0, concludes
the proof. O
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ProOOF OF COROLLARY 2.2. Consider G = Z?Fl/<(b11,b12)7 (ba1, beg)) which is
equal to coker(B). By Theorem 2.1(4), the map N : G — R such that (¢, j) — N;;
is well defined. Let g; = (1,0) € G, go = (0,1) € G, and g3 = (1,1) € G. With
this notation, the hypotheses of Proposition 3.4 with K = kq(k —d —e — f + 2)
follow from Theorem 2.1 and Equation (3). By Lemma 3.3, we have n; = k/e,
ny = k/d, and ng = k/f. The only thing left to do is to substitute these values

in Proposition 3.4 and a suitable rearrangement of the terms. U

4. GAUSS’ THEOREM

We devote this section entirely to showing how to derive Theorem 1.1 as a
consequence of Theorem 2.1. We consider the family of curves

Cij ={(z,y) €F} : p'a® + ply® = 1}

for 0 <4,j < p—1. Removing the extra points on the lines x =0, y =0, z = 0,
Gauss’ curve corresponds to {(z,y) € (F3)® : 2® +y® = —1} that has the same
number of points as Cg,. The number of points on each of those lines is equal to
the number of cubic roots of the unity in F,, which is equal to ged(3,p — 1) by
Lemma 3.2. Therefore, M, = |Cjy| + 3gcd(3,p — 1). By Theorem 2.1, we get

My =p+1—=Da(0) = De(0) = Dy (w) + Noo +3ged(3,p — 1),

where d =e = f = ged(3,p— 1) andw:prl. Then M, = p+ 1+ Noo.

Case p # 1 (mod 3): Here we have d = e = f =1, k = ged(p — 1,9) = 1,
then § =0 and N;; =0 for all 0 <4,j < p—1 by Theorem 2.1(5). In particular
Nop =0 and M, = p + 1, as expected.

Case p =1 (mod 3): Here we have d=e = f =3, k = ged(3(p—1),9) =9

and § = 3(k—d—e— f+2) = 1. The cokernel of the matrix B = [3 g] is

Z3 ® Z3, so the numbers IV;; reduce to only nine possibilities

Noo No1  No2
A= |Nip Nii N2
Nog N1 Noa

depending on the class of (4,j) in coker(B) by Theorem 2.1(4). Due to Theo-
rem 2.1(1)(2)(3), each of the rows, columns and diagonals of the matrix A above
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adds up to zero. This proves that
U v —u—v
A= v —u—v U
—u—v U v
for some u,v € Z. Moreover, by Equation (3), the sum of the squares of the
entries of A is 3(u? +v? + (u +v)?) = 18p, so
(7) u? + v? 4 uv = 3p.

Let &3 € ), be a cubic root of the unity. Note that |C;| is divisible by 9, since for
each point (x,y) € Cf;, its conjugates (§3z, {3y) are also in Cj; for any 0 < 7,5 < 3.
By Equation (2),

u = Noo = [Cgol = (p+ 1) + D3(0) + D5(0) + Ds(w) = |Cio| —p + 38,

v = No1 = [Cy;| — (p+1) + D3(0) + D3(1) + Ds(w — 1) = [Cgy | — p + 2.

*
177

Therefore 2v+v = 2|Céy |+|Cgo|—3(p—4) is divisible by 9. Denoting v = 2% € Z,
Equation (7) becomes u? + 279% = 4p. Moreover, u = |C3y| —p+8 =1 (mod 3).
The uniqueness of the solution of u? +279% = 4p with u = 1 (mod 3) follows from
the fact that Z [_1%‘/?3} is a UFD.

5. GENUS OF A TRINOMIAL CURVE

The aim of this section is to calculate the genus of the projective closure @
of the curve C;; in P?(F,) in the irreducible case. In order to do so, we use the
standard formula that relates the genus of a curve with the delta invariant dp at
each of its singularities, see formula (8) below. The delta invariants are computed
using the techniques shown in [1, Chapter 3 and 6]. The final formula obtained
in Proposition 5.2 should be compared term by term to the definition of § given
in Equation (1).

Lemma 5.1. Let C C P*(F,) be a curve such that its local equation at P is given
by ax” + By® + yz¥y? = 0 with af # 0 and r,s > 1. If either v =0 or (u,v) is
above the segment that joins (r,0) and (0, s), then

dp = %(rs—r—s—i—gcd(r,s)).

If v # 0 and (u,v) is below the segment, then

1
op = i(rv—ksu—r—s—&—gcd(u,s—v)—|—gcd(v,r—u)).
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The formula of the first case is valid even if r =0 or s = 0. Also, the formula
of the second case is valid when eitherr =u =0 or s = v = 0. In both situations,
the point P does not belong to the curve and ép = 0.

PROOF. In the first case, the term yx"y" can be removed from the local equation
without changing the topology (since the point is above the Newton polygon).
It is clear that the Milnor number at P is up = (r — 1)(s — 1) and that the
number of local branches at P is rp = ged(r, s). Therefore 26p = up +rp — 1 =
rs —r — s+ ged(r, s).

In the other case, the local equation can be changed by axz” + By° + vx“y* +

%erfuys*”, since the extra term is above the Newton polygon. Doing so, we

get an expression that factorizes as (az* + O‘Tﬂys_”)(m"_“ + Zy¥). Applying the
formula of the d-invariant of a product, we get:

- —v r—u v
dop(ax” + By® +yay") = dp(ax" + TB?J )+op(@" " + %y )
y o S—v rT— v
+’P(a9€"+£y‘ L Ty,
Y «

where ip denotes the intersection multiplicity at P. The values of dp of each
factor can be computed as in the first case. Using Noether’s formula (see [2,
p. 3568]), the intersection multiplicity is uv. We conclude by simply adding these
three values. O

Proposition 5.2. If the projective closure CTJ of the curve Cyj; is irreducible in
P2(F,), the genus of C;j is

1
3 (| det(B)| — ged(bi1, bia) — ged(ba1, bao) — ged(bir — bar, b1z — ba2) + 2)-

PRrROOF. By using the irreducibility of the curve, we can reduce the proof to the
case a1z = ag1 = 0 and a11 > aso. In this case, the genus can be computed using
the following formula:

0 o@) = =25
3

where m is the degree of the curve, P ranges over all singular points of aj, and
§p is the d-invariant of C;; at P. Since we are assuming det(B) # 0, the set of
singular points is contained in {{1:0:0],[0:1:0],[0:0:1]}.
We have to consider two cases: (1) m = a1 > az1+asz, (2) m = az1+asz > a11.
Case (1): The projective closure of C;; is given by the homogeneous polynomial

_ i.011 j 0,022 ,Q11—a22 asi, as2 ,ai1—a31—as2
F(z,y,z) = p'a™ + p/y*>*z —xtrysy :
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We can further assume without loss of generality that the point (as;, as2) is below
the line that connects the points (a11,0) and (0, azz), i.e. the Newton polygon of F
has two edges. Otherwise, we would simply exchange y by z and start over. Note
that in the exceptional case when aj; = 0 (a2 = 0), we should also have az; =0
(ag2 = 0), respectively. The singular points are [0: 1: 0] and [0 : 0 : 1], and the
local equations of C;; at those points are p'z®11 4 pfz@117022 — pas1 z011—a31~as2
and plx® + ply®22 — 39319932 respectively. By Lemma 5.1, we have
djo:1:0) = %(all(all —ag2) — a1 — (arn — azs) +ged(air, ar — a22))

and

1
5[0:0:1] = 5 (auasz + a2a31 — a1 — aze + ged(azi, azz — asz)

+ ged(asz, a1 — a31))'

Finally, using (8), we get the desired formula.
Case (2): The projective closure of C;; is given by the homogeneous polynomial

— 011 ,a31+a32—a11 7,022 ,,a31+az2—az2 asi ,,asz2
F(z,y,z) =p'a®z +ply"z — pteryez,

The local equations of C;; at [1:0:0],[0:1:0], [0:0: 1] are pizesTas2=an 4
pjyazz »@31+a32—a22 ,ya32, pixanzasﬂra:sz*au +pjza31+a32*a22 71»1131, and pimall +

plyter — x®19932 regpectively. By Lemma 5.1,
1
d1:0:0) = 5 (as2(asi + asp — a11) — azz — (az; + asp — ai1) + ged(asz, as1 — ain)),

dj0:1:0 = 5 (az1(az1 + asz — age) — asz1 — (as; + asz — azz) + ged(asy, ase — agz)) ,

1
5[0:0:1] = B (a11a22 — a11 — agz + ged(ann, agz)) -

The conclusion follows from formula (8). O

6. EXAMPLES

We study some particular cases of Theorem 2.1 and Corollary 2.2 which have
special significance by themselves.

Example 1 (Diagonal case). The curve Cij = {(x,y) € (F;)? : p'a® +ply®2 =
1} has d = ged(ar1,q¢ — 1), e = ged(age, ¢ — 1), f = ged(d,e), and w = (¢ —1)/2
for q odd, and w = 0 otherwise. Moreover,

coker(B) = Z2_, /{(a11,0), (0, as2)) = Zq & Ze,
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hence k = |coker(B)| = de. By Theorem 2.1(4), we have Ni1q; = Nij = N jte,
so the matriz [Ni;lo<i,j<q—1 has its upper-left block of size dx e repeated (q—1)? /de
times. As multisets, we can write:
(¢—1)

de
Moreover, the sum in Theorem 2.1(1) can be taken from j = 0 to j = e — 1.
Similarly, the sum (2) can be taken from i =0 toi=d — 1.

{NUOSZ,]<Q—1}: {Nl]0§1<d,0§]<6}

Example 2. We consider the subcase of Fxample 1 when a1y is odd, azs = 2,
and q is odd. The constants d, e, f, k, w reduce to d = ged(a11,q — 1), e = 2,
f=1,k=2d, w=(q¢—1)/2, and the upper-left block is of size d x 2. Since the
second column of this block is the additive inverse of the first one, we have, as
multisets:

(¢—1)°

{Nlj()gz,]<q71}: 2d

A+ap, *ai,...,fag 1}
where a; = Nig. Moreover,

ag+ o+ +ag-1 =0,

ad+ai+---+ai  =dd-1)q
The vector (v, ...,aq—1) is in the intersection of a sphere and a hyperplane in
R?, i.e. the vector (ay,...,aq_1) belongs to a conic in R4~ Of course, when
d =1, the sphere reduces to a point.

Example 3. Now, we consider the curves Cij = {(x,y) € (F})? : p'a® + py* =
1}, which is a particular case of the previous example. Clearly, when q # 1

(mod 3), we have d = 1 and all the N;; are zero. For this reason, we only
consider ¢ = 1 (mod 3), in which case d = 3:
(¢—1)

{N” :0<1,J <q—1}= -{:l:()[o,:l:()q,i@@},

6
where ag + a1 + ag =0 and of + of + a3 = 6q.
o If ¢ = p?" for some p = 2 (mod 3), then ag = p"Po, oy = p"P1, and
ag = p"Pa, for some By, B1,B2 € Z such that By + 1 + P2 = 0 and
B2 + B% + 83 = 6. This implies that, as multisets:

q_12 n n n
%'{ip P, F2p" )

In particular, N;j # 0 for all i,j and the upper bound of Theorem 2.1 is
sharp for this family.

{Nij:OSi,j<q—1}:
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e In constrast, for p = 1 (mod 3), the upper bound is not sharp. For in-
stance, when q = p = 997, we have ag = 10, oy = 49, as = —59, but the
integer part of the upper bound is |(k —d —e — f +2),/q] = 63. Note,
however, that

r,Y,2 €L
(9) max{z: z+y+z=0 =59,
22 +y? + 2% = 6q
s0 one may think that the largest N;; can be obtained always by solving
optimization problem in Proposition 3.4 for a function f: G — Z.

o In the case ¢ = 7%, we have {N;; : 0 <i,j < 48} = 384 - {F2, F11, £13},
so the largest N;j is 13. However, the integer optimization problem (9)
giwes 14. This highlights the fact that the relations given in Theorem 2.1
are not always enough to characterize the mazimum Ny;.

Example 4. When ass = 2, q is odd, and ay1 is even, the situation is similar,
but f =2, and item (3) of Theorem 2.1, gives the additional relation g — oy +
oo ag_o —ag_q1 = 0. All together this gives

apt+ag+ -+ ag-2 =0,

ar+ag+--+ag-1 =0,

ad+ai+--+ai =dd-2)q.
Example 5. The curve Cij = {(z,y) € (F})* : p'a® + p'y® = x} with odd q, has

=2,e=f=1,k=gcd(qg—1,4), and w = (¢ — 1)/2. When g = 3 (mod 4),

we have k =2, sok—d—e— f+2 =0, and in particular N;; = 0 for all i, 7.

The other case, i.e. ¢ =1 (mod 4), is more interesting. Here k =4, and

coker(B) = Z2_,/{(2,0), (-1,2)) = {(0,0),(1,0), (0,1), (1,1)}.

By Theorem 2.1(4), Nit2,; = N;j = N;_1 jy2, so as multisets
—1)2
(N 0§i,j<q—1}:(qT)-{j:a,j:,8},

where a = Nog, B = No1, and o® + 3% = 4q. If, we also have p = 3 (mod 4),
2
then ¢ = p*™ and the multiset is % -{£2p™,0}.
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