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ABSTRACT

In this work, a dynamic internal boundary condition is used as subgrid model in a two-dimensional (2D)
model based on the shallow water equations in order to model narrow regions in the domain. In this way,
computational savings are sought, since it is not necessary to discretize these regions with cells of reduced size.
The new internal boundary condition simplifies other works where 1D-2D coupled models were presented,
since the 1D model is a subgrid for the 2D mesh, so the coupling between both models is simple and direct.
The coupling is performed using mass conservation, simplifying the calculation in the transfer between both
models. Test cases are studied to validate the implemented boundary condition, and a mountain catchment as
a realistic case. The results obtained with a fully 2D mesh and a 2D mesh with rills in narrow regions are very
similar, with a large reduction in computational cost when using rills, both in test cases and in the realistic
case. Thus, the use of the implemented internal boundary condition is an effective tool to study regions with

narrow regions by reducing the computational cost with little loss of accuracy in the results.

1. Introduction

The reduction of computational cost without loss of accuracy in the
numerical results when simulating shallow water free surface flows is
one of the most important challenges of computational hydraulics. In
particular, when trying to reproduce events on a large spatial domain
the efficiency of the method becomes crucial to make a computational
tool affordable and with a practical use. The 2D shallow water system of
equations has been considered suitable to reproduce the flow behavior
in many situations (Sanders et al., 2010; Masoero et al., 2013; Defina,
2000; Costabile et al., 2017; Vacondio et al., 2016; Briganti and Dodd,
2009). The increasing availability of digital topographic data in recent
years provides this type of models with a wider scope of application.
However, this model may involve an excessive computational cost,
specially due to the necessity of small cells to achieve the required
resolution of bed topography (Bomers et al., 2019; Hu et al., 2019).
This drawback of 2D models has caused during years an extended use
of 1D models (Masood and Takeuchi, 2012; Aggett and Wilson, 2009;
Petaccia et al., 2012) that appear advantageous when simulating com-
plex channel nets. Despite the high computational efficiency, the use of
1D models often implies a reduced accuracy in the results compared to
those provided by 2D models (Horritt and Bates, 2002; Costabile et al.,
2015; Betsholtz and Nordlof, 2017). For this reason, some researchers
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have proposed 1D-2D coupled models to combine 2D representation
on the main part of the domain and 1D numerical schematization for
the main channels (Verwey, 2001; Dhondia and Stelling, 2002; Marin
and Monnier, 2009; Gejadze and Monnier, 2007), leading not only
to a reduction of the simulation time, but also to a more accurate
representation of the river channel. Although this approach has been
successfully used for many flood studies, it is generally time-consuming
in setting up the initial model and the accuracy of predictions varies
with the way in which the floodplain is discretized.

Some authors (Lin et al., 2006; Villanueva and Wright, 2006) sug-
gest using only a 1D model for predicting flow velocity and water level
in the main river network. However, if a breach in a river embankment
causes extensive flooding, the flow characteristics would no longer
remain strictly 1D. In such scenarios, a 2D model is employed to
estimate flow velocity and inundation levels in the flooded area. These
models are interconnected using a weir equation, which determines the
flow volume from the 1D domain to the 2D domain based on the water
level difference.

Another approach to coupling 1D-2D hydrodynamic models in-
volves transforming 2D quantities into 1D equivalents by averaging the
terms along cross-sections and enforcing continuity at the interfaces.
Subsequently, an iterative procedure is undertaken within subdomains
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to solve the coupled 1D-2D problem (Miglio et al., 2005). This tech-
nique proves to be a reliable strategy when a suitable subdomain is
selected, typically for simpler configurations such as straight channels
or river bifurcations.

Recent studies propose more advanced methods to integrate both
models. For instance, they establish internal connections by coupling
the 1D node with the center of the 2D grid cell (Li et al., 2009), consid-
ering numerical fluxes from each model, and introducing corrections in
the transfer of momentum quantity due to swirls (Finaud-Guyot et al.,
2011).

Most of these coupled model approaches, developed from existing
1D and 2D models, require a comprehensive examination of how each
model perceives the coupling independently. The boundary conditions
in each model play a crucial role in the modeling process, particularly
because the end of the 2D domain interacts continuously with the
1D model, needing a careful consideration of boundary treatment.
Moreover, other coupling strategies based on a mass conservation and
a complete mass and momentum conservation are proposed in recent
works in order to cover all possible flow situations and to approximate
faithfully the results given by a fully 2D model (Morales-Herndndez
et al., 2013).

However, in general, the coupling between the 1D and 2D models
is an added complexity when creating the mesh (Marin and Monnier,
2009; Morales-Hernandez et al., 2013; Brunner, 2014). And, depending
on the case studied, such coupling is difficult to achieve, as in the
case of steeply sloping basins, where the one-dimensional nature of
the flow remains in narrow regions of the domain such as gullies. For
that reason, in the present work a 2D model is proposed that, through
the use of a simplified one-dimensional internal boundary condition
(IBC), models these regions in a subgrid style, saving a large number of
two-dimensional cells, which would be necessary if these regions were
fully discretized in the 2D model. Compared to previous works, this
is a simpler strategy, since the 1D model is a subgrid for the 2D mesh,
and therefore one-dimensional cells do not exist, thus avoiding coupling
problems between both models. Subgrid-scale modeling (SGS) refers to
the representation of small-scale physical processes occurring at length
scales that cannot be adequately resolved on a computational mesh or
which resolution involves high computational consumption (Li et al.,
2011; Kitts et al., 2020), as in our case. The use of subgrid models
in certain regions is justified by obtaining accurate data regardless
of the 2D mesh resolution, since finer 2D meshes imply a higher
computational cost (Sehili et al., 2014; Casulli, 2009). Unlike the 1D
model proposed as the subgrid model in this work, there are other
subgrid models that model the behavior of certain variables, such as
porosity, by introducing an additional source term in certain cells of
the mesh (Bates, 2000; Nihei et al., 2024). In this work, the coupling
of both models is based on the conservation of mass, so the transfer
between the 2D model and the simplified 1D model is significantly
simplified when compared to other strategies that also consider the
conservation of linear momentum. Both models are discretized using
a conservative upwind cell-centered finite volume scheme based on
Roe Riemann solver across the edges (Roe, 1981). The topography
is represented only with DTM (Digital Terrain Model) in a triangular
unstructured grid for the 2D model that contains the rill (simplified
channel) as an internal boundary condition. Internal boundary condi-
tions are frequently used to model certain hydraulic structures in rivers,
due to the significant reduction in computational consumption without
losing accuracy in the results (Echeverribar et al., 2019; Dazzi et al.,
2020). In the present work, test cases are presented to evaluate the
relative performance of the simplified 1D-2D model and the fully 2D
in steady and unsteady cases with the focus on relative performance
and computational saving. Finally, it is applied to a rainfall runoff case
mountain catchment with complex topography where the numerical
results of the proposed model are compared with those obtained with
a fully 2D modelization. The technique proposed in this work aims to
address the problem of the mesh refinement by drastically reducing
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the number of cells in areas where (1) the flow is predominantly
unidirectional and (2) the density of cells is necessarily high to be able
to faithfully discretize the topography of the basin, such as the main
channel of the basin or the most significant ravines. In order to do this,
these regions will be modeled using 1D rills connected to the rest of the
2D domain, which will be discretized using an unstructured triangular
mesh, similar to the one used for reference simulations.

2. Governing equations

The mathematical models in our case are the shallow water equa-
tions.

2.1. 2D shallow water equations

In search for a compromise between computational efficiency and
accuracy, 3D models are not usual in overland flow, since the informa-
tion provided by a depth averaged 2D model is sufficiently accurate for
the vast majority of problems studied (Vreugdenhil, 1994), assuming
that the vertical acceleration is not relevant. The resulting differential
continuity equation or mass conservation equation relates the water
depth 4 to the average velocity components « and v in the % and y
directions, respectively:

oh + d(hu) + d(hv)

Jat ox dy

being the discharge per unit width in the * component, ¢, = hu, and
the discharge per unit width in the y component, ¢, = hv. In addition,
dout and g;, are the outflow and inflow discharges to the rill per unit
area, acting as volume sink or source of the 2D model, R is the rainfall
intensity and f the soil infiltration rate, modeled by means of the
Horton infiltration model (Horton, 1933). Horton model predicts the
soil infiltration capacity f, by assuming an exponential decay with
time, as follows:

fo=Tfe+ o= Foe™ (®)

being f, and f. the initial and equilibrium infiltration capacities,
respectively, and k a constant representing the rate of decrease in f,,.

Eq. (2) is valid as long as the surface remains ponded (2 > 0). In
this case, the actual infiltration rate is equal to the infiltration capacity
f = fp). On the other hand, when rainfall is falling on soil with
no surface water, an additional consideration should be made. If the
rainfall intensity is lower than the soil infiltration capacity at a given
time (R < f)), all the incoming rainfall infiltrates and thence the actual
infiltration rate becomes limited by the rainfall intensity (f = R). If
rainfall exceeds the soil infiltration capacity (R > f p), the soil becomes
ponded and Eq. (2) predicts the actual infiltration rate (f = f, )

The differential equations of momentum incorporate the influence
of the driving force of gravity and the force of friction:

=qout —qin tR—f 1)

o(hu)  A(hu?) oh | d(huv)

T + T + gha + ay = gh(SDX Sfx) 3)

o(hv)  d(huv) oh  o(hv?)

— +——— +gh— + =gh(S, — S 4
ot ox T8hgy T, T &hSe =Sy )

where S,, and S,, are the components of the gradient of the bottom
surface z,(x, y):

0z, 0z,
Sox:_g’ oy:_d_y (5)
while S, and S, are the frictional slopes of an energy surface:
n2uu? + v? noVu? + 02
Spy= T S, = T 6

h4/3 » Ry /3

with n the Manning’s coefficient, which indicates the resistance that
a flow suffers due to the bed roughness, whose empirical values are
provided in tabulated references and obtained experimentally (Bcc
Waterways Program Staff et al., 2000; Arcement and Schneider, 1984).
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Fig. 1. Main 1D flow variables (a) and the representation of the wetted cross-section area and the wetted perimeter (b).

Fig. 2. Representation of the relevant variables in the 2D numerical scheme. (a) Detail of the triangular mesh focusing on cell i and its neighbors. (b) Sketch of the numerical

contributions defined at the edges of cell i and their sens of propagation.

The expressions (1), (3) and (4) in conservative form can also be
written in matrix form:

Jou . JF(U) + 0G(U)

=S(U 7

ot ox dy Y @
with:

h hu hv

U=|hmul|, FU) =|na?+ %th , GU) = hw |,

hv huv h?* + %gh2

dout —din + R—f
S(U) =| ghlSy, — Syl ®

8hlSoy = Syl

where U is the vector of conserved variables; F(U) and G(U) are the
fluxes of U in % and j, respectively; and S(U) represents the vector of
source terms.

2.2. 1D shallow water equations

Disregarding the transverse velocity component, the equations for
1D flow in prismatic channels can be written in the form:

U | OF(U)
5t s T S(U) €)]

where s is the longitudinal coordinate of the 1D channel and:

h q qin ~ Yout >
U= , FQU) = , S(U) = 10
(q) © <§+§gh2> © (g[h(so—sfn (10

where ¢ is the discharge per unit area and h is the water depth.
Fig. 1a shows a sketch of a rectangular cross section with the involved
distances including H = h + z,. The discharges g;, and g, are the
discharges per unit area as in (8). They represent the volume exchange
between the 1D model and the 2D model. S, is the slope of the bottom
in the longitudinal direction of the channel:

0z,
Sy =—— 11

0 s an
and S is friction slope, based here again on Manning’s law:

_ qlqln?

I~ 2R3 12)
where R is the hydraulic radius, which is defined as the ratio of the
wetted cross-section area A = hB to the wetted perimeter P = 2h + B
(see Fig. 1b) and n is the Manning’s coefficient (Bcc Waterways Program
Staff et al., 2000; Arcement and Schneider, 1984). The variables A and
R are obtained considering that the channel has a constant width B,
facilitating the calculation of the simplified 1D hydrodynamic model.

3. Numerical resolution

The technique used to solve systems of Egs. (7) and (9) is an
explicit upwind finite volume scheme, based on the Riemann Solver of
Roe (Toro, 1997). This numerical scheme starts from (7) or (9) which
in general form can be expressed as:

ou

on +V-EU) = S(U) 13)
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Fig. 3. Representation of the 1D numerical scheme for a subcritical flow.

Fig. 4. 2D mesh with a rill as IBC (a) and zoom of the grid cells around the rill (b).

where E(U) = (F(U), G(U))T in a 2D model, where F(U) and G(U) are
given by (8); and E(U) = F(U) in a 1D model, with F(U) given by the
expression (10). Integrating (13) into a volume or cell 2 and applying
the divergence theorem:

4 Ud.Q+}g E(U)~fldl=/S(U)d.Q
0Q Q

il (14)

where 912 is the contour of the volume and i is the unit vector normal
to the volume £ defined in the outgoing direction of the contour. The
discrete formulation of (14) is then outlined.

3.1. 2D numerical scheme

The discrete formulation of (14) in a 2D domain can be written as:

U:H'l —_un

; NE NE
L+ Y GE) By =Y S,
1 k=1

L E—— 15
b Aty P 15

where €; is the area of the cell i, n is the index associated to the
current time state and NE is the number of neighboring cells to cell
i. Considering triangular cells, NE = 3. Furthermore, éE = E; — E,,
where E; is the flux value at cell Q;, which shares wall k, of length
I, with cell £; with flux value E,. In order to clarify the variables just
presented, Figs. 2a and 2b are shown.

Taking into account the characteristics of the system (13), the
Jacobian matrix of the flow can be defined:

JEU)-n) IF) oG(U)
= = 16
Ju2p U au T ™ e
which can also be defined locally and made diagonal:
Juapi =P A B! a7

where the variables with tilde represent the average value at each cell
and where A, is the diagonal matrix whose non-zero elements are the
eigenvalues of the system, 1",

L=t-i—-¢, Jy=i-A, L=d-A+¢ (18)

being @t - fi = & n, + 0 n, and ¢ the celerity of the infinitesimal surface
deformation waves, and P is the matrix containing the eigenvectors of
the system, &":

1 0 1
Sy =|i—-Cny |, €&=|=¢ny|, €=|id+n, 19
0—<Cn, ¢ ny 0+¢n,

Starting from (15), the updating expression of the conserved vari-
ables at each cell i, taking into account the contributions m for each of
its walls k is obtained (see Fig. 2b):

33
At ~
Ut =ur - 2 N Y (7)) 1" (20)
i k=1m=1
The time step At,p is calculated dynamically according to:
Aty = CFL min | 2% (21)
2D = mn E

where CFL is the Courant-Friedrichs-Lewy number, with 0 < CFL < 1,
which guarantees stability in the numerical scheme (LeVeque, 1992),
and where:

x; = min(y;, 7;) (22)
being:
£,
= 23
Zi max I, (23)

According to (21), the time step depends on the dynamics of the
problem through ZZ’ and on the cell size. Therefore, increasing the re-
finement of the computational mesh will imply a smaller time step, and
therefore a higher computational cost (Hu et al., 2019). It is essential
to optimize the mesh using internal boundary conditions (Echeverribar
et al.,, 2019) that represent correctly the topography of each region,
thus avoiding an unnecessary increase in computational cost.
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Fig. 5. Real representation (a) and schematic representation (b) of 2D and 1D models in a generic case.
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Zb 2D, right
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Fig. 6. Representation of 2D cells and 1D cell.

3.2. 1D numerical scheme

A Jacobian matrix can also be written for the 1D model:

_OFU) [ 0 1
Jnip = U <c2 —u? 2u> @4

whose eigenvalues are:

AM=u—c, AT=u+c (25)

with u and c¢ given by:

A
= = Z =4/ 26
Bh’ ¢ gB gh (26)

where A is the wetted cross-section area and B is the width of the free
surface (see Fig. 1a).

The 1D numerical scheme is formulated for the update of a cell i
between time ¢ and time 1"+!, where the right and left contributions of
fluxes and source terms 7 of the cell interfaces are taken into account
(see Fig. 3):

u=

2 2 "

At ~ -

1 _ 1D ~a\m M

Ut =u - As. [Z (A778) .0 + 2 ( 7€)is1)2 @7
i m=1 m=1

where 1 and & are respectively the local averaged eigenvalues and

eigenvectors of the Jacobian matrix of the flow evaluated on the wall,

and where As; is the i cell size (see Fig. 3). The eigenvalues are

separated into their positive and negative parts:

- 1 - N

’li”;/z = 5(’1 + Ml)ﬁ-l/Z (28)

In (27), numerical stability requires that the time step Ar;p is con-

strained by the CFL condition:

As;

Atyp = CFL min,,, ; ; (lz_'"ll) (29)
k

where 0 < CFL < 1 (LeVeque, 1992).
4. Rill internal boundary condition

As in any system of evolutionary differential equations, it is nec-
essary to consider initial conditions and boundary conditions. Within
the boundary conditions, there are the so-called internal boundary
conditions, which impose certain restrictions at cells in the interior
of the domain (Echeverribar et al.,, 2019; Dazzi et al., 2020). The
rill internal boundary condition will control the exchange of volume
between the 2D domain and the simplified 1D model.

4.1. 2D mesh and 1D sub-grid

Unlike previous works (Marin and Monnier, 2009; Morales-
Hernandez et al.,, 2013; Brunner, 2014), the way to introduce the
rill internal boundary condition is not by coupling 1D and 2D meshes,
but to create a subgrid in the narrow region where the rill is located
(see Fig. 4a). In this way, the 1D cells do not physically exist, but form
a subgrid where the size of the 1D cells come according to the size of
the pairs of 2D cells. There is no constraint but, for simplicity, in the
examples shown in the present work, the size of the 1D cell has been
chosen equal to that of the 2D cells side (see Fig. 4b). Therefore, the
coupling of both models is greatly simplified, being always a left and
right lateral coupling between the 2D cells of each pair and the 1D cell
that is located between them.

4.2. Transferred volume in rill internal boundary condition
The volume transfer from the 2D regions to the one-dimensional

region is based on the flow surface levels H = h + z, at the cells on the
right (Hyp righe) and left (Hyp 1er) sides of the rill and within the rill
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Fig. 7. Representation of the 1D numerical scheme for a supercritical flow.
itself (H;p). Thus, the following expression can be established for the

unit discharge into the rill depending on whether the rill side, treated
as a weir, is submerged or not (Echeverribar et al., 2019; Sotelo, 1977):

if Hw, left 2D <0, Hw, left 1D <0
/e 3/2
28 Cy H, le op

e 32
28 Cy H, et o

272, 0385
10— (Hw,leftm ) /
H, 1eft2p

where g, ¢ is the discharge evaluated on the left side of the rill,

if Hy tefap > 0, Hyy e 1p <0

Gin, left =

if Hy et op > Hop tefr1p > 0

AN W @

(30)

Hw, left 20 = Hieft 20 — HCrest, left and Hw, left 10 = Hip — HCrest, lefts with
Hyest, 1eft Deing the ridge height of the rill on the left, and C, a user-

selected discharge coefficient, the value of which depends on the shape
of the weir (Henderson, 1966). This value is the same for all cases in
the present work, being C;, = 0.6 (Echeverribar et al., 2019). Figs. 5
and 6 show the most important variables of a generic case. In the same
way as in (30), the unit flow rate out of the rill is:

02 if Hy 1eftop < 0, Hy tefi1p <0
3
3 V28 Cq H,, o1

Yout,left =Y 2 /54 3/2
out left 5 2g Cd Hw. left 1D

0385
Hy, teft 20 32 :
10— <—> if Hy eft1p > Hyp lefe2p > 0

Hy, teft 10

if Hw, left 1D > O’ Hw, left 2D <0

(31)

Analogous to the Eqs. (30) and (31), the discharges gj, rgh: and
dout, right for the right side of the rill are obtained. Thus, the discharges
din and qq,; Of the expressions (7) and (9) are gi; = gin, teft + Gin, right and
dout = Yout, left + dout, right-

For reasons of numerical stability, the volume transfer depends on
the values reached by the water depth with respect to the critical
depth (Echeverribar et al., 2019):

» In most cases, when the water depth at both cells (1D and 2D)
exceeds the critical water height h, = (¢’°g~")'/3, a transfer
volume on the left side of the rill is established for a 1D cell i
as:

Vtransfi, left 1D = (qin, left — Yout, left) B Atop As; (32)

where A1y, is the time step of the 2D numerical scheme at the
instant of transfer and As; is the i cell size of the 1D model, here
assumed to be equal to the length of the 2D cell. The value of
Viranst j, left 2p 1S the same as in the 1D cell but with opposite sign.
If the water depth h at one of the 2D cells or the 1D rill cell
exceeds the critical water depth &, associated with the discharge
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Fig. 8. Schematic of the numerical calculation using the rill boundary condition.

q = |gin — 4out| being transferred, the volume transport method
(VTM, Echeverribar et al., 2019) is used. The critical water depth
h. is imposed in the cell i where h; < h,, assuming an added
volume in that cell. To ensure mass conservation, the following
volume must be subtracted in the cell j with the highest water
depth:

Vivanst = (he — 1) S; (33)

where S; is the area of the cell i (S; = @; for a 2D cell and
S; = B As; for a 1D cell).

The difference between the case with volume entering the rill and
the case with volume leaving it is, fundamentally, the sign of the
transfer.

4.2.1. Mass conservation

In case of uniform depth conditions it is easy to verify that our
approach is fully conservative. The fundamental aspect that allows
coupling the 2D model with the 1D model through the use of a 1D rill
internal boundary condition is the mass conservation at the moment
of volume transfer from one model to the other. Total mass must be
accounted for in both models in order to avoid mass conservation
errors. Hence, at the moment of transfer from the 2D model to the
1D model or vice versa, certain situations may occur in which mass
is not well accounted for in the model, which may produce a mass
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Table 1

Computational results for test cases.

Test Nees 2D Computational cost 2D (s) Nees 2D-1D Computational cost 2D-1D (s)
1 4023 500.38 201 1.33

2 1770 60.40 181 0.21

3 110912 18140 4420 7.90

Q'in/

Fig. 9. Test case 1.

conservation error. Therefore, the input and output volume of the
models must be accurately accounted for. Thus, to conserve mass in
both models, the volumes in (32) and (33) will be used:
Nip
Vlngl = Z h:‘H—l B As; = V1n[) + Vivanst (34)
i=1
where V[ is the volume in the 1D model before the volume transfer
between the models and N;p is the number of 1D cells. Vi =
Viranst, left + Viransf, right depends on the case and its sign is determined
by whether the volume is inlet () or outlet (+) to the rill. For the 2D

model, it will be set as total volume:

Nap
2 h:H—l ‘Qi = Vzn]) + Vtransf (35)

i=1

n+l _
V2D -

where V4 op is the volume held in the 2D model before volume transfer
between models and N, is the number of 2D cells. The sign of Vi ner
must be opposite of that Eq. (34) to ensure mass conservation.

4.3. Network of several rills (junction)

One of the possibilities of the internal boundary condition is to
represent networks of rills, formed by gullies in a watershed, by several
tributary streams (Burguete et al., 2014). Therefore, a junction strat-
egy must be developed in order to obtain a smooth evolution of the
conserved variables at the junction region.

The volume variation in the junction region during a time step is:

Nig Nout
it -y = <Zq;' -2 q?) B Aty (36)
i=1 i=1
where V; is the total volume of the rills junction, Nj, is the number of
cells that introduce discharge in the junction (inlet cells) and N is the
number of cells that draw flow from the junction (outlet cells). Finally,
writing the current volume at the junction V] = ZlNz‘;‘+ U h! B As;:

Nin+Nout

Nin Nout
VJn+1 — Z hf’ B 4s; + <Z q’." - 2 qf’) B At;D 37)
i=1 i=1

i=1

Using (37), a new level (H j“) is obtained for the next time step.
Thus, a distinction is made between inlet and outlet cells:

« Inlet cell: The obtained level H j“ is imposed as long as its value
is higher than the value of the cell.
*+ Outlet cell:

— If, for an outlet cell i, ¢; # 0 and h; > 10~° m, the discharge:

N
Tl
n+l _ n — i=1 "i
9 = otalin = N (38)
out, 0

is imposed in the cell i for the next time n+ 1, where N
is the number of outlet cells with non-zero discharge at time
n. For stability reasons, if h; < 107® m, the next conditions

are imposed:

h:H—I = q:otal in AIZD’ q;’H—l =0 (39)
In the case of having a supercritical flow (Fig. 7), a further
condition must be imposed in addition to the discharge in
the case of having a water height above the tolerance. This
condition is the one in the inlet cell, i.e., the level H ;’“ is
also imposed.

- If, on the other hand, ¢; = 0, the level H ;“ is imposed on

the cell i.
4.4. Numerical calculation with both models

The union between the one-dimensional numerical scheme and the
two-dimensional numerical scheme is performed following the scheme
in Fig. 8. In it, it can be seen that first the two-dimensional model is
calculated, obtaining a time interval Af]  at time step n. After the two-
dimensional calculation, the one-dimensional model is calculated, and
therefore, the hydrodynamics in the grooves, obtaining a time interval
At} For both models to advance synchronously, we have the following
situations:

o If A > A, AfT) = At) ) is imposed and the one-dimensional
hydrodynamics is calculated with this step, since there are no
numerical stability problems when using a time step smaller than
the one obtained.

If At} = At ), one-dimensional hydrodynamics is calculated with
this step.

If Ar} ) < At one-dimensional hydrodynamics is calculated until
> At'fD,i = Aty so that both models advance synchronously,
always choosing the time interval 4t;p ; = min(dtyp ;, Aty —
Y Atjp - This implies a variation of the 1D time step for the
final iteration, that will be computed as the minimum between
the 1D time step and the remaining time between the 2D time step
and the sum of the 1D time step for all the iterations performed.
However, as the literature says (Murillo and Garcia-Navarro,
2010), the imposition of a time step smaller than the calculated
one will not produce numerical instabilities.

5. Validation

A series of test cases are presented to validate the correct opera-
tion of the rill internal boundary condition. In the test cases, neither
precipitation nor infiltration is considered, so f = R = 0.

5.1. Test case 1

A 10 mx 10 m square domain with no slope (Fig. 9) is first assumed.
It contains a rill of length L = 8 m aligned with the x axis of rectangular
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Fig. 10. 2D mesh (a) and 2D mesh with rill (b) for the test case 1.
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Fig. 11. Temporal evolution of the water surface level (a) and the velocity module (b) at the probe location for the test case 1.
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Fig. 12. Longitudinal profile along the x coordinate at the y coordinate y = 5.0 m for 3 different states.

cross section formed by a width B = 0.2 m and a depth z,;;;, = 0.2 m.
Flow is assumed in the y direction. The initial conditions are dry bed
everywhere. The inlet hydrograph imposed as the upstream boundary
condition goes from zero and grows steadily to 0.015 m?s~! at the end
of the simulation. A uniform flow boundary condition is imposed at the
downstream section. The Manning coefficient is n = 0.032 s m~1/3. A
probe is located between the end of the rill at P = (5.00;4.50) m, in
order to compare the results provided by the fully 2D mesh (Fig. 10a)
and the mesh with the rill (Fig. 10b), which is modeled by 1D cells
with 4s = 0.73 m. The results of the temporal evolution of the water
surface level and the velocity module are shown in Fig. 11. Moreover,
the computational cost for both meshes is shown in Table 1. As it can be
seen in Fig. 11, the meshes provide almost identical results in accuracy,
but their computational times are really different as it can be seen in
Table 1, being the 2D-1D mesh more computational efficient. In order
to see the influence that the rill has on the spatial evolution of the flow,
a longitudinal profile is added along the x-coordinate at y = 5.0 m. This
profile is shown in Fig. 12, where the spatial evolution of the water
surface level of the 2D model and the 2D-1D model along the profile
can be observed for 3 different states: State 0 (+ = 0.0 s) where the rill
is completely dry, State 1 (+ = 360.0 s) where the rill has just filled,
and State 2 (+ = 540.0 s) where considerable time has passed since the
rill has filled. As it can be seen in Fig. 12, the differences between
the two models are primarily until the rill is filled. Thereafter, the
results obtained by both models are practically the same, noting that
the discretization of the rill using 2D cells or its modeling by means of
an internal boundary condition does not entail appreciable differences.
To compare the results between both meshes, the root-mean-square
error (RMSE) (Barnston, 1992):

RMSE = (40)

is used, where x; are the results at the probe location provided by
the 2D-1D mesh for a dumping time i, %; are the results at the probe
location provided by the 2D mesh for a dumping time i, and N is the
total number of dumping times. For this case, the root-mean-square
error is RMSE = 1.39 - 10~* m for the water surface level and RMSE =
8.77 - 10~* m/s for the velocity module.

5.1.1. Analysis of the rill width

In order to verify the influence that the size of the rill has, the width
of the proposed rill is modified to verify how this aspect affects the
results obtained. In this way, the same previous case is simulated with
two different widths: a smaller width (B = 0.1 m) and a larger width
(B = 0.4 m). The initial condition, the boundary conditions and the
rest of the rill characteristics are the same as in the previous case. The
results with B = 0.1 m are shown in Fig. 13 and the results with B = 0.4
m are shown in Fig. 14. The root-mean-square error for the test case
with B = 0.1 m is RMSE = 9.55- 10~ m for the water surface level and
RMSE = 5.50 - 10~* m/s for the velocity module. For the test case with
B = 0.4 m, the root-mean-square error is RMSE = 1.14 - 10~ m for the
water surface level and RMSE = 1.15-10~2 m/s for the velocity module.
As it can be seen in Figs. 13 and 14, and comparing the values of RMSE,
the increase in the width of the rills implies a lower accuracy in the
results because the size of the rill starts to be non-negligible compared
to the dimensions of the domain.

5.2. Test case 2

The second test case is the same dry 10 m x 10 m square domain
with no slope (Fig. 15). In this case, a rill of length L = 3 m, width
B = 0.2 m and depth z;;, = 0.2 m is assumed aligned with the
y axis. Flow is imposed along the y axis according to a hydrograph
from zero to 0.015 m3s™! at the upstream boundary condition and a
uniform flow is imposed as the downstream boundary condition. The
Manning coefficient is n = 0.032 s m~'/3. A probe is again located
between the end of the orifice and the downstream boundary condition,
at P = (5.00;3.10) m, in order to compare the results provided by the
fully 2D mesh (Fig. 16a) and the mesh with the rill as IBC (Fig. 16b),
which is modeled by 1D cells with 4s = 0.6 m. The temporal evolution
of the water surface level and the velocity module are shown for both
meshes in Fig. 17 and the computational results in Table 1. The results
of both meshes are really similar for the water surface level, while
for the velocity module the difference between the models is more
appreciable. Moreover, the computational cost for 2D mesh is higher
than for 2D-1D mesh as it can be seen in Table 1. Using Eq. (40),
RMSE = 6.11 - 10™* m for water surface level and RMSE = 5.09 - 10~
m/s for the velocity module are obtained.
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Fig. 13. Temporal evolution of the water surface level (a) and the velocity module (b) at the probe location for the test case 1 with B =0.1 m.
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Fig. 14. Temporal evolution of the water surface level (a) and the velocity module (b) at the probe location for the test case 1 with B =0.4 m.
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Fig. 15. Test case 2.

5.3. Test case 3

The third test case is a 100 m x 10 m 2D domain with no slope
(Fig. 18). In this case, it contains a T-shaped orifice with a major side
of 40 meters aligned with the x axis, a minor side of 7 m, a width
B =0.2m and a depth z_;, = 0.2 m. Flow is assumed along the x axis
starting again from dry conditions and corresponding to a hydrograph
from zero to 0.05 m3s~! imposed as the upstream boundary condition
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and a uniform flow is imposed as the downstream boundary condition.
The Manning coefficient is n = 0.032 s m~!/3. The IBC involves 3
rills and a junction. A probe is located between the end of the orifice
and the downstream boundary condition at P = (60.50;5.00) m, in
order to compare the results provided by the fully 2D mesh (Fig. 19)
and the mesh with 3 rills (Fig. 20), which are modeled by 1D cells
with 4s = 0.73 m. The results provided by both meshes are shown in
Fig. 21. Only small differences when the rill is full and the flow starts
to come out of it can be observed for the water depth (see Fig. 21a).
However, the difference between 2D and 2D-1D models in the velocity
module is higher, as it can be seen in Fig. 21b. Table 1 shows that the
computational cost of the 2D mesh is much higher than that of the 2D
mesh with IBC. Using (40), RMSE = 2.17 - 10~3 m for the water surface
level and RMSE = 8.73 - 10~ m/s for the velocity module are obtained
for this test case.

6. Application to the Arnas river catchment

The Arnas river catchment is located in the Borau valley (Northern
Spanish Pyrenees). In the last decades, an exhaustive experimental
study of the water-table dynamics, sediment transport and erosion
processes, runoff generation and streamflow response has been carried
out (Lana-Renault et al., 2007; Garcia-Ruiz et al., 2005). From a numer-
ical perspective, the physical processes of rainfall, infiltration, runoff
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Fig. 16. 2D mesh (a) and 2D mesh with rill (b) for the test case 2.
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Fig. 17. Temporal evolution of the water surface level (a) and the velocity module (b) at the probe location for the test case 2.

Fig. 18. Test case 3.
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Fig. 19. 2D mesh for the test case 3.
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Table 2
Number of cells for all the assessed meshes.
Mesh 0 Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5
Neets 404152 166573 113874 92311 61940 38553

generation, groundwater flow, erosion and sedimentation have been
simulated in detail using different methods (Lopez-Barrera et al., 2011;
Fernandez-Pato et al., 2016). The main goal of this case (see Fig. 22)
is to assess if the rill internal boundary condition can outperform
a fully 2D mesh in a realistic application of rainfall runoff flow at
a mountain basin level where several previous analysis have been
performed (Lopez-Barrera et al.,, 2011; Fernandez-Pato et al., 2016;
Caviedes-Voullieme et al., 2012). The first step is to find the coarsest
mesh that allows the full 2D model to generate accurate numerical re-
sults. Starting from a simulation carried out with an ultra-fine reference
mesh (Mesh 0) of rainfall over dry terrain, the number of cells has been
progressively reduced and the hydrographs at the outlet of the basin
have been compared. The refinement of the reference mesh (Mesh 0)
has been carried out taking into account the maximum refinement level
imposed by the resolution of the available digital terrain model of the
basin (2 m x 2 m). Table 2 shows the number of cells (Nq,) for all
the assessed meshes.

A single rainfall event with a duration of 2.4 days is considered for
this test. Fig. 23 shows the measured hyetograph, registered by a rain
gauge with a frequency of 1 h. All the domain boundaries are closed
except for the outlet point, located at the position of the flowmeter
(see Fig. 22). Regarding the Manning roughness coefficient, a uniform
value of n = 0.05 s m~!/3 is set for the sake of simplicity. The infiltration
parameters are k = 7-107* s™!, £, =2.10° m/s and f; = 2.2-107 m/s,
following the values used in previous works (Fernandez-Pato et al.,
2016).

The outlet numerical hydrographs for all the assessed meshes are
compared in Fig. 24. Several conclusions are reached here. On the
one hand, all the meshes except Mesh 5 are capable of capturing
the main peak of the outlet hydrograph, so this mesh is discarded.
The hydrographs corresponding to Mesh 0 and Mesh 1 are practically
identical so it is clear that the coarsening of Mesh 1 is not enough. The
two secondary peaks of the final part of the hydrograph are correctly
simulated with any of the meshes considered (see Fig. 26). On the other
hand, paying attention to the first stages of the event, we see significant
differences among meshes (see Fig. 25). Differences up to 50% in the
third discharge peak automatically discard Mesh 4, while Mesh 3 fails
at reproducing adequately the time at which the hydrograph begins.
Taking all these considerations into account, we can conclude that the
optimal mesh for the 2D model in this particular case is Mesh 2 with
113874 computational cells.

When the optimum 2D mesh is obtained, the different regions where
the main gullies are located in the domain will be modeled using
rills as IBC. These regions must be discretized correctly because of
their complexity and their irregularity (Fig. 22), therefore, the size of
the cells in this zones must be smaller than the rest of the domain
(Fig. 27a). As shown in Fig. 28, there are 7 main gullies, but two of
them are much smaller than the rest. For this reason, two meshes are
proposed, one with the 5 bigger rills and another with 7 rills. In this
particular case, taking into account the topography of the domain, the
secondary rills (2 to 7) are not connected to the main one because the
mouth of the secondary rills in the main rill is an extension of the width
of the gullies where the water is accumulated, so modeling this region
using a 1D rill would be a high error. The main difference between the
fully 2D mesh (M2D) and the 2D mesh with rills (M2D5R and M2D7R)
is the size of cells in the gullies, as it can be seen in Fig. 27 and in
Table 3. To compare the different meshes, a probe is placed at the
position where the flowmeter and turbidimeter are located, very close
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Fig. 23. Hyetograph for the Arnas catchment test case.
Table 3
Computational results for Arnds case.
2D Mesh 2D Mesh + 5 rills 2D Mesh + 7 rills
\ 113874 78038 77 950
Computational cost (s) 32385.76 8970.98 8924.24
Speed-Up - 3.61 3.63
Table 4

RMSE for Arnéds case.

2D Mesh + 5 rills

0.170 m?/s
0.158 m?/s

2D Mesh + 7 rills

0.176 m?/s
0.172 m*/s

RMSE (without correction)
RMSE (with correction)

to the downstream boundary condition. The temporal evolution of the
outflow discharge is shown in Fig. 29 and the computational cost for
each mesh is shown in Table 3. The three meshes provide very similar
results for most of the event, except for the first rain period, where
M2D5R and M2D7R provide a significantly higher outflow discharge
than the M2D. This may be due to the fact that, as the cell size increases
near the gullies, the infiltration rate in these regions is lower than for
M2D, which initially results in a lower infiltration rate, which over time
balances out in all 3 meshes. For this reason, the initial infiltration rate
fo is slightly increased to f, = 2.56 - 107> m/s in the meshes with
rills, obtaining the temporal evolution of the outflow discharge shown
in Fig. 30. This figure shows a greater similarity between the results
obtained with each mesh. Figs. 31, 32 and 33 are added to show the
water depth in the entire domain using both models, showing great
similarity in the results shown. Moreover, the computational costs are
shown in the Table 3, where it can be seen that the meshes with rills are
much more computationally efficient than the 2D mesh by significantly
not only reducing the number of cells, but also increasing the time step
size that decreases when the grid size gets smaller (leading to a larger
number of time steps to complete the simulation). The RMSE (Eq. (40))
is obtained for the cases with and without infiltration correction. The
values of RMSE are shown in Table 4. From these results it can be
concluded that the use of 5 rills provides information more similar to
that provided by the 2D mesh. In addition, the infiltration correction
reduces the error in the meshes with rills, being the mesh with 5 rills
and infiltration correction the mesh with the lowest error.
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Fig. 25. Zoom view of the beginning of the outlet hydrographs.
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Fig. 24. Outlet hydrographs for all meshes.
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7. Conclusions

In this paper, a rill internal boundary condition for narrow regions
on a 2D mesh is presented, in order to reduce the computational cost of
realistic event simulations without losing the accuracy offered by fully
2D meshes.

The main difference with previous works is the simplicity of this
coupling, where the one-dimensional cells are not physical cells in the
mesh, but their presence is shown in the mesh with an increase of
2D cells in these regions, with loss of topographic information that is
compensated by the presence of the rill boundary condition in these
regions.

Three validation cases are presented to test the accuracy and com-
putational cost offered by this internal boundary condition. In all three
cases, very similar results for the water surface level are obtained
between the use of a fully 2D mesh and the use of rills to model the
narrow regions of the domain. This accuracy is reflected by the low
RMSE values obtained. However, the difference between the models
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are higher when the velocity module results are compared. The main
reason of this difference is the discharge used in the 1D rill, which
models the flow entering the rill as if it were a weir. Therefore, some
error is introduced in this approximation, although, as can be seen in
the RMSE values obtained for the velocity module, this error is still low.
In addition, the computational times offered by meshes with rills are
much lower than those offered by 2D meshes, so that the use of this type
of boundary condition in test cases optimizes the mesh significantly
with practically no loss of accuracy in the results.

Subsequently, a realistic case, the Arnas river catchment, is studied
in order to check if this internal boundary condition can be useful
for certain regions with gullies or narrow regions that significantly
increase a 2D mesh by requiring cells of a reduced size to capture the
topographic information of these areas correctly. Due to the presence
of numerous gullies in this basin, two meshes with different number
of rills are developed, one with 5 rills and another with 7 rills. The
results obtained with these two meshes are similar to those offered
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Fig. 26. Zoom view of the end of the outlet hydrographs.
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Fig. 27. 2D mesh without rill (a) and with rill (b) for the Arnés case.
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Fig. 28. Arnas case domain with the different regions where the rills are located.
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Fig. 29. Temporal evolution of the discharge for 2D mesh, 2D mesh with 5 rills and 2D mesh with 7 rills, without the infiltration correction.

by a completely 2D mesh, except in the first hours of raining, where
the results differ notably, as it can be seen in Fig. 29. This aspect
may be due to the fact that, since there are fewer cells in the areas
where the rills are located, these meshes do not initially infiltrate as
much water as the 2D mesh does. For this reason, the initial infiltration
rate is slightly increased in these two meshes. In this way, a greater
similarity in the results is observed (see Fig. 30), reducing the RMSE
value in comparison with the meshes without infiltration correction
(see Table 4). With respect to computational times, the use of rills
represents a great reduction in computational cost as it can be seen
in Table 3.
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Thus, it can be concluded that the implemented internal bound-
ary condition is an accurate and efficient tool for modeling narrow
regions in large domains, which significantly increase the number of
cells, and therefore, the computational cost. It is important to note,
however, that in a catchment, the approach requires prior knowledge
of the location of the rills and therefore a detailed understanding of
hydrographic network. Moreover, the rill width should be negligible
at the domain scale, otherwise some inaccuracies can be observed (see
Figs. 13 and 14). When this information is not available, the approach
seems inapplicable unless a preliminary simulation is conducted with
a very fine computational mesh to identify the hydrographic network.
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Fig. 30. Temporal evolution of the discharge for 2D mesh, 2D mesh with 5 rills and 2D mesh with 7 rills, with the infiltration correction.
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Fig. 31. Spatial distribution of the water depth for 2D mesh without rill (a) and with rills (b) for the Arnas case in r = 2.25 hours.
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Fig. 32. Spatial distribution of the water depth for 2D mesh without rill (a) and with rills (b) for the Arnas case in # = 3.25 hours.

surface level, z (m)
850.0 1000. 1200.

Water depth, h (m)
0.0 1.00 2.00

34 1500.
|

0.0 1.00 2.00 34 850.0 1000.  1200. 1500.
| |
&
o< X

Water depth, h (m) Surface level, z (m)

0.0 1.00 200 3.4 850.0 1000.  1200.

1500.
| |

Fig. 33. Spatial distribution of the water depth for 2D mesh without rill (a) and with rills (b) for the Arnas case in 7 = 4.25 hours.
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