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Abstract
We develop a constructive method for computing explicitly multivariate Bessel expan-
sions of the type

Ju, (&mxi)
1%:1 H (Emxi )M '

assuming that for a particular value 7 a closed expression for the single-variable Bessel
expansion

Z ] (me)
m=1 ST (Cmx)"

as a power series of x2/, j € N, is known. Using the method we compute in a closed
form a bunch of examples of multivariate Bessel expansions.
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1 Introduction

In 2022 we commemorated the first centenary of Watson’s celebrated masterpiece
A treatise on the theory of Bessel functions [19]; see also [14]. Although one hundred
years have passed since the first edition of this fundamental book was published, there
are still some interesting problems about Bessel functions to be addressed. One of them
is related to Bessel expansions in several variables. Watson displayed just a couple
of bivariate expansions: the Kneser-Sommerfeld expansion [19, § 15.42, p. 499] (by
the way, this expansion is likely the only mistake in Watson’s book: see [13]), and a
particular example of a Neumann series [19, § 16.32, p. 531]. And it is enough to take
alook at [16, Sect. 5.7] or [1, Sect. 6.8] to realize that only a few two variable Bessel
series of the form

Dy Gnx1) iy (Gnx2)

m>1

have been explicitly computed if we compare to single-variable ones (see also [4, 10,
12]). Even less is known if we consider multivariate Bessel series with an arbitrary
number of variables (see [17]). That also happens in the more studied case when the
sequence ¢, is the sequence of zeros jy,; ,, of other Bessel function J,,.

Of course, this is not surprising because the multivariate case is more difficult to
handle than the single-variable one.

The purpose of this paper is to improve that situation. To do that, we develop a
method for computing in a closed form multivariate Bessel expansions of the type

Ju,({m-xl
n;l '"H Cnxi)e (b

assuming that for a particular value 1, a closed expression for the single-variable Bessel
expansion

3 InGmx) (1.2)

pt (Gmx)"

as a power series of X2, j € N, is known.
Using our method, we compute explicitly a bunch of multivariate Bessel expansions,
among which are (for n € Z)

2n—1 k .
Z ]r]r)l o l_[ J/i.i (Jm,vxi.)’ (1.3)
Jos1(m) im1 (Jm,vxi)Hi

m>1

v—2n—1

k .
Ji v Jp.,- (]m,vxi)
P — [ [, (1.4)

=l (]m,v - Zz)Jv+1(]m,v) il (Jm,pXx)Hi
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How to compute multivariate Bessel expansions...

5 (—1ym lﬁ[J,L,mez/eri)

) (1.5)
1 (1 4+ m?2/9%)n i (/1 + m2 /02 x;) ki
)\’1;1—2n K Jui()\mxi)
2 (A2, —v2+ HY)J, (% )1_[ omxi )i (1.6)
m>1 m v\sim i=1 mai
b " b Ty i)
2 (A2, —22)(02, —v2 + HY) I, (x )H O )i (1.7)
m>1 "M m vidm) o mXi

where in the last two expansions A, are the positive zeros (ordered in increasing size)
of the function

2, () + HJy(z), v>—1,v+H>0.

The method is explained in full detail in Sect.4. In order to establish our method
we prove in Sect. 3 a theorem on multivariate cosine expansions which has interest by
itself (see Theorem 3.1); this theorem is the bridge which allows us to move from the
single-variable Bessel expansion (1.2) to the multivariate one (1.1).

In Sect.5, we consider the case when the particular Bessel series (1.2) is a poly-
nomial in certain interval; this includes the expansions (1.3) and (1.6). We show that
associated to this type of Bessel expansions are the so-called Bessel-Appell polyno-
mials, i.e., one-parameter sequences of polynomials (py ), defined by a generating
function of the form

J (xz)
( )l/- —anu(x)z )

where A is a function analytic at z = 0. In particular, they satisfy
p,/%u(x) = _xl’n—l,;u-l(x), n>1.
The multivariate Bessel series (1.1) can then be explicitly summed from the Taylor

coefficients of the analytic function A. For the benefit of the readers, we display here
one of our results in full detail. Denote by

C=C\(-1.-2.-3...)} (1.8)
and, for w > 0,
k
oy = {0x11) € R Y Il < 0, (1.9)
i=1
k
wa]:{(xl,...,xk)esz[w]:]_[x,- ;éo}. (1.10)

i=1
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We then prove that forv > —1, v+ H > 0, u; € @,i =1,...,k, withv <
2n+ (k+1)/2 + Zf;l Rep; and (x1,...,x) € QE‘I], the multivariate Dini-Young
expansion (1.6) is equal to the polynomial

k 2 4\l
H,v (_xi /4)
ay Z 1_[ 20T (i + 1+ 1)

=0 h+-+h=li=1

n

where (af "), is the sequence defined by the generating function

v

2 = iaH’vzzn‘
2((H-h@ +2hak) =

In Sect.6 we extend our results to the case when the particular Bessel series (1.2) is
not a polynomial but still can be expanded in powers of x>/, j € N (which includes
the expansions (1.4), (1.5) and (1.7)). Here is an example in full detail. For Rev <
2n + Zle Rew; + (k +5)/2 and (x1,...,xx) € QE], the multivariate Dini-Young
expansion (1.7) is equal to

k

1 < z" 1—[ Jy; (xi2)
22\ 2((H = v) 1y (2) + 21y-1(2)) +1 (g

i=1

. ! k 2 l;
_ 2 H.ov (=x; /4)"
gz jX::Oal_j > nzﬂili!F(lLiJrliJrl) .

h++i=ji=1

When the particular Bessel series (1.2) cannot be expanded in powers of x2/, j € N,
the application of our method is much more complicated. In Appendix A (“Multivariate
Sneddon expansion” section), we consider an example of such situation. We can still
obtain some result but not as complete as in the previous scenario. We have considered
the multivariate Sneddon expansion

2v—2

k .
Z zjm,v. JIL.i (]m,\)xi.) . (L11)
JU+](Jm,v) ie1 (Jm,vxi)#’

m>1

The case k = 2 has been summed in [9] for 2Rev < 1 4+ Reu; + Reup and 0 <
x +y < 2 (seealso [18, §2.2] and [13]). For k > 3, we consider the sets

k
AIT|r = {(xl,...,xk) c RF :Vjx; >0, ij < 2, ij <xl~}, i=1,...,k,
j=1 i
(1.12)
k
A;*:{(xl,...,xk)eRk:ij<2, Vi0<xi<Zx/~} (1.13)
i=l i
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(notice that for k = 2, A} = ).
Assuming that one of the parameters y; isequal to —1/2, we have explicitly summed
the expansion (1.11) in the piece A;r. More precisely using the symmetry of (1.11)

we can take u; = —1/2, and then we have
2p— k . B
Z ]V%ll,}v 2 JIL[ m,vXi) _ 2%V ZF(U + 1)2

J,,2+1(jm,u) el (Jm pxi )P - v ]_[i;l 28T (i + 1)

m>1
/,l,l o k lei
—2v-2j i
—1 . — . -t
x * ( v ) Z(V)](v H) Z l_[ LY (i + 1)
j=0 L+tl=ji=2 i
(1.14)

forv, ju; € C,i =2,...,k, with2Rev < 2n+k/2+ Y*_ Rew; and (x1, ..., x) €
Afr. Moreover, we have computational evidence showing that the sum (1.14) also
holds when @1 # —1/2, but we have not been able to prove it.

We have also failed summing the expansion (1.11) in the piece A;|r (1.13).

2 Preliminaries

Throughout this paper, by J‘; ff) we denote the even entire function
1 o (=D"(z/2)%
R N T -
28 nC(uw+n+1)
n=0
As usual, (a), denotes the Pochhammer symbol
I'(a+n)

@p=a@+@+2)...(a+n—1)= T

(with n a nonnegative integer).

The zeros of the even function J,(z)/z", are simple and can be ordered as a double
sequence (jm,v)mez\{0} With j_m v = —jim,v and 0 < Rejp, v < Rejiyyq, form > 1
[19, § 15.41, p. 497]. The imaginary part of these zeros is bounded and, when m is a
sufficiently large integer, there is exactly one zero in the strip mm + ZRev + % <

Rez < (m 4+ D + ZRev + 7 [19, §15.4, p. 497], so that

fim  mel
m—+00 Tm

Forv > —1 and H + v > 0, the zeros A,,, m > 1, of zJ,(z) + H J,(z) interlace the

zeros of the Bessel function J, [19, § 15.23, p. 480]. In particular, they are positive
and increasing.
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We will also use the well-known estimate

0 < ¢ < Jos1 Gm)imnl < C

for some constants ¢ and C not depending on m.
Bessel functions satisfy the bound

|Imz|

[Jp(2)| < CW’

for |z| large enough, with a constant C depending only on 8. To be precise, for
|z] > &€ > 0 and B on a compact set K, there is a constant C depending only on ¢ and
K, as follows from [15, Eq. 10.4.4 and § 10.17(iv)].

We also use the well-known identity

d (LY )
= < > = —x . Q2.1

XK P an

For p and n satisfying Rew > Ren > —1, consider the integral transform 7},
given by

Tyun(f)(x) = / fles)s?tha —sHr1=lds  (2.2)

21== 1F< )

(with a small abuse of notation, we will often write T}, ,(f(x)) if it does not cause
confusion).
Sonin’s formula for the Bessel functions [19, 12.11(1), p. 373] can be written as

Ju (x) J,,(xs) S0+
Xt 2mn llﬂ(lt—n) (xs)7

J
=T, <%> 23)

valid for Rey > Ren > —1.
For 2Ren 4+ r + 2 > 0, we also have

(1 —sHrn1gs

Fm+5+1
2071 (e + 5 + 1)

Ty y(x") = x", (2.4)

where we have used that
1 rEEHre +1
/ 571 — sH)P ds = # Rea,Reb > —1.
0 Ar(E +h4+1)

The identity (2.3) can be extended for Ren < —1 as follows. For u € C, n € C,
n # —3/2,—-5/2, ..., and a positive integer h satisfying Ren > —h/2 — 1, Repn >
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Ren + h, consider the integral transform 7}, ; ; given by

(—=Dhantl=nr 2y 4 2)
C'(w—nl@2n+2+h)

1 gh
x_/1 giﬁ(f<xs>(1——sz)“‘”“)sz”+h+lds- 23)
0 N

Tu,n,h(f)(x) =

It is then easy to check that

rn+5+1)
24T (e + 5+ 1)
T (-In(x)> N Jp,(x)
1.n.h =

x7 xH

Tu,n,h(xr) = "

3 Multivariate cosine expansions

We denote by 7y the set of k-tuples & = (&1, ..., &) of signs £; = *1 and by s, the
number of negative signs in ¢ (so that ]_[];:1 gj = (=1)%).
We define

k 1
1
Clr 0= 5 3 (Zgjx]) |
j=1

€M)

where [ € N (we often use C,l( without the variables x ;).
In what follow, we will use the multinomial formula

! o
ot 2 (zz z)y#yf.ny{
I+l 4+l =l .02, ooy li

(in the sum, the /; are non negative integers), where

! I
=———, withlj+h+---+ =1
<11,12,...,lk) RSN 1+bh+-+

are the so-called multinomial coefficients. Of course, these coefficients are invariant
under permutation of the /;; this will be used along the paper without explicit remark.
This gives
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C,l((x1,.. ,Xp) = 2kz<281x1>

EET)

k
l I 1
1 1
S DD S R ) ) C
€M A=l ’ i=1
1 I *
_ 1; 1;
% X (T I
Li+-+=I ’ i=1 gemy i=1
If some /; is odd, then
k k k
l; l; l;
2I0e= 2 I1 -2 I & =0
semy i=1 sEM 1 i=1;i#] cem_1 i=15i%]

and the corresponding summand in Zl el =1 vanishes; otherwise, if all the /; are
even,

Zﬁsf’:Zl:f‘.

cemy i=1 EET|

Consequently, C. = 0 when [ is odd, and
k

21
ot o= Y (211 Zlk>x12’1...x,flk. 3.1)

li+-+l=l

Theorem 3.1 Let (am)m>1, (Em)m>1 be two sequences of real numbers such that the
following sine and cosine expansions converge pointwisely in some interval (—w, w):

$(x) =Y ap cos(tnx),

m>1
V@) =) ansinGur).
m>1
Then, the series
Gxi.....x) =) anm ]_[ cos(&mX ;) (3.2)
m>1
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converges pointwisely if 21;:1 |xj| < w, and

G, %) = o Z ¢><28ij> (3.3)

EETT)
Proof First of all, we note that
k k
Z|xj|<a) — —a)<Zijj<a)f0rallsenk. (3.4

j=1 j=1

Using Euler’s formula cos x = (e'* + e~*)/2, we get

k k iCnXj —ig
) — e +€ " Sji§771xj
COS((me) = —_———
j=1 j=1 EET| j= 1
_ Z z{m J 1£Jx/
Eénk

Formally, we get from (3.2)

1 . ko 1 : k s
G(xt,...,xp) = Zam Z z—ke'{’” 2185 — Z 2_’< Z amelg’" > i1 EjXj

m>1 EETL EEML m>1
1 k k
= E 2—k E am | cos | ¢m E gjxj | +isin| &y E EjXj
gemy m>1 j=1 j=1

gEMY

1 a :
=2 g || e | Hiv | e
j=1 j=1

The pointwise convergence of the series ¢ and v and (3.4) say that each series in
the last sum is convergent, and hence, we deduce the pointwise convergence of the
series (3.2). The identity (3.3) then follows taking into account that G is a real function
because a,,, m > 1, are real numbers. 0O

4 The method

Our method for computing a multivariate Bessel expansion like (1.1) can be described
in the following three steps.
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4.1 First step

We start with a particular expansion

Iy (m
0= an nGmx) @.1)

m=1 (&mx)"

By applying the integral transform 7}, , (2.2) to (4.1), we get the more general expan-
sion

e
S 0, 2D . 42)

T G

This approach was worked out in [8, Lemma 1] assuming that a closed expression for
(1.2) as a power series of x is known. In [8], we considered only the case when (),
is the sequence of zeros (j,v)», of the Bessel function J,, but there is not problem
in taking any arbitrary sequence ¢,,. We consider here complex parameters 1, n € (@
(1.8), removing the assumption in [8] where we only considered real parameters with
u,n > —1. For the benefit of the readers, we display next the new version of [8,
Lemma 1] we will use in this paper.

Lemma 4.1 Given a real number w > 1, a complex number n € C such that
Ren # —%, —%, —%, ..., and two sequences (y)m>1 and (Em)m=1, tm # 0, with
liminf |&,| > 1, assume that

Z |am| < 400 and Za Jn(ng) = fu 'x2j X € (0 CU)
=1 |§m|Rer’+1/2 m>1 " (mx)" j=0 ! 7 o
“4.3)
Let n € C. If
|ty |
Z |y [RELF1/2 < Foo, @b
m>1
then
+00 ;
j T 1 .
Z o (&mx) —Z w;i'n+j+1) X2, x e (0,w). 4.5)

Gt S 2D+ 1)

m>1
In particular, this holds if Reu > Ren.

Proof Take a positive integer & and pu € C such that Ren > —h/2 — 1 and Rep >
Ren + h. The first assumption in (4.3) implies that the series in the left-hand side of
the Bessel expansion in (4.3) converges uniformly on compacts. The identity (4.5)
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can then be proved by applying the integral transform 7}, ;, 5 (2.2) to both sides of the
Bessel expansion in (4.3). The assumption (4.4) implies that the series in the left-hand
side of (4.5) is an analytic function of p. Since the right-hand side of (4.5) is also an
analytic function of u, we can conclude that (4.5) holds for complex numbers p € @
satisfying (4.4). O

4.2 Second step

The second step of our method consists in a bridge which allows us to move from a
single-variable Bessel expansion to a multivariate one, and use the result on multivari-
ate trigonometric expansions proved in Sect. 3. Once we have (4.2), since

J-12(2)

S = (2/m) 2 eosz, (4.6)
Z

setting © = —1/2 in (4.2) and using Theorem 3.1 we get the multivariate cosine
expansion

k
> o [ cos@nx)) = oF Z¢> Zij/ : (4.7)
m>1 j=1

EET)
where ¢ (x) = (7/2)V2T_1 2., (f;)) (x).

4.3 Third step

The third step of our method consists in a multivariate version of Lemma 4.1, which
was also established in [8] (see Lemma 2) again by using the integral transforms 7},; ;,
(2.2) in each variable x;. In doing that we get from (4.7) the more general multivariate
expansion

Z 1—[ Ju, (Cmxi)
m=1 ie1 (Gmxj )M
(the original version in [8] takes as ¢, the zeros of a Bessel function J;, and considers

only real parameters, but this is not relevant). Indeed, consider sets 2 < (0, +o0)k
with the property that (0, 1)* ¢ Q and

k
@rx..m) e = [Jo.xnlce.
i=1

The precise statement goes as follows:
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Lemma4.2 Letn; € @, i=1,...,k, suchthat Ren; # —%, —%, —%, o and (o) m
and (&m)m be two sequences, &y, # 0, with liminf |g,,| > 1, such that

o
Y e <
Hi:l |€m|Reni+l/2

m>1
Assume that, for (x1,...,xr) € Q,
00 k
Jr], (Emxi) 2ji
D« H = > wia 15
(&mxi)hi .= ;
m>1 Jlseenr k=1 i=1

where the power series on the right-hand side converges absolutely. If u; € Ci=
., k, and Rep; > Ren; then for (x1,...,xr) € L,

k

. 2j;
Jyus Gmxi) > T + ji + Dx;
N H = 2 Wi Isiome e @9
Emxi)t i M (i + i+ 1)

m>1 Jlsees jk=1

Moreover, if u; € C, i =1, ..., k, satisfy

Z . ot | . < 400,

AT T g Renit 112

then (4.8) also holds.

To sum up, this three-step method works as far as we can explicitly compute the
integral transforms 7}, ,,(f;) in (4.2) in the first and the third steps. This is the case
when a closed expression for the function f;, in (4.1) as an even power series of x is
known. Then, step 1 is Lemma 4.1, step 2 is Theorem 3.1, and step 3 is the particular
case n; = —1/2 in Lemma 4.2.

In the following lemma we put together all the steps.

Lemma4.3 Letn, u; € @,i =1,...,k withRen # — 5 %, —%, ..., areal number
w > 1, and two sequences () m and &n)ms Cm £ 0, wzth liminf |&,| > 1, such that
the series

k .
D lemllEm TR0 Mol Y |G| KRR (4.9

m=1 m>1 m>1

all converge. Assume that
o

Y a, Iy Gmx) _ =Y ux?, x e (-o,0). (4.10)

n
m>1 ({mX) =0
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Then we have, for k € N and Z{‘C:l x| < o,

o0

J;L, (Cmxi) 1
) ml_[ =2+ 1+ Dy
m>1 (Emxi)Hi =0
! k x2i
x Y < )]_[ B @)
L4+l =l ll’ cre lk i=1 2M1F(Mi + li + 1)

Proof The assumptions in (4.9) on the sequences (&), and (), guarantee the
uniform convergence in compact sets of R of the series in the left-hand side of (4.10)
and (4.11).

Taking into account (4.6) and applying Lemma 4.1 for © = —1/2 (this is why we
need the second assumption in (4.9)), we get for x € (0, w) that

wl'n+14+1) 2
m m . 4.12
Ela cos({mx) = J‘IX(; =TS (4.12)

Since both sides in (4.12) are even functions we get that (4.12) also holds for x €
(—w, 0) and trivially from (4.10) also for x = 0.
Theorem 3.1 gives, for Zle |xi| < w,

k
Zam Hcos(;“mx,) = Z (Zij.;),
j=1

m>1 gemy

where p is the power series in the right-hand side of (4.12). Using (3.1) we get, for
i il < o,

M]F(?]+l+1) 21 21 21
Zamncos(fmxj)_fz - UF(l+ Z <2115~-y21k)XI1 xkk'

m=>1 =0 2) 4 +=
Taking into account (4.6), the last identity can be rewritten in the form

J_1/2(Emxj)
Z ml_[ é-l/i) ]x/jZ

m>1

2’</2 o~ wl(+1+1) 20 N\ o
7 k=1)/2 2-10(1 + l) Z 20 2l e
[=0 2 Lh+-+=I v
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Write A = {(x1,...,xx) : x; > 0, Zlexi < w}. Lemma 4.2 gives, for
(xX1,...,xk) € A,
k k/2
Z 1—[ J/L, (&mxi) 2
Em : k—1)/2
m=1 e (Emxi)Hi 7t( )/
%) k 1
wl'(n+1+1) 2 I'di +5) 2
x Z 2= + 1) Z 20 21y H QWi V20 (; +1; 4+ 1) i
=0 27 A ly=l [ i=1 i i
(4.13)

from where (4.11) follows easily. Since both sizes of (4.13) are even functions in each
variable x;, we deduce that (4.11) also holds in Z _p lxil < w,ifx1...x¢ # 0, and
by continuity for xy ...xx = 0 as well. O

We illustrate the method with a simple but significant example.
One of the most interesting examples of a trigonometric expansion is the Hurwitz
series for the Bernoulli polynomials, n > 1,

220 + D! < sin(2
Bani(n) = (1) 2CLEIE ST ket
m=1
By (x) = (— 1y 2(2n)! Z cos(:lyzrnmx)’ relo1]. @.14)

2
2m)=" et

see [5, 24.8(1)].
For our purpose, it is better to translate the expansion (4.14) to the interval [—1, 1].
Hence, we change x — (x + 1)/2 to obtain the equivalent cosine series

Bon((x + 1)/2) = (—=)*H! . xe[—1,1].

22n)! <= (—1)™ cos(mmx)
22n mX::l (7'[1"1)2'1

(4.15)

Using the binomial expansion of the Bernoulli polynomials,

2n

Bt 02 = 3 (7 ) Bacs/ (3)

=0

the identity B;(1/2) = —(1 —21’1')81- (see [5,24.4.27]),aswellas B1(x) =x —1/2
and Byj41 =0forl=0,1,2..., we get

2n\ 2273 — 1) By,
Bon((x +1)/2) = — Z<2,-) TR
Jj=0
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Hence, (4.15) gives, for x € [—1, 1],

.- (=)™ cos(rmx) ( n”" : 2n—=2j—-1 _ 2]
2 G = ) ]z:(:)(z,)(z D Bay-2jx*.

m=1

Taking into account (4.6), we can apply the Lemma 4.1 to get (after easy computations)
the Bessel expansion

o0

(=)™ Ju(mx) . Q271 — 1) Bayg; 2
2 (rm)?" (rmx)H =D Z22’*"J'(2n—21)'F(M+J +n

m=1

(4.16)

valid for x € [0, 1]and 2n+Reu > 1/2 (n > 1). The identity (4.16) is already known
(although in a more complicated form): it is [16, p. 678, (14)].

Applying Lemma 4.3, we get the following multivariate Bessel expansion which
seems to be new (as far as we know):

i (- ﬁ T, (rmx;)
— (wm)n Pl (wmx;)Hi

_ nem (22727 — DBy £ (xi /2)%
= D" Qn —2))! 2 quiz,-!r(u,-+1i+1)’ @-17)

Jj=0 li+-the=j i=1

valid for Y¥_ [x;] < 1and 2n+ Y*_ Rep; +k/2 > 1 (n > 1). Actually, this is the
particular case of the expansion (1.3) (which will be computed in the next section: see
(5.38)) forv = 1/2.

We can also find the case when n < 0 by differentiating (4.17). Indeed, forn = 1,
we have

N (=) = Jy (emxy) 1
n; (nm)ZH (xma;) anmrw ) (‘5 'Zu,+1>

i=1

Differentiating with respect to x1, using (2.1), and setting 1 + 1 — w1, we get
Jy,; (mmx;) 1 1
S T st
(rmx; )i 2 i 20T (i + 1)

valid for Y5_, ;| < 1 and %, Rew; + k/2 > 1. And then, differentiating again,
we get

Z( 1)m(nm)2n 1_[ Jl/-z (rmx;) =0,

(mmx; )M
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valid for Zf-‘zl |x;| < 1and —2n + Zle Rew; +k/2 > 1(n > 1) (for k = 1 this is
[16, Identity (10), p. 678]).

Cosine expansions (4.14) and (4.15) are equivalent under the linear change of
variable x — (x + 1)/2. However if we apply our method to the expansion (4.14) we
get completely different results to those found above (expansions (4.16) and (4.17)).
For the one variable case, producing the Bessel extension is as easy as the previous
one, but the scenario changes dramatically in the multivariate case. This is because
in the left hand side of (4.14), By,(x) contains a term x2"~!, which corresponds to
the even function f(x) = |x|*"~!. This even function is not analytic at 0 and in
the multivariate case it makes the computation of the integral transforms (2.2) rather
complicated. In fact, in that case infinite power series appears in the close expression for
the multivariate Bessel expansion. Indeed, by applying the integral transform 7, 1,2
(2.2) to both sides of (4.14), we can still produce the following Bessel expansion:

o]

Z 1 Jy (rmx) B (—1)n+1p2n 2n <2n) '((j + 1)/2)32n—j( /2)]
G Gemxyr — 2ymen! S\ i) T+ j+n

m=1
(4.18)

valid forx € [0, 2] and 2n+Reu > 1/2 (n > 1). This identity is different to (4.16) but
it is also known: [16, p. 678, (13)] (the case n < 0 can be obtained by differentiation
from the case n = 1 in (4.18)).

As mentioned above, the monomial x in the cosine expansion (4.14) makes
difficult to extend it to a multivariate expansion using our method. To illustrate the
problem, let us take n = 1, then (4.14) gives

2n—1

0]

Z cos(mmx) _ 2 [x] 1

X
aTm? 4 2 6

m=1

for |x| < 1. Using Theorem 3.1, we get

i cos(mmx) cos(wrmy)

2
ot (tm)
SR G N VNN TR
T4 T g T g TYImIEmI

Applying the integral transforms 7},, 1 in the variable x and 7}, 1,2 in the variable
y, respectively, and using (2.3), (2.4), we find that
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oo

Z I Jy (wmx)Jy, (Tmy)
— (Tm)?  (Tmx)M (wmy)H

—i1—H2—3 x2 y? 4
- ( + + )
Cur+ Do+ D\ +1 - p2+1 3
2—I1—H2
© al(ur + 1/2)T(ua + 1/2)

1 1
/ /(|rx+sy|+|rx—sy|)(1—r2)’”_1/2(1—sz)“z_l/zdrds. (4.19)
0 0

It is not necessary to compute the double integral because the Bessel expansion (4.19)
is the particular case v = 1/2 of the Sneddon-Bessel series we compute in [9], and so
using [9, Sect. 4.1.2], we get

i L Jy (wmx)Jy, (rmy) _ 1 x2 n y?
ot (rm)?  (rmx)M (wmy)w2 2020 (uy + DT (o + D\ +1 - po+ 1
—1/2—p1,1/2. ¥ ¥’ 1/2=p1,1/2. y*
4 2F1( . 7) = 2F1( 5T
+2 _2</~41 >x< Hn2+ X + X Mn2+ X >>’ (420)
3 1/2 wi+1/2 wr + 1

valid for 0 < 2 + Reu; + Reup,and0 <y < x,x+y < 2 (alsoforx +y = 2 if
0 < 1+ Reu; +Reuwn).

Contrary to the multivariate Bessel expansion (4.17), (4.20) is not anymore a poly-
nomial (except when the parameters 1 and p; are half positive integers).
5 Bessel expansions of multivariate polynomials
5.1 Bessel-Appell polynomials
Given a function A(z) analytic at z = 0 with A(0) # 0, we define the associated

one-parameter family p, ,(x),n > 0, of Bessel-Appell polynomials by means of the
following generating function:

J (x2)
AR —an,L(x)z (5.1)

It is straightforward from the definition that each p, , is an even polynomial of
degree 2n, n > 0. Moreover, using (2.1) we have

pl/’l,/t(x) = —Xpn—1pu+1(x), n>1 (5.2)

Bessel-Appell polynomials have been already considered in the literature ( [2]),
although with no special denomination and, as far as we know, with no connection
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with the explicit sum of Bessel expansions. Bessel-Appell polynomials also satisfy

d> 2u+1d
T(pn,//.)(x) = pnfl,;/.(x)y T = _W - X a

Write 7 for the linear operator f"( p)(x) =T( p(xz))(ﬁ) acting on polynomials p.
We then have

T(Pn (W) = pu—1u(VX), n>1,

and so the polynomials (p,_,(+/x)), are of the Appell type studied in [11, Chap. 10].
The generating function (5.1) also shows that if A(z) = Zzio a,z", then

dn

Pnu(0) = PTG (5.3)
Moreover, iterating the identity (5.2), we get
P ’(’%{‘),(0) N el VL SN (5.4)
@) 22T (u+j+1)
For Rep > Rev > —1, using the integral transform (2.2) in (5.1) we have
Ty (Pnw)(X) = ppp(x), n=0. (5.5

The identity (5.5) can be extended for Rev < —1 using the integral transform (2.5).

In the opposite direction, assume that we have a one-parameter family p, ,(x),
n > 0, of polynomials with p, , of degree 2n satisfying (5.2) and (5.3) for certain
sequence (a,), such that A(z) = Zi‘;o anz" defines a function analytic at z = 0,
which is equivalent to

lim sup |a,|"" < +o0. (5.6)

n——+00

Since (5.2) and (5.3) determine uniquely the whole parametric family of polynomials,
it follows that (p,, ), also satisfy (5.1).

Remark 5.1 We can find a connection of Bessel-Appell polynomials and Bessel expan-
sions of the form

3 oy =2 2 &m®). (5.7)

m=1 " (Emx)H

@ Springer



How to compute multivariate Bessel expansions...

To this end, assume we have sequences ()m>1, (Cm)m>1, &m # 0, such that for
certainv € C,Rev > —1,and w > 0,

_ |t |
llmmlnf|§m| > 1, Z |;—|R++l/2 < 400, (58)
m>1 m
Jv(Em
3w ¥ _ e\ O} x € O, w). (5.9)

Pt (Emx)Y
Using the assumption (5.8) we can define for Reu > Rev,n > 0 and 0 < x the
functions

. _on Ju(é'mx)
pn,u(x) = Z m&,, (G )H .

m>1

(5.10)

Notice that the convergence is uniform in compact subsets of (0, +00). It is then easy
to see using (2.1) that they satisfy (5.2), that is,

p;/fl,“,(x) = _xpl’L*],,u+l(x)’ n= I.

Moreover, for Rep > Rev, using (2.3) we have, from (5.10) that

Pr(x) = Ty v (pu) (%), (5.11)

where T}, , is the integral transform (2.2): the assumption (5.9) allows changing the
order of the integral transform and the series (5.10) which defines the function p, , (x).
The assumption (5.9), the identity (5.11) for n = 0, and (2.4) imply that for Rep >
Rev, po,, (x) is constant in (0, w), and then p, ,(x), n > 0, is a polynomial of degree
2n in (0, w). With a small abuse of notation, we also write p, , (x) for the polynomial
in C that coincides with p, ,(x) in (0, w).
Let us take

an =2"T (v + 1) pp.y (0). (5.12)

The sequence (a;), can be used to sum a bunch of Bessel series, including (5.7). This
goes as follows. Since for n big enough

1
)= —— 2 —2n
pn,v( ) 2T+ 1) m)]“mé‘m

it follows from (5.8) that (a, ), satisfies (5.6) and we can define a function A (z) analytic
at z = 0, with A(0) = ag # 0, by the power series

AR) =) and™. (5.13)

n=0
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Using (5.11) for x = 0 and (2.4) for r = 0, we get (5.3):

dp

Pnp(0) = m,

Hence for Rex > Rev our discussion at the beginning of this section shows that the
polynomials p, ,,, n > 0, defined by (5.10), are also the Bessel-Appell polynomials
defined by (5.1) where the analytic function A is given by (5.13).

Using (5.4) and (5.10), we get

o IuGnX) N~ an—j(—x?/4)
2 ot ;2ﬂj!1“(u+j+l)’ xe ). (.14

m>1

Moreover, if forsomen < 0, - lotm|Zm | ~2n—Rep—1/2

differentiating —n times in (5.14) for n = 0, we get

< +o00o (withReu > Rev),

o« mégz”ig(i")i) =0, xe(0,0).

m>1

In the next proposition, we include other series that can be summed using the
sequence (a,), given in (5.12).

Proposition 5.2 Assume that the sequences () m=>1, (Em)m>1, satisfy (5.8) and (5.9).
We then have for n > 0, Ren > Rev and x € (0, w),

Z amfy;% Ju({mx)
@2~ D) (G

1 J Ju(xz) 2 aj_j(—x?/4)]
= om s Z /ZMJ'F(MHH) . (5.15)

where A is given by (5.13) and (a,), is defined by (5.12).

Proof The proof is a matter of computation. Indeed, using the geometric series and
the polynomials (5.10), we deduce for |z| < inf}, |, | (and then on the whole range
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by analytic continuation) that

Il
MS EME? IVM

3 A" Ju(Emx)

- amZZI J,u({mx)
(G =28 @mx)r Z

~ é.'121n+21+2 (é—mx)u

m>1

Zz[ Z Om Ju (&mx)

2n+214+2 “w
m=1 Cm (&mx)

Pttt () z2n+2 Z pru)?
I=n+1

Juxz) . 21)
ZZ"+2 (A(Z) ()CZ)M’ ; pl,l/v(-x)z .

Iy
- o

It is then enough to use (5.4). O

Moreover, if for some n < 0, ), -4 |t |15 | "2~ RE13/2 < 400 (with Rep >
Rev), differentiating —n times in (5.15) for n = 0 and taking into account the identity
(2.1), we have, for x € (0, w),

)3 Oy Ju(Gnx)  AQR) Ju(x2)
(G2 =) @)t 222 (x)i

m>1

Our method will allow us to compute explicitly the corresponding multivariate
version of the expansions (5.15). They can well be called Kneser-Sommerfeld type
expansions, since for

1

{ = J Wy Oy = —————
" " " Jv+1(]m,v)2
the corresponding two variable expansion is the well-known Kneser-Sommerfeld
expansion ( [13]).

Let us develop a couple of illustrative examples. The first one is the Dini-Young
series

AL=2n Ju(mx
> s e, 516
£ 03 =+ HD) o) G
for0 < x <1, where v and H are real parameters satisfyingv > —1 and H +v > 0,
u € Cwithv < 2n + 1 4+ Reu and A, are the positive zeros (ordered in increasing
size) of the function

2J(2) + HI(@). (5.17)
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To sum explicitly (5.16), we define the sequence (af ") by

v

Z - H,v_2n
= Vet 5.18
2((H = v)Jy(2) + 24v-1(2)) Xz:an : 19

Using the power series for the Bessel functions, the sequence (a,fl 'Y}, can be recur-
sively defined as follows: ao =2""1"'(w+1)/(H +v), and

n

Z v+2n—j)+ H H
¢ (= = DI+ Dy

=0, n>1. (5.19)

Define now the one-parameter Bessel-Appell polynomials by the generating function

v

z Ju(x2)
. 5.20
2((H =1 + 21 2) ok ,;)p 0z 020

Forn > 0and 0 < j < n, define
Vi =2(=4/(n—j+1Dj0+n—j+1),;(v+2n—j)+H).

An easy computation, using the power series of the Bessel functions, shows that the
polynomials pf, i, n > 0, can also be defined recursively by

1
Hyv _ 2 : _
pO,v = m, bnpl v (x) x n > 1. (52])

Consider next the Bessel-Dini series of x2 in (0, 1), namely

=> 6 SoGnmx). (5.22)

=1 (k x)V

The case n = 0 was summed by Young [20], this is why we call Dini-Young series to
the expansion (5.16). If we write

M

= 02 S B G

according to [19, § 18.12, (2), p. 581] we have

BY =2(v + H)&p, (5.23)
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as follows from [19, § 18.12, (2), p. 581] and the trivial fact that the zeros A, of (5.17)
satisfy

O =) On)? + 25T 0um)? = 02 — v + HH I, (),
)\ Jv+1 ()\m)

v+ H.
Jv(Am)

According to the reduction formula in [19, § 18.12, p. 581], we have the recursion

dn(v +n _
By =20 +2n+ H)&, — %,3:}1 Lon>1
m
This shows that
B = fmij o (5.24)

Define finally the functions

gl ) =Y &k *Z"J”(’\’”x), xe,1).

v
m>1 )

The definition of B); (5.22) and the identity (5.24) show that
Zb” Yx)=x2", n>1. (5.25)

On the one hand, (5.21), (5.22), and (5.23) for n = 0 imply that qéq’ = p0 ) V. On the

other hand, the recursions (5.20) and (5.25) show that qf V= pf, b.n>1.
Hence setting ¢, = A, and oy, = &y, we can apply Remark 5.1 to get, forRep > v
and0 <x <1,

Av=2n TG noalt (—x2/4
Z . . m . 1w (Amx) _ Z ( ) . (5.26)
()‘m —ve+ H) ] (Aw) (Apx)H 0 2“]! F(l/« +j+D

m>1

The identity (5.26) also holds for v < 2n + 1 + Repu, because then both sides of the
identity are analytic functions of w. The identity is also valid for x = 0 assuming that
v <2n+1/2.

Moreover, for0 < —2n < —v + Rep + 1,

Z AL Ty (mx) 0 o0
02 — 2+ HDJyGom) Gy 0 TS

m>1
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In the next section, we will consider the expansions provided by Proposition 5.2.
The second illustrative example are the Bessel expansions

v—1—-2n

S Il o) 527,
Soi1Gmw) GmpX)?

m>1

0 < x < 1 and Rev < Reu + 2n. The series (5.27) was explicitly summed in [7,
Sect. 5] using the theory of residues. For the sake of completeness, we compute the
sum here using our method.

The starting point is the sequence (a,,), defined by

o0
oY ar (5.28)

This is the case H = v of the previous example with v 4 1 instead of v, but since we
now consider complex parameters v, we work it out from the scratch.

Using the power series for the Bessel functions, the sequence (a, ), can be recur-
sively defined as follows: ay = 2~ (v + 1), and

3 rdn=jtD g s (5.29)
(=H"I(n = DIV +2)-; 7

j=0
Define now the one-parameter Bessel-Appell polynomials by the generating function

v

2 Ju(xz2) . > v on
2J,(2) (xz)* _ngop'l,u(x)z . (5.30)

For w = v and u = v — 1 they are the even Euler-Dunkl and Bernoulli-Dunkl
polynomials we introduced in [6] and [3], respectively (up to renormalization). Using
[6, Theorem 3.1], we have

v—1-2n .
J
Jm,v : v'(]m,vx) _ p;,) U(x)’ (5.31)
m=1 Jv+1(]m,v) (]m,vx)v ’
with uniform convergence on compact subsets of (—1, 1)\{0} for n = 0 and

[—1, 1]\{O} forn > 1. The convergence extends to x = 0 providedthatRev < n+1/2.
We next prove that for Re + 2n > Rev and x € (0, 1),

cv—1-2n

J. (i n al)_ (_x2/4)j
L L - AR )
o1 Umw) Gm X)) =2t + D)

m>1
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It is interesting to note that the polynomials p, , (x) in this formula are Bessel-Appell

polynomials as defined in (5.1), with A(z) = #"(Z), see (5.30). In particular, they
satisfy the general properties (5.2) and (5.5).

Let us start taking ¢, = ji,» and o, = W Although the second assumption
in (5.8) fails, we can still use the Remark 5.1 due to the uniform convergence in
(=1, 1)\ {0} of (5.31) forn = 0.

To extend the identity (5.32) to Reu+2n > Rev, we proceed as follows. For Rev <
—1,v # =3/2,-5/2, ..., consider a positive integer /4 such that Rev > —h/2 — 1,
and take u with Rep > Rev + h. Using the integral transform 7}, , 5 (2.5), together
with integration by parts and (5.11), we get from (5.31)

v—1—2n

Z Jm,v Ju(jm,vx)
Jor1Umy) Gm,wx)H

= [L,\),h(p;;’y)(x)

m>1

= Tyuv(Pp,)(X) = py (), x €(0,1). (5.33)

Forv = —-3/2,-5/2, ..., (5.33) follows by continuity. It is now enough to take into
account that for fixed v and assuming Rex + 2n > Rev both sides of (5.32) are
analytic functions of w.

Forn < 0,Reu+2n > Revandx € (0, 1), we have, differentiating the casen = 0
in (5.32),

cv—1-2n

Z Jm,v Jp,(jm,vx) -0
Jos1Gmpy) Gm,px)H

m>1

5.2 Getting multivariate Bessel expansions of polynomials

We nextuse Lemma4.3 to sum in an explicit form the multivariate series (1.6) and (1.3).

For the Dini-Young expansion (1.6), we assume v, H to be real parameters with
v+ H >0andv > —1,and u; € C,i = 1,..., k. We next prove that for v <
2n+ (k+1)/2+ Zle wi and (xq,...,x;) € QE‘I] (see (1.10))

- k
Z i 2” 1_[ Ju; Amxi)
S 03—+ By () ) i)
- k 2 4\l
2y (=x7/4)
= Zaﬂ;l Z 1_[ i1 - - s (534)
=0 L+ +l=l i=1 21 ll' F(Mz + ll + l)

where (af’”)n is the sequence defined by (5.18) (or (5.19)).
We proceed in two steps.
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5.3 First step

The identity (5.34) holds forv <2n +1/2,v <2n+ (k+1)/2 + Zle wi. This is
a direct consequence of Lemma 4.3 (after some easy computations).

5.4 Second step

The identity (5.34) holds for v < 2n + (k + 1)/2 4+ Y5, .
Fixed v, notice that the series in the left-hand side of (5.34) converges uniformly

in Qﬁ] for each n such thatv < 2n+ (k+1)/2 + Zle w;. Fix then n such that v <

2n+(k+1)/2+ Zle Wi, and take a positive integer n,, > n suchthatv < 2n,+1/2.
Since we also have v < 2n, + (k+ 1)/2 + Zf‘:l Wi, the first step shows that (5.34)
holds for n,, instead of n. Fix j, 1 < j < k, and write Hy (x;), H,,,,Lj (x;) for the
functions in the left- and right-hand side of (5.34), respectively (there is no need to
include in the notation neither the parameters v, u;,i # j, nor the variables x;,i # j).
We have that an,w (xj) = an,w (xj). Take now u; real and big enough so as to
satisfyv <2n+ (k+1)/2+ Zle i and to allow the following computations. First
of all, we prove that

a

an\nMj (xj) = —=xjHp,—1,p;41(x;), “Hopy ey () = =X Hp,—1,041(x).
j

ix;
(5.35)

Indeed, the first identity above is straightforward from (2.1). With respect to the second
identity, by differentiation it follows that

iH (x;) = S g Z / 1_[ ‘2/4)i
8Xj My, [Lj ] ny—l o 2Mi[; 'F(Ml +L+1)

=1 i+ +lk—l
ny—1 2 I
2 —x7/4)
Zanu-u > H T (5.36)
h++k= l+1 i= 20l F(Ml +hi+ 1)

Since the summand in right-hand side of (5.36) vanishes for /; = 0, we get (after
simplification)

KHHU,;,LJ' (xj) = _xanU—l,/Lj+l(xj)~
J

This means, using (5.35) and Hy, ;. (x;) = Hp, 0, (x;), that

Hp, 1, 04+1(x) = Huy—1, 141 ().
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Iterating, we get
Hn,uj+nv7n(xj) = Hn,/4j+nvfn(xj)-

This proves the identity (5.34) for u;, i = 1, ..., k, real and big enough. Since for
wi,i =1,...,k,suchthatv < 2n + (k +1)/2 + Zf:] Wi the left- and right-hand
sides of (5.34) are analytic functions of each u;, we deduce that (5.34) actually holds
in QE“” under the assumption v < 2n + (k4 1)/2 + Zf:l Wi.

Forn <0,v <2n+ (k + 1)/2—}—2;‘:1 i and (x1, ..., xk) € Qfyy,

Z )\;}n—Zn ﬁ Jy; Qomxi) _
(A2, =2+ HD)J,(h) + 3 (Auxi)H

m>1 i=1

Proceeding in the same way, we can explicitly sum the Bessel expansion (1.3). First
of all, we complete the notation (1.9) and (1.10) with the following one: for w > 0,

k

Q) = {(xl, oo xp) € RE: lel'l < 60}
i=1

k
Q) = {(xl,...,xk) € Quy : [[ ;éO}. (5.37)

i=1

Then we get, for Rev < 2n + (k — 1)/2 + Zle Reu;,

e T U)o . (—x2/4)"
Z Jv+l(jm,v) 1_[ (jm,vxi)ﬂi B Zanil Z l_[ 20T (i + 1 + 1)’

m>1 i=1 1=0 h++h=li=1

(5.38)

where (a,,), is the sequence defined by (5.28) (or (5.29)), and (x1, ..., x;) € QE‘I] for
n>1,or(xg,...,x;) € Qz‘l) forn = 0.

Forn < 0,Rev < 2n+ (k— 1)/2—|—X:f:1 Rep; and (xq, ..., xx) € Q?l),we have

v—2n—1 Kk

Z Jm,v 1—[ Ju,- (jm,vxi) _

m=1 Jv—i—](jm,u) ie1 (jm,uxi)m

6 Bessel expansions of non-polynomial functions

In this section, some other examples of Bessel expansions which are not polynomials
will be given.

We start from the expansion generated by Proposition 5.2 applied to the Bessel
expansions (5.32) and (5.26).
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6.1 Kneser-Sommerfeld type expansions

Let us prove the following identity for the multivariate expansion (1.4):

k . k
Z ]1;}1 v1 - 1_[ Jll«i (m,vXi) N 1 ( z" H JlLi (xiz)
ol (jr%z,v - Z2)Jv+l (jm,v) ie1 (jm,vxi)m 22n+2 2J,(2) e (xjz)Mi

Sy, ¥ Ngpriis) ©
—j 28T (i + 1+ 1)) '

h++lk=ji=1

forRev < 2n+ (k+3)/2 + Zle Rew; and (x1,...,xx) € Q’[“l] (see (1.10)), where
the sequence (a))), is defined by (5.28) (or (5.29)).
We proceed in two steps.

6.2 First step

The case k = 1.
Applying Proposition 5.2 to the expansion (5.32), we get

v—1—-2n

Z ]m v Ju(jm,vx)
(Jr%zu - Zz)-]v-‘rl (jm,v) (jm,vx)”'

m>1

1 zv Jy(x2) 5 alv j(_x2/4)j >
Z2n+2 <2‘,V(Z) (xz)* Z Z 2“]‘ T(u+j+1) (6.2)

]_

with uniform convergence in compact sets of (0, 1] for Rev < 2n 4+ 2 + Reu and in
[0, 1] for Rev < 2n + 3/2, where the sequence (a,,) is defined by (5.28) (or (5.29)).

6.3 Second step

The case k > 1.
Write

(1)a,]21'

fuw(x,2) = \/>Z 2’2 T (6.3)
pard

Consider the case u© = —1/2 in (6.2). Using the identity (4.6), we get, for Rev <
2n+3/2and x € [—1, 1],

[2 Z Jm. 2 o8 (i, vx) 1 (z" 2/ cos(zx) o ))
- : = — fur(x,2) ).
T Gy = D ot Gmy)  220F2 2J,(2) "
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The trigonometric identity

k k
Z cos (z Zaix,-) =2k HCOS(in),

EET) i=1 i=1

together with Theorem 3.1 gives

\/? ! £
; mzﬂ (2. = D Ds1Gmo) HCOS(Jm,vx,-)
1 V2/m
B W<Z2J (2) HCOS(U’ Z I, V(Zgle’ ))

EET)

Using the identity (4.6), (6.3) and (3.1), this can be rewritten in the form

k . k

Z Jm. St l—[ Jo12(moxi) 1 ( z’ 1—[ J_172(zx;)
= (2. = 2 Iv410m) Pl Gmpxi)~12 22042\ 2, @) ; (zx;)~1/2

2>k/2i 2 —Da) jx% < 2j ) 21-)

-(= z Z — o X [1+").

! 1
(7‘[ = ) =) 20y, ..., 2l i
(6.4)
where (x1,...,x;) € Qi"l

Assuming that Rep; > —1/2 and using the integral transform 7),, 1,2 (2.2) acting
on the variable x;, we get from (6.4) the identity (6.1).

To extend the formula (6.1) from Rev < 2n + 3/2, Reu; > —1/2 to Rev <
2n + (k +3)/2 + Zle Rep; and (x1,...,x;) € QE‘I], we can proceed as in the
second step in Sect.5.2.

For n < 0, we have, by —n times differentiation of the case n = 0 of (6.1),

k . _op—2 k
Z Jr‘r)z ul 2 ];L,'(Jm,vxi) _ 1 Zv+k m=2 Ju,-(xiz)
= Gy = 2 o1 Gm) 1 Gmox)# 220420 20,(2) L1 (gl
for Rev < 2n + (k +3)/2+ Yj_; Rep; and (x1..... %) € @,
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In the same way, one can prove that

Z AL=2n Ju; Oemxi)
(A5 = D)0, =2+ H) Ly (Oam) [} (maxi )

m>1

1 ( 44 1—[ Ji (Xi2)
T p2ne2 2(([.] — () + ZJu—l(Z)) el (xiz)

Hv (_xi2/4)li
—Zz”}Za 2 quzzzr(ui+li+l>)’

h4+lk=ji=

forRev < 2n+(k+5)/2+ Zf;l Rep; and (xq, ..., xx) € Q’[“I], where the sequence
(a,f]’v),, is defined by (5.18) (or (5.19)).

6.4 Two more examples

In this section, we sum the Bessel expansion (1.5) and other related expansion.
Let ¢ be the analytic function in C\{m? : m € N\{0}} defined by

S
0@ =~ ﬁsin(nﬁ)_zzmz—z' (6.5)

m>1
Define now the sequence

92n+2¢(n)(_92)

a9:1+
n!

n

n>0.

We next prove that the multivariate Bessel series (1.5) is equal to

5 (1" 15[ T T+ m2]6%x;)
o (e m? (02" L (/T4 m2[67x;)m

1 J ,(x, (—x2/4)l
ZE(_H i Za’”‘ 2 Hzﬂzzzrmi+li+1)>’ 0

i=1 l h~+-+ik=li=1

where 1 < 2n + k/2 + Y Rep; for (x1,...,x) € Q) (with the notation
of (5.37)).
To this end, define the polynomials P# ’g(x), n > 0, by

P’ () =0,
n—1 % 2 j
(—x2/4)]
IOEDY nj 1 (X)) Con> 1. (6.7)
" =PRSS M
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Then, P}  is an even polynomial of degree 2n — 2. On the one hand, it is easy to
check that

1 92n¢(n71)(_92)
.0 _
PrO(0) = PTG (1 + - , on>1, (6.8)
(PLYY (x) = —x P4 (),
POy =Ty 1 on(Pr 2 (0), = —1/2+h. (6.9)

On the other hand, it is plain that the conditions (6.8) and (6.9) determine uniquely

the family of polynomials P, o
A simple computation using (6.5) and (6.7) shows that

0y — ! (=D™
PO = g | 12 Z(l ey | nzl 610

Let us note that the polynomials (P” )n are actually quasi Bessel-Appell. Indeed,
write pn (x) = P 1(x) so that pn % is a even polynomial of degree 2n. It is then

easy to check that the polynomials (ph" )n are the Bessel-Appell polynomials defined
by (5.1) from the generating function

1
A@) = A@O) =T+ 0% (0% (z — 1).
The starting point to prove (6.6) is the series (see [16, 5.7.22.3, p. 682])

Sy Ju (/T +m?/62%x) /AC)) 6.11)
a (Tamijeioe 2 '

where Reyu > 0, x € (0,0m7) and 8 # 0. This is the case k = 1, n = 0 of the
series (6.5).
We next prove the case k = 1 and n > 0:

5 (—1)m JM(\/I—i—mz/sz):l( Ju(x)
= (L+m?/02)" (JT+m2/e%nn 2\ "

with x € [0, 0) for 1/2 < 2n + Reu (or x € (0, 6) for n = 0). Write

3 (=" Ju(/1+m?/6%x)
= (L+m2/0%)" (/T +m2/%x)m

+ PO (x )) (6.12)

Gu,@,n (x) =

x €(0,0m), (6.13)
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which is an analytic function of u for 1/2 < Reu + 2n. Let us define the functions
Q,1,6,n by the identity

G = (=52 + Q) (6.14)

This definition and (6.11) show that
Ou,0x)=0. (6.15)
Consider now p big enough so as to allow the following computations. Using (2.1), it
easily follows that G;w’n (x) = =xG 41,0,n—1(x), which proves that Q, ¢ , satisfies
Qo) = =X Qui1.9.-1(x). (6.16)

Thus, (6.15) and (6.16) imply that Q, g ,, are polynomials. The identities (6.13), (6.14)
and (6.10) show that

0,.6.2(0) = P1%(0). (6.17)

Then, from (6.16) and (6.17) we obtain Q, ¢, (x) = P,ﬁ"g(x). This proves the identity
(6.12) for u big enough, and using a standard argument of analytic continuation, for
1/2 < 2n + Rep.

The multivariate expansion (6.6) can be proved proceeding as in the second step in
Sect.6.1.

If we assumen < Oand 1 < 2n+k/2 + ZL] Reu;, differentiating —n times in
(6.6) for n = 0 proves that

b ﬁ Ly T+m2/0%x) 1 ﬁ Ty x1)
(L+m2/02)" 5 (/T +m2/6%x;)H 200 Kt

m>1

for (x1,...,xx) € Q’(kgn).

The last example in this section is the Bessel expansion

5 (—1ym ﬁ T T+ m2]6%x;)
m2(1+m2/07)" 2 3 (/T + m2/0%x)m

This can be worked out in a way similar to the previous example using now the analytic
function ¢ in C\{m? : m € N\{0}} defined by

m>1

L1/ w 2\ (="
v9=y <Z T Vet ?) =2l o

m>1
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Define next the sequence

2 n4+1 92n+2¢)(n)(_92)

R T
aZ:—— 3 n >0,
6 0 n!

and the polynomials 2/ (x), n > 0, by

B (x) =0,

n—1 &n—j—l(_xz/“')j

pIL,0 _
b (x)_gzﬂj!r(uﬂﬂ)’ "=

As before, f’,ﬁ“e is an even polynomial of degree 2n — 2 and satisfies

. 1 2 92)1 A(n—1) _92
progy=- L (T n T 0D sy
Wr(n+H\ 6 62 (n—1)!

I I 1,0
(P19Y (x) = —x P (),

PrO(x) = Ty 100 (B P (), = —1/2+h.

Starting from the expansion

Z(_l)m J;L(Wx) . 1<x2JM+1(x) B TF_ZJ,L(x)>
m=1 T+m2/20r 2\ 202xrtl 6 xi

(see [16, 5.7.22.4, p. 682]), we can prove as before that

Z (=n" Ju(W1+m?/62x)
o mA A+ m? (02" (/14 m2[%x)m

(B (2 n) B0 ),

2\ 202xpn+l 6 62) xn

with x € [0, ) for —3/2 — 2n < Reu (or x € (0, 0m) for n = 0).
Proceeding as in the previous example, and using the identities

k k k

Z <Z 8,')6,') sin <9 ZEﬁC,‘) = 2k in sin(@xi) 1_[ COS(@)CI'),

gem \i=0 i=0 i=1 j=1j#i

2 Ju41(x)
yutl

s

Ty, —12(xsin(x)) = Zﬁx
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we arrive at

5 (1) ﬁ T (/14 m2/02x;)
o mP A m2 (02 L (T + m2 0%k

o) D@D r? o\ fy @)
T2 Z [ R e [1 X/
l

i+1
=1 292)6# =l % X
n—1 k 2 I
; (a2 /4
+ Zag—l—l Z 1_[ i ’ 6.18)
il . .
=0 I A=l i=1 21 ll- F(H«z + ll =+ 1)

forO <2n+1+k/2+ ZLI Rep; and (x1,...,x;) € szen) (recall that this set is
defined in (5.37)).

Ifweassumen < 0Oand0 <2n+14k/2 4+ Zf;l Rep;, differentiating —n times
in (6.18) for n = 0, we have, for (x1,...,x;) € Q’(“Gn),

5 (—1)™ ﬁ T T+ m2/0%x;)
o mA (L m2 (02" L (/1 + m2 /0%

1 k xin,L,.+1(xi) a Ju; (xj) 22 n\paJ L (xi)
) Z YT 1_[ —m T\ e2 1_[ TR
i=1

2, Mitl
20%x; j=lj#i Y o1 N
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Appendix A: multivariate Sneddon expansion

As we wrote in the introdu_ction, when the particular Bessel series (1.2) cannot be
expanded in powers of x>/, j € N, the application of our method is much more
complicated. We study here the multivariate Sneddon expansion (1.11) (see [18, §2.2],
[9, 13]).
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Our starting point is the case k = 1 of the multivariate Sneddon expansion (1.11)
(see [9, Sect. 4.3])

I Gm) G )P vl(u+ 1) o)

m>1

which holds in (-2, 2)\{0} for 2Rev < 1/2 4+ Repu with v # 0.
Taking © = —1/2, we obtain

2v—2 2v-2 2
2 r 1 —1/2
Sl cOs(tjmy) = WD (—1+|x|‘2”( />>
1 Jv+1(Jm,v) v v

m=

which holds in (-2, 2)\{0} for Rev < 0.

Using Theorem 3.1, we get, for (x1, ..., xx) € Q’("z),
R , 2221y 4 1)2
> 7 [Teostifmw) = —————
m>1 Jv+1(.]m,l)) i=1 v
T G )
x| — — X1y.oos X ,
(A1)
where
k —2v
P = Y | e (A2)

selly  i=l1
In terms of the Bessel functions, (A.1) can be rewritten as

2v—2

k .
Z Jm,v J—l/Z(XiJm,u)
m>1 J\12+1(jm,v) e ()Cijm,v)_l/2

B 22v+k/2721-w(v 4 1)2 | 1 _1/2
N vrk/2 B +2_k v

)w(xl,...,xk)). (A.3)

By applying the integral transform 7;,; 1,2 (2.2) in the variable x;,i =1, ..., k, and
using (2.3), the left-hand side of (A.3) gives

v k .
Z Jr%zl,)v 2 S i jm,w)
I U)oy Gidim )
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On other hand, using (2.4), we get, for the right-hand side of (A.3),

22v+k/2721-(v 4 1)2
virk/2

2_k/21'*(1/2)k ( 1/2> )
- o Tui—172,x; e ,
X< Hf'(:l 2 (i + 1) 2k Q wi—1/2. (U (x1 Xk))

where by @le Tyi—1/2,5; (W (x1, ..., xk)) we denote the successive application of
each of the integral transforms 7, 1,2 x; acting on the variable x; to the function
Yxg, ..., xx), fori=1,... k.

That is,

k .
Z ]’%‘UV ’ Ju; (Xi Jm,v)
m=>1 v+1(]m,v) il (i i p)H
ZZV_ZF(\) + 1)2

vITiz, 24T (i + 1)

1/2\ [Tiz) 2T (i + 1)
( 1+2k( v ) zlk/zp(l/z)k Q i —l/2x,(W(x1,...,xk)))’
(A4)

which holds in Q’(*z) (see (5.37)) for Rev < 0 and Rep; < —1/2. Since the function
in the left-hand side is even, we can assume that x; > 0, 1 <i < k. It is then enough
to compute the integral transforms

Ty 12,5 (x1, ..., x0), i=1,... k.

We know how to proceed in the set Ai+ (1.12) assuming that the parameter w; is equal
to —1/2. Indeed, by symmetry, we can assume i = 1. Taking into account that in Al+
the first coordinate x; dominates the sum of the others, we write

Vi) = ) <<x1 + ijsixi)_zv + (x1 - Xk:SiXi>_2v),
i=2 i=2

eell_
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and then

k o\ —2v k e\ 2V
Y, X)) =) xf2”(<1 TR Elx’> - (1 _ Limfiti S’xl) )
X1 X1

2k—l . k

2j 2
. (A
2j Z (2[2’ 2lk) l_[xl , (AS)

j= X1 hdetli=j i=2

where we have used that if j is odd then }_ . | (Z = 8,x,) = 0, and the iden-

tity (3.1).

We next apply the integral transform T}, 1,2 (2.2) in the variable x;,i =2, ..., k,
and use (2.4). This can be done because for0 < s; < 1,1 =2, ..., k, the set AT is
stable under the map

(X1, ..o, X)) = (X1, $2X2, ..., SkXk),

(i.e.,if (x1, ..., xx) € AT, then (x1, s2x2, ..., SkXk) € Af‘, as well), and we can then
use the expansion (A.5). Hence, we find

k

OT o120 (W (x1, .o, xk))

i=2

' k@ 1/2)%
2"2 —2v X2 Z 2j I1 (i +1/2)x;
212,...,21]( o 2“i+1/2r‘(#i+li+1)'

h+-+=

Substituting in (A.4), we get after some easy computations

Dy . k . _
Z .]I’%ll,)\) 2 J_12(x1 Jmv) i (Xi jm,w) _ 2% ZF(V + 1)2
I Gm) Crim) ™22 (i)™ 027120 (1/2) T, 20T (i + 1)

m>1

l

x(—1+( )Z<V>J<v+1/2>1 DY 1_[ 'w 1>z>

b+-+l=ji=2
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This proves (1.14) in Af’ for u;y = —1/2,Rev < 0and Reu; < —1/2. The extension

to2Rev < (k—1)/2+ Zf'(:z Rew; can be done proceeding as in [9, Sect. 4.1], where
the case k = 2 was considered.

As pointed out in the introduction, we have computational evidence showing that

(1.14) also holds in Af’ for 1 # —1/2. However, we have not been able to prove it,

because for 0 < s < ( Zl;zz xj> /xi, the set AT is not stable under the map

(xl,...,xk)»—> (Spq,xz,...,xk),

and we cannot use (A.5) to compute the integral transform 7),, 1,2 (2.2) acting on
the variable x| applied to the function ¥ (x1, ..., xz) (A.2).

We have not succeeded in summing (1.11) in A" because this set is not stable with

respect to any of the maps

(X1, oo X)) > (X1, X2, 000, 8iXG, -0 XE),

for certain values s; with 0 < s5; < 1.
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