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Abstract
A transport equation for the flame displacement speed evolution in premixed flames is derived 
from first principles, and the mean behaviours of the terms of this equation are analysed based 
on a Direct Numerical Simulation database of statistically planar turbulent premixed flames 
with a range of different Karlovitz numbers. It is found that the regime of combustion (or Kar-
lovitz number) affects the statistical behaviour of the mean contributions of the terms of the 
displacement speed transport equation which are associated with the normal strain rate and cur-
vature dependence of displacement speed. The contributions arising from molecular diffusion 
and flame curvature play leading order roles in all combustion regimes, whereas the terms aris-
ing from the flame normal straining and reactive scalar gradient become leading order contribu-
tors only for the flames with high Karlovitz number values representing the thin reaction zones 
regime. The mean behaviours of the terms of the displacement speed transport equation indi-
cate that the effects arising from fluid-dynamic normal straining, reactive scalar gradient and 
flame curvature play key roles in the evolution of displacement speed. The mean characteristics 
of the various terms of the displacement speed transport equation are explained in detail and 
their qualitative behaviours can be expounded based on the behaviours of the corresponding 
terms in the case of 1D steady laminar premixed flames. This implies that the flamelet assump-
tion has the potential to be utilised for the purpose of any future modelling of the unclosed 
terms of the displacement speed transport equation even in the thin reaction zones regime for 
moderate values of Karlovitz number.

Keywords Displacement speed · Normal strain rate · Curvature · Premixed flame · 
Karlovitz number · Direct numerical simulations

1 Introduction

Propagation in the local normal direction of the flame surface plays a pivotal role in pre-
mixed turbulent combustion. The speed with which the premixed flame surface moves nor-
mal to itself with respect to an initially coincident material surface is commonly referred 
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to as the flame displacement speed Sd . The displacement speed Sd statistics play a key role 
in the level-set and Flame Surface Density (FSD) based modelling approaches of turbu-
lent premixed combustion (Peters 2000; Chakraborty and Cant, 2007a; Han and Huh 2008; 
Chakraborty and Cant 2009).

It has been demonstrated in several previous analyses that local flame curvature (Peters 
et  al. 1998; Echekki and Chen 1999; Chen and Im, 1998; Chakraborty and Cant 2005, 
2006, 2007b; Klein et al. 2006; Chakraborty et al. 2011; Nivarti et al., 2019; Herbert et al. 
2020; Ozel-Erol et al. 2021; Chakraborty et al. 2022), strain rate (Chakraborty and Cant 
2004, 2006; Klein et al. 2006; Chakraborty et al. 2011; Nivarti et al., 2019; Ozel-Erol et al. 
2021) and flame stretch rate (Chen and Im, 1998; Chakraborty et al., 2007b; Chakraborty 
et al. 2011; Nivarti et al., 2019; Ozel-Erol et al. 2021) have a significant influence on the 
local flame displacement speed Sd distribution in premixed turbulent flames. The strain 
rate, curvature and flame stretch rate dependences of flame displacement speed Sd are 
needed in the level-set (Peters 2000) and Flame Surface Density (FSD) (Chakraborty and 
Cant, 2007a; Han and Huh 2008; Chakraborty and Cant 2009) based methodologies of 
turbulent premixed combustion modelling. Although the flame displacement speed can be 
expressed in terms of reaction rate and diffusion rate imbalance and the reactive scalar 
gradient (Peters et al. 1998; Echekki and Chen 1999; Chen and Im, 1998; Chakraborty and 
Cant 2004, 2005, 2006, 2007b; Klein et al. 2006; Chakraborty et al., 2007b;Chakraborty 
et  al. 2011; Nivarti et  al., 2019; Herbert et  al. 2020; Ozel-Erol et  al. 2021; Chakraborty 
et al. 2022), the physical processes, which determine the evolution of displacement speed 
within the flame-front, have not been analysed in detail in the existing literature (Yu et al. 
2021a, 2021b). Yu and coworkers (Yu et al. 2021a, 2021b) analysed the surface-averaged 
value of displacement speed (i.e., 

(
Sd
)
s
= Sd|∇c|∕|∇c| (Trouvé and Poinsot, 1994; Boger 

et al., 1998), where the overbar signifies an appropriate averaging operation, and c is the 
reaction progress variable) for constant density reaction wave (Yu et al. 2021a) and vari-
able density premixed turbulent flames (Yu et  al. 2021b) using Direct Numerical Simu-
lations (DNS) data. The surface averaged value of displacement speed 

(
Sd
)
s
 is used for 

the FSD based closure but the information of the un-weighted displacement speed Sd  
is also necessary for both the FSD (Chakraborty and Cant, 2007a; Han and Huh 2008; 
Chakraborty and Cant 2009) and level-set (i.e., G− equation approach) (Peters 2000) based 
approaches. The governing equation of the level-set (i.e., G− equation) approach involves 
Sd , which also appears in the kinematic form of the reaction progress variable c transport 
equation. Moreover, Sd appears explicitly in the transport equation of |∇c| , which is similar 
to the flame surface ratio � = |∇G| transport equation in the context of level-set approach. 
This was discussed in detail by Bray and Peters (1994) and thus is not repeated here. In 
the transport equation of the flame surface ratio � = |∇G| , the quantities such as displace-
ment speed, flame surface ratio and flame curvature change in space and time. By the same 
token, the transport equation of Sd can be derived based on the kinematic form of the reac-
tion progress variable transport equation, which can also be used as the governing equa-
tion in the level-set approach (Bray and Peters, 1994). It is worth noting that this paper 
does not deal with the modelling of displacement speed but focuses on the analysis of the 
statistical behaviours of the different terms of the displacement speed transport equation. 
The statistical behaviours of the terms in the un-weighted displacement speed transport 
equation are yet to be analysed in detail for different regimes of premixed turbulent com-
bustion but this analysis is needed for the identification of the physical processes which 
affect the evolution of displacement speed within the flame front. This aspect is addressed 
in this paper by deriving a transport equation of flame displacement speed Sd from the first 
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principle. The mean behaviours of the terms of this transport equation have been analysed 
using three-dimensional DNS data of statistically planar turbulent premixed flames ranging 
from the wrinkled/corrugated flamelets regime to the thin reaction zones regime (Ahmed 
et al. 2019; Brearley et al. 2019; Varma et al. 2021). The main objectives of the present 
analysis are as follows:

(a) To demonstrate the mean behaviours of the various terms of the transport equation for 
flame displacement speed Sd for statistically planar flames ranging from the wrinkled/
corrugated flamelets regime to the thin reaction zones regime of premixed turbulent 
combustion.

(b) To provide physical explanations for the observed behaviours of the different terms in 
the Sd transport equation and their variations in response to the changes in Karlovitz 
number.

(c) To indicate the implications of the above findings from the point of view of premixed 
turbulent combustion modelling.

The rest of the paper is organised as follows. The mathematical background and numeri-
cal implementation related to the current work are provided in the next two sub-sections. 
After that results are presented and subsequently discussed. A summary of main findings is 
provided along with conclusions in the final section of this paper.

2  Mathematical Background

In premixed turbulent combustion, the reactive scalar field is often characterised by a reac-
tion progress variable c . The reaction progress variable c can be defined based on a suitable 
reactant mass fraction YR as: c = (YR0 − YR)∕(YR0 − YR∞) where subscripts 0 and ∞ refer to 
values in unburned gas and fully burned products, respectively. The transport equation of c 
is given by:

where �, uj,D and  ẇ are gas density,  jth component of fluid velocity, progress variable 
diffusivity and reaction rate of progress variable, respectively. Equation 1 can be rewrit-
ten in a kinematic form for a given c-isourface as dcc∕dt =

[
�c∕�t + Vj�c∕�xj

]
= 0 where 

Vj = uj + SdNj is the  jth component of the flame propagation velocity with ��⃗N = −∇c∕|∇c| 
being the local flame normal vector. According to these definitions, the flame normal 
points towards the reactants. The kinematic form of the reaction progress variable transport 
equation can alternatively be written as:

A comparison between Eqs. 1 and 2 yields the following expression for Sd (Poinsot and 
Veynante 2001):

Applying isosurface-tracking total derivative dc∕dt to Eq. 3 yields:

(1)𝜌[𝜕c∕𝜕t + uj𝜕c∕𝜕xj] = ẇ + ∇ ∙ (𝜌D∇c)

(2)
[
�c∕�t + uj�c∕�xj

]
= Sd|∇c|

(3)Sd = [ẇ + ∇ ∙ (𝜌D∇c)]∕𝜌|∇c|
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It has been demonstrated elsewhere (Pope, 1988; Dopazo et al. 2015, 2018) that dc|∇c|∕dt 
can be expressed as:

Using Eq. 5 in Eq. 4 yields:

For low Mach number globally adiabatic flames with unity Lewis number, the 
non-dimensional temperature � = (T − T0)∕(Tad − T0) can be equated to the reaction 
progress variable c , where T0 and Tad are the unburned gas temperature and adiabatic 
flame temperature, respectively. Under the assumption of unity Lewis number with 
low Mach number and globally adiabatic conditions, ẇ∕𝜌 becomes a function of c (i.e., 
ẇ∕𝜌 = f (c) ), which leads to:

In the non-unity Lewis number case ẇ∕𝜌 becomes a function of both c and � and thus under 
this condition dc(ẇ∕𝜌)∕dt does not become zero and its exact value depends on the value 
of Lewis number and the choice of chemical mechanism. The effects of non-unity Lewis 
number on the terms of the transport equation of Sd are kept beyond the scope of this anal-
ysis and will not be considered henceforth in this paper.

Subject to the assumption that the density-weighted diffusivity is constant (i.e., 
�D = const. ), one gets:

Taking the double derivative of dcc∕dt =
[
�c∕�t + Vj�c∕�xj

]
= 0 provides:

Substituting Eq. 9 in Eq. 8 provides:

Using Eq. 10 in Eq. 4 yields:

(4)
dcSd∕dt = (1∕|∇c|)dc

[
ẇ + ∇ ∙ (𝜌D∇c)∕𝜌

]
∕dt −

[
ẇ + ∇ ∙ (𝜌D∇c)∕𝜌|∇c|2

]
dc|∇c|∕dt

(5)dc|∇c|∕dt = −
(
aN + Nj�Sd∕�xj

)
|∇c|

(6)
dcSd

dt
=

dc

dt

[
ẇ + ∇ ∙ (𝜌D∇c)

𝜌|∇c|

]
=

1

|∇c|
dc

dt

[
ẇ + ∇ ∙ (𝜌D∇c)

𝜌

]
+ Sd

(
aN + Nj

𝜕Sd
𝜕xj

)

(7)dc(ẇ∕𝜌)∕dt = f �(c)dcc∕dt = 0

(8)

dc

dt

[
∇ ∙ (�D∇c)

�

]
=

dc

dt

(
D

�2c

�xj�xj

)
=

�2c

�xj�xj

dcD

dt
+ D

�2

�xj�xj

(
�c

�t

)
+ DVk

�2

�xj�xj

(
�c

�xk

)

(9)

�
�t

(

�2c
�xj�xj

)

+ Vk
�
�xk

(

�2c
�xj�xj

)

= 2
(

�uk
�xj

+ Sd
�Nk
�xj

+ Nk
�Sd
�xj

)

�
�xj

(

Nk|∇c|
)

+ Nk

|∇c|
[

�2uk
�xj�xj

+
�Sd
�xj

�Nk
�xj

+ Sd
�2Nk
�xj�xj

+
�Nk
�xj

�Sd
�xj

+ Nk
�2Sd
�xj�xj

]

(10)

dc
dt

[

∇ ∙ (�D∇c)
�

]

=
(

�2c
�xj�xj

)

dcD
dt

+ D
[

2
�uk
�xj

�Nk

�xj
|∇c| + Sd

�Nk

�xj

�Nk

�xj
|∇c|

+2
(

Nk
�uk
�xj

+
�Sd
�xj

)

�|∇c|
�xj

+ Nk|∇c|
�2uk
�xj�xj

+ |∇c|
�2Sd
�xj�xj

]
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The terms on the left-hand side of Eq.  11 are the transient and advection 
terms. The term T1 accounts for the effects of effective normal strain rate (i.e., 
a
eff

N
= NiNj�ui∕�xj + Nj�Sd∕�xj ) (Dopazo et al., 2015, 2018) on the flame displacement 

speed evolution, whereas T2 = D∇2Sd represents the molecular diffusion rate of Sd . The 
term T1 vanishes in the unstretched laminar planar premixed flame because aeff

N
 is identi-

cally zero under this condition. The term T3 arises due to the additional normal strain rate 
arising from flame normal propagation (i.e., Nj�Sd∕�xj ) (Dopazo et al., 2015, 2018) and 
will henceforth be referred to as the propagation term. The terms within T4 arise due to 
the correlations between flame normal and velocity gradients (representing the first and 
third sub-terms of T4 ) and the correlation between displacement speed and flame cur-
vature tensor components (representing the second sub-term of T4 ). The term T5 arises 
due to the involvement of �(ln|∇c|)∕�xj and the correlation between flame normal com-
ponents with the propagation velocity gradient (i.e., Nk�Vk∕�xj = Nk�uk∕�xj + �Sd∕�xj ). 
The flame is stationary (i.e., Vk = 0 ) for a steady state unstretched laminar premixed 
flame and thus, this term vanishes under this condition. The term T6 originates due to 
mass diffusivity variation because all the terms involve either temporal (see the first 
sub-term of T6 ) or spatial gradient of diffusivity (see second and third sub-terms of T6).

It is worth noting that 
(
Sd
)
s
= Sd|∇c|∕|∇c| depends on the correlation between Sd 

and |∇c| . Thus, the transport equation of 
(
Sd
)
s
 is different from the transport equation of 

the un-weighted displacement speed Sd as some additional terms appear in the transport 
equation of 

(
Sd
)
s
 . Interested readers are referred to Yu et al. (2021a, b) for the transport 

equation of 
(
Sd
)
s
 . The transport equation of 

(
Sd
)
s
 can be derived using chain rule using 

Eqs. 5 and 11. The present analysis will henceforth focus on the transport equation of 
Sd (i.e., Eq. 11) and the mean behaviours of T1, T2, T3, T4, T5 and T6 will be discussed in 
detail in the Results section of this paper.

3  Numerical Implementation

The statistical behaviours of T1, T2, T3, T4, T5 and T6 have been analysed using DNS simula-
tions of statistically planar premixed flames. These simulations have been conducted using 
a well-known code SENGA + (Jenkins and Cant, 1999; Chakraborty and Cant 2005, 2006, 
2007b; Klein et al. 2006; Chakraborty et al. 2011; Nivarti et al., 2019; Herbert et al. 2020; 
Ozel-Erol et al. 2021; Chakraborty et al. 2022). In SENGA + , all first and second-order 
derivatives for the internal grid points are evaluated using a 10th-order central difference 

(11)

�Sd
�t

+ uj
�Sd
�xj

= Sd

(
aN + Nj

�Sd
�xj

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T1

+D
�2Sd
�xj�xj

⏟⏞⏟⏞⏟
T2

−NjSd
�Sd
�xj

⏟⏞⏟⏞⏟
T3

+D

(
Nk

�2uk
�xj�xj

+ Sd
�Nk

�xj

�Nk

�xj
+ 2

�uk
�xj

�Nk

�xj

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T4

+2D

(
Nk

�uk
�xj

+
�Sd
�xj

)
�(ln|∇c|)

�xj
+

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T5

�2c

�xj�xj

1

|∇c|

(
�D

�t
+ uj

�D

�xj
+ NjSd

�D

�xj

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
T6
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scheme but the order of accuracy gradually drops to a one-sided 2nd-order scheme at the 
non-periodic boundaries (Jenkins and Cant, 1999; Chakraborty and Cant 2005, 2006, 
2007b; Klein et  al. 2006; Chakraborty et  al. 2011; Herbert et  al. 2020; Ozel-Erol et  al. 
2021; Chakraborty et  al. 2022). An explicit 3rd order low storage Runge–Kutta scheme 
(Wray 1990) is used for time advancement. The simulation domain has inlet and outlet 
boundaries in the direction of mean flame propagation (i.e., x−direction), whereas trans-
verse boundaries are taken to be periodic. The outflow boundary is taken to be partially 
non-reflecting and specified using the Navier–Stokes Characteristic Boundary Conditions 
(NSCBC) technique (Poinsot and Lele 1992). The mean inlet velocity Umean at the inlet 
boundary is gradually altered to match the turbulent burning velocity so that the flame 
remains stationary in the statistical sense within the computational domain. A pseudo-
spectral method (Rogallo 1981) is used for the initialisation of the fluctuating velocity field 
by utilising a homogeneous isotropic incompressible distribution following the Batchelor-
Townsend spectrum (Batchelor and Townsend, 1948) for prescribed values of root-mean-
square turbulent velocity u′ and the integral length scale of turbulence l . The scalar field is 
initialised by a steady unstretched laminar flame solution. The turbulence in the unburned 
gas is forced using a modified bandwidth forcing (Klein et al. 2017) in physical space with 
a forcing term proportional to (1 − c) , which maintains both the required values of root-
mean-square velocity u′ and the integral length scale of turbulence l in the unburned gas. 
The simulation domain size, the uniform Cartesian grid for discretisation along with the 
inlet values of root-mean-square turbulent velocity fluctuation normalised by the unstrained 
laminar burning velocity u�∕SL , integral length scale to the Zel’dovich flame thickness ratio 
l∕�z , Damköhler number Da = lSL∕u

��z , Karlovitz number Ka =
(
u�∕SL

)3∕2(
l∕�z

)−1∕2 
and heat release parameter � = (Tad − T0)∕T0 are listed in Table 1 where the Zel’dovich 
flame thickness �z is defined as: �z = �T0∕SL with �T0 and SL being the thermal diffusivity 
and unstrained laminar burning velocity, respectively. The locations of these cases on the 
Borghi-Peters diagram are shown in Fig.  1 and also mentioned in Table  1, which indi-
cate that the cases considered here span from the wrinkled flamelet regime to the high 
Karlovitz number thin reaction zones regime. The grid spacing used here ensures at least 
10 grid points within �th = (Tad − T0)∕max|∇T|L where T , T0 and Tad are the dimensional 
temperature, unburned gas temperature and the adiabatic flame temperature, respectively. 
The Kolmogorov length scale � is well-resolved with 1.5–2.0 grid points for the simulation 
parameters considered here.

The chemical mechanism is simplified in the current analysis by a single-step Arrhenius 
mechanism representing stoichiometric methane-air flame in this analysis in the interests 
of computational economy allowing for a detailed parametric analysis. The Lewis num-
ber of all the species is taken to be unity and the gaseous mixture is taken to be perfect 
gases. Standard values are taken for Prandtl number (i.e., Pr = 0.7 ), Zel’dovich number 

Table 1  Simulation parameters for all cases considered in this analysis

u�∕SL l∕�z Da Ka � Domain size Grid size

Case—A 1.0 5.25 5.25 0.44 4.5 140.7 �z ×(70.35 �z)2 800 ×(400)2

Case—B 3.0 5.25 1.75 2. 4.5 140.7 �z × .  (70.35 �z)2 800 ×(400)2

Case – C 5.0 5.25 1.05 4.88 4.5 140.7 �z × (70.35 �z)2 800 ×(400)2

Case – D 7.5 5.25 0.7 8.96 4.5 140.7 �z × (70.35 �z)2 800 ×(400)2

Case—E 10.0 5.25 0.525 13.80 4.5 140.7 �z × (70.35 �z)2 800 ×(400)2
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(i.e., � = Tac
(
Tad − T0

)
∕T2

ad
= 6.0 where Tac is the activation temperature), ratio of specific 

heats (i.e., � = 1.4 ) and the density-weighted diffusivity �D is taken to be constant for the 
sake of simplicity. It was demonstrated by Keil et al., (2021a, b) that the flame displace-
ment speed statistics obtained from simple chemistry DNS of stoichiometric methane-air 
premixed flames remain in good qualitative agreement with the corresponding detailed 
chemistry simulations (Keil et al. 2021a, b) within the Karlovitz number range considered 
here. The quantitative differences in flame displacement speed statistics between simple 
and detailed chemistry DNS for the Karlovitz number range considered here remain com-
parable to the uncertainties associated with the different definitions of reaction progress 
variable in detailed chemistry simulations (Keil et al. 2021b). All the cases listed in Table 1 
have been simulated until the desired values of both turbulent kinetic energy and integral 
length scale have been obtained and also the turbulent burning velocity ST and flame sur-
face area AT attain statistically stationary states. The simulation times for all cases remain 
greater than the through-pass time (i.e., tsim > Lx∕Umean ) and are equal to at least 10 eddy 
turnover times (i.e., tsim > 10l∕u�).

The distributions of c in the x − y midplane for cases A–E are shown in Fig. 2a–e, respec-
tively. The appearance of isolated pockets of unburned gas within the burned gas region in 
2D planes shown in Fig. 2 originates due to intersection of flame wrinkles with the plane 
but they are not truly unburned gas pockets. This can be verified from the isosurfaces of c 
isosurfaces, which are shown elsewhere (Ahmed et al. 2019; Varma et al. 2021) and thus 
are not repeated here. Figure 2a–e show that c-isosurfaces are parallel to each other in case 
A where the flame shows wrinkling due to large-scale turbulent motion, as expected in the 
wrinkled/corrugated flamelets regime. However, the preheat zone in cases B–E is affected 
by the small-scale turbulent eddies, which is reflected in the local occurrences of flame 
thickening in accordance with the expectations for the thin reaction zones regime combus-
tion (Peters 2000). The scale separation between �th and � increases with increasing Karlo-
vitz number Ka and thus the localised flame thickening is not significantly evident in case B, 
but this aspect can be seen from Fig. 2c–e for cases C–E. As the flame structure is affected 
by the regime of combustion, it can be expected that the evolution of the flame displacement 
speed is going to be affected by the regime of combustion (i.e., with Ka).

Fig. 1  The cases considered here 
on the regime diagram
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4  Results and Discussion

The profiles of mean values of Sd∕SL conditioned upon c for cases A–E are shown in Fig. 3, 
which shows that the mean value of Sd∕SL increases from the unburned to the burned gas 
side of the flame front as a result of density change due to thermal expansion. It is worth 
noting that |∇c| assumes vanishingly small values for both c = 0.0 and 1.0, and thus to 
avoid numerical uncertainties the data in the range 0.95 > c > 0.05 is only shown in Fig. 3 
and subsequent figures. The mean values of Sd∕SL for cases A-E remain comparable and 
the differences between cases remain smaller than their standard deviations (not shown 
here). The mean value of Sd∕SL conditioned upon c  remains close to (1 + �c) for all cases 
but the standard deviation of Sd∕SL increases from cases A to E (not shown). Thus, it is 
worthwhile to consider whether all the terms of the displacement speed transport equation 
(i.e., Eq. 11) behave similarly in different combustion regimes.

The profiles of the normalised mean values of the terms on the right-hand side 
of Eq.  11 conditioned upon c are shown in Fig.  4a–e for cases A-E, respectively. It 
can be seen from Fig.  4a–e that the behaviours of the variations of the mean values of 
{T1, T2, T3, T4, T5, T6} × �T0∕S

3

L
 change from one case to another. The profiles of the nor-

malised mean values of the total contributions of left and right-hand sides of Eq. 11 con-
ditioned upon c for cases A-E are shown in the Appendix, which shows an excellent agree-
ment between both sides of this equation was obtained. In all cases the magnitude of T6 
remains vanishingly small in comparison to the magnitudes of T2, T3 and T4 , which act as 
leading order contributors to the displacement speed evolution within the flame front. It 
can be seen from Fig. 4a–e that the magnitudes of T1 and T5 remain small in comparison 
to T2, T3 and T4 in case A but T1 and T5 assume comparable magnitudes as those of T2, T3 
and T4 in cases B-E. For all cases T2 assumes positive mean values towards the unburned 
gas side before becoming negative for c > 0.7 . The mean value of T3 reaches the maxi-
mum value at around c = 0.7 , but in cases A and B, the mean values of T3 assume positive 
values, whereas the mean values of T3 in cases D and E remain negative throughout the 
flame front. The mean value of T3 assumes negative values towards the unburned gas side 
but becomes positive towards the burned gas side for cases B and C. The mean value of 
T4 remains positive throughout the flame for cases B-E but in case A it assumes negative 
values for 0.4 < c < 0.6 , whereas just a dip in the mean positive value of  T4 is observed in 

Fig. 2  Distributions of c in the central x − y midplane for cases (a–e) A–E
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cases B-E. The term T5 assumes negative values for a major part of the flame but becomes 
weakly positive towards the burned gas side for all cases considered here.

To understand the observed behaviours of the terms shown in Fig.  4a–e, it is worth-
while to consider the variations of the mean values of the components of individual terms 
in Eq. 11. The profiles of the mean values of the components of T1  given by T (i)

1
= SdaN 

and T (ii)

1
= SdNj�Sd∕�xj conditioned upon c for cases A-E are shown in Fig.  5a–e, 

Fig. 3  Profiles of mean values 
of Sd∕SL conditioned upon c for 
cases A–E

Fig. 4  Profiles of the normalised mean values of {T1,T2,T3,T4,T5,T6}  and LHS of Eq.  11 conditioned 
upon c for cases (a–e) A–E
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respectively. The terms T (i)

1
 and T (ii)

1
 assume positive and negative mean values and they 

almost cancel each other in case A. The likelihood of positive values of T (i)

1
 decreases 

from case B-E, which is reflected in the decrease in the range of reaction progress vari-
able for which positive mean values of T (i)

1
 are obtained. Moreover, the magnitude of nega-

tive mean values of T (i)

1
 towards both unburned and burned gas sides of the flame front 

increases from case B to case E. The normal strain rate aN can alternatively be expressed 
as: aN = (e�cos

2�� + e�cos
2�� + e�cos

2�� ) where e� , e� and e� are the most extensive prin-
cipal strain rate, intermediate principal strain rate and the most compressive principal 
strain rate, respectively and �i is the angle between ∇c and the eigenvector associated with 
ei (where i = �, � and � ). It has been discussed elsewhere (Chakraborty and Swaminathan 
2007; Chakraborty et al. 2009) that ∇c in turbulent premixed flames preferentially colline-
arly aligns with the eigenvector associated with e� (i.e., |cos��| ≈ 1.0 ) when the strain rate 
induced by flame normal acceleration overwhelms turbulent straining, which is realised for 
𝜏Da > 1.0 (Chakraborty and Swaminathan 2007; Chakraborty et  al. 2009). By contrast, 
for 𝜏Da < 1.0, the reactive scalar gradient ∇c in turbulent premixed flames preferentially 
collinearly aligns with the eigenvector associated with e� (i.e., |cos�� | ≈ 1.0 ) as a result of 
turbulent strain rate dominating over the strain rate induced by flame normal acceleration 
(Chakraborty and Swaminathan 2007; Chakraborty et al. 2009). However, even for these 
cases, a collinear alignment of ∇c with the eigenvector associated with e� can be obtained 
in the region of intense heat release within the flame. As the eigenvectors are mutually 
perpendicular to each other, a preferential alignment of ∇c with the eigenvector associated 
with e� gives rise to a positive value of T (i)

1
 in case A. However, the extent of alignment of 

∇c with the eigenvector associated with e�  ( e� ) increases (decreases) from case A to case E 
with a decrease in Da . Moreover, the alignment of ∇c with the eigenvector associated with 
e� is particularly strong on both unburned and burned gas sides of the flame where the heat 
release effects are weak and thus T (i)

1
 assumes negative values in these regions in cases B-E 

with the magnitude of the negative values increasing from case B to case E. However, posi-
tive mean–values of T (i)

1
 are obtained for 0.5 < c < 0.8 where thermal expansion effects are 

strong in cases B–E.

Fig. 5  Profiles of { T (i)

1
 and T (ii)

1
} × �T0∕S

3

L
  conditioned upon c for cases (a–e) A–E
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In order to explain the mean behaviour of T (ii)

1
 , it is worthwhile to consider the com-

ponents of Sd =
(
Sr + Sn

)
− 2D�m (Peters et  al. 1998; Echekki and Chen 1999) where 

Sr = ẇ∕𝜌|∇c| and Sn = ��⃗N ∙ ∇(𝜌D��⃗N ∙ ∇c)∕𝜌|∇c| are the reaction and normal diffusion com-
ponents of displacement speed, respectively (Peters et al. 1998; Echekki and Chen 1999) 
and �m = 0.5�Ni∕�xi is the flame curvature which is positive (negative) when the flame 
is convex (concave) towards the reactants. This suggests that the mean values of Sd for 
statistically planar flames remain close to the mean values 

(
Sr + Sn

)
 because the mean con-

tribution of (−2D�m) remain negligible. This was demonstrated elsewhere (Chakraborty 
and Cant 2004, 2005) and a similar behaviour was found in this database. The mean 
value of 

(
Sr + Sn

)
 increases with increasing c , which leads to the negative mean value of 

Nj�(Sr + Sn)∕�xj . However, −2Nj(�D�m)∕�xj assumes positive mean values due to the 
increase in D with increasing c . The contribution of ( −2D�m ) to Sd remains weak for small 
values of Ka but this contribution strengthens with increasing Ka , which is consistent with 
the scaling arguments by Peters (2000). Thus, Nj�(Sr + Sn)∕�xj remains the major contri-
bution for small values of Ka , whereas the mean contribution of −2Nj(�D�m)∕�xj becomes 
important for high Ka flames. Therefore, the mean value of T (ii)

1
 remains mostly negative 

for cases A and B, whereas the mean value of T (ii)

1
 remains mostly positive for cases D 

and E and the mean value of T (ii)

1
 assumes positive (negative) values towards the unburned 

(burned) gas side of the flame in case C. A comparison between the expressions of T (ii)

1
 and 

T3 from Eq. 11 reveals T3 = −T
(ii)

1
 and thus the variation of the mean values of T3 with c is 

opposite to that of T (ii)

1
 . The term T3 and T (ii)

1
 are retained in Eq. 11 in order to indicate the 

origin of the terms in the displacement speed transport equation.
For low-Mach number, unity Lewis number globally adiabatic premixed flames, the dis-

placement speed Sd can be expressed as: (Chakraborty and Cant 2004, 2005):

As the dilatation rate (�uj∕�xj) scales as: (�uj∕�xj) ∼ �SL|∇c| (Chakraborty and Cant 2004, 
2005), �2Sd∕�xj�xj  can be scaled as �2Sd∕�xj�xj ∼ �SL�

2c∕�xj�xj . The term �2c∕�xj�xj 
assumes positive (negative) mean values towards the unburned (burned) gas side of the 
flame front (Chakraborty and Cant 2004, 2005) and thus the mean value of T2 exhibits 
positive (negative) values on the unburned (burned) gas side.

The distributions of ẇ and ∇ ∙ (�D∇c) for the different values of c for the steady-state 
unstretched laminar flame for the present thermochemistry are shown in Fig. 6 for the purpose 
of supporting the arguments made above regarding the variations of ∇2c (and also for other 
quantities, which will be discussed later). It can be seen that ẇ in the steady state laminar 
flame assumes a non-negligible value for c > 0.5 and assumes a peak value around c = 0.8 . 
By contrast, ∇ ∙ (�D∇c) takes positive values towards the unburned gas before assuming 
negative values towards the burned gas side. As �D is assumed to be constant for this data-
base, the variation of ∇ ∙ (�D∇c) shown in Fig. 6 originates due to ∇2c . This behaviour is 
qualitatively similar to previous DNS results for turbulent premixed flames (Chakraborty and 
Cant 2004, 2005). This suggests that �2Sd∕�xj�xj ∼ �SL�

2c∕�xj�xj is expected to assume 
positive (negative) mean values towards the unburned (burned) gas side of the flame front. 
It can be seen from Fig. 6 that ẇ + ∇ ∙ (𝜌D∇c) = 𝜌Sd|∇c| remains identical to �0SL|∇c| for 
the unstretched 1D laminar premixed flame and the maximum value of �0SL|∇c| is obtained 
around c ≈ 0.7 . This suggests that Nj�|∇c|∕�xj in the 1D unstretched laminar premixed 
flame assumes negative value towards the unburned gas side but it becomes positive towards 

(12)Sd = (�uj∕�xj)(1 + �c)∕�|∇c|
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the burned gas side of the flame front. This will be utilised to explain the mean behaviours of 
T4 and T5 in turbulent flames, which will be discussed next in the paper.

The profiles of mean values of the components of  T4 (i.e., T (i)

4
= DNk�

2uk∕�xj�xj, T
(ii)

4
=

DSd(�Nk∕�xj)(�Nk∕�xj) and T (iii)

4
= 2D(�uk∕�xj)(�Nk∕�xj) ) conditioned upon c for cases 

A–E are shown in Fig. 7a–e, respectively. Figure 7a–e show that the mean values of T (i)

4
 remain 

the major contributor to the mean value of T4 for all cases. The term (�Nk∕�xj)(�Nk∕�xj) can 
be expressed as:

where Ni,j refers to (�Ni∕�xj) . The above expression indicates that the net contribution of 
the  2nd to  4th terms on the right-hand side of Eq. 13 is likely to be small. Thus, the behav-
iour of T (ii)

4
 is principally dictated by 4DSd�2

m
= 4D

(
Sr + Sn

)
�2
m
− 8D2�3

m
 . For statisti-

cally planar flames �m exhibits mostly symmetric distribution around the zero-mean value 
(Chakraborty and Cant 2004, 2005) and thus the mean contribution of (−8D2�3

m
) remains 

negligible in comparison to the mean contribution of 4D
(
Sr + Sn

)
�2
m
 , which scales as 

4D
(
Sr + Sn

)
�2
m
∼ 4D�0SL�

2
m
∕� . The range of curvature values (or the width of curvature 

probability density function) increases with increasing flame wrinkling with an increase 
in u�∕SL and thus the mean contribution of T (ii)

4
 remains positive but the magnitude of the 

mean value of T (ii)

4
 increases from case A to case E. To explain the behaviours of T (i)

4
 and 

T
(iii)

4
 , it is worthwhile to consider a steady laminar flame condition, especially for the cases, 

which represent the flamelet regime of combustion. For a steady-state unstretched laminar 
flame condition, one gets uk = −SdNk , which leads to:  T (i)

4
= −T2 + T

(ii)

4
 and T (iii)

4
= −T

(ii)

4
 . 

It can indeed be seen from Fig. 7a that the positive mean value of T (ii)

4
 is cancelled by T (iii)

4
 . 

Although this is not maintained in cases B-E, the mean value of T (iii)

4
 remains negative in 

constrast to positive mean values of T (ii)

4
 throughout the flame front. The mean behaviour of 

T
(i)

4
 is mostly qualitatively opposite to that of T2 but the positive mean contribution of T (ii)

4
 

tends to reduce the negative mean value of T (i)

4
 . The large magnitudes of mean values of T2 

make the mean value of T (i)

4
 as the major contributor of the mean value of T4 in all cases 

considered here.

(13)
(�Nk∕�xj)(�Nk∕�xj) = 4�2

m + (N2
1,2 + N2

2,1 − 2N1,1N2,2) + (N2
1,3

+ N2
3,1 − 2N1,1N3,3) + (N2

2,3 + N2
3,2 − 2N2,2N3,3)

Fig. 6  Profiles of 
{ẇ,∇ ⋅ (�D∇c), ẇ + ∇ ⋅ (�D∇c),
{

�0SL|∇c|
}

× �T0∕�0S2L  
conditioned upon c for 1D 
steady state unstretched laminar 
premixed flame
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The profiles of mean values of the components of T5 (i.e., 
T
(i)

5
= 2DNk(�uk∕�xj)(�ln|∇c|∕�xj) and T

(ii)

5
= 2D(�Sd∕�xj)(�ln|∇c|∕�xj) ) conditioned 

upon c for cases A-E are shown in Fig. 8a–e, respectively. It can be seen from Fig. 8a–e that 
the variations of the mean values of T (i)

5
 and T (ii)

5
 are opposite to each other and thus, T5 does 

not play a leading role in the transport of Sd in case A where T (i)

5
 and T (ii)

5
 cancel each other. 

In the steady laminar flame, one gets: T (i)

5
= −2D(�Sd∕�xj)(�|∇c|∕�xj)(1∕|∇c|) = −T

(ii)

5
 

and positive (negative) values of T (ii)

5
 towards the unburned (burned) gas side of the flame-

front with a transition from the positive to the negative value where the peak value of |∇c| 
is obtained (i.e. c ≈ 0.7 for the present thermochemistry). This suggests that negative (posi-
tive) values of T (i)

5
 .  towards the unburned (burned) gas side of the flame front. The qualitative 

behaviour of the mean values of T (i)

5
 and T (ii)

5
 in turbulent flames are found to be similar to the 

corresponding variations in the steady unstretched laminar flame case.

Fig. 7  Profiles of {T (i)

4
,T

(ii)

4
 and T (iii)

4
} × �T0∕S

3

L
  conditioned upon c for cases (a–e) A–E

Fig. 8  Profiles of {T (i)

5
and T

(ii)

5
} × �T0∕S

3

L
  conditioned upon c for cases (a–e) A–E
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Subject to the assumption of �D = constant , T
(i)

6
  can be expressed as: 

T
(i)

6
= D∇2c

(
�uj∕�xj

)
∕|∇c| .  and T (ii)

6
= −D∇2c

(
�uj∕�xj

)
∕|∇c| . This suggests that T (i)

6
 .  

and T (ii)

6
 are expected to cancel each other in all cases. It is worth noting that the mean con-

tribution of T6 may not be zero when �D ≠ constant but this term is not expected to play a 
leading role in the displacement speed transport.

The foregoing discussion suggests that the gradient-based or two-point statistics related 
to fluid-dynamic normal straining, reactive scalar gradient and flame curvature are expected 
to play pivotal roles in the evolution of flame displacement speed statistics, which is quali-
tatively consistent with a recent study that employed Lagrangian tracking to analyse the dis-
placement speed statistics along the trajectory of a fluid parcel (Dave and Chaudhuri 2020). 
This is in turn reflected in the appreciable correlations of displacement speed with fluid-
dynamic strain rates and flame curvature, which have been reported widely in the existing 
literature (Peters et al. 1998; Echekki and Chen 1999; Chen and Im, 1998; Chakraborty and 
Cant 2004, 2005, 2006, 2007b; Klein et al. 2006; Chakraborty et al., 2007b; Chakraborty 
et al. 2011; Nivarti et al., 2019; Herbert et al. 2020; Ozel-Erol et al. 2021; Chakraborty et al. 
2022). Furthermore, the qualitative behaviours of T2, T4 and T5 are found to be qualitatively 
similar to the expected behaviours in the case of 1D steady unstretched laminar premixed 
flame. However, the qualitative behaviour of the relative importance of the displacement 
speed transport equation terms, which are associated with the normal strain rate and curva-
ture dependence of displacement speed, change with the variations in Damköhler and Kar-
lovitz numbers (i.e., regime of combustion). This behaviour originates due to the change 
in the (a) relative alignment of ∇c with strain rate eigenvectors and (b) the strength of the 
correlation between displacement speed and curvature with the variation of Da .  and Ka. It 
is also worth noting that these changes with the regime of combustion are routinely consid-
ered in the flamelet modelling framework (e.g. Peters 2000; Chakraborty and Cant, 2007a; 
Chakraborty and Cant 2009; Chakraborty and Swaminathan 2007; Chakraborty et al. 2009). 
Thus, the flamelet assumption has the potential to be applied for the modelling of the terms 
of the displacement speed transport equation terms for moderate values of Karlovitz number 
provided the modifications of the (i) relative alignment of ∇c with strain rate eigenvectors 
and (ii) the strength of the correlation between displacement speed and curvature with the 
variation of Da .  and Ka .  are appropriately accounted for.

5  Conclusions

A transport equation of flame displacement speed has been derived based on the first princi-
ple subject to some usual assumptions related to thermochemistry and molecular transport. 
The mean behaviour of the terms of the flame displacement speed transport equation has been 
analysed based on a DNS database of statistically planar turbulent premixed flames ranging 
from the wrinkled/corrugated flamelets regime to the thin reaction zones regime with moderate 
values of Karlovitz number. It has been found that the qualitative behaviour and/or the rela-
tive importance of the terms of the displacement speed transport equation, which are associated 
with the normal strain rate and curvature dependence of displacement speed, change with the 
variations of Damköhler and Karlovitz numbers. The contributions arising from molecular dif-
fusion and flame curvature act as leading order terms in all combustion regimes, and the contri-
butions of flame normal straining and reactive scalar gradient do not play a significant role for 
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the flames belonging to the wrinkled/corrugated flamelets regime, but these terms become lead-
ing order contributor for the flames representing the thin reaction zones regime. The findings of 
the current analysis suggest that the gradient-based or two-point statistics-based effects arising 
from fluid-dynamic normal straining, reactive scalar gradient and flame curvature play pivotal 
roles in the evolution of flame displacement speed.

The present analysis has been conducted in the context of simple chemistry and unity 
Lewis number as a starting point for the analysis of the displacement speed transport equa-
tion. Thus, further analyses in the presence of detailed chemistry and transport will be 
needed for a deeper understanding and further insights into differential diffusion effects 
(e.g., non-unity Lewis number effects) on the displacement speed evolution. This will be 
the platform for further investigation in this regard.

Appendix

The profiles of the normalised mean values of (�Sd∕�t + uj�Sd∕�xj) × �T0∕S
3

L
 and 

{T1 + T2 + T3 + T4 + T5 + T6} × �T0∕S
3

L
 conditioned upon c are shown in Fig. 9a–e for 

cases A–E, respectively. The y-range for the plots in Fig. 9a–e are kept the same as that 
of Fig. 4a–e for the sake of comparison. It can be seen from Fig. 9a–e that the good agree-
ment (i.e., maximum error of 2%) between LHS and RHS of Eq. 11 has been achieved for 
all cases considered here.

Fig. 9  Profiles of the normalised mean values of (�Sd∕�t + uj�Sd∕�xj) × �T0∕S
3

L
 (LHS) and 

{T1 + T2 + T3 + T4 + T5 + T6} × �T0∕S
3

L
 .  (RHS) conditioned upon c for cases (a–e) A–E
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