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Abstract

In this paper, we consider semi-exponential operators connected to 3. We obtain
for them preservation properties, explicit estimates of the rates of convergence,
and closed form expressions for their moments. This is done by using probabilistic
representations for such operators in terms of expectations involving appropriate
random variables.
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1 Introduction

The concept of semi-exponential operators was introduced in [11], where the class of
exponential type operators (see [10]) was further generalized in a unified manner. An
operator L2, 3 > 0, defined on an interval I by

B xT) = B v v)av
(L)) / P2 (0)f (v)dv,



is of semi-exponential type and connected to p(x), if its kernel satisfies
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where p(z) is analytic in any finite subinterval of I. When 8 = 0, we get the exponential
operator LY connected to p(z). Also, the operators L2 fulfill the normalization con-
dition (LZeg) = 1, where e;(t) = t',i = 0,1,2, ... In [11], semi-exponential extensions
of the classical Szasz-Mirakyan and Weierstrsss operators were captured from their
exponential variant. The semi-exponential extension of the Post-Widder operators was
obtained by Herzog [9]. The tabular form of exponential operators was provided in
[8, (1.1.14)]. Other semi-exponential type operators were given in [1]. Using orthogo-
nal polynomials, Gupta and Milovanovié¢ [7] obtained the semi-exponential operators
connected to 1 + x2.

Let 3> 0,z > 0 and n = 1,2,... The semi-exponential operators connected to 3
are defined (see [1]) by
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where f : (0,00) — R is any measurable function for which formula (1) makes sense.
For g = 0, we simply write
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Approximation and moment properties concerning the operators @),, were established
in [6].
The aim of this paper is to investigate the more involved operators Qg by using
a probabilistic approach in the spirit of [3]. In fact, we give in the following section
probabilistic representations of such operators in terms of expectations of appropriate
random variables built up from a standard normal random variable, as well as Poisson
and gamma processes (see Proposition 3). Such representations allow us to obtain
preservation properties of QE in a simple way (see Corollary 4 and the comments
following it).



On the other hand, we give in Section 4 estimates for (QF f)(x) — f(z) in terms
of the usual first and second modulus of continuity of f with explicit constants, as
well as similar results for the variant operator Q2, which exhibits better rates of con-
vergence (see Theorems 7 and 8, respectively). To unify the proofs, we have included
Section 3 dealing with general centered operators defined on [0, 00), which may have
an independent interest. The final section is devoted to obtain closed form expressions
for the moments of Q2. by taking advantage of their probabilistic representations.

2 Probabilistic representations

In this section, we provide a probabilistic representation of formula (1) in terms of
expectations of appropriate random variables. The approximation properties of the
sequence of operators (Q%),>1 will be derived from such representations.

To this end, let Z be a random variable having the standard normal density

1
p(z) = ——e 72 zeR. (4)

V2m
Mathematical expectations are always denoted by E. We start with the case 5 = 0.

Proposition 1. Let x > 0 and n = 1,2, ... The function p, (v) defined in (3) is the
probability density of the random variable

2
Va(x) = i (f/zﬁ + (xf) —|—4x> . (5)

As a consequence,

(@Qnf)(x) = Ef(Va(x)). (6)

Proof. A crucial remark to simplify computations is the identity

/ A s(x-1Yg, = l/ 31 g, (1)
0 0

which can be seen by making the change u = z/t. Setting v = u?

(3), and (7)

, we have from (2),
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Making the change 8 = u/x — 1/u, or equivalently

~ Ox+\/(0x)* +4x
= 5 ,
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we have from (8)
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Recalling (4), the result follows by setting 0/n = z. O

Remark 1. In view of (5), we can define V,,(0) = 0. Thus, the operator Q, acts
on real measurable functions f defined on [0,00) for which the integral in (2) makes
sense, with (Qn,f)(0) = f(0). In other words, @, interpolates f at the origin. On the
other hand, representation (5) makes clear that V() — =, + > 0, as n — oo. This
immediately implies that

(Qnf)(@) = f(x), >0, as n— oo,
whenever we can apply dominated convergence.

Some preservation properties of @, can be easily derived from (5) and (6). We
mention here the following.

Corollary 2. Suppose that f is increasing. For anyn = 1,2, ..., we have (Qnf)(x) <
(Qnf)(),0 <z <y, and (Qni1f)(x) < (Qnf)(x),0 <z,

Proof. Tt suffices to observe that V,,(2) < V,,(y),0 <2 <y and V,41(z) < V,(z),0 <
z. ([

To describe the operators Qg, we consider the following two stochastic processes
having independent stationary increments and right-continuous non-decreasing paths
(see [5] for more details). In the first place, the gamma process (S(¢)):>0, i-e., S(0) =0
and for each t > 0, the random variable S(¢) has the gamma density

pi(0) = %9’5—1@—9, 0 > 0. (9)

In the second place, the standard Poisson process (N;)¢>o, i.e., No = 0 and for each
t > 0, N; has the Poisson distribution with mean ¢, that is,
1k
P(N;=k) = Ee*t, k=0,1,2,.. (10)
We assume that both processes are independent and consider the subordinated
stochastic process (S(alVi))i>0, where a > 0 is fixed. For any measurable function
g : [0,00) = R for which the expectations below make sense, we have
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As follows from (9), the moment generating function of S(t) is given by
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Note that
ES(aN;) = G'(0) = at. (13)

From now on, we assume that Z, (S(t)):>0 and (Ny);>0 are mutually independent.
We are in a position to give a probabilistic representation for Q2.
Proposition 3. Let x >0 andn=1,2,.... For any 8 > 0, we have

(Qnf)(z) = Ef(Wa(B, 1)), (14)

where

n(ﬂv ) ( )+7S( 1N/3:c)a (15)

and V() is defined in (5).

Proof. Let k = 1,2,3,... Using Fubini’s theorem and making the change v = u +
22260 /n, we obtain
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We therefore have from (1) and (3)
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where we have used formula (11) with a = 1/2, t = Bz, and g(6) = f(u + 22260/n),
6 > 0. Thus, the result follows from Proposition 1, (16), and the independence of the
random variables involved. O

Remark 2. As in Remark 1, the operator QP acts on real measurable functions f
defined on [0,00), with (Q2f)(0) = f(0), since W(3,0) = 0, as follows from (15).
Again by (15), we have

(QnA)(@) = f(x), =20, B=0, as n— oo,
whenever we can apply dominated convergence.

The following result extends Corollary 2.
Corollary 4. Suppose that f is increasing. For any n = 1,2, ... and > 0, we have

(QEf)(x) < (QEf)y), 0<z<y
Q. f)(@) < (Q2f)(x), 0<ua. (17)
In addition,
Q2 f)(x) < (Q2f)(z), 0<P1<Pa, 0<a (18)

Proof. The proof is similar to that of Corollary 2 by taking into account that the
stochastic processes (S(t));>0 and (Ny);>o have non decreasing paths. This property
implies that W, (81, z) < W, (B2, ), whenever 0 < 51 < fs. O

By Corollary 4, the operator Q? preserves monotonicity. This implies that this
operator diminish the ¢-variation (see [3] for more details).

It has been shown in [6, Lemma 3] that the mean and the variance of V,,(x) are
respectively given by

EV,(z) =z, o2(z):=EV,(z)—2)*="—. (19)



This entails, by virtue of (13) and (15), that

EW,(8,z) = « + %3 (20)

Rates of convergence for the approximation of f(x) by (QZf)(z) are obtained in
Section 4. Such rates are given in terms of different moduli of smoothness according
to 8 =0or 8> 0. This is due to the fact that EW,, (53, ) # x for 8 > 0.

3 Rates of convergence for centered operators

Let z > 0 and n = 1,2,... Let ¥,,(x) be a random variable taking values in [0, c0). We
consider the positive linear operator

(Lnf)(x) = Ef (Yo(2))

acting on real measurable functions f : [0, 00) — R for which the preceding expectation
is well defined. The operation L,, is called centered if

EY,(z) = z, (21)

or equivalently, if (Lye;1)(x) = . We assume that

E(Yp(z) — 2)? = P o (22)

We will estimate (L, f)(z) — f(z) in terms of the usual second modulus of smoothness
of f defined as

wa(f;0) =sup{[f(y —h) —=2f(y) + fly+h)|:y>h, 0<h<6}, 0>0.

To this end, let Uy and Us be two independent identically distributed random variables
having the uniform distribution on [—1, 1]. The random variable U = (U; + Uz)/2 has
probability density

T(u) = (1 + w10 + (1 =),
where 14 stands for the indicator function of the set A. For m = 0, 1..., denote by
f(m) an antiderivative of f of order m, that is, f((::)) =f.

Let h > 0. The Steklov means of f can be defined in various equivalent ways as
follows

Ef(y+hU) = / 1 fly+ hu)7(uw)du

1 1 h_
/ / f <y + §(u1 + u2)> duydus
—1J-1

Pnf(y)



= o (o= 1)~ 26 )+ foy+ 1), y=h>0.  (23)

It is well known (see, for instance, [4]) that

i)~ F)] < gea(Fi)

(P )] < pgenfsh), y=>h>0. (24)

Following the ideas in [4], we define a smooth approximant of f in the whole
interval [0, 00) as

Tf(y) {th(y), y>h (25)

2P, f(h) — Pof(2h—y), 0<y<h

Note that Ty f is twice differentiable except at the point h, where T}, f has only
one sided second derivatives. Despite this fact, (T, f)’ is absolutely continuous and
therefore satisfies the Taylor’s formula

Tnf(y) = Tnf(x) + (Tnf) (y — @)
1
+§(y—m)2E(Thf)”(x+ (y —x)B), =,y € 0,00), (26)
where 8 is a random variable having the beta density v(0) = 2(1 —0),0 <0 < 1, and

it is understood that (T}, f)”(y) is the right second derivative of T}, f.
Lemma 5. Let h > 0 and y > 0. Then,

Tuf ) ~ F)| < (i) (21)
and
(Tf) )] < pgenlfs) (28)

Proof. It y > h, inequality (27) follows from (24) and (25), whereas if 0 < y < h, we
have from (25)

Tuf(y) = fly) = 2(Puf(h) = f(R)) = (Paf(2h —y) — f(2h — y))
—(f(y) = 2f(h) + F(2h —y)). (29)
Thus, (27) follows from the first inequality in (24). Inequality (28) readily follows from
(24) and (25). O

We are in a position to state the following result concerning the centered operator
L,.



Theorem 6. For any x >0 and n = 1,2, ..., we have

(Lol
(La)) = f0)] < G (122

Proof. Without loss of generality, we can assume that the random variables Y, (x) and
B, as defined in (26), are independent. For any h > 0, we have

(Lo f)(2) = f(@)] < [(Lnf)(2) = (LnTi f)(@)] + [T f (x) = f(2)]
H(LnThf) (@) = Tnf ()|
Swa(f5h) + |(LaThf)(x) — T f ()], (30)

A

IN

as follows from (27). On the other hand, replace y by the random variable Y, (z) in
(26) and then take expectations. Using (21), (22), (28), and the independence of the
random variables involved, we get

(Lo T f) (@) = Tnf ()] = [EThf(Yn(2)) = Tnf(z)|

< SE((x) ~ 2)2(Tnf) (o + (Yala) — )8)
< WQg(igh)E(Yn(x) —xz)?
2
= ), (31)
The conclusion follows from (30) and (31) by choosing h = |p(z)|/v/n. O

4 Rates of convergence for Qfg

As seen in (19) and (20), the operator @, is centered, whereas Q2. for 3 > 0, is not.

n’

This means that in this last case we cannot give rates of convergence only in terms of
the second modulus. For this reason, we consider the usual first modules of continuity
of f defined as

wi(f;0) = supf{|f(x) — f(Y)|: 2,y >0, |z —y| <5}, 6>0.

Theorem 7. Let x>0, 3>0 andn =1,2,... Then,

Q2 — 1) < a1 ) 2 (525,

Proof. Since @, is centered, we have from (19) and Theorem 6

(@QUNGE) ~ 1)) < @uf)w) — £ + QL)) — (@nf) (o)
2372
< G (£ 52) QD@ - @D G2



We simply denote by

2 2
Y = Z2 527  Nia). (33)
n

Using the subadditivity of wq(f;.) and Propositions 1 and 3, we obtain for any
0>0

(@QnH)(@) = (@Quf)(@)] = |Ef(Va(e) +Y) — Bf(Va(2))]
EY
< Bun(f;Y) < (1 + 5) w1(f39). (34)
As follows from (20), EY = Ba3/n. The conclusion follows from (32) and (34) by
choosing § = B3 /n. O
Let m = 1,2, ... be fixed. We consider the operator @g defined as

@N@) = @t nt) ()

n

By Propositions 1 and 3, this operator can be represented in probabilistic terms as

(@) = B (Vo (£) 4 2502 Ny ). (39

We simply denote by

T ~ 222 _
Yn(z) = nVmn (ﬁ) , Y = mn2 8(2 1Nﬁw/n)~ (36)

Using (13) and the first equality in (19), we see that

a ﬂ{E?'

EY,(z) =z, EY = .
() ==z 3 (37)

Observe that EY is much less than EY, as defined in (33). By the second equality in
(19), we have

32(z) == E(Yp(2) — 2)% = n2E (vmn (%) _ f)Q _ (38)

n mn2’

Again this variance is much less than that in (19). As we will see in the following

result, these two facts imply that the rate of convergence for the operator @2 is much
more faster than that for Q2.

10



Theorem 8. Let x>0, 8 >0 and m,n=0,1,2,... Then,
~ 11 x3/2 B3
B _ < = L2 9 Aty I
(@D - 1@l < on (£ 2= ) 200 (£ 2 )
Proof. By (35) and (36), we can write

(@ f)(@) = f(z) = Ef(Ya(2)) = f(2) + Bf (Ya(x) +Y) = Ef(Ya(x)).  (39)

Recalling (22) and (38), we can apply Theorem 6 with ¢(z) = (23/(mn))'/? to obtain

- 23/2
BIT@) - 1) < g (12 2). (40)

As in the proof of Theorem 7, we have

% v > ~ ~ 3
|Ef(Ya(@) +Y) = Ef(Ya(@)| < Bwr(f;Y) < 201 (f; BY) = 2w, (f; %) ’

where the last equality follows from (37). This, together with (39) and (40), completes
the proof. O

5 Moments of Qﬁ

Let > 0. The moment generating function of the random variable V,,(x) — z is given
by

n 22"

— 222X
H,(\) := Ee*X(Vo(@)=2) — oxp (n (1 - H) - Ax) A< i (41)
x

Formula (41) was shown in [6, Lemma 1]. In fact, this formula follows from (5) and

(6) by choosing
_ Ay- n
f(y)_e w 2?)’ )‘< 2%2.

On the other hand, we get from (12)

Ja(A) = EeMS@ Noa) - exp (ﬁx ( — 1)) , B>0, A<1. (42)

1—A
Finally, denote by
fm(y) = (y 7I)m’ Yy > Oa m = 07 1723

With these ingredients, the moments of the operator Q? are computed in the following
result.

11



Theorem 9. Let x > 0,8>0 andn=1,2,... For any m =0,1,2, ..., we have

@ =3 (1) () s omrbo.

n
k=0

Proof. Using Proposition 3 and the independence of the random variables involved,
we have

(Qufn)@) = BV(B0) = " = B (Vao) = o+ 2o5(27 85,

27”: (m) <2m2>k E(S(27'Ngo)) E(Vyy (z) — 2)™F

Pt k n
T m\ (222\" (k) (m—k)
k=0
where the last equality follows from (41) and (42). The proof is complete. O
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