EMBEDDED Q-RESOLUTIONS FOR YOMDIN-LE SURFACE
SINGULARITIES

JORGE MARTIN-MORALES

ABSTRACT. In a previous work we have introduced and studied a special kind
of toric resolution, the so-called embedded Q-resolution, which essentially con-
sists in allowing the final ambient space to contain abelian quotient singular-
ities. Here we explicitly compute an embedded Q-resolution of a Yomdin-Lé
surface singularity (V,0) in terms of a (global) embedded Q-resolution of its
tangent cone by means of just weighted blow-ups at points. The generalized
A’Campo’s formula in this setting is applied so as to compute the character-
istic polynomial. As a consequence, an exceptional divisor in the resolution
of (V,0), apart from the first one which might be special, contributes to its
complex monodromy if and only if so does the corresponding divisor in the
tangent cone. Thus the resolution obtained is optimal in the sense that the
weights can be chosen so that every exceptional divisor in the Q-resolution of
(V,0), except perhaps the first one, contributes to its monodromy.

INTRODUCTION

Let (V,0) C (C3,0) be a germ of surface singularity in C3. By definition, V is
the zero set of a holomorphic function f : U — C, where U C C3 is a small neigh-
borhood of the origin and f(0) = 0. Denote also by f the germ at the origin of this
function; it is an element of the local ring C{z,y, z}. Consider the decomposition
of f into homogeneous parts, f(x,y,z) = fm(z,y,2) + frr1(z,y,2) + -, that is,
fi is homogeneous of degree ¢ and f,,, # 0. The integer m is the multiplicity of
the singularity and the order of the series f. Denote by C := V(f,,) C P? the
projective plane curve defined by the tangent cone of the singularity. The following
two families are considered in this work separately:

(1) Superisolated singularity (or, shortly, SIS): the local equation f satisfies
Sing(C) NV (fmy1) = 0 as a subset in P2.

(2) Yomdin-Lé singularity (YLS): the decomposition of f into homogeneous
polynomials is of the form f = f,,, + fo4rx + -+, k > 1, and the condition
Sing(C) NV (fm+x) = 0 holds in P2.

The study of YLS comes from the papers of Yomdin [I8] and Lé [8] about
hypersurfaces with one-dimensional singular locus. Thereafter, these singularities
have been extensively studied by many authors, see for instance the survey [3] where
part of the theory of these singularities and their applications including some new
and recent developments are reviewed. The SIS, i.e. £ = 1, were introduced by
Luengo and also appear in a paper by Stevens, where the p-constant stratum is
considered, see [9] and [I7]. Afterward Artal described in his PhD thesis [2] an
embedded resolution of such singularities using blow-ups at points and rational
curves. However, no embedded resolution is found in the literature for YLS with &
greater than or iqual to 2.
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Note that some generalization of YLS have been studied too. For example, Melle-
Herndndez [13] obtained a formula for the Milnor number of the surface isolated
singularity f = fi + fimar € C{x,y,2} in terms of geometric and topological
invariants of the projective plane curves defined by the homogeneous polynomials f;.

In this paper, the new techniques developed in [} 5] [I1] are partially applied to
study these two families of singularities. More precisely, we present here a detailed
explicit description of an embedded Q-resolution for YLS in terms of a (global)
embedded Q-resolution of its tangent cone. It is proven that only weighted blow-
ups at points are needed. By contrast, the final total space produced has abelian
quotient singularities. Note that an embedded Q-resolution can be thought of as a
special kind of toric embedded resolution.

The main result of this paper is a collection of several results that can be sum-
marized as follows, cf. Lemma [3.2] Proposition [3.9] Theorem for SIS and
Lemma [6.1] Proposition [6.4] Theorem [6.6] for YLS.

Theorem 0.1. Let of : YP — (C?, P) be an embedded Q-resolution of the curve
(C, P) for each P € Sing(C). Assume that

@")(c,py=C+ > mler
aGS(Fi)

is the total transform of (C, P), where EF is the exceptional divisor of the (p%, qF)-
blow-up at a point P, belonging to the locus of non-transversality. Denote by v
the (pf, q)-multiplicity of C at P,.

Then, one can construct an embedded Q-resolution p : X — (C3,0) of the
Yomdin-Lé singularity (V,0) such that the total transform is

(m+k)-mf _p

p*(MO)ZV_FmEO'i_ Z ng(k‘ ’ITLP) a

PeSing(C)
aGS(Fi)

kP koP P )
and ET appears after the (gcd(quf), gcd(nyf), gcdz’,g’yf)>—blow—up at the point P,

(the locus of non-transversality in dimension 2 and 3 are identified).

For k = 1, the main advantage compared with Artal’s resolution [2] is that in the
latter v (rather than just one) blow-ups at points and rational curves at each step
are needed to achieve a similar situation. On the other hand, as it is said above, no
embedded resolution for YLS with k& > 2 can be found in the literature. The main
difficulty in computing a (usual) embedded resolution of this kind of singularities is
that after several blow-ups at points and rational curves, following the ideas of [2],
one eventually obtains a branch of resolutions depending on k. Thus the study of
this singularities by using the classical tools does not seem to be very helpful.

The generalized A’Campo’s formula [IT, Theorem 2.8] is applied and the char-
acteristic polynomial and the Milnor number are calculated as an application, see
Theorem and Corollary for SIS and Theorem and Corollary for
YLS. In particular, the formulas by D. Siersma [I5] and J. Stevens [I7] for the
characteristic polynomial of YLS can be obtained in this way. Other more sophis-
ticated invariants, including the mixed Hodge structure of the cohomology of the
Milnor fiber, are the subjects of our study for the future. Note that Siersma and
Stevens’ formulas above were also calculated in [7] after providing a generalization of
A’Campo’s formula for the monodromy zeta function via partial resolutions, i.e. the
condition about normal crossing divisor in the embedded resolution is removed.
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As a consequence of the previous calculations, we show that an exceptional
divisor EF in the resolution of (V,0) contributes to the complex monodromy if and
only if so does the corresponding divisor £F in the curve C, see Lemmas and
Thus the weights can be chosen so that every exceptional divisor in the Q-resolution
of (V,0), except perhaps the first one Ey, contributes to its monodromy.

Several proofs presented here are a bit technical which challenge interesting cal-
culations with local equations on charts. Nevertheless the final construction is very
useful and important. In fact, this work can be considered as the first step in the
computation of mixed Hodge structures of YLS together with the monodromy ac-
tion. Note that, following the ideas of [2], these tools can be used in combination
with the generalized Steenbrink’s spectral sequence of [I2] to find two YLS hav-
ing the same characteristic polynomials, the same abstract topologies, but different
embedded topologies (it is enough to take a Zariski pairs in the tangent cones). Be-
sides, these techniques can be applied to study superisolated singularities in higher
dimension and the same applies to weighted Yomdin-Lé surface singularities [10,
§ VL4, § VIL.3]. Note that the tools developed in [7] can not be used for computing
more involved invariants as the mixed Hodge structure of the Milnor fiber.

Although these two families can be studied simultaneously, for better exposi-
tion they are presented and treated separately. The paper is organized as follows.
In some well-known preliminaries about weighted blow-ups and embedded Q-
resolutions are presented. After recalling the step zero in Artal’s resolution in
the full construction of the embedded Q-resolution for SIS is given in §3|so as to
prove the main theorem for this family. In §4] the Euler characteristic of the strata
needed for applying A’Campo’s formula is calculated and the characteristic polyno-
mial and the Milnor number are obtained as an application. Sections §5] §6] §7] are
the analogous of for YLS showing the corresponding results mentioned
above. Finally, §8|is devoted to a simple example.

Acknowledgments. This is part of my PhD thesis. I am deeply grateful to my
advisors Enrique Artal and José Ignacio Cogolludo for supporting me continuously
with their fruitful conversations and ideas.

1. PRELIMINARIES

Let us sketch some definitions and properties about V-manifolds, weighted pro-
jective spaces, and weighted blow-ups, see [4, [ [10] for a more detailed exposition.
Also, the generalized A’Campo’s formula for embedded Q-resolutions is recalled,
see [11].

1.1. Embedded Q-resolutions and weighted blow-ups. Classically an em-
bedded resolution of {f = 0} € C"*! is a proper analytic map 7 : X — (C"*1,0)
from a smooth variety X satisfying, among other conditions, that #*({f = 0}) is a
normal crossing divisor. To weaken the condition on the preimage of the singularity
one studies the following notion.

Definition 1.1. Let H = {f = 0} C C"*'. An embedded Q-resolution of (H,0) C
(C™*1)0) is a proper analytic map 7 : X — (C™*1,0) such that:

(1) X is a V-manifold with abelian quotient singularities.

(2) 7 is an isomorphism over X \ 7~ !(Sing(H)).

(3) ©*(H) is a hypersurface with Q-normal crossings on X.

To deal with these resolutions, some notation needs to be introduced. Let pq :=
tdy X -+ X lq, be an arbitrary finite abelian group written as a product of finite
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cyclic groups, that is, pg, is the cyclic group of d;-th roots of unity. Consider a
matrix of weight vectors
A= (a;5)ij; =lao| -+ |an] € Mat((r+1) x (n+1),Z)
and the action
(fhay X -+ ><,ud ) x C"*tl — CtL,
(€d7 ) (é‘aoou IOa 7§a0""' a”nxn)'

The set of all orbits C"*1/uq is called (cyclic) quotient space of type (d; A) and it
is denoted by

do | ago -+ Gon
X(d; A) :=
dr |arg -+ am
The orbit of an element (g, . . ., z,) under this action is denoted by [(xo, . .., Tn)].

Condition [3 I of the previous definition means the total transform 7Y H) = (fo
7)~1(0) is locally given by a function of the form zg .-z} : X(d;A) — C,
see [16]. The previous numbers m;’s have no intrinsic meaning unless pg induces a
small action on GL(n + 1,C). This motivates the following.

Definition 1.2. The type (d; A) is said to be normalized if the action is free on
(C*)"*+1 and pgq is identified with a small subgroup of GL(n + 1,C).

As a tool for finding embedded Q-resolutions one uses weighted blow-ups with
smooth center. Special attention is paid to the case of dimension 2 and 3 and
blow-ups at points.

Example 1.3. Assume (d;a,b) is normalized and ged(w) = 1, w := (p,q). Then,
the total space of the w-blow-up at the origin of X (d;a,b),

(1) T(d;a,b),w * X(d;avb)w — X(d;aab>,

can be written as

~ ~ d b d —
UIUUQZX(ID 1, <1+5p>ux<q;p+wa,1)
e (& e (&

and the charts are given by

First chart

d . — b
X(p q+ Bp
(& e

’1,> — (717
(@] = (@2, 150 gy

Second chart X(q, p+,uqa,1 — Ug,
e

[(2,99)] = [((@y", "), 22 )] g0y

Above, e = ged(d, pb — qa) and Sa = pb =1 (mod d). Observe that the origins of
the two charts are cyclic quotient singularities; they are located at the exceptional
divisor E which is isomorphic to PL = P!

Example 1.4. Let 7, : @3) — C? be the w-weighted blow-up at the origin with
= (p,q,7), ged(w) = 1. The new space is covered by three open sets

C3 =0, UU,UUs = X(p; —1,¢,7) U X (g;p, —1,7) U X (r; p,q, —1),
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and the charts are given by
X(p;—1,qr) — Ur: [(z,y,2)] = (2P, 2%,2"2), [ : y - 2]w),
(2) X(gp,—Lr) —Uz: [(@,y,2)] = (2, y% y"2), [2: 1 2]w),
X({r;pvqu _1) — US : [(iC?ya Z)} = ((xzp’yzq’ ZT)? [iC Y ]-]w)
In general @f) has three lines of (cyclic quotient) singular points located at the
three axes of the exceptional divisor 71(0) ~ P2. For instance, a generic point
in = 0 is a cyclic point of type C x X (ged(q,r); p, —1). Note that although the

quotient spaces are represented by normalized types, the exceptional divisor can
still be simplified:

2 r 2 P 1 a
Fe.er) — P ((pm)-(p,q)’(q,p)~(qyr)’(Tvp)'(“q)»

riy:zl o [pged(@r) . yecd(pir) . Lecd(pa)],
[z:y: 2] [ y ]

3)

However, this simplification may be not useful when working with the whole
ambient space because its charts are not compatible with C2. Thus the natural
covering of the exceptional divisor is

P2 =ViUVaUVs = X(p;q,7) UX(g;p,7) UX(r;p,q),

and the charts are given by the restrictions of the maps in toz =0,y =0, and
z = 0 respectively.

Example 1.5. Assume (d;a,b,c) is normalized and ged(w) = 1, w := (p,q,r).
Then, the total space of the w-blow-up at the origin of X(d;a,b,c),

T = T(d;a,b,c),w * X(Iﬁ% C)w — X(da a, ba C)

can be covered by three open sets as

— C3 U UUUUs -~ =~ =
X(d;a,b,c), = -2 = 2 =223 _ [, UU,UUs,
Hd Hd
where
~ U X(p;—1,q, —
g, - U _ X q?")X<p 1 g r )
Hd [ pd| a pb—qa pc—ra
~ U. X(q;p,—1 —
U2:72: (%}7» ’T):X( q p 1 r )7
Hd fd qd | qa—pb b gc—rb
~ U. X(r; -1 —
ngi: (T7p;Q7 ) - X T p q 1 ]
1 b rd | ra—pc rh—qc ¢
The charts are given by the induced maps on the corresponding quotient spaces,
see Equation . The exceptional divisor £ = 77(_012 bo) ,(0) is identified with the
quotient

2
P2 (d;a,b,c) == Py
Hd
There are three lines of quotient singular points in F and outside E the map
T(d;a,b,c),w 15 an isomorphism.
The expression of the quotient spaces can be modified as follows. Let « and
B be two integers such that ad + Sa = ged(d,a), then one has that the space
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X (zﬁ, 7(11 pbgqa pciar> equals
X pd (d7 a) _q(dv a) + pr _T(dv a) + ch
, @ C
(d,a) | 0 b :

Note that in general the previous space is not represented by a normalized type.
To obtain its normalized one, follow the processes described in (I.1.3) and (I.1.9)
of [10].

1.2. Intersection theory on V-manifolds. The notion of Cartier and Weil Q-
divisors coincide on V-manifolds and thus a rational intersection theory can be
developed for Q-Weil divisors using the theory of line bundles. This intersection
multiplicity was first introduced by Mumford for normal surfaces, see [I4]. Recently
in [5] explicit formulas for weighted blow-ups and weighted projective planes was
calculated.

Proposition 1.6. Let 7 : X — X be the (p, q)-blow-up at a point of type (d;a,b)
as in . Consider two Q-divisors C and D on X(d;a,b). Then,

(1) B-7*(C) =0, (1) B =— o
(2)7r*(C’):5+gE, (5)@-5:00—%,

A_ &V N2 2 W
3)E-C= g’ (6) D = D= — I (D compact),

where v and p denote the (p, q)-multiplicities of C and D at P, i.e. x (resp. y) has
(p, q)-multiplicity p (resp. q).

Proposition 1.7. Let us denote by my, ma, ms the determinants of the three
minors of order 2 of the matriz (% 17). Assume ged(p,q,7) = 1 and denote e =
ged(d, m1,ma,m3). Consider P2 the weighted projective plane with w = (p,q,r).
Then, the intersection number of two Q-divisors on the quotient P2 (d;a,b,c) =

P2 /g is Dy - Dy = o deg,, (D) deg, (D2). Moreover, if | D1 ¢ |Ds|, then Dy -

Dy =3 peiprinips) (D1 D2)p -

Remark 1.8. To calculate (D; - D2)j(0,0y) the intersection multiplicity of two Q-
divisors on X (d;a,b), ged(d, a,b) = 1, consider pr : C*> — X(d;a,b) and apply the
classical local pull-back formula. Denote by 51 the pull-back divisor of D; under
the projection. Then, (Dj - DQ)[(U’O)] = é(Dl . DQ)(O’O).

Note that the exceptional divisor of the (p, g, r)-weighted blow-up at a point of
type (d;a,b,c) is naturally isomorphic to P2 (d;a,b, c). Hence this result will help
us describe embedded Q-resolutions for YLS.

1.3. A’Campo’s formula for embedded Q-resolutions. Let f : (C"*1 0) —
(C,0) be a non-constant analytic function germ defining an isolated singularity and
let H={f =0} Given 7: X — (C""!,0) an embedded Q-resolution of (H,0),
consider F1q,..., F, the irreducible components of the exceptional divisor and H
the strict transform.

One writes Eg = H and S = {0,1,..., s} so that the stratification of X associ-

ated with the Q-normal crossing divisor 77 1(H) = U,cg Ei is defined by setting

E; = (miel Ez) \ (Uiel Ei>,

for a given possibly empty set I C S.
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Let X = | e @; be a finite stratification on X given by its quotient singularities
such that the local equation of g := fom at P € E7 N Q) is of the form

zg® - ap X(d;A) = C ug — €, (0< k <n)

and the multiplicities m;’s and the action pq are the same along each stratum E; N
Qj, i.e. they do not depend on the chosen point P € E? N Q);.

Definition 1.9. Using the previous notation the multiplicity of Efi} NQ; is defined

as
o m
where L = lem (gcd(§§7aoo) e gcd(j:,aro)) and z{* : X(d; A) — C is the equation

of the exceptional divisor at any point P € E‘{’i} NQ;.

Let us denote E; ; = By, N@Qj and my; = m(E; ;). The following result is
nothing but the generalization of A’Campo’s formula in this setting [T1].

Theorem 1.10. The characteristic polynomial of the monodromy of (H,0) C
(CtL0)is (i=1,...,s, j€J)

(-1
At) = L H (tmid — 1)X(Ei,j)

t—12-
i,

and thus the Milnor number is yu = (— [— 1+ Z mgj - E

2. PREPARATIONS FOR THE Q-RESOLUTION OF SIS

These singularities have been introduced by Luengo and also appear in a paper
by Stevens, where the u-constant stratum is studied, see [9] and [17] respectively.
Afterward Artal described in his PhD thesis [2] an embedded resolution of such
singularities using blow-ups at points and rational curves.

Here an embedded Q-resolution is given and particularly it is proven that only
weighted blow-ups at points are needed. By contrast, the final ambient space
obtained has abelian quotient singularities.

Let (V,0) be a SIS in (C3,0) defined by a holomorphic function f : U — C.
As in the introduction, denote by m the multiplicity of V, and C = V(f,,) C P2
Let mg : U — U be the blow-up at the origin. Recall that the total transform is
the divisor 75(V) = V+ mkEy, where V is the strict transform of V, and Ej is
the exceptional divisor of my. The intersection VN FEy is identified with the plane
curve C, see Figure[I]

/ﬁ/ / (V)) = Sing(C)
VNE,=C

FIGURE 1. Step 0 in the embedded Q-resolution of (V;0).
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Let us consider P € V N Ey = C. After linear change of coordinites we can
assume that P = ((0,0,0),[0:0:1]) =[0:0: 1] € C. Take a chart of U around P
where z = 0 is the equation of Ey and the blowing-up takes the form

(z,y,2) = (22,92, 2).

Then the equation of Vis
‘7 : fm(x7y7 1) + Z[fm+1(l’7y7 1) + Zf77l+2(x7ya 1) +--| =0.

Two cases arise: if P is smooth in C, then V is also smooth at P and the
intersection with Ej at that point is transverse; otherwise, i.e P € Sing(C), the SIS
condition Sing(C) N V(fmns1) = 0 implies that the previous expression in brackets
is a unit in the local ring C{z,y, z} and, in particular, V is still smooth. Now the
order of fp,(z,y,1) is greater than or equal to 2 and the intersection Vn Ej is not
transverse at P.

We summarize the previous discussion in the following result, which is actually
the step zero in the resolution of [2].

Lemma 2.1 (Step 0). Let P an arbitrary point in C. Then V is smooth in a
neighborhood of P.

Moreover, the surfaces V and Ey intersect transversely at P if and only if P
is a smooth point in C. Otherwise, i.e. P € Sing(C), there exist local analytic
coordinates around P such that the equations of the exceptional divisor and the
strict transform are of the form

Ey: 2=0;
V: z4h(zy) =0,

where h(x,y) = 0 is an equation of C and its order is at least 2.

3. CONSTRUCTION OF THE EMBEDDED Q-RESOLUTION

Now we proceed to construct the full Q-resolution of (V,0). By the preceding
lemma, the set of points where n§(V') is not a normal crossing divisor is finite,
namely Sing(C). Therefore the next step in the resolution of (V,0) is to blow up
those points. Let us fix P € Sing(C) and consider local coordinates as in Lemma
[2:1] Even though many objects that appear in this section depend on P, to simplify
notation, it is omitted if no confusion seems likely to arise.

Definition 3.1. Given a divisor D, the set of points where D is not a normal

crossing divisor is called the locus of non-transversality of D and it is denote by
NT(D).

In our case, the locus of non-transversality after the blowing-up at the origin of
(V,0) is NT'(n§(V')) = Sing(C).

The following result is the first step in a sequence of blow-ups. We adopt the
convention to write the exceptional divisors appearing in the curve C in calligraphy
letter, while normal letter is used for the divisors in the resolution of (V,0).

Also, the objects coming from the blowing-up at P, # P (resp. P) are indexed
by the corresponding subindex a (resp. the number 1). Finally, recall that the strict
transform of a divisor is denoted again by the same letter as the own divisor.

Lemma 3.2 (Step 1). Let (p1,q1) € N? be two positive coprime numbers. Let @ be
the weighted blow-up at P € C with respect to (p1,q1). Denote by & its exceptional
divisor and by vy the (p1,q1)-multiplicity of C at P.

Consider m the (p1,q1,v1)-weighted blow-up at P in dimension 3 and Ey the
corresponding exceptional divisor. Then, the total transform of i (V') verifies:
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(1) WTWS(V) =V+ mEO + (m + 1)V1E1,

(2) NT(mim5(V)) = NT(wi(C)).
Proof. Let us start by blowing up the point P € C with respect to the weight vector
(p1,q1), ged(p1,q1) = 1. Consider the local coordinates of Lemma around P so
that the equation of C is h(xz,y) = 0; thus v; = ord,, 4,) h(2, ).

The ambient space obtained has two cyclic quotient singular points correspond-
ing to the origin of each chart and located at the exceptional divisor £;. The latter
can be identified with the usual projective line P*(py,q;) ~ P! under the map
[z :y] — [x? : 2P1], and it has self-intersection ;% by Proposition

Using the charts described in Example [L

1st chart X(p1;—1,q1) — @2(]71»(]1);
[(:ay)} = ((xplaquy)v [1 : y](pl,‘]l));
2nd chart X(q1;p1,-1) — @2(171,(11),

[({E, y)] = ((xypl 9 yql )7 [(E : 1](;017(11));
one obtains the following equations for the divisor wj(C) = C+11&1, see Figure

& =0

1 =L ) {c: ha(z,y) =0,

& y=0;

(@1ip1, 1) {C: ho(z,y) = 0.

Note that hq(z,y) and he(z,y) are not functions on the previous quotient spaces
but they define a zero set, since they satisfy

(4) hl( p_llmv ;Ziy) = Zihl(x7y)7 h2( gllm7£q_11y) = (l;llh2(x7y)
? f \f ?
&
b#0 . 1]

FIGURE 2. Step 1 in the embedded Q-resolution of (C, P).

Also, if the sum h = hy,, +hy, 11+ - - is the decomposition of h(x,y) into (p1, ¢1)-
homogeneous parts, then h1(0,y) = hy, (1,y), ha(z,0) = hy, (x,1), and the (global)
equation of CN & C PY(py,q1) is of the form

hulxy—a:ybe‘“ tyPr)% = 0.

Thus the intersection multiplicity of 51 and C at the point [y; : 1] is e;, while it is
<+ (resp. %), not necessarily an integer, at the singular point [0 : 1] (resp. [1 : 0]),
see Remark [3.3] below.

Now describe the weighted blow-up at P with respect to (pi1,q1,v1) in dimen-
sion 3. The new space has in general two (not three because p; and ¢; are coprime)
cyclic quotient singular lines, each of them isomorphic to P!, and located at the

new exceptional divisor Ej. They correspond to the lines at infinity x = 0 and
y =0 of By =P*(p1,q1,11).
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As an abstract space, F; contains two singular points and it is isomorphic to an-
other weighted projective plane as the following expression shows, see Equation ,

2 2 p q V1
P (p17QI;V1) — P ((phlyly (th,,l)a (Plal/l)(thq))’
[x:y: 2] — [plavn) ;i) ;).

The multiplicity of Fj is the sum of the (p1, g1, v1)-multiplicities, in our local
coordinates, of the components of the divisor 7§(V) that pass through P, that is
vym + v; = (m + 1)vy. Hence the total transform is the divisor

s (V) =V +mEg + (m+ 1) By
The equations in the three charts are given in the table below. Note that the
cyclic quotient spaces are represented by normalized types, since ged(p1, ¢1,v1) = 1,

see Example

X(p1;—1,q1,v1) X(quip1,—1,11)
(,y,2) ¥ | (P 2y, 2" 2) (zyP,y ™, y" 2)
Ey z=0 z=0
E1 =0 Yy = 0
v z4+hi(z,y) =0 z+ ha(z,y) =0
X(vi3p1,q1,—1)
(z,y,2) — (x2Pr,yz1, 2¥)
Ey —
E1 z=0
v Lot by, (,9) + 2 hy, w1, y) + 222 =0

Using the automorphism on X (p1;—1,¢1,v1) defined by [(z,y, 2)] — [(z,y,z +

~

hi(x,y))], which is well defined due to (4], one sees that both Ey and V intersect
transversely E7. The equations of these intersections are given by

EOﬂElZ{ZZO}a
VﬁEl :{Z+hul(1’7y):0}7

as projective subvarieties in Ey = P?(py, q1,11).

EyNE;y

EinNEy

FIGURE 3. Step 1 in the Q-resolution of (V,0).

By Proposition these smooth projective curves are two sections of F; with
self-intersection —21-. They meet at #(C N &) points with exactly the same inter-

P1q1’
section number as in C N &y, that is, for P € CN & =V N Eyg N Eq, one has

(5) (BonBLVNE: By) = (CenCh,,,) -
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On the other hand, the intersection of the total transform with Ejy produces an
identical situation to that of C. All these statements follow from the equations
above. In Figure 3| we see the intersection of the divisor w7 (V) with Ey and Ey,
respectively.

Finally, the triple points of the total transform in dimension 3 are identified with
the points of CN&; and, by , the intersection at one of those points is transverse
if and only if so is it in dimension 2. This concludes the proof. O

Remark 3.3. To study the curves {z = 0} and {z + h,, (z,y) = 0} in P?(p1, q1,1)
at the point [0 : 1 : 0], one chooses the second chart of the weighted projective
plane and obtains the local equations z = 0 and z + x* = 0 around the origin
of X(q1;p1,v1). The intersection multiplicity at that point is a/q1, although the
quotient space is not represented by a normalized type, see Remark[I.§ Analogous
considerations follow for the points [y; : 1 : 0] and [1: 0 : 0]. This fact was used to

prove ({9)).

Remark 3.4. The curve V N E; meets the line z = 0 (resp. y = 0) in the projective
plane P?(py, g1, v1) at exactly one point and the intersection is always transverse. If
a =0 (resp. b =0), then ged(q1,v1) = q1 (resp. ged(p1,v1) = p1) and that point is
different from the origins, see table with the equations. This is important to obtain
transversality in the next steps of the resolution of (V,0).

After the first blow-up a very similar situation to Lemma [2.1]is produced, except
that there is a new divisor to be considered and the points where the total transform
does not have normal crossings could be singular in the ambient space. The main
advantage compared with Artal’s resolution [2] is that in the latter 4, blow-ups at
points and rational curves were needed to achieve a similar situation.

The next result is the second step in the resolution of (V,0) and it corresponds
to the second step in the resolution of (C, P). Fix a point P, € NT(w;(C)) and,
to cover all cases, assume P, is possibly not smooth in the ambient space.

Lemma 3.5 (Step 2). Let (pa,qa) € N? be two positive coprime numbers. Let w,
be the weighted blow-up at P, with respect to (pa,qa). Denote by &, its exceptional
divisor, v, the (pa, qq)-multiplicity of C at P,, and m, the multiplicity of &,.

Consider 7o the (Pas, a, Va)-weighted blow-up at P, in dimension 3 and let E, be
the corresponding exceptional divisor. Then, the new total transforms satisfy:

(1) My = Va +paV1
ged(p1, ga + Paqr)’
(2) wiwi(C) =C+ 1€ +meé,,
(3) mmini(V) =V +mEy 4+ (m + D) Ey + (m + 1)mgE,,
(4) NT(mmin(V)) = NT (w1 (C)).

Proof. To fix ideas assume that P, = [1 : 0] € C N &. The other cases follow
analogously. Let us first describe the (p,, g, )-weighted blow-up at the point P, € C.
Consider local coordinates around P, so that the equation of @ (C) = C +11&; is
given by the well-defined function

" hi(z,y) : X(p1;—1,q1) — C,

where = 0 is the exceptional divisor £ and hq(z,y) = 0 is the strict trans-
form of the curve as in the proof of Lemma Hence the order at P, is v, =
ordp, q.) P1(z,9).

Also, take «ay, (1 satisfying the Bézout’s identity aip; + 811 = 1 so that
X(p1;—1,q1) = X(p1;581,—1) and thus «**hq(x,y) also defines a function on the
latter quotient space.
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Denote d := ged(p1, ¢o + Pag1). Two new cyclic quotient singularities of orders
PPe and Pile appear in the ambient space. They correspond to the origin of each
chart and thus located at the new exceptional divisor

Sa = ]P)%pa’th)/upl = P%pa’qa)(pl; _17(]1)»

. . . — 2
which has self-intersection —4—
P1Pada

Let hy = hy, + hy,4+1 + -+ be the decomposition of hi(x,y) into (pa,qa)-
homogeneous parts. Denote by ¢1(z,y) and g2(z,y) the unique polynomials such
that

see Proposition

hi(xPe, z%y) = 2" g1 (z,y), hi(zyPe,y%) = y" ga(z,y).

Then, g1(z7,y)|a=0 = 1(0,y) = hy, (1,y), and g2(z,y7)|y—0 = g2(,0) = hy, (z,1).
Hence the set of points C N &, is given by the (global) equation

{hu, (z,y) = 0} C PG, (015 —=1,q1).

Note that h,, (z,y) is not a function on the previous quotient space but it defines
a zero set, since

h’Va (g;(;llz7 gi y) = [Iﬁ hVa (‘T7 y)7
hua (55111'7 g;lly) = 517151 . hl (1'7 y)

The multiplicity of the new exceptional divisor &, is m, . The equa-
tions of the total transform w’wj (C) in the two charts are given in the table below,

see Example

(6)

_ Vatpali
- d

Equations of w}w](C) Chart

&, =0 ~

o x X(mém i1, QaJré?alh) N (C2(pa, Qa)//lzn
1: -

C: gi(ai,y) =0 [(9)] = [((@P,2%9), [1: Y]py.qn)]

ot y=0 Piga. PatBiqa _ 02

e w0 X | Brfe; batitde 1) — (C(pa7Qa)/:up1

C: go(w,yi) =0 [(2yM)] = [(@yPy™), (2 pegn)]

Now let us see the behavior of the (pqg, ¢a, Vo )-weighted blow-up at the point P,
in dimension 3. In our local coordinates around P, = [1: 0: 0] € (V N Ep) N Ex,
the equation of the divisor 7img(V) = V 4+ mEy + (m + 1)1 By is given by the
function

2 mtm (z+ hi(z,y) + X(p1;-1,q1,v1) — C.

Note that X (p1;—1,¢1,v1) = X(p1;61,—1,—P1v1). Now we use the charts de-
scribed in Example

The ambient space has two new lines of singular points corresponding to the
lines at infinity {z = 0} and {y = 0} of the exceptional divisor

Eu’ = P%paﬂaﬂ/a)/'u/pl = P?ﬁa»‘]aﬂ’a)(pl; _1’q1’1/1)'

Recall that [0:0: 1] € E, is a quotient singular point not necessarily cyclic.

The multiplicity of E, is the sum of the (pa, ga, ¥4 )-multiplicities of the compo-
nents of the divisor 7w (V') that pass through P, divided by d = ged(p1, ¢a +Paq1),
that is,

Vem +pa(m+ Dy +ve  (m+ 1) (Ve + pati)

- - 1)mg.
d d (m +1)ma
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To study the locus of non-transversality in a neighborhood of E,, the equations
of the total transform are calculated in the following table. Note that the third
chart is not given in a normalized form but, as we shall see, it is not needed for our
purpose.

1st chart
E,:x=0
B X(plpa;_L qa +paq1’ma>
EO 12=0 d d

Vi:z +gl(x5,y) =0 [(xd,y,z)] — [((xpa,acq“y,x”“z), [l1:y: zm

2nd chart
E,:y= B
Ei:z=0 X(plja;pa +dﬁlqa,—1, Ya 511/1%)
Ey:2=0

V:z +gg(l‘,y%) =0 [(x,yd,z)] — [((xypa,yqﬂ,y”az), [x:1: zm

3rd chart
E,:z=0
Ei:x2=0 x( Pe Pa Qa -1
. P1Va | PaV1 T Va QaV1 — Q1iVa —1

Vil+ 7h1(m:;’yzqa) =0 [(x,y,z)] — [((xzp“,yzq“,z”“), [z:y: lm

The divisor mEy + (m + 1)v1 E1 + (m + 1)myE, has clearly normal crossings.
Since the polynomial x¥1y™= gg(x,yé) defines a function on the quotient space
X (Bide %, —1), the following map is a well-defined automorphism on the
corresponding cyclic quotient space

X(p1Qa.pa+BIQ(L Vo — B1114a

d’ d T d

and hence the divisor V + (m+ D1 Ey 4 (m + 1)mg E, has also normal crossings.
Only the intersection VN FEy N E, has to be studied. To do so, we consider

the curves Eo N E, = {z = 0} and V N E, = {z + hy, (z,y) = 0} as subvarieties

in B, = ]P)%pa,qa,ua)<p1;_l’ql’yl)' The first two charts of the latter space are

respectively isomorphic to

X(plpa, da + Pa1 ) X(plqa,pa + 5140 Va —qua)
d ) d ) a |» d Y d ) d *
By Proposition [I.7] these smooth projective curves are two sections of E, with

self-intersection number —%2¢—: note that
Pi1Paqa

-1

). @y 2)) = [, 9.2 + gale,y¥)

ged (pl, Ga + Paq1; Va + Pal1, q1Va — qua) =d,

which is the greatest common divisor needed in the proposition mentioned above.

Now working as in Remark see also Remark one sees that they meet at
#(CNE,) points with exactly the same intersection multiplicity as in the latter,
that is, for Pe CN¢E, = XA/QEO N E,, one has

(7) (EomEa,f/mEa; Ea)P = (Cvé‘a; @?pa,qa)/upl)

As in the first step, the intersection of the total transform with Ey produces an
identical situation to that of C. Also, note that Figures 2 and [ can also be used to
illustrate the general situation here. The main difference is that the line at infinity

p .
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{zx =0} C E, coincides with E; N E, and thus the point [0: 0 : 1] € E, belongs to
two divisors. R

Now, to finish, observe that the triple points V N Ey N E, of the total transform
in dimension 3 are identified with the points of CN &, and, by , the intersection
at one of those points is transverse if and only if so is it in dimension 2. O

Remark 3.6. Note that if 2%g;(x,y) : X(e;—1,7) — C defines a function and
x { g1(z,y), then d := ged(e,r) divides k and gl(x57y) is a polynomial. This
implies, in particular, that m, is an integer since the polynomial x*a*Pa*1 g, (z,y)
defines a function on X (p1pa; —1,qa + Daq1)-

Remark 3.7. If y + h,, (z,y), or equivalently & > [1 : 0] ¢ C, then p,|v, and
p1|(v1 + ;—Z); consequently, ged(®P= m,) = PP=.
Indeed, assume that hy, (z,y) = 2°y®= [[;5; (2% — v;yP«)%. Then, its order is

Vo = €0Pa + €ccGa + Pada Y, €i- By @7 the following two expressions are equal:
hy, (5;11937 giy) — 5};80+3mq1x60yem H(fz;qaxqa _ gipa%ypa)ei _

_ ceotecdi—da D ; €i_eq, e q q1Pa+q Da €
=&, i€ ymH(xaigpla anygyPa)e,

&, (2,y) = gatoy = [ —ayP).

Hence p, divides v1 + €9 — €aoq1 + ¢a Y_; €i- In the case e, = 0, the latter number
is vy + ”—Z and the claim follows.

Anologously, if z 1 h,, (z,y) (& &€, 2[0:1] ¢ C < ey = 0), then one has that
da|Ve and pl\(g—z — fB111); consequently, ged (24 pi‘ﬁflq“) = Bie
Remark 3.8. Although the third chart, say X3, is not in general a cyclic quotient
space, there are a couple of situations where it is.

e If ged(v1,v,) = 1, then the action given by the second row includes the first
one and thus X3 is just C® under the second row action.

e Also if ged(p1,v1) = 1 and A is the inverse of 1 modulo p;, then the space
X (p1;—1,q1,v1) can be written in the form X (p1; A, —Aq1,—1) and thus
X3 = X(plya;pa + Al/aa Ga — /\QIVa7 _1)

Let I' and I'y be the dual graphs associated with the total transform and the
exceptional divisor, after having computed an embedded Q-resolution of (C, P),
respectively. Denote by S(I') and S(I';) the sets of their vertices. The classical
partial order on S(I';) is denoted by <.

The locus of non-transversality after the last blow-up in dimension 3 is identified
with the locus of non-transversality in the resolution of (C, P). Each of these points
corresponds to a weighted blow-up in the resolution of the curve C, that is, to a
vertex of I'y. Thus in the next step we need to blow-up those points to produce a
similar situation. Again the same operation will be applied to the points where the
total transform is not a normal crossing divisor. These points will also be associated
with vertices of I'y.

The following result is proven by induction on S(I'y) using the relation <.
Lemma 3.2 is the first step in the induction. The proof of Lemma [3.5 tells us
the way to show the general case. Let b € S(I'y) be a vertex such that P, belongs
to the locus of non-transversality of the total transform. As usual, denote by &,
the exceptional divisor appearing after blowing up the point P,.

Proposition 3.9 (Step b). Let wy, be the (pp, qp)-weighted blow-up at P, with b €
S(T'y). Denote by &, its exceptional divisor, vy the (py, qp)-multiplicity of C C C2,
and my the multiplicity of E.
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Consider m, the (pp, qv, Vp)-weighted blow-up at Py in dimension 3 and Ej the
corresponding exceptional divisor. Then, after blowing up the point P,, the new
total transform verifies:

(1) The exceptional divisor Ey is isomorphic to P%(py, qy, 1) /e and its mul-
tiplicity equals (m + 1)my. In general, the lines at infinity {x = 0} and
{y = 0} are quotient singular in the ambient space and the point [0 : 0 : 1]
is the only one which may be non-cyclic. By contrast, the stratum {z =
0}\{[0:1:0[1:0:0]} C Ey does not contain singular points of the
ambient space.

(2) Let a be a vertex such that a < b. Then, E,NEy # 0 if and only if Py € &,.
In such a case, E, N Ey is one of the two lines at infinity of By different
from {z =0}. If P, € E,NEuw, a # d, then the corresponding lines are
different and hence they meet at the point [0: 0 : 1].

(3) The intersection of the rest of components with Ey produces an identical
situation to the resolution of (C, P), after blowing up the point P,. More
precisely,

VNEy=C,
Ey,NEy=¢&,
E,NEy=E&,, Vaxb.

(4) The curves Eg N Ey, = {z = 0} and VN E, = {z + H,,(z,y) = 0} are
2
two (_gc’l’ V”)—sections of Ey and the intersecting points can be identified with
CNEy. Moreover, the intersection multiplicity of these two sections at one of
those points is the same as in the latter, that is, for P € CNE, = VNE NEy,
one has

(Bon BV By By) = (C.&i €Ly gy /he) -

If P, € &,, then E,NEy and \A/ﬂEb always meet at exactly one point. This
point passes through EgNEy if and only if CNE,NE, # 0. This is the case
when there exist quadruple points.

(5) The locus of non-transversality of the total transform in dimension 3 is
identified with the one in the resolution of (C,P). These points belong to
Vn EyNEy, = CN & and they correspond to the ones where the curves
FEoN Ey and VN Ey, or equivalently &, and C, do not meet transversely.

(6) The strict transform V never passes through [0: 0 : 1] € Ey. In particular,
1% only contains cyclic quotient singularities.

Proof. By induction on S(I'y) with respect to <. Lemma is base case. As
for the inductive step, one proceeds as in the proof of Lemma Assume, by
induction, that the local equation of the total transform in the resolution of the
curve C around P, is given by (ged(e, ) = ged(e, s) = 1)
(8) ey H(z,y) : X(e;r,s) — C,
where C = {H(z,y) = 0} is the equation of the strict transform and the others
correspond to the divisors &, and &, (they may not appear if m, or m, equals
Z€ero).

Also, the equation of the total transform around P, in dimension 3 is given by
the function

(9) g(mthmae y (mt)me, m [z+ H(z,y)] : X(e;r,s,t) — C,

where V = {z + H(z,y) = 0} is the strict transform, Ey = {z = 0}, and the
others are the divisors F, and E, (if they exist). Using that both and @ are
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well-defined functions, one has
t+mg-r+mg-s € (e).

The verification of the statement is very simple once the local equations of the
divisors appearing in the total transform are calculated. The main ideas behind
are contained in the proof of Lemmas [3.:2] and [3.5] The details are omitted to avoid
repeating the same arguments; only the local equations are given, see table below.

To do so, consider the following data and use the charts described in Examples|[1.3]
and [[.5] As auxiliary results, Propositions [I.6] and [I.7] and Remark [I.8] are also
needed.

Db Ma +qy - Mo + 1
d

vy = ordp, q,) H(z,y) mp =
d=ged(e, pp-s—qp-r)
sr+s=0 mod (e r’'s+r=0 mod (e)

H(pr7 mey) H(xypb be)
Hiay) == Hy(ey) = SR
These are the equations in the resolution of the curve C presented as zero sets

in the corresponding (abelian) quotient space, cf. proof of Lemma

Equations Chart

51, . =0 /

e +s =~
P X(Zb; -1, W) — CQ(pvab)/:ue
ga’ Yy =
C: Hl(xévy) = [(xd»y)} = [((prvxqby)v [1: y](m,qb))]
gb : Yy = 0

+r =

Eo: =0 X % T qb 1> — Cz(pbv%)/ﬂe
Ewr i —
C: H2(l',y%) =0 [(x,y } [(( yPe,y ), [z 1](1)&,%))]

In dimension 3, the local equations of the total transform are presented as well-
defined functions over the corresponding quotient spaces. The notation is self-
explanatory to recognize the equation of each divisor.

/ t/
1st chart X(Zyb —1, oL +d5 pb7 Vb‘ti pb) . C

x(erl)mb . y(m"rl)ma’ . Zm [Z + Hl (Q’J%,y)}

— C

4 o
2nd chart X<eqb. Po+ 7 vy + Qb>

d’ d L d

p(m+ma y(m+1)mb -2 [z + Hz(l",y%)]

3rd chart x( Py % -1 — C
evy | vy —tpy  SUp — tqp t
Jc(m—l—l)mb,1 . y(m+1)ma/ . (m—i—l)mb -d |:1 + H(mzl’lbbyqu)}

Here ' and ¢ are taken so that tr +¢ =0 and ¢'s+t =0 modulo (e). The
exceptional divisor Ej is identified with P?(py, gy, v5)/1te Where the action is of type
(e;7,8,1), ie. By =P? (e;r,s,t). O

(Pb,qv,vp)
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Remark 3.10. Note that the equations after the blowing-up at P, around the points
where the total transform is not a normal crossing divisor are of the same form as
in and @D Hence, by induction, this fact holds for every stage of the resolution.

Remark 3.11. Let us write H,, (z,y) = z®y®= [[;5,(z? — yy?*)%. As in Remark
i
ytHy,(z,y) (==& 3[1:0/¢C<=e=0),
v . e vyt _
then py |1y, and 6\(17’;4—15’), consequently, ged (<5, Ltbpe) —
eqy Lt”czb) —
d d d

b Analogously, eg = 0
implies ged(

Theorem 3.12. Given an embedded Q-resolution of (C, P) for all P € Sing(C),
one can construct an embedded Q-resolution of (V,0), consisting of weighted blow-
ups at points. Each of these blow-ups corresponds to a weighted blow-up in the
resolution of (C, P) for some P € Sing(C), that is, it corresponds to a vertezx of
re. O

We shall see later that an exceptional divisor EF in the resolution of (V,0)
obtained contributes to the monodromy if and only if so does the corresponding di-
visor £F in the resolution of (C, P), see Lemma and Theorem 4.3 In particular,
the weights can be chosen so that every exceptional divisor in the embedded Q-
resolution of (V0), except perhaps the first one Fy, contributes to its monodromy.

4. THE CHARACTERISTIC POLYNOMIAL OF SIS

Here we plan to apply Theorem [I.10]to compute the characteristic polynomial of
the monodromy and the Milnor number of (V, 0) in terms of the curves (C, P). Some
notation need to be introduced, concerning the stratification of each irreducible
component of the exceptional divisor in terms of its quotient singularities.

Given a point P € Sing(C), denote by of : Y? — (C,P) an embedded Q-
resolution of (C, P). Assume that the total transform is given by

(@) (C,py=C+ > mer,

aGS(Ff)

where £F is the exceptional divisor of the (pf, ¢f’)-blow-up at a point P, belonging
to the locus of non-transversality. Denote by v the (pZ, ¢!’)-multiplicity of C at
P,.
Recall that £F is naturally isomorphic to P%pp ) /pie. Using this identification,
see Figure [4] define

Eor=E {01 [0y, &7 ={0:1)y, &7, ={[1:0}.

The strata év’(fj = E(fj \ (55;' N (Ubia &P UQ)) for j = 1,2,y (see notation just
above Theorem |1.10)) will be considered in Lemma

Let us see the situation in the superisolated singularity (V,0). Denote by p :
X — (V,0) the embedded Q-resolution obtained following Proposition Then,
the total transform is

pPr(V,0)=V+mE+ > (m+1)mlEL,
PeSing(C)
aES(Fi)

and EL appears after the (p2, ¢7', vL)-blow-up at the point P, (recall that the locus

of non-transversality in dimension 2 and 3 are identified).
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The divisor Ef is naturally isomorphic to P?pp oF wP) /tie. Using this identifica-
tion, see Figure [d] define

Ef:l:Ef\{a:y:O}, Eﬁx:{m:O}\{[O:l:0},[0:0:1]},
EY, ={y=0}\{[1:0:0],[0:0:1]}, EP ={[0:0:1}.

a,ry

Analogously, one considers E(f 0 and Ef; y» S0 that EP =] F E5 ; really defines a
stratification of EF'. However, these two strata belong to more than one irreducible
divisor in the total transform and hence they do not contribute to the characteristic
polynomial. As for Ey, according to its quotient singularities, no stratification need
to be considered (it is smooth).

The Euler characteristic of E; and E(fj = Eij \ (Ef:j N (Ub;éa EP U \7)) for
j=1,z,y,zy (see notation just above Theorem as well as its multiplicity are
calculated in Lemma A1l

IRV

o1 [ ey e

EyNE?

FIGURE 4. Stratification of £F and EF.

Lemma 4.1. Using the previous notation, the Euler characteristic and the multi-
plicity of Ey are
x(Eo) = x(P*\ C), m(Ep) = m.
For the rest of strata of EX, let us fix a point P € Sing(C). Then, one has that

a=1, j==zy
X(Eg;) =10 a#l, j=uxy
_X(gép,j) Va? ]: ].71',2/;

m+1 a=1, j=2ay

SVP‘ O EP = ~
X(Eay) 70 = m(EL) {mwi’,j)-(mﬂ) Va, j=1,2,y.

In fact, Va € S(Fi), a # 1, the stratum Eﬁwy is empty and, in particular, its Euler
characteristic is zero.

Proof. Let E be an irreducible component of the exceptional divisor of p. Let
us travel back in the history of the resolution until the time when F first appears.
Consider the space defined by E minus the intersections with the other components
at that moment.

Since all the weighted blow-ups have center in that intersections, this space is
naturally isomorphic to E. Using these arguments, we will perform the calculations
of the Euler characteristics at the moment when the component appears in the
history of the resolution.

For Ey, the space Ej is isomorphic to Eo\ (VN Ep) which is identified with P2\ C;
its multiplicity is m, see Figure [I] and discussion before Lemma [2.1
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For the rest of the proof the cases j = 1,x,y, zy are treated separately. Let us
fix a point P € Sing(C) and omit the index “P” to simplify the notation.
Recall that E, = P? /e, see Proposition 1). Also Figure {4 will be

(pa7Qa7Va)
useful.
o j=uxy:
The stratum E, 4, is the point [0 : 0 : 1] € E,. By Proposition it belongs

to just one divisor if and only if a # 1, see Lemma [3:2] and its proof. This implies
that x(E1,5y) = 1 and that

X(Eazy) =0, Va e S(T4)\ {1}.
Following Definition the multiplicity of Ej ., is (mtll)yl

0: 1] € E; is a cyclic quotient singular point of order v, see Lemma

, since the origin [0 :

e j=u=x:

The stratum FE, , is the line {x = 0} C E,. If there is another component
of the divisor that passes through &,, = [0 : 1] € &,, then one has c‘:'a@ = 0,
and either F,, = E, . \ {2 points} or anx = (. Otherwise, awc = [0: 1] and
E,.. = E,. \ {3 points}, see second part of Proposition ). In the case when
the Euler characteristic is different from zero, by Remark the multiplicity is

(m+ 1)my (m+ 1)my <

m(Eb,a:) = gcd(%b, Vb+§//qb) = % = (m + 1>m(5b,$)

The case j = y is exactly the same as j = x.
e j=1:
Consider the projection of E, \ E, 4, onto the line {z = 0} = &,. This map is
identified with the morphism

(e;rys,t)\{[0:0:1]} — ]P)%pa,qa)(e;ras)’

[x:y:2z] — [z:y].

. o2
T P(pu.vqa;l’a)

Note that the restriction 7| : Ea)l — év‘ayl is a fibration with fiber isomorphic to
C\ {2 points} and hence x(fiber) = —1.

The multiplicity of the smooth part is (m+ 1)m, in the superisolated singularity
while it is m, in the curve C.

To finish observe that in any case, one has that y(E, ;) = —x(€. ;) and, if they
are different from zero, m(E, ;) = (m + 1)m(€, ;). Now the proof is complete. [J

Remark 4.2. The Euler characteristic of the complement of a projective plane curve
in P2 is known to be

X(P*\C) = (m>—3m+3)— > pp,
PeSing(C)

see [6], or [I] for an elementary proof based on the additivity of the Euler charac-
teristic.

Theorem 4.3. The characteristic polynomial of the complex monodromy of (V,0)
18
(tm — 1)x(F*\O)

Awo(t) = =)

H A, p) (™),
PeSing(C)

where A(c,py(t) denotes the characteristic polynomial of the local complex mon-

t)
odromy of (C, P).
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Proof. Given a point P € Sing(C), let us compute the characteristic polynomial of
(C, P). Tts total transform is

(QP)*(C’P) =C + Z mfff,
aES(Ff)

and the stratification associated with each exceptional divisor needed for applying
A’Campo’s formula is £, = &,1 U &y, U &g . Then, by Theorem

(10) Aep®)=@-1) J] @ -1,
aGS(Ff)
j=lz,y
Let us see the situation in the superisolated singularity (V,0). The total trans-
form is
p*(V,0) =V +mE, + Z (m+1)mPEP,
P€Sing(C)
aesS(rk)
and the corresponding stratification is £’ = E£1 U Ev’f,ga U E(iy U E’f@y.
By Theorem the characteristic polynomial of (V0) is

1 - = P P
11 A — = (¢m(Eo) _ 1\x(Eo) m(EB, ;) _ 1\x(Eq ;)
(11) wv,0)(t) rom 1(t 1) H (t 1)
PeSing(C)
aES(Ff)
j=Lz,y,zy
From Lemma m(Eo) = m and x(Fp) = x(P?\ C), and the latter can
be computed combinatorially as indicated in the statement. Let us calculate the
contribution of the preceding product for a given point P € Sing(C).
Again using Lemmaand, in particular, the fact that a # 1 implies X(Ef, oy) =
0, one has that

H (tm(EfJ) _ 1) x(Bey) —
aES(I‘i)
j=1,z,y,zy

= (tm(Ef ) 1)X(E1P'“) I1 (tm(EP.) 1)x(Ei’,n

; aesS(rk)
a=l, j=zy j=l,z,y
_ P

— (tm+1 _ 1)1 H (t(m+1)m(£§j) _ 1) X(Ea,J).
aES(Fi)
j=l,z,y

By , the last expression is equal to A(c,p) (t™*1) and hence is exactly
the formula of the statement. O

Remark 4.4. Note that the first part of A(¢) is closely related to the zeta function
of fm(z,y,2) regarded as an function on C3. In fact, Z(f,, : C3 — C;t) = (1 —
tm)X(®\C)  This is a consequence of the fact that the monodromy zeta function
of a homogeneous polynomial of degree d is Z(t) = (1 — t¥)X(F)/d where F is the
corresponding Milnor fiber.

Corollary 4.5. The Milnor number of a SIS can be expressed in terms of the
Milnor numbers of the singular points of C, namely

p(V,0)=(m—=1°+ > u(C,P).
PeSing(C)
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Proof. The Milnor number coincides with the degree of the characteristic polyno-
mial. Then,

deg A(t) = m(m® —3m + 3 — ;,U/p) -1+ ;degAp(t)(m—i- 1)

2
:m3—3m2+3m—mz,up—1+(m+1)z,up
P P
=(m-1°+> pp.
P
Above, the sums are taken over P € Sing(C). O

5. YOMDIN-LE SURFACE SINGULARITIES

The family of singularities studied above can be generalized as follows. Let
f=fm+ fm+r + - € C{z,y,2} be the decomposition of f into its homogeneous
parts, k > 1. Denote V := V(f) € C3 and C := V(f,) C P2 Then, the
germ (V,0) is said to be a Yomdin-Lé surface singularity (YLS) if the condition
Sing(C) NV (fm+k) = 0 holds in P2.

The main difficulty in finding a (usual) embedded resolution of this kind of
singularities is that after several blow-ups at points and rational curves, following
the ideas of [2], one eventually obtains a branch of resolutions depending on k.
Thus the study of this singularities by using these tools seem to be very long and
tedious.

However, an embedded Q-resolution of (V, 0) can be computed exactly as for SIS,
i.e. by means of weighted blow-ups at points. In fact, this is the main purpose of
Section[6} As an application, the characteristic polynomial and the Milnor number
are calculated using Theorem Again, the weights at each step can be chosen
so that every exceptional divisor in the Q-resolution, except perhaps the first one
Ey, contributes to its monodromy.

In order not to repeat the same arguments, the proofs of this section are sketched,
commented, or simply omitted. Moreover, they are presented following the same
structure as in previous sections so that one can easily compares the corresponding
results with the SIS. In the discussion, one usual thinks that k = 1, since otherwise
(V,0) is a SIS.

We start the embedded Q-resolution of (V,0) with the usual blow—up at the
origin o : C® — C3. The total transform is the divisor m5(V) = V + mE,, where

V is the strict transform and FE) is the exceptional divisor. The intersection Vn Ey
is identified with C, see Figure

(V) = V +mE,
/];;y 7 i
Vn Ey=C

FIGURE 5. Step 0 in the embedded Q-resolution of (V,0).

Let us consider P € V N Ey = C. After linear change of coordinates we can
assume that P = ((0,0,0),[0:0:1])=1[0:0: 1] € C. Take a chart of C* around
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P where z = 0 is the equation of Ey and the blowing-up takes the form

(z,y,2) =% (x2,yz, 2).
Then, the equation of Vis

Vi @y )+ 2 i@y, ) + 2fminia(,9,1) -] = 0.

Two cases arise: if P is smooth in the curve C, then V is also smooth at P and
the intersection with Fy at that point is transverse; otherwise, i.e. P € Sing(C),
the YLS condition Sing(C) N V(fim+x) = @ implies that the previous expression
in brackets is a unit in the local ring C{x,y, z} and V is not smooth at P (unless
k =1). Now the order of f,,,(z,y, 1) is greater than or equal to 2 and the intersection
VN FEy is not transverse at P.

We summarize the previous discussion in the following result, which is the step
zero in our Q-resolution of (V,0).

Lemma 5.1 (Step 0). Let P € C. The surfaces V and Ey intersect transversely
at P if and only if P is a smooth point in C. Otherwise, i.e. P € Sing(C), there
exist local analytic coordinates around P such that the equations of the exceptional
divisor and the strict transform are

Ey: z2=0;
V: 24 h(zy) =0,
where h(z,y) = 0 is an equation of C and its order is at least 2.

Remark 5.2. Observe that the main difference at this stage is that V is not smooth
at the singular points of the curve C and its equation at those points has z* as one
of its terms.

6. EMBEDDED Q-RESOLUTION FOR YLS

After the step zero NT(n(V)) is identified with Sing(C). The next step in
the Q-resolution of (V,0) is to blow up those points. Let us fix P € Sing(C) and
consider local coordinates as in Lemma The idea is to choose suitable weights
so that the strict transform of V has again an equation of the same form, namely
2%+ H(z,y) = 0.

Given an exceptional divisor in the curve C, &,, a € S(I'y), and m,, its multiplic-
ity, denote k, := ged(k,my). When a = 1, then my = v4 and thus k; = ged(k, v1).

Lemma 6.1 (Step 1). Let (p1,q1) € N? be two positive coprime numbers. Let w
be the (p1,q1)-weighted blow-up at P € C. Denote by &; its exceptional divisor and
by v1 the (p1, q1)-multiplicity of C at P.
Consider w1 the (kk—pll, %, Z—i)—weighted blow-up at P in dimension 3 and E; the

corresponding exceptional divisor. Then, the total transforms verify:

(1) w3 (C)=C +V151;

(2) mimg(V) =V +mEo + (m + k)

(3) NT(rim;(V)) = NT(wi(C)).

Proof. The weighted blow-up at P € C is described in detail in the first part of the
proof of Lemma@ ThUb we only consider here the weighted blow-up at P with
respect to kk’f, kqll, kl in dimension 3.

The new space has in general three cyclic quotient singular lines, see Remark
1) below, each of them isomorphic to P!, and located at the new exceptional

divisor E7. They correspond to the three lines at infinity of E; = IP’Q(kpl L kkqll , ,’;—1)

'E
k’l 1,
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The multiplicity of E; is the sum of the multiplicities, in our local coordinates
of the components of the divisor 75 (V') that pass through P, that is, m7* -+ k”l =
(m+ k)t

Hence the total transform is the divisor

=~ v
i (V) =V +mEo + (m + k:)k—lE
1

To study the locus of non-transversality, the equations in the three charts are

calculated in the table below. Note that the cyclic quotient spaces are represented

by their normalized types, since ged (kpll : kkqll , %1 ) 1. see Example
x (Fer g Faom (ko ke
kl ’ kl kl kl ) kl 5 ,kl
(@y,2) = (2 y o 2) (ey ™,y y® )
o z2=0 z=0
£y =0 y=0
~ . k
14 Zk—‘rhl(xﬁ’y):o 2 +h2(x,yﬁ) 0
X (”1 kpu ko _1)
kl kl k’l
T m @ vy
(#.9,2) — (a8 g B 2R
Ey —
Eq =0
v B
v e s =0

Clearly F, and Ej intersect transversely. The strict transform V also cuts FEr
transversely except perhaps at {z = 0} C E;. The equations of these intersections
are given by

EyNEy = {z =0},

\7ﬂE1 :{zk—&—hyl(x y) =0},

- o kpr k
as projective subvarieties in By = P?( 2,5, Z—i)

EyNE;

E1NEy

FIGURE 6. Step 1 in the embedded Q-resolution of (V,0).

By Proposition[I.7} these smooth projective curves have self-intersection numbers
k’;;: L and kl”i respectively. They meet at #(C N &;) points with intersection
number ki /k times the intersection number in C N &y, that is, for P € CN & =

‘70E0 N E4, one has

(12) (VﬂEl,EoﬂEl; El)P — ]Z (c &; € qﬂ)p'
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On the other hand, the intersection of the total transform with Ejy produces an
identical situation to that of the curve C, see Remark (2) for a more detailed
explanation.

All these statements follow from the equations above. In Figure [6] we see the
intersection of the divisor iz (V) with Ey and Ey, respectively. See also Figure
for the situation in C. Finally, the triple points of the total transform in dimension
3 are identified with the points of C N &; and, by , the intersection at one of
those points is transverse if and only if so is it in dimension 2. This concludes the
proof. O

Remark 6.2. Just to emphasize, we collect below the main differences with the
embedded Q-resolution for SIS at this stage, cf. Lemma [3.2] and its proof.

(1) The stratum {z =0} \{[0:1:0],[1:0:0]} C E; contains singular points
of the ambient space. In fact, the group acting on these points is of type
(%; —1,0, Z—i), see Figure@

(2) In principle, the intersection of Ey with the rest of components seem to
be different from the situation in the curve C, because in the first chart
E1NEy={zx =0} and VN Ey = {h(z¥/¥1 ) = 0} on X(%;—l, ’2—‘111)
After normalizing the latter type, one finds the equation of & and C on
X(p1;—1,q1), cf.

(3) Write hy, (z,y) = 2% [[;(z? — y#'yP1)% = 0. If a = 0, or equivalently
& 5[0:1] ¢ C, then {x = 0} C By cuts VN Ey = {zF + h,, (z,y) = 0}
in exactly ged(k, 1) points different from the origins of Ey. Analogously,
{y =0} C Ey intersects in ged(k, 1) points if b = 0. This can be checked
directly or applying Bézout’s Theorem on Fj.

Let T and I'y be the dual graphs associated with the total transform and the
exceptional divisor, after having computed an embedded Q-resolution of (C, P),
respectively. Denote by S(I') and S(T';) the sets of their vertices. The classical
partial order on S(I'y) is denoted by <.

The locus of non-transversality after the last blow-up in dimension 3 is identified
with the locus of non-transversality in the resolution of (C, P). Each of these points
corresponds to a weighted blow-up in the resolution of the curve C, that is, to a
vertex of I'y. Thus in the next step we need to blow-up those points to produce a
similar situation. Again the same operation will be applied to the points where the
total transform is not a normal crossing divisor. These points will be associated
with vertices of I' too.

Before describing a generic step, blowing up the point P, as in Proposition [3.9}
let us clarify the justification for working with non-normalized spaces.

6.3. After the first blow-up the local equation of the total transform of (C, P) is
given by " hy(x,y) : X(p1;—1,q1) — C, see proof of Lemma The situation in
dimension 3 is provided by

v k1 : '
w(m-ﬁ-]f)ki L2 [Zk + hy(x & ’y)} : X(pl; B 7£7 Vl) -
—_—— ~ — kl kl kl

By Eo 1%

as we have just seen in the proof of Lemma[6.1] The divisors F; and &; are both
represented by x = 0.

However, the equation of the strict transform of C and V do not correspond to
each other directly. This obstruction can be solved working with non-normalized
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types, since the function

x%hl(xﬁ,y) : X(km; -1, km) —C
k1 k1
also gives rise to the total transform of C on a space represented by a non-
normalized type.

On the other hand, the embedded Q-resolution of a Yomdin-Lé surface singu-
larity will contain in general non-cyclic quotient singularities. Hence providing
normalized types is long and tedious. Motivated by this fact and for better un-
derstanding of the relationship between C and (V,0), we present the embedded
Q-resolution without explicitly giving the normalized type of each quotient space.

The following result is proven by induction on S(I'y) using the relation <.
Lemma and just above is the first step in the induction. Let b € S(I'y)
be a vertex such that P, belongs to the locus of non-transversality of the total
transform. As usual, denote by &, the exceptional divisor appearing after blowing
up the point P,.

Proposition 6.4 (Step b). Let wy, be the (pp, qp)-weighted blow-up at P, with b €
S(I'y). Denote by & its exceptional divisor, vy the (py, qp)-multiplicity of C C C2,
and my, the multiplicity of &. Assume, if necessary, that k|py, and k|q, so that k|vy
too.

Consider , the (py,qy, 5&)-weighted blow-up at Py in dimension 3 and Ey the
corresponding exceptional divisor. Then, after blowing up the point Py, the new
total transform verifies:

(1) The exceptional divisor By is isomorphic to P*(py, qy, %)/ pe and its multi-
plicity equals (m—i—k)%ﬁ’. In general, their three lines at infinity are quotient
singular in the ambient space.

(2) Let a be a vertex such that a < b. Then, E,NEy # 0 if and only if Py, € &,.
In such a case, the curve E, N Ey is one of the two lines at infinity of Fy
different from {z = 0}. If P, € £, N &y, a # d, then the corresponding
lines are different and hence they meet at the point [0:0 : 1].

(3) The intersection of the rest of components with Eg produces an identical
situation to the resolution of (C, P), after blowing up the point P,. More
precisely,

VNEy=C,
Ey,NEy=¢&,
E,NEy=E&,, Vaxb.

(4) The curves EgNE, = {z = 0} and VNE, = {zF+H,, (z,y) = 0} in E} have

. . —&iwk —E2wk . . .
self-intersection numbers ,’;fg  and ”;b Y respectively, in particular

(‘70Eb)2 = k*(EgN Ey)? holds, and the intersecting points can be identified
with CN &y.

Moreover, the intersection multiplicity of these two curve at those points
can be computed as follows. Let P € VN EygNE,=CnN&,, then one has

1

(‘7 N Ey, Eo N Ey; Eb)P = 0] (C7gb§ @%pb,q,,)/ue)P,

where O(Ey ) denotes the order of the group acting on the natural stratum
Ey,:={z=0}\{[0:1:0],[1:0:0]} C Ep.

Let P, € &, (a < b) and assume e.g. E, N E, = {x = 0} C Ep. If
CNnNé NEy, =0, then E, N Ey and VN FEy meet transversely at exactly
ged(k,m(& ) points different from the origins of Ey. Otherwise, i.e. CN
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E.NEy # 0, the letter curves only meet at one point, which besides passes
through Ey N Ey. This is the case when there exist quadruple points.

(5) The locus of non-transversality of the total transform in dimension 3 is
identified with the one in the resolution of (C, P). These points belong to
VN EgNEy, = CN & and they correspond to the ones where the curves
EoN Ey and VN Ey, or equivalently &, and C, do not meet transversely.

(6) The strict transform V never passes through [0: 0 : 1] € Ej.

Proof. By induction on S(I';) with respect to the order <. The base case is
Lemma together with its modification explained in As for the inductive
step, one proceeds as in the proof of Lemma Assume, by induction, that the
local equation of the total transform in the resolution of the curve C around P, is
given by the function

ey H(z,y) : X(e;r,s) — C,

where C = {H(x,y) = 0} is the equation of the strict transform and the others
correspond to the divisors &, and &, (they may not appear if n, or n, equals
zero). In principle, the type (e;r,s) is not assumed to be normalized. Hence n,
and n, are not the multiplicities of £, and &, .

Also, the equation of the total transform around P, in dimension 3 is given by
the function

(m+k)ng (m+k)n /
k k

T -y ~zm-[zk+H(a:,y)] : X(e;r,s,t) — C,

where V = {z* + H(z,y) = 0} is the strict transform, Ey = {z = 0}, and the
others are the divisors E, and E,s (if they exist). Using that both equations are
well-defined functions on the corresponding quotient spaces, one has

(13) %-r—i—%s—i—tzo (mod e).

The verification of the statement is very simple once the local equations of the
divisors appearing in the total transform are calculated. The main ideas behind
are contained in the proof of Lemma [6.1] and The details are omitted to avoid
repeating the same arguments; only the local equations are given, see below. To
do so, consider the following data and use the charts described in Examples
and As auxiliary results Propositions and and Remark are also
needed.

Vp i= ord(y, q,) H (7, y) Ny 1= Pp* Ng + Qb - Nar + Uy
H(zPb 2% H(zyPb,y
Hl(xvy) = (I,@"bm = HQ(xay) = (I?;be )

Note that if QF denotes the quotient space of the first chart in the curve C (see
below) and (QF,[(0,1)]) = (CZ,(0,1)), [(x,y)] — (2*,y) defines an isomorphism of
germs, then the multiplicity of the new exceptional divisor &, is m, = 7.

These are the equations in the resolution of C. They are presented as zero sets
omitting their multiplicities.
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Equations Chart
ol X pe| 1 ' — C(p, o
Eur y=0 ( Pr€ | T DpS — QT ) (pb Qb)/,LL
C: Hiww)=0|  [@y] = [(@ a1 slp0)]
gb : Yy = 0

—1 ~
Eau: =0 b Db ) L@ )
Eu ai ( qve | T — PppS S (Pb; qb)/u
C N HQ(x7y) = 0 I:(xay)] — I:((,]j‘ypb,y(Ib), [JZ : 1](1);;,(1;,))]

In dimension 3, the local equations of the total transform are presented as well-
defined functions over the corresponding quotient spaces. The notation is self-
explanatory to recognize the equation of each divisor. In the first chart, however, it
is indicated the divisor corresponding to each equation. Note that, for instance, the
polynomial in the first chart has been obtained after performing the substitution
(,y,2) = (2P, 2Py, 27 2).

Vb

-1 % k >—>(C

1st chart x( v
r ms—@r ppt— Pr

Pve

(m+k)ny (m+k)n
k .

Ep Ea/ Ey ‘7
. 23
2nd chart X b i ' “ o —C
we | @r—ps s @t— s
mtk)ng (m+k)n
1:( +I§) -y +k b AL [Zk + HQ('I:a y)]
3rd chart Ye | r—ppt s—qgt  t —

(mikng  (mtk)n

(m+k)n P q
k| [1 + Hlezly b)}

Note that if QY denotes the quotient space of the first chart in dimension 3
(see above) and (QY,[(0,1,1)]) & (C3,(0,1,1)), [(z,y,2)] = (2¥,y,2) defines an
isomorphism of germs, then the multiplicity of the new exceptional divisor Fj is
(m+k)ny O

kL -

Remark 6.5. Observe that the columns of the new spaces satisfy a condition anal-
ogous to . For example, using , it can be checked that

ny (—1 Ngr @ % /0 .
" | ) )
b () () ) = (O). moa (2

In other words, the third column is a linear combination of the first two ones,
modulo the order of the corresponding group. This can be used to prove that

L = ged(¢, 5t) and hence the multiplicity of Ej is % indeed.

Theorem 6.6. Given an embedded Q-resolution of (C, P) for all P € Sing(C), one
can construct an embedded Q-resolution of (V,0), consisting of weighted blow-ups at
points. Each of these blow-ups corresponds to a weighted blow-up in the resolution
of (C, P) for some P € Sing(C), that is, it corresponds to a vertez of I'Y. O
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By Lemma and Theorem an exceptional divisor EF in the Q-resolution
of (V,0) contributes to the monodromy if and only if so does the corresponding
divisor £F in (C, P). Hence the weights can be chosen so that every exceptional
divisor, except perhaps the first one Fjy, contributes to its monodromy.

7. THE CHARACTERISTIC POLYNOMIAL OF YLS

Here we plan to apply Theorem to compute the characteristic polynomial
of the monodromy and the Milnor number of (V,0) in terms of the singularities
(C, P). Some notation need to be introduced, concerning the stratification of each
irreducible component of the exceptional divisor in terms of its quotient singulari-
ties.

Given a point P € Sing(C), denote by o7 : Y? — (C,P) an embedded Q-
resolution of the curve (C, P). Assume that the total transform is given by

(QP)*(C,P) =C+ Z m(];gf’
aES(Fi)

where £F is the exceptional divisor of the (pf, ¢¥’)-blow-up at a point P, belonging
to the locus of non-transversality. Denote by v the (pZ, ¢!')-multiplicity of C at
P,.

Recall that £F is naturally isomorphic to P%p P aP) /tie. Using this identification,
see Figure[7] define

(14) &P =eP\{0: L0, &R, ={0:1), &, ={[1:0}.
The strata g,ﬁj = 55,3‘ \ (55]- N (Ub;éa P UQ)) for j = 1,2,y (see notation just
above Theorem |1.10)) will be considered in Lemma

Let us see the situation in the Yomdin-Lé singularity (V,0). Denote by p: X —
(V,0) the embedded Q-resolution obtained following Proposition Then, the
total transform is (recall kf := ged(k, m?L))

P
* 17 mg,
p*(V,0) =V +mE + § (m+k)kPEf,
PeSing(C) @

aES(Fi)

and EF appears after the blow-up at the point P, with suitable weights (recall that
the locus of non-transversality in dimension 2 and 3 are identified).

EyNE?

URVAVA!
o1 | [ ey e

FIGURE 7. Stratification of £F and EF.
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The divisor EF is naturally isomorphic to P2 /ue. Using this identification, see
Figure [7] define
Eclbs:l :E(f\{IyZ:O}, Eiwi{ﬂf:O}\{[OlO],[OOl]},
P _ f, _ .0 - .0 - P _ .0 -
By, ={y=0}\{[1:0:0[,[0:0:1]}, E {[0:0:1}.

a,ry ~

(15)

Analogously, one considers B, E; ., and El . so that EJ = ||; EY; really
defines a stratification. However, these three strata belong to more than one ir-
reducible divisor in the total transform and hence they do not contribute to the
characteristic polynomial.

As for Ey, according to its quotient singularities, no stratification need to be
considered (it is smooth).

The Euler characteristic of E; and Ev‘(ij = Ef,j \ (E(ij N (Ub;ﬁa EéD U \7)) for
j=1,z,y,zy (see notation just above Theorem as well as its multiplicity are
calculated in Lemma [Z11

The following three results are presented without their proofs because they do
not provide any new idea. They are the analogous of Lemma[4£.1} Theorem and
Corollary respectively. Anyway, recall that the Euler characteristic of P2\ C

ism? —3m+ 3 — > PeSing(P) P
Lemma 7.1. Using the previous notation, the Euler characteristic and the multi-
plicity of Ey are
x(Eo) = x(P*\ C), m(Eo) =m.
For the rest of strata of EX, let us fiz a point P € Sing(C). Then, one has that
1 a=1, j=2y
X(Eg;) =10 a#l, j=uay
—ged (k,m(év’[fj)) ~x(g£j) Va, j=1,z,y;

m+k a=1, 5=y
X(Eay) #0 = m(EZ)) =4 (m+k)-m(EF,)
ged (k,m(é‘(fj))

Va, j=1,2,y.

In fact, Va € S(Fi), a # 1, the stratum Eﬁwy is empty and, in particular, its Euler
characteristic is zero. U

Theorem 7.2. The characteristic polynomial of the complex monodromy of (V,0)
18
(™ — PXENC) k m+k
— -1 I aler@E),
PeSing(C)

Aw,)(t) =

where A(c,p)(t) denotes the characteristic polynomial of the local complex mon-
odromy of (C, P) and if A(t) = [[,(t™ —1)%, then AF(t) denotes

m, ged(mg,k)a;
AR =] (tgcdwm — 1) ) O
Corollary 7.3. The Milnor number of a Yomdin-Lé surface singularity can be

expressed in terms of the Milnor numbers of the singular points of the curve Ce,
namely

p(V,0)=(m—17°+k Y pu(C,P). O
PeSing(C)
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8. AN ILLUSTRATIVE EXAMPLE

We end this paper with perhaps the simplest example of this construction,
namely the curve C has exactly one singular point with just a Puiseux pair. In this
case the embedded Q-resolution of the YLS has only two steps. This example has
also been treated in [I].

Let f : C3> — C be the polynomial function defined by f = f,,.(z,y, z) + 2™k,
Assume that C = {f,, = 0} C P? has only one singular point P = [0 : 0 : 1], which
is locally isomorphic to the cusp x? + yP, ged(p,q) = 1. Let us briefly discuss the
resolution in dimension 2 and 3 separately.

Curve C: Let h(z,y) = 27 + y? and consider @ : C2(p, q) — C2 the weighted
blow-up at the origin of type (p, ¢). Recall that @Q(p, q) = Uy UUs has two singular
points corresponding to the origin of each chart.

In U; = X (p; —1, q) the total transform of h is given by 2P?(14y?). The equation
yP? = —1 has unique solution in U; and the local equation of the total transform at
this point is of the form xP?y.

Hence the proper map w is an embedded Q-resolution of C = {h = 0} C C?
where all spaces are presented by normalized types, see Figure

m(E) =pg—v 031 ZTC [1:0]
g2 _1 ‘ o— & =P =P

(pyq) —
(p;—1,q)

FIGURE 8. Embedded Q-resolution of {z? + y? = 0} C C2.

According to , the stratification associated with the unique exceptional di-
visor is & = &1 U &1, UEL,, where &1 = P\ {3 points}, &1, = {[0: 1]}, and
&1,y ={[1:0]}. Their Euler characteristics and multiplicities are calculated in the

table below. < = 5
stratum | 11 1. &1y

x() | -1 1 1
m(-) | p¢g p q

Now, one applies Theorem [1.10| and obtains

Ayt =@-1) J] @) 1)

Jj=lzy

Ey L =D —1)
(tr —1)(t1 - 1)

Yomdin-Lé Singularity: Consider m : C3 — C3 the classical blow-up at the

origin. In the third chart, the local equation of the total transform is

2M(ZF 2t 4 yP) = 0.
The strict transform V and the exceptional divisor Ej intersect transversally at
every point but in P € C = Ey N V. Also V \ P is smooth. Denote k1 = ged(k, p)
and ko = ged(k, q) so that ged(k, m(&1)) = ged(k, pq) = kiko.

One is therefore interested in the weighted blowing-up at the point P with respect
to (kp,kq,pq). However, in order to obtain cyclic quotient spaces presented by
normalized types, it is more suitable to choose w = ( k’fiz, k’fg2, k’;ZZ) instead. Let
w1 be the weighted blow-up at P with respect to the vector w. The local equation
of the total transform in the second chart is given by

Frig (mtk kq . _k
{yklkz (m )Zm(zk +a?+ 1) = O} cX (k‘1gz; k1§€)27_17 k11)22> )

where y = 0 represents the new exceptional divisor E; = P2 = P?(ky, ko, 1).
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From Lemmam cf. Proposition the composition m = mgom; is an embedded
Q-resolution of the singularity (V,0) C (C3,0). The final situation is illustrated in
Figure [9

The self-intersection number of EgNE; = {z = 0} (resp. VNE, = {ZF 4 aidyP =
0}), regarded as projective curve in By = P2, is %52 (resp. kik2). Moreover, the
intersection multiplicity of these two plane curves at the unique intersecting point
is klkﬂ, which is exactly the multiplicative inverse of the order of the cyclic group
acting on {z = 0} \ {[1:0:0],[0:1:0]} C Ey, cf. Proposition 4). On the
other hand, the intersection of the total transform with Ey = P? \ C produces an
identical situation to that of C, in particular £; N Ey = & and Vn Ey = C, see

Remark 2) for a more detailed explanation.

FIGURE 9. Intersection of Fy (resp. E) with the rest of components.

Following the notation in , the stratification associated with the last excep-
tional divisor is

El = El,l (W El,x U El,y U El,zy»
where Ey; = P2\ ({zyz = 0} U (V N Ey)), By, = {x = 0} \ {k; + 2 points},
Ey,, = {y = 0}\{k2 + 2 points}, and E; ,, = [1 : 0 : 0]. Their Euler characteristics

and multiplicities are calculated in the table below.

stratum ‘ Eo E1,1 El,z Ey,y El,ry
x() | x(P*\ C) K1k —k1 ks 1
m(-) m m+k) Em+k) Lm+k) m+k

Applying the generalized A’Campo’s formula (Theorem [1.10f), the characteristic
polynomial of (V,0) is
1

Aw,o)(t) = P (tm(Eo) _ 1)X(Eo) . H (tm(El,j) — 1)X(E1,j)

j=lx,y,xy
(tm . l)X(]Pﬂ\C) (tm+k _ 1) (t%(mjtk) _ 1>k1k2

t—1 (tﬁ(m—i—k) . 1)191 (t%(m—kk) . 1)k2 :

Note that Lemma and Theorem are verified for this particular case.
After computing this resolution one can proceed with the resolution of the quotient
singularities so as to achieve a standard embedded resolution of (V,0). As one can
figure out, the latter process strongly depends on k1 = ged(k, p) and ko = ged(k, q).
This is one of the reason why no embedded resolution can be found in the literature
for YLS with k£ # 1.



32

1.

10.

11.

12.
13.

14.

15.

16.

17.

18.

J. MARTIN-MORALES

REFERENCES

E. Artal Bartolo, Combinatorics and topology of line arrangements in the complex projective
plane, Proc. Amer. Math. Soc. 121 (1994), no. 2, 385-390. MR 1189536 (94h:14020)

, Forme de Jordan de la monodromie des singularités superisolées de surfaces, Mem.
Amer. Math. Soc. 109 (1994), no. 525, x+84. MR 1204839 (94j:32030)

. E. Artal-Bartolo, I. Luengo, and A. Melle-Herndndez, Superisolated surface singularities,

Singularities and computer algebra, London Math. Soc. Lecture Note Ser., vol. 324, Cambridge
Univ. Press, Cambridge, 2006, pp. 13-39. MR 2228226 (2007f:32035)

. E. Artal Bartolo, J. Martin-Morales, and J. Ortigas-Galindo, Cartier and Weil divisors on

varieties with quotient singularities, ArXiv e-prints (2011).
, Intersection theory on abelian-quotient V -surfaces and Q-resolutions, ArXiv e-prints

(2011).

. H. Esnault, Fibre de Milnor d’un céne sur une courbe plane singuliére, Invent. Math. 68

(1982), no. 3, 477-496. MR 669426 (84a:14003)

. S. M. Gusein-Zade, I. Luengo, and A. Melle-Hernandez, Partial resolutions and the zeta-

function of a singularity, Comment. Math. Helv. 72 (1997), no. 2, 244-256. MR 1470090
(98j:32043)

. D. T. Lg, Ensembles analytiques complezes avec lieu singulier de dimension un (d’aprés I. N.

Iomdine), Seminar on Singularities (Paris, 1976/1977), Publ. Math. Univ. Paris VII, vol. 7,
Univ. Paris VII, Paris, 1980, pp. 87-95. MR 683620 (84b:32015)

. L. Luengo, The p-constant stratum is not smooth, Invent. Math. 90 (1987), no. 1, 139-152.

MR 906582 (88m:32021)

J.  Martin-Morales, Embedded Q-Resolutions and Yomdin-Lé Surface Singular-
ities, PhD dissertation, IUMA-University of Zaragoza, December 2011, URL:
http://cud.unizar.es/martin.

, Monodromy zeta function formula for embedded Q-resolutions, Rev. Mat. Iberoam.
29 (2013), no. 3, 939-967.

, Semistable reduction of a normal crossing Q-divisor, In Preparation (2013).

A. Melle-Hernéndez, Milnor numbers for surface singularities, Israel J. Math. 115 (2000),
29-50. MR 1749672 (2001i:32044)

D. Mumford, The topology of normal singularities of an algebraic surface and a criterion for
simplicity, Inst. Hautes Etudes Sci. Publ. Math. (1961), no. 9, 5-22. MR 0153682 (27 #3643)
D. Siersma, The monodromy of a series of hypersurface singularities, Comment. Math. Helv.
65 (1990), no. 2, 181-197. MR 1057239 (91h:32034)

J. H. M. Steenbrink, Mized Hodge structure on the vanishing cohomology, Real and complex
singularities (Proc. Ninth Nordic Summer School/NAVF Sympos. Math., Oslo, 1976), Sijthoff
and Noordhoff, Alphen aan den Rijn, 1977, pp. 525-563. MR 0485870 (58 #5670)

J. Stevens, On the u-constant stratum and the V -filtration: an example, Math. Z. 201 (1989),
no. 1, 139-144. MR 990195 (91a:32051)

Y. Yomdin, Complex surfaces with a one-dimensional set of singularities, Sibirsk. Mat. Z. 15
(1974), 1061-1082, 1181. MR 0447621 (56 #5931)

CENTRO UNIVERSITARIO DE LA DEFENSA - IUMA, ACADEMIA GENERAL MILITAR, CTRA. DE

HuEscA s/N., 50090, ZARAGOZA, SPAIN

E-mail address: jorge@unizar.es
URL: http://cud.unizar.es/martin



	Introduction
	1. Preliminaries
	1.1. Embedded Q-resolutions and weighted blow-ups
	1.2. Intersection theory on V-manifolds
	1.3. A'Campo's formula for embedded Q-resolutions

	2. Preparations for the Q-Resolution of SIS
	3. Construction of the Embedded Q-Resolution
	4. The Characteristic Polynomial of SIS
	5. Yomdin-Lê Surface Singularities
	6. Embedded Q-Resolution for YLS
	7. The Characteristic Polynomial of YLS
	8. An Illustrative Example
	References

