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ABSTRACT:  

The challenges arising from mass production with high 
quality level require advanced error measurement systems 
and optical metrology systems. Nowadays, it is more frequent 
to find this type of controls at the manufacturing industry into 
the quality control procedures as long as the need for a faster 
capture speed and precision has increased. However, these 
techniques can be improved. The accuracy of 3D 
measurement systems formed by a camera-projector pair 
depends directly on the calibration procedure used. The 
projector is usually modelled as the inverse projection of a 
pin-hole camera, which presents the option to calibrate the 
system by two different approaches: as a whole system or 
separately. The most common approach is the use of a 
camera previously calibrated, followed by the calibration of 
the projector. Studies show that the uncertainty of the camera 
parameters from its calibration propagates to the projector 
parameters and several authors conclude that the three most 
widespread are: Tsai, Zhang and Direct Linear Calibration. 
The objective of this study is to have a clear comprehension 
of the relationships between the camera and projector 
parameters and of how uncertainty is propagated to the 
measurement system error. Therefore, the three calibration 
methods previously mentioned and some of them possible 
combinations are analyzed. 
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1.- INTRODUCTION  
The challenges arising from large-scale, high-quality production requiring increasingly advanced error measurement systems and 
optical metrology systems (including laser, photogrammetry and white light projection), are becoming more important. The scanning 
of three-dimensional objects has become a quality control procedure commonly used in the industry due to the levels of precision 
achieved and its high speed of capture, however techniques can still be improved. To improve the general quality of these techniques, 
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different measurement configurations [1] and more precise algorithms [2] are being sought. Therefore, identifying the cause of the 
results not meeting expectations is a complicated and slow task, but with great interest. 

Currently, 3D measurement systems are widely applied in industrial metrology, medicine, cultural heritage and other areas [3-13]. 
Besides their fast speed and noncontact nature, many of those applications require considerable measurement accuracy. For that 
reason, it is important to study and improve this kind of systems to have as much information as possible.  

Nowadays, there is a wide variety of measuring equipment based on active stereometric systems; those formed by one or more 
cameras and an element that acts as an active emitter, usually of two types: laser [14-16] or structured light [17-19]. In the case of 3D 
measurement systems formed by a camera-projector pair, their accuracy depends to some extent on the accuracy of the calibration 
of the whole measurement system. 

Single camera calibration has been extensively studied and numerous calibration methods have been proposed [20-23]. Studies have 
been conducted from overall reviews [24] and general investigations [25] to parameter stability [26-27], even the feasibility of using 
low-cost camera has been analyzed [27-29]. Camera calibration can be classified according to several different criteria: Linear or non-
linear calibration, intrinsic or extrinsic calibration, implicit or explicit calibration, point-based or line-based methods, or a combination of 
them [30]. 

The mathematical model of the pin-hole camera [31] is widely used; its objective is to find a linear relationship between the 3D points 
of the scene with their 2D projection points in the image plane. Suppose a 3D point Qw in the world coordinate system with its 
homogenous coordinates on the world plane (Xw, Yw, Zw, 1), is projected to a point Qc, (x, y, 1), in the image plane of the camera 
with coordinates x and y. Then according to the pin-hole camera model, 

 

𝑄𝑐 = 𝑠𝑀𝑐(𝑅𝑐 𝑇𝑐)𝑄𝑤           (1) 

 

where ‘s’ is the scale factor and Mc is the set of camera intrinsic parameters given as, 

 

𝑀𝑐 =  (
𝑓𝑥 0 𝐶𝑥

0 𝑓𝑦 𝐶𝑦

0 0 1

)           (2) 

The parameters (Cx, Cy) are the co-ordinates of the principal focus and fx and fy are the focal lengths of the x and y axes of the 
image plane respectively.  

[Rc  Tc] represents the transformation matrix, extrinsic parameters. 

[𝑅𝑐 𝑇𝑐] =  (

𝑟11 𝑟21 𝑟31

𝑟12 𝑟22 𝑟32

𝑟13 𝑟23 𝑟33

    

𝑡𝑥

𝑡𝑦

𝑡𝑧

)          (3) 

 

It gives the rotation and translation between the world coordinate system and camera planes. 

Several authors conclude that the three most widespread camera calibration procedures are: Tsai, Zhang and Direct Linear Calibration 
(DLC) [32-34]. Tsai is a multiple viewing position method based on the model of the pin-hole camera; this model transforms points in 
the world reference frame (Xw, Yw, Zw) to points in the frame of image reference (u, v) and considers radial distortion. Zhang also 
uses traditional calibration techniques (known calibration points) and self-calibration techniques (correspondence between calibration 
points when they are in different positions). Moreover, this method considers and compensates three distortion types: radial, 
decentering and thin prism distortion. DLC ignores the lens distortion and it is based on the co-linearity between a point expressed in 
the world reference system (x, y, z), its directly equivalent in the image reference coordinates (u, v) and the central projection point of 
the camera [32]. On one hand, the comparison of these methods shows their advantages and disadvantages in different situations 
[33-34]. On other hand, there are studies that are focused on how distortions affect the results [30,35].  

When a projector is included in the system, it is usually modelled as an inverse camera because it works fundamentally like a pin-hole 
reverse camera, projecting an image instead of capturing it [36]. Therefore, it is possible to calibrate it with any conventional camera 
calibration method. This presents the option to calibrate the system by two different approaches: as a whole system or separately. The 
most common approach is the use of a camera previously calibrated, followed by the calibration of the projector, using the DLC method, 
with this camera. Nevertheless, studies show that this method propagates the uncertainty from the camera calibration procedure to 
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the projector [37], and consequently the importance of the camera calibration increases. Authors have analyzed the system sensitivity 
to different factors in a rigid configuration, using only the DLC method in both calibrations (camera and projector), and have verified 
the effect of the errors on the lens distortion parameters and extrinsic parameters, concluding that the first ones have the greatest 
impact [38].   

Considering the crucial role that camera calibration has for the total system calibration, it was decided to simulate the camera calibration 
by Tsai, Zhang and DLC methods to have a clearer vision of how camera parameters and measurement errors are affected. For the 
projector, it was decided to simulate a perfect one using perfect calibration points to appreciate only the influence of the camera on it. 
Based on this, the DLC method was selected for two reasons: 1) The simplicity of the algorithm allows to see more clearly the 
propagation to the projector; 2) The iterative procedure that the DLC method uses allows you to obtain very good results, if it is allowed 
to converge and time limit to calculate an optimal solution and, computational cost is not determining factors in this study. The objective 
of this study is to provide two contributions: from a general point of view, to obtain a better understanding of the relationships among 
the camera and projector parameters, and how uncertainty propagates from the camera to the projector. Specifically, the comparison 
of the three configurations (camera calibration by DLC, Tsai and Zhang, and projector calibration by DLC) as well as the advantages 
and disadvantages of each of them and how to compensate them. 

 
2.- MATERIALS AND METHODS 
It was decided to use simulations for the analysis of this study since these allow us to isolate the specific error selected. In our case, 
it is how uncertainty propagates from camera to projector and consequently to the whole measurement system. 

The synthetic experiment based on the Monte Carlo method simulated the calibration of a measurement system formed by a camera-
projector pair separately. Firstly, the camera was calibrated by three different methods: DLC, Tsai and Zhang, then the projector was 
calibrated, using that camera, by the DLC method. In each of these configurations, 5000 simulations were performed in order to analyze 
the factors that could influence the generation of uncertainty on the results. The number of simulations was decided on the basis of a 
convergence analysis, where an increasing number of Monte Carlo trials were performed until the various outcomes of interest were 
stabilized in a statistical sense. Figure 1 shows the camera-projector setup used. It was based on a measuring equipment owned by 
the Department of Design and Manufacturing Engineering of the University of Zaragoza: SIDIO Pro. 

The camera data are 0.0067 mm for the pixel size dx and dy in X and Y axis respectively; 1280/2 for Cu and 1024/2 for Cv, 
corresponding to the center of the camera coordinates; 1280 for Ncx and Nfx, number of sensor elements in X axis of the camera 
(sels) and number of pixels in x direction of the frame grabber (pixel) respectively. The projector resolution was 1024x768, and the 
camera radial lends distortion coefficient was k1=0.0015. It was decided to include only radial distortion because this is the only 
distortion considered in two of the three methods applied, Tsai and Zhang. 
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Figure 1. Left: Measurement system setup. Right: Physical representation. 

 

The factors selection was pre-selected from the characteristic parameters of the camera provided by the manufacturer in the typical 
technical sheet. Usually, manufacturers provide values accuracy in 4 decimals. For measurement purpose that give us a range 
equivalent to around 2% of the specified value. 

The camera data will be referred to those parameters: dx, dy, Cu, Cv. Afterwards, the factors selection was determined by a preliminary 
mathematical analysis of the three calibration methods selected. This analysis consisted of a detailed review of the mathematical 
procedures behind each calibration method and how the camera data interacted with them.  

On one hand, we could appreciate that the camera data corresponding to the pixel size (dx and dy) and the center of the camera 
coordinates (Cu and Cv) directly affect the calculation of the camera calibration intrinsic and extrinsic parameters in the DLC and Tsai 
methods. 

On other hand, those camera data (dx and dy) only affect the focal length calculation (f) in the Zhang method. The robustness of this 
method prevents directly affecting most of the camera calibration intrinsic and extrinsic parameters calculation. In this case, the 
measurement error is affected mostly by extrinsic parameters and distortion calculation. For that reason, it was decided to introduce a 
±5% error in the parameters that interfere in the calculation of the camera calibration extrinsic parameters and a radial lens distortion 
of Zhang method. A ±5% error was introduced in the parameters dx, dy, Cu and Cv for Direct Linear Calibration and Tsai methods. All 
these errors follow a normal Gaussian distribution without correlation over the selected parameters. 

The case of no correlation has been considered to facilitate the interpretation of the output data by limiting the sources of variability in 
the input parameters. If some type of correlation had been considered, it would be a correlation value 1 between dx and dy. This 
correlation would imply that the pixel remains square. This is relevant because Tsai method considers dx and dy, while the DLT method 
only models dx. 

 
3.- SIMULATION RESULTS 
The first part of this section shows the behavior of the different parameters of the camera and the camera error measure, obtained by 
a Monte Carlo synthetic experiment in MATLAB. As an example, Figure 2 (a, b, c) shows the results of camera focal length calculation 
by the three different methods in function of camera dy. The camera focal center will be referred to the effective focal length of the 
pin-hole camera. It was decided to show the results of camera focal length calculation just in function of dy because in the case of 
TSAI method just take in account this parameter. 

In this first parameter analyzed is possible to observe that the behavior of the three camera focal center calculations is essentially 
lineal and that the most affected focal center calculation is corresponded to the Direct Lineal Calibration method.  
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Figure 2. (a) Camera f by DLC; (b) Camera f by Tsai; (c) Camera f by Zhang; (d) Projector f by Tsai-DLC configuration. 

For the rest of parameters calculation and measurement error in Zhang method, a ±5% error was introduced in the parameters that 
interfere in the calculation of the camera calibration extrinsic parameters and a radial lens distortion of calibration Zhang method. 

Also, it was observed that the camera calibration extrinsic parameters were substantially affected. Table 1 displays the average error 
and standard deviation that were obtained in the camera rotational and translational vector. 

 

  DLC TSAI ZHANG 

  AVG. STD DESV. AVG. STD DESV. AVG. STD DESV. 

Tx (mm) 3.115 2.018 6.4385 3.7526 2.812 1.482 

Ty (mm) 2.731 2.4209 4.1095 2.7621 2.0214 2.0561 

Tz (mm) 2.4103 0.6091 0.2308 1.4762 1.1203 0.8069 

Rx (°) -0.007 0.2853 0.0031 0.1695 0.00004 0.00005 

Ry (°) 0.0433 0.1291 -0.0006 0.2118 -0.00002 0.00002 

Rz (°) -0.00006 0.00221 0.00001 0.00292 -0.00001 0.00002 

Table 1. Camera rotational and translational vector error 
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It is possible to see that the Tsai error in the translational vector is significantly higher for Tx and Ty but lower for Tz than the others. 
This is because Tsai method estimates Tz after determining the rest of the extrinsic parameters. The other methods estimate all the 
translation components at the same time. Meanwhile, concerning the rotation case, it was observed that the Zhang method was the 
least affected. This is because the method uses as a first approximation a DLT solution and the extrinsic parameters are determined 
after the intrinsic parameters have absorbed most of the error. 

Table 2 displays the measurement error in the camera after introducing the previous mentioned error. It is important to remark that the 
measurement error is the key point to appreciate how the error spreads from camera parameters to measurement errors. These 
camera measurement errors obtained were considered the base error for each configuration because the projector was calibrated with 
a camera that had this starting measurement error.  

Also, it was verified, by an Anderson–Darling test in MATLAB [39], that the statistical error distribution was a Gaussian.  

 
 

DLC TSAI ZHANG 
 

AVG. STD. DESV. AVG. STD. DESV. AVG. STD. DESV. 

Error X 
(mm) 

0.0032 0.0179 -0.1406 1.8390 0.0013 0.0003 

Error Y 
(mm) 

-0.0015 0.0201 -0.0297 0.8903 0.0011 0.0002 

Table 2. Camera measurement error 
 

The second part of this section shows the behavior of the different parameters shown in the first part but relative to the projector. It is 
important to remark that a projector without errors was simulated in order to appreciate only the influence of the camera on it. 

The first parameter analyzed was focal length calculation. In the cases of DLC-DLC configuration and Zhang-DLC configuration, focal 
length calculation was no significant affected by the introduction of error in camera data. It was only in Tsai-DLC configuration that 
projector focal length calculation was affected. Figure 2 (d) shows the results of that. It is possible to appreciate that the distribution 
seen in the camera focal length was maintained in the projector focal length but with more dispersion. 

As happened in the camera, the projector calibration extrinsic parameters were substantially affected. Table 3 displays the average 
error and standard deviation that were obtained in the projector rotational and translational vector. Again, it is possible to see that Tsai 
errors are significant higher that the obtained with DLC and Zhang. 
 

  DLC-DLC TSAI-DLC ZHANG-DLC 

  AVG. STD DESV. AVG. STD DESV. AVG. STD DESV. 

Tx (mm) 2.291 2.1869 4.4819 4.0299 1.8514 1.519 

Ty (mm) 1.6685 1.7936 3.2830 2.5822 1.6397 1.3422 

Tz (mm) 0.8091 0.3004 0.2689 1.4488 0.9507 0.5461 

Rx (°) 0.0037 0.1130 0.0031 0.1692 0.0002 0.0039 

Ry (°) 0.0041 0.1380 -0.0047 0.2108 0.0009 0.0019 

Rz (°) -0.00001 0.00033 0.00006 0.00221 -0.00001 0.00006 

Tabla 3. Error de los vectores de rotación y traslación del proyector 
 
As in the case of calibration extrinsic parameters, it was observed that the camera measurement error affected both the projector 
measurement error and camera-projector measurement error. 
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It is important to mention that the analysis of the different measurement errors gives us a clear vision of how the errors introduced in 
certain parameters of the camera first affect the measurement error of the camera, then of the projector (simulated without errors) and 
finally, of the entire system.  

Table 4 displays average error and standard deviation obtained from the projector, originally without errors, after introducing the 
previous mentioned error and the one obtained in the camera-projector pair system. Subscript p is for projector and cp is for camera-
projector. 

Again, it was verified, by an Anderson–Darling test in MATLAB, that the statistical error distribution was maintained until the latest 
measurement error results [40]. The camera and camera-projector measurement error distribution of the three combinations 
maintained a Gaussian distribution. 

  
 

DLC-DLC TSAI-DLC ZHANG-DLC 

 
AVG. STD. DESV. AVG. STD. DESV. AVG. STD. DESV. 

Error Xp 
(mm) 

0.0007 0.0098 -0.1707 3.894 0.0003 0.0003 

Error Yp 
(mm) 

-0.0007 0.0095 -0.0573 2.7068 0.0002 0.0003 

Error Xcp 
(mm) 

0.004 0.0311 -0.1613 3.8296 0.0015 0.0003 

Error Ycp 
(mm) 

-0.0024 0.0282 -0.0539 2.7098 0.0012 0.0003 

Table 4. Projector and Camera-projector pair system measurement error after calibration 

 

As may be observed, the Zhang-DLC configuration provided the smallest measurement error values. The camera-projector 
measurement error result is the combined effect of both sets of extrinsic parameters (camera and projector), therefore, some errors 
can be balanced with the others.  

It is important to mention that the DLC method does not take into account distortions; therefore, it is recommending, after the calibration, 
to make some type of subsequent optimization, for example the bundle method [38] in order to improve obtained result. 

 

4.- SYSTEM VALIDATION 
The experimental tests were carried out with the same measuring equipment and setup before mentioned, Figure 1.  

With this we cover the extrinsic parameters of the system. Since the intrinsic parameters of the SIDIO Pro unit are not public, the 
results of the self-calibration carried out by the SIDIO Pro unit will be used to replicate them in the CAM-PRO Simulator. The error is 
0.007 mm in X axis, 0.006 mm in Y axis, 0.009 mm in Z axis, the average error is 0.015 mm and the standard deviation is 0.010 mm. 
The objective of the experimental tests for this section is validated the simulator developed by comparing the values obtained, with 
SIDIO Pro and the CAM-PRO Simulator, of the length error between two spheres and the shape error of one of these spheres, Figure 1. 

While the distance between sphere center of the sphere bar pattern was 199.9943 mm, the distance between sphere center rebuilt by 
SIDIO Pro and CAM-PRO Simulator were 200.0986 mm and 200.0893 mm respectively. 

Since the calculation of this length error is affected by the errors present in the reconstruction of the measured and simulated spheres, 
Table 5 shows the diameters and shape errors for the bar of standard spheres as well as those reconstructed by SIDIO Pro and by 
the CAM-PRO Simulator. 
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 Sphere bar pattern 
Rebuilt by SIDIO 

Pro 

Rebuilt by 
CAM-PRO 
Simulator 

Sphere 1 

Diameter 
(mm) 

24.9972 24.9879 24.9838 

Shape error 
(mm) 

0.0017 0.0061 0.0054 

Sphere 2 

Diameter 
(mm) 

24.9961 24.9868 24.9799 

Shape error 
(mm) 

0.0019 0.0070 0.0061 

Table 5. Diameters and shape errors of the spheres. 

 

Now, looking closely at Sphere 1, in Table 6 we can observe the average errors and its standard deviations obtained by SIDIO Pro 
and the CAM-PRO Simulator. 

 

 SIDIO Pro CAM-PRO Simulator 

Ave. Error (mm) 2.4e-6 1.8e-6 

Std. Desv.(mm) 0.0077 0.0076 

Table 6. Sphere 1 errors obtained by SIDIO Pro and by the CAM-PRO Simulator. 

 

As it is possible to observe, the values obtained by CAM-PRO Simulator are quite similar to the ones by SIDIO Pro, being possible to 
concluded that the Simulator CAM-PRO code is effectively valid, by having the necessary data, for simulations of specific situations 
with a measurement system formed by a camera and a projector.  
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5.- DISCUSSION 
Numerous simulations were performed in MATLAB by the Monte Carlo method to characterize the behavior of measurement errors in 
a camera-projector pair, when they are calibrated separately. To understand the relationships between the camera and projector 
parameters better, and how uncertainty propagates from the camera to the projector, two error types were introduced. For DLC-DLC 
and Tsai-DLC configurations, a ±5% error was introduced in the camera data: dx, dy, Cu and Cv and a camera radial lens distortion 
coefficient k1=0.0015. For Zhang-DLC configuration, a ±5% error was introduced in the parameters interfering in the calculation of the 
camera calibration extrinsic parameters and a camera radial lens distortion coefficient k1=0.0015. All the errors mentioned before 
follow a normal Gaussian distribution. 

Firstly, given the camera focal center results obtained, it can be seen that the calibration method most affected by the errors introduced 
for this calculation is DLC. Far from comparing to the other two methods, the dispersion shown in DLC focal center calculations is 
significant. Then, when the projector focal center calculation results were analyzed, the results obtained by DLC-DLC configuration 
and Zhang-DLC configuration were no significant affected. It was only in Tsai-DLC configuration that projector focal length calculation 
was affected and shown a direct relationship between camera and projector focal center calculations. The distribution seen in the 
camera focal length was maintained in the projector focal length but with more dispersion. 

Also, it was possible to observe that in the other extrinsic parameters calculations, the Tsai-DLC configuration was again the most 
affected. It is clear therefore that Tsai method and every configuration that include this method are extremely sensitive to the variables 
dx, dy, Cu and Cv. Therefore, we recommend using Tsai method when it is sure that the camera parameters are accurate. 

Secondly, with the base errors shown in Table 2, measurement errors in the camera, the projector was calibrated by DLC. And it was 
observed that projector calibration extrinsic parameters were affected and consequently the measurement errors of the 
camera-projector system. As we mentioned before, the camera-projector measurement error result is the combined effect of both sets 
of extrinsic parameters (camera and projector) that, therefore, some errors can be balanced with the others. 

As was expected, the evidence seems to indicate that the Zhang-DLC configuration provides the smallest measurement error values. 
From the beginning, the camera calibration by Zhang method gave smaller errors in the extrinsic parameters and measurement results 
than the other methods. As we concluded before that Tsai method is the most sensitive method to the variables dx, dy, Cu and Cv that 
it was analyzed, it must therefore be recognizing that Zhang method is the least sensitive to them.  Therefore, when it is not sure that 
the camera parameters are accurate we recommend to use Zhang method. 

As we mentioned before, DLC method does not take into account the lens distortion and it is necessary, after the calibration, to make 
some type of subsequent optimization. It is recommended to use a bundle adjustment algorithm to improve DLC when there is no time 
limit to calculate the optimal solution, due to its high computational cost. 

Finally, as has been verified after the validation of the CAM-PRO Simulator, it has satisfactorily simulated a specific real situation 
measured by the measuring equipment SIDIO Pro, being possible to conclude that the CAM-PRO Simulator code is valid. 
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