Journal of Symbolic Computation 125 (2024) 102313

Contents lists available at ScienceDirect

Journal of Symbolic Computation

journal homepage: www.elsevier.com/locate/jsc

Stabilized recovery and model reduction for ) |

Check for

multivariate exponential polynomials

Juan Manuel Pefia?, Tomas Sauer”

2 Depto. Matemdtica Aplicada, Fac. Ciencias, Universidad de Zaragoza, E-50009 Zaragoza, Spain
b Lehrstuhl fiir Mathematik mit Schwerpunkt Digitale Bildverarbeitung & FORWISS, University of Passau,
Fraunhofer IIS, Development Center X-Ray Technology, Innstr. 43, D-94032 Passau, Germany

ARTICLE INFO ABSTRACT

Article history: Recovery of multivariate exponential polynomials, i.e., the multi-
Received 7 October 2022 variate version of Prony’s problem, can be stabilized by using more
Received in revised form 5 November 2023 than the minimally needed multiinteger samples of the function.

Accepted 27 February 2024

Available online 1 March 2024 We present an algorithm that takes into account this extra in-

formation and prove a backward error estimate for the algebraic

MSC: recovery method SMILE. In addition, we give a method to approxi-
13P10 mate data by an exponential polynomial sequence of a given struc-
65T40 ture as a step in the direction of multivariate model reduction.
41D05 © 2024 The Author(s). Published by Elsevier Ltd. This is an open
access article under the CC BY license (http://
Keywords: creativecommons.org/licenses/by/4.0/).

Prony’s method
Grobner basis
Backwards error
Model reduction

1. Introduction

In this paper, we investigate the recovery of multivariate sparse exponential polynomials from
discrete samples and approximation of discrete data by exponential polynomials of a given structure.
That is, we consider functions of the form

FO=Y fo@e®™,  QCR+ITY, #Q<oo, 0% fyeCxl:=Clx,....x].
we2
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The complexity N of such a model is the number #2 of frequencies in €2, counted with multiplicities
that depend on the respective polynomial f,,. Sparsity of the representation (1) means that all coef-
ficients are nonzero and of minimal degree if they are polynomials, hence the finite cardinality N of
2 is minimal for representing f. Usually it is also assumed that N is of modest size, whatever that
means in detail. The task is to reconstruct the frequencies w € € and the coefficients f, € C[x]\ {0}
from measurements of f on a grid A C Z*, where typical examples are sets of the form

A=A+B={a+pB:acA,pBcB} A,BCZ5,

and will have to satisfy additional properties. This recovery problem is known as the multivariate
version of Prony’s problem, (Prony, 1795), see (Harmouch and Mourrain, 2018; Mourrain, 2018; Sauer,
2017a,b). The a priory knowledge needed for such reconstructions is usually an upper estimate N’ >
N for the number of frequencies (with multiplicities). Numerical aspects of Prony’s problem in one
and several variables have been an active field of research recently, ranging from the question of
sparse reconstruction and minimal sampling (Cuyt and Lee, 2018; Kaltofen and Yang, 2016) and the
conditioning of the underlying Vandermonde matrices (Batenkov et al., 2021) to new methods based
on rational approximation (Derevianko and Plonka, 2023); this list is in no way complete. Here, we
consider a different problem, namely some backwards error of the reconstruction and the effect of
systematic oversampling to it.

Like in the univariate case, there are certain requirements on A and B in order to be able to
reconstruct f from the restriction f(A). Numerical experiments show, on the other hand, that it often
helps to oversample, i.e., to use a set A that is larger than necessary. For example, in the univariate
case it is well-known that the minimal number of samples is 2N, more than 2N samples would then
be oversampling. Having such extended data available, one can define a numerically stabilized version
of the reconstruction algorithm by taking into account the (ideal) structure behind the frequency set
Q, more precisely, behind e®. We describe this method, consider in Theorem 2 the backward error
of the recovery and derive a quantitative estimate that also illustrates how oversampling can improve
the accuracy of the process.

The second question we consider in this paper is in the direction of model reduction and gives a
method to compute, for given input data, a function of the form (1) in a prescribed simple structure.
In one variable this would mean to just bound the number of frequencies, in several variables however
it corresponds to prescribing a certain ideal structure.

A different perspective to the problem is provided by the point of view of filters. Recall that a
filter, more precisely an FIR filter (Hamming, 1989), is an operator on £(Z°) := {c : Z°* — C}, defined
as

Hf i=hxf:= " h(-a)f@), [elZ), )
oeZs

with a finitely supported impulse response h € £o(Z°), where £ is the space of sequences with finite
pseudo norm

[hllo :=#{cx € Z* : h(a) #0}.

Using the concepts of the shift operator 7, defined as t* f := f(- + «), and of the z transform

W)=Y h@z®  zeC}:=(C\{0})°,

VA

we can write the filter as

hf=Y ht—a) fl@)= Y h@ft—a)= Y h@T*f=h*x)f.

oeZs’ oeZs’ oeZs’

Recall that h* is a Laurent polynomial if and only if h € £o(Z%).
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Definition 1. By IT = C[z] we denote the ring of all polynomials and use
Ma:=spanc {z* :«a € A}

for all polynomials with support in A. Moreover, we denote by A =C [z, z‘l] the ring of all Laurent
polynomials with complex coefficients which are defined on C3, where, as usual, C, :=C \ {0}.

Considering the bilinear form

() 1 €o(Z°) x U(Z%) — U(ZP),

defined as

(h,f):=hx*f:=h"(v) f,
and the homogeneous partial difference equation (h, f) =0, we find that this implies for fixed h that

0=1%=1%hx*f)=h=*(T%f)
and for fixed f that
0=1%0=1t%h*(v) f = ((O*h*) (7) f.

so that we can state the following simple but important structural observation.

Lemma 1. Given h € £o(Z°) the set {f €l(Z5) :(h, f)= 0} is a shift invariant linear subspace of £(Z°) while
for f € L(Z5) the set {h* : (h, f) =0} is a Laurent ideal.

Remark 1. A Laurent ideal is defined as an ideal in the ring of Laurent polynomials, i.e., a subset
closed under addition and multiplication with arbitrary monomials with positive and negative expo-
nents. Since, in contrast to polynomials, the monomials are units in the ring of Laurent polynomials,
the whole ring is spanned as a vector space by units which makes the concept of a graded ring inap-
plicable. Moreover, Laurent polynomials are not defined for values z where zj =0 which makes basis
computations for the ideals more intricate, cf. Moéller and Sauer (2004).

In view of Lemma 1, it is convenient to consider the bilinear form (-, -) as a mapping on A x ¢(Z°)
with values in £(Z%). We then have that

() AXUZ) > U2, (P, ) p() f (3)

and know that the homogeneous relations (-, f) =0 and (p, -) = 0 define an ideal and a shift invariant
subspace, respectively.

Remark 2. It is important to notice that the bilinear form in (3) is not an inner product since it is not
scalar valued. It can be understood, however, as partial difference equation with constant coefficients,
hence any f that solves (p, f) =0 must be an exponential polynomial function, cf. Jordan (1965) for
the univariate case. The multivariate analogy has been considered for example in Mourrain (2018) as
well as in Sauer (2016), taking into account that partial difference equations are convolutions.

Alternatively, one can also consider filters based on the correlation

Hf:=hxf:=) h@ fC+a)=(h()xf). [elZ, (4)

oeZ’

in which case we have that



J.M. Pefia and T. Sauer Journal of Symbolic Computation 125 (2024) 102313

hxf=h@)f, h@:=hE"=) h@z, zeCi,
aeZs

in terms of the symbol of h.

The paper is organized as follows. In Section 2 we recall some facts about Hankel and Toeplitz
operators of finite rank which will be the mail tools for our investigations; the equivalence between
finite dimensional shift invariant sequence spaces, Hankel or Toeplitz operators of finite rank and
exponential polynomials revised there will turn out to be useful. Section 3 introduces the stabilized
Prony method and gives a backward error estimate for it, shedding some light on the role of oversam-
pling. Model reduction and algorithm for that purpose based on alternating minimization are finally
stated and investigated in Section 4.

2. Finite rank operators

The convolution of ¢ € £(Z°%) with any f € ¢(Z®), regardless of its support, can be written as

fre=)" f(—a)(@) =Fc,

aeZs’

where F is the biinfinite matrix with entries Fy g := f(a — B), o, B € Z°, called a Toeplitz operator.
This can be formalized more generally as follows.

Definition 2. Given A, B C Z*, not necessarily finite, and f € £(Z°), the associated Hankel operator is
defined as

HA,B(f)1:|:f(O[+,8);%ig]ecf\xl} )

and the associated Toeplitz operator as

Tas(f):= [f(d—ﬂ):‘;ig]e(chB’ -

respectively. If A and B are finite, we speak of (generalized) Hankel and Toeplitz matrices, if A=B =
N§, we simply write H(f) := HNéyNé(f) and for A= B =7° we use T(f):=Tzs zs(f).

Remark 3. Even when A, B are finite sets, arranging the above matrices from Definition 2 into a ma-
trix in C*4*#8 by means of some ordering of A and B clearly does net lead to a matrix with Hankel
or Toeplitz structure. This is the reason why (5) and (6) are often called generalized Hankel/Toeplitz
matrices. However, the multivariate structure becomes much clearer and more evident in the above
form.

For any c € C? and o € A we have that

(Has(He) @)=Y cB flat+p= Y cBfla+p =@+, acA  (7)
BeB BN
and similarly
(TapHc)@=(cxf)(a), acA. (8)

Here and in the rest of this paper, we identify an finitely supported ¢ with its canonical embedding
into £(Z°) by means of zero padding, setting c(w) =0, o € Z* \ B. It is easy to see that whenever
f is a simple multi-exponential function. i.e., of the form (1) with 0 # f, € C instead of f, € II, the
above matrices factorize as

Hap(f)=V(Ee* AT FoV (e, B), Tap(f)=V(Ee? AT FoV(e ™ B), (9)

4
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where the diagonal matrix Fo = diag [ f, : @ € ] has rank N = #Q and where

V(X,F)::[XV: XEX] rczs, (10)

yel =

denotes the Vandermonde matrix for the space ITr, with respect to X C C3,.

In the case that f,, € I, a factorization similar to (9) holds, cf. (Mourrain, 2018; Sauer, 2017b). This
factorization, however, features a block diagonal matrix Fg and Vandermonde matrices with respect
to a certain Hermite interpolation problem, where not only function values but also derivatives have
to be interpolated. To keep the presentation simple here, we will avoid the intricacies and focus on
simple multi-exponentials.

Remark 4. Negative powers in the Vandermonde matrix (10) are permitted in this approach since
e® € C3, w € Q. Moreover, any finite I' € Z* can always be written as I' = y° + I with y° € Z° and
I ¢ N, so that

=X = yer,
hence
V(X.T) = diag [xVO ‘xe x] V(X.T") = D(X,y°) V(X,T")
and the diagonal matrix is nonsingular as long as X C C$ . This implies the modified factorization
Hap(f)=V(e? A) D(e® o) Fo D(e®, %) V(e®, B, (11)
where now the Vandermonde matrices are polynomial ones and the diagonal matrix
Fg = D%, a®) Fq D(e®, 8%

still is nonsingular. In the case of the Toeplitz matrix T p(f) we get a similar expansion, just with a
complex conjugate:

Fo = D(e%, a0) Fq D(e®, ).
The following observation will become a fundamental tool later.

Proposition 2. If f is an exponential polynomial of the form (1) and A is any finite subset of N§ such that
rank V (e%, A) = N = #Q, then ker Ha g(f) or ker T4 g(f) consists of all filters h with impulse response
supported on B such that

hx f=0 or hx f=0, (12)
respectively. In other words, the kernels give all annihilators supported on B.
Proof. We prove the result for the Hankel matrix Hx g(f), the proof for the Toeplitz matrix T4 g(f)
is identical. If h is supported on B, then h € kerHa p(f) is equivalent to (h x f)(or) =0 for any

« € A. Since rank V (%, A) = N, there exists a matrix M € C#*%, for example the pseudo-inverse of
V (e, A), such that MV (e®, A) =1 € CA*A. Now we get for any A’ C Z° that

(h* )la=Hapg(f)h=V(e? A) FoV(e? B)h
=V A MV(Ee? A FqVEe? Byh=V e A MHsp(f)h=0,

hence h x f vanishes on arbitrary subsets of Z°. O
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In several variables, the question of determining A such that rank V (e®, A) = N is more intricate
than in one variable since now also the geometry of 2 matters. A choice for A proposed in (Sauer,
2018) is the positive part of the hyperbolic cross,

N
Tvi={aeN;:[[aj+D=<N}. (13)
j=1

It can be shown that rank V (X, Yny) = N for all X ¢ C* with #X < N and that Yy is the union of all
lower sets of cardinality at most N. Recall that a lower set of multiindices is defined by the property
that it contains, together with some «, all multiindices that are bounded by o componentwise, see
Definition 5 for a formal definition.

Now we consider the rank of Hankel and Toeplitz operators. To that end, we start with f € ¢(Z%)
being an arbitrary sequence. Since increasing A or B means adding rows or columns, it readily follows
that

rank Ha g(f) < rank Ha' p/(f), ACA, BCB, #A #B <oo, (14)

with the same holding true for Toeplitz operators as well. Since small Hankel matrices, i.e., matri-
ces associated to small sets A, B, may not cover the full information on f, we make the following
definition.

Definition 3. The rank of the Hankel and Toeplitz operators are defined as the limits

rank H(f) := sup rankHga g(f), rankT(f):= sup rankTa p(f), (15)
A,BCNj A,BCZS

respectively. Moreover, we use the abbreviations

ry(f) :=rankH(f), rr(f) :=rank T(f),

for the (nonnegative) Hankel rank and Toeplitz rank of a given sequence.

In the remainder of this section, we recall a few well-known properties of Hankel operators of
finite rank, cf. (Harmouch and Mourrain, 2018).

Proposition 3. For any f € £(Z°) we have

L ra(f)=rr(f),

2. ry(f) < ooifand only if f is an exponential polynomial, i.e.,

F=3 foe.  foel, (16)

we

where 2 is a finite set of frequencies.
Since Ta p(f) =Ha,—p(f), A, B € Z*, and since also

rankHa g(f) = sup Hap(f),
A,BeZs

the two suprema in (15) coincide and statement 1) of Proposition 3 is trivially true.

Definition 4. The shift invariant space generated by f € £(Z*) will be denoted by

S(f):=span {t“f:a e Z°}. (17)
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Lemmad4. ry(f) =dimS(f).

If ry(f) < oo then there exist finitely supported sequences c € Z(NS) such that H(f)c =0 and the
set of polynomials

> @)z :H(f)e =0, |cllo < o0

S
aeNj

forms a zero dimensional ideal Z, the so-called Prony ideal associated to f from (16), cf. Harmouch
and Mourrain (2018); Mourrain (2018). The common zeros of Z, counted with proper multiplicity,
are the e® € C3,. Concrete constructions for H-bases and Grébner bases of this ideal can be found
in Sauer (2017a, 2018). It has been shown in Sauer (2018) that, for N = dim I1/Z, all information on
H(f) is already obtained by choosing A = B = Yy. Hence, we have the following result.

Theorem 1. If ry (f) < oo then there exists some N > 0 such that
ra(f) =rank Hyy vy (). (18)
3. Stabilized computation of frequencies

The main effort in solving Prony’s problem is made in reconstructing the frequencies 2. Once they
are found, determining the coefficients is only a linear problem that leads immediately to a linear
system which is easy to solve, at least in principle (Sauer, 2017a).

To compute the frequencies, one starts with a sufficiently rich set A ¢ N3, for example A = Yy
for some N > #€, and builds the Hankel matrices HA,Bj(f) based on a nested sequence By C By C
--- C N§. Then one successively determines the kernels ker Ha p;(f) until the ranks of the sequence
Ha,p;(f) stabilize. The simplest way is to choose the B; in such a way that a subsequence satisfies
Bjm = {a : |a| =n} since rankHa g, (f) =rankHa p;, (f) implies that ry(f) =rankHa g, (f).
This is the concept behind the SMILE (Sauer, 2018) and DNSIN (Sauer, 2017a) algorithms that can be
seen as multivariate extensions of the well-known univariate Prony methods ESPRIT and MUSIC, (Roy
and Kailath, 1989; Schmidt, 1986).

Definition 5. A subset A C Nj is called a lower set or order closed ideal if

{BeNj:B<a}CA,  acA,

where g <« iff @ — 8 € N§. For A C Nj we denote by

LA = [ (@+N))

aeA

the lower set generated by the (finite or infinite) set A of multiindices.

In the remainder of this section, we always assume the following setting: the available measure-
ments of f are taken on A := A + B C Z° where

1. 0 € A and A is an interpolation set for e%, i.e., the interpolation problem p(e®) = y,, w € , has a
solution in I, for any y € C® which, however, need not be unique; we can choose for example
A=T"Tpn, N> #Q,

2. B C Nj is a lower set, hence also 0 € B.

Note that 0 € AN B implies that A, B C A. Under the above assumption on A, the SMILE algorithm
determines a minimal lower set B* C B such that rank Hx g+ (f) = rank H(f) by means of computing
a Grobner basis for the associated Prony ideal.
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Our additional assumption is that B is larger than B* and thus provides some oversampling of f
that can and will be used for stabilized version of the SMILE algorithm from (Sauer, 2018).

To that end, let us revisit the algorithm and mark the necessary changes. We order the elements
of B as g% < B! < ... with respect to the well-known graded lexicographic order “<”, so that o < 8 if
either || < |B]| or |a| =|B], and there exists 1 < j <s such that oy = f, k < j, and «; < ;. Then

Bj = [ﬂo,...,ﬁj], j=0,... #B—1,

yields a nested sequence of subsets Bo C By C--- € B. We can rewrite the condition rankHa g, (f) =
rank Ha g;,, (f) as the rank deficiency condition that there exists some vector h € CBi+1 such that

/
0=Hap(Nh=Hap, (NN +Hygn()), WeCPi, h= [f; } e Chi, (19)

The vector h corresponds to the polynomial

h@ =Y h@z=2""+3 h@2,

a€Bjq a€B;

which is monic with respect to the term order “<” since its leading term (~)ﬂj is a monomial, cf. (Cox
et al., 1996).

Remark 5. To avoid further notation, we use the same symbol h for the polynomial and its coefficient
vector since they describe the same object and the role of the symbol should be clear from the
context.

The leading terms of the polynomials (-)* h generating the intersection of the ideal generated by h
with ITg, are the monomials x"‘*ﬂm, a € (B — Bj;1)+. Here, the nonnegative difference (I' — ') of
two sets I', I’ C N is defined as

T-Ty=C-T)NNj:={y—y :yely el"} NN,

i.e., the restriction of the difference to nonnegative integer vectors. Observe, however, that the case
(B — Bjt+1)+ = {0} is not excluded from the considerations. This would reduce to the standard case of
the SMILE algorithm.

The additional conditions due to the fact that the kernel elements of the Hankel matrix, interpreted
as polynomials, form an ideal, are Ha g(f)hg =0, hy :=()*h, « € (B —Bj)4, i.e,

O=Hagj ta(Hha= Y, fA+PhB)= Y fA+PhB—)

BeEBj1ta BeBj1t+a

= Y f(A+a+BhB)=Harap,, (Hh,

BEBj+1

and lead to the algebraic consistency conditions
0=Hyiap; (N +Hyippiv1(f),  o€(B—Bji1)+. (20)

Remark 6. Note that (20) makes use of the fact that we computed a Grébner basis for the Prony ideal
Z in the SMILE algorithm, since then (20) means that the solution considers Z N I1g.

Thus, h is a member of the Prony ideal of all polynomials in the kernel of the infinite Hankel
operator, cf. (Sauer, 2017a, 2018) if and only if it is the solution to the optimization problem

8
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2
min &g ;1. Ppa M= Y |Haras, (DY +Hapap (D] @1
yeC™ ae(B—Bji1)+

that assumes the globally minimal value cbﬁj+17f(h/) =0.

Remark 7. The optimization problem in (21) tries to find a shortest vector y or a simple basis of the
ideal that is, however, as consistent as possible over all the available data. This approach is different
from the Prony problem mentioned in Osborne and Smyth (1991), see also Osborne and Smyth (1995);
Zhang and Plonka (2019). There the norm ||Ha p\(5;(f)y + Ha,g(f)ll2 with a y of maximal length is
minimized, while our approach considers a shorter y and all its shift simultaneously.

Remark 8. The optimization problem in (20) is quite easy to solve. Since

Ppr s D= > (V' Haras, (D" Hasas, Ny

a€(B—Bji1)+

+2Re (¥¥ Ha .8, (N" oy p piv1 ()

+Ha i g () Hon pisr (D],

the minimizer is simply the solution of the normal equations

> Hapan,(D"Hepan; (N |y=— > Haras,(H"Hyppin (). (22)

DZE(B—BH_])Jr ClEB*BjJr]

Note that Hy+4,8;(f) depends only on the samples of f on

l¢+A+Bj:ae(B-—Bj1)1} SA+B=A,
the latter of which is the input data for the algorithm.

The minimization (21) is the basis of the numerically stabilized variant of the SMILE algorithm
(Sauer, 2018) and decides the ideal containment of some monic polynomial h = (-)ﬂm + i in the
following way: instead of only checking whether Ha p;(f) h + Ha ;.. (f) =0 or its numerical coun-
terpiece

|Ha; (YN +Hap, (D, <t (23)

for some given tolerance t > 0, we use all the available information on f, namely f(B), and choose
h = (-)#i+1 +h’ as an ideal member if

h’ = argmin yechi g p(y)  and CbﬂjJrl’f(h/) <t. (24)

That is, we first compute the solution of the optimization problem and then verify if the value of the
target function is sufficiently small with respect to all consistency conditions, requesting not only an
optimal but even a good solution. Clearly, this depends on the chosen tolerance ¢ > 0.

Once a monic polynomial h = (~)ﬂjH + K’ satisfies (24), we proceed as in (Sauer, 2018), make h a
member of the ideal basis H, replace B by B\ (811 + N{) and proceed with the next multiindex in
the modified B according to <.

It has been shown in (Sauer, 2018) that this process terminates and determines monic polynomials
hj = )P+ h;, j=1,...,n, where the g/ now are the exponents identified as leading terms of
the ideal basis in the above process and each h; has coefficients in B* = L({ﬁf j= 1,...,n}); In
the case of an exact symbolic solution, the h; are a Grébner basis for the zero dimensional ideal
Z=(hj:j=1,...,n) they generate and
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n
M/Z =Tp- = | ker DP.
j=1

After computing the ideal basis, the frequencies can be obtained as joint eigenvalues of multiplication
tables Mq,...,M; € CB**B* on I1/Z; recall that Mj represents the multiplication modulo the basis
hy,..., hy, ie., its rows are

_h/j ﬂ"‘flc:ﬁj,

M.). =
Mo.p=1, pie, Otherwise,

B € B*. (25)

These matrices represent multiplication modulo Z if the h; form an H-basis or a Grébner basis and
being such a basis is equivalent to the commuting of the multiplication tables, i.e., M ;M = MM, cf.
Mourrain (2003). In one variable, (25) is exactly the Frobenius companion matrix.

Once the common zeros are determined via the joint eigenvalue problem, the coefficients are
solutions of a linear system, cf. (Sauer, 2018). Note that the exponential polynomial f that has been
reconstructed by determining its frequencies and their multiplicities in the above way, is the dual of
the h; in the sense that (hj, f) =0, j=1,...,n. With this extension we obtain a stabilized SMILE

algorithm, for which we can state a backward error estimate on the difference between the given f‘
and the f found by the algorithm. This of course only works if the algorithm detected the structure
behind the data correctly, see Remark 10.

Theorem 2. Let sampled data f € C* be given and let
G= [gjz(-)ﬂerg}:j:l,...,n}, suppg; S B* S B,
be a reduced monic Grébner basis for a zero dimensional ideal which satisfies

g}:argmincg*Qﬂji(-), j=1,...,n, (26)

and
d>ﬁjj(g})<t, j=1,...,n. (27)

Then there exists f € C% such that cbﬂ”(gj) =0and

[r=1],=ce v (28)

where the constant C; depends only on the set G.

Remark 9. Theorem 2 is a backward stability result. Since usually the sampled data will be corrupted
by noise, it will not be of exponential polynomial form any more, hence there exists no exact dual
ideal for f The theorem says that if the solution of the optimization problem is an almost dual filter,
then there exists an exponential sequence that approximates the samples with good accuracy. The
quantitative relationship is expressed in (27) and (28).

Remark 10. The two assumptions of Theorem 2 are not easy to satisfy in general as a solution of
the minimization problem (26) does not have to be a Grobner basis. While the exact symbolic solution
of the SMILE algorithm in (Sauer, 2018) yields a Grébner basis when applied to exact samples of a
exponential polynomial, this does not need to hold for the numerical version described above, even
if its result satisfies (26) and (27). In other words, the h; from the above numerical SMILE algorithm
do not have to be a Grobner basis for the ideal they generate. This means that the algorithm did not
properly detect the algebraic structure of the exponential polynomial “hidden” in the data, whichs can
be due to poor quality of the samples or a too large tolerance value t. A similar situation arises in the
detection of approximate varieties, cf. Heldt et al. (2009); Sauer (2007). If the computed approximate

10
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basis G is not a Grobner basis of the ideal it generates, the algorithm can be considered to have failed;
fortunately, this situation can be detected by means of Buchberger’s algorithm: if a syzygy of leading
terms does not reduce to zero, the g; do not form a Grobner basis.

The proof of the theorem uses a relationship between Hankel and Toeplitz matrices which is of
independent interest. Adapted to our situation, it takes the following form.

Lemma 5. For o € Z°, f € C*T4+B and y e« C® we have that

T“Hag(f)y=Tapy-)t*f, (29)

where y_ € CA~8 is defined as the reverse of the zero padded vector y, i.e.,

o y(_ﬁ)s .3 € _37 s
y-(B):= 0, otherwise, pel’. (30)

Proof. We compute

T*Hap()y=Haias(Hy=|D> fy+ByB):yca+A
BeB

=D @EHE+PyB:yeA|=| Y THPBYB-y):yeA

| BEB | BEB+y

=| X @NBYy-(r=B:iyeA|=(y-*x1"f) (A =Tap(y-)tf

| BeB+y

to obtain (29). O

Remark 11. Setting o = 0 in (29) yields a way to interchange the roles of filter and signal by passing
from Hankel to Toeplitz operators and vice versa.

Definition 6. Given f € ¢(Z°) and a finite A C Z*, we define

f(A)=[f(@):aeAleCh.

Lemma 6. Given the sampling vector f (A) € C% and y’ € C8i, there exists a symmetric and positive semidef-
inite matrix M(y’) € CB*B such that

Dy (V)= FBTMY) f(B), ¥y eCP. (31)

y/
1
f(B) are known, we can choose any « € (B — Bj;1)+, hence o + Bj;1 C B, and obtain by means of
(29) that

Proof. For y' € CBi we set y = [ ] € CBi+1, Since we assumed that the samples f(A) and hence

Hotp B ()Y =Tas., (y-) (t%) f(Bj) =Tas,,,(y-) f(a+ Bj)
=TpB;. (V=) Eaf(B) =My (¥y') f(B),

where

11
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Ey = Z €pla+p € RBjXB.
,BEBj
Now we conclude that

S JHasasnHOY)3= Y [Ma) FB];

ae(B—Bji1)+ a€(B—Bji1)+

=fB" > EiTas (v Tas,, (v Ea | f(B)

ae(B—Bji1)+

= fB®" MY f(B),
where M(y’) is a symmetric positive semidefinite matrix, hence (31) follows; also note that
kerM(y') = ﬂ kerMy(y"). O (32)

a€(B-Bj11)+

Before we begin with the proof of Theorem 2, let us briefly revise the main idea behind solving
the difference equation (G, -) = 0. For simplicity, we assume that the finitely many common zeros
Z c C? of G are simple and have no zero components. Then any exponential function of the form

f=>_ fit*,  freC,
tez
yields a Hankel operator with the factorization
H(f)=V(Z,N)) diag [f; : ¢ € Z]V(Z,N§)
and for any g € G, we have that
(g H=H(NHg=V(Z Ny diag[f; :¢ € Z][g(): ¢ € Z] =0,
since g(Z) = 0. This is also the main idea in Prony’s reconstruction method and the motivation for

the Prony ideal.

Proof of Theorem 2. Since (G) is zero dimensional, there exists, as explained above, an exponential
polynomial sequence f such that

0=(gj.f). ji=1,...,n, (33)

which implies, since Bj;1 € B* C B for j=1,...,n, that

0=Hou+4,8;,1(f) & = Ha+a B (f) 8j = Hata,8(f) &j

since the support of g; is Bj. Hence,

0="Tap ((g))-) Ea f(B) =: Mq(g)) f(B)

holds for « € (B — B*); and j =1,...,n. All biinfinite sequences f that satisfy (33) form a shift
invariant subspace F of £(Z°) whose restriction F(B) to B is a subspace of C2 and coincides with
the intersection of the kernels of My (gj), j=1,...,n. Indeed, the finitely many common zeros of the
gj, together with their multiplicities, define a finite dimensional space of exponential polynomials as
their kernels, and this space is shift invariant. This allows us to conclude that

n n
[\ ker M (gj) = | kerMo(gj) = F(B),  a€B—B*,
j=1 j=1

12
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since F(B) is shift invariant. Let f(B) € C® be the orthogonal projection of f(B) on F(B). If f =f
then the theorem is trivially true. In addition, let A denote the smallest nonzero eigenvalue of

M= Mog)"Mo(g) = Tas ((g)-)" Tas ((g)-) e CE*F", (34)
j=1 j=1

and note that

ker M = F(B*).
Then,

n
~ 2
=y Yy HHotJrA,B}-H (f)ng2

j=1ae(B-Bjs1)s

it Y MagnMa(g) | F(B)
j=1

a€(B—Bj11)+

i(f(B)—f(B))H > Ma@)Matep | (£B) - F(B))
j=1

a€(B—Bjt1)+

zi(f(B)—f(B))H > Ma(@)Matey | (£B) - F(B))
j=1

ac(B—B*)4

> (B (r B~ F®)) M (Ea (1B - FB))).

ae(B—B*)4

v

Each summand E (f(B) — ]‘(B)) is either zero or perpendicular to the kernel of M by our choice of
f as an orthogonal projection, hence

Y (B (f® - F®)) m (E (5B) - FiB)))

ae(B—B")+
20 Y [ (e -F®)[ =2 X (e - F®) o 35)
ae(B—B*) 4 BeB
=i r® - o
where
cpi=#{yc(B-B) :pey+B}>1 (36)

since (0 € B — B*);. Hence

lr®-i®| <<t
as claimed. O

Remark 12. The two constants A and n that define the constant C; in (28) depend only on the
Grobner basis G. n is just the cardinality of the basis and also the matrix M(y") depends only on this
basis. Though these numbers depend on the accuracy 7, they are changing discontinuously with t
and at least remain constant for small perturbations of f due to (24).

13
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Theorem 2 shows no effect or benefit of oversampling, however. In fact, the effect of the oversam-
pling shows in the coefficients cg from (36), because of which we call them structural oversampling
factors. It is important to note that some of these coefficients at the corners of B, especially g =0,
will always have cg =1, hence we cannot get a worst case improvement by oversampling since it
cannot be excluded that f(8) # f(ﬂ) only if cg =1.

Nevertheless, improvement has to be expected when looking at the average situation. To illustrate
this, let us assume for simplicity that f(,B) are independent identically distributed (iid) random values
with mean f(8) and variance 62, 8 € B. Then the expectation for the 2-norm is

E (Hf(B) - i(B)Hz) —#Bo?,

while
E(X(r®-iw) ¢|=0 X=X |E (Hf(B) - f”””i) ,
BeB BeB BeB
so that (28) can be replaced by
: -1/2
E(If-F13)" =cc [ X 5] V= (37)
BeB

Example 1. Let us begin with s =2 and the situation of a tensor product configuration with
B*=1{0,...,n}* and B ={0,...,n+ 1}?, i.e., we oversample by one bi-degree. Then (B — B*), =
{(0,0), (0,1),(1,0), (1,1)} and we have that

1 B€{(0,0,n,0),0,n+1),n+1,n+1},
cp=14 Be{l,...,n}?
2 otherwise

and therefore

chl 4+4n2 4+2((n+2)> —n? —4) 8n+8
®B 2 =% 2
£ #B n+2) n+2)

so that this simple oversampling improves the backwards error by a factor of 2 in expectation.

Example 2. The standard situation for total degree bases algorithms like the one we present here
is that B* =T := {o : || <n} for some n; though normally it will only be subset with some multi-
indices of length n missing, we assume the above for simplicity. Now we assume that the oversampled
set will be B =Ty + I'y = 'y and therefore (B — B*) =T'. To give a lower estimate for ) cg we
note that cg = (krs) whenever 8 > € :=(k,...,k) and |8| <n which means that 8 €€ + T',_g =: B4.
This already restricts k to k <n/s in order to fully explore the effect of the oversampling. Then,

Z C_ﬁ_(k-f—S)&_(k-‘rS) (n—(ksq)s) _<1<+5>(n—(k—l)s---(n—ks+1)

#B ~ \ s s (n+ls<+5) s nm+k+s)---n+k+1)

#B
BeB4
_(k+s ’ k(s+1) 1 k(s+1) _(k+s ; k(s+1)\°
s n+k+s n+k+1) =\ s n+k+1

and using for cg, B € B\ B, the estimate cg > 1, we get for any 0 <X < 1 that

14
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#B #B+ k+s #B,
e | —1 ) ==
Shey L (7)) %

BeB BeB

21+<<k+5>—1> (1 I<(s+1)> _]+<<k+5>_1>)\s
S n+k+1 S

as long as k < % Hence, oversampling always helps since the constant is > 1 and the constant
improves with an order of k=/2, provided that k is still relatively small relative to n.

Example 3. To show that the oversampling must respect the structure of B*, we consider the extremal
case when B* = {0, €1,...,ne1} and we oversample to B = [0, n]’. Then it is easily seen that cg =1,
B € B, and even in expectation we get no improvement through oversampling. This coincides with
the intuition since the oversampling was performed orthogonal to the geometry of B*.

Let us summarize the results of this section: The augmented Prony algorithm based on least
squares optimization admits a backwards analysis and is stable up to a problem depended constant
C¢ that depends on the algebraic structure of the problem found. It can be applied to arbitrary un-
structured data and finds the closest exponential sequence. Moreover,

1. oversampling the data gives no improvement in the worst case, but this requires a special distri-
bution of the error.

2. In expectation for the simple case of iid perturbations with zero mean it can be shown that
oversampling is beneficial and will improve the stability of reconstruction of the frequencies.

3. The oversampling has to be adapted to the geometric and algebraic structure of the problem,
more precisely to the support set of the Grébner basis.

We assume that a reasonable way of oversampling might be to consider B = B* 4 Iy, but even that
would require a priori knowledge of B* or at least a superset of B*.

4. Model reduction

In our approach to model reduction we aim to approximately representing a sequence f again
available on a finite set A C N3, with a structurally simpler exponential polynomial sequence, and
to do this by determining the difference equation that defines the exponential polynomial. In other
words, the goal is to compute an ideal basis H that eventually defines an exponential polynomial that
is close to the original f

In this context, we do not even have to assume that f is of exponential polynomial form and
simply look for a best approximation. In particular, )A” can be a noisy exponential polynomial sequence.
The task is now to determine an approximating f and its ideal of dual filters simultaneously. Since
we formulate the approximation in an £, sense, it requires that f € £,(Np) is decaying and therefore
the frequencies according to the optimal approximant will need to have negative real part and the
domain of summation will only be chosen as N3, cf. Gragg and Reichel (1989) for the univariate case.

Simplicity will be defined by a lower set B C N with the property that there exists an index set
A such that A = A+ B. Of course, for any B there exist lots of sampling sets A with this property. In
one variable the lower set B would necessarily be of the form Z, :={0,...,n—1}.

Any lower set B’ C B can be written as the intersection

B = ﬂ (87 +N3) (38)
j=1

of upper sets, where we assume that 8/ € B, j=1,...,n. Then any choice of polynomials hje (~)ﬁj +
Ig, j=1,...,s, generates a zero dimensional ideal Z with the property that IT/Z C ITp with quality
if and only if H := {hj 1j= 1,...,n} is an H-basis or a Grobner basis or a border basis for Z, cf.
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Mourrain (2003); in the case of these monic polynomials, all three notions coincide. Being such a
good basis is in turn characterized by the commuting of the multiplication tables M; from (25) which
defines a quadratic constraint for H as long as the 8/ are fixed. If this condition is not enforced, H
can be replaced by an H-basis for (H) which is equivalent to replacing B’ by a lower subset of B’.

Based on this concept, we can define the infinite dimensional model reduction problem in several
variables as follows:

min  |f — I3 subjectto (H, f) =0, H=[hj=(-)ﬁj+l'13/:j=l,...,n],
fet(N3),H
(39)

where

(H, f)y:=[hj, HH:j=1,....,n] € £(Z".

Note that the constraint (H, f) = 0 ensures that f is the solution of a homogeneous system of
difference equations with constant coefficients and therefore an exponential polynomial function.
Nevertheless, the optimization problem is non-convex and therefore hard to solve; in addition, it
uses infinite information on f

The heuristic finite version of (39) then makes use of the sampled data only and reads as

fg(ljiél,HHf_fHZB,z’ subject to Oz[HA,B(f)hj:jzl,...,n]e((CA)H. (40)

The constraint in (40) is equivalent to (H, f)(A) =0, i.e., it localizes the duality constraint while B
encodes the domain of summation. If A D Yyp/, then H must be a basis for the associated Prony ideal
whenever f is an exponential polynomial sequence with at most #B’ terms. This means that the
solution of (39) is admissible for (40) and the associated H is the one that belongs to this solution.
In other words, the problem (40) is consistent for A, B — Ng.

Nevertheless, the finite problem is still non-convex which will be addressed by switching to mini-
mizing the convex relaxation

TS TR W S G LY - (41)
2T

with respect to f and H.
Since the solution f* of (40) satisfies H4 g(f*)h; =0, j=1,...,n, it immediately follows that

NP A 112 1< 5
=5 ==+ Hasl5. m=o, (42)
B2 B2 [ pa
holds independently of w, which yields the following observation.
Lemma 7. For any H we have that

lIJM(f*,H):lliElOmfinlllﬂ(f,H). (43)

Proof. From the definition of f* and (42), we know that W, (f*) is independent of x and minimizes
each of these functionals among all choices f such that Hy g(f)hj =0, j=1,...,n.If, on the other
hand, some f does not satisfy the constraint, then

> [Has(hH s3>0

j=1
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and W, (f) > W, (f*) whenever

]

so that for

-1, la-1,) < S
j=1

1
T

> IHas(Hh]5

j=1

M<‘ >

'B,Z

we have W, (f*) < W, (f) and f* must indeed be the minimizer as claimed in (43). O

The function (41) can be optimized by alternating minimization. For that purpose, we first note
that by Lemma 5 we can rewrite W,, as

U VO | A YT VI | Sl
, 2T

so that
- 2
ViU (f B =2(f = F) + 2 TanH ) Tap(Ho) | (44)

is now linear in f. On the other hand, taking into account that hj € C8 can be written as hj =
egi +h, e C¥', we get that

U (f ) =1f - flI3,+ % Xn: HHA,B(f) (eﬂf +h3‘>”j
j=1

so that
Vi WL H) = (Has()Teps + Han( Has(DIG) J=Tooom, (45)
hence
V(S H)
Hj 5ep Hap() Has(f) n,
= |+ :
H} gepn Hag(f)"Hap(f) ] Lhy
=(1®Hg__gn.)+ (In ® HA.B(f)THA,B(f)) H’
is linear in H' := [h; j=1,..., n] as well. The complete gradient of @, can then be given as
7

5 V(S H) ::% [Vf‘pu(va)]

VW, (f, H)

:[ w(f -1 ]+[TA,B(H_>HTA,B<H_) (46)

f
Ih® HA,B(f)THA,B(f)] [H] '

These expressions indeed suggest to minimize the convex (but non quadratic) functional by means of
alternating optimization, starting with some fo, H and then solving, in the nth iteration
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min Wy, (£, H)

to obtain fp41 as the solution of the linear system

- 1

f= (1 - ;TA,B(HDTTA,B(HD) f; (47)
this is uniquely solvable for w sufficiently small. By (45) the minimization problem

min W, (f, H)
turns into solving the equations

—Hap(far) eg =Hap (o) Hap (for) by o i=1,....m, (48)

whose solutions define the next basis candidate H"*1. Note that the matrix in these linear systems is
independent of j and thus has to be computed and factorized only once.

Remark 13. Moreover, the basis H that is computed in (48) need not be an H-basis for the ideal it
generates. This can be interpreted in the sense that f‘ can be approximated by a simpler model; in
fact, computing an H-basis of (H,1) corresponds to adding polynomials with leading terms in g
to the computed H,; which does not add requirements on A or B.

Since each step (47) and (48) reduces the target function if the respective gradient is nonzero, the
alternating minimization converges in that case. In that case, the resulting basis H, is the implicit
reduced model and its common zeros define a finite dimensional space of exponential polynomials
from which the best approximation to f can be determined by standard means.

Remark 14. The choice of © can be made adaptively. Starting with ©o =1 and arriving at an f;41
such that

. .1 n . 1 n
I far1 = FlIg 2+ = > IHAsFas) hjl5 <l fa = Fli3 o+ = > IHaBp(f)hjll3. (49

n = n iz
any choice of
S IHafast) hjll3
Ifn = FI3 5 = Wt = FI3 5+ = oy IHA B (fa) 13

still leads to an improvement of the target function in the optimization step with respect to f, but
increases the emphasis on the side condition of duality.
This choice ensures that

MUn > Un41 >

Wi (fo,HO) > Wy, (fl,H0> >, (f1,Hl) > W, (fz,Hl) >...>0

and since this sequence is bounded from below, it will eventually converge. If the resulting w is too
large, the process can be restarted with % since (42) insures that miny ¥, (f, H) < || f* — fllé,2 for
any u >0 and any H.

Remark 15. Since (46) gives an explicit expression for the complete gradient of W, with respect
to both parameters that can be evaluated efficiently, the optimization can also be performed by a
gradient descent algorithm, cf. (Nocedal and Wright, 1999).
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5. Summary

Using consistency conditions, we state a numerically stabilized version of Prony’s method and
derive a first backward error analysis result in the sense that whenever the algorithm to solve Prony’s
problem yields approximately dual filters h; for the given data f, then there exists an exponential

polynomial sequence f that is close to f and is an exact dual of the filters. In other words, the data
is only a small perturbation of the exact function which is reconstructed by the algorithm. We give
a quantitative statement for the error and show that properly chosen oversampling can improve the
stability of the reconstruction at least in the average, but examples show that the oversampling has
to be chosen in a way that is compatible with the problem structure.

Moreover, given any data, an optimal approximant with a certain a priori prescribed “simpler” ideal
structure can be computed by alternating optimization algorithms that correspond only to solving
moderately sized linear systems. We formulate it here as a signal approximation problem, but it could
also be seen as structured approximation of matrices.

Even if the understanding of the methods presented here require a certain amount of algebra,
especially ideal bases, the computations themselves rely entirely on methods from linear algebra and
can thus be performed numerically and with high efficiency.
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