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Abstract

The present numerical study builds on Ekman (1905)’s work in surface boun-
dary layer and extends the boundary value problem to overcome some of its
limitations. Previous studies addressed model’s limitations by assuming that
deviations from observations are usually ascribed to different eddy visco-
sity shapes, but seldom to the presence of baroclinic pressure gradients and
shallow seas, which are the mainstays of this work. Improved solutions in
the ocean boundary layer are obtained considering both depth-dependent
wind-induced eddy viscosity and horizontal density gradients, ranging from
well-mixed to highly-stratified conditions in a finite-depth ocean. High-order
numerical solutions extend those in previous analytical and numerical works
in the literature and widens the parameter space analyzed. Remarkably, the
current profiles are obtained without ambiguity as a truly superposition of a
geostrophic and a ageostrophic terms. Results indicate that, for a vertically-
uniform eddy viscosity without density gradients and in shallow waters, cu-
rrents are practically aligned with wind. As depth increases, misalignment
between currents and wind increases and the complexity of the vertical struc-
ture increases. At large depths, Ekman’s values are attained, i.e., deflection
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angles relative to wind direction, 8y, are 05— 60y, = —45° at the surface, whe-
re the current is maximum, and 6; — 6y = —90° for the depth-integrated
transport (negative for deflections to the right in the Northern Hemisphere).
These features remain regardless of the magnitude of the eddy-viscosity. For
non-uniform eddy viscosity, #s — 0y decreases from —45° up to —90° from
low to high stratification level, respectively, whereas 6 — 6y, is rather in-
sensitive (0 — 0y =~ —90°). Contrary to wind effects, the presence of the
only vertically-uniform density gradient forcing, with constant eddy viscosity,
deflects the surface angle g — 0p = +45° relative to the density-gradient di-
rection, fp, in deep waters. Maximum currents no longer occur at the surface
in this case. For non-uniform density-gradient profiles, current magnitude de-
creases overall while g —0p ~ +45° as long as the gradient affects the entire
surface boundary layer. The deflection angle 7 — 6p ~ +95° remains less
sensitive to changes in density-gradient profile.

Keywords: Wind-driven currents, Baroclinicity-driven currents, Eddy
viscosity, Ekman’s model, Shallow seas, High-order compact finite difference
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1. Introduction

The work of Ekman (1905) on wind-driven currents in the surface boun-
dary layer is a building block of oceanography and helps to explain, for
example, upwelling and downwelling phenomena, which are known to have
an impact on global circulation and biological productivity. Ekman dedu-
ced that the momentum balance for steady horizontal currents in the water
column must be between the Coriolis force and the vertical divergence of
turbulent shear induced by the wind, namely

0*u

—fU = Kow, (1&)
0*v

fu = Ko@, (1b>

where u = u(z,y, z) and v = v(x, y, z) are the horizontal velocity components
along the axes x and y, respectively. Here, K| is the vertical eddy viscosity
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and f is the inertial frequency (i.e., the Coriolis parameter, which depends
on latitude), both constants. The vertical coordinate z is assumed here to be
positive upwards and its reference z = 0 is set at the surface.

Steady Ekman-derived currents are forced by a uniform wind on the sea
surface, i.e., a uniform shear stress in the air-sea interface (7,), over an
infinite homogeneous water column of constant vertical eddy viscosity Kj.
The solution for the vertical profile of the horizontal currents reads

u(z) = erxp(z)cos(’%[——gp}) (22)
o(z) = erxp(z)sm(|§| - - s@D (21)

with Uy = v/27,/(pret| f|d) being a reference velocity at the surface, d =
/2Ky /|f| the thickness of the surface boundary Ekman layer or depth of fric-
tion, 7, = (722 +7¥2)!/2 the wind stress, and o = 7/4 — arctan (f/|f|7%/72)
is the wind angle (e.g. Price et al., 1987). The solution given by Equations (2)
means that the vertical profile of the horizontal currents feature its maximum
current at the surface, which is deflected 45° to the right (left) from the wind
direction in the Northern (Southern) Hemisphere. Furthermore, the resultant
depth-integrated transport is deflected 90° to the right (left) from the wind
direction.

Ekman’s model cannot be expected to closely match actual observations
of wind-driven circulation. It has long been recognized that wind-induced
turbulent mixing is expected to be higher in the upper layers. Higher values
of the eddy coefficient are expected within layers of uniform density and
comparatively small within the transition layers and below mixed layers,
thereby being K not constant. Moreover, observations in finite depth seas are
influenced not only by wind or bottom boundary layer turbulence but also by
baroclinic pressure gradients, which may be crucial in coastal seas influenced
by river plumes of local temperature gradients.. The effects of the baroclinic
pressure gradients are often disregarded and deviations of observations from
Ekman’s behavior are usually solely ascribed to depth-dependent shapes of
eddy viscosity, but seldom to the presence of baroclinic pressure gradients.

The aim of this study is to evaluate outstanding surface boundary layer
features driven both by wind and baroclinic pressure gradients in a non-
homogeneous ocean of finite depth. In particular, key features as the deflec-
tion angle at the surface, the direction of the depth-integrated net transport,
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and the location of the maximum current magnitude in the water column
are examined and discussed. The model proposed in this work is in fact an
extension of Ekman’s. The model considers the balance between the effects
of depth-dependent baroclinic pressure gradient, depth-dependent vertical
turbulent diffusion and Coriolis. Besides wind shear stress, a horizontal ba-
roclinic pressure gradient is prescribed in the model. Both density and eddy
viscosity are separatelly prescribed and allowed to vary with depth according
to parameterizations inspired on actual observations. Flexible formulations
for eddy viscosity and density field are chosen, thus obtaining a family of
shapes capable of mimicking a variety of scenarios, ranging from high to low
degrees of stratification, and mixed layer depths. The momentum balance
equations of the model are solved numerically with a high-order compact
finite-difference method. This method allows accurate solutions to be obtai-
ned for current profiles and reduces numerical errors due to discretization.
A systhematic sensitivity study of the current profile to changes in eddy
viscosity, density gradient, and depth is performed.

The study is organized as follows. Section 2 reviews the literature back-
ground regarding extensions of Ekman’s model on ocean, and on a lesser ex-
tent atmospheric, boundary layer features. Section 3 introduces the equations
of the idealized model, including assumptions and simplifications applied,
and the depth-dependent parametrizations of eddy viscosity and baroclinic
pressure gradient profiles. This Section also presents the decomposition used
to characterize the effects of the baroclinic pressure gradient in the Ekman
boundary layer, the discretization method, and the design of the experiments.
Section 4 contains the validation of the numerical scheme, and the analysis
and discussion of the model results regarding its sensibility to changes in
eddy viscosity, baroclinic pressure gradient, and depth. The final Section 5
contains the main conclusions of this study. Complementary details concer-
ning the numerical schemes, the convergence analysis, and the limitations of
numerical performances are presented in Apéndice™A.

2. Background

The search for improvements for Ekman’s model is still ongoing and often
revisited, and a remarkable number of relevant works focusing on different of
its features have been published in the past few years.
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2.1.  Studies on Effects of Depth-dependent Eddy Viscosity

Regarding the issue of the effect of depth-dependent eddy viscosity profi-
les on wind-driven ocean currents, this has been explored since long in simple
set-ups by a considerable number of authors (Rossby, 1932; Dobroklonskiy,
1969; Lai and Rao, 1976; Witten and Thomas, 1976; Madsen, 1977). Lenn
and Chereskin (2009) assumed a parameterization of the turbulent stress
proportional to the vertical shear of horizontal currents. These authors, buil-
ding upon the previous work of Chereskin (1995), observed that the currents
decay more rapidly than its own veering with depth, thereby resulting in
a compression of the time-averaged Ekman spiral that cannot be explained
by the classical Ekman theory. Basdurak et al. (2021) showed that the eddy
viscosity profile due to wind forcing becomes non-parabolic with increasing
stratification. Stratification effects in a bottom Ekman layer, which is related
with the depth-varying eddy viscosity profile, have been studied by Cushman-
Roisin and Malaci¢ (1997); Taylor and Sarkar (2008); Rosas-Villegas et al.
(2020, 2023). Recently, Ezer (2023) evaluated the limitations of the Ekman
theory using a realistic physical-based turbulent model that includes shear
production turbulence and mixing due to breaking waves.

The parametrization of vertical mixing processes has often been an issue,
and still questions arise because particular shapes of the viscosity profiles
do not always match realistic conditions. Bressan and Constantin (2019) ob-
tained analytical solutions for weakly perturbed constant viscosity profiles.
Dritschel et al. (2020) obtained analytical solutions for piecewise-uniform vis-
cosity, which could mimic a real situation in the ocean when the water column
is highly stratified and divided into two layers. Constantin (2021) and Rober-
ti (2021, 2022) further develop the results of Bressan and Constantin (2019),
where analytical estimates of the surface deflection angle are derived for diffe-
rent mixing conditions. Both ocean and atmospheric boundary-layer models
in non-Cartesian coordinates in a rotating Earth have been explored. Cons-
tantin and Johnson (2019) obtained ocean Ekman-type solutions in sphe-
rical coordinates using constant eddy viscosity coefficients and Yang et al.
(2022, 2023) obtained solutions in ellipsoidal coordinates in the atmospheric
boundary layer using altittude-dependent power-law eddy viscosity profiles.
Explicit analytical atmospheric Ekman-type solutions with height-dependent
eddy viscosities can be extrapolated to the ocean boundary layer (Ionescu-
Kruse, 2021; Lyons, 2021; Guan et al., 2022). The study of time-dependent,
namely oscillatory, solutions in the ocean was addressed by Craig (1989). Sh-
rira and Almelah (2020) recently studied Ekman wind-driven currents with
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eddy viscosity that depend both on time and depth.

2.2.  Studies on Effects of Bottom Boundary Layer

Several studies aimed to provide coherent frameworks for the analysis of
observations influenced by finite depths, such as those by (e.g.) Winant et al.
(2014). Some authors have tried to tackle the issue analytically. Welander
(1957); Thomas (1975) studied transient and steady-state wind-driven cu-
rrents, respectively, at finite depths (H < 00). Thomas (1975) considered an
eddy viscosity that varies linearly with depth, from a maximum at the sur-
face to zero at the bottom, which is representative of an unstratified water
column. The angular displacement of the surface current from the wind direc-
tion is practically zero at very low depths, whereas the displacement tends
to —45° when H tends to infinity, as expected from the classical Ekman
theory. However, before reaching this limit value of —45°, a local maximum
of 59° is observed. This seems to be consistent with Cushman-Roisin and
Deleersnijder (2019). These authors studied shallow-water flows where the
upper and lower Ekman layers are coupled. As a result of this coupling, they
came up with two dimensionaless functions (F' and G) that provide, respecti-
vely, the dependence of the geostrophic vorticity on the wind-stress curl and
on the wind-stress divergence. These functions F' and G undergo overshoots
that explain previous observations of local maxima in the deflection angles of
the surface current and depth-integrated transport. Furthermore, Cushman-
Roisin and Deleersnijder (2019) showed that in shallow seas the top and
bottom layers are coupled and not fully developed and, therefore, the depth-
integrated transport defection angle is less than the 90° relative to the angle
of the surface stress.

2.3.  Studies on Effects of Depth-dependent Pressure Gradients

The effects of depth-dependent pressure gradients on transport have been
largely unexplored. Lentz (1995) studied the sensitivity of inner-shelf circula-
tion to the form of vertical mixing using a steady, linear, unstratified model.
The author found that for both along-shelf wind stress and pressure gradient
forcing, the along-shelf circulation, unlike the cross-shelf circulation, is insen-
sitive to the form of the eddy viscosity profile. Chu (2015) studied the effect
of horizontal density gradients on vertical geostrophic shear, which contri-
butes to current shear that also affects the currents spiral. The hodograph
is no longer the classical Ekman spiral because of the presence of a barocli-
nic pressure gradient. The baroclinic components of the spiral caused by the
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horizontally-inhomogeneous density were obtained analytically with the eddy
viscosity varying with wind magnitude and depth. The effects were evalua-
ted using monthly climatological mean data on surface wind stress, buoyancy
flux, ocean temperature and salinity, and mixed layer depth. However, to fully
elucidate the role of baroclinic pressure gradients on the wind-driven flow is
still open.

3. Material and Methods

3.1. Basic Fquations

The model proposed in this study is an extension of Ekman’s. The model
considers a steady-state Boussinesq flow with a small Rossby number, i.e.
inertia is neglected. Geophysical flow in hydrostatic balance is considered, in
which the baroclinic pressure gradient is balanced by rotation and vertical
turbulent diffusion. Barometric and barotropic pressure gradients are not
considered in the flow. The linear governing equations read as follows

B 8p ou
—fU = pref/ d +_ (K&) (3&)

B 8p ov
fu = pref/ dz —|—— (K&) (3b)

which are also known as turbulent thermal wind balance (Cronin and Kessler,
2009; Gula et al., 2014; McWilliams and Restrepo, 1999) when first vertically
differentiated and then multiplied by the eddy viscosity K. Vertical turbulent
diffusion is parameterized by an eddy viscosity profile K = K(z) > 0, which
is assumed to depend only on the vertical coordinate z. Density p is pres-
cribed and allowed to vary both vertically and horizontally, whereas pycs is
a constant reference density. The rigid-lid approximation is considered. The
inertial frequency or Coriolis factor f = 2{)sin 6, is assumed to be constant,
with Q = 27/23,9345rad h~! and 6y,; being the latitude. The z-axis is aligned
with the East-West orientation, pointing East; the y-axis is aligned with the
North-South orientation, pointing North.

To close the problem for the velocity field (u,v) in this study, four boun-
dary conditions are imposed: two at the surface (¢ = 0), where a wind-
induced stress is assumed, and two at the bed (z = —H). These read, res-
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pectively,

Pret K (2 = 0) % . =T, (4a)
put K(z = 0) 22 = (4b)
and
u(z =—H) = u,, (5a)
v(z=—-H) = v,, (5b)
where 77 = p,Cpwy(w? + w})'? and 7Y = p,Cpw,(w? + w2)"/? are the

two components of surface wind stress with w, and w, their respective wind
velocities, p, air density, and Cp air-on-water drag coefficient as defined in
Wu (1982). The bottom shear velocity components are u, and v,, which are
set to 0 under no-slip conditions.

3.2. Homogeneous and Inhomogeneous Descomposition
To evaluate and quantify the influence of baroclinicity in the ocean cu-

rrents, these can be decomposed into homogeneous and inhomogeneous parts
as, respectively,

u=u"+u, (6a)

v ="+, (6Dh)
where (u”, v") are the solutions of the homogeneous linear differential equa-
tion, whereas the inhomogenous solution is (u’, v'). For convenience, the
Boundary Value Problem (BVP) for each part reads, respectively,

( 0 ou” 0 oM
_fah — = h _ = -z _
Ju 82(K82)’fu az(Kﬁz)’ € (0,-H)
h h
prefKO ai = Tz, prefKO ai = 7'3, z=20 (7&)
0z |, 0z |,
(v =0, V" =0 z=—-H
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and

(i = - /apd +—<Ka“), - /8% (K
Pref 82 pref
ou’ o’
reK :O, re K =0
Pref Yo 02 . Pred Lo G .

(7b)
The BVP (7a) represents the classical Ekman problem, whereas the non-
homogeneities corresponding to the source term can be treated separately in
the BVP (7b). The solution of the BVP (7b) can be expressed as a convolution
of the Green’s function of the differential equation times the baroclinic pressu-
re gradient (e.g. Bressan and Constantin, 2019). Physically, (u”, v") is related
to the wind-induced spiral, whereas (u’,v*) is related to a baroclinic-induced
spiral. Therefore, the currents in Equations (6) are the linear combination of
both spirals since the model (3)-(5) is a linear BVP. If any non-linearity oc-
curs in the boundary conditions or in the parameters, this decomposition can-
not be performed. The descomposition (6) is used by Chkhetiani et al. (2018)
to split and understand the contribution of an atmospheric Ekman boundary
layer with bouyancy external force. Section 4.4 further discusses the impli-
cations of the decomposition in Equation (6) and the relationship between
homogeneous and inhomogeneous solutions and geostrophic and ageostrophic
currents.

3.8.  Parametrization of the K and p profiles
3.3.1.  Shape of Eddy Viscosity Profile

The eddy viscosity profile K(z) is parameterized aiming to reproduce
a family of shapes that capture key aspects of observed (Yoshikawa and
Endoh, 2015) and theoretical (Burchard, 2002) profiles. The latter uses an
oceanic turbulence model (Mellor and Yamada, 1982) to derive turbulent
viscosity profiles. The behavior of the eddy viscosity, which utterly results
from energy transfer by wind shear and the competition between mixing and
density stratification, is separated into two regions or layers (Chen and de
Swart, 2016). The eddy viscosity K (z) is given by

Kol —=2aznz+az?] if 2>z,

- : (8)

if z <z,

K(z) =

z

Zh

Kyb

10

v’
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where a = (2 23(2m — 21) /1 — 2n(2n — 2 2,,)) 7! and b = 2 a z;,(2,, — 21,)/n are
chosen to keep continuity of both K(z) and dK/dz at z,. The parameters
Ky, 2z, and z, are the eddy viscosity at the surface, the depth at which
the eddy viscosity has its maximum value, and the depth at which the two
layers in Equation (8) are separated, respectively. The parameter n € R
characterizes how fast the eddy viscosity values decay in the deeper layer from
its maximum value as water depth increases. Examples of viscosity profiles
according to Equation (8) are shown in Figure 1. Two sets of viscosity profiles
can be distinguished for a given value of n:

1. The family of profiles when z,,,/z, < (n+2)/(2n +2) [positivity condi-
tion]: The eddy viscosity increases its value up to a maximum located
at z, and then, it decreases to 0 with the depth. z,,/z, links with n
to preserve K(z,,) > 0 and, therefore, a positive eddy viscosity profile.
These kinds of profiles mimic a more stratified water column.

2. The family of profiles when z,,/z, > 1: The maximum value of the
eddy viscosity is always reached at the surface: K(z) < Ky Vz. Now z,,
controls the curvature of the first layer. As z,, increases, Equation (8)
tends asymptotically to

K, {l_niﬁ:—lzﬁ] if 2> 2z,
- h
K(z) ~ P (9)
— if z<z
"n+1 2z = h

with a linear profile in the upper layer. For small values of z,,/z, the
profiles represent a less stratified water column, resulting in a uniform
water column when z,,/z, is large enough.

In the limit, there are two particular cases of Equation (8):

1. When n = 0: The classical Ekman profile is recovered, i.e., K(z) =
Ky = const.

2. When n — +o00: A zero constant profile is shown below z,. In such a
particular case, dK/dz is discontinuous at zj,.

It is worth mentioning the special situation when z,, = 0 or z,,, = z5,. One way
or another, the maximum is on the surface but the curvatures are different:
d’K/dz? < 0 when 2, = 0, and d*K/dz? > 0 when z,, = z,.

11
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The influence of waves on the K profile is not explicitly considered in the
model, such as (e.g.) Jenkins (1987); Ezer (2023) did. However, it is assumed
that this is embedded in each particular K (z) profile, where a non-zero eddy
viscosity value, Ky, accounts for mixing at the surface. The parametrization
of the eddy viscosity profile given by Equation (8) allows to mimic the ef-
fects of different degrees of stratification of the water column, and overcome
barely realistic features of previous parametrizations in the literature, such
as constant values of K (Craig, 1989; Roberti, 2022) or non-zero asymptotic
limits of wind-induced turbulence at large depths (Burchard, 2002).
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Figura 1: Scaled eddy viscosity profiles from Equation (8). The upper layer (above —1 in
the scaled y-axis) combines quadratics laws with d*K/d2z? = 0 and a linear law with slope
—n/(n+1). For all profiles, the lower layer obeys a power decay law that provides z,, # zj
and n - +o0.

3.3.2.  Shape of the Baroclinic Pressure Gradient

To model the contribution of forces induced by the baroclinic pressure
gradient, a density field that is allowed to vary both vertically and horizon-
tally is prescribed. The formulation of the density field presented here aims
to be flexible enough to properly mimic realistic conditions given that actual
observations of density fields in the ocean show a variety of shapes and scales
as long as wide variations of mixing and stratification levels (e.g. Garvine,
1995; Garvine and Monk, 1974; Horner-Devine et al., 2015). This formulation
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reads:

ols,z) = L0 _QP(S’ —H) [tanh (Z — Z”) + 1} + p(s, —H)(10a)

Yo
Omax 1 L
,0(8, O) = 5 [tanh (% (S — §>) + 1:| + Pref, (10b>
Omax 1 L
p(s,—H) = 5 {tanh (% (8 + 5)) + 1} + Pref (10c)
zp, = Sps+ 2, (10d)

where z is the vertical coordinate, whereas s is the spatial coordinate alig-
ned with the direction undergoing the largest density gradient (as seen in
Figure 2(a)). o is the potential density regarding a reference density of
pref = 1000 kg m™ and opay is the maximum density difference throughout
the density field. The degree of horizontal mixing is decoupled from the ver-
tical mixing. These (horinzontal and vertical mixing) are controlled by the
parameters 7y, and 7,, which are, respectively, characteristic horizontal and
vertical mixing lengths. The higher v, the higher the horizontal mixing. The
higher 7,, the higher the vertical mixing (lower stratification). The parame-
ter z, indicates the location of the pycnocline, which changes linearly at a
constant rate S, along the horizontal direction (Equation (10d)). L is the
bulk characteristic length of the density front.

Figure 2a shows the tanh-shaped density field modeled by Equation (10)
with the parameters indicated in the caption. Vertical and horizontal axes
are normalized by the actual water depth (H) and the length of the density
front (L), respectively. Panels b-f show five characteristic vertical profiles of
the horizontal density gradient at five different locations (marked in panel a).
These profiles illustrate that the density field in Equation (10) allows repro-
ducing well-mixed water columns (profiles b and f), two-layer (well-stratified)
water columns (profile d) and a range of intermediate situations (profiles ¢
and e). A recent publication by Taylor and Thompson (2023) shows density
fronts host numerous instabilities, viz. baroclinic and symmetric instabilities,
that can strongly affect turbulence properties.

Two limit cases for the density field arise when z, — +o00 and when 2, —
—o0. In both cases, the water column become homogeneous (dp/dz = 0) and
the horizontal density gradient becomes independent of the depth (dp/ds =
const). When z, — +o00, then Equation (10a) turns into p(s, 2) = p(s, —H).
When z, — —oo, then Equation (10a) turns into p(s,z) = p(s,0). Some
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Figura 2: Panel a shows the (potential) density field modeled by Equation (10) with
Omax = 25kgm™3 v, = H/30, v, = L/5, 20 = —10m, S, = 0,05, H = 30m and
L = 100m. The black dashed line indicates the pycnocline. Panels b-f show the horizontal

density gradient do/ds at five different locations indicated in Panel a (vertical dotted
lines).

other particular cases are also reproducible by Equation (10). For instance,
the simple triangular shape of the interface between two densities proposed
by Lentz and Largier (2006) is achievable for increasing values of S,.

The advantage of proposing an analytical expression for the density field,
such as Equation (10) is that it allows for the analytical expression of the re-
sulting forces induced by baroclinic pressure gradient (term —g/p fzo Op/0sdz
in Equation (3)). This analytical expression reads

0
g dp { 2+ 2 - [ ( cosh, ) }
—dz = A<, |tanh®s"™ —tanh®s In{ ——| —
Pref /,; 83 K [ :| cosh (3 - 317) )

+71.Sp [tanhs_ — tanh5+] [tanh 3, + tanh (3 — 3,)]

—27, [1 — tanh®s7] 5} , (11)

where A = g0umax/(4preryn) is a constant and s = 4, '[s £ L/2], 3 = 2/,
and 3, = 2,/7, are normalized variables.
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3.4.  Numerical Solutions

Solutions of the governing Equations (3), with boundary conditions given
by Equations (4) and (5), and prescribed eddy viscosity profile and den-
sity field parametrized, respectively, by Equation (8) and Equation (10), are
obtained numerically. Several Ekman-like analytical solutions with variable
parameters were obtained using the WKB method (e.g. Grisogono, 1995;
Wenegrat and McPhaden, 2016a; Berger and Grisogono, 1998; Tan, 2001;
Wenegrat and McPhaden, 2016b). However, the application of this analyti-
cal method depends on the requirement that the characteristics of the me-
dium, such as the eddy viscosity, change more gradually than the solution
(Parmhed et al., 2005). This restriction, which could be relevant for certain
geophysical flows, justifies the numerical approach in the present study.

The domain is discretized in an equally spaced grid Az = 2,1 — 2; in
which z; = iAz, + =0,1,..., N — 1, where N is the number of nodes that
verifies —H = (N — 1) Az. Consequently, ¢; = ¢(z;) for any variable ¢ that
depends on the vertical coordinate z.

A high-order finite differentiation based on a Compact Differentiation
Scheme (CDS) is considered to solve the momentum balance in Equations (3)
(e.g. Lele, 1992). Compact schemes are a class of high-order methods that
consider a wide resolution of wavenumbers in the spectral resolution space.
The compact stencil allows inner regions to be reached close to the surface
and bottom boundaries without further manipulation of the discretization
formulae. Compact schemes have been used in a number of environmental
applications, (e.g. Chu and Fan, 1999; Kazantsev et al., 2003).

The way to construct a general CDS consists of a linear combination of
first derivatives and values at nodes, i.e.

0o 1
ar | R ) Qg (12)
Z 0z ik Az ]gf

keM
The relations between the coefficients {ay,} and {ay} are derived by matching
the Taylor series coefficients of d¢/0z2|,,, and ¢; 4 to the desired order. M
and N are the stencil sizes. The CDS used in this work is of central type
(i.e,, ap = 1 and ap = a_) and fourth order of accuracy, see details in
Apéndice”A.1.

3.5.  Design of Numerical Simulations
A number of sets of numerical simulations (listed in Table 1) are con-
ducted to gain knowledge of key physical features of currents in the ocean
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surface boundary layer. These sets include simulations whose solutions are
obtained for an ample range of concomitant and realistic, but independent,
(i) eddy viscosity profiles and (ii) baroclinic pressure gradients, with changing
latitudes, water depths and wind speeds.

Regarding the simulation sets described below, these are the assumptions
that are common to all simulations: (i) flat bottom regardless of the water-
column depth (H); (ii) density profile changes in the North-South orientation,
i.e.,, s =y in Equation (2), and therefore, dp/dy # 0; (iii) no-slip conditions
at the bottom boundary (u, = v, = 0); and (iv) barotropic pressure gradients
being balanced by the geostrophic component of the flow. Note that when a
density front effectively exists, the momentum balance is affected and there
is a density anomaly (0) regarding the reference value of density (pef). The-
refore, simulations with o, = 0 undergo null baroclinic pressure gradients
(Op/0x = Op/dy = 0). The density field and the wind speeds are aligned
with the North-South axis and pointing as indicated in each simulation set,
i.e., s =y (Table 1).

The three sets P-1, P-2, and OC are carried out to validate the numeri-
cal model. Sets P-1 and P-2 aim to assess the performance of the numeri-
cal model. Set P-1 is inspired by the classical Ekman solution and assumes
a vertically-uniform eddy viscosity profile (n = 0) for two values of Kjy:
0,002m?s™! and 0,02m?s™!. Set P-2 is inspired by Dritschel et al. (2020)
and assumes a piecewise-constant eddy viscosity profile whose formulation
follows Equation (A.12) with z, = 0,2H and two values of {: 0,5 and 2,5.
Set OC, whose name stands for Observations by Chereskin (1995), aims to
reproduce her actual observations. The observations were taken at mid lati-
tudes (0. = 37,1°) with an averaged water depth of 4780 m and wind speed
components: w, = 0,43ms~" and w, = —7,16ms~'. Results are shown in
Section 4.1.

The two sets KH-1 and KH-2 aim to analyze the influence of realistic
eddy viscosity profiles and finite depths in the BVP (7a). Wind forcing is
constant (10ms™') and heading North. The resulting profiles of the currents
are, thereby, due to changes in K and H, respectively (Table 1). The water
column height is varied in the range 1m < H < 300m. The shape of the
eddy viscosity profile does not change, but the magnitude: Ky = 0,015m?s~*
and Ky = 0,15m?s™! for KH-1 and for KH-2, respectively. No baroclinic
pressure gradient is considered. Results associated with sets KH-1 and KH-

2 are presented in Section 4.2.
The sets BeleLAT-1, BeleLAT-2 and BeleLAT-3 aim to analyze the solely
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effects of baroclinic pressure gradients (no wind) in the BVP (7b). These
sets undergo density fields whose density gradients induce changing pressure
gradients along the y-axis. In BclcLAT-1, the density field behaves as an
homogeneous water column whose horizontal density gradient is independent
of the depth, whereas, in BclcLAT-2 and BcelcLAT-3 the density field has
a very well defined pycnocline 60 m and 140 m below the water surface,
respectetively (see Table 1 for further details about the density fields). A mid-
latitude (61, = 37°) is considered alongside an Equatorial latitude (01, = 0°);
the former provides the context where the Coriolis force is relevant, while
the latter provides a limit case of null Coriolis force. In both sets, the eddy
viscosity profile is vertically-uniform (n = 0) with Ky, = 0,015 m?s™!, and
the water column height is 200 m. Results associated with sets BclcLAT-1,
BeleLAT-2 and BelcLAT-3 are presented in Section 4.3.1.

The sets BclcHW-1 and BelcHW-2 aim to analyze the relative contribu-
tion of the baroclinic pressure gradients and different wind intensities in the
currents for water columns of different height. Therefore, these sets gather si-
mulations with different density fields (responsible for the baroclinic pressure
gradients) for a range of depths H and wind intensities W. In BeleHW-1,
the density field behaves as an homogeneous water column whose horizon-
tal density gradient is independent of the depth, whereas, in BelcHW-2, the
density field has a very well defined pycnocline 60 m below the water surface
(see Table 1 for further detail about the density fields). In both sets, the
water column height varies in the range 1m < H < 200m, and the wind
speed varies in the range O0ms=! < W < 50ms~! heading North. Results
of BeleHW-1 and BeleHW-2 simulations are shown in Section 4.3.2.

Supplementary simulations are carried out to analyze the convergence of
the numerical model with the sets P-1 and P-2 (see Apéndice™A.3). Further
details about the performance and limitations of the numerical model are in
Apéndice™A 4.

4. Results and Discussion

4.1.  Validation of the Numerical Model

To verify the good performance of the high-order scheme, solutions ob-
tained with the CDS were also compared with a standard, low-order finite
differentiation scheme (SDS), viz. second order for inner points and first or-
der at the surface (e.g. Chen et al., 2018). Further details of these numerical
schemes are given in Apéndice™A.1 and Apéndice™A.2.
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Cuadro 1: Characterization of the simulation sets. The range of variation of the target

variables for each set is highlighted (bold).

Simulation set

K (z) profile

Baroclinic Pressure Grad. Further environmental variables

P-1 K, € {0,002,0,02} m?’s™! 0o = Okgm™3 H =500m
n=0 Wy = H5ms!
wy, = —1m s71
P-2 Formulation: Eqn. (A.12)  oya = Okgm ™3 H =900m
l€{0,5,2,5} wy = 5ms!
zp = 0,2H w, =0ms™?
ocC Ky =0,0015m?s? Omax = Okgm™3 H =4780m
n = 1,05 w, = 0,43ms™!
Zm = —18m wy = —7,16m s!
zp = —25m Oy = 37,1°
KH-1 Ky=0,015m?s ! Omax = Okgm™3 H =11,300]m
n = [0, 60] [W|=10ms™*
Zm = —5m gw = 90°
Zp = —10m Hlat = 37°
KH-2 Ky =0,15m?s7! Omax = Okgm™3 H =11,300]m
n = [0, 60] [W|=10ms!
Zm = —bm Ow = 90°
Zh = —10m Hlat = 37°
BeleLAT-1 Ky =0,015m?s™! Omax = 24kgm™3 H =200m
n=0 29 — +00 [W|=0ms!
v = L/50 O € {0°,37°}
BeleLAT-2 Ko =0,015m?s7 ! Omax = 24kgm™ H =200m
n=0 zo = —60m [W|=0ms™!
o= L/50 O € {0°,37°)
BclcLAT-3 Ky =0,015m?s™! Omax = 24kgm™3 H =200m
n=0 20 = —140m [W|=0ms!
Y = L/50 Ot € {0°,37°}
BelcHW-1 Ky=0,015m?s! Omax = 24kgm™ H =11,200]m
n=0 Zg — 00 |W|=[0,50]ms™!
Yh = L/50 ew = 90°
Ot = 37°
BelcHW-2 Ky =0,015m?s™! Omax = 24kgm™3 H =[1,200] m
n=0 20 = —60m [W| =1[0,50] ms™*
Yh = L/50 9W = 90°
Bhat = 37°
*Common Formulation: Equation (8) L =15-10°m pret = 1000 kg m =3
variables (except for P-2) S, =0 u, = v, =0ms~!
to all sets Yo = H/200
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Figura 3: Exact classical Ekman solution (solid lines) compared to numerical solutions
following SDC (open circles) and CDC (solid circles) for the current components u (orange)
and v (blue). For panels a and b, Ko = 0,02m?s~!. For panels c and d, Ky = 0,002m?s~!.

Figure 3 illustrates the set P-1 and shows a comparison between the
analytical classical Ekman solution (Equation (2)) and the numerical so-
lutions in which only ten nodes are used, that is, Az = 55.5m. Such a coarse
mesh has been chosen to maximize the differences of the capabilities of both
numerical schemes. Panels a and b show that the CDS mimics the analytical
Ekman solution far better than the SDS does. This difference is explained
by the fact that the CDS undergoes far less numerical diffusion than the
SDS. Panels ¢ and d illustrate the particular situation of the Ekman layer
thickness being thinner than the discretization mesh. The velocities at surfa-
ce are far better explained by the CDS than the SCS. The relative error for
the z-momentum and y-momentum for SDS are, respectively, twelve and two
times larger that the z-momentum and y-momentum for CDS. The source
of such large errors is due to the resolution of the mesh.

For the performance case P-2, the eddy viscosity shows a discontinuity
at z, (see Equation (A.12)). Figure 4 shows a comparison between analy-
tical (Dritschel et al., 2020) and numerical solutions where only ten nodes
are used, i.e., Az = 100 m. Although CDS loses the order of accuracy (see
in Apéndice”A.3), both components in the velocity field accurately fit the
analytical solution. Notice that the boundary condition for v at the surfa-
ce is (0v/0z),—¢ = 0. Since SDS uses a backward scheme at surface, then
v(0) = v(—100). Instead, CDS is able to capture the nature of the solution
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Figura 5: Comparison between observations by Chereskin (1995) and numerical simulations
of the set OC. Panel a displays the observed eddy viscosity profile (red dots) and the best-fit
K profile (red solid line). Panel b displays observed (dots) and numerical current velocities
(solid lines) resulting of the best-fit K profile in panel a.

Figure 5 reproduces the results in the Northern Hemisphere by Chereskin
we  (1995) alongside the numerical simulation OC. The inferred eddy-viscosity
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profile by Chereskin (1995), marked in panel a with red dots, suggests a weak
degree of stratification within the upper layer of the ocean. Based on Equa-
tion (8), the red curve represents the best-fit K profile, whose parameters are
shown in Table 1. Panel b displays the observed (dots) and numerical (solid
lines) currents given the particular eddy-viscosity profile displayed in panel
a. No pressure gradients are considered. The numerical results are consistent
and closely mimic the observations by Chereskin (1995).

4.2.  Sensitivity to Changes in Eddy Viscosity Profile and Depth

Zm

Zh

o= ool
> 40
\
~
S

-60 -

n =0; Ky = 0.015 m?s™!
- = =n=0; Kj = 0.15 m?s™!

-80 |-

. . -100 i .
0 0.1 0.2 0.3 10° 10" 10?
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Figura 6: Wind-induced circulation for the eddy viscosity profiles showed in panel a and
defined by Equation (8). Panel b1 displays the variation of the surface deflection angle
(fs — Ow) as a function of the water depth, whereas panel b2 shows the limit value of
(0s — Oy ) for deep enough water columns (H,). Panel ¢ displays the depth-integrated
mass transport deflection angle (07 — 6y ). Solid and dashed black lines correspond to the
limit cases of a vertically-uniform viscosity profile (n = 0) with Ky = 0,015m?s~! and
Ky = 0,15m? s~ !, respectively. Parameter ranges are those corresponding to cases KH-1
and KH-2 (Table 1).

Figure 6 presents the results of the wind-induced circulation in finite-
depths given a family of eddy viscosity profiles (these correspond to the
sets of simulations KH-1 and KH-2 in Table 1). Panel a shows the family of
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eddy viscosity profiles considered, where the shape of the profile is preserved.
Due to these viscosity profiles and for increasing values of H, panel bl (and
inset b2) illustrates the change of the surface deflection angle of the currents
(0s—0w ), i.e., the direction of the surface current (fg) relative to the direction
of the wind (6y). Panel c illustrates the sensitivity of the depth-integrated
transport deflection angle (67 — 0y) to the water column height H.

4.2.1.  Surface Deflection Angle

Regarding the surface deflection angle (s — 6y/) (panel bl), when the
eddy viscosity is constant (i.e., vertically-uniform), there is a gradual change
from (0s — Oy ) = 0° for very shallow water columns to (6s — 6y ) = —45° for
deep enough water columns (H.,). The latter is the defection angle (to the
right from the wind forcing) predicted by the classical Ekman theory. This
transition is relatively smooth as the water depth is the only constrain for
the rotation of the wind-induced currents. When H is low, wind and currents
are aligned (fs ~ 0y) as friction is dominant and the water column is not
deep enough for the rotation to become relevant in the momentum balance.

For vertically-uniform eddy viscosity profiles (n = 0 in panel a), the values
0° and —45° are limiting values of (05 — 6y) regardless of the value K, (see
panel bl). However, the transition from 0° to —45° occurs at larger depths
for Ko =0,15m?s™! (black dashed curve) than for Ky = 0,015m?s™! (black
solid curve). This is due to the fact that the larger the K, the larger the
surface boundary layer depth. Therefore, Ekman’s surface deflection angle
(—45°) is only attained when the surface boundary layer depth no longer
reaches the bottom.

For non-uniform eddy viscosity profiles (n # 0 in panel a), Ekman’s —45°
is no longer the limit value of the surface deflection angle when the water
column is deep enough (see panel bl). Instead, the limit value of (05 — Oy)
grows as n increases: (6s — 6y/) asymptotically grows from the Ekman’s —45°
up to —90° for large enough values of n (this growth is seen in inset b2).

The transition of (6s — 6y ) from 0° to its limit value (05 — 0w )., occurs
within a range of H, being O(10m) when n = 0 and K, = 0,015m?s™};
or O(100m) when Ky = 0,15m?s™!. As n increases to larger values, e.g.,
n = 60, the water column effectively separates into two layers (see panel a):
an upper layer with high (depth-averaged) values of K, and another lower
layer with K ~ 0m?s~!. This situation mimics a case of high stratification
and explains a far more severe transition of (fg— 60y ) from 0° to (65— 0w ).,
within a far shorter range of H (O(1m)) as seen in panel b1. This reduction in
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the transitional depth indicates that H., progressively reduces as n increases
(blue dotted line in panel bl). The stratification produced by the restriction
of the higher values of K to the upper layer when considering large values of
n significantly prevents from reaching the boundary-layer depth. In the limit
when n — oo, H,, = 23, which effectively means a complete decoupling of
the two layers at the water depth zj,.

Thomas (1975) shows hodographs for different values of the ratio H/d
and different wind intensities for both a variable and a constant eddy vis-
cosity profile. Thomas (1975) concludes that the resulting hodographs of
variable and constant K profile differ considerably in shallow water, which is
consistent with the change in the deflection angles observed in Figure 6. To
some extent, Figure 6 also suggests that these differences prevail with larger
depths. Actually, these differences have already been justified by Welander
(1957) given that the consideration of a constant vertical eddy viscosity is,
on his view, the most unrealistic assumption of the Ekman model. However,
Ezer (2023) noted that even under complex depth-dependent eddy viscosity
profiles, in particular cases, the Ekman solution works reasonably well when
considering a depth-averaged eddy viscosity value.

Analysing the deflection angle of the surface current, the expected overshoot
before reaching its deep-water limit angle exists, as formulated by Cushman-
Roisin and Deleersnijder (2019) (similar overshoot exists for the depth-integrated
transport). This overshoot is more evident when the eddy viscosity profile is
vertically-uniform (black solid line in Figure 6(b1), and located at H/d ~ 2,5
as illustrated by Cushman-Roisin and Deleersnijder (2019) (see F(H/d) in
Fig.1). Similar overshoots had previously been observed (e.g. Thomas, 1975).
For very shallow water columns, Thomas (1975) shows that (s — fy) is,
as expected and observed from Figure 6(bl), close to zero. As the water
depth increases, so as H/d, (0s — Oy ) increases reaching a maximum value
(overshoot) before reaching its limit value. This overshoot reaches a value
of (fs — Ow) = 59° according to Thomas (1975), which is larger than the
observed overshoot in Figure 6(b1).

4.2.2.  Depth-integrated Transport Deflection Angle

The depth-integrated transport is rather insensitive to the particular eddy
viscosity profile when H is large enough. As expected, Figure 6¢ shows that
the transport deflection angle (7 — 6y,) converges into the limit value of
Ekman’s —90° regardless of the shape of K, in particular, regardless of n.
Actually, (67 — 6y) remains constant (—90°) for any eddy viscosity profile as
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confirmed by Witten and Thomas (1976) for a an exponentially decreasing
eddy viscosity profile. It is important to highlight that, in the same condi-
tions, (67 — Oy ) to reach the limit value of —90° requires, in general, a deeper
water column than (6s — 6y/) to reach its own limit value. The reason for this
is that 67 is an averaged quantity in the entire water column and, therefore,
its limit value is only reached when the surface and bottom boundary layers
are completely decoupled. This is not the case for fg, that requires the two
layers to be decoupled only in the surface. It is only when n — oo and due to
the effect of high stratification levels that the water-column depth necessary
for (67 — 0w ) to reach its limit value equals the depth necessary for (65— 6y)
to reach its limit value. This water depth is 2, and, in such circunstances,
(s — 0w ) = (07 — Ow) = —90°.

Similarly to the overshoot already observed in Figure 6(b1) for vertically-
uniform K profile, (07 — 6y) also undergoes an overshoot located at H/d ~
4 as indicated by Cushman-Roisin and Deleersnijder (2019)(see G(H/d) in
Fig.1). The same reason above explaining the depth-shift between (05 — Oy)
and (67 — Oy ) to reach their limit values applies to the depth-shift of the
their overshoots, i.e., H/d ~ 2,5 for (6s — 0w ), whereas H/d ~ 4 for (07 —
Ow ). Figures 6(b1)-(c) also illustrate that these overshoots in fg and 67 may
also exist when the eddy viscosity profile is not uniform (which extends the
results by Cushman-Roisin and Deleersnijder (2019)), but becoming much
attenuated in stratified water columns.

4.8.  Sensitivity to Changes in Density Gradients, Wind and Depth

Inspired by the classical definition of the angles for the surface current
and depth-integrated transport relative to the wind forcing direction, similar
magnitudes will be pursued in this section relative to the direction of the
underlying density-gradient (6p). Thus, the surface deflection angle due to
a baroclinic pressure gradient is defined as (s — 0p), whereas the depth-
integrated transport deflection angle is defined as (67 — 0p).

4.8.1.  Baroclinic Pressure Gradient Effect in Infinite Depth

The hodographs displayed in Figures 7 and 8 are associated to the si-
mulation sets BcleLAT-1, BeleLAT-2, and BcelcLAT-38 (Table 1) and show
the orientation and magnitude of the currents in the water column when
a baroclinic pressure gradient participates in the momentum balance, i.e.,
when friction and baroclinic pressure gradient forces are balanced by rota-
tion. Uniform K profile and no-wind forcing are considered in BeleLAT-1,
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BeleLAT-2, and BelcLAT-3 aiming to analyze solely the role of the barocli-
nic pressure gradient in the profile of currents (see BVP (7b)). Water depth
is large enough (H > H, with H being 200m), with surface and bottom
boundary layers being decoupled.

In the limit case 6.y = 0 (no-rotation), the Coriolis term is null and
the profile of currents in the water column is restricted to the North-South
axis (which is the direction of the baroclinic pressure force) and moving
opposite to the density gradient. Therefore, both the surface and transport
deflection angles are coincident, being s = 07 = —90° (pointing South), or
(0s — 0p) = (6r — Op) = 0° relative to the density-gradient direction (not
showed). The magnitude of the currents grows from a null value at the bottom
to a maximum value at the surface. This profile of currents would be different,
i.e., a two-layers flow, if imposing mass conservation in the water column
rather than null momentum exchange at the air-sea interface. Note that
the situation just described (null Coriolis term, baroclinic pressure gradient
and mass conservation in the water column) is a typical approximation when
describing the estuarine circulation (Hansen and Rattray Jr, 1965). However,
all these circulation patterns change when adding the Coriolis contribution.
In this case, the maximum current is no longer at the surface (see Figure 7).

€ (u7 U)simul. o ( 2V ¢ USimuL - u(] dp
_ _ (9.9 — — L2l _ — 5
(u» U)theo. (ﬁmf y %) O) Usheo. n.J Oy ‘ € Vgmul, Vtheo = ¥ ‘
100 0 0
al. c.
0 _M 50 50
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2 . —_ —_—
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Figura 7: Hodograph and currents belonging to conditions BcleLAT-1. Panel al displays
the hodograph, whereas its inset (a2) displays the undergone density gradient (uniform).
Panels b and ¢ display the u, v current components, respectively. The color scheme indi-
cates the depth in the water column.

Figure 7 shows the hodograph (panel al) and currents (panels b and c)
for a typical case with the Coriolis force on (6,; = 37°) and uniform density-
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gradient profile (inset a2). The addition of the Coriolis contribution alongside
a positive uniform density-gradient makes the hodographs to drift towards
the West with the current at the surface being deflected +45° to the left from
the density-gradient direction. To explain this drift and the surface deflection
angle, Figure 7 also includes the analytical solution of the following BVP:

.
0%u g 9p 0%
—fv =K = K 0,—H
fv 0827 fu prefay + 082’ 6(7 )
0 0
)OrefKO _u O prefKO - =0 z=0 (13)
0z |, 0z|,
g Op
U_g = —H, v_g=0 z=—H,
\ " fprefay e

with Ky = 0,015m?s™! and dp/dy = 0,008 kgm~*. Note that imposing the
value of u(z = —H) simplifies the problem since no boundary layer deve-
lops at the bottom end. Given that the density-gradient and eddy viscosity
profiles are constant, the solution currents of he BVP (13) may be linearly
decomposed as follows:

- g Op
u=u-+ =2,
fpref ay
V=", (14b)

(14a)

with u and v being the Ekman-derived steady currents (Equations (2a) and
(2b), respectively) forced by a uniform wvirtual wind. This virtual shear stress
at the surface is an artifact that, in this case, acts over the z-axis, and whose
magnitude depends on the density gradient as 75 = —g Ko f~*(9p/dy).

Figure 7-al shows that, as expected from Ekman (1905), the hodograph
associated to u, v (blue solid line) develops a clockwise spiral whose surface
current is deflected 45° to the right from the virtual wind forcing, i.e., 45°
to the left from the positive density gradient. The current associated to the
baroclinic pressure gradient (g(fpret) ' (9p/0y)z) is null in the surface and
linearly increases with depth heading West (panels al and b). Therefore, the
total current preserves the +45° deflection angle to the left from the positive
density gradient in the surface, and gradually shifts to the West with the
depth.

Figure 8 shows the hodographs for typical cases with the Coriolis force
on (0iay = 37°) and non-uniform density-gradient profiles. These hodographs
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Figura 8: Hodographs and currents belonging to conditions BelcLAT-1, BeleLAT-2, and
BeleLAT-3. Panels al-d1 display the hodographs, whereas their insets display the un-
dergone density gradient (not uniform). Panels a3-d3 and a4-d4 display the u, v cu-
rrent components, respectively. The velocity components are normalized by the ma-
ximum current in the reference hodograph (black dashed line in panels al-dl1), i.e.,
Vier = max((u?; +v2;)/?). The color scheme indicates the water depth. The directions of
the superficial current and depth-averaged mass transport are highlighted with blue and
red arrows, respectively.
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(panels al-d1) are respectively derived from the density-gradient profiles
illustrated in insets a2-d2. As expected from Figure 7, the Coriolis contri-
bution makes the hodographs to drift towards the West in the northern he-
misphere as long as the density gradient heads North. However, the shape of
the hodographs, magnitude of the currents, and their surface and transport
deflection angles are controlled by the density-gradient profile. The shape of
the hodographs is compared to a the reference hodograph (black dashed line),
which is the hodograph in Figure 7-al, derived from the uniform density-
gradient profile.

Figure 8, panels al and b1, shows the hodographs for the non-uniform
density gradients with zero value below the pycnocline (insets a2 and b2).
Given the different depth of the pycnocline, the resulting hodographs show
changes compared to the reference hodograph: The magnitude of the currents
decreases as the density-gradient is undergone by a progressively smaller
proportion of the water column; the shape of the hodographs (regardless
of the magnitude) changes fundamentally due to a local variation of v at
the depth of the pycnocline (see panels a4-d4). These small changes in the
hodographs explain small variations in the net transport deflection angle:
+93,3° (panel al, red arrow) and +94,4° (panel bl, red arrow), which are
practically coincident with the transport deflection angle observed in the
reference hodograph. At the surface, the direction of the current (blue arrow)
is preserved being +45° to the left from the positive density gradient as long
as the pycnocline is below the thickness of the surface boundary layer.

Figure 8, panels ¢l and d1, shows the hodographs for the non-uniform
density gradients with zero value above the pycnocline (insets ¢2 and d2). As
expected, the shape of these hodographs changes compared to the reference
one (black dashed line): The magnitude of the currents reduces as the pro-
portion of the water column undergoing the density-gradient decreases; the
absence of a density gradient affecting the surface layer makes the surface
current to be negligible; and the current associated to the baroclinic pres-
sure gradient (—g/p fzo Op/dy dz) progressively grows from the pycnocline
downwards (see panels a3-d3).

4.3.2. Baroclinic Pressure Gradient Effects in Finite Depths

Figure 9 displays the changes in hodographs due to baroclinic pressu-
re gradients only (uniform and non-uniform profiles) when the water depth
is finite, i.e., there is an overlap between the surface and bottom boundary
layers. These hodographs (panels al-cl) correspond to experiments BelcH W-
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1 and BeleHW-2 without wind (|]WW| = 0) and H varying in the range
Im < H < 200m (see color scheme in the legend). Each of these panels
has, respectively, an inset (a2-c2) for displaying the shape of the undergone
density-gradient profile. Note that the ratio between the depth of the py-
cnicline and the water depth is fixed and set to 0.3. Panels a3-c3 show the
variation of the surface and net transport deflection angles as H increases.
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Figura 9: Hodographs belonging to conditions BeleHW-1 (panel al) and BeleHW-2 (panels
bl and c1) where the water-column depth varies in the range 1m < H < 200 m. For each
panel, insets a2, b2 and c2, respectively, display the undergone density gradient. Panels
a3, b3 and c3 display the deflection angles of the surface current and the depth-integrated
transport. The velocity components are normalized by the maximum current in the water
column, i.e., V = max((u? + v*)'/?).

In the limit, when H is large enough (H = 200 m), hodographs in Figure
9-al,bl (dark-blue solid hodographs) share the following characteristics: the
surface and bottom boundary layers are decoupled; the hodographs drift West
in the northern hemisphere (90° < (07 — 0p) < 100°) due to the combined
effect of Coriolis and a heading North density gradient; and (0r — 0p) =
+45° as long as the density gradient is undergone from the surface. In the
other limit, when H = 1m (red solid hodographs in Figure 9), there is a
complete overlap of the surface and bottom boundary layers. The currents in
the water column are restricted to the North-South axis moving opposite to

29



718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

the density gradient ((s—0p) = (07 —0p) = +180°) given that the influence
of the Coriolis term is overwhelmed by friction in very shallow water depths.
Therefore, the magnitude of the currents grows from a null value at the
bottom to a maximum value at the surface. Note that an extreme reduction
in the water depth results in an analogous situation, in relative terms, to what
has already been described above when the Coriolis contribution is null.

In the transition between H being very small to very large, the hodo-
graphs in Figure 9 show a progressive drift towards West as the water depth
increases. This drift is triggered by the mutual contribution of Coriolis and
baroclinic pressure gradients, whose magnitudes become more relevant with
larger water depths (note that the currents in Figure 9 are normalized). The
differences in the shape of the hodographs are only explained by the differen-
ces in the density-gradient profiles, and justifies the different evolutions of
(0s—0p) and (01 —6Op) observed in panels a3-c¢3. When the density gradients
affects the surface, the transition of (g —6p) from +180° (H = 1m) to +45°
(H = 200m) is achieved at shallower waters when the density-gradient profi-
le is uniform (panel a3). When the density gradients effects do not affect the
surface, (fs — 0p) do not converge into any especific direction. In contrast,
the transition of (67 — 0p) is similar regardless of the density-gradient pro-
file. The small variations in the transition from +180° (H = 1m) to around
+95° (H = 200m) are because 07 is a depth-integrated quantity in the water
column.

4.3.83.  Combined Effects of Baroclinic Pressure Gradient, Wind and Depth

Figure 10 focuses in the changes in the surface and net transport de-
flection angles due to the combined action of baroclinic pressure gradients
and wind when the water depth is finite. These results correspond to experi-
ments BelcHW-1 and BclcHW-2 with constant wind (|I¥] = 10ms™!) and
H varying in the range 1m < H < 200m (see color scheme in the legend).
Panel a displays the undergone density-gradient field (Okgm™* < 9p/dy <
0,035 kgm~*), where the pycnicline lives at a fixed ratio z/H = —0,3. Panels
b and ¢ shows the variation of 6g and 01, respectively, relative to the forcing
direction #y. Note that according to Table 1, the wind and the density gra-
dient are aligned, i.e., the direction of these forcings is coincident in such a
way that (90 = HW = (9D.

Figure 10 must be understood as a spatial assemble of water columns
where the currents are resolved for each water column in the y-axis. There-
fore, the combination of a constant wind and a baroclinic pressure-gradient
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Figura 10: Spatial assemble of water columns whose results correspond to BclcHW-2.
Panel a displays the vertical distributions of the horizontal density gradient along the
North-South axis (y axis). Wind is also acting in the North-South axis. Therefore, density
gradient and wind are forcings simultaneously acting in the same direction 6y. Panels b and
¢ display the deflection angles of the surface current and the depth-integrated transport
relative to the forcing direction () for different water-column heights (H). The dotted and
dashed black lines respectively highlight the expected deflection angles when the currents

are mainly driven by the density gradient, or mainly driven by wind.
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field means the existance of some water columns where the currents are
mainly driven by wind, some others mainly driven by the density gradient,
and some others driven by a combination of both. In water columns whe-
re 0p/0y is negligible (e.g., around y = 0 and y = L,), the currents are
driven by wind. When H is very low, currents and wind are aligned in the
entire column ((0s — 6y) = (6r — 6y) = 0° in panels b and c¢). As H in-
creases, the currents progressively turn to the right developing a spiral (not
showed) and converging into the classic values of (fg — 6y) = —45° and
(O — 6y) = —90° when H = 200m. In water columns where dp/0y is rele-
vant (e.g., y = L,/2), the currents are driven by the density gradient and
the wind forcing is secondary. When H is very low, currents move opposite
to the density gradient in the entire water column as already seen in Fi-
gures 7-bl ((0s — 0y) = (07 — 6y) = +180°). As H increases, the currents
progressively turns to the left partially explained by a clockwise developing
spiral in the surface boundary layer and heading-west currents due to the
baroclinic pressure contribution. In the limit (H = 200m), (65 — 6y) = +45°
and (07 — 6p) =~ 4+95° as already seen in Figures 7-b1l. There is a particular
situation in Figure 10 when surface currents are equaly driven by the wind
and by the density gradient. In this situation, (fs—6y) = 0° when H = 200 m
as a result of the vectorial sum of currents of equal magnitude being deflec-
ted +45° to the right of the wind (wind forcing in y-axis) and currents being
deflected 4+45° to the left of the density-gradient (density-gradient forcing in
y-axis). For this particular situation, the relationship between the wind and
the density-gradient is

% o f Pa CD w2

dy|  gKo v

which is derived from the balance between the surface wind stress (7, =
pa Cpwy |wy|) and the virtual wind induced by the density-gradient (7p =
—g Ko f~0p/0y]). This transition between currents being mainly driven by
wind (if [0p/dy| < fpaCpw;/(gKy)), or mainly driven by the density-
gradient (if [0p/dy| > f pa Cpw}/(g Ko)) is explored in Figure 11 for infi-
nite depth (H = 200m), and a range of wind intensities (Oms™! < [W| <
50ms™!) and surface density-gradients (Okgm™* < dp/dy < 0,035kgm™?)
still applied over the y-axis.

In Figure 11, the transition between the currents being driven by wind or
driven by density-gradient is seen as the jump of (0s—6y) (panel b) from —45°
(wind) to +45° (density-gradient) or the jump of (67 — 6y) (panel c¢) from

(15)
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Figura 11: Spatial assemble of water columns whose results correspond to BclcHW-2.
Panel a displays the vertical distributions of the horizontal density gradient along the
North-South axis (y axis). Wind is also acting in the North-South axis. Therefore, density
gradient and wind are forcings simultaneously acting in the same direction 6y. Panels b and
¢ display the deflection angles of the surface current and the depth-integrated transport
relative to the forcing direction () for different wind speeds (|W]). For each line in
panels b and c, the color scheme indicates the range of |W|, with a color transition at
|[W| = 10ms~!. The dotted and dashed black lines respectively highlight the expected
deflection angles when the currents are mainly driven by the density gradient, or mainly
driven by wind.
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—90° (wind) to ~ 495° (density-gradient). The spatial transition between
those jumps is controlled by the characteristic horizontal mixing length ().
For a density-gradient field (as given in panel a), the extension of the water
columns whose currents are mainly driven by the density gradient shrinks
as the wind intensity increases. For example, the density gradient drives the
currents from y/L, = 0,3 to y/L, = 0,7 when [IW| = 0,01 ms~', whereas this
extension reduces up to four times when the wind escalates to 50ms=!. As
seen in Equation (15), the reduction of the area mainly driven by density-
gradient as the wind intensifies follows a parabolic law.

4.4.  General Considerations on the Reach and Applicability of the Results

4.4.1. On the Geostrophic Balance in the Presence of Baroclinic Pressure
Gradients

An important question that may arise when interpreting the results phy-
sically, is whether the homogeneous and inhomogeneous part of the solution
(7) correspond to geostrophic and ageostrophic currents. Geostrophic balan-
ce occurs when the pressure gradient force (usually barotropic) balances the
Coriolis force due to rotation. Considering a particular location at the inte-
rior of the ocean, far from the influence from surface and bottom boundaries
and where the viscous force terms are negligible, Equations (3) reduce to

0

—fv = —pgf/ %dz, (16a)
0

fu = _pgf/ g—ly)dz. (16b)

In Equations (16) the (baroclinic) pressure gradient force is balanced by the
Coriolis force. Since no barometric nor barotropic contributions are conside-
red in this study, the baroclinic pressure gradient in Equations (16) represents
the total pressure gradient. Also, the currents in Equations (16) are still non-
divergent, i.e., Ou/dx + 0v/dy = 0. Therefore, and given the usual definition
of Geostrophic Balance, currents in Equations (16) are geostrophic. Note that
currents in Equations (16), which depends on depth, are thus respectively re-
named as u? and v9. Stewart (2009) refers to them as the relative velocity
from the surface at some depth.

If one attempts a decomposition of the Equations (3) in the form u =
u? + u® and v = v? + v*, where (u® v*) are the ageostrophic currents, the
result is not a decoupling of both currents, but new differential equations
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for (u®,v*) where the geostrophic term prevails. In other words, the solution
cannot be written as the sum of the pressure gradients and the remaining
contributions of the motion. Although the general solution (6) is assumed
to be a linear superposition of the flow driven by the baroclinic pressure
gradient (inhomogeneous solution) and the flow driven by wind (homoge-
neous solution), it does not imply that the solution corresponds to a linear
superposition of a geostrophic flow and an ageostrophic flow. In general, they
can not be splitted in separated contributions in the solution. For instance,
in Chu (2015), the ageostrophic flow depends on the pressure gradient (see
Equation (9) therein). Geostrophic and ageostrophic parts of the flow can
not be unambuously separated.

To overcome this issue, in the approach presented in the present study,
a more appropriate general decomposition is written in the form u = A 4+ u®
and v = A + v*, where A = A(u9,v9) is a function of geostrophic currents.
This approach implies to cancel out the pressure gradients from Equations
(3), keeping the value at boundaries for solutions (u®,v®). The following
asymptotic behaviour should hold:

A~ (v, v?) and (u*,v*) ~0 far from the boundaries. (17)

This generalization provides a context for the decomposition in Equations (6):
the inhomogeneous solutions are the geostrophic currents (A-function) and
the homogeneous solutions are the ageostrophic currents. This decomposition
concludes from the differential equations in the BVPs (7) that (u’,v’) ~
(u9,v9) and (u”,v") ~ 0 towards the interior. Consequently, the homogeneous
solution of BVP (7a) is a measure and, to some extent, a good indicator of
the ageostrophy of the water column.

4.4.2.  On the Eddy Viscosity and Density Gradient Relationships

This study considers parameterization formulae to model turbulent vis-
cosity (8) and density (10) that capture key features of both empirical (from
observations) and theoretical profiles in the literature. Empirical formulas for
parameterization of vertical profiles of eddy viscosity and density gradient
are coherently, but separatelly prescibed in the model. Although results are
reliable and current profiles resemble observations, it should be recognized
that eddy viscosity is not independent of the water column density structure
(e.g. high stratification may inhibit the vertical transfer of momentum or
density fronts may host instabilities that can strongly affect the eddy profi-
le as described by Taylor and Thompson (2023)). More sofisticated models

35



860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

may account for this inter-dependence, such as those that compute K ba-
sed on the Richardson number or more advanced turbulent models (Mellor
and Yamada, 1982). Regarding the particular eddy viscosity parametriza-
tion, in addition, the influence of wave-induced mixing on the Ekman layer
is crudely lumped in a non-zero value of K at the surface. The inclusion of
a wave-induced turbulence parametrization in the model could potentially
reveal alterations in the upper ocean currents and improve the description of
surface temperature (Craig and Banner, 1994; Mellor and Blumberg, 2004;
Ezer, 2023). The K (z) profiles considered in the present study exhibit some
differences compared to those by Ezer (2023), which uses the 1D turbulent
model by Mellor and Yamada (1982). These differences are mainly attributa-
ble to surface wave mixing and the influence of density. Although the model
presented in this study is more idealized, a complex eddy viscosity profile
can be achieved as the linear superposicion of two (or more) different profi-
les, i.e., K = K;+ K5 where K; and K, are convenient profiles from Eqn.(8).
The result is a total current © = uy + uo, where u; and us accounts for the
independent contribution of Ky and K, profiles, respectively. This total cu-
rrent may also be interpreted as the contribution of a K7 + K5 eddy viscosity
profile and a residual term which is an artificial baroclinic pressure gradient.

Nevertheless, despite the simplifying assumptions considered in the mo-
del, the results presented in this study constitute a step forward in gaining
useful insight into wind-induced currents in inhomogeneous water columns of
finite depth and, especially, influenced by variable density gradients, which
are often neglected.

5. Conclusions and Final Remarks

This study contributes to further understanding the variability of the cir-
culation induced by the combination of viscosity profiles of realistic shape
and pressure gradients induced by an idealized density field (which is inspi-
red in buoyant-plumes) in a rotating Earth for a range of finite water depths
and wind speeds. Depth-dependent horizontal currents are obtained from the
momentum equations as a superposition of baroclinicity- and wind-driven
flows, i.e., as a superposition of geostrophic and ageostrophic fully indepen-
dent flows, respectively. Accurate solutions are computed using a high-order
compact scheme differentiation method.

Wind-driven currents in the water column derived from the classical Ek-
man theory perform a hodograph of well-known characteristics: Deflection
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angle between the wind direction and the current at the surface, where the
currents are the largest, is 45°; and the angle between the wind direction
and the depth-averaged mass transport is 90°. However, these features do
not persist under certain conditions where the currents are also forced by
finite water depths, by changes in the eddy viscosity profile or by pressure
gradients. Therefore, the above characteristics are taken as a reference to
study the variability of the circulation given those particular scenarios.

For vertically-uniform eddy viscosity profiles and no density gradients,
when H is lower than the mixing depth (H < z,), winds and currents are
practically aligned, with (fs — 0y) and (0 — Oy) in a range of 0° to —10°.
When H is large (H > z,), wind and currents misalign as described by
the classical Ekman theory, i.e., (fg — 0y) = —45° and (07 — Oy) = —90°.
These limit values of 0° and —45°, and 0° and —90°, respectively, prevails
regardless of the value of Kj. For non-uniform eddy viscosity profiles, the
deflection angles grow with the stratification. In particular, the limit value
of (s — Oy ) grows asymptotically from the Ekman’s —45° up to —90° as
the stratification increases. In contrast, the limit value of (67 — 0y) = —90°
is rather insensitive to changes in the stratification. The level of the stra-
tification is also seen to control the range of transition depths between the
limiting values for both deflection angles: A more sharp transition is caused
by increasing stratification levels.

The baroclinic pressure gradients in the context of Ekman circulation have
traditionally received less attention and a systematic study of the variability
of the density-gradient induced circulation has not really been addressed in
the literature. A relatively versatile formulation is proposed in this paper,
aiming to reproduce density fields that mimic realistic density gradients. For
a vertically-uniform density gradient, no wind, constant eddy viscosity, mid-
latitudes and large depths, the hodograph drift towards the West with the
surface current being deflected 45° to the left from the density-gradient di-
rection, i.e., (s — 6p) = +45°, or (fs — Ow) = —45° if relative to a shear
stress at the surface (a wirtual wind) induced by the density gradient. For
non-uniform density-gradient profiles (pycnoclines at different depths), the
shape of the hodographs, magnitude of the currents and both surface deflec-
tion and transport angles are controlled by the shape of the density-gradient
profile. The magnitude of the currents decreases as the density-gradient is
undergone by a progressively smaller proportion of the water column. The
surface deflection angle is preserved, being 45° to the left from the positive
density gradient, as long as the density gradient is undergone in the entire

37



934

935

936

937

938

939

940

941

942

943

044

945

946

947

948

949

950

951

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

thickness of the surface boundary layer. The depth-integrated transport an-
gle is, to some extent, far less sentive to the changes in the density-gradient
profile as 07 is a depth-integrated magnitude (07 — 0p ~ +95°).

When wind and density gradient, acting in the same direction 6y, com-
pete to drive the currents, the driving forcing is assessed in terms of the
variations in (fg — 6p) and (67 — 0y) from the limit values corresponding to
wind-driven currents (—45° and —90°, respectively) to the ones correspon-
ding to density-gradient driven currents (+45° and +95°, respectively). For
the particular situation of both forcings equally driving, the relationship bet-
ween the density gradient and the wind intensity is analytically proven to be
parabolic.

The compact scheme used in this paper for the numerical simulations con-
sists of a linear combination of first derivatives and values at nodes, which
could be understood as an extension and enhancement of standard finite
differentiation. The inherent complexity of these kind of schemes is compen-
sated by far by the increase in the accuracy and decrease of computational
time. Using a compact scheme, the errors in the velocity components de-
crease significantly, compared to standard differentiation, and they become
comparable even in the worst scenario. i.e, resolving the circulation given a
piecewise-constant eddy viscosity profile. In terms of computational time, a
compact scheme is seen to speed up the solution by more than one order of
magnitude compared to its standard counterpart (once the simulations are
in the asymptotic region).

Apéndice A. Details of the Numerical Schemes

Apéndice A.1.  Compact Finite Difference Scheme (High Order)

In order to compute derivatives based on high-accuracy methods, this
paper uses a fourth-order central compact differentiation scheme. The vertical
diffusion terms are discretized in a conservative form, applying twice a first-
derivative compact scheme. To do so, the Ekman model is split as follows:

aq" ou

—fU:T’”+8z, q"”:Kg, (A.1a)
gV 9
fu:Tera—qZ, ¢ :Ka—z. (A.1b)

where ¢* = ¢%(z) and ¢ = ¢Y(z) are the diffusive flux components along
x and y axes. The total pressure gradients in both components are T% =
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—g/ Pref fzo Op/0xdz and TY = —g/pret fzo Jp/0y dz, respectively. A fourth-
order numerical scheme of an inner region (2 <i < N — 3) is written as

3 %iy1 — i
2 2Az ’

199
4 0z

199
4 0z

9¢
+ g‘i + (A.2)

i—1 i+1

where ¢ represents either ¢*, ¢¥, u or v. For the inner node adjacent to the
surface (i = 1) and to the bottom (i = N — 2), the boundary conditions (4)-
(5) should be applied in the left-, right-hand side of Equation (A.2) where
applicable. On the other hand, only for the discretization of ¢* and ¢¥ at the
surface (i = 0), v and v at the bottom (i = N — 1) is necessary to write
a boundary-closure scheme to mimic the implicit nature and formal order
of accuracy of the interior scheme (A.2) but avoid the use of points outside
the domain. For example, a fourth-order boundary scheme at the point 0 is
written as

9¢
0z

o6 1 / 17 3 3 1
+3 1NA_Z(_E¢O+§¢1+§¢2_6¢S) :

T

being ¢y the boundary condition (4). For a boundary scheme at the point
N — 1, the left-hand side coefficient of the point N — 2 is the left-hand side
coefficient of the point 1 of the above formula. The right-hand side coefficients
of the points N — 1, N — 2, N — 3, and N — 4 are the negative coefficients
obtained in the above formula for the points 0, 1, 2, and 3. The value of
¢n_1 corresponds to the boundary condition (5). Substituting derivatives
from Equations (A.la) and (A.1b) into previous formulae and with a bit of
algebra, the numerical scheme results in the linear system of equations:

W, D 0 0 u M, 0 0 07[0] [bi,
0 W, F 0| |Azq"| _[0 M, 0 0 |b"| [bf,
0 0 W, D v 0 0 M, 0 |0]|"|bY, ]|’
—F 0 0 W,| |Azg 0 0 0 M, [b] [|bh,,
(A.3)
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where vectors and matrices are defined, respectively, as follows:

Y

u = (g, Uy, ..., un_3,un_2)",
v = (vg, V1, ..., UN_3, UN—2)T )
q" = (1. G- Ao A1)
e U087, PR CHPYY (D L

b* = —AZ(TF, TF, Ty, ..
bY = — AT, TV, Ty, ..

€T T T
. 7TN—37 TN—2) )

Y Y T
. >TN737 TN72) )

by e = —uWy — Az[7y /(pretKo) M,
b5 e = —Aclr prawy + AZTI_, + fojm,.
by pe = —vaWy — Az[7]/(preto) M
b he = —Az[TY [ pret] Wy + AZ[TY | — fu,]m,,

w, = (0,0,...,3/4,17/6)",
m, = —(—1/4,0,0,...,0)",
w, = (—17/6,-3/4,0,...,0)"
m, = —(0,0,...,—-1/4)"

and

F = fA2*M,, D:=-MK,

0

K = diag(Kl, KQ, .-

=3/ 0 3h
3l 0 3k
—3/

Vo 3o 3
3h 3 —lfg
0 3/

w,= [ 0 o
_3./4 0‘ 3/

1

'7KN—1)7

1

1/4
"

1/4
"

1

(A.5a)

~ (A5H)

1
3

1

1

(p.5¢)

The minus sign is established in M,,, M,, m,, and m, due to z < 0, while
some components of the block vector, [u, Az q”, v, Azq¥]?, multiply by Az

so that it has the same dimensions.
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Apéndice A.2. Standard Finite Difference Scheme (Low Order)

Using the same notation as in Equation (A.1), a second-order central
scheme for 1 <17 < N — 2 is considered for the vertical diffusion term, i.e.,

aq” 0 ou
—_ — }KT————
;. Oz ( 0z )

0z
where K; := (K;_1,+ Kj15)/2, while a backward first-order finite difference
scheme for ¢ = 0 is considered, i.e.,

8_u
0z

Ki_1ppui 1 —2Kui+ K {1 puiq1
A , (A.6)

i

Ug — U1

Az

(A.7a)

that, after applying the boundary condition (4a), the velocity at the surface
is obtained: uy = uy + Az 7 /(pretKo). Equations (A.6 and (A.7a) apply in a
similar way to the y component of the diffusive flux and velocity.

After some mathematical manipulations, the numerical scheme results in
the following linear system:

1 i R < S

where vectors and matrices are defined, respectively, as follows:

u = (ug, U, ..., un_3,Un_2)" , (A.9a)
v = (v1,0s,...,Un_3,Un_2)", (A.9Db)
b* = —AZ2(TE Ty, ..., Ty 5, Té )7, (A.9c)
bY = —A2(TY, T, ..., T8 5, T% )", (A.9d)
bi, = (—Az(Kip/Ko)Te [ pret, 0, ..., 0, —Kn_spu)”,  (A9e)
bY, = (—Az(Kin/Ko)TY/ pre 0, . .., 0, =Ky _spv)",  (A9f)

and

—Ksp,  Kspp

Kz, —2K, Ksp

F:=fAZ’I, D:= K

KN_7/2 —2?1\[_3 KN__5/2
Knosp  —2Kn-—2
(A.10)

with I being the (N — 2) x (N — 2) identity matrix.
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Apéndice A.3.  Convergence Analysis

Convergence analysis assesses the accuracy of the target numerical sche-
mes, that are, standard finite differences and compact finite differences. Two
numerical performances are thus designed, where the numerical velocities are
compared with the analytical solutions given by the classical Ekman theory
and the analytical solutions obtained by Dritschel et al. (2020). Aiming to
quantify the difference between numerical and analytical results, the [5-norm
of the error is used to monitor the root-mean-square error:

-1

L N 1/2
2
|| tnum. — Uana. |[2 = <N Z (Uil . = Uilana.) > , (A.1lla)

=0

and similar for v.

For the performances P-1 with Ky = 0,02m?s™!, the results for the con-
vergence rates are showed in Figure A.12a. The results indicate that the
Standard Differenciation Scheme (SDS) behaves as a first-order scheme for
Az < 50m, whereas the Compact Differenciation Scheme (CDS) behaves as
a fourth-order scheme for interval sizes within [125,25] m. The decrease of
accuracy in the SDS is because the global error is what is being evaluated in
the domain and the scheme is first-order at the boundary. These two facts
control the computed errors overall. On the other hand, CDS performs better
and similar accuracy for both component of the velocity than the Standard
one.

Figure A.12b displays the lo-norm of the error as a function of the CPU
time. Simulations were run using an Intel(R) Core(TM) i7-5500U CPU @
2.40 GHz. In regions of low accuracy, the CPU time of CDS is slightly larger
than the SDS. Once the convergence rate is reached (lo-norm < 107%), the
computational time of SDS largely increases, whereas CPU time for CDS
remains around 0,1 seconds.

For the performance P-1 with Ky = 0,002m?s™!, the results for the con-
vergence rates are showed in Figure A.12c. Qualitatively, both numerical
schemes display performances that remind to the ones observed in Figu-
re A.12a. However, the residuals are one order of magnitude lower than those
for Ko = 0,02m?s7!. Just comparing between SDS and CDS, the highest ac-
curacy for SDS (ly-norm = 107°) is achieved when Az = 0,1 m, whereas CDS
reaches the same accuracy simply using a far more coarse grid (Az = 10m).
At Az = 0,1 m, CDS reaches machine accuracy (ly-norm ~ 107'). On the
whole, CDS works better than a SDS.
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Figura A.12: Convergence plots at left for u (red) and v (blue), using SDS (dots) and CDS
(squares). Computational time plots at right for SDS (dots) and CDS (squares).
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Figure A.12d displays the ls-norm versus the CPU time. CDS achieves
greater accuracy than SDS after a far shorter CPU time. For instance, for a
norm of 1075, 1 second using CDS becomes 22 seconds using SDS. Likewise,
machine accuracy using CDS is achieved in just 1 second.
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Figura A.13: Convergence plots at left for u (red) and v (blue), using SDS (dots) and CDS

(squares). Computational time plots at right for SDS (dots) and CDS (squares).

For the condition P-2, inspired by Dritschel et al. (2020), a piecewise-
s constant eddy viscosity profile is proposed. It reads

K(z)

70
_J) fp

l2;§l

Ip

44

if z >z,

ifzﬁzh

(A.12)
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where 7y is the magnitude of the surface wind stress and [ is the ratio of
the lower-layer to upper-layer viscous lengths (see values for [ in Table 1).
Note that the discontinuity in the diffusive flux is proportional to I2. The
results for the convergence rates with [ = 2,5 are showed in Figure A.13a.
The most striking result that emerge from the rates is that for CDS the
order of accuracy drops from fourth to first. This loss of order is due to the
oscillations of the solution around z,, as is showed in Figure A.14. These
oscillations are stemmed in the non-imposition of a jump condition on the
derivative at z;,. SDS remains first order due the low resolution of the scheme
at every grid point.

In spite of the fact this drawback, CDS shows a better performance than
SDS. In the asymptotic range, 18,37m < Az < 225m, the errors for CDS
in 4 and v components are similar whereas v is almost half-order worst than
v in SDS. Finally, the ly-norm of the error for CDS is below the SDS: one
order in u and half order in v. In matter of CPU time, Figure A.13b displays
the [y-norm versus the CPU time. Results show both numerical schemes are
comparable.

The results for the convergence rates for performance P-2 with [ = 0,5
are showed in Figure A.13c. Qualitatively, both numerical schemes display
performances that remind to the ones observed in Figure A.13a. The asym-
ptotic range covers a wide range of Az instead of [ = 2,5 and errors in both
components of the velocity field match better each other for CDS.

Figure A.13d displays the lo-norm versus the CPU time. Once it reaches
the asymptotic range, lower the ly-norm of the error quicker CDS from SDS
is. For a norm of 107, the CPU time in CDS is more than one decade faster
than SDS.

Although in this paper the profile is continuous up to the first derivative
(Equation (8)), it is unlikely to obtain some swing results as in the second
condition.

Apéndice A.J. Numerical Model Performance

In performance P-2, an unexpected result was found for CDS, which lo-
wers the accuracy of the scheme regarding that in condition P-1. Figure A.14
shows an incipient undesired behaviour that could amplify the oscillations if
the mathematical model includes inertial terms. Nevertheless, there is ways
to recover the accuracy and remove oscillations.

The exact solution derived by Dritschel et al. (2020) imposes the conti-
nuity of the diffusive flux at depth z, where the two layers of eddy viscosity
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Figura A.14: Enlarged area for u (red dot) and v (blue dot) using CDS with the exact
Dritschel solution for upyitschel (red line) and vpyitschel (blue line).

are separated. In the numerical model, Equation (?7?), does not take this
peculiarity into account by making these oscillations in Figure A.14. To gua-
rantee this condition accurately, it must be ensured:

(1) Reach a jump condition in the diffusive flux at z, but in the discrete
sense. Note that Dritschel’s paper obtains this condition by integrating
the Ekman equation over an infinitesimal region centred at zp, i.e. in
the continuous sense.

(11) Separation of the two layers, z;,, does not have to be in a computational
node. Guidelines should be considered to deal with interfaces (Li and
Ito, 2006) and ensure good resolution (Feng et al., 2022).
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