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Resumen

Esta tesis aborda la mecéanica estadistica y la teoria de campos de los sistemas hibridos.
Los sistemas hibridos son aquellos que permiten caracterizar los fenémenos fisicos que, para
una determinada precision, requieren una descripcién conjunta formada por un subsistema
clésico y un subsistema cuéntico. En la mayoria de los casos, como en dindmica molecular,
los sistemas hibridos son una descripciéon efectiva obtenida a partir de una descripcion
cuéntica completa mas fundamental. En algunos otros casos, como en el de la gravitacion
acoplada a la materia cuéntica, los sistemas hibridos podrian considerarse la descripcién

fundamental.

Las principales contribuciones originales de este trabajo a la mecéanica estadistica de los
sistemas hibridos son las siguientes. En primer lugar, se introduce la definicién de entropia
y conjunto canénico para este tipo de sistemas, en términos de una matriz de densidad
hibrida. De esta forma, se corrige una nocién de entropia errénea que puede encontrarse
en la literatura, basada en la entropia de Gibbs para una distribucién de densidad de

probabilidad sobre un espacio de fases hibrido.

En segundo lugar, se proporciona una correccién de los promedios temporales ergédicos
para trayectorias acopladas a termostatos clasicos, con el fin de que reproduzcan ensembles
termodinamicos hibridos apropiados. Esta forma de calcular promedios contrasta con los
ensembles mal definidos alcanzados en la literatura preexistente. Estos estaban asociados
a magnitudes termodinamicas no aditivas, a un limite termodinémico trivial y a ensembles

condicionales y marginales incorrectos para ambos subsistemas, clasico y cuéntico.

En tercer lugar, derivamos la dindmica estadistica Liouvilliana para ensembles hibridos
a partir de la microdindmica Hamiltoniana. Ademaés, se caracteriza en un nuevo formalis-
mo una inconsistencia histéricamente bien conocida de la dindmica estadistica hibrida. La
inconsistencia residia en el hecho de que la representaciéon de ensembles hibridos en térmi-
nos de matrices de densidad hibridas (primer momento cuantico) constituye una clase de
equivalencia para distribuciones de probabilidad sobre el espacio de fases que comparten el
primer momento (pero difieren en el resto de momentos). La dindmica dada por el teorema
de Liouville rompe esta clase de equivalencia. Nuestra soluciéon reside en la descripciéon de

la dindmica estadistica en términos de un sistema de ecuaciones diferenciales acopladas



para todos los momentos estadisticos cuanticos, que pueden considerarse matrices de den-
sidad generalizadas. También se proporciona una expresion truncada de este sistema de
ecuaciones diferenciales para la implementacion de la dindmica Liouvilliana en aplicaciones
practicas. En el aspecto tedrico, el formalismo tiene todavia un fuerte potencial para carac-
terizar la interaccion entre las magnitudes termodinamicas y la dinamica estadistica para

estos sistemas hibridos.

La udltima contribucién a la mecéanica estadistica presenta ensembles hibridos en un
nuevo marco teorico, en el que el subsistema clasico se representa mediante el formalismo
de Koopman para la mecanica estadistica clasica y el subsistema cuantico en términos
de matrices de densidad de von Neumann. A continuacién, se propone un nuevo tipo de
matriz de densidad para caracterizar los estados estadisticos hibridos, que, aunque parece
totalmente cuéntica, es parcialmente Koopmaniana. Este formalismo es capaz de caracte-
rizar un amplio conjunto de dindmicas hibridas de una manera formalmente analoga a la
mecénica estadistica cuéntica. Ademas, se demuestra que la entropia hibrida previamente
caracterizada corresponde a la entropia de von Neumann para estas matrices de densidad
Koopman-von Neumann. Poder caracterizar tanto la dinamica como la termodinamica en
términos de matrices de densidad es una novedad que ayudard a estudiar algunos de los

aspectos mas delicados de los sistemas hibridos.

El dltimo trabajo presentado en esta tesis aborda sistemas hibridos de teoria de cam-
pos. En particular, se combina una formulacién Hamiltoniana de la relatividad general de
FEinstein conocida como geometrodindmica con una formulacién Hamiltoniana de la teoria
cudntica de campos (QFT). Esta ultima se basa a su vez en la version geométrica de la
imagen de funcional de onda de Schrodinger en espacio-tiempo curvo. En este trabajo
se utilizan nuevos ingredientes geométricos (respecto a los anteriores sistemas hibridos)
que demuestran ser necesarios para la consistencia en la descripcién de este tipo de sis-
temas hibridos. La fenomenologia resultante de la teoria muestra algunas propiedades que
suponen una mejora con respecto a trabajos previos de QFT en espacio-tiempo curvo, como
la conservacién de la norma para el estado cuéntico y la conservacién de las magnitudes
hibridas necesarias. Algunas de las aplicaciones potenciales de la teoria incluyen el estudio
de la evaporacién de agujeros negros y la radiacion de Hawking, el efecto de los campos
cuanticos en cosmologia de universo temprano, la formacién de singularidades o censura
de las mismas bajo colapso de polvo cuantico, el estudio de la creacién de particulas bajo
espacio-tiempo dindmico y, en general, la caracterizacién precisa de la backreaction de los

campos cuanticos sobre la gravitacion clasica y viceversa.



Abstract

This thesis tackles the statistical mechanics and field theory of hybrid systems. Hybrid
systems are used for those physical phenomena whose characterization, for a given accuracy,
requires the joint description of a classical and a quantum subsystem. In most cases, such
as in molecular dynamics, hybrid models are effective descriptions, obtained from a more
fundamental full quantum one. In some other cases, such as in gravitation coupled to

quantum matter, hybrid systems could be regarded as the fundamental description.

The main original contributions of this thesis to the statistical mechanics of hybrid
systems are the following. Firstly, the definition of entropy and canonical ensemble for
this kind of systems is introduced in terms of a hybrid density matrix. This corrects a
mistaken notion found in the literature, based on a Gibbs entropy for a probability density

distribution over a hybrid phase space.

Secondly, a correction to the ergodic time averages for the trajectories of hybrid sys-
tems coupled to classical thermostats is provided. In this way, those averages yield the
appropriate hybrid thermodynamical ensembles, in contrast to the ill-defined ensembles
reached in some previous works. Those errors were associated with the consideration of
non-additive thermodynamical magnitudes, wrong trivial thermodynamical limits, and in-

correct conditional and marginal ensembles for the classical and quantum subsystems.

Thirdly, a derivation of Liouvillian statistical dynamics for hybrid ensembles from
Hamiltonian microdynamics is obtained. Furthermore, a historically well known incon-
sistency of the hybrid statistical dynamics is characterized in a new formalism. The in-
consistency lied in the fact that the representation of hybrid ensembles in terms of hybrid
density matrices (first quantum moments) constitutes a class of equivalence for all those
probability distributions over phase space that share the first moment, but may differ in
higher order ones. The dynamics given by Liouville’s theorem breaks this equivalence class.
Our solution lies in the description of statistical dynamics in terms of a system of coupled
differential equations for all the quantum statistical moments. These can be regarded as
generalized density matrices. A truncated expression of this system of differential equations
is also provided, for the implementation of Liouvillian dynamics in practical applications.

On the theoretical side, the formalism has strong potential to characterize the interplay
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between thermodynamical magnitudes and statistical dynamics for hybrid systems.

The last contribution to statistical mechanics casts hybrid ensembles in a new fra-
mework, where the classical subsystem is represented by Koopman’s formalism for clas-
sical statistical mechanics and the quantum subsystem in terms of von Neumann’s density
matrices. A new kind of density matrix is then proposed to characterize hybrid statistical
states, which, while looking fully quantum, is partially Koopmanian. This formalism is
able to characterize a wide set of hybrid dynamics in a way that is formally analogous to
quantum statistical mechanics. Furthermore, it is shown that the hybrid entropy previous-
ly characterized corresponds to von Neumann’s entropy for this Koopman-von Neumann
density matrices. Being able to characterize both dynamics and thermodynamics in terms
of density matrices is a novelty that will help to study some of the most puzzling aspects

of hybrid systems.

The last work presented in this thesis tackles hybrid field theoretical systems. In partic-
ular, a Hamiltonian formulation of Einstein’s general relativity known as geometrodynamics
is combined with a Hamiltonian formulation of quantum field theory (QFT), based on the
geometric version of the Schrodinger wave function picture. New geometric features are
shown to be necessary to obtain a consistent description of this kind of hybrid systems.
The resulting phenomenology of the theory already shows some improved properties with
respect to previous works of QFT in curved spacetime, such as norm conservation for the
quantum state, and conservation of the necessary hybrid magnitudes. Some of the poten-
tial applications of the theory comprise (but are not limited to) the study of black-hole
evaporation and Hawking radiation, the effect of quantum fields in early cosmology, the
formation or avoidance of singularities under quantum dust collapse, the study of particle
creation under dynamical spacetimes and, in general, the precise characterization of the

backreaction of quantum fields on classical gravitation and viceversa.



Contents

1 Introduction 1

1.1 Introduction to hybrid systems . . . . . . .. ... ... ... .. ... ... 2

1.1.1  Brief summary of different hybrid theoretical models . . . . . . . .. 5

1.1.2  Ehrenfest dynamics . . . . . . . ... .o oL L 10

1.2 The geometric formulation of mechanical systems . . . . . . ... ... ... 19

1.3 Statistical mechanics . . . . . . ... oL 30
1.3.1 Ergodic hypothesis, phase space visitation for thermostatted traject-

ories and hybrid canonical ensemble . . . . ... ... ... ... .. 39

1.3.2 Hybrid Liouville’s theorem and its consequences . . . . . . . . . . .. 41

1.3.3 Koopman’s formalism for hybrid C* algebras . . . .. ... ... .. 43

1.4 Hybrid systems for field theories . . . . . . ... .. ... .. ... ... 46

1.4.1 General Relativity and its Hamiltonian formulation . . . . . . . . .. 47

1.4.2  The Schrodinger functional picture of quantum field theory . . . . . 57

2 Statistical Mechanics 69

2.1 Entropy and canonical ensemble of hybrid quantum classical systems . . . . 70

2.2 About the computation of finite temperature ensemble averages of hybrid

quantum-classical systems with molecular dynamics . . . . . . . . . ... .. 7
2.3 Effective nonlinear Ehrenfest hybrid quantum-classical dynamics . . . . . . 95
2.4 Hybrid Koopman C*—formalism and the hybrid quantum-—classical master

equation . . . ... 110
3 Hybrid field theory for gravity and quantum matter 131

4 Discussion 199






Chapter 1

Introduction

Science may be described as the art of systematic over-
simplification — the art of discerning what we may with

advantage omit.

Karl Popper.

The objective of this thesis is to characterize physical systems where, by mercy of some
hierarchy on key physical magnitudes, some degrees of freedom can be accurately described
by classical mechanics, while others require quantum mechanics. These systems are referred
to as hybrid systems. Specifically, two primary avenues of investigation have been pursued,

employing similar mathematical methodologies.

As it will be comprehensively explained later, the first one delves into the statistical
mechanics of hybrid systems. This investigation encompasses several pivotal contributions,
including the development of an entropy function for hybrid statistical ensembles, the iden-
tification of the root cause of some inconsistencies between microdynamics and statistical
mechanics in hybrid systems previously described in the literature (and two distinct pro-
posals for their conciliation), and the formulation of a master equation derived from hybrid
Hamiltonian microdynamics. To accomplish these objectives, the essential mathematical
tools that we have employed are symplectic geometry (leveraging Liouville’s theorem),
probability theory (for the precise characterization of hybrid entropy and ensembles), and
C*-algebras (for establishing a robust connection between hybrid physical observables and

collective states).

The second field of study extends the scope of traditional hybrid systems, with classical
mechanics and ordinary quantum mechanics as their constituents, to hybrid field theories.
This generalization is performed in the context of the Hamiltonian description of classical
gravity interacting with matter described by quantum field theory. The main results are

the implementation of Dirac’s symmetry group of hypersurface deformations with con-
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straints (equivalent to general covariance in a Hamiltonian framework of the Universe) for
the hybrid system, the norm conservation for the states of quantum field theory in curved
spacetime, and the depiction of the backreaction of quantum matter on the geometry of
spacetime. In order to do so, we extend the framework known as geometrodynamics, which
describes in a Hamiltonian way Einstein’s general relativity (or, for that matter, any geo-
metric description of gravity, not necessarily based on a metric tensor field) to contain
a geometric description of quantum field theory as matter sources. The mathematical
prerequisites in this case involve the development of infinite dimensional calculus for clas-
sical tensors and quantum states, and the generalization of the geometric formulation of

quantum mechanics to the Schrodinger functional picture of QFT.

To fully appreciate the significance of these results, we must firstly delve into a brief
review of the field and its state of the art at the inception of this thesis. This will help the
analysis of the articles that follow. Next section will thus examine the historical and lo-
gical development of hybrid systems, with special focus on Ehrenfest dynamics. Section 1.2
reviews the geometric formulation of classical, quantum and hybrid Hamiltonian systems.
The key result from that section is Liouville’s theorem, based on the symplectic geometry
of the phase spaces. Naturally, this is followed up by the introduction of the statistical
mechanics of hybrid systems in section 1.3, where the first four articles of this compendium
are contextualized. The last section in this introduction presents the Hamiltonian formu-
lation of general relativity and quantum field theory, providing the necessary ingredients
for the understanding of the hybrid field theory presented in the fifth and last article of
this thesis.

1.1 Introduction to hybrid systems

The objective of physics is the description of the natural world, from the tiniest element-
ary particles to the vast expanse of cosmological objects. Despite the allure of a unified
description encapsulating the entirety of this broad spectrum of phenomena, its realiza-
tion, even the computation of the most standard everyday problem with it, proves to be
impracticable. Therefore, when studying a particular physical event, to avoid obfuscating
the relevant phenomenology with unnecessarily high resolution, the adoption of effective
descriptions becomes imperative. In this sense, it is commonplace (although many times it
is done implicitly) to analyze the dynamics of the physical observables of interest in relation
with the needed accuracy (given by the direct resolution of a measurement aparatus or by
indirect means, such as time averages, convolutions accounting for coarse grained obser-
vations, interest on collective behaviour such as intensive magnitudes, etc.), and dispense

with certain degrees of freedom of the system that remain beyond observational reach. We
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will call this approach, that goes from higher detail and complexity to the simplified de-
scription (i.e. from fundamental to effective theories) a top-down approach. Nevertheless,
despite this logical structure, from a historical point of view, the theories have developed in
the opposite way, since the simplified descriptions (e.g. classical mechanics) were developed
earlier than the precise ones (e.g. quantum mechanics) from which they can be obtained as
simplifications. The steadily increasing falsifiability power of experiments constantly leads
to the identification of an established theory as an effective simplification of a more funda-
mental one that then dethrones the former one, given the disagreement of the experimental
results with its predictions. A canonical example of this historical procedure is Newtonian
gravity, which can be obtained as a limit of General Relativity and is still valid in a certain
range of applications, but failed to describe with sufficient accuracy relevant observations,
such as the advance of Mercury’s perihelion [10]. Nevertheless, the original theory may
have a range of validity on certain physical scales and, therefore, to be a suitable gener-
alization, the new and more fundamental theory must share compatible predictions with
the old effective one on that range. Usually, such compatibility is mathematically under-
stood with a limit on a certain ratio of physical scales characterizing the common range of

application which simplifies the fundamental theory, and yields the effective one.

In the context of hybrid systems, the role of such fundamental theory is quantum mech-
anics (including quantum field theory), which is widely accepted as our best description
of the physical world at small scales. Historically, the effective theory (which, naturally,
arose first) considered for most of broad-scope phenomena is classical mechanics, providing
a simplified, macroscopic description that effectively captures the relevant behavior with
the desired accuracy. Nevertheless, such phenomena can, theoretically, also be described
by quantum mechanics, albeit baroquely detailed. Therefore, one may ask, how does a de-
scription at one scale emerge from a deeper and more detailed description? This question
about scales is identified with the mathematical notion of limit introduced above. Even
though a plethora of methods are employed to zoom out and capture solely the relevant
aspects of a system, if the original theory is quantum mechanics and the resulting one is
classical mechanics, such procedure is usually dubbed classical limit (or semi-classical, if

some features of the quantum mechanical description are partially preserved).

This clarifies the relation between both theories in reference to their respective scales
of application, allowing us to choose either quantum or classical mechanics depending
on the studied phenomena. Nevertheless, the previous discussion does not include yet the
possibility of hybrid systems, i.e those that contain a subsystem that still requires quantum
mechanics to capture its behavior with the desired accuracy, but the rest of the system can

be simplified through a semiclassical limit.

The most notable examples of theories tailored for this kind of systems are the various

types of molecular dynamics. Born and Oppenheimer’s work [11] on the approximations
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to the factorization of the molecular wave function is the precursor work on the subject:
an expansion dominated by the quotient of electron-nuclear masses is employed for the
different terms in the kinetic energy of the nuclei (rotational, translational and related to
quantum dispersion of momenta). Later, in the 50’s, these bounds are applied to perform
calculations under the name of Born-Oppenheimer molecular dynamics (see [12, 13| for
recent reviews), where the electrons are described under the frame of quantum mechanics,
but the nuclei follow the simpler classical description. Therefore, despite their fundament-
ally quantum nature, it is shown that the nuclear mean position is usually enough to
characterize the chemical properties of the molecule, together with the electronic molecu-
lar orbitals, allowing for an accurate hybrid description of the studied phenomena while

simplifying the computational complexity.

Other situations for which hybrid descriptions are mandatory include: problems in solid
state physics (for example, quantum electrons in a lattice subject to classical perturbations,
or the dynamics of molecules on metallic surfaces as in [14]) and classical electromagnetic
fields (following Maxwell’s equations) interacting with quantum electrons (e.g., for dis-
sociation or ionization of dimmers under intense laser pulses as in [15, 16| and effective
descriptions of absorption, emission and scattering of light by quantum matter). They also
have crucial applications in biological processes (a paradigmatic example is the dynamical
description of photosynthesis, where the electronic system in charge of photon absorption
must be quantum mechanical, although the description of chlorophyll itself, being a huge
molecule, is only viable classically) and even diagnostic applications (in [17], hybrid systems
are used to characterize nuclear spin and position in order to characterize spin dynamics

in solids in the context of nuclear magnetic resonance).

Hybrid theories, despite being regarded as effective, have also been applied to tackle
the arguably most fundamentally puzzling principle of quantum mechanics, which is the
measurement postulate on the collapse of the wave function [18-20|. There, the measure-
ment aparatus is described classically (as, such a large system would be unfathomable as a
quantum object), while the measured system is of course quantum mechanical. The former
induces decoherence on the latter, through a very intense interaction governing the coupled
dynamics for a short time. In this way, there is no need for considering the collapse of the

wave function as a postulate, but rather as an incomplete description.

One last example of hybrid theory of particular interest for this thesis, presented in
the fifth article included here, is the interaction of matter described with quantum field
theory with the geometry of spacetime, depicted by classical tensor fields. In an epistemic
sense, this hybrid theory is profoundly different from the former ones, as, with our current
knowledge, it could be a fundamental theory, instead of an effective one. In the first
place, gravity itself could be fundamentally classical, as there is no single fundamental

theory for quantum gravity with falsifiable particular phenomenology (as the accuracy of
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experiments will not reach Planck scales in any foreseeable future), nor there exists any
consistency criteria that strictly requires quantum gravity [21]. On the other hand, the
most fundamental accepted description of particles is quantum field theory, and we have no
experimental hint that pushes us to go beyond it. Therefore, a joint description of both of
them as argued in [22], under some consistency criteria that will be summarized later, could
very well be the fundamental theory that described current observable phenomenology.
Nevertheless, the top-down approach still exists for hybrid theories (such as [23] and [24])
that arise from a semiclassical procedure on the gravitational degrees of freedom applied to
canonical quantum gravity, which describes both matter and gravity quantum mechanically

(see, for example, [25] for a careful summary).

1.1.1 Brief summary of different hybrid theoretical models

Even though hybrid systems are widely used for computational purposes, they have attrac-
ted less attention from the theoretical point of view. Perhaps, they have been eclipsed by
the dazzling attraction towards more fundamental theories, and hindered by the difficulty
that supposes reconciling the different mathematical frameworks of quantum and classical
mechanics. In particular, some very relevant aspects of statistical mechanics, thermody-
namics, and even analytic mechanics (in the case of field theories) that have been deeply
studied in both classical and quantum mechanics separately, have been neglected in the

case of hybrid systems, and it is the objective of this thesis to help to alleviate such scarcity.

In order to do so, we will concentrate on one of the most historically relevant mod-
els: Ehrenfest dynamics. Nevertheless, alternative models are widely considered in the

literature to describe a variety of phenomena, such as (but not limited to) the following:

e Born-Oppenheimer molecular dynamics (based on the namesake approximations de-

veloped originally in [11]), which usually assume adiabaticity of the quantum system.

These models were tailored for molecular dynamics and are based on the assumption
that the electrons are limited to be in an eigenstate of the associated Hamiltonian
operator. The effective potential producing the forces for the classical nuclei exerted
by the electrons is given by the associated eigenvalue to the frozen eigenstate of
the electrons (which is dependent on the nuclear positions as so was the electronic
Hamiltonian accounting for electron-nuclear interaction). A canonical example of
its application can be found in reference |26], later generalized to consider multiple
energy levels in [27]. An important feature of the Born-Oppenheimer approximation
from the theoretical point of view is that it must be endowed with a geometric
connection. In turn, such connection produces geometric phases for the quantum
states. This is a result of the restriction to a single eigenstate of a Hamiltonian

which, in turn, is dependent on the positions of the nuclei, as can be seen in [28].
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Even though this feature will be absent in Ehrenfest’s molecular dynamics, a similar
structure will appear in the hybrid theory of quantum fields and gravitation developed
in this thesis [5].

Those based on the semiclassical limit of the Exact Factorization, summarized in
[29]. The key feature of this approach is that the entanglement between nuclei and
electrons is not neglected in the partial semiclassical limit. In order to better preserve
the enetanglement, one may choose to arrive to a semiclassical-quantum system,
instead of a proper hybrid classical-quantum one, once the limit is performed. The
computational consequence of preserving semiclassical features is that one needs a
bundle of classical trajectories. One must therefore start the simulations from a
distribution of initial conditions for the nuclei that evolve almost-classically in time,
accounting for the width of the nuclear wave function. These trajectories are however
coupled to each other and to the electronic quantum system, as can be seen for

example in [30, 31].

In the line of multi-trajectory approaches, in [32] an algorithm is proposed to effect-
ively reproduce at the semiclassical level the phenomenology of molecular dynamics.
It is based on sampling a set of initial conditions for the nuclear system from a thermal
Wigner distribution, and propagating a sheaf of classical trajectories coupled to the
electronic states. The novelty arises in the linearization of the dynamics, which
allows to treat the electrons in an apparently classical way. This results in a com-
putationally efficient simulation method to approximate the fundamentally quantum

molecular dynamics.

The “surface hopping” method [33] also departs from the Born-Oppenheimer ap-
proximation, and somehow generalizes the BOMD scheme attempting to lift the
adiabaticity requirement. It was later optimized through the fewest switches al-
gorithm, introduced in [34]. The model permits stochastic transitions between the
energy levels, but is equivalent to an adiabatic Born-Oppenheimer approach within
said transitions. Phenomenologically, one can consider that the model acounts for

absorption and emission of energy quanta by the quantum subsystem.

Other models attempted to generalize Liouville’s equation to be applicable to hybrid
statistical systems, either in the spirit of von Neumann’s equation for quantum sys-
tems or through a modification of the classical Poisson bracket. The paradigmatic
example in the literature of this approach is proposed by Kapral and Ciccotti in [35],
and further explored in many subsequent works [36-38]. We note that a previous
work by Aleksandrov can be considered a pioneer in this field [39], although it was
based on a different mathematical formalism. Star products, Wigner functions, the
Moyal’s bracket and, in general, deformation quantization play a significant role in

these constructions.
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e However, the brackets proposed in both approaches (Kapral and Ciccotti [35] and
Aleksandrov [39]) did not fulfil Jacobi’s identity and other desirable properties. A
corrected version was introduced by Diosi et al. in [40], with more robust mathem-

atical properties.

e These discussions paved an avenue for follow-up proposals of more “consistent” hybrid
brackets. For example, Kisil’s quantum-classical bracket [41] built on the concept of
p-dynamics. It constitutes a highly technical generalized geometric framework for
several quantization procedures summarized in [42], whose applications in the con-
text of hybrid systems had been previously delineated in collaboration with Prezhdo
(see [43]), ultimately proposing dynamics based on the representations of the Heis-
enberg group over different hypercomplex numbers. The bracket, and in general the
p-mechanics formalism, was shown to be mathematically consistent regarding sev-
eral mathematical requirements. Nevertheless, Agostini et al. [44| argued that the
dynamics was ultimately classical, and provided by an artificial coupling between the
subsystems. The criticism was answered in a comment by Kisil, [45], which did not
silence the critics. In fact, they were restated in a reply to such comment in [46].
On the other hand, the method was constructed in terms of two abstract Planck
constants, iy and fg, to define the respective generalized star bracket (analogous
to the commutator of operators) for two respective subsystems. Then, the formal
limit Ao — 0 is taken over the total Moyal bracket summed to its derivative with
respect to hg, while the other constant is identified with the actual Plank constant
h1 = h. This method allows to avoid the classical limit, but the price to pay is the
assumption of two “quantum constants” with different values, which is fundamentally
non-physical given the well known universality of h. In the end, without consensus
on the physicality of the theory, the method did not find its way into the mainstream
literature, and further applications of this hybrid formalism are difficult to find. A
recent summary on this field is provided in [47], although hybrid systems are not
explicitly treated, both quantum and classical mechanics are successfully reproduced

with a non-commutative structure and non-null A-constant.

e Also searching for a consistent hybrid bracket, Prezhdo proposed a different solution
to Diosi’s for the inconsistencies of Kapral-Ciccoti’s bracket in [48] . The new pro-
posal was shown to fulfil Jacobi’s identity for three particular observables of interest.
Nevertheless, in [49], Salcedo et al showed that it did not fulfil Jacobi’s identity for
generic observables to arbitrary orders in A, failing therefore to constitute a proper
Lie bracket. This comment was replied in [50], where the author clarified that the
procedure intended to be valid after taking the limit 2 — 0 for the subsystem for
which a classical description is desired, in which case Jacobi’s identity is recovered.
Nevertheless, the author concedes that the procedure is not entirely satisfactory in

providing with a quantum-classical theory, as the droped-off A terms must be retained
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for the quantum subsystem.

In the line of the attempts to generalize Liouville’s equation, Buric’s work [51] ana-
lyzes the statistical dynamics induced by Hamiltonian hybrid systems, such as Ehren-
fest’s equations. He concludes that a conventional density matrix formalism requiring
a modified bracket to define von Neumann-esque dynamics is not possible. Instead,
one needs to work with a probability density distribution over a hybrid phase space
to characterize the statistical ensembles. This work is followed up by [52], where Li-
ouville’s equation for hybrid statistical ensembles is further explored and its relation
with hybrid density matrices (a concept that will be explored later in this intro-
duction) is stablished, showing that the kind of Hamiltonian dynamics considered
cannot be defined without reference to a probability density distribution. In turn, it
is shown that the differential equation of the marginal quantum density matrix only
refers to the hybrid density matrix. The third article of this compendium, [3] will

further expand on this analysis.

Following these contributions on the phase space formulation of hybrid Hamiltonian
systems, Buric et al. proposed a hybrid theory based on stochastic differential equa-
tions for constrained dynamical systems in [53]. The theory shows the ability to
describe the measurement process with a classical apparatus, avoiding the necessity

of imposing the collapse of the wave function as a postulate.

In an analogous fashion, Oppenheim et al. proposed in [54]| a consistent coupling
of quantum and classical systems under the scope of stochastic hybrid dynamics.
The theory is demonstrated with several toy models. In relation with this thesis,
an interesting feature is that the authors suggest that the theory would be most
suitable for the description of the backreaction of quantum field theoretical matter
over curved spacetime, as it does not require the pathological semiclassical Einstein
field equations, attributed to Moller and Rosenfeld. This is further commented at

the end of this introduction.

In another fashion, Zhang and Wu followed in [55] a formulation of Hamiltonian
hybrid theory that is analogous to the one of Buric et al., also in terms of a hy-
brid Poisson bracket. They partially recovered the geometric features of some Born-
Oppenheimer approaches, namely, the presence of a Berry phase on the quantum sys-
tem and of a geometric force (Lorentz like) on the classical dynamics. This dynamics
presents analogous features to the semiclassical limit of the Exact Factorization [29].
The authors also proved the equivalence of several hybrid bracket approaches with
the mean field dynamics (another name for Ehrenfest’s) in [56], in the sense that
the brackets were defined for the statistical dynamics of hybrid ensembles, while

Ehrenfest’s reproduces the microdynamics of the pure states.
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e In a different framework, Hall and Reginato characterized in [57-59] hybrid systems
in the formalism of ensembles on configuration space. They succeeded in achiev-
ing all consistency requirements posed by Salcedo in [60], and were able to recover
good thermodynamical ensembles for the classical subsector, which was considered
a sign for the theory to be physically complete. Nevertheless, the consistency of
the construction relies on the assumption that the quantum subsector is not directly

accessible to measurement, but only the classical one.

e Peres and Terno explored the Wigner function - Liouville density quantum-classical
theory [61]. However it did not fulfil a natural benchmark for consistency defined by
the authors, which will be summarized in the following section. The failure of some
hybrid dynamics to fulfil this benchmark will be further explored by the authors in
[62], and is also taken into account by Salcedo as one of his consistency criteria for

hybrid dynamics.

e In [63], Elze introduced what he called “linear hybrid dynamics”’, which satisfied all
of Salcedo’s requirements, including the benchmark of Peres and Terno mentioned
above. The theory was based on the representation of quantum mechanics in the
geometric framework developed by Heslot [64]. In essence, he used the notions of
phase space, observables, and Poisson brackets for both the classical and quantum
subsystems. The hybrid system inherits these structures and the resulting theory is
precisely Ehrenfest’s dynamics, in its geometric formulation. Nevertheless, for gen-
erality, the interaction Hamiltonian between the classical and quantum subsystems
is allowed to depend on both classical momenta and positions. The sense of linearity
arises from the consideration of Liouville’s equation over distributions on phase space,
characterizing hybrid ensembles. This is very much in line with Buric’s approach in

I51].

e It is relevant to note that in a previous work, Anderson [65] used a variational prin-
ciple to derive the dynamics from a hybrid action. This turns out to be formally
equivalent to Elze’s approach, also based on Heslot’s picture of quantum mechanics

presented as classical analytical mechanics [64].

e One of the foundational works on the formulation of hybrid dynamical theories was
written by Boucher and Traschen [66], based on operator valued functions over clas-
sical phase space. This is one of the first attempts to build a theory based on a
hybrid density matrix with a closed dynamical equation under the assumption of
some physically sensible constrains for the dynamics. Nevertheless, the theory failed
to preserve the positivity of the density matrix, necessary for a consistent probabil-

istic interpretation.

Note that this list of hybrid dynamics is far from complete. Instead, it consists of a
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selection of the works that are deemed most relevant to set the context of this thesis. In view
of this pandemonium of possible hybrid dynamical systems, we choose to focus on Ehrenfest
dynamics, for reasons that are justified in the following section. However, we anticipate
that, to avoid compromising the thermodynamics of hybrid systems with the choice of
a particular microdynamics, when treating solely thermodynamical matters (such as the
definition of entropy and equilibrium ensembles) we assume a probabilistic approach, which
is indeed independent of the underlying single-particle dynamics. The alternative would
be to build the statistical mechanics departing from the dynamics of a single particles and
generalize it for ensembles, as it is done for example by Balescu [67], but this procedure
would be tied to the choice of microdynamics and the associated concepts of ergodicity
and detailed balance. Consequently, thermodynamical ensembles appear as an abstract
representation as distributions of the averages of visitation times over subregions of the
phase space under appropriately thermostatted trajectories. Given the lack of consensus
on the “more physical” hybrid microdynamics, the visitational approach for any given
microdynamics would compromise the consistent definitions of hybrid thermodynamics.
Thus, when introducing the hybrid entropy and canonical ensemble in the first article of this
compendium, the discussion is independent of Ehrenfest dynamics or any other, even if later
in this thesis we analyze the relation of such dynamics with thermodynamical properties
in two different contexts. The first one is treated in [2|, and corresponds to molecular
dynamics simulations coupled to a thermostat, where, in order to yield appropriate hybrid
thermodynamical ensembles under time averages, we correct the computational application
of the hybrid version of the ergodic hypothesis. The second one is in relation with a
fundamental long-stanging issue regarding the statistical mechanics of some Hamiltonian
hybrid dynamics and, in particular, of Ehrenfest dynamics. The issue was originally raised
in [51, 52]. In this thesis, it is treated in [3] and, to a lesser extent, in [4].

1.1.2 Ehrenfest dynamics

Even though Ehrenfest dynamics is chosen for illustrative purposes in this introduction,
its prominent role in this thesis is justified due to its historical significance and proven vi-
ability as an effective theory [68]. Furthermore, Ehrenfest dynamics has some physical and

mathematical properties which make it an outstanding candidate beyond other approaches:

e [t can be naturally derived through a partial semiclassical procedure from the full
quantum description, and allows for a rigorous control of the order of magnitude of

the errors introduced by the partial classical limit [68].

e It defines microdynamics for hybrid pure states (a given pure quantum state and a

given point in classical phase space), not only for statistical mixtures.

e The dynamics for the quantum subsystem is not bound to a single eigenstate of
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the Hamiltonian operator (either at all times as in Born-Oppenheimer MD, or for
finite periods of time, as in surface-hopping). Instead, it constitute an unrestricted
non-adiabatic evolution through the Hilbert space, allowing for the natural linear
combinations appearing in quantum mechanics. This makes it a more accurate than

Born-Oppenheimer MD with a viable computational cost, even for large systems.

e The nature of this dynamics is neither algorithmic nor stochastic, as it is in surface
hopping and in other algorithmic approaches. It is continuous and, within a certain
accuracy, physical. Furthermore, it does not require time or multiple trajectory
averages, but instead a single trajectory contains the physical information, as in

ordinary quantum or classical mechanics.

e It is Hamiltonian, and it can be written in terms of a hybrid Poisson bracket (see
[69], based on [70]|, which will be summarized later). This ensures the conservation

of energy at all times.

e Being a symplectomorphism, one can naturally make use of Liouville’s theorem and
define statistical mechanics for distributions over a hybrid phase space. However, the
thermodynamical implications are quite intricate, as is explained in the third paper

of this compendium.

e Ehrenfest dynamics incorporates a concrete backreaction effect of the quantum sub-
system on the classical one and vice versa, contrarily to other hybrid approaches (this

issue is also considered in the fourth paper of this compendium).

e Most importantly, as proven by Elze [63], Ehrenfest dynamics satisfies the following
compatibility axioms of hybrid theories summarized by Reginatto and Salcedo in

[60, 71| (resulting from previous some no-go theorems introduced in [61, 72, 73]).

1. Conservation of energy and probability, despite the fact that the non-linear

character of the quantum evolution makes it non-unitary.

2. Concrete description of the backreaction of the quantum subsystem on the clas-

sical degrees of freedom.

3. Provides the correct classical and quantum independent dynamics in the limit

of no interaction.

4. Presents a proper definition of hybrid states and observables. There is a well
defined Lie bracket structure on the algebra of observables that suitably gener-
alizes Poisson and commutator brackets for classical and quantum subsystems

respectively.

5. The observables can be regarded as the generating functions of canonical trans-

formations corresponding to their Hamiltonian vector fields, and, for those ob-



12 Chapter 1. Introduction

servables only dependent on quantum d.o.f., the classical sector remains invari-

ant under the correspondent canonical transformations, and vice versa.

6. Fulfilment of a generalized Ehrenfest theorem for the expectation values of ob-
servables which may also depend on the classical variables. Historically, Ehren-
fest dynamics is regarded as insatisfactory in this aspect, due to a naive gen-
eralization of the theorem. As it will be later explained, the theorem can be

rigorously fulfiled with a proper extension of the hybrid algebra of observables.

7. Fulfilment of the Peres-Terno benchmark test [61]. In relation to the previous
point, this implies that the expectation value of momenta and positions fulfil
classical equations of motion if the potential is quadratic in both classical and

quantum positions (bilinear in their coupling).

Despite these boons at the micro-dynamical level, Ehrenfest dynamics presents unset-
tling features in relation with the statistical mechanics that its Liouvillian induces, if one
wants to relate it with the density matrix formalism, as explained in [51]. This will be

explored later and partially solved in this compendium.

Let us now formally present Ehrenfest dynamics. A hybrid system is composed of
two subsystems: a quantum one, whose states are represented by vectors in a certain
Hilbert space, |¥) € H, and a classical one, characterized by its generalized positions and
momenta, which we will collectively denote as £ = (Q, P) € M, being M¢ the classical
phase space. The phase space of both subsystems are considered independent of each
other, but the dynamics is coupled. To illustrate this coupling and the nature of this kind
of hybrid systems, we will invert the narrative, saving for later the formal derivation of
Ehrenfest dynamics from a full quantum description and directly presenting the equations:

d 0

G =~ (WAHQ.P)Y). (11)
d 0 -
P =50 WAQ P (12)
d —1
vy = “HQ.P)Y). (13)

Here, H (Q, P) is called the hybrid Hamiltonian operator, which, for each value of the
classical variables (@, P), is a self-adjoint operator over #, the Hilbert space of quantum
states. The notion of hybrid operators is further characterized later. For most applications,
such as molecular dynamics, the interaction between classical and quantum subsystems
does not depend on their momenta, and therefore this Hamiltonian operator is usually

decomposed as:

R P2. SN R R
H(Q,P) =Y A+ Ve( @I+ Vy + VeelQ) + Ky (1.4)

where the first two terms only affect the classical subsystem, with the first one being the

kinetic energy (M; denote the masses of the classical particles) and the second one, its
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potential energy without the interaction with the quantum subsystem. Analogously, the
term Vq represents the potential energy operator for the quantum subsystem without inter-
action with the classical one. The potential energy of such interaction is thus captured in
f/qc(Q), which is a non-derivative self-adjoint operator over H which depends on the clas-
sical positions. Lastly, Kq represents the kinetic energy terms for the quantum subsystem.

Therefore, for this kind of systems the former Ehrenfest dynamics are particularized to be:

d P
aczizﬁi (15)
d
@P (W] 8@ Vel @) (16)
Sy = LA@) (17)

where H,(Q) ==V, + Ve(Q) + Kq includes a kinetic and two potential terms affecting the
quantum subsystem, and is a Hamiltonian that defines a Schrédinger-like equation for the
quantum state. The terms in H (Q, P) that are proportional to the identity can be removed
from the Schrédinger equation, as they would only produce a global phase change. Note
that the system is non-linear because the quantum state back-reacts on d;P; through the
expectation value of the forces, and, in turn, it modifies ();, which ultimately determines
the Hamiltonian operator governing the quantum equation of motion. Given this non-
linearity, this dynamics cannot be unitary (as linearity is a prerequisite, as discussed in
[69]). However, one can prove that this dynamics does preserve the norm of the quantum

state.

To exemplify this construction with a physical system we will focus in the following
on the case of molecular dynamics, where nuclei will be considered classical and electrons
quantum mechanical (although the description is general and can be used in any other
example). Consider a molecule described in three spatial dimensions, with n electrons and
N nuclei. We can therefore identify H = L?(R3", dx3), where dx® will represent Lebesgue
measure over R®", for which we may use dz to simplify the notation. This yields the
usual wave function ¥(X) € L?(R3", dz?) interpretation of the Hilbert space, where the
scalar product is given by the Lebesgue measure and x; = (x;,y;, 2;)Vi € [1,n] accounts
for the three spatial coordinates of the positions of the i-th electron. On the other hand,
the classical phase space is constructed as the cotangent bundle of the positions of the
nuclei, Mo = T*(R3Y) ~ R3N x R3V which in turn (given the triviality of the bundle) is
isomorphic to twice 3N real coordinates (the first time for the positions, and the second

one for the momenta).

In this context, the common prescription is to describe all interactions through Coulomb

potentials. Thus, we model the interaction between nuclei with the potential as:

S5 ) pracim o (18)

i=1 j>i
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being Z; the atomic number of the i-th nuclei and «, Coulomb’s constant. For the electrons

we define

Vq::aZZb(i—lxﬂ’ (1.9)

. 7
Veg = —azzm. (1.10)

On the other hand, the kinetic terms are given by

N 2
. Pi
Ko=) 23, (1.11)
=1
and
. "2
Ky=>)_ Z—mevii. (1.12)
=1

In this last equation, we have explicitly used the representation of the momentum operator

over the given L? space for the electronic variables, as p; = —ihVy,.

Therefore, the total potential energy operator is represented as:

N

V(Q,7) = V(@) + Vig (Q, ) + Vi () , (1.13)

while the quantum Hamiltonian governing its dynamics is functionally represented by the

sum of a derivative operator and a multiplicative one:
H,(Q) :Rq"‘ch(QaﬂU)"‘Vq(af)- (1.14)

Naturally, we may identify the total Hamiltonian operator introduced above with:

H(Q) = Hy(Q) + Ke(P) + Ve(Q) - (1.15)

Substituting these expressions in equations (1.5,1.6,1.7) yields the usual prescription of
Ehrenfest’s molecular dynamics. Note that, for simplicity, we have been ignoring the spin
degrees of freedom in this presentation. Nevertheless, their inclusion is possible within the
same mechanical formalism, just through the addition of the appropriate interaction terms

to the Hamiltonian.

These equations are not a postulate or a heuristic proposal, but instead, they can be
rigorously derived as an effective theory from a more fundamental theory, with appropriate
bounds for the neglected terms. Indeed, following for example Bornemann [68|, Ehrenfest’s
dynamics can be derived from a well defined semiclassical limit from a full quantum de-

scription . In such a full quantum description, the molecular Hilbert space H s is described
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by the tensor product of two Hilbert spaces, the nuclear one H,, ~ L?(R3™,d@Q3V) and the

electronic one, He ~ L2(R3", dx3"):
Hap = Hp @ He . (1.16)

A generic state of such Hilbert space presents electron-nuclear entanglement®, such that
U (Q,z) € Hpy cannot be decomposed by an ordinary product of ¥, (Q) € H, and
V. (z) € H. From this departure point, the following steps yield Ehrenfest dynamics.

e The first approximation at the core of most hybrid dynamics (except for those based
on the Exact Factorization) is the so called Self Consistent Field approximation

(SCF), which consists in neglecting entanglement, and therefore:

Hn@%e — HRXHB

(1.17)
Uy(Q,z) — Vu(Q)¥e(x)

Its justification is mostly based on the negligible magnitude of such entanglement
for most phenomena, given by the small spatial variance of the nuclear positions
relative to the width of the electronic wave packet. It is also sometimes justified
by an environment-induced decoherence between the subsystems. In any case, this
separability is considered to be preserved not only at an instant in time, but also
during the evolution, which is an approximation of the real behavior. After this step,
the state of the molecular system is given by two states for each subsystems that are
now unentangled and therefore, any further approximation can be taken over any of
the subsystems independently of the other one. Thus, in the following approximation
steps, given that it must remain as truthfully quantum mechanical as possible, the

electronic subsystem is left untouched.

e The second approximation is thus applied solely to the nuclear subsystem, and makes
use of any semiclassical limit which yields a statistical classical system from quantum
mechanics. The justification of applying the semiclassical limit solely to the nuclear
subsystem is given by the mass ratio M;/m,. > 1, allowing us to consider nuclear
dynamics much slower than electronic ones. In order to perform the semiclassical
limit one can choose between Hagerdorn’s semiclassical Gaussian ansatz that ap-
proximately follows classical paths (see |74] for such semiclassical limit and [75] for
its application to reach a hybrid system), a quantum coarse graining procedure (for
example, [76-78]), Maslov’s WKB procedure |79] (favoured in Bornemann et al. ana-
lysis [68] due to the tighter mathematical control of the approximation) or any other

suitable limit.

'In the density matrix formalism, the state is represented by p, a dual to the representation of physical
observables as self-adjoint operators O(Has) over the molecular Hilbert space. In such formalism, the
entanglement of the pure state p € O*(Has) implies that the partial trace over one of the subsystems, for

example over the nuclear one p. := Tr,(p), is not a pure state, meaning Tr(ﬁg) < 1.
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After this step, the nuclear wave packet is effectively described as a classical density of
probability pc ~ |¥,|? that follows, in one way or another, classical paths. Following
Bohm’s approach, even before the semiclassical limit we can identify such paths
as bundles of classical trajectories which are solution to a Hamilton-Jacobi (HJ)
equation, where the role of the action S is played by & times the phase of the nuclear

wave function, ¥,, ~ |pc\em715, so that:
1
Ipc(Qst) =V <pcMVQS> and (1.18)
— S+ = ((V@S)® = i*Vipe) + Vo + (¥|Hy|¥) =0 . (1.19)

If one identifies P := VS, the first equation is just a continuity equation, and the
second one a HJ equation for the action S with the natural quadratic momenta term.
As it can be seen, this classical system is coupled to the quantum system through
the electronic expectation value of the electron-nuclear Hamiltonian. Furthermore,
theres is a term quadratic in A that is dubbed quantum potential, and accounts, as a
force, for the dispersive nature of the quantum evolution of localized wave packets.
In the short-wave-asymptotics approximation, at the core of Maslov’s semiclassical
limit, the quantum potential does not appear in the HJ equation, neither does the
kinetic term for the electrons. Therefore, we end with a set of trajectories (Q(t), P(t))
that are solutions to this approximation to the original HJ equation. We may the
define a density for these trajectories in the full phase space pc(Q, P) — as opposed
to the previously pc, a function of the coordinates only. This is the key conceptual

result of Maslov’s semiclassical procedure.

In the end, the system is described by a classical probability density for the nuclei.
These nuclei follow classical paths, and each of those paths is coupled to a quantum
mechanical state, which in turn evolves under the influence of the classical subsystem.
If one performs a multiple-trajectory semiclassical simulation of nuclei coupled to
quantum electrons, making up for a statistical description of the nuclei, this would
be the end of the hybrid limit procedure. Nevertheless, this statistical system does
not define hybrid microdynamics, as one does not have a single hybrid trajectory, but
an effective approximation to quantum mechanics in terms of a statistical description
following a sheaf of hybrid paths. In this approach, each classical trajectory is coupled
to the same electronic wave function, on which they react with a weighted average.
Therefore, the classical trajectories are indirectly coupled between them, through
their interaction with the quantum subsystem, which is described by a single quantum

state.

The last step to obtain hybrid microdynamics is the infinite localization approxim-
ation. This means onsidering that the width of the nuclear wave packet, defined as
€2 == (V,|Q?|¥,,) — (¥,|Q|¥,)?, is negligible in relation with the relevant spatial
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scales for the studied phenomenology (such as Bohr’s radius, ag, characterizing the

order of magnitude of the electronic dispersion). If this ratio is such that the ap-

€ (t)
a2
occurs, we can consider that a single classical trajectory survives with probability 1.
In other words, the distribution lin% pe(Q, P;t) = 6 ((Q,P) — (Qc(t), Po(t))) yields

e—

expectation values for all the relevant observables that are compatible with the full

proximation ~ () is reasonable for the finite time in which the studied process

quantum ones under a given tolerance.

A subtlety arises in this context: the term known as quantum potential appearing
in the original HJ equation governing the nuclear path dynamics is inversely pro-
portional to the width o, of the nuclear wave function. Therefore, it becomes huge
when the formal limit o, — 0, and could be seen as the dominant term governing
the dynamics. This is natural from the point of view of Bohmian dynamics, as ex-
plained in [80]: the quantum potential is negligible when the classical trajectories
do not clump together, but, at the focal points (when all the trajectories converge
to a value, or when the distribution tends to Dirac’s delta), the quantum potential

becomes dominant in the dynamics and avoids such focalization.

Nevertheless, it can be shown that classical trajectories (without the quantum poten-
tial) reproduce accurately enough the expectation values for the full quantum scheme
when the width of the wave function is negligible compared with the relevant physical
scales (shown under the criterium of convergence in probability as detailed in [81]).
From another point of view, neglecting the quantum potential for sufficiently small

times is justified by de Gosson and Hiley in [82].

With these approximations (and in the absence of focal points in the evolution of the
classical trajectories characterizing the evolution of the nuclear wave function), provided
that the initial width of the nuclear wave packet is small enough and nuclei masses, heavy
enough (in relation with its electronic equivalents), the nuclear subsystem is effectively
described by a single point in the phase space of classical positions and momenta (its
wave-packet’s width neglected). On the other hand, the electronic wave function remains
full quantum mechanical, their evolution coupled precisely as in equations (1.5,1.6,1.7).
Such an effective description may accurately approximate sometimes the full quantum

behavior for finite times, as shown in [68, 83].

Another important feature of Ehrenfest dynamics is that it can also be naturally derived
from a bottom-up approach, based on the Lagrangian formalism and the definition of a

hybrid action.

We will firstly consider the action for the classical variables, in the absence of the
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quantum subsystem:

N

ty [ N
won [ (Sraco- (559 @), am

%

0S¢  0Sc
OP;(t) — OP(t)
yields Hamilton’s equations of motion for classical mechanics with potential V.. Anagously,

=0 Vie[l,N]. This

One may the formulate an extreme action principle,

one can consider the Schr’ odinger-Hilbert action for the quantum subsystem:
t1 _ R
So ::/ /da:\I/(:U,t) (mat —Hq(Q)) U(z,t) (1.21)
to
by

which yields the Schrodinger equation and its conjugate for the self-adjoint Hamiltonian
0Sqg 0Sqg

" 5U(z,t) 00 (x,t)

Note that such Hamiltonian operator is considered to be dependent on (), treated as

operator ﬁq(Q) under its extreme action principle?

some external parameter (which may have its own dynamics), giving rise to Schrodinger
equation for a time-dependent Hamiltonian operator. Besides, in the context of molecular
dynamics, such Hamiltonian operator can be decomposed as above in terms of a kinetic
term, a potential term for the electrons, and an interaction term of the electrons with the

Q-external variables, H,(Q) = K, + Vy(z) + Vye(Q, ).

Now, if we consider the sum of both actions:
Sy = SQ + S¢ (1.22)

and identify @ with the classical positions (which are kinematical variables, and therefore

we must take the extreme of the action over their associated paths Q(t)), once we per-

)
form the extreme action principle, 5(225;?;) = 558) =0 Vi€ [1,3N] and Waft) =
(NJ(Sth) = 0, we arrive precisely to Ehrenfest dynamics as defined above.
Z,

Given the Lagrangian formulation, the interest on the hybrid conserved quantities (in
particular, the total energy and other symmetry generators), the need of a hybrid Lie
bracket structure to generalize Poisson brackets and, most importantly, the relevance of

the construction for the later definition of statistical mechanics by means of Liouville’s

2The extreme action principle in this context requires the derivative with respect to ¥(z) and ¥(x).
Given their functional nature they are infinite dimensional, and consequently we cannot identify such
derivatives with variations over a finite number of variables at each fixed time ¢ (as are usually defined the
derivatives along paths in textbooks). Nevertheless, such functional derivatives can still be defined either
over a discretization of the Hilbert space, truncating a certain basis and derivating over the coordinates on
such truncated basis, or exactly, over the infinite dimensional Hilbert space, at the cost of considering the
dense definition of Fréchet derivatives over a nuclear Fréchet dense subset of the L?-space[84]. For a deeper
review on these mathematical subtleties, check the supplementary material of [5], at the end of section 3
of this thesis.
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theorem, a natural historical step was the development of the Hamiltonian formalism of
hybrid systems. In the following section we summarize such construction, introduced in
[69] as a generalization of Kibble’s geometric formulation of quantum mechanics [70] and

particularized for Ehrenfest dynamics.

1.2 The geometric formulation of mechanical systems

Classical analytical mechanics

We will start by reviewing the geometry of classical mechanics, that will be part of the
hybrid construction, and as we shall show later, is analogous to the one of the quantum

subsystem. In order to do so, we will roughly follow the theory presented in Ref. [85].

In most cases, the classical phase space of positions and momenta is constructed as a
cotangent bundle to the configuration manifold (space of all generalized positions). Given
the duality of momenta and position velocities, it is an even dimensional manifold and is

naturally endowed with a canonical symplectic form
we = dP' A dQ; , (1.23)

where repeated upper and lower indices imply Einstein’s summation convention. The
classical phase space is therefore a symplectic manifold (M¢,w,), and the space of classical
observables, defined as C*°(M), is in turn provided with a Poisson bracket, a bilinear

differential operator given by:

{f:9tc == 01q,fOp1g = 0, fOpig — Opi fOq,9 Vf,g € C*(Mc) (1.24)

where we have introduced the subindex commutation notation for derivatives, together with
FEinstein’s summation convention. The Poisson bracket fulfils, besides bilinearity, skew-
symmetry, {f,g} = —{g, f}; the Leibniz identity for the ordinary product of functions,

{f,gh} = g{f, R} +{f, g}h; and the Jacobi identity, { f, {g, h}} +{g, {h, f}} +{h,{f, 9}} =
0.

Because of all those properties, and being the Poisson bracket an internal operation to
the set of functions considered, in the sense that {, }¢ : C®° (M) x C*®(Me) = C*(Mc),
the set of classical observables forms a Poisson algebra under the classical Poisson bracket,

which we will denote as:

Ac = (C®°(Me), {, }eo) - (1.25)

Such Poisson bracket is related to the Poisson bivector (2¢, inverse of the symplectic form,

in the following way:

wo(Xy, Xy) = Qoldg, df) = {9, fto Vf,g€ C*(Mo) (1.26)
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where Q¢ acting over the correspondent exact one forms df and dg yields a real function
given by the Poisson bracket over the associated functions, {g, f}c. This is a useful way
to introduce the Poisson bracket from a geometric perspective. In the same way we acts
over the vector fields Xy, X,. Such Hamiltonian fields can be rigorously identify seizing
its duality to the one forms X; = Q¢(df,-) or, as is commonly done in classical mechanics,

as its action over functions, a linear differential operator acting C*°(M¢) given by X =
{'7 f}C’

All transformations over phase space that leave the symplectic form invariant (sym-
plectomorphisms), usually physical symmetries, acquire a Hamiltonian representation (at
least for manifolds where de Rham’s cohomology group is trivial) in terms of a conserved
quantity (e.g. for the time translation symmetry, the energy function), in the following
sense. Let X € X(M¢) be a vector field over the classical phase space which represents
the infinitesimal generator of a symmetry ax : Mg — Mg, such that its flow ax realizes

such symmetry, then:
VX € X(M¢)|Lxwe =03f € Ag such that Lxg ={g, f}c Vg € Ac , (1.27)

where f is called the generating function of the symmetry and is a conserved quantity
under it, while Lx is the Lie derivative under X, which is equivalent to the directional
derivative Vx for scalar functions, like ¢ in the definition. This means that, for any
physical observable, we can represent its transformation under a symplectomorphism with

the Poisson bracket with its generating function.

In particular, for the dynamics, being fr the energy function generating the symmetry

“time translations”, its infinitesimal action over any observable is given by:

d
o =1{ofuyevg € Ac, (1.28)

which particularizes to Hamilton’s equations of motion for when ¢ is identified with the

canonical coordinates, Q;, P*.

Geometric formulation of quantum mechanics

In [70] an analogous formalism to the one introduced above, based on symplectic geo-
metry, is developed for quantum mechanical systems. In this section, we summarize such

formalism.

In ordinary quantum mechanics, the quantum states are vectors is a Hilbert space,
V¥ ¢ H. This Hilbert space, its scalar product and the states, already contain all the
ingredients necessary for the geometric formulation of quantum mechanics. Although the
construction described by Kibble [70] is basis-agnostic and valid for finite and infinite-

dimensional spaces, in order to gain intuition on the construction, we will summarize
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firstly the easier coordinate-based approach introduced by Heslot [64] for finite dimensional

Hilbert spaces.

Let {U; € H Vi € [1,dg] | (V!|¥7) = &;;} be a basis of the Hilbert space H of dimension
dg. Let us now consider the coordinates ¢; := (¥|¥;) of the quantum state ¥ € H. Such
coordinates can be decomposed into real (¢;) and imaginary parts (p;) such that:

dg
U=> (g +ip;)¥; . (1.29)

j=1
The state can be characterized, therefore, by the vector Vg := (¢, - ddo> P15 " -de)t €
Mg, defining in this way the quantum phase space Mg = R x R isomorphic to
H. As it is a linear space, the set of tangent vectors defined on Mg define a set which is
isomorphic to M. This manifold has a complex structure, Jg, a (1, 1)—tensor reproducing
the multiplication by the imaginary unit ¢ over the Hilbert space, . Naturally, acting over

a vector of Mg, can be represented as a matrix which can be defined by blocks as:

a1 4!

JoVw = Od —ldg g | _ | “Pdq , (1.30)
HdQ OdQ p1 q1
de qu

which is just reproducing the fact that the real part of a coordinate of ¢¥ is minus the
imaginary part of the one of ¥, and the imaginary part of a coordinate of iV is the real
part of U. Furthermore, we can define a symplectic structure wq := dp' Adg;, which, acting
on two vectors on Mg represented by their coordinates on the vector basis 9,,, dp,, can be

represented matricially as:

@ @
b dq
qq 04, —lg qq b b
wo(Va,, Va,) = | ¢ ( © N 2| = "(via) —afph) - (1.31)
D1 Lig  Odq V251 i=1
b
P, Pd,

The scalar product of two vectors in the Hilbert space can be written in this coordinates

as:
d

dq Q

(Ta|Wp) =D &= <Q?Q§ +piph —i (p§q§ — q?pg)) : (1.32)
i=1 j=

This scalar product can be reproduced at the tensorial level, as the scalar product of any

Hilbert space is a Hermitian form, which we will denote by hg. From its coordinate version
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in eqs. (1.31, 1.32), we realize that the imaginary part of h¢ is given by the symplectic
structure wg. On the other hand, combining wg and Jg, (1.31, 1.30) in coordinates, we
find that the real part of hq is given by pg defined as po(Vw,, Vi,) = wo(JoVu,, Vu,).
Precisely, if pg is a Riemannian metric over the vector space (real, symmetric, defining
a positively defined norm), we state that the complex and symplectic structures are in
Kahler compatibility, and we denote the manifold of quantum states provided with this

triad of compatible structures, (Mg, Jg,wq, f1q), a Kahler manifold [70].

With these considerations, dispensing with the particular choice of coordinates above,
the following tensorial representation of the scalar product is immediately shown to be

equivalent to eq. (1.32):
(Wa| W) = ho(Va,, Vi) = wo(JQVu,, Vi) + iwg(Va,, Va,) - (1.33)

On the other hand, as is the case of the complex structure Jg, linear self-adjoint operators
over the Hilbert space are seen as (1,1)— tensors that can be represented by real matrix-

like operators. Their expectation values, therefore, are quadratic functions on the variables

qj,Dj:
t
11 ldg 11 ldq
q1 Aqq e Agg qu e Agp q1
ol dodg  4dol dodo
UIAY) = | Yde Agg - Agq Agp Agp ddg | _ A9 s
< | > - All AldQ All AldQ - uv Wil
P pqg pq pp pp p1 u,v=q,p
dol dodg  4dol dodg
Pdg Apg - Apg App - App Pdg

(1.34)
These quadratic functions, more generally introduced later, constitute a representation of
the quantum algebra of observables. The inverse of the symplectic structure, wg, defines a
Poisson tensor, Qg. The action of this Poisson tensor over exact 1-forms Q¢ (df,dy) is given
by the bidifferential operator over the associated functions { f, g}¢, which is the geometric
way of introducing the quantum Poisson bracket {,}o. This crucial object, written in
coordinates, is given by:

{£f,9}q == 04, f0pig — 0 fOy,9 - (1.35)

It can be shown that this Poisson structure, that is analogous to the one of classical
mechanics, reproduces the Lie bracket of operators (given by the imaginary unit times
their commutator) for the quadratic functions representing the expectation value of self-
adjoint operators:
. . - .
{(¥|AW), (¥|BY), }g = f@I/HA, B]v) . (1.36)

In this way, we have an analogous formulation to classical mechanics for quantum observ-

ables.
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Keeping in mind this illustrative case based on real and imaginary coordinates, we will
now expand on these concepts following the coordinate-free approach of [70]. In general,
the Hilbert space H can be decomposed into two copies of a real vector space which we
will denote by N (for example, 2-integrable real functions, for L2(%, dVoly), or the ¢’s
and p’s manifolds, isomorphic to R4, of [64]) The cartesian product manifold Nz x Ng
can be provided with a Kahler structure, the triad formed by a complex structure Jg, a

symplectic form wg and a Riemannian metric pg, which fulfil the compatibility relation:
po(V,W) =wq(JoV,W) VV,W € Ng x Ny . (1.37)

Consequently, two of such structures determine the third one uniquely. The resulting

Kahler manifold is isomorphic to the original Hilbert space:
Mg = (Ng x NR,WQ,MQ) =H. (1.38)

We will call Mg the quantum phase space, which is a vector space. In fact, the inner
product (,) of the Hilbert space H is seen as an Hermitian 2-form in this framework,
where wg is its imaginary part and pq its real part. Let Vi denote the vector in M that
represents through the isomorphism the quantum state in the Hilbert space, ¥ € H. Then:

1 .
(Uq, \I’2> = 3 (/"LQ(V‘I/17 Vo,) + lWQ(V\pI, Vo)) V¥, Wy € H. (1.39)

Given this isometry, to alleviate the notation we will in the following denote the vectors in
the quantum phase space M directly by the same character as the quantum state they
represent in the Hilbert space, ¥, and the Hermitian form by ().

Regarding physical observables, in quantum mechanics they are represented by self-
adjoint operators over the Hilbert space, denoted by Op(H), which form a Lie algebra
under the ixcommutator:

%[A, Ble Oy(H) YA, BeOu(H). (1.40)

In the context of the geometric formulation, the operators (which we will still denote
by A) are seen as real (1,1)-tensors acting over the vectors V € My, the self-adjointness
property means [A, Jg] = 0 and wo(Vy,, AVy,) = wgo(AVy,, Vi), while the Lie bracket

for self-adjoint operators has the imaginary unit ¢ substituted by the complex structure, Jg.

Such set of operators can in turn be represented by the quadratic functions over the
Hilbert space, denoted by, F2(H) (or as Fa(Mg), in its geometric representation) given

by the expectation value of the Hermitian operators:

Fo(H) :={fa:H = R|fs= (U, AV) VAcOy(H)}. (1.41)
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Over such set of functions, one can define a Poisson bracket, {, }¢ in order to reproduce

the Lie-bracket of the Hermitian operators:
— .
{fa, fe}q = - (V[[A, B]|¥) (1.42)

which, naturally fulfils antisymmetry, Jacobi identity and bilinearity as the Lie bracket
did, and Leibniz for the completion of F2(H) under the ordinary product of functions. It is
immediate to show that F2(H) forms a Poisson algebra under {, }¢, which we will denote

as the quantum algebra of observables:

Ag = (Fa(H),{, }) (1.43)

We must remember that all these properties can analogously be expressed for Mg in
terms of Jg and wg, so we are using the notation indistinctly . As happened in classical
mechanics, such Poisson bracket is associated to the inverse of the (sometimes weakly
defined as in [70]) symplectic form wg (which we remind to be the imaginary part of the
Hermitian product), through the same relations as in the classical case. Consequently, a
symmetry (equivalently, a symplectomorphism) with infinitesimal generator X¢g € X(Myg)
over the quantum phase space, induces an infinitesimal transformation over the quantum
algebra of observables Ag that can be represented (in complete analogy with the classical

case) through the Poisson bracket with its generating function fa € Ag:

ﬁXQgB == {gB7 fA}Q v.gB S AQ (144)

For the particular case of the dynamics, the energy function is given by the expectation
value (in this case restricted to normalized states, (¥|¥) = 1, to avoid the usual division by
the norm of the state) of the Hamiltonian operator, inducing the usual quantum dynamics

for expectation values of self-adjoint operators:
. d —1 A~ A
fi o= (WIEW) = 54 = (fa Fr}a = S (UIIA, H][0) (1.45)

In order to recover Schrodinger’s equation of motion for the quantum states ¥ € H,

given that it cannot be identified with an element of F5(#H), we have two options.

The first path requires the extension of the action of the Poisson bracket to be a bi-

derivative operator over any pair of differentiable functions over H, which requires a proper

definition of the functional derivatives 50 () and 5\115@) Note that when writing ¥(x) €
‘H we are making the usual identification of the Hilbert space with complex 2-integrable
functions L?(%, dvoly) with domain a certain finite-dimensional manifold . A possible
solution to make sense of these functional derivatives is the truncation of the Hilbert space
to be a finite dimensional manifold (which is natural in the context of molecular simulations,
as one has to perform the simulations on a finite number of quantum levels anyway),

and then use the Poisson bracket defined in [64] as in (1.35), permitting the definition
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of standard differential calculus. Another (more cumbersome) solution is the definition
of Fréchet differential calculus over infinite dimensional manifolds in a convenient setting
[5, 7, 84]. Both approaches have been used (either explicitly or implicitly) in the articles
of this compendium, the latter being unavoidable in the case of quantum field theory in
curved spacetime studied in [5]. Under this path, once we have made proper sense of the
functional derivatives, operationally we may work with the generalization to functional
derivatives of Wirtinger’s approach (see [86, 87| for Wirtinger’s operators, and |7] for their
generalization to infinite dimensional manifolds):

oW (z")y  SU(x))

= 6(z —2') and 5 () = 50(z) =0, (1.46)

S0 (z')  6V(a))
SU(x)  6U(x)

where the 0 distributions must be taken with respect to the measure under consideration
for the scalar product defining the L2-space (which, in this thesis, will be Lebesgue for finite
dimensional domain, as in the electronic example above, and a proper Gaussian measure
in the infinite dimensional case).

Once this is done, one can extend the Poisson bracket to act over any f,g € C*°(H) as

5 5
= heref he Hamiltonian fiel fi .
{f.9}o fd:c(s[q](x)félp(x)]g and therefore, the Hamiltonian field defined by {-, fr}o

can yield Schrédinger equation when acting over the identity over W (either in z-basis or
in any other):

dv i

— ={U = —HVU. 1.47

v fle= (1.47)
This is the path we will follow in [5].

The second path to recover Schrédinger dynamics is perhaps simpler, as it avoids issues
of differential calculus, and is based on the usual path to reach von Neumann’s equation,
but presented in the current geometric formalism. We firstly pick an orthonormal basis
{oi| Tr(ojo;) = d; ;} for the space of self-adjoint operators Oy (#) over the Hilbert space
(such as properly normalized Pauli matrices and identity, in dimension 2). Then, we
consider the projection of the pure quantum state ¥ in each of the elements of such basis,
U, = (¥|o;¥), which is already an element of the quadratic functions belonging to Ag,
so the quantum Poisson bracket can directly act over it with the original definition. The

dynamics of such objects yield:

dy;
dt

= (Wi fir)g = T {Wllos, A1¥) = 2 Wx(pulor, H) (1.48)

where we have substituted the expectation value by the trace with respect to the repres-
entation of the density matrix of the pure state associated to ¥, whose representation as

a self-adjoint operator under the trace can be defined by py := >  ¥;0;. Using the cyclic

)

property of the trace, it can be shown that Tr(py[oy, H]) = Tr(o;[H, pw]). By definition,

d dv; —i X i
— ) = —_— y = — T ; 0 ; — —— ) 1.4
v i oi = EZ r(0i[H, pu])o; = (H, pw], (1.49)
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recovering von Neumann’s equation for the density matrix from the dynamics of the quad-
ratic functions V¥,;. Given that py represents a pure state, we know that its evolution,
completely determined by the Hamiltonian field {, fi}q, is equivalent to Schrédinger’s
equation for ¥ € H. Although the differential path is more versatile, this approach already
introduces a relevant feature regarding statistical mechanics: the dynamics of the density
matrix (which later will be a statistical mixture) can be obtained in this geometric picture
as usually, from the adjoint of the evolution operator which dictated the dynamics of the

self-adjoint operators representing physical observables.

With these summarized descriptions of geometric quantum and classical mechanics, we

may proceed to a joint geometric description of quantum-classical systems.

Geometric formulation of simple hybrid systems

The hybrid phase space, can be described in most cases (such as in Ehrenfest dynamics [63,

69]) using the cartesian product of the classical and quantum phase space:
MH = MC X ./\/lQ . (1.50)

This manifold can in turn be provided with a hybrid symplectic structure wy in the follow-
ing way. Let mo : My — M be the canonical projection over the classical subspace, i.e.
Wc(é,ﬁ, Vy) = (Q,l_ﬁ) € M. Analogously, the canonical projection over the quantum
subspace g : My — Mg acts as WQ(Q,f’,V\p) = Vy € Mg. With these two objects,
given the triviality of the manifold Mg, we can perform the pullback with respect to the
correspondent projections (denoted by 77, Wé) of the symplectic structures already present

in each submanifold. This defines the hybrid symplectic structure in the following sense:
wy = To(we) + T5H(we) (1.51)

which will be related, as in the previous cases, with a Poisson bracket over physical observ-
ables. As shown in one of the articles of this compendium [4], such algebra of observables
can be formally defined as:

A= Ac® Ag . (1.52)

In more traditional approaches [69], one first considers the space of self-adjoint operators
over the Hilbert space isomorphic to the quantum submanifold Mg, allowing a smooth
parametric dependence of such operators on the classical variables (Q, f’) We call these
objects hybrid operators. Formally, they may be described as sections over a fibration
T : Fo — M with base Mg and fiber Oy (H) (thus, Fo is locally trivialized into
M x O (H)), such that any hybrid operator A(Q, P) belongs to the space I'(Fp) of such
sections:

AQ,P) e T(Fo) . (1.53)
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This is just a fancy way of stating that once a particular classical point £ € M is provided,

a concrete self-adjoint operator over H is obtained,

AQ,P): Mc — On(H)

(1.54)
§ = AQ, P)le € On(H) ,

and that the dependence of the hybrid operator on M is smooth. We remind that Op(H)
is the space of self-adjoint operators over the Hilbert space H to which the quantum states
U belong.

For example, the Hamiltonian operators introduced in eqs. 1.15,1.14, governing Ehren-
fest’s dynamics belong to this space of hybrid operators, being both differentiable in Q, P
and, for each value of @, P € M, self-adjoint operators over the Hilbert space of electronic

wave functions.

This set of hybrid operators can be represented, as in the quantum case, as quadratic
functions over the quantum phase space (while keeping its C°°-nature over the classical

variables) through the expectation value structure on normalized vectors, (V|¥) = 1.

We will refer to this set of functions as hybrid observables, which we will denote as
Foq(Mp) to make explicit that the quadracity is only on the quantum degrees of freedom.

It can be formally defined as:

~

FaqMp) == {fal€) : My =R | fa:=(P|AE)T) VA €T(Fo)}.  (1.55)

In a sense, this sews the two notions of physical observables introduced for the classical
(C*®(Mc)) and quantum case (F2(?)). On the one hand, these hybrid observables keep
the differentiability with respect to classical variables without additional restrictions in that
regard (although they auxiliarily depend on ¥). Besides, once evaluated on any particular
classical data the hybrid observables are regarded as expectation values with respect to
U of self-adjoint operators over H. As in the previous cases, the inverse of the hybrid
symplectic form as defined above is ultimately related to a hybrid Poisson bracket over the

hybrid observables (regarded as specific functions over M), which act as:

{fa,fYa ={fa, fBtc+{fa. [B}Q Vfa,[B € Foo(Mpu) . (1.56)

It turns out that Fog(Mp) does not form an algebra under the Poisson bracket, because,

in the latter equation, the term

{fa, fB}e = (V|01 A(€) W) (|0py B(E)|¥) (1.57)

does not belong to Fag(Mp), where we are reusing the notation introduced in (1.24) for
the Poisson bracket. In general, this expression is not quadratic over Mg, but quartic.
In turn, {{fa, fB}c, fc}c is order 6 on Mg, and so on. This feature, arising here as

a mathematical intricacy with no apparent immediate physical implication that crucially
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modifies the nature of observables and has deep consequences in the definition of out-of-

equilibrium hybrid statistical mechanics, as it will be explained later.

At this level, the definition of a hybrid Poisson algebra requires the completion of
Foqo(Mp) under the ordinary product, defining:

k
fQQ(MH) = {H fa, VkeN, Vfa, € FooMpu)} (1.58)
i=1
in this case, indeed {, }p : Fag(Mp) X Fag(Mp) = Fag(Mp) and therefore, the Poisson
algebra of hybrid observables is defined as:

An = (Fo(Mnu), {, }u) (1.59)

Note that this algebra is the same as the one that would be defined from the comple-
tion of the original Fog(Mp) by considering all the possible functions that result of any

application of the Poisson brackets.

Two subcases of these observables with easy interpretation are:

e Exclusively classical observables are given by the expectation value of an operator of

the type
Ac(€) = f(OT e T(Fo) f(€) € C®(Mc), (1.60)

i.e. a differentiable classical function times the identity operator over the quantum

Hilbert space. Once the expectation value is taken,

face) = FETY) = f(£) (1.61)

where we have made use of (V|W) = 1, which, in the case of Ehrenfest dynamics,
holds at all times. Therefore, it is common to represent f4.¢) (and even Ac(€) if the
notation is oversimplified) with f(£) uniquely as is the case of the kinetical energy
of the nuclei K,, and the potential energy V,, defined above, just before eq. (1.15).
In this sense, for variations restricted to the submanifold of norm 1 for the quantum

states, these classical observables depend on &, but not on V.

e Exclusively quantum observables are, on the other hand, characterized by the expect-
ation value of an operator AQ which lacks a dependence on £, Jg, AQ = apiAQ = 0.
The expectation value (¥|AgW) is thus an observable dependent on ¥, but not on
&. An example of these observables is the expectation value of the kinetic energy of

the electron K, as defined above, or the electron-electron interaction potential Vy-

In contrast, generic hybrid observables are of the type of the expectation value of
the interaction potential (¥|V,.(Q)|¥), whose dependence on both kinds of variables is

unavoidable.
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Resuming the former discussions on the Hamiltonian representation of symplectomorph-
isms for quantum and classical mechanics, it is immediate to show that they generalize
trivially to the hybrid case. In that sense, a particular relevant element of the hybrid

Poisson algebra is the hybrid energy function:

fre) = (VH(E)Y) € Ay (1.62)

where H (&) can be identified with (1.15), the hybrid operator governing the dynamics.
In the same spirit as in the quantum case, fg(¢) is the generating function of the hybrid

dynamics. Consequently, the Hamiltonian field

Xg={fu}ln (1.63)

realizes the time evolution. In particular, for any quadratic function,i.e. Vf4 € Fog(Mp):

& = {Fas frhar = O, (WA (WA Q)W) + 2 (W] [H(€), A©)] w) . (164
This may be extended to the whole Ap straightforwardly through the use of Leibniz’s
identity. A key feature of the geometric formulation of hybrid systems is the Hamiltonian
nature of the field generating the dynamics, which makes evident the symplectomorphic
nature of time evolution:

Lx,wg=0. (1.65)

Lastly, Ehrenfest’s hybrid equations of motion are easily derived, just by making the
same construction as in the quantum and classical cases. For the e.o.m. of the classical
variables, we choose classical observables assigned to the identity over each classical ca-
nonical coordinate Q;, P’. For the quantum one, we may extend the Poisson bracket to
act outside Ay in order to act on the function over My selecting the quantum state (in
which case we make use of the differential nature of the Poisson vector, as in the quantum
case). Analogously, we could also recover the quantum equation of motion through the
derivation of von Neumann’s equation for the pure density matrix as the adjoint operator
to the one defining the dynamics of operators, as in the quantum case. In any case, once

properly defined, the e.o.m. given by

400 = (Qu fir}n = (@i Jike (1.66)
S =P fut = (P firke (1.67)
%‘I’ ={V, futn ={¥, fulq (1.68)

are equivalent to egs. (1.5,1.6,1.7) of Ehrenfest’s dynamics.

This whole construction has been realized for a trivial fiber bundle given by the product

manifold of the classical and quantum phase spaces. We anticipate that more general hybrid



30 Chapter 1. Introduction

manifolds, not necessarily based on the cartesian product manifold, but on a generic fibra-
tion with base (almost) the classical phase space and fiber the quantum one, even provided
with a non-trivial connection, may be necessary to capture correctly the phenomenology of
more complex systems. In particular, in the last article of this compendium, such general
fibration structure is introduced and shown to be mandatory for a consistent coupling of

QFT to classical gravity [5]. While formal similarities can still be found, some crucial

d
results are fundamentally different, for example, %\If = {¥, fu}q is no longer fulfiled.

Having defined the hybrid phase space My, the hybrid algebra of observables A
regarded as certain functions over M 7, we can proceed to the definition of hybrid statistical

ensembles.

1.3 Statistical mechanics

In this section, we will restrict the discussion to finite dimensional manifolds, which requires
finite dimensional Hilbert space of the quantum subsystem, for the sake of simplicity. This
approximation is often physically justified, as it is the natural framework in molecular
dynamics simulations — or in any simulation, for that matter —, the main field of application
of statistical and thermodynamical hybrid systems. In such systems, due to the finite
memory and computational power, the Hilbert space is truncated, allowing for only a
finite number of energy levels. This truncation can either be done through a discretization
of the domain of the wave functions (a lattice approach), or through the truncation of a
basis of functions of L?. In any case, the construction for infinite dimensional manifolds
can be performed by following an approach analogous to [88] for the quantum subsystem.
The geometry of infinite dimensional hybrid systems is deeply explored in the fifth article
presented in this thesis [5] in the context of QFT and, more abstractly, in [7, 8. In order
to define the statistical mechanics, the only extra subtlety is the proper definition of the
measure over the infinite dimensional quantum phase space, which must be done differently

to the case of finite dimensional systems.

Proceeding now to the definition of hybrid ensembles, the key idea we must keep from
the previous section is that Ehrenfest dynamics is described as a Hamiltonian system over
a symplectic manifold, Mpyg. Any such symplectic manifold of finite dimension d has a

natural volume form dvol over it, defined as:

d times

dvol := w A (1.69)

We will briefly introduce these concepts in the case of classical and quantum statistical

mechanics, for an easier understanding of the hybrid case.

We must make a last general remark before properly commencing this section, and
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it is in regards to the notion of entropy used. Throughout this thesis we will follow an
approach based on the definition a la Gibbs of ensemble and entropy. The Boltzmannian
picture (where the entropy can be associated to a microstate &, in terms of the volume
of the space of microstates that macroscopically look the same as &) can be found in [89]
both for classical and quantum statistical mechanics. Their combination would make up
for a Boltzmannian picture of statistical hybrid systems, analogous to the one followed in

the first article of this compendium in the Gibbsian approach.

Brief summary of classical statistical mechanics

For the classical phase space M introduced above, which is naturally finite dimensional,

the symplectic volume form is given by

dvole == we AP A we = dQy - - - dQpdP - - - dP™ (1.70)
The classical observables are functions in C*°(M). Generic statistical states are described
by a distribution over the classical phase space o € D'(M¢). Without loss of generality
for physical applications, we may represent such distribution with respect to the symplectic
volume as a definite positive density of weight 1 denoted by F.3 This means, that for any
observable f defined as a differentiable function of compact support, its expectation value

Er(f) under the probability measure associated to § can be written as:

Er(f) =Fc(f) = / dvolcFo(§)f(§) Vf € C&F(Mc) | / dvolcFe(§) =1 (1.71)
Mc

Mc

We have characterized a mathematical statistical mixture over M through the density
Fc (&), but the key question is: does this constitute a physical statistical ensemble? The
answer is in the positive, as there is a one-to-one correspondence between independent
statistical events and the points over the classical phase space. Therefore, two classical
events are mutually exclusive simply if they are represented by different points over phase
space. Thus, Fo(§), being a density of weight 1 over M, is a proper probability density
for the physical states.

The statistical average (f)¢ of a classical observable f € A¢ can be computed as usual:

(e =: / dvolcFo(€)1(6) Vf € Ac, (1.72)

Mc

3Note that a density of weight 1 is defined to be differentiable, and therefore, some distributions, such
as Dirac’s delta, cannot be represented as densities. Nevertheless, functions that are both differentiable
and integrable (over Mc¢) are dense over the space of densities, so we always have an arbitrarily close
approximation to Fo with a well behaved object, regarding integro-differential calculus. For example, the

Schwartz space, whose best known orthonormal basis are Hermite functions, is dense in Ll(./\/lc).
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where we recall that A¢ is the classical Poisson algebra of observables. Regarding the time
evolution of the probability densities: remembering that the classical observables evolved
as dif = Lx,, f for the Hamiltonian field Xy = {, fg}c, we may define the dynamics of

such statistical averages induced by such Hamiltonian microdynamics:

dt<f>c = /dVOlch(g)ﬁfo:—/[,XH(dVOIC’Fc(f))f:—/dVOlc,CXH(Fc(f))f
Mc

Mce Mg
(1.73)

where, in the first equality we have omitted a null total derivative and in the second equality
we have made use of Liouville’s theorem Lx,dvolc = 0, given the Hamiltonian nature of

the dynamics and the symplecticity of the volume form.

This formulation of Liouville’s theorem may be easier to understand in the case of a
finite time translation, where f(£(t)) would represent the evolution of the functions (if
they do not depend explicitly on time). Then, for each value of ¢, a change of variables
in the integral can be performed. As the evolution of Hamiltonian dynamics is a sym-
plectomorphism, the volume element can not change in time. Consequently, the integral
representing the expectation value of f(£(t)) under the original distribution becomes equal
to the integral of the value of the density F.((—t)) times the value of the function at
original time f(£(0)), i.e.

/ dvol F(€(—)) f(€(0)) = / dvol F(€(0)) F(£(1)) (1.74)
Mce Me

For this particular property we can refer to chapter 2 of [90] (Lemma at the bottom of

page 39)

Given that such relation must hold for any observable f € A, we realize that, in terms
of the Liouvillian operator —Lx,,, the dynamics of classical ensembles can be represented

as:

diFo(§) = —LxyFo ={fu, Fole, (1.75)
associated to the adjoint of the evolution operator (which acted over the observables) acting
over distributions, taken into account the constant nature of the volume form.

Finally, Gibbs entropy, usually associated to thermodynamical entropy, can be con-

structed as the following function of the probability density:

Sc = / dVolo Fo (€)log(Fo (€)) (1.76)
Mc

This function is left invariant under the action of the Liouvillian operator: the Liouville

Hamiltonian dynamics preserves the Gibbs entropy for classical systems.
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Brief summary of quantum statistical mechanics

The usual route to defining quantum statistical systems is based on von Neumann’s density
matrix formalism. Let us consider a quantum state ¥ € H and its associated projector
over Hilbert space, Py := |¥)(¥|, (note that the construction assumes normalized states,
(¥|¥) = 1, to avoid division by the norm). The scalar product of this projector with
another self-adjoint operator A representing a physical magnitude yields the statistical

expectation value over such single quantum state, W:

A~ ~

(U|A|¥) = Tr(PyA). (1.77)

Then, the quantum statistical state, dual to the self-adjoint operators, defined by
Tr(Py-) : Op((H) — R can be represented by a self-adjoint operator itself and such
representation is called density matrix. This will be particularly relevant in Koopman’s

formalism of hybrid systems developed in [4].

Thus, most of the time, one represents the quantum statistical system as a density
matrix (in this example, the projector Py itself is a pure statistical state) and invoke the
scalar product for the operators (in terms of the trace) in order to obtain expectation
values. This is the quantum equivalent to representing a distribution under a measure
(where the role of the measure is now played by the trace) in terms of a probability density

of weight 1.

In any case, the example considered above, represents a pure density matrix, as it is
constructed with the projector over a single element in Hilbert’s space ¥ € H. If we

consider a statistical mixture of projectors with probabilities 1 > A; > 0, like in the

pr=> NP> N=1 (1.78)

we have a generic density matrix, which is dubbed mized state if it populates with non-null

following definition:

probability at least two different projectors. The statistical expectation values of a physical

magnitude, represented as by a self-adjoint operators fl, can be defined as:

(A)g = Tr(pA) (1.79)

Following the construction made at the end of the section about the geometric picture
of quantum mechanics, and taking into account the linearity of the density matrix with
respect to the projectors, one straightforwardly derives von Neumann’s equation:

—1

- [H,p]. (1.80)

dip

This is the adjoint to Heisenberg’s dynamics for operators. Of course, von Neumann’s

definition of ensemble through the density matrix takes appropriate care of the notion of
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quantum exclusivity of events: two quantum events are mutually exclusive if their repres-

entation as vectors in the Hilbert space are orthogonal:
Event i and event j are mutually exclusive < Tr(P;Pj) = (¥;, ;) =0. (1.81)

This notion is key to the definition of quantum thermodynamical entropy, usually agreed

to be von Neumann’s entropy:
Sq = Tr (plog(p)) , (1.82)
which is left invariant under von Neumann’s dynamics [91].

Nevertheless, there is a different picture of quantum ensembles that is usually not
considered in standard literature. This picture is particularly convenient for the later
introduction of hybrid statistical systems. In complete analogy with classical statistical
mechanics, we may consider the symplectic manifold Mg and the symplectic volume over
it (restricted here to finite dimensional systems, dg being the dimension of Mg):

dg times

dVOlQ =w A ANwq - (1.83)

For illustrative purposes, a construction of such volume form in terms of coordinates for a
finite dimensional Mg can be found in [69]. It firstly considers an orthonormal basis {¥;}
over the Hilbert space H, and choosees as coordinates for Mg the real (¢; := Re((¥|¥;)))
and imaginary parts (p; := Im((¥|¥;))) of the coordinates of the quantum state in such

basis, ¥ = (g; + ip;)¥’/. It can be seen that, in such basis, wg = Y. dp; A dg;, and
J

consequently dVolg = [[dp;dg;, in analogy to the classical case.
J

Nevertheless, we will keep a coordinate-free narrative to keep a general framework. The
next step is considering a (positive definite) probability distribution §g : C*°(Mg) — R,
such that §g(1) = 1. Therefore, as in the classical case, it can be represented as a positive
definite density of weight 1, Fiy, under an integration measure, assigning a probability
density to each region in quantum phase space Mg or, equivalently, to each vector ¥ € H.
Note that this construction is not yet accounting in any way for orthogonality representing

exclusivity of events.

We may now consider a quadratic function f4 = (¥|A|®) over the Hilbert space given
by the expectation value of a self-adjoint operator Ae Op(H) as the functional represent-
ation of a physical magnitude. In analogy to the classical case, its statistical expectation

value can be expressed as:
<fA>Q = / dVOlQFQ(\I/)fA(\I/) Vfa € AQ . (1.84)
Mq

It can be shown that, following this prescription, F(y yields the same statistical averages

using eq. (1.84) as the density matrix p using (1.79). Both descriptions of the quantum
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ensemble are related in the following way:

= / dvolg (W) Py . (1.85)
Mq

This can be interpreted as an extension to the continuum of eq. (1.78), assigning to
the density matrix the linear combination of the projectors over every element ¥ of the
Hilbert space weighted with the probability density Fio(¥). Note that this definition of p
in terms of Fy is just the statistical average of a linear function on the projectors, Py, thus
characterizing the first statistical moment (on projectors) of the distribution associated
to Fg. Therefore, any other probability density with the same first moment but different
higher order moments, would yield the same density matrix and the same expectation
values for the elements of Ag, but different expectation values for generic functions (more
than quadratic) over M¢. Consequently, eq. (1.85) defines an equivalence class of all the
probabilty density distributions defining the same density matrix:

[Fol, == { Fg € D(Mg) | ﬁ::/dVOIQFQ(\IJ)Pq, : (1.86)
Mq

We can further extend the formal analogy with classical mechanics and make use of the
Hamiltonian definition of quantum dynamics, introduced in the previous section, to de-
rive, by means of Liouville’s theorem, the dynamics of quantum statistical ensembles.
Therefore, when computing the dynamics of statistical averages, we may perform a total
derivative and, leaving the symplectic volume form invariant under the Lie derivative along
the quantum Hamiltonian field Xz = {-, (¥|H¥)} ¢, we can reproduce the same results as

in the classical case:

dt<fA>Q = / dVO]QFQﬁXHfA = — / dVOlQﬁXH (FQ)fA VfA € .AQ (1.87)
Mg Mg
= thQ = —[:XH(FQ) . (1.88)

This Liouvillian dynamics can be shown to be equivalent to von Neumann’s equation for
the density matrix using eq. (1.85) due to a key feature of quantum dynamics: its linearity.
Such linearity can be used through the computation of the evolution of the first momentum

on the projectors of Fy (which is precisely p), which can be shown to be:

d / FoPydvolg = — / L, FoPydvolg = %Z / FolH,Py] which is linear on Py.
Mq Mq Mq

(1.89)

From this equation, von Neumann’s equation follows immediately. Nevertheless, if

Lx, had induced any non-linearity (a quadratic or higher order power of Py in this last

equation) the dynamics for the density matrix would depend on higher order moments of
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Fg. Therefore, given that p is only the first moment on projectors of Fg, the evolution of p
would need further statistical information to be properly defined, a fact that would take us
beyond the density matrix formalism. That extra statistical information would arise from
higher order moments of F(, breaking the equivalence class (1.86), and therefore, each
different Fiy defining the same density matrix could yield different dynamics for p. This
will be the root cause of a very puzzling aspect of hybrid statistical systems, identified in

[51], which will be treated later.

This leads us to posing the same question as in the classical case: does Fg properly
represent a physical quantum statistical ensemble, in the same way that the density matrix

does? We must remain skeptical, as the answer is not so clear as before.

On the positive side, we can recover the density matrix formalism, the correct statistical
dynamics (as long as we have linear microdynamics) and the correct statistical averages
of physical observables. Still, Fy contains way more information than is necessary to
describe a physical state, as it overcounts statistical correlated events. This is due to the
lack of a mechanism to take into account the orthogonality defining exclusivity of events.
Consequently, a definition of the entropy based on the translation of eq. (1.76) to this
quantum case would be incorrect: it would not reproduce von Neumann’s entropy for the

associated density matrix.

Despite this caveat, this formalism has some appealing mathematical features, such as
the analogy with classical statistical mechanics and the identification of Liouville’s theorem.
These will be particularly useful for the joint description of quantum and classical statistical

mechanics, introduced in the following section.

Hybrid statistical systems and thermodynamics

Generalizing the formalism based on distributions over symplectic manifolds, in the case
of hybrid systems we can work with the symplectic volume element constructed in terms
of wy, as defined in (1.51):

6N+dg times

dvoly := wyg A A wp = dvolcdvolg (1.90)

where dvolc and dvolg are the ones defined analogously for their respective symplectic

forms.

With this natural volume form over the hybrid phase space, a statistical mixture of
microstates can be described once again as a positive definite density of weight 1 over
My, denoted by Fgc (&, V), such that:

/ dvolgFoc(§,¥) =1. (1.91)
My
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This can be decomposed into a marginal classical probability density F(§), and a condi-

tional quantum one Fgy_cond(V; &) defined as:

Fc(g) = /dvolQFQc(f,\P) (1.92)

Maq

Foc(§, V)
Fe(§)

The definition is completed considering Fg_cond(¥; &) = 0 if F(§) = 0.

Fo—cona (W3 €) i= if Fo #£0. (1.93)

In analogy to the quantum case, one can define a hybrid density matrix p(§) from
the distribution, through the statistical average of the projectors over Hilbert space. This
represents the first quantum moment of the distribution regarding the projectors (second

moment if ¥ € H or (¢,p) € Mg are used instead):

pé) == / dvolgFgoc (&, )Py V¢ € M . (1.94)
Mq

In this context, the normalization condition, instead of being just Tr(p) = 1, is given by:

/ dvolcTr(p(€)) = 1 (1.95)

Mg

As in the quantum case, we can define the equivalence class of the set of hybrid prob-

ability densities over My yielding the same hybrid density matrix as:

[Foclpe) = § Foc € D(Mu) | p(€) 3:/dV01QFQ(‘I’)P\If : (1.96)
Mq

This approach to hybrid statistical ensembles is the main subject of study in the first article

of this compendium [1]. The rest of this section summarizes the main results of the article.

The construction is based on the definition of a notion of mutual exclusivity for two

elements in hybrid phase space, (&1, V1), (&2, ¥2) € My:

(&1, Uq) represents a mutually exclusive event to (£2, Wa) < &1 # &2 or (U1]|Us) = 0.
(1.97)
This is properly captured in the definition of 5(§), and lays the foundations for a consistent

definition of hybrid entropy:

Sir = / dvoloTr (5(€)log(H(€)))

Mc

= [ dvolcFe(@og(Fe(©) + [ dwoloFo(Tr (elog(pe) - (199
Mce Mc
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As shown in the second equality, this definition can be decomposed into a marginal classical
Gibbs entropy for F(§) and the average (under Fo(€)) of a conditional von Neumann
entropy for the conditional density matrix, p¢ = Fj L(€)p(€). This ensures the correct
classical and quantum limiting behavior for uncoupled and uncorrelated hybrid statistical
systems. In [1], we also apply a maximum entropy procedure subject to the following fixed

statistical average of the energy. Such constraint is implemented as

/ dvolcTr(p(€)H(£)) — E =0, (1.99)

Mc

where H (&) € I'(Fp) is the hybrid operator representing the total energy of the system.
The result of this maximum entropy principle can be defined as the hybrid canonical
ensemble:

e—BH()

puce(§) = Zon with Zpcp = / dvoleTr (e—ﬁH@) and S = (kgT)™",
Mc

(1.100)

from which the definition of the temperature of the ensemble immediately follows.

Notice that in this section about hybrid statistical systems, and in [1], we do not make
any consideration about the dynamics, an therefore the conclusions should be valid for any
hybrid model. Instead, we save the discussion about the dynamics for another article in

this compendium, [3], later summarized in this introduction.

Nevertheless, it is remarkable to point out that some previous approaches in the literat-
ure [92] were misguided by the Hamiltonian nature of Ehrenfest dynamics, that conserves
the quadratic function fi = (¥|H(£)|¥), and, following an approach a la Balescu [67] to
statistical mechanics (where dynamical visitation and stability of probability densities over
phase space under the Hamiltonian field play a prominent role in the definition of thermo-
dynamical ensembles), considered that the hybrid canonical ensemble should be given by

the following density over the hybrid phase space:

Bl (EY)

Frcp-aivbs(&, V) with ZQC—HCEizzt/‘e_ﬁﬁA&W)- (1.101)

My

 Zoc—-HCE

Such ensemble is thermodinamically inconsistent, as it maximizes Gibbs entropy for the
density Fgc, which incorrectly accounts for hybrid exclusive events, instead of a proper
definition of hybrid entropy. Furthermore, the thermodynamics magnitudes that can be
derived from it (such as the free energy, the internal energy, or the thermodynamic entropy)
are non-additive [93], and its thermodynamical limit (big dimensional systems) leads to a

divergence of the energy of the system [94].

Therefore, the contributions of the first article of this compendium dissipated this long-

standing confusion about the thermodynamical ensembles for hybrid systems, which were
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considered inconsistent because of this ill-defined canonical ensemble. Nevertheless, given
that the best understood benchmark of hybrid systems are molecular dynamics simula-
tions, endorsed by the biggest and most prolific community working with hybrid systems,
the question about the hybrid canonical ensemble would not be completely satisfactory
if regarded solely from this ensemblist position. In the context of hybrid dynamics, en-
sembles are reproduced through an ergodicist position: time-averaging over the solution
curve to hybrid dynamics coupled to a classical thermostats is the dominating approach
(as in [69, 92, 94|, and many others). The following section is devoted to this issue and

summarizes the results of the second article of this compendium.

1.3.1 Ergodic hypothesis, phase space visitation for thermostatted tra-

jectories and hybrid canonical ensemble

In [94], it is shown that the time averages at long times of the integral curves of Ehrenfest
dynamics coupled to a classical thermostat yield some puzzling results, despite apparently

constituting an ergodic system:

e The mean energy of the quantum subsystem consistently exceeds the thermal energy

associated to a given temperature of the classical bath driving the dynamics.

e Such energy is an increasing function on the number of quantum states (dimension of
the Hilbert space) and diverges as the number of quantum levels approaches infinite
(which is interpreted as the thermodynamical limit, constructed to the tensor product

of several finite dimensional quantum systems).

It was shown that the visitation over phase space associated to such thermal dynam-
ics gradually approaches the ill-behaved Gibbsian hybrid canonical ensemble, defined in
eq. (1.101).Experimentally, the following finite version of a limit can be reproduced. For
arbitrary levels of precision €, there exists a finite time of simulation ¢y such that the
statistical averages under the wrong HCE of any physical magnitude (represented by a hy-
brid operator A(§ ) € I'(Fo)) are compatibly approximated by any time average of longer
duration than ¢y over the classically thermostated trajectory, v(t) = (£(¢), ¥(t)). We can
state such result as follows. There exists a time tg > 0 such that the time average of any
observable A(£) over any solution curve to (1.1,1.2,1.3) plus a thermostat, from ¢ = 0 to
ty > tp, is compatible with the expectation value yielded by the Gibbs ensemble, under a

given finite resolution e:

Ve € R VA(E) € T(Fo) VE(t), U(t) solutions to (1.1,1.2,1.3) plus thermostat It € R |
ty

/ dt (T (1) A(E() V(1)) — / Vol

0 My

o BuEY)
(DIAE)D)|| < e Wiy >to, (1.102)
ZHCE—Gibbs
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or equivalently:

ty

. e—Bfu(&Y)
lim dt(W(t)|AE(t)¥(t)) — /dVOlH
Mg

(U|AE)T) (1.103)

tf—00 ZHCE—Gibbs
whose strict proof would require very elusive results of ergodic theory. Note that the
hybrid statistical model is, mathematically, a classical Hamiltonian system, described with
Liouville’s equation. On the other hand, the classical thermostats were invented to produce
precisely the detailed balance visitation that reproduces Gibbs ensemble, if one assumes
the ergodic hypothesis. Thus, it is not surprising to recover Gibbs ensemble also in this

hybrid case, when thermostatted only classically.

This formulation allows us to identify the root cause of the problem: it is precisely the
difference between the role of the parameter 3 in such ensemble and the one for the truly
thermodynamical 3, weighting exclusive events in the HCE (as defined in eq.(1.100)), what
yields a wrong temperature and an incorrect thermal visitation for the quantum subsystem,

with the aforementioned non-additivity of thermodynamical magnitudes.

Nevertheless Ehrenfest dynamics is computationally effective and easy to implement,
classical thermostats are well characterized, and the ergodic hypothesis for finite times
typically works well. It could therefore be a useful tool, if it did not produce this wrong
visitations of phase space. In order to keep its utility and reproduce the correct thermo-
dynamical ensembles, in the second article of this memoir [2|, we address this issue and
introduce a way to correct time averages in order to recover the correct thermodynamical
averages. The procuedure is illustrated with a numerical example for a hybrid model of

dimer dynamics.

The key contribution of this work is the redefinition of the time average procedure,

incorporating a rescaling function g4 (&, ¥) for each averaged observable, such that:

Ve € RVA(E) € T'(Fo)3ty € Ry |

ty
I dt gate), W) @OIAEOTE) - [ dVoleTr (pues@A©))I < e ey >t
0 Mec

(1.104)

allowing to effectively substitute phase space integrals by time averages along the solution

curve to thermostatted Ehrenfest dynamics.

Usually, microdynamics relate to statistical mechanics in two ways. The first one, in
terms of the ergodic hypothesis, has already been explored in this section. which sum-
marized the results of [2]. The second one, is the induction of statistical dynamics over
the densities characterizing statistical ensembles, through Liouville’s theorem in the case

of Hamiltonian dynamics. The third article of this compendium tackles this problem, and
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the aforementioned nuances related to it. The next section contextualizes the work and

summarizes its main results.

1.3.2 Hybrid Liouville’s theorem and its consequences

In 63|, the Hamiltonian formalism of hybrid mechanics is used to derive statistical dynam-
ics for the density distribution over hybrid phase space, Fc, introduced above. As in the
classical and quantum cases, by use of Liouville’s theorem, the symplectic volume is left

invariant, and the dynamics for the density is driven by the Liouvillian operator:

dFgco(€, V)

7 = {fu, Foc(§: )} u (1.105)

where we recall that fr = (U|H(£)¥). It is also shown in [63] that, if the dynamics for
ensembles is factorizable into classical and quantum densities, Foc (&, ¥) = Fo(£)Fo(¥),
and there is no interaction between both subsystems, one can write correct Liouville equa-
tions both for Fo and Fg, and keep the factorization. In such case, the dynamics for Fy) is
linear in projectors, as they follow the same quantum statistical dynamics as in eq. (1.89).
In consequence, von Neumann’s equation for the density matrix of the quantum subsystem
can be derived, and F¢ follows the classical Liouville equation. Even though this property
may seem trivial, and for the Hamiltonian formulation of Ehrenfest’s dynamics it is in-
deed immediate, it is an important (and, regarding the Literature, rather discriminating)

consistency test of hybrid statistical dynamics.

However, for interacting quantum-classical systems, as the ones described by the total
Hamiltonian operator H(£) in eq.(1.15), it is shown that an extension of the algebra of
observables is necessary, as explained in eq. (1.58), to incorporate the non-linearities on the
quantum projectors arising from the classical Poisson bracket, {fa, fr}c. In consequence,
the dynamics of Fgc, representing the dual to the hybrid observables, must incorporate

such non-linearities, too.

This issue is deeply analyzed by Buric et al. [51]. The results of that study, adapted to

the language of this thesis, can be summarized as:

e In order to be consistent with Liouvillian dynamics, the hybrid statistical ensemble
must be represented by a probability density on the hybrid phase space (in contrast
to the density matrix description accounting for hybrid exclusive events introduced

above, natural for the definition of entropy and thermodynamical magnitudes).

e Each distribution with the same first moment on quantum projectors determines
the same quantum density matrix for the quantum subsystem, arriving thus to the

equivalence class [Foc]p(§) as defined in eq. (1.96).
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e The evolution of hybrid statistical mixtures cannot be written, in general, solely in
terms of p(§), but requires the use of the hybrid probability density, reproducing

Liouville’s dynamics.

e Different initial Foc (&, U, to) € [Foc]p(€, to) yielding the same hybrid density matrix
p(&,to) at initial time tg, evolve to yield different hybrid density matrices. In con-
sequence, member of the same equivalence class are not really physically equivalent,

contrarily to the case of (ordinary, linear) quantum mechanics.

This last point is recovered in our work [3]|. Following the notation used throughout this
memoir, and using Liouville’s equation for Fgc, it can be understood from the following

equation:

dip(§) = / dVolo{fu, Foc(&, W)} H Py
Maq
—ioa L )
= @50+ [ dVolg{TH(PuI(E)). Focle WPy (1106)
Mq
The last term, that involves the classical Poisson bracket, is non-linear on ]5\1,, and is there-

fore the root cause of the splitting of the equivalence class [Foc]p(€) under the dynamics.

This is difficult to reconcile with the usual notion of physical observable in hybrid sys-
tems, given by the quadratic functions defined as the expectation value of hybrid operators
Foq(Mp). If those were the only true physical observables in hybrid systems, all initial
ensembles in the equivalence class Foct, € [Foc)p(€, to) would be indistinguishable: there
would not exist any possible physical measurement whose result could not be character-
ized by the hybrid density matrix. However, such ensembles would evolve to yield different
physical ensembles with measurable physical magnitudes distinguishing them. Thus, such

difference in the evolution would apparently depend on inaccessible variables.

As a consequence, the extension of the hybrid algebra of observables (1.58), which was
introduced as a mathematical trick for the definition of a proper Poisson algebra (1.59),
arises here as a physical feature of the theory. The statistical average of these extended
magnitudes cannot be captured by the usual hybrid density matrices, which is why, in [51],
they choose the most general description of statistical ensemble as probability densities

over the hybrid manifold.

In the third paper of this compendium, [3], we reanalyze all these issues and recover
the density matrix formalism, although in a generalized manner that allows us to capture
the k-th order moments of Fiyc in terms of a density matrix. Such generalized density

matrices are the key mathematcal objects of the paper, and are defined as:

p(E) = / dVolgFoc(6)Py @ -%- @ Pyvk € N, (1.107)
Maq
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which serves as a substitute of eq. (1.106).

As will be seen in [3] , this formalism allows us to consider the expectation value of
generic observables in (1.59). Their dynamics can be directly derived from Liouville’s
equation for Fpc (&, ¥) as the following set of linearly coupled differential equations:

—1

dip*(€) == —[H, ip" ()] + Ty ({ms)@’?ﬂﬂ,ﬁk“(s)}c) : (1.108)

where Tr; denotes the partial trace over the first subspace of the tensor product. This
dynamics allows us to identify in which way the higher order moments of Fiyc affect the
evolution of p(¢), characterizing precisely how the elements of [Foc](€) split apart under
the evolution. This splitting is illustrated with some statistical dynamical simulations for

a simple hybrid model, as well as its effects over physical observables.

Additionally, an effective approach is proposed to be able to truncate the dynamics
of the generalized density matrices up to a certain power, with potential applications in

simulations of out-of-equilibrium hybrid statistical systems.

Lastly, this formalism has a natural definition of entropy at each level p*(¢), generalizing
the results of [1] to the statistical ensembles adapted to higher order observables. In this
line, this formalism would theoretically ease the identification of the correct representation
of a hybrid ensemble as Fyc. Doing so in terms of its quantum statistical moments
allows us to follow some physically sensible criterium, such as the conservation of the
total entropy. As this feature occurs naturally for isolated systems under classical (under
Liouville’s dynamics) or quantum (under von Neumann’s equation) statistical dynamics,

it is natural to expect a similar behavior for hybrid systems.

Nevertheless, the specific relation of the entropies for different orders (denoted by k
in p*(&)) is still missing. Consequently, the consistency requirements between thermody-
namical magnitudes as introduced in [1] and this algebraic Liouvillian approach are still a

matter of study.

To address these difficulties, and try to find compatible statistical dynamics and ther-
modynamics, we introduce a new mathematical formalism in the fourth work of this com-
pendium [4]. This will be the last article in this memoir about statistical systems. It
generalizes Koopman’s formalism of classical statistical mechanics [95, 96] to hybrid sys-

tems. The following section introduces the context of this work and summarizes its results.

1.3.3 Koopman’s formalism for hybrid C* algebras

Indeed, Koopman’s formalism has recently regained interest in the context of hybrid sys-
tems, as it allows for a rigorous mathematical characterization of both the dynamics and

the statistical magnitudes [95, 96]. In the search of a unified description of classical and
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quantum mechanics, this approach is complementary to the geometrical formulation of hy-
brid systems in terms of a hybrid phase space: instead of making the quantum subsystem
look like classical mechanics, we are disguising the classical one as quantum, through its

description in terms of Hilbert spaces.

The fourth article of this compendium [4], starts with a thorough review of Koopman’s
formalism, originally introduced in [97], that we briefly summarize here. Let us consider
a classical statistical dynamical system defined by a probability density F on a classical
phase space subject to a Liouville equation, as introduced in section 1.3. With these
prerequisites, the key features of Koopman’s formulation of classical mechanics are the

following;:

e [t rewrites the classical ensemble denoting a probability density, Fo : Mo — Ry, as
the modulus squared Fo = WoVe of a wave function U € L?(M(), and promotes

such wave function to represent the state of the statistical classical system.

e Regarding the Liouvillian dictating the dynamics of the classical probability density,
diFo = =X (F¢), its symplectomorphic nature is exploited to reinterpret it as the
infinitesimal generator of unitary transformations U; over L?(Mc). Stone’s theorem

i

is invoked to identify the self-adjoint operator L such that U; = e~***. Such operator

defines the dynamics for ¥ and is shown to be related to the Liouvillian as:

idiVo =LY :=—iXg(Ve) = —i ((‘Q[E)QifH(Q’P)EHaDi]\IIC> : (1.109)

e Regarding operators characterizing physical observables, given the classical nature
of the system, they are constructed as multiplicative operators on Q;, P*. Note that
this is natural, since in the usual picture they are just (densely approximated by)
polynomials over M¢, and the L? space of Koopman’s construction has the whole
classical phase space as its domain. This is in striking contrast to the usual picture
of quantum mechanics, where one restricts the domain of the wave functions to a
Lagrangian submanifold [98] of the classical phase space (usually, the positions). In
such case, we are forced to characterize, through the quantization procedure Q, the
variables left outside of the manifold (usually, the momenta) as derivative operators
over the L? (defining tangent fields over its domain). In other words, while in usual
quantum mechanics Q(z) = x and Q(p) = —ihd,, in Koopman’s formulation of

classical mechanics the quantization is trivial, Q(Q;) = Q; and Q(P?) = P*.

Nevertheless, this quantization map can be extended to include the corresponding
quantum-momenta operators to @Q;, P, denoted by IIg, Ip:, which shall not be
confused with the classical momenta P?. This would imply an extension of the
classical phase space to contain (Q;, P, g, Hpi) € M _extended through the defin-

ition of a cotangent bundle to the original M, which is provided with a canonical
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symplectic form. Then, in the quantization procedure the system is restricted to
the Lagrangian submanifold consisting of the original classical phase space. There-
fore, the quantization of the new momenta operators will be of derivative nature,
Q(Ilg,) = —idg,, Q(I1pi) = —idpi, appropriately defined to be self-adjoint operat-
ors over L?(Mg¢,dVolc). However, the algebra of classical physical observables will
still be the multiplicative subalgebra consisting of quantization of polynomials on
Q;, P!, while the quantization of polynomials containing any quantum momenta will

be considered to be external elements to the subalgebra of physical observables.

e This means that they form a commutative subalgebra A¢ (multiplicative operators
always commute), and therefore, the Heisenberg picture of Koopman’s description,
where the operator L governs the dynamics of the algebra of operators, has a crucial
difference: L, being derivative, does not belong to the classical commutative algebra
of multiplicative operators over L?(M¢). In turn, the dynamics for the classical
algebra of observables must be regarded as an outer-automorphism generated by
L : Ac — Ac. This outer automorphism was given by the Poisson bracket, and
therefore it is a linear combination of the operators dg, and Opi, which represent the
quantization of the extended-momenta Q(Ilg,) and Q(IIp:). Hence, L belongs to the

extended algebra of operators containing quantum momenta.

Another key ingredient constuction of this work is the notion of states over the C*-algebras
that characterize both classical and quantum observables, which is generalized to hybrid
systems. Using the GNS construction [99, 100|, once we choose a state (i.e., an element
of the dual of the algebra), the hybrid C*-algebra can be represented as self-adjoint linear
operators over the tensor product of the Koopmanian Hilbert space and the quantum
mechanical one, Og (LQ(Mc,dvolc) ®’HQ), with the additional restriction introduced
above: the functional representation of the operators on the classical variables can only be
multiplicative, not derivative. This implies a hybrid Lie bracket structure, given by the
trivial commutativity of operators in the classical sector, and the Lie bracket regarding the

quantum one.

The hybrid statistical states, therefore, following Gleason’s theorem [101], must be
given by a hybrid density matrix, pg, which in general can be a mixed state and presents
entanglement between the classical and quantum sectors. The key developments of the

fourth article of this compendium can then be summarized in the following points:

e We construct the hybrid statistical state as a density matrix pg. This object looks
apparently fully quantum in both the classical subsector and the quantum one, as
they are described in Koopmanian and standard quantum mechanical pictures, re-
spectively. Nevertheless, it acts as the dual to the hybrid C* algebra of operators
defined as the tensor product of classical and quantum ones, Ay := Ac ® Ag. Given
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that the classical algebra of operators is commutative, the nature of observables and
associated states is still hybrid, even if the density matrix picture is formally shaped
as in full quantum mechanics. Thus, any hybrid observable, regarded as an element
A € Ay has its expectation value computed as Tr(p HA), which reproduces accurately

the expectation value under a classical distribution for purely classical observables.

e [t is shown that such hybrid Koopman-von Neumann density matrix has an associated
entropy given by von Neumann’s entropy, which is also shown to accurately reproduce
the hybrid notion of entropy introduced in [1]: Syn(pr) = Su(p(§)), for the non-
Koopmanian notion of hybrid density matrix p(§) introduced in (1.94).

e General hybrid statistical dynamics are characterized in compatibility with physical
and mathematical requirements. In particular, it is shown that unitary dynamics
cannot capture the physics of interacting systems, as they are unable to produce any
backreaction of the quantum subsystem into the classical one. This constitutes a
formal characterization of a well known feature of hybrid dynamics: as was shown
in [69] and further studied in [3], the backreaction is a source of non-linearity in
the usual picture of hybrid systems. It implies the loss of unitarity of the evolution
regarding the quantum subsystem. Therefore, the more general notion of unitarity
applied to the hybrid Koopman-von Neumannn state pg is also compromised if the

hybrid dynamics present backreaction of the quantum part on the classical one.

This opens a new avenue for research on the compatibility of thermodynamics and
dynamics of hybrid systems, as their relationship can be easily characterized in the picture
of hybrid Koopman-von Neumann density matrices. Their properties are already being
explored beyond unitary dynamics (e.g. under the statistical dynamics given by a hybrid
Lindblad’s equation), in order to capture more physical phenomena. More work is required
in this formalism to characterize the set of hybrid dynamics that allow for a consistent

thermodynamical behavior, such as the preservation of the hybrid canonical ensemble.

With this, we conclude our summary on the contributions of these works to hybrid
statistical mechanics and thermodynamics. The following section changes topic and is
devoted to the last article contained in this thesis, [5], which generalizes the geometrical

formulation of hybrid systems to field theories.

1.4 Hybrid systems for field theories

The vast majority of hybrid systems rigorously studied in the literature are made of a finite
dimensional classical submanifold (such as positions and momenta for a set of particles) and
a subsystem of ordinary quantum mechanics, described by a Hilbert space which is either

finite dimensional or isomorphic to an L?(¥,dz) space, where the domain of the wave
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functions, ¥, is a finite dimensional manifold (for example, square integrable functions
over R3", for n particles over a three dimensional spatial manifold). This is the convenient
setting for the study of molecular dynamics, most non-relativistic solid-state physics, and,

in general, any framework that does not require quantum field theory.

The aim of the fifth article of this memoir and the purpose of this section is the introduc-
tion of a geometric formalism for hybrid field theoretical systems, applied to quantum field
theory coupled to a dynamic curved spacetime. Such hybrid system must have as classical
variables the metric tensor field chosen in the Eisnteinian picture of General Relativity (in
fact, as we will see, some other tensors related to it), while the quantum variables will be
some wave functionals W(¢), whose domain must be the space of fields ¢ € My = N'(X),
denoting in this way distributions over the spatial (or spacetime, depending on the ap-
proach) manifold 3. We will now summarize the geometric formalisms of both General
Relativity (GR) and Quantum Field Theory (QFT), as they are the main ingredients. The
main applications of such theory are the study of those systems where the backreaction
of quantum fields on the geometry of spacetime, and in turn the subsequent influence of
such change on the propagation of the fields themselves is relevant. For example, the study
of early universe cosmology where quantum effects are relevant, Hawking radiation and
its coupled black hole evaporation, particle creation in curved spacetime such as the Un-
ruh effect and the quantum effects preventing, perhaps, the formation of singularities on

spherically symmetric shells of matter gravitational collapse, within others.

1.4.1 General Relativity and its Hamiltonian formulation

In all physical theories, the symmetry groups play a crucial role in understanding the un-
derlying structure of the theory, allowing the construction of an invariant action functional
from which we can derive the whole theory. The symmetry group of a theory is thus
constituted by all the mathematical transformations that leave the equations of the theory
invariant. In the case of general relativity, the symmetry group is the diffeomorphism group

of spacetime, which encompasses all possible coordinate transformations of spacetime.

This symmetry group is thus the final consolidation of two ubiquitous notions in the
history of physics. Firstly, the freedom to choose any coordinate system (in the case of
GR, to describe the geometry of spacetime) without changing the physical content of the
theory. This notion ultimately leads to the principle of general covariance, which states
that the laws of physics should be formulated in a way that is independent of the choice
of coordinates, ensuring that physical predictions do not rely on any particular reference

frame.

Secondly, the diffeomorphism symmetry is intimately connected to the conservation

laws in general relativity. The equations of motion in general relativity can be derived
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from the principle of least action, which must be invariant under diffeomorphisms. No-
ether’s theorem relates continuous symmetries to conserved quantities, and in the case of
diffeomorphism symmetry, it gives rise to a plethora of well known conserved quantities:

such as energy, momentum and angular momentum.

In the original theory of gravitation introduced by Einstein in 1915, gravity is described
as the curvature of spacetime M caused by the distribution of mass and energy. The
fundamental variable encoding the geometry of spacetime is the metric tensor g,,, with
signature (—,4+,+,+) (time distances are negative, space distances are positive). The
choice of this tensorial object, in terms of which we can define a connection and the
associated covariant derivatives for any vector field, will be key for the implementation of

the GR symmetry group.

The spacetime manifold, sometimes called the manifold of events (characterized by a
location in space and time), combines three spatial dimensions of space with a temporal
one, and it does not have in general a preferred time-direction. The metric tensor defines
the distances (and angles) between infinitesimally neighboring points or tangent vectors
in M, thus providing a scalar product for vectors. Any vector field v* whose local scalar
product with itself is negative, g, (z)v*(x)v”(xz) <0 Vo € M, is called a time-like vector
field and defines a valid direction for a causal time evolution. In the same sense, if it
is positive, the vector is dubbed space-like (its integral curves relating events that are
causally disconnected) and if it is exactly zero, it is dubbed light-like or null (only light or

equivalently fast particles can relate the events belonging to its integral curves).

Being a (0,2) symmetric tensor over a 4-dimensional manifold, g, can be written in
coordinates as a symmetric matrix with 16 components, only 10 of them being independent.
The way this tensor is related to the distribution of mass and energy of matter is through

Einstein’s field equations:
Gu(X?) = kT, (X)) — Agu (X) VXY e M (1.110)

where the LHS corresponds to Einstein’s tensor G, := Ry, + %RQW, constructed in terms
of the Ricci tensor R, and its trace R := g"”R,,,,, both constructed in terms of g, and
its associated Levi-Civita connection. On the other hand, A represents the dark energy or
the cosmological constant, a natural curvature of spacetime, treated as a constant in this

work which can always be included given its invariance under diffeomorphisms.

Lastly, T},, is the stress energy tensor of the matter theory (in the absence of matter,

this term is null), which can be defined as 7}, —— Sy, with Sp; being the ac-

2

V91 09
tion functional for the matter degrees of freedom, constructed in a way that is invariant
under diffeomorphisms. Note that, rigorously, ﬁ represents the Fréchet functional de-

rivative with respect to the tensor components, considered as functionals of the space-time
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coordinates. For example, for a massive free scalar field, the invariant action is given by:

1
Smld] = /d‘*X\/y?2 <g“”af(u¢aiy¢+m2¢2> (1.111)

M

where the square root of the absolute value of the determinant of the metric /|g| in
the volume element ensures its invariance under coordinate transformations, while the
contraction of the derivatives of the field with the metric provides the kinetic term with
said invariance. The associated energy tensor is given by:

5 o 9 1<aﬁa

2 ?
Ty = —— = b+ G =
= g o M = Taxn Y axe? oy (9 e

0XP

¢ ¢+’m2¢2> ;o (1112)

where all the tensors and scalars are local on the local coordinates X<, but the dependence

is not written explicitly to avoid cumbersome expressions.

Hilbert-Einstein action

In the same way the stress-energy tensor is derived from the action for matter fields, Sy,

Einstein’s tensor can be derived from the Hilbert-Einstein action S¢, which is given by
1
Sg = 2/d4X\/\g](R —2A), (1.113)
K
M

J

2K
Vgl 09"

has been corrected to contain the gravitational constant. Consequently, Eintein’s field

so that G, + Agu = Sq. Note that the original H-E action presented in [102]

equations can be derived from a least action principle from the sum of both actions:
2k 0

Vgl 09+

This Lagrangian procedure is profoundly rooted in the covariant formalism, where there is

Sc+ Sn) =0 = G + Mgy = KTy - 1.114
2 w ju

no preferred time direction. The objective of this section, and of the fifth article included in
this thesis, is the substitution of the classical matter appearing in the stress-energy tensor
by a quantum field theory for matter, but instead of using the covariant formalism, we
rewrite the theory in a Hamiltonian fashion. Nevertheless, in the Hamiltonian formalism
the time direction appears as unique, so the laws of physics in such formalism apparently
do not fulfil the general covariance principle. This issue is solved in the Hamiltonian
formulation of General Relativity known as geometrodynamics introduced by Hojman,
Kuchar and Teitelboim in [103], which is based on the Arnowitt-Deser-Misner formalism,
introduced in [104] in the late 1950s.

The ADM formalism and geometrodynamics

The ADM formalism provides a way to decompose Einstein’s field equations into a set of

evolution equations and constraints, which simplifies the study of the gravitational field
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allowing for a dynamical picture, instead of a covariant one.

In order to do so, spacetime is divided into a sheaf of three-dimensional spatial slices,
which is formally characterized by a foliation of M in terms of spacelike hypersurfaces,
with each hypersurface corresponding to a specific moment in time, for a consistent (but
arbitrary) definition of time as a function 7 : M — R. Consequently, this foliation allows
us to split the spacetime metric tensor g, into its spatial and temporal components, at
each hypersurface. The spatial part is also a metric tensor h;;, in this case Riemannian
and over a three dimensional spatial manifold, accounting for the first fundamental form
of each hypersurface. This 3-metric will play the role of the generalized positions in the
Hamiltonian formalism of gravity. The associated momenta are related through a Legendre
transform to the extrinsic curvature Kj;; of the hypersurface, which dictates the change of
h along the normal vector to the leaf, playing (almost) the role of the velocities. On the
other hand, the time sector of this decomposition of g, defines the so called lapse function
N and shift vector N*, which relate the evolution of the spatial slices through time and act
as Lagrange multipliers for the constraints of the theory. For an introductory picture of
the ADM formalism, an accessible source is the eleventh chapter of Padmanabhan’s book,
[105], while the Hamiltonian construction in terms of Poisson brackets is more clearly
presented in the thorough review made in the first sections of [103]. Instead of introducing
the Hamiltonian picture of Eisnteinian gravity, which is carefully reviewed in the fifth
article of this memoir, [5], in this introduction we will familiarize with ADM’s formalism
in a way that allows us to keep the analogy with the more traditional mechanical systems.
Firstly, we introduce the Lagrangian formalism, obtaining the equations of motion through

a least action principle. The key aspects of the construction are the following:

1. To have a notion of time, one can always choose an arbitrary function 7 : M — R such
that their 7(X*) = s constitutes a general plane equation defining the hypersurface

Y5 whose normal vector field n, = is always time-like. The label s will play

-
oxn
the role of the time coordinate in this construction. The s-parametric family of
hypersurfaces fills a globally hyperbolic spacetime, so that M ~ {¥; Vs € R}. An
important feature of the construction is that the choice of foliation is made arbitrarily,

so the physics must not depend on such construction.

2. Having assigned the meaning of time to s, we may as well choose some arbitrary
spatial coordinates x’ for each hypersurface ¥;. In this way, we can make use of the
parametric equations for the hypersurface, X# = X*(z*, s), so that we can write the
tensorial objects over ¥ in coordinates for this chart. In particular, the metric tensor
for spacetime, g,,,, which induces a 3-metric h;j(x, s) over each 3, defining distances
and angles for the vectors over such hypersurface, which in the chosen coordinates

can be defined as follows:

hij(z,s) = g (X*(x,s))

0XH(x,s) 0X¥(x,s)

B = (1.115)
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Associated to the s-label playing the role of time, there exists an evolution vector
field F that accounts for the change from one hypersurface to the infinitesimally

d
neighouring one, as —. Making use of the parametric equations it can be defined as:

ds
_dXH(x,s)
N ds '

In turn, such vector can be decomposed into a normal direction and three tangential

E: (1.116)

0
directions to the hypersurface, given by nk = g*” T and i = respectively.

Projecting E onto such directions (through the usz)gfl’/ the scalar pr?)ﬁzuct defined by
Guv), allows us to identify the size of the change of the hypersurface (from a current
one to an infinitesimally neighbouring one) in said normal and tangential directions.
This defines the so called Lapse function N (component of F in the normal direction)
and shift vector N’ (components of E in each tangential direction), as follows:

dXH"(z,s) dXH"(z,s)

s n’(z,s) and N'(z,s):= g 75

N(z,s) := gu( t?(w,s)hij(x, s) .

(1.117)
Therefore, given that from an initial hypersurface 5 the vector field E can, by
definition, span the whole foliation of spacetime through its flow a3, and, given that
such vector field is uniquely defined in terms of the Lapse function and shift vector
over the whole spacetime, the choice of such parameters is equivalent to the choice

of a foliation.

3. Having defined the first fundamental form, h;;(z, s), we may ask for the second funda-
mental form, which is the change of h;; along the normal direction to the hypersurface
Mg, defining thus the extrinsic curvature of the hypersurface Y5 as proportional to

the Lie derivative of the tensor h;; along the flow of the vector field 7i:

1
Kij = iﬁﬁéhw . (1118)
With some convoluted geometrical relation|[105], it can be shown to be:
1
Kij = 557 (DgNa + DaNg — shij) (1.119)

where we are making use of the projection of the 4-covariant derivative on the hy-

persurface X, for the tangent vectors to the hypersurface, defined as:
DgV, = hishd V;X; ¥V such that Van® =0, (1.120)

In turn, this definition provides us with a notion of spatial covariant derivative,
associating D with the Levi-Civita connection for the 3-metric h. In terms of such
connection we may define, as usual, the Riemann tensor (3)R§ i of h, which measures
the non-commutativity of two of such covariant derivatives. Over tangent vectors,

such non-commutativity is related to the Ricci identity, as usual:

Vv € T(Ss), (DiD; — D;D;)v* = R, o (1.121)
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4. In terms of these objects, it can be shown that the Hilbert-Einstein action introduced

in (1.113) can be rewritten (up to surface terms) as:

sf
Sq = ;H//d?’x]\f\/ﬁ [(S)R(h) + Kij K9 — KIK? — 20| (1.122)
50 s
where ®)R(h) is the scalar of curvature for the Riemannian 3-metric h. We must
realize that Hilbert-Einstein Lagrangian was given solely by ,/g(R(g) — 2A), which
is identified as the only term that is invariant under diffeomorphisms being no more
than quadratic on derivatives of g. But it has a difficult interpretation in terms of
the common structures of classical mechanics such as potential and kinetic energies.
Contrarily, in the case of the ADM presentation of the action, the invariance under
diffeomorphisms is not self-evident, but has some boons regarding its interpretation
in analogy with classical mechanics. For example, K;; K - K gKf; has the shape
of a kinetic energy term for the (2,0)—tensor field Kj;, which in turn can be form-
ally related with the velocity of the generalized position given by the 3-metric h;;.
Furthermore, (3)R(h) appears as a function solely of h, and contains only spatial

derivatives of it, so can be interpreted as a potential energy term for h.

Armed with this interpretation, we may perform a Legendre transform to identify
the geometrodynamic conjugate momentum to h;; in terms of the extrinsic curvature
as:
w2 OLapv L g e (1.123)
Ohij 2K

which allows us to rewrite the action in a Hamiltonian way:

st | d )

Se=[ [dz <7T” (z, s)%hij(m, s) — N(z)H(h,m;2) — N*(x)H;(h, 7 y:)> where
S0 Xg
H = Gijmm — (28)"IWh(R — 2A) and H; := —2D;(hjam®) .

(1.124)
where G := hiphji + highji — hijhi is the Wheeler-DeWitt metric, which in turn
induces a metric over the manifold of 3-Riemannian metrics. These functions H, H;
of geometrodynamic positions and momenta, are usually called superhamiltonian and
supermomenta respectively (collectively denoted supermagnitudes) and we anticipate
that they will play a central role in the Hamiltonian theory. We may note that in
this formalism, the Lapse function N (z) and the coordinates of the shift vector N*(z)
appear in a non-derivative way. This means that the action does not account for the
dynamics of such objects and, therefore, must be external parameters which play the
role of Lagrange multipliers for the theory. In fact, analyzing the shape of the action,
the Hamiltonian function of the theory can be easily identified solely in terms of such

Lagrange multipliers contracted with the supermagnitudes:

Hg = /d%; (N(z)H(h, m;2) + N'(z)H;(h, T 2)) (1.125)
s
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5. The Hamilton’s equations of such action for s are derived from a extreme action

principle as:

d 0H

Z5hii(@) = Sxi) 2N (2)Gija(e)y () — 2N (2) Dj(hai(x)) (1.126)
and
%w;‘g’ (z) = —5;@) — N(@)WA( DG (h) — Ahy;) — VAD DN ()
ZiN( )5G"jkl (i kl) — O(N™Hiz) (1.127)
) Shi () Shij(x)

where ()G (h) is Einstein’s tensor for the 3-metric h. On the other hand, the
extreme action principle with respect to N and N, which appear as Lagrange mul-

tipliers, yields the constraints:
H=0 and #H;=0 (1.128)

This set of equations with constraints are equivalent to Einstein’s equations without
matter. While the dynamical equations are explicitly non-covariant, the constraints

ensure the covariance of their solutions.

6. In order to include matter sources, this transformation (from a covariant formalism
to a Hamiltonian one) can be equivalently performed on the matter sector. For
example, for the scalar field we only need to identify ¢(x) as the restriction of the
covariant field solutions ¢(X*) to the submanifold 3, (being scalar, it is just their
value over the hypersurface), and define their associate momentum m, through a
Legendre transform of the action. In this way, the action introduced in (1.111) can

be rewritten as:

Sm = ff [ &z (%(x)jsqb(w) — N(2)HM(z) — Ni(z)HM (33)) where
S0 Xg
HM (z) = %\/ﬁ (h_lﬂ'; + h¥ 0,0, ¢ + m2¢2) and HM(z) = m,05'¢

(1.129)
Given that the total theory was derived from the sum of actions, the total supermag-
nitudes (denoted here by a T' superindex) can be derived as the sum of the matter

and gravitational ones:
HT (z) .= HM (2) + H(x) and HT(z) := HM (2) + H,(z) (1.130)

which constitute the local generators of the dynamics for the whole theory of matter
and gravity, defining a total Hamiltonian H” := N*HI + N@HT

iz» where the repeated

x subindex implies integration over . In this sense, for any differentiable function
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of all the variables F'(h, 7y, ¢, 74), its dynamics are given by:

d
£F(h,ﬂ'h,¢, 7T¢) =

po( OF OH _ OF OH _ OF OH _ OF oH
[+ (G 39557~ 59 ey * 567 Fms(e) ~ @) Boaie))

b
(1.131)

which, in particular for F' = h and F = mp, yields a system of coupled differential
equations equivalent to Einstein’s field equations coupled to an energy momentum
tensor accounting for the presence of matter. This equivalence is only true under
the superhamiltonian and momenta constraints, which, naturally, in the presence of

matter are given by H' (z) = HI (x) = 0.

Departing from this approach, Hojman, Kuchar and Teitelboim regained the term geo-
metrodynamics, coined by Wheeler in the early 60’s, to denote the Poissonian formalism of
Eisnteinian gravity developed in [103]. The main contribution of their work is the axiomatic
derivation of these equations and constraints without departing from the Hilbert-Einstein

action, but from first principles.

Their formalism is thoroughly reviewed in [5], the last article of this compendium, as
it is a cornerstone in the development of the hybrid theory of gravitation and quantum
matter. Therefore, instead of reviewing it here once again, we will provide some physical
insight by connecting all the physical requirements and principia claimed in [103] with
their mathematical consequences in the formalism, so that the later reading of |5] is more

intuitive. Let us proceed.

e Instead of considering the diffeomorphism group as the symmetry group of the theory,
Hojman et al. search for a Hamiltonian representation of Dirac’s group of hypersur-
face deformations in the Lorentzian spacetime M, originally introduced in [106, 107],
where their symplectomorphic nature is identified. The idea is that a foliation is a
smooth path along the space of possible spatial hypersurfaces ¥; C M. Therefore,
departing from an initial hypersurface ¥y and smoothly changing its shape is equi-
valent to the whole foliation. Such smooth changes of shape can be infinitesimally
generated by two kinds of deformations of the hypersurface. The first one is given
by normal deformations, Dy(x), analogous to poking with a finger a rubber balloon
surface embedded in three spatial dimensions, but along the normal vector n* at the
point & € X, of the 3-dimensional hypersurface embedded in Lorentzian spacetime.
The second kind is constituted of tangential stretchings, D;(x), which interpretation,
extending the analogy, can be grasped as pinching the rubbery surface in two infin-
itesimally adjacent points around a point x € Xy aligned with the tangent vector ¢/’

and pulling apart. The integral versions of these last ones, the tangential ones, are
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generic diffeomorphisms solely of spatial nature, internal to the spatial hypersurface
Y. For the relation between both symmetry groups, which, under the given con-
straints are equivalent for all physical purposes in General Relativity, the original

reference is [108].

e In general, two different local deformations of a hypersurface do not commute, but
instead, the infinitesimal generators form a Lie algebra (technically, an algebroid) as

follows

(D%, D¥] = %, () DE" (1.132)

- !l
vz

where the greek letters u, v, ( go from 0 to 3, and the repetition of lower and upper
discrete indices, as for ¢, implies Einstein summation convenction, while continuous
indices, denoted by xz, 2, 2"/, denote the point of application in X4, and its contraction
implies integration. In this way, D§ would denote an infinitesimal normal deformation

at the point x € 3, and Df/ a tangential one along t' at a different point 2’. Lastly,

W,x,,(h) plays the role of the structure constant, although it is a function of the

c
3-metric h;j, so it is called structure function, and we anticipate that it is local on

a2 (i.e., constructed as a linear combination of §(x — 2”) and §(z' — 2”)).

The objective of [103] is to find a Hamiltonian representation of this infinitesimal local
generators Dj as functions f7 (hsj, 77;17) over the manifold M¢ of 3-metrics and their
associated momenta, so the Hamiltonian field they constitute is reproduced under
a geometrodynamical Poisson bracket {,}q : C*(Mg) x C*(Mg) — C®(Mg).
Besides, such generating functions must close under the Poisson bracket with the
same structure functions as Dirac’s algebra, {f.(z), fu(z')}e = Ciﬁﬁl,(h)fé”" to be
an appropriate representation of it. This is equivalent to the symplectemorphic nature

of Dirac’s group and constitutes the representation postulate of [103].

e These generating functions must be found without referring to a particular action.
Instead, given that the tangential deformations are spatial diffeomorphisms over a
given leaf, the local generators must reproduce the Lie derivative along the tangent
vectors t;. Given that the content on an initial hypersurface is completely known
(hij(z,s = 0) is initial data Vo € ¥), the relations for h;; and 7 along t; can be
derived from geometric relations. This constitutes the initial data reshuffling postu-
late, which mathematically implies Ly, F' = {F, ff}c VF € C®(Mg), allowing
to identify straightforwardly the generating functions of the tangential deformations

with the supermomenta of ADM’s formalism, f;(x) := H;(z).

e Some more physically sensible postulates, such as locality for the dynamics for h;;
(given its relation with the extrinsic curvature, which is a purely geometrical relation),
the evolution rule stating that whole geometric content of spacetime is the solution to

a continuous set of linear combinations (the coefficients stating the size of each one)
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of tangential and normal deformations, and the reversibility condition for the gener-
ation of spacetime (time-reversed spacetime are generated with the same generating
functions, but with negative coefficients), together with the representation postulate
introduced above (giving a particular Poisson bracket with f;(x) of the tangential
deformations, already known), are enough to determine the generating function of
the normal deformation, which is found to be precisely the superhamiltonian function

of ADM’s formalism, fo(z) = H(x).

e The last ingredient for this construction is the implementation of the path independ-
ence principle. This principle states that the geometric content of a final hypersurface
Esf )

an original one X, must be independent of the path followed in the space of possible

resulting from the evolution through subsequent hypersurface deformations from

intermediates for hypersurfaces (or equivalently, of the sequence of deformations ap-
plied ¥, as long as it yields the desired final shape X, f). This encodes the original
idea of this summary about the arbitrariness of the choice of foliation not affecting
physical data. Mathematically, this is implemented through the first class constraints
for physical data given by H = 0 and H; = 0, reaching the same set of equations
with constraints as in the Hamiltonian presentation of ADM’s formalism, but without
requiring general covariance, nor an extreme action principle. Instead, the theory is
constructed solely as the symplectomorphic representation of Dirac’s group, which is

a more fundamental approach.

e The theory can be extended to contain matter sources following the geometrodynam-
ical analogue to the equivalence principle, which mathematically implies that the
total generating functions of the hypersurface deformations are the sum of the purely
gravitational one and the matter one, which is allowed to depend on h;;, but not
on its derivatives, nor on 71';3 As in the purely gravitational case, such generating

functions for the matter case can be identified with the matter supermagnitudes.

This completes the contextualization of the Hamiltonian picture of General Relativity,
which will constitute the classical part of the hybrid field theory constructed in [5]. Even
though we have focused on Eisnteinian gravity, with had only quadratic kinetic terms in
the action, the Hamiltonian formulation can be generalized to a wide range of theories
of gravity as long as they are covariantly constructed in its origin or fulfil the principia
stated of [103]. For example, f(R) theories & la Brans-Dicke are provided with equivalent

Hamiltonian formulation under the Palatini formalism in [109].

However, these generalizations only contemplated classical matter sources. The hybrid
Hamiltonian system encompassing QFT matter sources coupled to gravity in the context of
geometrodynamics remains an unexplored domain within the existing literature. Address-
ing this notable absence, the fifth article of this thesis executes a systematic construction

of both the mathematical tools, further developed in|7, 8], as well as the physical theory
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itself and delves into its possible phenomenological implications. A crucial prerequisite
for delving into the construction of hybrid geometrodynamics is the knowledge of QFT in
curved spacetime, and its Hamiltonian formulation. Nevertheless, all the quantum systems
introduced previously in this memoir where not quantum field theoretical. In order to
bridge this knowledge gap, we proceed with the review of some key aspects of QFT in
curved spacetime, aiming to provide the reader with the necessary tools for the under-

standing of [5].

In order to do so, instead of reviewing the mainstream picture of QFT in Minkowskian
spacetime some canonical references are [110, 111], and its traditional generalization to
curved spacetime (to which Wald’s book [112] is devoted), we will follow a different formu-
lation more suitable for a Hamiltonian formulation and, thus, easily adaptable to be part
of the hybrid system. This alternative formulation is called the Schrédinger functional pic-
ture of QFT and it presents strong formal similarities with ordinary quantum mechanics,
which allows for a more graspable mathematical analogy with the geometric formulation of
quantum mechanics reviewed above. A rigorous introduction to this functional representa-
tion, although in the context of algebraic QFT and based on slightly different mathematical

tools, can be found in [113].

1.4.2 The Schrodinger functional picture of quantum field theory

Schrodinger wave functional (SWF) picture of QFT emerged as arguably the most natural
generalization of the well established formalism of ordinary quantum mechanics. This
formalism exhibits a complete analogy, where a wave functional denoted by W[¢] (where
the domain variables, ¢ € My(X), are configuration fields over the hypersurface ¥ with
convenient analytical properties [84] resides within a Hilbert space L?(M), (or multiple
spaces, as we will explore further in [5]) and its temporal evolution is governed explicitly

by the Schrédinger functional equation:

L ylg) = ~Lie)wle) (1.133)

where the Hamiltonian operator is a self-adjoint linear operator over the Hilbert space.
Note that, in this case, the representation of such operator is given by functionals of the
fields ¢, of multiplicative nature for the potential terms (as ¢ plays the role of x in ordinary
quantum mechanics) and functional derivatives with respect to ¢ in the case of the kinetic
terms (such derivatives arise from the quantization of the field-momenta as in the ordinary

case, but their functional nature require a careful definition).

Nevertheless, in the early times of the development of QFT, the manifest invariance
of the equations under symmetry groups such as Lorentz transformations (and, later,
general diffeomorphsims) were very much en vogue. This hindered the development of

the Schrédinger wave functional formalism in favor of the mainstream approach, as the



o8 Chapter 1. Introduction

Schrédinger wave functional equation is manifestly not covariant, given the prominent role

played by time.

Besides, the viability of computing relevant phenomenology through S-matrix perturb-
ative calculations, having a standardized recipe for regularization and renormalization of
the Hamiltonian and other relevant magnitudes (which SWF lacked at the time), skyrock-
eted the popularity of the perturbative theory introduced by Feynmann, based on the
expansion of his path integral approach. Consequently, the interest in the mathematical
properties of QFT which are most naturally presented in Schrédinger’s picture, such as
its geometric structures or the rigorous definition of the integro-differential calculus tools
used in its construction, paled in comparison to the feverish race in reproducing experi-
mental results of particle physics experiments, which, understandably, would dominate the

theoretical physics community for decades.

Despite the predictive power of the mainstream formulation of QFT, it was well known
and acknowledged by the community that some long-standing issues with ill-defined objects
were lurking in the most fundamental definitions of the theory, which were only tolerated as
long as there was a way to circumvent the problem and arrive to the predictive power of the
calculations. One of the most unsettling aspects was Feynmann’s path integral formulation,
which is still regarded as a cornerstone of the construction of QFT, but historically has
been considered not rigourous, mainly (but not only) because it requires an integral over
the space of all possible paths (continuous or not) that a field may follow from initial to
final state in time (weighted with the exponential of imaginary unit times the classical
action of such field path). Such integral was originally considered respect to a Lebesgue-
like measure, which does not exist over the space of field paths because of its infinite-
dimensional nature (see, for example, reference [114] for an introductory discussion on this

issue in this context).

These, and many other puzzling properties, are avoided in the Schrodinger wave func-
tional picture as long as the functional spaces are correctly identified from the beginning
in order to have properly defined integro-differential calculus. It was not until the mid 80’s
when the formalism regained interest, as a result of Symanzik proof of the renormalizabil-
ity of the theory in [118] and the subsequent foundational work reproducing bosonic and
fermionic theories well studied in the mainstream approach, such as Jackiv’s [119]. In the

late 90’s the formalism was extended to curved spacetime, being Long and Shore’s work,

4This formal issue was later solved using the tools of stochastic calculus, developed originally for
Brownian motion. In this line, the space of paths can be provided with a well defined notion of meas-
ure, a Wiener measure (see [115, 116] for the mathematical construction and its physical applications,
respectively), which, under an imaginary redefinition of time, 7 = it, allows for a new formalism, denoted
Feynman-Kac formula, introduced in [117]. This most rigorous approach, although cumbersome in measure
theory and infinite dimensional calculus, in the end leads to a framework which is easily relatable to the
SWF formalism.
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[120], the canonical reference. The SWF picture in curved spacetime is further explored in
[121], where it is also related to the conventional approach based on Fock spaces. In this
context, for general curved spacetimes some of the boons of the mainstream formulation
of QFT, based on Fock space, seem to crumble. It is mostly due to the time dependence of
the vacuum state which forms the ground-state of the Hilbert space in reference to which
all the excitations conforming Fock space are constructed. Intuitively, the time depend-
ence can be grasped as a mere parametric dependence of the Hamiltonian operator: as the
vacuum state is an eigenstate of the Hamiltonian operator which depends on the metric,
which, in turn, is time-dependent in curved spacetime, such state inherits the dependence
through the metric on time. This picture is common in [120], as it is intuitive and al-
lows for illustrative argumentation. Nevertheless, its validity, if constructed as naively as
presented here, is limited to finite dimensional manifolds for the fields, and the argument
must be carefully extended through a projective limit to the infinite dimensional manifold
that characterize the true field theory. More sophisticated ways of introducing this de-
pendency, based on the metric-dependence of the quantization procedure and the nature
of Wiener measures over the field manifold is followed in [121-123] based on Asthekar’s

work, reference [124].

On the other hand, the particle interpretation of the conventional picture of QFT,
usually based on the irreducible representations of the Poincaré group, can not play any
special role in generic spacetimes that are not asymptotically flat, and therefore, a generic
formalism in terms of wave functionals (instead of asymptotic states for the S-matrix)
seems more appropriate. Besides, the fulfilment under the conventional picture of Wald’s
axioms for QFT in curved spacetime (see [112| and [125]) is difficult without modifications.
On the other hand, the SWF picture arises naturally from a semiclassical limit of canonical
quantum gravity (as in [23|). Therefore, Schrodinger wave functional picture is particularly
useful for discussing the quantization of fields in curved spacetime and even allows for
the extension of the framework to the quantization of the gravitational variables, in the
context of quantum gravity. Nevertheless, despite its formal advantages and the rigorous
definition of its technical ingredients, it is a mathematically challenging approach, and
consequently other formalisms like the path integral approach will remain sovereign of
practical calculations in QFT in Minkowskian spacetime, when the curvature of spacetime

can be neglected.

The most compelling argument for its use in the context of this thesis is that it naturally
admits a Hamiltonian structure and a straightforward definition of a Poisson algebra of
observables, with easy identification of the generating function of hypersurface deformations
at the quantum level. This allows for the construction of the hybrid theory of classical
gravity and quantum matter in a compatible way, without worrying with the lack of explicit
diffeomorphism invariance, as the constraints of the path independence principle can be

implemented at the hybrid level. The key aspects of the SWF picture are presented here in



60 Chapter 1. Introduction

a way that highlights the analogy with ordinary quantum mechanics and its Hamiltonian
formulation, to provide the reader with a smooth transition from the molecular context

reviewed above to the field theoretical one.

In ordinary quantum mechanics, the Schrédinger wave function provides the quantum
state in the Hilbert space |¥) € H with a functional representation, ¥V (z) = (z|¥), through
its projection on the eigenstate of the position operator &|z) = z|x). This wave function,
in turn, belongs to the square integrable functions over the space of positions (which we
will denote by a generic finite dimensional manifold M,), so that ¥(z) € L*(M,,dL,),
where dL, is Lebesgue measure over M,. Therefore, the Schrodinger wave function rep-
resentation is just an isomorphism between the square integrable functions and the Hilbert
space, L?(M,,dL;) ~ H. In this case, we can choose a different measure, for example a
Gaussian measure

€—§Ii(A_1)ijij

dup = dLy————— 1.134
fa 2rrdet(A) ( )

with covariance matrix A% and the space of square integrable functions under such meas-
ure would still be isomorphic to the same Hilbert space, and, in turn, to the Lebesgue-based

functional space:
L*(Mg,dpup) ~ H ~ L*(M,, dLy) (1.135)

and the equality would hold for any valid covariance matrix, i.e. VA.

In the Schrodinger wave functional picture, the procedure is equivalent, but instead of
having its domain given by the finite dimensional manifold M, accounting for the possible
outcomes of the measurement of the positions, it has the manifold of fields, Mgy, which is
infinite dimensional. This manifold of fields, in a classical field theory, must be given by
the set of smooth and integrable functions over the hypersurface Y, with respect to the
measure d°zv'h (or any suitable measure, e.g. Gaussian measures). These properties and
the suitability of the functional space to perform global analysis requires the classification of
the functions under nuclear-Fréchet spaces (see [84]), denoted by N, which can be given, for
example, by functions of the Schwartz class or differentiable functions of compact support,
C(Y), as detailed in [5, 7|. If that had to be the domain for the wave functionals, we
should be able to define square integrable functions over such manifold, Lo(N, D).

Nevertheless, an appropriate notion of measure Dy does not exist over such nuclear-
Fréchet spaces, N, so integrability is not well defined. Thus, in order to properly define
the Schrodinger wave functionals, we must consider a bigger space as their domain: the
strong dual space to the classical fields, N, which is still nuclear, and, in general, contains
the distributions over . Over such space, the existence of a measure Dy is ensured
[7, 8, 84]. Such distributions are not necessarily representable by smooth functions which
were contained in A. In fact, N contains infinitely more elements than the ones that are

related to NV, such as Dirac’s delta distribution over . Therefore, while for Hilbert spaces
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we have the Riesz representation theorem providing an isomorphism between a Hilbert
space and its dual space, H ~ H’, for the nuclear Fréchet space (representing the fields
here), its dual is not isomorphic to the original space. Instead only a (dense) subset of it,
F, fulfils the isomorphism: A ~ F C N’. This feature will be relevant in the mathematical

construction of hybrid geometrodynamics in [5].

Thus, the domain of the Schrédinger wave functional W[¢] is given by the distributions
N, (strong) dual to the classical conception of fields, which can be provided with a certain
measure Dy. This allows us to extend the formalism of ordinary quantum mechanics in
order to represent a quantum state by a wave functional belonging to the square integrable

functions in the following sense:
U[p] € LN, Dp) . (1.136)

Note that Lebesgue measure is not properly defined over the space of field (as happened for
Feynmann’s path integral), but instead we can define a Gaussian measure as Dy which is
defined without referencing to the Lebesgue measure, but, following Minlos theorem [126],

through its characteristic functional °:

/D#(qs)ez(l’:t(ﬁm"rﬁxd)r) — e—ﬁxAxypy (1137)
Nl
which allows us to identify A®Y with the covariance of the Gaussian measure, as considered

in [5] and carefully reviewed in |7, 8|.

An example of a quantum state, integrable under such measure could be, for example,
U] = fr¢", which contracts a coefficient function f, with the field distribution ¢* over X,
which can be interpreted as a one-particle state. On the other hand, ¥[¢] = 1 is considered

the vacuum state with respect to the measure Dpu.

As in quantum mechanics, restricting to polynomial functionals on the field variables
and its momenta for simplicity, physical magnitudes can be represented as linear self-adjoint
operators over L?(N”, Du), of multiplicative nature (if they are a result of the quantization
of a polynomial solely on the field configurations, ¢) or derivative nature (if the polynomial
contained field momenta, 7). The derivative must be made covariant with respect to the
measure Dy for the operator to be self-adjoint. As anticipated at the beginning of this

section, the dynamics of the Schrédinger functional follow the Schrédinger equation:

L ylg) = ZLile)wle] (1.138)

Historically, the framework has been applied to static or stationary spacetimes, and thus,

the notion of time could be associated to the label s of a foliation of spacetime given by the

5In this definition of characteristic functional an holomorphic picture is followed, where the field dis-
tributions ¢ are considered complex and ¢ denotes its complex conjugate. The real case is analogously

defined, but with real covariance matrix and domain.
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time-like killing vector field, which is identified with its normal vector field. Nevertheless, in
the construction of hybrid geometrodynamics spacetime must remain completely generic,
and therefore, while the role of time will still be played by the hypersurface label s, the

foliation can be arbitrarily chosen and thus, there is no preferred notion of time.

As we saw in the case of standard quantum mechanics, the solutions to the Schrédinger
equation can be rewritten in a Hamiltonian framework, where the Poisson bracket for any
two differentiable functions over the space of wave functionals, f,g € C*(L?(N”, Dp)) is

given by
{f,9}0 = _hZN/ Du(cﬁ)é[qf(@fé@iﬁ)] ; (1.139)

where the functional derivatives can be defined in a Fréchet sense, on a dense submanifold

of the Hilbert space of quantum fields, given that Hida functions (which conform a Fréchet
space) are dense in the square integrable funtions. As it happened in the case of ordin-
ary quantum mechanics, for the functions given by the expectation values of self-adjoint

operators, this Poisson structure reproduces the Lie bracket of operators:
) . i o
{(T]AT), (T|BY) }o = —(T|[4, B]T) (1.140)

and therefore, such set of functions constitute a Poisson algebra for {, }¢, in complete

analogy to Ag. Within this algebra, the generating function of the dynamics is given by:

fi = (W ($)W) = / Dyu(6) T (6) H () () (1.141)

Nl

Therefore, for any functional over the quantum space of functionals, F' € C*°(L*(N’, D)),

its evolution is defined by:

d

The essential ingredients required for constructing hybrid geometrodynamics from a
physical perspective are now in place. The approach, as detailed in article [5], involves the
consistent integration of the Hamiltonian picture of SWF as the material sources for the

geometrodynamical description of classical gravity.

Hybrid theory

The combination of these two frameworks, while preserving the spirit of the formalism
introduced so far, requires slight technical modifications of Schrodinger wave functional
picture that generalize the framework consistently to arbitrary foliations of generic space-
times. One striking difference, which is however a cornerstone of the construction, is that,

instead of considering a single measure, Dy, a parametric family [Dp] of Gaussian measures
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must be considered:

[Dp) == {Dug € Meas(N”) |Dyg is Gaussian with A™Y(€) V€ = (h, 7;, N,N') € MgxMn}
(1.143)
where A™Y () is a parametric family of covariances over the space of fields, and the para-
meters, represented by & are precisely given by the possible geometric content of the hyper-
surfaces . In particular, the set of possible 3—metrics h;; and their associated momenta
7r,ij conform the manifold M, while we have denoted the set of all lapse functions and
shift vectors by M. Given this dependence of the scalar product on &, we cannot have a
single Hilbert space for the quantum states, but a different one for each different geometric
content, implying that the quantum manifold must be different at each point of Mg x Mxy.
Therefore, in order to connect the different L? spaces, the hybrid phase space cannot be
constructed by a single copy of the quantum manifold and a single copy of the gravitational

manifold in an uncorrelated way, but a non trivial fibration must be constructed.

This implies a crucial difference with ordinary hybrid systems: instead of the trivial
bundle given by the Cartesian product of the classical and quantum phase spaces, Mg X
Mg, which in eq. (1.50) constituted the hybrid phase space in the geometric formulation
of non-field theoretical Ehrenfest systems, we now have a non trivial fibration, F where the
fiber is given by the quantum phase space, containing these different L? spaces given by
the £-parametric family of Gaussian measures, while the manifold of gravitational variables
is on the base. Nevertheless, locally, i.e. at each point of the gravitational manifold
h, 7, N, N, this hybrid phase space is still isomorphic to the Cartesian product Mg x
LA(N', Dp).

Such fibration is provided with a connection, materializing the non-trivial structure
of the tangent bundle to this hybrid manifold. This allows us to see how the change of
gravitational variables induce a change on the quantum state, providing with a notion of
parallel transport of quantum states along the fibration from one functional representation,
inside an L? space given by Dyig,, to a different one, inside a different L? space with a

different measure, Dy, .

Another crucial difference with ordinary hybrid systems, is, of course, that both mani-
folds, M¢ and Mg, will be infinite dimensional, as so will be the domain of the Schrédinger
wave functional. This requires careful definitions of derivatives and measures for integration
in order to provide the geometric structures, such as the Poisson bracket. Nevertheless, the
final result is that, once the intricacies have been sorted out by a proper characterization of
the functional spaces, calculus can be performed without further nuances for physical ap-
plications. All these mathematical technicalities related with functional spaces and infinite
dimensional calculus, despite playing a crucial role in the construction and having been
mentioned when necessary, have not been further expanded in this introduction in favour

of a more clear presentation of the key physical ideas. Nevertheless, they are explained
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in 5], where, in turn, further mathematical details are relegated to the subsequent works,
in [7, 8], which lay mathematical scaffolding for the construction of the physical theory
in [5]. A comprehensive reference for Fréchet calculus and differential geometry in infinite
dimensional manifolds could be, for example, [127], while a more accessible review of this

issues with more immediate applications in theoretical physics can be found in [84].

In this thesis, to arrive to a description of classical gravity coupled to quantum matter,
we have chosen a novel avenue for the construction of the hybrid theory, which can be
encompassed under the picture of bottom-up approaches. Dispensing with the covariant
formulation, but adopting the Hamiltonian structure of geometrodynamics both for grav-
itational and quantum degrees of freedom, we can formulate a Hamiltonian hybrid system
with analogue geometric structures to the ones of section 1.2. Despite the non-covariant
picture, physical symmetries of the system, given by the path independence principle, which
is the foliated-spacetime analogue to general covariance, are recovered through the intro-

duction of constraints.

Nevertheless, other approaches to arrive to a joint description of classical gravity and
quantum field theoretical matter had previously been introduced in the literature. The
novelty and implications of the work developed in [5] cannot be fully apprehended without
contextualizing the work in relation to these previous approaches, reviewing their faults

and their boons, which we proceed to summarize.

e In the line of the top-down approach (as explained for the derivation of Ehrenfest
dynamics following Bornemann’s work, [68]), one can depart from a full-quantum
system of quantum gravity plus matter, factorize the system in two subsystems, one
for gravitational degrees of freedom, the other one for quantum matter (which can
be correlated with the gravitational states) and force the self consistent field approx-
imation which allows us to perform a semiclassical limit solely over the gravitational

submanifold.

Most contributions in this line have been made assuming the canonical approach to
quantum gravity [25, 128] and then deriving a semiclassical limit for the gravitational
subsystem, coupled to matter (and, many times, also to quantum perturbations to
classical gravity) as in [24]. The states in canonical quantum gravity are formally
analogous to the SWF picture of QFT, where the wave functional W[h, ¢] belongs to a
certain L? space with domain the space of 3-metrics, h;; and matter fields, collectively
denoted by ¢. The quantization procedure for a constrained Hamiltonian system, as
is geometrodynamics, requires the quantization of the constraints. In particular,
canonical quantum gravity requires the quantization of the superhamiltonian and
supermomenta constraints for the total supermagnitude, as introduced in eq. (1.130).

This leads to the cornerstone of quantum gravity: Wheeler-DeWitt equation, given
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by
HTW[h,¢] =0, (1.144)

where HT is the quantization of the total Hamiltonian given by the contraction of
the supermagnitudes with any lapse function and shift vector. This equation implies
the imposibility of evolution for the wave functional of the universe, resulting in an
adynamical theory: a lack of time in a completely quantum universe. In this context,
the truncation of a WKB expansion, in analogy to Maslov’s procedure of stationary
phase, allows to recover a notion of time relative to the semiclassical paths resem-
bling classical Hamiltonian gravity. Over such paths, the quantum perturbations and
matter fields may be provided with a notion of evolution [23|. Indeed, when matter
is present in the theory, an effective theory with quantum field theoretical matter can
be recovered taking into account the appropriate WKB decomposition of quantum

perturbations to gravity (see [24]).

The main objection to this approach is the lack of current falsifiability of the full
quantum theory of gravitation (for which we have a plethora of candidates), which
makes the viability of the whole top down perspective unclear, as the more fun-
damental theory is far from being verifiable experimentally, potentially resulting,a

priori, in several effective theories as a result of the semiclassical limit.

The bottom-up approach followed in |5| avoids these issues, as it does not require
a theory of quantum gravity, but instead uses minimal ingredients which are well
tested experimentally: QFT and General Relativity. In this line, the theory has
a more resilient construction, as the limiting phenomenology for each subsystem is
just the properly falsified one for each of these ingredients. Instead of speculating
into the unfalsifiable terrain of Planck scales or making further assumptions, hybrid
geometrodynamics provides with a joint description of two well-stablished theories

under a common mathematical formalism.

Nevertheless, from a theoretical point of view, it would be interesting to check whether
or not the partial semiclassical limit for the different full quantum theories yield
equivalent hybrid dynamics to the bottom up approach followed in [5], so that we
can check the viability of the full quantum theory through its compatibility with a
suitable hybrid effective theory obtained without assumptions on the nature of the

full quantum realm.

e Another possibility explored in the literature, which can also be classified as a bot-
tom up approach, roots in the modification of the covariant construction of General
Relativity to include the backreaction of quantum matter onto classical gravity. The
contruction relies on a sensible substitution in Einstein’s field equations of the energy-
momentum tensor 7}, by a suitable object that represents how quantum matter acts

as a source of curvature for classical gravity. This approach leads to the introduction,
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attributed to Moller and Rosenfeld (see [129] and [130] respectively) of the so called
semiclassical Einstein’s equations:

G = £(W(6) T W (6)) (1.145)
where T,w is the quantization of the classical stress energy tensor, whose expectation
value is taken under ¥, the wave functional over the fields ¢ representing the quantum

state of matter.

From the theoretical standpoint this approach has a major drawback: this way to
couple quantum matter with gravitation was neither introduced as a formal derivation
from a more general theory nor as a result of compatibility requirements between the

mathematical structures of both theories in play, but as an heuristic guess.

On the other hand, from a practical point of view, many difficulties arise when
considering T w- As Robert Wald argued in [131], in general, the energy tensor
operator is not renormalizable without violating some of Wald’s axioms for backre-
action of QFT in curved spacetime (analyzed in [125]), either by losing its covariance
V"(\II\TW\\D # 0 (which violates the third axiom and would lead to inconsisten-
cies between Bianchi identities for G, and Einstein’s semiclassical equations), or, if
this issue is solved, inducing a trace anomaly which leads to higher orders derivat-
ives of the metric (violating the fifth axiom) and thus, introducing the necessity of
the addition of an arbitrary fundamental length scale. Even though later develop-
ments where able to partially overcome some of these issues, recent analysis, such
as [132], show that the current status of the theory still presents several conceptual
and computational problems, being practically unsolvable in most physically relevant

scenarios.

Besides, some Gedankenexperimenten in the literature have provided with phenomen-
olically ill situations, natural of this mean-field approach for the sources. For example,
a quantum state that constitutes a mass or energy distribution equally concentrated
around two distant points in space, for the same time, leads to an effect on curvature
as if an effective mass distribution was picked around the mid-point, which a pri-
ori is empty space. Instead of considering it a complete failure of the theory, if
this criticism (which can be in fact extended to any mean field approach) actually
holds experimentally, should be interpreted as a reminder that the theory can be of
effective nature, and its application is perhaps limited to not very delocalized, not
very massive or energetic quantum states (in other words, small spatial width for
the mass energy distribution under the quantum state is required for the validity of
the theory). Contrarily, in [5], the construction is made carefully local even though
the mean field approach is also taken. The quantum states populate the field distri-
butions ¢ € A”. Therefore, |¥(¢)|? assigns a probability (under a suitable measure
Dyp) to a whole field configuration ¢ over the manifold, not to the spatial distribution
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of matter. For any local observable, F(¢(z)), its value is given by the average over
all the field configurations weighted with probability distribution Dyu|W¥(¢)|? of the
function F' evaluated on the value, ¢(x), of each field configuration ¢ on the point z

of the hypersurface, >:

(V(6), P(6(2)0(6) = [ Du@)B(&)F(6()¥(0). (1.146)

Nl
In this sense, it appears that this thought experiment actually does not apply to the
hybrid geometrodynamical formalism, but further research on the actual phenomen-

ology of the theory will elucidate to what extent non-localities arise.

The primary objective of this introductory chapter was to contextualize the research
endeavor of this thesis, offering an overview of the state of the art of the field. Additionally,
essential mathematical elements have been introduced in order to ease the understanding
of the articles, while providing a cohesive narrative that connects all of them. The ensuing

chapters exclusively feature the articles themselves, constituting the core of this memoir.






Chapter 2

Statistical Mechanics

This chapter comprises the following four articles on statistical mechanics of hybrid systems:

e J. L. Alonso, C. Bouthelier-Madre, A. Castro, J. Clemente-Gallardo, and J. A. Jover-
Galtier. Entropy and canonical ensemble of hybrid quantum classical systems. Phys-
ical Review E, 102, 4 2020. [1]

e J. L. Alonso, C. Bouthelier-Madre, A. Castro, J. Clemente-Gallardo, and J. A. Jover-
Galtier. About the computation of finite temperature ensemble averages of hy-brid
quantum-classical systems with molecular dynamics. New Journal of Physics, 23,
063011, June 2021. 2]

e J. L. Alonso, C. Bouthelier-Madre, J. Clemente-Gallardo, D. Martinez-Crespo, and
J. Pomar. Effective nonlinear Ehrenfest hybrid quantum-classical dynamics. The
FEuropean Physical Journal Plus, 138 2023. [3]

e C. Bouthelier-Madre, J. Clemente-Gallardo, L. Gonzalez-Bravo, and D. Martinez-
Crespo. Hybrid Koopman C*-formalism and the hybrid quantum-classical master
equa- tion. Journal of Physics A, 56 2023. [4]
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2.1 Article:
Entropy and canonical ensemble

of hybrid quantum classical systems
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In this work we generalize and combine Gibbs and von Neumann approaches to build, for the first time, a
rigorous definition of entropy for hybrid quantum-classical systems. The resulting function coincides with the
two cases above when the suitable limits are considered. Then, we apply the MaxEnt principle for this hybrid
entropy function and obtain the natural candidate for the hybrid canonical ensemble (HCE). We prove that
the suitable classical and quantum limits of the HCE coincide with the usual classical and quantum canonical
ensembles since the whole scheme admits both limits, thus showing that the MaxEnt principle is applicable and

consistent for hybrid systems.

DOI: 10.1103/PhysRevE.102.042118

I. INTRODUCTION

Hybrid quantum-classical (QC) systems are the natural
approximation to those quantum systems containing some
degrees of freedom that can be well approximated as classical
variables. This possibility arises when there are two different
energy or mass scales, as it happens, for instance, in molecular
and condensed matter systems where the nuclei are heavy and
slow, while the electrons are light and fast. Hybrid models
have also been proposed to explain the measurement process
[1,2]: the measurement device is modeled as a classical system
coupled to the quantum system to be measured. In field theory,
hybrid quantum-classical systems have also been considered
as candidates to describe quantum matter fields interacting
with a (classical) gravitational field, as a semiclassical approx-
imation or even a fundamental theory (see Refs. [3.4]).

The correct mathematical formalism for the dynamics and
statistics of these hybrid models is not obvious. Two different
points of view can be taken. On the one hand, a practical
one: the construction of a hybrid theory that approximates,
as closely as possible, the full quantum dynamics of the
problem. Such methods can be applied to a very large array
of problems in condensed matter and molecular physics and
chemistry, as nonadiabatic processes play a fundamental role
[5-9]. On the other hand, a fundamental, theoretical point
of view: the construction of a mathematically and physically
consistent theory for hybrid systems, according to different
demands of consistency [1,10-27], independently of how well
it may approximate the full quantum dynamics. This second
approach is compulsory when the full quantum dynamics is
not known, as in the case of a system of quantum matter fields
interacting with gravity. In any case, it is not clear what is the
best possible dynamics from any of those two points of view.
Here, we assume the second one, and add to the discussion on

2470-0045/2020/102(4)/042118(6)
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the construction of a mathematically consistent and physically
motivated hybrid theory.

The focus of this work is on the statistical mechanics of
hybrid systems, regardless of the dynamics chosen for their
description. In particular, we consider two open questions:
first, what is the correct definition of the entropy of a hybrid
system? And then, given this definition, can we use the Max-
Ent formalism and obtain the canonical ensemble of a hybrid
system, as we do for classical or quantum ones? Apparently,
these are purely fundamental questions, but their answers are
crucial for many applications, in particular, for the ab ini-
tio modeling of molecules and materials and their numerical
simulation methods at finite temperature (for example, see
Refs. [28-33]). We determine, in a simple way, the equilib-
rium ensemble that the numerical methods must reproduce
and the entropy function they must consider.

The structure of the paper is as follows. In Sec. II we
will first discuss the proper definition of the hybrid entropy
function. Then, in Sec. III we will derive the hybrid canoni-
cal ensemble (HCE) as the one that maximizes this entropy,
subject to the constraint of a given expectation value for the
energy (MaxEnt principle). The resulting ensemble had been
perhaps implicitly assumed before, but few times explicitly
spelled, and never, to our knowledge, derived from the gen-
eral principle of entropy maximization. We will also briefly
discuss some relevant properties of the resulting ensemble.

Finally, in Sec. IV we will summarize our main conclu-
sions.

II. THE ENTROPY OF A HYBRID QC SYSTEM

A correct statistical mechanical definition of any sys-
tem departs from the definition of a sample space: a set of

©2020 American Physical Society
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statistically independent states, i.e., a basis of mutually exclu-
sive events (MEE), which can be unequivocally characterized
by the results of an experiment. Let us start by recalling the
basic definitions in the purely classical or purely quantum
cases.

In classical systems, a basis of MEEs is simply the phase
space M, the set of all positions and momenta of the clas-
sical particles: M¢ = {(Q,P) | Q € R"*, P € R"}, where n is
the number of classical degrees of freedom. Any point in this
phase space defines an exclusive event from any other event.
Observables are real functions on this M. Statistical me-
chanics for classical systems can then be described by using
ensembles on this phase space, i.e., (generalized)' probability
distribution functions (PDFs) F¢

In quantum systems, the states are rays of a Hilbert space
‘H, i.e., the analogous to the classical phase space is the
projective space, Mo = PH. We will represent its points
as the projectors on 1-dimensional subspaces of the Hilbert
space Dy = I(‘/:b)l%‘ ,with |Y) e H '\ {6}. Even though all of the
states in M are physically legitimate, they are not mutually
exclusive. Indeed, if the system has been measured to be, with
probability one, in a state py,, the probability of measuring it
to be in other state py, is not zero, unless they are orthogonal:
Py > Py, are MEE only if (yr; | ¥») = 0. As a consequence,
considering generalized probability density functions F over
the Hilbert space (or over the projective space of rays) to
define ensembles, following the classical analogy, results in
overcounting the same outcome for a hypothetical experiment
in a nontrivial way. One way to see this clearly is that many
different F can correspond to exactly the same ensemble
(i.e., they are physically indistinguishable). The correct way
to get a sample space of MEEs is therefore considering a
basis of orthogonal events. From this idea, von Neumann [34]
derived the density matrix formalism, which contains all the
physically relevant statistically nonredundant information in a
compact way. A density matrix can be obtained from a PDF
Fg in the quantum state space as

plFQl = /dug(ﬁw)FQ(f)w)f)w’ M

where we represent by djp the volume element on M.
Analogously, in the following, we will represent by duc the
volume element on M.

We move on now to QC theories. Despite the various
proposals referenced above, one can perhaps establish a
common denominator. The classical part is described by
a set of position Q € R” and momenta P € R" variables,
that we will hereafter collectively group as & = (Q, P). The
quantum part is described by a complex Hilbert space H.
Observables are Hermitian operators on #, and they may
depend parametrically on the classical variables, A(§) : H —
‘H. Those observables defined on the classical subsystem are
just £-functions times the identity, i.e., A(£) = A(£)I; those
observables defined on the quantum subsystem only are oper-
ators that lack the £-dependence.

"We introduce the adjective generalized to refer to the set of gener-
alized functions (or distributions) and include, for instance, Dirac §
functions.

We are going to consider two different approaches to the
definition of the entropy, one based on the usual approach to
classical systems, and another one inspired by the quantum
case.

A. A Gibbs-entropy for hybrid systems?

The formal similarities of one of the best known hybrid
dynamical models, Ehrenfest dynamics, with the classical one
(see Refs. [18,27] for details) may lead to consider hybrid sys-
tems as formally closer to classical than to quantum dynamics.
Indeed, Ehrenfest dynamics can be given a Hamiltonian struc-
ture (see Refs. [27,35]) in terms of

(1) a Hamiltonian function constructed as

(WIHEY)
ly) -

(2) and a Poisson bracket obtained as the combination of
the Poisson bracket of classical mechanics and the canonical
Poisson bracket of quantum systems (see Refs. [36,37]).

This fact makes Ehrenfest dynamical description of hy-
brid system formally analogous to a classical Hamiltonian
dynamical system. When considering the definition of hybrid
statistical systems, we can then consider a hybrid (general-
ized) PDF Fy defined over the hybrid phase space My =
M x Mg, in an analogous manner to the definition of
classical statistical systems. The Hamiltonian nature of the
dynamics allows to define a Liouville equation for Fy in a
straightforward manner (see Refs. [18,27]).

Within that framework, it is also tempting to borrow the
notion of entropy from classical statistical mechanics and de-
fine a Gibbs-like function associated with the density function
Fy in the following form:

fua(&, py) = Tr(H(E)py) = @)

SolFitl = —k /M (€. py)Fa(E, py) loglFn(E. py)).
' 3)

where kp represents the Boltzman costant and d uy represents
the volume element on My which can be written in terms of
the classical and quantum volume elements as duy = duc A
d Mo

Notice that this entropy function is well defined for classi-
cal systems, where the points of phase-space correspond to
mutually exclusive events. Therefore, when considering Sg
we are adding all points of the phase space M as if they were
mutually exclusive. Thus, we treat them as classical statistical
systems, where being at a given point in phase space excludes
the possibility of being at a different point. Hence, we are
not weighting correctly the quantum subsystems from the
physical point of view, ruining the function ability to measure
physical information for the hybrid system.

Despite this fact, this entropy function has been implic-
itly assumed several times when considering hybrid or even
purely quantum statistical systems (see Refs. [27,38-40]),
when defining the so called Schrodinger-Gibbs (SG) ensemble
or the corresponding Schrédinger microcanonical ensemble.
Thus, SG represents a canonical ensemble where the proba-
bility density is written by assigning to each state the Gibbs
weight associated with the expectation value of the Hamil-
tonian, instead of the operator itself. But the bad physical
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properties of Sg lead to very strange and un-physical prop-
erties for the corresponding thermodynamic functions. In
particular, this was the case when the Schrodinger-Gibbs en-
semble was analyzed in Ref. [41]. Nonetheless, notice that Sg
is a mathematically consistent entropy function, despite the
unphysical properties of the Statistical Mechanics it defines.

B. Gibbs—von Neumann entropy

From our analysis above, it is clear that the straightfor-
ward extension of Gibbs classical entropy function to hybrid
systems leads to inconsistencies because the points of hybrid
phase space do not define mutually exclusive events as the
classical phase space points do. To do statistical mechanics
in a consistent way with the nature of its quantum subsys-
tem, one must reconsider the notion of mutually exclusive
events, and combine the classical and the quantum notions
of MEE. The combined hybrid phase space is now My =
M x Mg. But, we must consider that two hybrid states
&1, Py,), (&2, Dy,) € My represent MEE:s if and only if &, #
& or (Y1[yr) = 0.

The next step is to define a probability distribution on the
set of MEEs of My. Following von Neumann idea and the
mathematical construction of Gleason theorem [42], we can
build a hybrid density matrix to represent the hybrid proba-
bility in a consistent way. As the physical properties of the
hybrid system, in general, combine the states of M¢ and Mg
(for instance, the total energy of the system), we cannot expect
both sets to be independent from the probabilistic point of
view. Nonetheless, we can assume that we can simultaneously
measure any classical observable and any hybrid observable
of the form A(E). This fact permits to define the conditional
probabilities p(al&): the probability of measuring an eigen-
value a of operator A(£), given that the classical subsystem
is at state £ € M. The probabilities associated to the hy-
brid measurement can then be decomposed into the marginal
probability associated to the classical phase space, Fc (), and
the conditional probabilities associated to the measurement of

A®), given &:
pla, §) = Fc(§)p(al§). 4)

For these quantum conditional probabilities p(al&), all
the requirements of Gleason’s theorem [42] apply, and one
may therefore define, at each £ point, a density matrix pS.
It provides the probabilities of measuring an eigenvalue a
of observable A(é ), given &, through the usual Born rule:
p(alg) = Tr[pf#,(£)], where 7,(£) is the projector onto the
eigen-subspace associated to a. From this, we can define the
hybrid density matrix as the &-dependent matrix:

P(E) = Fo(8)p", S

such that p(a, §) = Tr[p(& )7 (a)]. Notice that, strictly speak-
ing, Gleason theorem ensures the existence and uniqueness
of the density matrix p¢ only for Hilbert spaces of dimen-
sion at least 3. However, the recent developments based on
positive-operator-valued measures (POVM) (see, for instance,
Refs. [43,44]) allow to prove a more general formulation of
Gleason theorem for quantum states which is valid in di-
mension 2, but in that case the construction is not based on

orthogonality of the rank-one projectors but on a more global
set of effects.

In conclusion, the probability distribution on the set of
MEEs of hybrid states can be written as a family of quantum
density operators parameterized by the classical degrees of
freedom, p(&). For each &, p(§) is a self-adjoint and nonneg-
ative operator, which is normalized on the full hybrid sample
space:

/ dpc(@)Tr[p(5)] = 1. (6)
Mec
This is an immediate consequence of the normalization of
Fe(§) = Tep(€) [ [, dic(E)Fe(§) = 1] and of p° (Trp® =
1). Given a hybrid state determined by the classical point &
[which has probability Trp(£)], and a quantum state repre-
sented by the projector 7, the probability of measuring the
system to be in that state is given by Tr[p(£)7]. These &-
dependent density matrices have already been used before,
for example, by Aleksandrov [25], or obtained by taking the
partial classical limit in the Wigner transformation of the full
quantum density matrix, in the quantum-classical Liouville
equation method [26].

Let us consider now how to define the entropy of these
hybrid states. For any bivariate distribution p(x, y) of two sets
of random variables (X, Y), the entropy S(p) decomposes as

S(p) = S(px) + Y px()S(prpo), (7

where py(x) = Z), p(x,y) is the marginal distribution of X,
and py/, is the conditional probability of ¥ given x. This gen-
eral result must be applicable to the decomposition Eqs. (4)
and (5). Therefore, the entropy of the hybrid system must be
equal to the sum of the (classical) entropy (S¢) of the marginal
classical distribution Fc(§) and the average, over Fc (&), of the
(von Neumann) entropy associated to the conditional proba-
bility pf, i.e.,

Sc(Fc)

SIHE)] = —ks /M d e (E)Fe(E) log(Fe(®))

+ f e (E)Fe() [k Tr(5 log 5. (8)
¢ Son(p)

It is immediate then to rewrite this as

S[p&)] = —ks /M dpc) Tr[p(§)logp(E)l.  (9)
C

which is our proposal for the hybrid QC entropy. To the best of
our knowledge, this is the first rigorous proposal of an entropy
function for a hybrid quantum-classical system. If the classical
subsystem is pure [i.e., Fc(§) = 8(§ — &y)], then the classi-
cal entropy vanishes and the entropy above reduces to von
Neumann entropy. Analogously, when the quantum state is
pure and independent of the classical state, the von Neumann
entropy of p® vanishes, and the expression above reduces to
the classical entropy function. Therefore, the entropy function
Eq. (9) combines the classical and quantum information in
a consistent way, and has the correct classical and quantum
limits.
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III. THE MAXENT PRINCIPLE FOR HYBRID
QC SYSTEMS

A. MaxEnt principle for the hybrid entropy function

The maximum entropy principle is one of the standard
procedures to derive the canonical ensemble at both the clas-
sical or the quantum level. First, one must assume that the
system is in equilibrium. Then, one can find the canonical
ensemble as the solution of the MaxEnt problem: given a
certain thermodynamic system and an entropy function S, find
the equilibrium ensemble which maximizes S among those
with a fixed value of the average energy E = (H &)).

In the following, we will prove that the canonical ensemble
that results of this maximization, for the hybrid case, is given
by

e BHE)
D =, 10
ouce(€) Zoce (B) (10)
Zuce(B) = f dpc(€) Tr(e P1®), (11)

C

where H (£) is the Hamiltonian [typically decomposed into a
classical and a quantum part, as f(§ I+ ﬁQ(é )], Zuce(B)
is the partition function, and B is a constant, determined by
the choice of E, that is used to define the (inverse of the)
temperature. Note that this ensemble had been perhaps implic-
itly assumed before, but seldom explicitly written [45] and,
to our knowledge, never derived. Notice that the orthogonal
projectors of its spectral decomposition coincide with those
of the adiabatic basis.

The problem can be addressed as a constrained optimiza-
tion problem: find the density matrix that maximizes S in
Eq. (9), subject to the following constraints:

Chlp@)]: = / dpc@)Tr[p()l —1=0,  (12)

Mec
Celp(§)]: :/ ducETrpEHE)] - E =0.  (13)
Mc
These can be incorporated via Lagrange multipliers, defining
the full optimization functional to be
S:=85- )"NCN - )\ECE (14)

Without loss of generality, let us work in the (&£ -dependent)
basis of eigenstates of the Hamiltonian (the adiabatic basis).
First, we will consider the optimization over a reduced set of
density matrices: those which are diagonal in this adiabatic
basis. The terms in Eq. (14) then read

Sl{pii}] = —kp /M duc(§) Y pu(€)log(pi(€),  (15)
Cylipil] = fM duc® Y p@®—1, (16

Cel{pi}] = /M dic(§) ZHi(%“)pii(S) —E. a7

Taking derivatives and setting them to zero leads immediately
to

0i(€) = Znce(B) e P, (18)

where 8 = %

We consider now a general density matrix (&), whose
nondiagonal elements may be nonzero, fulfilling the two
constraint Eqs. (12) and (13). Since it is Hermitian with non-
negative eigenvalues, it satisfies Klein’s lemma [46]:

—Tr[p(&)log(BE)] < — Y pu®) loglpa(6)],  (19)

where p;;(£) are its diagonal elements (the equality only holds
if it is actually diagonal). As the constraint Egs. (12) and (13)
in the adiabatic basis only depend on the diagonal elements
of p(§), we may conclude that for any nondiagonal density
matrix that fulfills the constraints there exists a diagonal one
(defined to be the one whose diagonal entries are the same)
that also fulfills the constraints and has a larger entropy. The
global maximum, therefore, has to be found among the diag-
onal ones, and is the one given in Eq. (18). This concludes the
proof.

B. Properties of the HCE

Let us now check that the ensemble thus defined fulfills
some very natural requirements:

(1) Additivity. If two systems are in the canonical ensem-
ble equilibrium at the same temperature, then they must also
be at equilibrium when we consider them to form a single sys-
tem with two (independent) subsystems. Extensive variables
as the energy and entropy must be additive.

This can be proven for the HCE in the following way. If
H, (&1) and A (&>) are the Hamiltonians of both systems, then
the combined one is

HE) =H¢E) L +1; ® A&, (20)

where § = (&1, §2).
As the two terms of Eq. (20) trivially commute,

e*ﬁﬁ(é) — e*ﬂﬂl(él) ® e*ﬁﬂz(éz)’ 21

and because of this,

/ dic (&), &)Tre PHE)
M, xMc,

= [ ducentee ™ [ ductre e,
Me, Me,

(22)
Thus, we can just write

p&) = p1(81) ® p2(&2). (23)

This factorization of p(&) immediately implies the additiv-
ity of the internal energy Eq. (13) and of the entropy Eq. (9).

(2) The classical canonical ensemble, which maximizes
Gibbs entropy, is recovered when only one quantum energy
state exists.

(3) The quantum canonical ensemble, which maximizes
von Neumann entropy, is recovered when only one classical
point is allowed.

(4) If the QC coupling is turned off (the quantum Hamil-
tonian Hy is independent of the classical variables and vice
versa), then the HCE becomes the product of the classical and
quantum canonical ensembles, which maximize the sum of
their respective entropies independently.
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C. Dynamics

Another extra condition that an equilibrium ensemble must
obviously verify is missing in the previous list: stationarity
under the dynamics of the microstates. However, up to now
we have disregarded the dynamics, and derived the canonical
ensemble from very broad assumptions, freed from dynamical
arguments. The dynamics is neither relevant for the definition
of the entropy function nor affects directly the solution of the
MaxEnt condition. For instance, MaxSg defines the MaxEnt
solution for the entropy function Sg [Eq. (3)], independently
of the dynamics of the microstates we consider. The existence
of dynamics having it as an equilibrium point would be an
extra requirement for the definition of a thermodynamical
ensemble.

On the other hand, we also proved above that the MaxEnt
solution of the true hybrid entropy function Eq. (9) is the HCE.
This implies that the only possible ensemble which can be
considered to represent the canonical ensemble of a hybrid
system is the HCE. Is there a dynamics that makes it also
stationary? Trivially, the commutator with A (&) (i.e., a gen-
eralized von Neumann equation) does, but many others may
also be possible. We will analyze this issue in a forthcoming
publication.

IV. CONCLUSIONS

It has been the purpose of this paper to shed some light
into the issue of the entropy and the canonical equilibrium
expression for hybrid systems. We have first discussed the
definition for the entropy of an ensemble of hybrid systems.

We have done it by making very general assumptions on the
hybrid theory, but without any consideration for the particular
dynamics. We have considered two different alternatives, one
based on probability densities on the hybrid phase space and
another based on projectors and the notion of hybrid mutually
exclusive events. The first case leads to a Gibbs-like function
which treats the hybrid system as a direct analog of a classical
system. We have shown how that entropy function assigns the
wrong weight to hybrid events and because of this fails to pro-
duce a physically meaningful Thermodynamics. The second
proposal departs from the information-theory definition of
entropy, and carefully considers the principle of mutually ex-
clusive events. The resulting hybrid entropy function weights
correctly the hybrid exclusive events and defines a physically
consistent thermodynamical entropy.

Then, we have derived the HCE as the one that fulfills the
MaxEnt principle with respect to the hybrid entropy function,
using it for the first time for hybrid quantum-classical systems.
Furthermore, we verified that the HCE reproduces the classi-
cal and quantum cases when the suitable limits are considered.
Hence, we can claim that the MaxEnt principle is applicable
and consistent for hybrid quantum-classical systems.
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Abstract

Molecular or condensed matter systems are often well approximated by hybrid quantum-classical
models: the electrons retain their quantum character, whereas the ions are considered to be
classical particles. We discuss various alternative approaches for the computation of equilibrium
(canonical) ensemble averages for observables of these hybrid quantum-classical systems through
the use of molecular dynamics (MD)-i.e. by performing dynamics in the presence of a thermostat
and computing time-averages over the trajectories. Often, in classical or ab initio MD, the
temperature of the electrons is ignored and they are assumed to remain at the instantaneous
ground state given by each ionic configuration during the evolution. Here, however, we discuss the
general case that considers both classical and quantum subsystems at finite temperature canonical
equilibrium. Inspired by a recent formal derivation for the canonical ensemble for quantum
classical hybrids, we discuss previous approaches found in the literature, and provide some new
formulas.

1. Introduction

Molecular dynamics (MD) [40] is conventionally considered to be the theoretical description of molecular
or condensed matter systems that assumes the nuclei to be classical particles. Therefore, these move
according to Newton’s equations, in the presence of their mutual interaction and of a force that somehow
approximates the electron influence. In its traditional formulation (classical MD), the forces are
parameterised in some analytical expressions that have been carefully developed over the years, and the
numerical problem amounts to the propagation of a purely classical Hamiltonian system with a predefined
potential function. The so-called ab initio or first-principles MD [31] substitutes those analytical force
definitions by the on the fly calculation of the quantum electronic structure problem, that provides the
forces on the ions due to the electrons in a more precise—yet more costly—manner. Still, a first principles
MD simulation also consists in the integration of a purely classical problem, even though one needs to use
quantum mechanics to obtain the forces at each time step. In both classical and first principles MD, the
electrons are usually assumed to remain in their ground state, adiabatically adapting to the ions as they
move. Therefore, both the classical MD and the (Born—Oppenheimer ground-state) first-principles MD are

© 2021 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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not, strictly speaking, hybrid quantum-classical dynamics. These methods have been widely employed for
both equilibrium and out-of-equilibrium problems.

In the equilibrium case, when studying a system in, e.g., the canonical ensemble, one is normally not
interested in the particular trajectory followed by a microstate, but on the ensemble average values of a
given property. The MD simulations are then used to compute the multi-dimensional integrals that define
those averages, by substituting them with time-averages over dynamical trajectories of the
system—typically, coupled to a thermostat [45]. But in any case, despite the finite temperature, normally
the electrons are assumed to be frozen in the ground state. This may be a very good approximation if the
electronic excited state energies are far higher than the thermal energies at that temperature. Yet in many
circumstances those excited states cannot be ignored.

Out of equilibrium, this may in fact happen very frequently. For example, when dealing with
photo-chemistry, that naturally involves electronic excitations. This situation calls for a non-adiabatic
extension of the previous MD concept, that allows for ‘live’ electrons: the dynamics must be that of a true
hybrid quantum-classical model, in which both classical and quantum particles evolve simultaneously
through a set of coupled equations. Two prototypical examples of truly hybrid dynamics are Ehrenfest
equations [11] and surface hopping [46] (in this latter case, the electronic motion is stochastic and consists
of jumps’ between the adiabatic eigenstates).

In equilibrium, one may also need to lift the approximation of ground state electrons, if the temperature
is high enough that the thermal population of the excited states is not negligible. This is the situation
discussed in this article. In molecular physics this may happen rarely, but in condensed matter, the metallic
or near metallic systems naturally call for a computation of ensemble averages that acknowledges the
non-zero population of electronic excited states at non-zero temperature, even if low. In any case, this
situation begs the questions: what are the canonical ensemble averages for observables of hybrid systems,
and can one compute them using MD? The standard procedure used within classical or adiabatic first
principles MD is no longer directly applicable if one is simultaneously propagating nuclei and electrons.
The idea of assuming ergodicity and attaching a thermostat to the dynamics, a concept designed for purely
classical systems, is dubious at best.

This issue has been addressed by performing MD propagating only the classical nuclei, but somehow
incorporating the electronic temperature in the definition of the forces, instead of deriving them by merely
assuming the electrons to be in the ground state. One possible route, based on the use of density-functional
theory, was theorised by Alavi et al [3]. Their method was based on the use of density-functional theory
(DFT) [13] to solve for the electronic structure problem. In particular, on the finite temperature extension
of DFT (FTDEFT) [33, 39], that substitutes the ground-state energy functional by a free energy functional.
Then, to perform first principles MD at finite temperature, the forces used to propagate the classical ions
are given by the gradient of this free energy functional. In essence, this is the same idea that underlies the
approach given in references [9, 10], except that in this latter case the formulation is general, and not tied to
DFT. The fact that the electronic free energy—considered at fixed nuclear configurations—can be viewed as
an effective classical Hamiltonian from which the hybrid quantum-classical partition function can be
computed was already found by Zwanzig [47]. DFT is in fact the most common electronic structure method
for the purpose of performing ab initio MD. The inclusion of electronic temperature effects is therefore
usually managed with some form of FTDFT. In practice, this procedure consists of using a Fermi—Dirac
distribution for the population of the Kohn—Sham orbitals that constitute the fictitious auxiliary
non-interacting system employed to substitute the true interacting many-electron problem. The resulting
density is used to compute the ionic forces, in lieu of the ground-state density. The procedure should be
completed with the use of temperature-dependent exchange-and-correlation functionals, but this is often
ignored, as the development of these functionals has proved to be very difficult.

In this work, we discuss this and other possible routes to obtain the rigorous canonical ensemble
averages through the use of thermostatted MD. The goal is to establish a clear theoretical link between the
definition of hybrid ensemble averages and the manners that one can use to compute them using some
form of MD with a thermostat. The basic idea consists of generating an ensemble with some form of MD,
even if the generated ensemble is wrong, and then using a reweighting formula to compute the right
averages. From the analysis, it emerges that, in fact, various possibilities exist. The dynamics for the classical
particles moving on the free energy surface will be shown to be a very particular case of this general class.
The relative efficiency of the various options may depend on the particular system and choice of electronic
structure method. The idea of performing wrong or fictitious dynamics, and then correcting with some
reweighting procedure, has been used in the past in the field of MD mostly with the objective of accelerating
rare events—see for example references [17, 23]. In this work we extend the same idea to the simulation of
hybrid quantum-classical systems.
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In section 2 we present the expressions for the ensemble averages that constitute the target of the current
work. Section 3 discusses the possibility of computing these using a hybrid quantum-classical non-adiabatic
MD such as Ehrenfest dynamics. Although the naive computation of time-averages over thermostatted
Ehrenfest dynamics trajectories lead to wrong results (as already noted in earlier works [32, 34, 35]), we
discuss ways to correct this issue. Section 4 discusses approaches based on classical-only MD propagations.

2. The canonical ensemble of hybrid quantum-classical systems

We start by recalling which are the ensemble averages that we are addressing in this work.

The first step should be to clarify the mathematical description of a hybrid model, an issue that is not at
all obvious, as demonstrated by the various proposals that have been put forward, and by the discussions
about their internal consistency [1, 2, 4, 12, 15, 18-20, 22, 25, 27, 28, 3638, 42—44]. We will however
assume the following very broad assumptions. The classical part is described by a set of position Q € R"
and momentum P € R" variables, that we will hereafter collectively group as & = (Q, P). Normally, they
correspond to N particles, such that n = 3N in three dimensions. The quantum part is described by a
complex Hilbert space . The observables of the full hybrid system are Hermitian operators on # that may
depend parametrically on the classical variables, A(€) : H — H. Some observables may refer only to the
classical subsystem; in that case they are just £-functions times the identity, i.e. A(€) = A(E)I. If, on the
contrary, they refer to the quantum subsystem only, they are operators that lack the £-dependence. In any
other case, a hybrid observable couples the quantum and classical parts to each other. The most important
one is the Hamiltonian H(¢). Although its precise form is not important for the following discussion, as an
example we write here the typical definition of this Hamiltonian for a set of N. quantum electrons and N
nuclei:

N =
H(QP) = (; ;;i) I+H(Q. (1)
The first term is the kinetic energy of the classical particles, whereas the second part is
A Yopr .
H(Q =) 2 T Ven(Q 4 Vi QUL (2)

i=1

where the first term is the kinetic electronic operator, the second term is the electron—nucleus interaction
potential, and the last (purely classical) term is the nucleus—nucleus interaction potential.

Ensembles of hybrid quantum-classical systems can be described [4, 5, 25] by {-dependent density
matrices, p(§), normalized as:

/ du©) Tr pE) = 1. 3)

These fully characterize the ensemble, i.e. they permit to obtain the probabilities associated to any
measurement. For example, the probability associated to finding the classical subsystem at £, and measuring
a for observable A(f ), is given by Tr [p(&)7.(€)], where 7,(&) is the projector associated to the eigenvalue a
of A(€). Or, the probability density associated to the classical subsystem, regardless of the quantum part, is
given by Fc(€) = Tr p(£). Likewise, given any observable A, the ensemble average is given by:

@y = [ auo T [A©n©). o)

One route to the definition of equilibrium ensembles is the principle of maximization of entropy.

Recently, we argued [5] that the proper definition of entropy for a hybrid quantum-classical system must
be:

S1p) = —ks / du(E) Tr [5() log 4(9)] . (5)

Likewise, we also showed that the maximization of this entropy, subject to the constraint of a given value for
the average energy, leads to the hybrid canonical ensemble:

prclé) = ﬁ(mefﬁf“@, ©)
ZuclB) = / du(€) Tr ¢ 7O, )
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Therefore, the canonical ensemble average of any observable is:

_1
Zuc(B)

The computation of these averages is challenging. First, depending on the model and quantum level of
theory used, the calculation of the traces, that in principle require all excited states, can be problematic. But,
more importantly, the integral over the classical phase space is difficult because of its very large
dimensionality (6N for N classical particles in 3D).

This latter problem is of course akin to the one encountered when studying purely classical systems. It is
therefore natural to ask whether it is possible to circumvent it by doing some form of MD.

(Anc(B) = / )T [A()e 1] o

3. The failure of Ehrenfest dynamics, and some ways to correct it

One possibility that immediately comes to mind is the use of a hybrid quantum-classical MD, such as
Ehrenfest’s, and attaching a thermostat in order to simulate the presence of a bath that would permit to
generate the canonical ensemble along the trajectory. In other words, replicating the procedure invented for
‘standard’ MD, but using a hybrid dynamics that requires the explicit propagation of the electrons.

It was soon realized, however, that this procedure leads to wrong ensemble averages [32, 34, 35]. In the
following, we will reexamine this fact in the light of the Hamiltonian character of Ehrenfest dynamics. This
analysis will help to understand the correction procedures that in fact permit to use this dynamics to obtain
the true ensemble averages.

3.1. Fast recap of Hamiltonian dynamics

Let us first recap the basics of Hamiltonian theory. A system can be characterized by providing a phase
space M of even dimension 2#x. The Poisson bracket is an operation defined over functions in this phase
space (the observables), which in the canonical coordinates (g, p) € M reads:

—~ [0A OB DA OB

A,B} = S22 220 9

4.8} ; {5%‘ dpi Opi 9g; ©)
The dynamics is determined by the definition of a Hamiltonian function H: the equations of motion for

the coordinates g; or p; of any state in M are ; = {q;, H} and p; = {p;, H}, or equivalently, as they are

more often encountered, in the form of Hamilton’s equations:

. OH (10)
% - 61)1 )
) OH
L=t 11
p 9 (11)
If there is no certainty about the system state, instead of a single point, one must use a probability
distribution p(g, p, t) defined over the phase space, also known as an ensemble. This distribution may
change in time, according to Liouville’s equation:
dp
9P _ tH, . 12
g5 = i} (12)
The entropy of any ensemble can be computed as (hereafter, we will group all variables g, p as y):
Slo) = ~ta [ duty)p()log o0 (13)

The maximization of this entropy over all possible ensembles subject to the constraint of a given
Hamiltonian ensemble average or energy, (H), = [ du(y)H(y)p(y), leads to the canonical ensemble [41]:

) = e MW, (14)
pecty Zcc (B)
Zect) = [ dutyye . (15)
Here, 5 = kBiT is inversely proportional to the temperature T, ‘CC’ stands for ‘classical canonical’, Z¢c(3) is

the partition function, and the integrals extend over all phase space. This is an equilibrium ensemble,
lacking the time-dependence because it is stationary: {H, pcc} = 0.
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The averages, for any observable A, over this canonical ensemble are then given by:

1
Zcc(B)

The obvious numerical difficulty of computing these very high-dimensional integrals can then be
circumvented by integrating a single dynamical trajectory, and using the ergodic hypothesis to identify a
time average with the phase space integral:

(A)oc(B) = / du(y)e PV Ay). (16)

1 [% )
(Aee(B) = lim — [ dtAG (1)), (17)
tr—=oo tr Jo

where y7(#) is a trajectory obtained by solving the equations of the motion, modified with a thermostat, i.e.:
¥ = Ol H) + X)), (18)

Here, we have symbolically added to the Poisson bracket {-, -} a thermostat X3(#) (it may represent
Langevin’s stochastic term [29, 45], a Nose—Hoover chain [30], etc.)

3.2. Schrodinger dynamics as a Hamiltonian system
The theory summarized in subsection 3.1 can be applied to any Hamiltonian dynamics—for example, to
Schrodinger’s equation, which despite its quantum character, is a ‘classical’ Hamiltonian system from a
mathematical perspective. We summarize this fact here—for the mathematical conditions and functional
spaces (both finite and infinite dimensional) on which this formalism can be applied, see [16, 26]; in [24],
one can follow the standard approach that is summarized here.

Indeed, Schrodinger’s equation (h = 1 is assumed throughout this paper),

.d -
i, [0@) = Hly(@), (19)

is easy to rewrite as a set of Hamiltonian equations. First, one expands the wavefunction in an orthonormal
basis {(;};, and rewrites Schrodinger’s equation for the coefficients ¢; = (¢;|):

Hll H12 e Hl}’l

C1 1
d | Hy . . Hy ©
1— = s 20
dr | S e f 20
Cn Hy ... ... Hy/) \™

where Hj; are the elements of the Hamiltonian matrix Hyj = (;|H|¢;). We define a set of ‘position” and
‘momenta’ variables by taking the real and imaginary parts of this coefficients, respectively: ¢ = % (@ +1ip).
One may then show [24, 26] that equation (19) is equivalent to

. OH
qi = o (21)
) OH

L 22
Di 90’ (22)

i.e. Hamiltonian’s equations, defining H(q, p) as the expectation value of H for the wavefunction
determined by the (g, p) coefficients: H(g, p) = (¥)(q, p)|H|t/(g, p)). Note that these ‘position” and
‘momentum’ variables should not be given any particular physical meaning, forcing any analogy with
classical mechanics.

The Poisson bracket can then be defined in the usual way (equation (9)). We will use the notation {-,-}q
for this Poisson bracket defined in this new ‘quantum’ phase space, M, defined by the variables (g, p). The
system dynamics then reduces to:

f={fH}o (23)

for any function f defined in M. For the particular case of the coordinate functions g and p, one obtains
the Hamilton equations above. Taking into account the dependence of 1(g, p), they are entirely equivalent
to Schrodinger’s equation (see [24, 26] for details).

Gibbs canonical ensemble associated with the expectation value of the energy H(q, p), equation (14), is
stationary under the dynamics, and in principle one could attach one of the typical classical-type
thermostats to Schrodinger equation, and produce this ensemble through a trajectory. If one did that,
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however, the resulting ensemble averages would be wrong, because Gibbs ensemble is not the true quantum
canonical ensemble, which is defined through a density matrix as:

~ o 1 —BH
pac= ZQc(ﬁ)e ’ 2
Zoc(B) = Tr e PH. (25)

This is the density matrix that maximizes the von Neumann entropy,
S[5) = —ks Tr(p log p), (26)

which is the real entropy of a quantum system, and not equation (13), from which the classical canonical
ensemble is derived. It is obvious that the fact that the ‘thermostatted’” Schrodinger dynamics does not
produce the correct thermal averages is not a defect of Schrodinger equation, but results of the erroneous
application of a technique invented for classical systems to quantum ones.

3.3. Ehrenfest dynamics as a Hamiltonian system
Ehrenfest dynamics, usually introduced as a partial classical limit of the full-quantum dynamics [11],
constitutes also a Hamiltonian system, as shown for example in [6, 7, 11]. We summarize here this fact.

We consider a hybrid quantum-classical system, as defined in section 2. The classical variables
& = (Q, P) define a classical phase space M, whereas the quantum variables n = (g, p), associated to a
wavefunction (7)) as explained above, define a quantum phase space M. We may put these together and
define a full, hybrid phase space:

M= MC X MQ. (27)

Furthermore, we may define a Poisson bracket for functions defined on this full hybrid space by adding
the two classical and quantum brackets, defined over the & and 7 variables, respectively:

{A,Bn = {A,B}c + {A,B}q

= (00,A0pB — 0p,A0GB) + > (04,A0,B — 9, A0, B) . (28)

Thus, the classical bracket derivates only with respect to the classical coordinates (Q, P), and the quantum

bracket with respect to the quantum ones (g, p). It is a well known result of Poisson geometry that the

addition of two brackets in a Cartesian product results in a bracket that fulfills all the necessary properties.
Finally, given any hybrid observable A(€), we may define a real function over M as:

A, €) = W)|A© (). (29)

If, in particular, we consider the Hamiltonian operator H(¢), which is dependent on the classical degrees of
freedom &, the hybrid dynamics is generated by the function H(n, &) = (¢(n)|H(€) |t)(n)) and the Poisson
bracket:

& ={&Hu = {¢, H}c, (30)
7'751 = {na)H}H = {T/u)H}Q) (31)

where in the last equality of both lines the classical and quantum nature of £ and 7 respectively has been
invoked to make use of {§,f}q = {n,f}c =0V f € C°(M).

One may further expand those equations: for the hybrid Poisson bracket acting on the classical variables
&;, one has:

§={&%Hc=) ((agj§i><w\ap,ﬂ<§>|w> - <apj¢><wlaojﬂ<s>|w>) : (32)

J

If one then considers the cases §; = Qy or &; = Py separately, one arrives to Newton’s-like equations for
Qi: Pi:

. ol
Q= <¢\3—Pk\¢>’ (33)
. Oh

B = ~(0] 5, 100 64)
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On the other hand, the dynamical equation of the quantum variables,

e = {Nw HE M) Yo (35)

is exactly the same as equation (23), but with a dependence of the Hamiltonian operator on the classical
variables. Therefore, this equation, as it was shown in the previous section for the quantum-only case, is
equivalent to Schrodinger’s equation for v (1)—although one must maintain that parametric dependence
of the Hamiltonian operator on the classical variables £ = Q, P:

d A
5|w> = —iH(Q, P)|¢). (36)

Equations (33), (34) and (36) are Ehrenfest’s equations for a hybrid model. From our previous analysis
of the classical and the quantum case, it becomes clear that they compose a Hamiltonian system with the
Poisson bracket defined as in equation (28). Perhaps the form given in equations (33), (34) and (36) is still
not the most recognizable; if one uses the Hamiltonian defined in equations (1) and (2) for a set of
electrons and nuclei, one gets:

5 P
Qr = M (37)
By = — (|, H(Q)v), (38)
d N
3V = —iHQP)Y). (39)

Allured by the Hamiltonian character of this set of equations, one may be tempted to consider the Gibbs
equilibrium ensemble, equation (14), to be the hybrid canonical one. In terms of the quantum-classical
variables, it reads:

pec(n,§) = e IR0, (40)

Zcc (B)
Zee(B) = / du()du(n) e P09, (41)

It is also a stationary ensemble in the hybrid case. The averages over this ensemble would be the ones
obtained if one attaches a thermostat tuned to temperature T = é to Ehrenfest dynamics, propagates a

trajectory (@), Sﬂ (1)), and computes the time averages:

(A)cc(B) = lim - / At AP (), €9(1))
=0 tr Jo

_ 1
Zec (B)
For example, one practical way to proceed is to use Langevin’s dynamics (although there are various other

thermostat definitions that have been invented over the years), that essentially consists in substituting the
equation for the force (38) by:

/ d(©)dum) A, E)e 0. (42)

-

3 = 2 Pr
Pr = —($|ViH(QY) — vy - + (1), (43)
I
where 7j;(t) are stochastic Gaussian processes that must verify:

(7 (1)) =0, (44)
(M (Omya(t")) = 279816050 (8,1). (45)

The «, § indices run over the three spatial dimensions; see for example reference [45] for details. In any
case, the values thus obtained are not the ensemble average values that one would wish to obtain, given
above in equation (8), hence the previously documented numerical failure of this approach—see for
example references [32, 34, 35]. It should be noted, however, that this fact by itself should not be considered
a failure of Ehrenfest dynamics—inasmuch as the same fact noted above for the quantum case cannot be
considered a failure of Schrédinger equation. It results, once again, of the erroneous application of a
technique invented for purely classical systems to hybrid ones, that contain some quantum variables.
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A correct statistical-mechanical definition of a system requires the definition of a sample space, i.e., a
basis of mutually exclusive events, which can be unequivocally characterized by the results of an experiment
(see [5, 8, 14, 21]). The underlying reason behind the difference between classical and hybrid (or quantum)
ensembles is that, in classical systems, all points in the phase space are mutually exclusive, whereas they are
not in the quantum and hybrid case. Indeed, in classical mechanics, two different points of the phase space
represent statistical events which are mutually exclusive: if the system is at state £, one cannot measure it to
be at state £’. One may then define an entropy function using the classical phase space as sample space (i.e. a
space that contains mutually exclusive events), and its maximization, subject to a fixed ensemble energy,
leads to the classical Gibbs canonical ensemble.

In contrast, in quantum mechanics, two different states of the Hilbert space are not always mutually
exclusive: if the system is at state ¢, the probability of measuring it to be at ¢’ is not zero, unless the two
states are orthogonal, (¢|@') = 0. Therefore, using the standard theory of probability, we should consider
only orthogonal states to represent events (see sections 4.5 and 4.6 of [21]). This consideration led von
Neumann and others to the introduction of the concept of density matrix in order to define a statistical
ensemble—and to the definition of an entropy based on these objects, whose maximization results in the
quantum canonical ensemble.

This precaution about the exclusivity of events must also be taken in the hybrid case—a fact that is
discussed at more length in reference [5]. The points of the hybrid phase space are not mutually exclusive
unless their quantum parts are orthogonal, or their classical parts are different. It should be noticed,
however, that the MD procedure (and in particular the thermostats) produces a visitation of the phase space
that disregards this fact. Thus, a MD trajectory visits (assuming ergodicity) all points in a hybrid phase
space, assigning to each one a Boltzmann weight, and therefore producing a purely classical canonical
ensemble that does not take into account the non-exclusivity of hybrid events.

3.4. Corrected averages for Ehrenfest dynamics
Nevertheless, equation (42) can be useful, as we will show now. The thermostatted Ehrenfest dynamics does
sample the phase space, and it generates an ensemble, even if wrong. One may then apply a reweighting
procedure—essentially, modifying the averaging in the time integral—and obtain the correct hybrid
ensemble averages. This can be done in fact in several ways.

The first thing to notice is that equation (42) holds for any function g(n, ) on M, not only on the ones
that result of a hybrid observable as A(7, £) = (n]A(€)|n). Then one may ask the question: for any hybrid
observable A, can one find a function gi(n,£), such that:

(Auc(B) = (g/AA)cc(B)? (46)

If so, one could then perform the dynamics and use equation (42) with g; in order to obtain (g;)cc(3), and
therefore the true hybrid ensemble average (A)uc(3).

The answer is positive, and there is not only one, but many possible functions that can be used. In the
following, we consider two examples:

(a) Equation (46) holds if g; is defined as:

81,6 = (B Tr [ HOA)|, where (47)
N Zce(B)
MO = aun) Zuc (B (48)

The computation of the normalization factor () may seem problematic, but it can be obtained from
the dynamical trajectory, in the following way: for each g;, we define an ‘unnormalized” function

G300 ) = S — 0 ¢ [ MO )] (49)

such that (g;)cc(8) = u(B)(g€1)cc(B). .
On the other hand, we know that for the identity operator, (I)yc(8) = 1, and therefore:

(gycc(B) = n(B) (@) cc(B) = (Nuc(B) = 1. (50)

Thus, we may compute () as 1/(g;)cc(8), and (g;)cc(B) can be obtained from a dynamics
propagation, i.e.:

1 i 5
s lim E/o dt g (n’(1), (). (51)

8
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(b)

Summarizing, a final formula that permits to compute the hybrid ensemble averages is:

ty , .
lim [dr 070 W) Ty [e—ﬂH(Ed(t)) A(gﬂ(t))}
tf—)oo 0

(A)uc(B) = ; : (52)

lim [dt ePHO O 0) Ty [e=HE®)]
ff=0

Therefore, the procedure consists of performing a thermostatted Ehrenfest dynamics, and computing
the previous time integrals over the obtained trajectory (°(1), €°(1)). One obvious difficulty lies in the
computation of the traces over the quantum Hilbert space, whose difficulty depends on the level of
theory used to deal with the quantum electronic problem.

Equation (46) also holds if g; is defined as:

8016 = B3 601 — 7€) AaalE), (53)
A3 = 228, (54)
where 17, (€) are the adiabatic states:
HEO 1)) = Ea(©na(©)), (55)
and )
el = (0 ©AE14(6))- (56)

The difficulty due to the computation of the A\(3) factor can be solved in a similar way to the method
used in the previous case, leading to the following final formula:

ooy ‘a

i
lim [dt S°0(0°(t) — 0a (€% (1)) Anal€5 (1))
0

(Ayuc(B) = (57)

i
Jim [t S30(0°(0) —ma(€7(0))
0 o

This formula avoids the need to compute all the electronic excited states, necessary for the traces
present in equation (52). In exchange, it contains a probably worse numerical difficulty: the presence of
the delta functions. The interpretation of these is the following: during the trajectories, one should not
count in the average the state that is being visited, unless the trajectory passes by an eigenstate of the
Hamiltonian (a state of the adiabatic basis). In other words, apart from the normalization factor given
by the denominator, this formula is a modification of the straightforward average given in
equation (42), that discards all states except for the adiabatic eigenstates.

That correction is easy to understand intuitively. Let us first rewrite the hybrid canonical ensemble
density matrix,

1 A
5 — —BH(E) 58
el = Zae @ )
in terms of its spectral decomposition for each &:
. 1 - .
prc(§) = Z— > & i), (59)

where E, (§) are the eigenvalues, and 7, (&) the projectors on the eigenspaces of the Hamiltonian H(E)
(we assume, for simplicity, that there is no degeneration; otherwise one would just need to use an
orthogonal basis for each degenerate subspace). Now, this expression can be written in terms of a
(generalized) probability distribution function in M, as:

1
prc(n, &) = mgjé(n — 10 (&))e P, (60)
This distribution determines pyc(€), since:
prc(§) = /du(n)pHc(n, €)M. (61)
(nlm)

9
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By comparing equation (60) with equation (40), it becomes clear that the error that this latter equation
does is counting all possible states, whereas the true hybrid ensemble only counts the states in the
adiabatic basis. Of course, one could choose a different basis, but the point is that the ‘classical’ Gibbs
distribution (40) overcounts the quantum states. For a deeper discussion on this issue, we refer the
reader to reference [5].

In order to implement this procedure numerically, one should of course use some finite
representation of the delta functions, giving them a non-zero width. It is unclear, however, that this
would lead to an efficient scheme, since the propagation would probably have to be very long in order
to obtain an accurate sampling of the quantum states.

4. Approaches that do not require the propagation of the electrons

The use of Ehrenfest dynamics to compute the ensemble averages, as described in the previous section, has a
notable caveat: it requires the explicit propagation of the electrons. The time scale associated to the
electronic movement is very small (of the order of attoseconds), which makes hybrid MD schemes
computationally intensive due to the need of a very fine time step.

In this section, we show how this problem can be circumvented by making use of dynamics that do not
explicitly propagate the electrons, such as ground-state Born—Oppenheimer MD—including the necessary
correction to account for the hot electrons, or the dynamics based on the electronic free energy surface that
has already been used in the past. In this way, we frame these approaches into the theoretical setup
described above.

Let us suppose that we perform a MD for the classical particles, based on a Hamiltonian function H(&)
(to be specified below). In this case, the dynamics is not hybrid: the propagation equations involve only the
classical particles, moving under the influence of H (). The ergodic assumption, if it holds, permits to
compute:

__ CBHO ey 1 l/’f 5
Woel®) = 555 [ O ™50 = fim - [arge’ ) (62)

for any function g(£). Notice that the classical canonical ensemble that we are using now refers to the
classical degrees of freedom & only, as opposed to the one used in the previous section, that included the
quantum ones.

In the same manner as we did in the previous section, one may wonder the following: for a given hybrid
observable A(f ), does there exist some function g; (&) such that

(A)uc(B) = (ga)ec(B)? (63)

Once again, the answer is affirmative, and in more ways than one. One obvious possibility, analogous to
the first one used for Ehrenfest dynamics, is:

8(6) = u(B™O Tr [ HHOAE)] (64)
~ Zcc(B)
=5 (63)

As it happened in the previous section, the calculation of the normalization factor 1(3) does not require of
the explicit computation of the partition functions (that may be impractical), but may result from the MD
propagation itself, using the identity (I)uc(3) = 1. Using this fact and the same procedure shown in the
previous section, one arrives to the final formula:

[dt SHE W) Ty [efﬁH(ﬁﬁ(t)) A gﬂ(t))}
[dteMHE W) Ty [e-pHE W]

(A)nc(B) = Jim (66)

This formula is very similar to equation (52). However, the trajectory f“g(t) to be used here must be
obtained through a thermostatted classical-only MD determined by a Hamiltonian function #(§), in
contrast to the hybrid quantum-classical Ehrenfest dynamics used in the previous section. The Hamiltonian
function H (&) is in fact arbitrary, although a bad choice for this object could lead to a very bad convergence
with respect to the total propagation time t/—since using the ergodic hypothesis requires an accurate
sampling of phase space. Two options that immediately come to mind are:

10



10P Publishing New J. Phys. 23 (2021) 063011 J L Alonso et al

(a)

(b)

Using the electronic free energy:
1 s
H(E) = F(&; B) = 35 log Tre 7H©). (67)
This actually permits to simplify equation (66) into a very appealing form:
N LY
(A)uc(B) = lim i dr (A7 (1)) (68)
0

where at each classical phase space point in the trajectory one must compute the quantum ensemble
average:

Tr [A(g)e 77|

(A©)e = —— g (69)

Equation (68) reminds of the usual MD ergodic averaging formula, just substituting the observable
value by the thermal quantum average. In fact, if the observable that one is interested in is purely
classical, A(§) = A(§)I, the formula is identical:

(A)c(B) = lim © / ar A (1)), (70)
£ =00 tf 0

Therefore, for purely classical observables, if one uses the electronic free energy instead of the
ground-state adiabatic energy as the Hamiltonian driving the ionic movement, the resulting MD
provides the hybrid canonical averages using the ‘standard’ ergodic average. If the observable is itself
hybrid, one must compute at each point during the trajectory the quantum thermal average.

This propagation of the classical variables following the electronic free energy surface underlies the
scheme put forward by Alavi et al 3], although in that work the procedure is tightly tied to the use of
FTDFT as the scheme that handles the electronic structure problem (computation of the free energy,
and of its gradients). The same concept was also suggested by some of the current authors in references
[9, 10].

Using the ground-state Born—Oppenheimer energy:
H(E) = Eo(&). (71)

In this case we would just need to do the usual ground-state Born—Oppenheimer MD, which has the
advantage of being a very well known and tested technique, for which plenty of codes and tools exist. In
order to obtain the hybrid ensemble averages that do not ignore the electronic temperature, however,
one must use the averaging formula (66), which for this case can be transformed into:

tr / B
fofdtz(ye—ﬁ’ﬂa(é (t))Aw(fﬂ(t))

A = li 2
Whe(P) e [Jdt 3, e &) (72)
where « runs over all the adiabatic eigenstates, and
(&) = Eo(§) — Eo (&) (73)

are the electronic excitations.
On top of the usual ground-state Born—Oppenheimer MD, the added difficulty here would be the
computation of these excitations, which may be more or less demanding depending on the level of
theory used to model the many-electron problem.
Note that if the observable A(f ) is actually a classical observable A(¢ )1, this scheme can also be
rewritten as: . ) o ,
fofth(fd(t))e"jF(f‘ (£);8)—Eo(£7 (1))

74
[/dt e=BFE W3)—E&P 1) (74)

(A)nc(6) = lim

Here, we also write the formula in terms of the free energy. Computationally, the difference with
respect to the previous approach given in formula (70) is that one does not need the gradients of the
free energy, necessary in the previous approach for the computation of the forces in the dynamics.

All previous formulas have assumed that the thermostat is fixed to the target temperature. However, the

dynamics can be performed at a different temperature (a technique that has been used in MD to probe
larger regions of configuration space in less simulation time), as long as the reweighting corrects for this.

11
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Take, for example, formula (66), that we repeat here for convenience, although we now use two different
temperatures 3 and 3';

t;

i o
lim [dr MO Ty [ O 46 (1))
=0

(A)nc(B) = ; : (75)
lim [dfe#™EO) Ty [e—ﬁmgﬁ/(m}
0

tf%OO

In this formula the temperature dependence is twofold:

(a) The temperature used to define the thermostat, which appears in the /3’ labeling the trajectories &7 ().
This should be equal to the temperature used for defining the re-weighting factors, i.e. the inverse

A ,‘//
Boltzmann weight BHET @),

(b) The ‘target’ temperature, that is the one that should be used in the exponent of the un-normalized
hybrid canonical ensemble density matrix, appearing inside the trace, e .

These two temperatures can be different, and formula (75) still holds. In practical applications, this
would permit to obtain hybrid canonical ensemble averages at different temperatures 8 by computing a
single thermostatted trajectory at a fixed ‘ergodic temperature’ 3'. The main motivation to use this
procedure is saving computation time, as only one trajectory needs to be computed, and the results at
different temperatures are obtained by post-processing this one trajectory. Furthermore, once one has the
thermostatted dynamics, the computation of the ensemble averages at different temperatures using formula
(75) can be easily parallelized, either using a core for each different temperature, or even dividing the
post-processing of the original trajectory in different sections.

This can also be done when using Ehrenfest dynamics, and formulas (52) and (57) above. It does not
hold, however, if one uses formulas (68) or (70) for the dynamics on the free energy surface, since they rely
on a cancellation that is only achieved if the two temperatures are equal (two temperatures can also be used
when doing the dynamics on the free energy, but one would then need to compute the free energy at those
two temperatures). Note also that, in practice, this procedure cannot be indefinitely extended to any
temperature range, since the ergodic visitation will not be effective unless the two temperatures are similar.

A higher temperature trajectory will provide a wider visitation of the whole phase space in less time,
which in principle would imply faster approximation to the ergodic limit. This could be used to obtain low
temperature ensemble averages in less simulation time. Indeed, using artificially high temperatures has been
used to be able to observe rare events in MD simulations in the past. Notice, however, that a high
temperature trajectory will necessarily be less dense in the relevant phase space areas. This might have the
opposite effect, and lead to a bad convergence, specially if the two temperatures are too different. In general,
for a particular problem, it cannot be determined beforehand which of the two effects would prevail

Summarizing, the previous formulas permit to use well known MD techniques and obtain canonical
averages that correctly account for the electronic temperature. Looking, for example, at equation (74), the
procedure entails two steps:

(a) One first performs a standard first principles MD simulation using, for example, the common
technique based on ground-state DFT.

(b) Then, either on the fly as the trajectory is being generated, or later in a post-processing procedure, one
computes the electronic free-energy at the trajectory points, using the finite-temperature DFT
extension. With such information, one can use equation (74) to correct the time averages that, without
this averaging method, would fail to converge to the real canonical ensemble.

This scheme can be applied on top of trajectories obtained previously, had they been saved. Note that,
for the reasons explained above, one may recycle trajectories obtained with ground-state BOMD at some
(nuclear only) temperature, to compute ensemble averages at various different global temperatures. This
may be an advantage over the procedure implied by equation (70) (MD with forces computed on the
electronic free-energy surface), as in that case one trajectory must be generated at each temperature. Finally,
of course DFT need not be the method to be used for the computation of the forces—and the finite
temperature DFT need not be the procedure to obtain the free energy, as one may use for example TDDFT
to compute the electronic excitations and apply formula (72).

4.1. Numerical example

We finish with a numerical demonstration of the validity of the formulas given above, using a simple model
and the very last of the presented schemes: ‘standard’ ground-state Born—Oppenheimer MD with a
correction formula. Thus, we consider a simple dimer model, using the internuclear distance Q as the only

12
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Figure 1. Electronic potential energy curves of the modeled dimer (in units of the ground state vibrational frequency wy):
ground state (blue) and first excited state (dashed red), as a function of the dimer length (in units of the ground state equilibrium
distance).

classical position variable (being P the corresponding momentum), and the subspace generated by the two
lowest electronic adiabatic states as the quantum space. Furthermore, we consider that these two adiabatic

states correspond to Morse potentials. Hence, the Hamiltonian operator ruling the hybrid dynamics can be
written, in the basis of its eigenstates, as:

o P Vo(Q) 0
H(Q,P)Zm]l+( 0 Vl(Q)), (76)

where m is the dimer reduced mass, and the Morse potentials are given by:
Vi(Q) = Di(1 — e M) 4 A, (77)

The parameters defining the Morse potential for the ith energy level V;(Q) have an easy interpretation: A; is
a global shift that sets the value of the curve at its minimum; g, the position at that minimum

(Vi(Q = g;) = Aj); D; defines how quickly the potential ascends for Q > g;, and also determines the value
of the gap between the minimum (4A;) and the big Q limit of the potential: limg ., Vi(Q) = A; + D;.
Lastly, b; defines how narrow the well is, how sharply it grows when Q — 0, and also how rapidly it reaches

the plateau for Q > g;. The vibrational frequency associated to each potential well is given by w; = 4/ %.
Figure 1 depicts these potential energy curves®.

Using ground-state Born—Oppenheimer MD means that the classical degrees of freedom follow the
Hamiltonian system defined by the function:

2
Q) (78)
m

H(Q,P) = EO(Q’P) -

The system is coupled to a Langevin thermostat, at the temperature given by T = kl%ﬁ This dynamics
provides an ergodic curve over the classical phase space with a visitation weight given by the Boltzmann
factor e #F0(QP), Using the corrected averaging procedure defined by equation (72), we can obtain the
hybrid canonical ensemble averages. Although this formula is valid for any observable, we chose to compute
the average value of the length of the dimer, a purely classical observable: A(Q,P) = Ql.

Figure 2 shows the results. As the model is particularly simple, we can display both the exact values (i.e.
the hybrid canonical ensemble averages computed by performing the direct integration in phase space,
using equation (8)), and the values produced by using the time-averages over the dynamics. In this latter
case, we display both the corrected averages, that result from formula (72), and the ergodic averages using

© We supply, as supporting information (https://stacks.iop.org/NJP/23/063011/mmedia), a computational notebook containing all the
code that generates the results displayed in the article. It also contains all the chosen parameter values.

13



10P Publishing

New J. Phys. 23 (2021) 063011 J L Alonso et al

1.050
-—- (1) PSI }'

1.045 { — (2) gsMD 7
® (3)MD X
1.0407 x @mMDT

1.035 A

1.030

<Q>/qo

1.025 +

1.020

1.015 A

0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

ka/wo

Figure 2. Ensemble average dimer length, (Q)c(/3), in units of the ground state equilibrium length g, as a function of
temperature, calculated via: (1) direct integration in the phase space, labeled PSI; (2) ground-state MD without the correction,
i.e. ignoring the electronic temperature, labeled gsMD; (3) ground-state MD with the application of the correcting average
formula (72), labeled MD; (4) ground-state MD at a single temperature (T’ ~ 1.35wy/ks) for the thermostat with the application
of the correcting average formula (75) for the whole range of temperatures of the target HCE.

ground-state MD, which corresponds to the purely-classical canonical ensemble average. It is clear how the
proposed reweighting formula yields the correct numbers.

We stress that, in the procedure presented above, the computation of the ergodic trajectory is an indirect
way to perform phase space integrals over the classical phase space. In principle, any infinite (¢ — o)
ergodic trajectory could be used as a basis to apply the corrected averaging procedure, as long as the implicit
distribution over the phase space that results of the dynamics is compensated in the time averages: the use
of the ground-state potential energy surface to generate the dynamics is one of the possible many choices.
This only holds if the trajectory provides a dense enough visitation of the phase space.

However, in practice, the simulations provide only finite-time trajectories and, therefore, the visitation
of phase space is not dense. The effectiveness of a given dynamics will depend on what regions of phase
space it probes more frequently. Some thermostatted MD trajectories will be more cost-effective than
others, if they visit more frequently the regions of the phase space that are relevant to the target
distribution.

In our example, the target distribution is the hybrid canonical ensemble, and one should choose a
dynamics that is likely to force the system to spend time on its high probability regions. This is not the only
factor to consider, however. For example, it is likely that Ehrenfest dynamics fulfills this condition, but the
cost of propagating Ehrenfest equations is high, due to the need to propagate the electrons. Likewise, it may
happen that using the free energy as the driving Hamiltonian is costly due to the requirement of computing
its gradients with respect to the classical degrees of freedom in order to obtain the forces. A dynamics that
requires longer times ¢ to achieve the convergence of the time average can be however computationally
cheaper if the cost of performing the propagation itself is lower. We consider that ground-state MD can be a
good compromise, specially at low temperatures, but the analysis strongly depends on the particular model,
the electronic structure method, etc.

Finally, the blue crosses in figure 2 (marked as MD T’) are the results obtained by performing a single
trajectory at a fixed temperature T', and then correcting appropriately for each different temperature. We
have chosen T' ~ 1.35w/kg, corresponding to the sixth data point in the figure, as it is in the middle of the
temperature range that we want to probe. The accuracy seems to be slightly better than the results obtained
by performing different trajectories at different temperatures. This should not be taken as a general rule: we
have performed convergence analysis with both methods and we cannot conclude that the use of the
different-temperature method always leads to more precise averages for equal total propagation time. Note,
however, than the single-trajectory method may be more advantageous as the computation time saved by
not computing the multiple trajectories at different temperatures can be used to converge better the single
trajectory with respect to its total propagation time.
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5. Conclusions

We have examined the problem of computing the canonical ensemble averages through MD calculations,
for hybrid quantum classical systems (typically, quantum electrons and classical nuclei in molecular or
condensed matter physics and chemistry). If the temperature is high enough so that the electronic excited
states cannot be ignored, performing ground state Born Oppenheimer MD and computing the ergodic
averages on the generated trajectories does not yield the correct ensemble averages.

The fact that one cannot assume that the electrons are inert, adiabatically adapting to the ground state,
naturally seems to demand for a truly hybrid dynamics, such as Ehrenfest’s. However, the addition of a
thermostat to these equations, followed by the computation of the resulting observable time-averages, does
not produce the right averages either. The quantum character of part of the electrons cannot be handled by
the standard MD + thermostat procedure, designed to produce essentially classical equilibrium ensembles.

Nevertheless, performing a thermostatted dynamics, be it Ehrenfest, or a purely classical one such as
ground state MDD, does generate a trajectory (i.e. an ensemble) in phase space that can be reweighted in
order to obtain the true hybrid averages. This amounts to correcting the time averaging formulas. It has
been the purpose of this work to examine here the various options that exist, setting them in a common
language. The procedure can be followed using Ehrenfest dynamics, which is a hybrid dynamics, but can
also be followed using classical-only dynamics driven by, for example, the ground-state Born—Oppenheimer
Hamiltonian. Likewise, this framework does include, as a particular case, the possibility of performing the
nuclear dynamics on the Hamiltonian that results of considering the electronic free energy. In this case, if
one is interested in computing averages of purely classical observables, the time averages do not require
correction, as the factors cancel out. The suitability of any of these procedures over the others depends on
the particular model and level of theory used to handle the electronic structure problem.
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Abstract The definition of a consistent evolution equation for statistical hybrid quantum-classical systems is still an open problem.
In this paper, we analyze the case of Ehrenfest dynamics on systems defined by a probability density and identify the relations of the
nonlinearity of the dynamics with the obstructions to define a consistent dynamics for the first quantum moment of the distribution.
This first quantum moment represents the physical states as a family of classically-parametrized density matrices p(&), for & a
classical point; and it is the most common representation of hybrid systems in the literature. Due to this obstruction, we consider
higher order quantum moments, and argue that only a finite number of them are physically measurable. Because of this, we propose
an effective solution for the hybrid dynamics problem based on approximating the distribution by those moments and representing
the states by them.

1 Introduction

It is an accepted fact that the most accurate physical theories describing Nature are quantum. Nonetheless, it is also well known
that ab-initio full quantum theories are not useful from the practical point of view, because of their complexity. One of the choices
is then to approximate the full quantum model by a simpler one where as many degrees of freedom as possible are modeled as
classical systems. The paradigmatic example of this situation is the model of a molecule. Based on the application we have two
options: either to consider all the degrees of freedom as classical (this is the case in most frequent molecular dynamics simulation
methods), or to create a hybrid quantum-classical model where only the valence electrons, responsible of the chemical properties
of the molecule, are modeled as quantum objects, the rest of degrees of freedom being represented by classical variables. In this
second case, we define a more accurate description of the chemical properties, with a much simpler model than the full-quantum
one. Nonetheless, the definition of an accurate hybrid dynamical system is not an easy task. There exist several approaches to define
hybrid dynamical models for molecular systems (see, for instance, [1] for a recent review). We can classify them based on different
properties, but, attending only to the definition of the dynamics, we may consider, among others:

e those based on hybrid dynamics on the space of hybrid states [2—8],
e those which are algorithmic (see [9, 10])
e or others obtained as suitable limit equations of the full-quantum dynamics [11-15].

If we enlarge our scope and consider other hybrid dynamical models, we can also find those considering the problem of measurements
of quantum systems with classical devices [16, 17] and other type of systems (see [18-21] and references therein).

One of the most common choices is the Ehrenfest dynamics, where it is simple to track the accuracy of the hybrid model with
respect to the original full quantum one within a semiclassical description [22]. Ehrenfest equations represent a dynamical system
defined on the cartesian product of the classical and quantum phase spaces M¢ x M. This hybrid phase space contains the hybrid
pure states, i.e., those states where the classical and the quantum degrees of freedom are completely determined. Our group proved
[5] that this system admits a Hamiltonian description with a suitable hybrid Poisson bracket and a hybrid Hamiltonian function,
which combines the classical and the quantum energies. Nonetheless, molecular systems do not usually have completely determined
dynamical states since initial conditions are impossible to fix. Therefore, a statistical description appears to be the most reasonable
one. In [5] we also used the Hamiltonian structure of Ehrenfest equations to define a statistical model having Ehrenfest equations
as dynamics for the microstates. In this statistical description, the state of the system is defined as a probability distribution on
the hybrid phase-space following a Liouville equation. This is a consistent mechanism to define a statistical mechanical system
associated to a well-defined thermodynamics (see [23]).
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In the last years, several relevant applications of this scheme have been published [6, 7] but also some limitations have appeared.
Among them, the most relevant one may be the difficulty to write an entropy function and the corresponding notion of canonical
ensemble [24] or, in more general terms, of an equilibrium thermodynamics with a well-defined temperature.

Our goal in this paper is a careful analysis of the origin of these difficulties, and a discussion of possible solutions and their
implications. From the mathematical point of view, the problems are associated with the incompatibility of the notion of hybrid state
as a probability density on the phase space and the definition of hybrid entropy, which require an alternative notion of state. Instead of
the probability density described above, entropy can be formulated by considering its first quantum moment, which defines the type
of hybrid state which has been used extensively since the early eighties (see [25]) and is used in many of the references presented
above. But the challenge is to define a consistent master equation for this object, since the Liouville equation of the probability
density does not preserve the first moment of the density. We will see this property in detail, and define a series of equations for
the different moments which are equivalent to the Liouville equation for the probability distribution. Nonetheless, depending on
the physical situation, not all the moments are necessary to define the physically relevant averages and their evolutions. For those
situations where only a finite number of them are physically relevant, just a finite system of equations characterize the evolution of
the quantum moments and an effective nonlinear master equation can be defined. This is the main result of the paper.

Itis important to remark that the properties of the Hamiltonian structure of the microstate dynamics, such as having two independent
symplectic or Poisson structures (as Ehrenfest dynamics), is the true origin of these properties. The particular Hamiltonian function,
and hence the detailed properties of the dynamics are not that relevant. Hence, most of the conclusions of our paper shall be true in
any Hamiltonian system sharing independent structures for the classical and quantum subsystems.

The scheme of the paper is as follows. First, in Sect. 2 we will summarize the construction of the Hamiltonian structure for
Ehrenfest equations and its statistical extension. We will discuss that its Hamiltonian nature implies that only a finite number
of quantum moments of the hybrid distribution are physically measurable. Then, Sect. 3 analyzes the properties of the different
definitions of the hybrid statistical state and justifies why Liouville equation cannot be restricted to any of the quantum moments.
The reason for that is the nonlinearity introduced in Ehrenfest equations by the classical degrees of freedom. Nonetheless, we can
encode the full Liouville equation in a series of coupled differential equations of the full set of moments. But since only a finite
number of moments are physically meaningful, we can approximate the behavior of Liouville equation by a finite number of those
differential equations, suitably adapted. This is the main result of the paper. Finally, Sect. 4 summarizes the main contributions of
the paper and discusses future lines of research based on them.

2 Ehrenfest dynamics: from pure states to distributions

2.1 Ehrenfest equations on pure states

Let us consider first the problem of Ehrenfest dynamics for pure states. We assume then that the state of the hybrid system is
characterized by a pair (€, py ), where £ = (q, p) € M is a point on the classical phase space and py specifies the pure state of a

quantum system by a one-dimensional projector determining a point in the complex projective space P#H of a certain Hilbert space
‘H. Ehrenfest equations define a set of coupled differential equations describing the evolution of these degrees of freedom as

k
.k _pf
T =y
G OTr(py H(E)
P = gk
ipy =[HE). py] (M

where H (&) represents the quantum energy as a self-adjoint family of operators on 7 parametrized by the classical degrees of
freedom written in Darboux coordinates ¢, p j for j, k =1, ...n for the 2n—dimensional symplectic manifold M¢ (see [26] for
the definition of these concepts). The simplest image for this operator is the electronic Hamiltonian for the valence electrons of a
molecular system which depends on the positions of the charges of the protons and inner electrons of the atoms which are modeled
by the classical degrees of freedom. In [22] it is proved that this system of equations defines a dynamical system whose solutions
approximate the solutions of the Schrodinger equation for a full-quantum molecular Hamiltonian, the accuracy depending on the
ratio of the masses of the quantum and the classical particles and the ratio of the width of the nuclear wave-packet with respect to
the natural length of the problem.

The classical phase space M¢ is assumed to be endowed with a symplectic form wc. Hence, its functions C°°(M¢) can be
endowed with a canonical Poisson bracket {-, -}¢. On the other hand, the quantum degrees of freedom correspond to the points of
the set of pure density matrices of a quantum system (which we will denote in the following as M ), which being a Kéhler manifold,
is also endowed with a canonical Poisson structure {-, -} (for details see [27-29]). For the sake of simplicity we will consider that
the quantum system is finite dimensional, and hence that M is a finite dimensional Kéhler manifold. From the point of view of
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applications, this is not a serious constraint, since numerical simulation, which is usually the final goal of the hybrid model, requires
a finite dimensional system.

In conclusion, we can endow the set of functions of the hybrid phase space M¢ x M with a Poisson structure by combining the
classical and the quantum brackets (for simplicity, we will fix 7 = 1 in the following) obtained from the symplectic forms on M¢
and Mg:

{du={Jc+{.}o. 2

From the results in [5], it is immediate to prove that Ehrenfest equations can be given a Hamiltonian description with respect to the
hybrid Poisson bracket {-, -} 5 and the Hamiltonian function

Fae = Tr(py (@l + A ), 3)

where we represent as Hc (&) the general expression of the energy of the classical degrees of freedom (in Egs. (1) it would reduce to
just the classical kinetic term but more general situations with arbitrary classical potentials can also be considered); and I represents
the identity operator.

Thus, the integral curves of the Hamiltonian vector field

Xpy i=1{ fulh 4

correspond to the solutions of Ehrenfest equations. The dynamics preserves the purity of the quantum states but it is nonlinear in
general, because of the classical degrees of freedom (the term H¢(§) in Eq. (3)). For more details see [5, 6].

2.2 Ehrenfest dynamics for statistical systems
2.2.1 The general case

From the definition of the hybrid Hamiltonian, we can consider the general notion of hybrid observable, representing the physical
magnitudes written in terms of the classical and quantum degrees of freedom. Generally speaking, we can think at the hybrid
observables as the tensor product of the C*-algebra of classical functions and the C*-algebra of quantum operators. For technical
reasons, we will ask the classical functions to have compact support for integrals to be well defined. In practical applications, most
frequently computer simulations, this does not seem to be a strong requirement. If we use the geometrical formulation described in
[5], we can consider that the space of hybrid observables can be represented by the functions on M¢ x M which correspond to a
pair of classical and quantum observables, i.e., functions of the form

Fie = Te(6s A®). 5)

In [5] we proved that it is possible to define a statistical mechanical formalism for hybrid systems by introducing a measure in this
set of observables. If we take a reference measure diugc on the hybrid phase space (for instance, the symplectic volume), the chosen
measure can be written as a probability density function Fpc (&, py ) with respect to it, defining the average of a certain magnitude

A(E) as
(A®)) = f diegc(E, py)Foc (€. py) fic): ©
Mc ><MQ

Naturally, the measure must be well defined and therefore the density must satisfy that

Foc = 0; / doc(E. py)Foc = 1. )
M(;XMQ

2.2.2 The first quantum moment
Notice, though, that in physical terms, only the first quantum moment of Fpc is necessary to determine the average value of a hybrid

observable of the form of Eq. (5). Indeed, the first quantum moment of Fpc determines a family of quantum operators indexed by
the classical variables & in the form:

pE) = /M duo(py)Foc(E, py) oy, (®)
0

where dju g is a measure on M (for instance, the quantum symplectic volume). Average values of hybrid observables can then be
computed as

(AE) = / duc@Tr(H©AE), )
Mc
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where djic is a measure on M¢ (for instance, the classical symplectic volume) and then diugc = dupduc. Notice that we use the
term guantum moment since, considering a basis for states py,, the coordinates of /(&) correspond, precisely, to the moments of the
probability distribution Fpc considered as a function of the coordinates of the quantum projectors.

Furthermore, from the mathematical point of view, we can relate this first quantum moment with the marginal and conditional
probabilities of the original density Fpc. As a bivariate hybrid measure, we can consider its classical marginal probability and the
corresponding quantum conditional one:

e The classical marginal probability Fc(£) can be obtained as

Fe(§) =Trp(¢) = / duo(py)Foc(§, py). (10)
Mo
e The quantum conditional probability for a classical value § € M is a purely quantum distribution. We can consider it to be
a distribution over the quantum phase space with some density Fgond(pw) on the quantum phase space M. As such, Gleason
theorem [30] ensures that there exists a well-defined quantum density matrix p¢ which is able to determine the average value of
any quantum observable (for a fixed value of the classical variable &).

As it was explained in [24], standard probability theory allows us to write the operator 5(§) as the product of these two objects, i.e.,
p&) = Fc(§)ps. 11

Notice that the resulting object is not normalized as a density matrix, since
Trp§) = Fe(6); f dpc®)Trp) = 1. 12)
Mc

This operator o(£) is the usual representation of a hybrid state in the literature, since the early eighties [25]; and it is the usual choice
in most of the references we presented in the Introduction. Notice, though, that from the probabilistic point of view, it just represents
an element of the dual space to the set of hybrid observables of the form of Eq. (5). If we consider the C*—algebra defined by the
operators of that type, operator p(£) defines a state for such an algebra. From this point of view, this first quantum moment of Fgc is
the only relevant part of the probability distribution if we restrict the physical magnitudes to functions of the form (5), since higher
moments do not contribute to any average value. Hence we can define an equivalence relation in the space of hybrid measures by
the first moment: two hybrid measures represent the same physical state if and only if their first quantum moments coincide.

Furthermore, this first moment o(€) is also able to capture the mutual exclusivity of hybrid events (see [24]). Indeed, notice that
the points of the hybrid phase-space Mc x Mg do not represent mutually exclusive events from the probabilistic point of view, as
it happens with a classical manifold. While a classical system at a point £; cannot be at the same time at point &> (the probabilities
of one case and the other are independent hence), it is not incompatible for a quantum system to be at point py, and at point p,
unless (Y1, ¥2) = 0 (probabilities are not independent then). From that point of view, representing a hybrid state with the density
Foc makes very difficult to define a hybrid entropy function (which requires of a correct representation of independent events
which, as we just argued, is not achieved on M¢ x M Q). The first moment representation p(£), on the other hand, represents well
the independence of hybrid events (as von Neumann entropy does for quantum systems) and allows us to define a well-behaved
entropy function. From it, we can also use the MaxEnt principle to define a consistent notion of canonical ensemble and therefore a
mechanism to make finite-temperature numerical simulations of hybrid systems (see [24, 31] for details).

2.2.3 Considering dynamics: the necessity of higher order moments

From a static point of view, the picture above is perfect. For the natural set of hybrid observables, we can consider a state corresponding
to a probability density Fpc on the hybrid phase space M¢ x Mg, but only the first quantum moment is necessary to define averages
of physical magnitudes. That first moment also allows us to define a consistent notion of hybrid entropy. The problem arises when
we want to consider a dynamical framework for statistical averages or even to equilibritum thermodynamics.

In this paper, we are going to consider Ehrenfest dynamics as the candidate for the dynamics of the statistical microstates. It is
immediate to verify that dynamical Eq. (1) defines also a dynamics on the set of hybrid magnitudes, which can be written by means
of the Hamiltonian vector field X 7, . Indeed, we can write:

d
affi(é)(t) = Xfl_}(s)fg(g) = {fA(E)’ f[f](g)}H~ (13)

Clearly, a function of the form fa(&, py;t) := fa(5(t), py(t)) where (§(¢), py (¢)) is a solution of Ehrenfest equations, is itself a
solution of Eq. (13) with initial condition f4(§, py;0) = fa(§, py). Therefore, the system has solutions, and we can consider the
time-dependence of statistical averages

(A@)) = / dieoc(€. py)Foc(E. py) F56). (14)

M(;><MQ
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and define out-of-equilibrium statistical mechanics of hybrid systems.
But it is important to realize that hybrid observables of the form (5) do not define a Poisson subalgebra for the hybrid Poisson
bracket (2). Indeed, given f i) and f Be) defined as Eq. (5), in general there exists no function f D) of the form (5) such that

Toey = Uiy Taetn = UVaey fowc t Uaey fowlo

This property can be proved immediately since the classical bracket { f Aey Sfp(&)}c defines a function which is quadratic in the
quantum degrees of freedom while the quantum bracket { f Aey f B(S)}Q is still linear. Just those hybrid magnitudes which depend
only on the classical or on the quantum degrees of freedom are closed under the bracket. After a straightforward computation, and
choosing Darboux coordinates £ = (q, p) = {(qk, Pk, j=1,..,n for Mc we obtain that:

Vier faete = Z};(f o, Ao, am ~ Jobam a,,kA<q,p>> (15
and
Viey fete = Nidsey (16)
where
[A, BI) = —i(A©)BE) — BEA®)). an

Therefore, we can write that
Vae» St = Z(f o, Ao, Baw = Jobam oy, A(q,m) * hibier (18)
k

i.e, we obtain a combination of quantum-linear functions and quantum-quadratic ones. Clearly, successive brackets will increase
further the quantum-degree.

From the physical point of view, this relation implies that, even if it is Hamiltonian, the dynamics on the space of observables
cannot be restricted to quantum-linear functions of the form of Eq. (5). Nonetheless, hybrid energy is conserved, since { fg(%_),
Tagte =0

If we average this expression with the density Fpc, we can write that

d .
a(A@)(r) :/ digc (€. py)FocE, py X fiey [t

MC XMQ

=<f3qk,4fapk19> - <faqkﬁfapk/i) - <f[/§,ﬁ1](g)>- (19)

Notice that in this expression the requirement of the extension of the algebra is explicit, since we need the average values of pointwise
products of the elements of the algebra. Only the last term belong to it. If we write it as an equation on the density Fgc, the last
term affects only its first moment, i.e.,

o) = [ duc@e(penic. o)
Mc

= [ (e, pe1ie). 20)
Mc

But the other two cannot be written as a function of the first moment only, and higher order moments are required. Indeed, we can
write the average value of the product of the functions f A and f Bee) 3

i) = /MC auc@Te(p2 A © BE)). e
where p®2(£) is the second quantum moment of the density F, oc, defined as
5726 = [ dnolpiFoct.puny ® oo @)
Mo
Analogously, the average value of the product of k functions f A6 is obtained as
Ui Fie) = | dnc@m(p@h© @ @ Aue). 23)
: M
where
k
A e
576 = [ dnolpnFoct. oy @@y 4)
Mo
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represents the k-th quantum moments of the distribution Fopc.

In conclusion, in order to consider Eq. (13) as a dynamical system on the hybrid algebra, the algebra itself must be enlarged.
As each classical bracket increases the order of the quantum degrees of freedom by one, clearly we must consider all polynomial
functions in py and arbitrary classical dependence as the minimal Poisson algebra generated by hybrid functions of the form (5).
At each level, higher and higher quantum moments of the distribution are required to compute the average values of the extended
functions. Indeed, if we consider the series of derivatives of order k with respect to time of the average value (A(f ))(t), we can write
iE as a funcAtion of different terms depending on all the moments p®/(£) up to order k + 1 evaluated on different combinations of
A(§) and H(§):

d s
T A@O = F(3%@). ... 0" ©.46). A®)). (25)

Hence, for a finite range of time (7, fo+ At), the behavior of an average value (A(é))(t) can be approximated to arbitrary precision by
a finite number of quantum moments of the distribution Fpc. Notice that the particular time scale and the precision depends on the
particular observable A(g). In any case, by considering a finite time range we see that the concept of hybrid observable changes. Time
introduces correlations between the classical and quantum subsystems and the nonlinear evolution makes that correlation measurable
in the time-dependence of the average values. We can see that in Eq. (19). If we want to consider a linearized time dependence in
(A(§)), we need to compute average values of pairs of quantum operators.' The time range which can be approximated by a finite
number of time derivatives may depend on the observable we consider. But for any observable, there will be a certain time scale
where the behavior of the system can be approximated to any precision with a sufficiently high order of quantum moments. As the
application of our model will be a numerical simulation of the system at a certain time scale, this finite number of moments should
be enough to characterize the state of the system. In the following sections we will learn to write the dynamics of the quantum
moments and thus the dynamics of the physical macrostate for the relevant time range.

3 Hybrid states and dynamics
3.1 Writing a dynamics for the physical states

Let us consider now how to define an equation to write the evolution of the average value (A(S )) given by (14) as an evolution
equation on the physical state. Following [23] we can associate a Liouville equation to the probability density and define the curve
on the space of probability densities which reproduces the evolution of the average values (A(£))(), i.e.,

(AEN@) = f dioc (€, py)Foc (&, py:1) f4(8), (26)

Mc><MQ

where Fgc(§, py;t) is the solution of the master equation. In [5] we proved that because the dynamics is Hamiltonian we can
obtain a dynamical equation for the density Fpc as the Liouville equation

dFoc

dr = {fﬁ(g)sFQC}H- (27

This equation translates the microstate dynamics to the full probability density. Nonetheless, if we are interested in the behavior of
average values of physical magnitudes for a certain time scale, we know that not all the density is required, only a few of its quantum
moments. Hence, we are going to study now how can we write the effect of Ehrenfest dynamics on those moments.

3.2 The initial problem: the dynamics of the first quantum moment

Let us consider now the first moment of the distribution Fpc, i.e., the family of operators 6(&). We can consider Liouville equation
for the density and re-write it in terms of the first moment:

45
/;(tg):/ duo(oy ) fu, Foctu (&, py)oy
Mo

=[FI(€),,5(S)]+[M Aoy fH: Foclc &, oy)oy. (28)
0

I Notice that the analysis done here for time evolution can be repeated for any transformation requiring to introduce the necessary infinitesimal generator,
that in this case is the Hamiltonian. This justifies extending the hybrid algebra to products of arbitrary operators, as any operator can be used to define a
transformation of the system.
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As the time dependence of average values can be written as a result of dynamics written on the space of operators or on the space
of states,

Ay = | Jie Sc@TIAE DAGT 29)
Jute AT AE)AE: 1]
Equation (28) must satisfy
d - LA 2
I (A®) = / ducETrpE)AG)] = — f duc®Tr[p(E)AG)], (30)
t Mc Mc
where the dot represents the tangent vector of each respective curve (on states or on operators). Notice that, by definition,
pE:t) = /M dig(py)Foc(E, pyit)py . (3D
0

Therefore, we can conclude that the properties of the first quantum moment will be preserved (normalization, positivity, etc.), if the
solution of the Liouville equation defines a curve of well-defined probability densities.

As we saw in the previous section, the set of linear functions of the form f4 is not closed under the hybrid Poisson bracket.
This has an important impact on the Liouville equation (27). Indeed, a master equation for the density Fpc which captures the
dual behavior of the dynamics of the hybrid observables (which does not have linear functions as a Poisson subalgebra) cannot be
restricted to the first quantum moment, which is only able to capture the linear (quantum) functions of the form (5). If we must
include quantum polynomial functions of orders higher than one ( i.e., objects of the form f4 f#), higher quantum moments of the
distribution Fpc must be considered. But then the equivalence relation given by the first moment is broken: two measures having
identical first quantum moments may evolve in different ways and produce different hybrid states for each value of time, depending
on the higher quantum moments. Let us consider this issue in some detail in a particular example.

Example 1 As we saw above, there exist many densities Fpc with the same first quantum moment. Let us see now that the
nonlinearity of Ehrenfest equations makes impossible to write Ehrenfest dynamics in terms (&) in a consistent way.

Let us now construct a particular hybrid system with Ehrenfest dynamics, with an ad-hoc Hamiltonian and density matrix. We
will then find a one-parameter family of different densities with the same first moment 5(&) and see that the tangent vector defined
by each density is different. More in particular:

1. We consider one classical degree of freedom, M¢ = RZand & = (R, P).
2. We choose a two-level system as the quantum subsystem. Therefore, the space of projectors is:

Mg = {py | py € Herm(2) = spang {00, 01, 02, 03}, p3, = py. Tr(py) = 1}

with {o; }?:] being the Pauli matrices and og the identity. The usual description of this space in quantum mechanics is the Bloch
sphere. It can be proved that M as defined above is bijective to S2={x2+y2+z2=1|x, y, z € R} ¢ R3, with coordinates
{x =Trlo1py], y =Trlozpy], z = Trlo3py ]}, which will be called Bloch coordinates, denoted by a subscript B.

3. The Hamiltonian of the system is defined as

HE) = H(R, P) = %(R2 + PY, + E|(R, P)R1(R, P) + E2(R, P)#2(R, P) (32)

where 7y € Mg are classical-point-dependent projectors: 7((R, P) = (sinR,0,cosR)g and m(R, P) =
(—sin R, 0, — cos R ). Note that they are orthogonal by construction. The two energy levels Ej are:

Ei(R, P) = E>(R, P)= E(R, P)+1+0.1R?.

1+ R?
4. The hybrid density matrix is defined as
P(&) = Fc(&LE) 11(5) + Fc(§)(1 — A&)) m2(8)
withA(R, P) = %atan(R2 +P?),Fc(R, P) = ﬁ exp(—%) and with projectors defined as, 771 (R, P) = (sina, 0, cosa)g
and A(R, P) = (—sina, 0, —cosa )5, where a = atan(R* + P?).

Finally, we define a family of densities F' gc in terms of the arbitrary parameter € R. Consider a decomposition of the matrix 5(§)
as sum of projectors

PE) = D MERE). M)’ = M(E). (33)
k

It is immediate to prove that the density

Foc(§,py) = Z M(E)o(py — 7k (§)), (34)
k
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Fig. 1 Difference of x and z components of p(&) for different values of the classical parameter R and 6

has p(&) as first moment. We can consider a family of the decompositions choosing the coordinates of one projector to be (sin 6, 0,
cos 0), and solving the geometric problem in the Bloch sphere to find the other projector and the corresponding weights. Thus, we
construct the 6-dependent family of densities F gc having the same first quantum moment. For each density, consider Eq. (28) and
represent the corresponding tangent vector as a function of the parameter 6. We present graphically the results in Fig. 1. We observe
that the x and z coordinates of p(£) (in the Bloch basis) depend of the arbitrary parameter.

As expected, we verify that the dynamics of the first quantum moment depend on the parameter 6 and therefore that the dynamics
of the first moment is not well defined. Hence, we see that different density dynamics are possible for a given (&), depending
on elements which are not physically observable, a priori, at the (quantum) linear level. Notice that the origin of the problem is
the nonlinearity of Ehrenfest dynamics, which defines a different evolution for the two different quantum states coupled to the
same classical point £. Had we considered a pure quantum system with unitary evolution, or even an uncoupled hybrid system, the
evolution would be well defined because of the linearity of the pure quantum evolution. Let us see now how the dynamics can be
determined when considering higher order moments.

3.3 The dynamics of higher quantum moments

We have seen above how at the linear level, we have part of the information of the full Liouville equation, although not all.
Nonetheless, Eq. (28) is enough to read the behavior of the two marginal distributions Fc(£§) = Trp(§) = f My dugFoc(€, py)

and p = || Me dic(£)p(§). Indeed, marginalizing one of the variables makes one of the two brackets to vanish, and that produces:

d e 2
—Fe® = Tr((A©). 5®))c ). (35)
and
d . e A
Gi= [ auc@ie.pen (36)
1 Mc

These two equations coincide with those obtained from different approaches to hybrid quantum-classical dynamics, such as [12, 25],
where Ehrenfest equations were not considered. This is a remarkable result, since it ensures that, at least at first order, the evolution
of pure classical or pure quantum magnitudes behave the same as in those other approaches even for coupled quantum-classical
systems.

‘What about the full hybrid (i.e., non-marginalized) behavior? Can we read any useful properties from Liouville equation? Indeed,
we can. We saw above that writing Ehrenfest dynamics on the physical states requires of higher order quantum moments to be able
to capture the effects of the nonlinearity and the non-closeness of the Poisson algebra. Dynamics written on the first moment only is
not well defined, as the nonlinearity of the dynamics makes it dependent on the choice of the decomposition of the quantum operator
at each classical point. In this section, we will see that the dynamics of each moment depends on the next one; the Liouville equation
being thus equivalent to an infinite series of differential equations, one for each f®¥(¢).
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Let us consider again the definition of the k-th moment given in Eq. (24). By construction, they are operators on the Hilbert space
k

—
®];-:1 H ;. We can define partial traces if we average over some of those copies, since Trpy = 1 and hence Tr), py ® --- ® py =
k—p
—
Py ® -+ ® py for p < k. It is immediate then that

Trp 0% (§) = PP (6), (37)
where the zeroth order moment corresponds to the marginal classical density
Trep® (&) = p%°6) = / dpg(py)Foc(€, py) = Fe(§). (38)
Mo

Despite of the symmetric nature of the expressions involving the points py in the following we will consider traces of different
operators, and will denote as Tr the trace acting always on the first one

Tri(A ® B) = Tr(A)B. (39)

In an analogous way, the expression is extended to arbitrary traces Tr.
Using these relations, it is immediate to re-write Eq. (19) as

d -
CLA@NW =fsy A fop 1) — it fon ) — Ui 1)
B PPN ; 4\ A®2
= [ anc@mid mper+ [ ance (0 0 07)57 ).

where 91 A ® 8y H = 0,0 A(§) ® 3y H(E) — 0,4 H(E) ® 0, A®).
From that expression, and using the compact support of the classical functions, we can read the time derivative of the first quantum
moment as

P& = 1HE©. 5@+ ({A© 8 LA ). (40)

where /5(5) is defined by Eq. (28). Analogously, we can define the time derivative of any moment f)@’k (&) as a function of ,6®k &)
and pE*1 (&),

k
. N A~ [ ——
%K E) = [A*E), p% @+ T | {AG) ®Te--- L% @ |, 1)
C
where
k k
— —
H'=A®OQI® - @I+ +I® - 1@ HE) (42)

In this way, we find a system of differential equations for all the quantum moments {,6®k(.§ ) }e=o0,
Liouville equation for the density Fpc (Eq. (27)).

which is equivalent to the

veey

3.4 An effective equation

As we saw above, only a finite number of quantum moments are necessary to recover the behavior of the average value of physical
observables for finite time intervals. Notice, though, that when we make the approximation for a certain time range, the approximated
solution of the dynamics of the hybrid observables A(S ;1) defines a different dynamics for the average values (A(S))(r). As in each
case the average values involve a finite number of quantum moments, we can define different dynamics on the space of states with
the corresponding Eq. (41). But there is a problem to do that: the dynamics of the k-th quantum moments, depends on the k + 1-th
one and therefore it is not possible to solve the equation for a certain k without the solution to the next level. Nonetheless, as the
time scale is only able to capture the k-first moments, it is not possible to do any measurement or sequence of measurements which
depend on those degrees of freedom. Hence, as the (k + 1)-th moment cannot be known, we may consider an effective dynamical
equation for p®¥(£) where the value of p®**1(£) represents the minimum knowledge on the system compatible with the physical
constraints. In order to do that, we must introduce a suitable notion of entropy.

In [24] we introduce a notion of hybrid entropy for the first quantum moment 6(£). We built it based on the bivariate distribution
that the first moment represents, and the corresponding factorization in marginal and conditional probabilities. That factorization
makes sense for any of the quantum moments S®¥(£), which, on the other hand, happens to be formally analogous to /(&) with the
only difference of being an operator on the product Hilbert space ®];: 1 H:
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e the marginal probability of the bivariate probability distribution represented by s®¥(&) corresponds to the classical density

FC(S)ZTrkﬁ®k(€)=/1W duo(py)Focé, py). (43)
0

o The corresponding quantum conditional probability P(py | &) is the probability of a pure quantum system (the classical degrees of
freedom & are fixed). As such, Gleason theorem [30] ensures that a well-defined density matrix /3?" (i.e., a trace class, normalized
and non-negative self-adjoint operator on ®1;:1 ‘H) must exist to represent it.

This representation allows to implement the exclusivity of hybrid events in a simpler way, since it incorporates automatically the

orthogonality of the mutually exclusive quantum events (as the usual density matrix does). See [24] for a more detailed discussion.

By using this factorization, we can adapt the construction of the hybrid entropy in [24]. As the entropy for the state p®¥(£) must
be written as the sum of the entropy of the marginal distribution (43) and the classical average of the entropy of the conditional one

we obtain
S|p%* &) | =—k [
[ @] =~k |

C

=~k [ e (5% @ 1og 17 @), (44
Mc

e (§)Fe(®)log Fe®) — ka [ diec®) P (2" g 18"

Mc

This function represents the entropy of the hybrid system modeled by the k-th quantum moment. Using this entropy function, we
may consider searching for the state 5%+ (&) which maximizes the entropy subject to some constraints to use in the right hand side
of Eq. (41). The natural constraint is asking this first unknown moment to produce the last known one by trace, i.e., we will search
for a k + 1 moment such that

Tr p® (&) = p®(E), 45)

where /®¥(£) is the moment whose dynamics is being defined. The unknown components of the moment are thus only the degrees
of freedom being integrated out by the trace. As it is not possible to determine that information by any measurement, we select the
state with the maximum possible entropy for those degrees of freedom to act as a source for the dynamical equation. In the following
we shall represent as ﬁﬁﬁxEm(S) the state which maximizes the entropy with constraint (45).

Notice that we are using the MaxEnt formalism from the point of view of information (see [32]), and not as it is usually done
when trying to identify thermodynamical ensembles. Those thermodynamical problems can also be considered, though. The entropy
function would be the same, but depending on the problem, other constraints would be considered. For instance, we may study the
state which maximizes entropy (44) while keeping the normalization and the average value of the Hamiltonian H (¢) fixed. This
would produce the candidate to model the canonical ensemble in our context, as we considered in [24] for the case of the first
moment. In a similar way we may consider a microcanonical ensemble ﬁ%"c £ (). All these situations will be considered in detail
in a forthcoming paper.

We conclude thus that this MaxEnt formalism with constraint (45) provides us with a natural candidate to represent the state
ﬁ®k+1 (&) in Eq. (41). As there is no physical measurement which can inform us about the state, we consider it to be the state which
maximizes the uncertainty about it, which is precisely ﬁﬁ’;ém(g ). Therefore, we can write as effective dynamics for the k-th quantum
moments which is the equation:

k
. N ~ e e
pERE) = [A* @), @1+ T [ {A®) 0T - o158 &)1 | (46)
C

This equation is well defined, since it only depends on the degrees of freedom of the k-th moment (given that the constraint (45)
must hold for all times) and can be used to approximate the dynamics of the average values of physical magnitudes in a finite range
of times for statistical systems whose microstates follow Ehrenfest dynamics.

Example 2 In order to provide a practical application of our framework, let us consider again the simple example considered above
of a system with two dimensional classical phase space and a two level quantum system. Let us assume, for simplicity, that we just
consider Eq. (46) the first quantum moment. In that case, we have to identify the solution of Maximal Entropy for the case k+1 = 2.
Let us proceed.
l;irst of all, we are going to consider the factorization in marginal and conditional probabilities given by Eq. (11), for (¢) and
A2,
e

pE) = Fe®)ps:  p2E) = Fe(§)p®2. @7)
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By construction, g¢ is written as a combination of the basis {6} j—o, 1,2,3, and therefore p®2 ¢ must be written as a combination of
the 10-dimensional symmetrical basis {%(6 i ® Ok + 6% ® 6})} j<k=0,1,2,3- The corresponding expressions read:

3
ﬁg:Z,ujﬁj; (48)

i—0

L3
/358’2 = L0000 @ G + 3 Z wok(60 ® 6k + 6 ® 60) (49)

k=1

e
*3 D wjr(6j ® 6 + 6 ®6), (50)
j<k=1

where we can relate these coordinates with the average values with respect to the conditional distribution F; ;"“d of the coordinate
functions of the points of My as:

wj=EuiCoy)): e =E@;(oy)miloy)), 619

w j(py) representing the j-th coordinate of the pure state py, with respect to the basis {5 }.
Furthermore, as ¢ and ,6?2 are density matrices, their trace must be normalized. This implies that

1 1
Ho == Moo = —- (52)

2’ 4
In this context, constraint (45) implies that
2”0.,‘ = ,le, ] = 1, 2, 3.

Notice, though, that from the definition of H®2(&) there are also a few relations between the coordinates, to be fulfilled. In particular

e As pg must be a well-defined density matrix, we know that its purity must be lower or equal to one, i.e.
1
2
DK =5 (53)
J

e An analogous property holds for ,6?2: its purity must also be lower than one, i.e.,:

1 1 3
4\ o+ 5 Do mdt 5 D flézﬂgﬂzﬂgjfg' >4)
k k

i<j i<j

As 1 ; is the expectation value of the square of the function w ;(oy) on Mg we can easily verify that
1jj — 15 =EWi(py)) — B(uj(oy)* = E((j(oy) — 1)) = 0, (55)

since the variance of the function  j(oy ) must be positive definite for a well-defined probabilistic system.
As points py € M are pure states, ) ; M?(p,/,) = % and therefore

3
1
;m =E ;uiw) =E<5) =5 (56)

Analogously, we can verify that, from Cauchy-Schwartz inequality

iy = minjl< Qi = uPj; — i) (57)

With these constraints, we search for the MaxEnt solution for the hybrid entropy function (44). The result defines a relation between
the free variables of ,6?2 with the other variables, i.e. which depend on those of pg:

Wik = mjk(uD);  j.k=1,2,3, =123 (58)

Computing entropy involves a complicated expression of the logarithm of p®2(£) (or, analogously, of /6?2 if we use the marginal-
conditional factorization). For the sake of simplicity, instead computing the spectrum of the matrix, we can use Mercator series to
approximate it by a polynomial of the traces of the powers of the matrix, i.e.

~ ~ A o 1 o 2
geond _ —Tr(p?z log p§§2) ~ Tr(p?2<(]1 — p?z) + 3 (H — ,0?2) .. )) (59)
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Keeping only the linear approximation of the entropy, we would obtain

0\ 2 1 1
seomd o1 = Tr(582) =14 io+ 5 D kit 5 |- (60)
k i<j
Maximizing this function in the region compatible with the constraints above, considering the symmetry between the different group
of indices, can be achieved by fixing:
Hoxk = % fork =1,2,3
wjk=0forj #k=1,2,3 (61)
ik = 13 + (5 = P(pg)) fork = 1,2,3

where P(0g) = Y j /L? represents the purity of the state p¢. This point can be considered just a simple approximation to the real
MaxEnt solution, but it helps us to illustrate how our construction works. Higher order approximations can be implemented with
numerical tools on the expansion above.

With the solution of the MaxEnt problem we can write Eq. (46) becomes, written in terms of the coordinates as:

3

f0(§) =Y {Hp(&), m(®)}e (62)
k=0
. 1 3
A €)=Y ey HE) + S {Ho©), 1t ke + ) _{H(®), njE)le, j=1,2.3 (63)
kl k=1

where we used that c,il represent the structure constants of 1(2) in the basis we chose, 1 ;(§) = Fc(§)u; and i (§) = Fo(§)u jk.

We can see in these equations how classical and quantum degrees of freedom evolve coupled, the marginal classical density
no(§) = Fc(§) depending on the quantum degrees of freedom 1 ;(§), whose evolution is also governed by (). Furthermore,
from the expressions of Egs. (61) and (62) and (63), it is immediate to see that the final dynamics of 5(&) is nonlinear.

4 Conclusions

In this paper, we have considered the problem of dynamical statistical systems for hybrid quantum-classical systems having Ehrenfest
dynamics as microstate dynamics. We have seen how dynamical evolution (or any other type of observable-generated transformation)
enlarges the set of physically observable magnitudes since it introduces correlations between the magnitudes of the form A(S) which
are the natural models of hybrid magnitudes. The nonlinearity introduced by the classical subsystem is responsible of that correlation,
which produces a progressive enlargement of the hybrid subalgebra. This implies that, while (linear) hybrid observables depend
only on the first quantum moment of the distribution, higher quantum moments are required to compute the evolution of the average
value of physical observables. For a given time interval and a certain accuracy, only a finite number of those quantum moments
are required to approximate the evolution of the average values of arbitrary physical magnitudes. These quantum moments are also
useful to implement a consistent notion of hybrid entropy in a simple way since they take the form of a family of density matrices
indexed by the classical degrees of freedom, which encode in a simple way the exclusivity of quantum (and hence hybrid) events. In
future works, we plan to analyze in detail the implications of these new entropy functions, and some relevant examples of ensembles
arising from them, such as the canonical or micro-canonical ensembles. Furthermore, the stability of the resulting distributions with
respect to the dynamics can now be studied in a simple way. Following that direction, the analysis of equilibrium thermodynamics
of hybrid systems is a feasible objective.

We have also been able to re-write the Liouville Ehrenfest dynamics of the full probability density at the level of the quantum
moments. We have obtained a series of coupled differential equations for the set of quantum moments to encode the physical content
of Liouville equation. Furthermore, using the fact that only a finite number of quantum moments are required to model the system
for finite time intervals, we have considered the problem of defining the dynamics with a finite number of those equations. In order
to do that, we need to write the effect of the next moments on the highest one. As those higher moments cannot be determined
by physical measurements, we choose to represent those degrees of freedom by the state, compatible with the constraints of the
problem, which maximizes the hybrid entropy at that level. With this choice, a well-defined differential equation can be written for
the system.

An important consequence of our results is the change it implies at the level of implementing numerical simulations of statistical
hybrid systems. We have learned that an accurate description of a statistical hybrid system requires taking into account the correlation
between quantum observables mediated by the nonlinear classical subsystem, i.e., the enlargement of the algebra of hybrid observ-
ables. This property incorporates into the description more quantum moments which are not required to obtain the initial average
values of physical magnitudes, but that are necessary to estimate their evolution. From the point of view of numerical simulation
this introduces some difficulties, since incorporating these higher order correlations into the usual simulation methods as the use of
independent (pure-state) trajectories is not an easy task. While fixing values of single operators is simple, considering correlations
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of several magnitudes represents a new numerical challenge. The issue of knowing the statistical value of the correlations between
observables is closely related to the issue of preparation of statistical quantum (in this case, hybrid) states. On the other hand, the
preparation of states is very often implemented in simulations through a sampling over quantum phase space of initial conditions
that reproduce the average initial values of the characterized observables. Our results show that for non linear dynamics it is not
feasible to just approximate the quantum state as a bundle of trajectories with a statistical sampling over quantum phase space of
initial conditions, knowing just the expectation value of operators. The main difference with von Neumann’s evolution is that such
master equation given in terms of p is linear on quantum projectors and such linearity preserves the original sampling throughout
the evolution. In this hybrid case, such sampling must reproduce correlations and higher order observables up to the desired level of
precision (associated with £ + 1 in the truncation above), or work directly to the set of k density matrices, characterized through such
measurements, to be able to implement the coupled evolution between subsequent powers of quantum projectors in such nonlinear
dynamics.
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Abstract

Based on Koopman formalism for classical statistical mechanics, we propose a
formalism to define hybrid quantum—classical dynamical systems by defining
(outer) automorphisms of the C* algebra of hybrid operators and realizing them
as linear transformations on the space of hybrid states. These hybrid states are
represented as density matrices on the Hilbert space obtained from the hybrid
C*—algebra by the GNS construction. We also classify all possible dynam-
ical systems which are unitary and obtain the possible hybrid Hamiltonian
operators.

Keywords: Koopman methods, C* algebras,
hybrid quantum—classical systems

1. Introduction

Hybrid quantum—classical systems are physical models of systems where quantum degrees
of freedom interact with classical ones. Their most common application is to approximate
full quantum models to simplify them while keeping an accurate model of the most relevant
degrees of freedom. The most paradigmatic example are molecular models where most of the
degrees of freedom are treated classically while using a quantum system to model the behavior
of the most external electrons which are responsible for the chemical properties of the system.

“ Contribution to the Special Collection ‘Koopman Methods in Classical and Quantum-Classical Mechanics’.
“ Author to whom any correspondence should be addressed.
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There are many different approaches to define hybrid dynamical systems for molecular systems
(see [47] for a nice review), some of them are based on hybrid dynamics on the space of
hybrid states [1, 4-6, 27, 28, 48], others are algorithmic (see [43—45]), others are obtained as
suitable limit equations of the full-quantum dynamics [30, 31, 34, 35, 38]. Hybrid dynamical
models appear also in other contexts, as those considering the problem of measurements of
quantum systems with classical devices [12, 42] and other type of systems (see [19, 20, 26, 37]
and references therein). More recently, some new approaches based on Koopman’s formalism
for classical statistical mechanics have been introduced with several remarkable contributions
(8,22, 23].

Among the different dynamical models, one of the most common is the Ehrenfest model,
which can be easily obtained from the original full quantum one within a semiclassical
description [9]. Let us use it as a reference example to explain the whole framework. Ehrenfest
equations are defined on the Cartesian product of the classical and quantum phase spaces
M x My, which represent the hybrid pure states. This dynamics can be proved to admit a
Hamiltonian description with a suitable hybrid Poisson bracket and a hybrid Hamiltonian func-
tion, which combines the classical and the quantum energies. This property can be used to
define a dynamical statistical model with Ehrenfest equations as dynamics of the microstates
[5]. In this statistical description, the state of the system is defined as a probability distribution
on the hybrid phase-space, which follows a Liouville equation defined by a hybrid Hamiltonian
function. Thus, the dynamics on the probability density (i.e. the state) is defined as the dual to
the dynamics on the space of hybrid observables. This is a natural way to define a consistent
statistical mechanical system leading to a well defined thermodynamics (see [7]). This statist-
ical description has relevant applications [4, 6] but also some limitations, as the difficulty to
write an entropy function and the corresponding notion of canonical ensemble [3] or, in more
general terms, of an equilibrium thermodynamics. From the mathematical point of view, these
limitations are associated with the incompatibility of the notion of hybrid state as a probability
density on the phase space and the definition of hybrid entropy, which require an alternative
notion of state. Indeed, the usual choice to represent the state of the hybrid system is a fam-
ily of quantum-density-matrix-like operators, parametrized by classical variables. This type of
hybrid states has been used extensively since the early eighties (see [2]) and it is used in many
of the references presented above. But the challenge is to define a consistent master equation
for this object, satisfying that:

e it is inner in the space of hybrid states, i.e. the defining properties of the state such as posit-
iveness, normalization, etc are preserved at all times;
e and it is dual to the dynamics of the observables;

which are the conditions required by the usual construction in Statistical Mechanics (see [7]).
This is a complicated task that, to the best of our knowledge, has not been satisfactorily solved
yet.

Our aim in this paper is to provide a new solution for this problem by changing our
approach: instead of directly looking for possible master equations, we will consider the
dynamics on the space of hybrid observables in a different way. First, we will build a hybrid
C*—algebra defined as the tensor product of the classical and the quantum C*-algebras of
observables of each subsystem. This is the same algebra that we would obtain if we model the
physical system as a pure quantum one, and then take the classical limit of one of its subsys-
tems. Then, we will borrow Koopman’s idea to define dynamics on the space of observables
by defining an outer automorphism of the C*—algebra, and implement that condition on our
hybrid observables. In order to do that, we will use the GNS construction [24, 40, 41] to define

2
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a suitable representation of the algebra on a hybrid Hilbert space. In this way, we can impose
linearity to the dynamics in a natural way, and make the treatment much more simple. Once the
dynamics on the observables is defined, we will build a consistent master equation defining the
dynamics of the physical state as the dualized system. In the general case, several conditions
must be imposed for the dynamics to be defined on the space of states. In this work, we will
consider only the simplest case of unitary dynamics, where these conditions are immediately
satisfied, but many others are admissible and will be considered and analyzed in a forthcoming
paper.

The structure of the paper is as follows. In section 2 we will consider the mathematical tools
which will be used in the rest of the paper. First, we will summarize Koopman’s formalism
for classical statistical mechanics. Then, we will briefly discuss the notion of C*—algebra, the
GNS construction and the notion of state. Finally, we will present these constructions for the
simple cases of the set of observables of classical and quantum systems. With these tools, we
will build in section 3 the notion of hybrid C*—algebra and will characterize their states and the
corresponding GNS representation. In section 4 we will use Koopman'’s idea to define outer
automorphisms of the hybrid algebra and discuss all the conditions that the dualized dynamics
on the space of hybrid states must satisfy. Then, we will identify the simplest of these dynamics
which will define unitary transformations of the GNS—Hilbert space. Finally, in section 5 we
will summarize our main conclusions and discuss the analysis of alternative solutions which
will be presented in future papers.

2. Mathematical preliminaries

2.1 Koopman formalism for classical statistical mechanics

We will follow [16] in this brief summary. Let us consider a classical statistical system defined
on a symplectic manifold (M,w) of dimension n, through a measure y defined by a probability
density p : M — R, satisfying

;L(M):/d,u:/pdﬁzl7 dQ =uw".
M M

Consider the Hilbert space £2(M) defined by square-integrable functions f: M — C with
respect to the scalar product

<fl,f2>:/]Lf2dQ- (1
M
If we consider thus the state ¢, € (£*(M),d2) satisfying the condition

pP= ujpwp 2

This object will represent the state of our statistical system in terms of the Hilbert space £*(M).
If we consider a Hamiltonian dynamical system X;, on M, it defines a Liouville equation
for the probability density p in the formalism

p=—Xu(p). )

The corresponding flow F; : M — M is a symplectomorphism F;w = w, and therefore it defines
a unitary transformation on £2(M):

Uf)=Ff, YfeC®(M)C L*M). 4)

The result follows immediately from Liouville theorem and the linearity of the pullback of any
differentiable mapping.



J. Phys. A: Math. Theor. 56 (2023) 374001 C Bouthelier-Madre et al

Being a unitary transformation, Stone theorem ensures the existence of a self-adjoint oper-
ator L satisfying

U=e ™. ®)

Being the infinitesimal generator of the Hamiltonian evolution U, defined above, L must be
determined by the Hamiltonian vector field Xp, i.e.

OH OH 0
Ly, =—iX =\ 3k 3p ~ Dps DK
U, iXn(p) ’(aqk Opr  Opx 361")%

where (g*, pi) represent a chart of Darboux coordinates on M. This unitary operator translates
the dynamics to the functions 1), which thus satisfy

(6)

id)p = L¢p~ @)

We can see that the classical wave functions are functions of both positions and momenta,
and that the infinitesimal generator of the unitary evolution is a first-order differential oper-
ator. It is immediate from these relations to re-obtain in this quantum language the Liouville
continuity equation (3) for p = 1,1,

From the point of view of the operators, notice that ¢’s and p’s are analogous variables and
therefore the operators having those variables as spectrum (Q and P) must behave as mul-
tiplicative operators and hence they must commute. By extension, we can conclude that the
whole algebra of classical observables is commutative when realized as linear operators on
the Hilbert space. Hence, if we consider the Heisenberg picture on that algebra, we conclude
that it is not possible to define an evolution corresponding to the action of the commutator
with a Hamiltonian contained in the algebra, i.e. we cannot consider inner automorphisms.
On the other hand, if we consider the adjoint action of the Hamiltonian operator (6), we can
define a non-trivial evolution on the space of linear operators of £?(M). Furthermore, the
Hamiltonian (6) is chosen in such a way that the commutative subalgebra corresponding to the
classical operators is preserved by the evolution, i.e. the evolution defines an automorphism of
the classical subalgebra. Some other dynamics can also be considered, with analogous results
on the classical system but small differences in the quantum model (see [29]).

In conclusion, Koopman formalism defines a commutative algebra of operators representing
the classical magnitudes, which is represented as a subalgebra of the total space of linear
operators of the Hilbert space £2(M). Dynamics corresponds to an outer-automorphism of
that subalgebra, generated by the Hamiltonian operator (6).

2.2. Operator C*—algebras and the GNS construction

We will now consider the set of observables of our theory in more detail. In order to do that
we are going to consider the C* algebras containing the set of classical, quantum and hybrid
operators. For details on these topics, see [10, 33].

Given a C*-algebra A, we can consider its dual space .A* and use the norm on the algebra
to define a norm on the dual space. Indeed, given w € A*, we define its norm as

lw]l = sup{|w(a)], [la] = 1}. ®)

The involution on A allows also to introduce a notion of positivity for linear functionals, and
thus for states. Thus, given w € A* we say that it is positive definite if

w(a*a) =0 Va e A. 9)
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Definition 2.1. A state of a C*—algebra A is defined as a positive linear functional on .4 with
norm equal to one.

Finally, GNS construction (see [24, 40, 41]) ensures that given a C*—algebra .4 and a state
w, we can always build a representation 7 of A on the set of (bounded) linear operators on a
Hilbert space B() where the state is associated to a cyclic vector of 7, whose orbit under
the representation of A is dense in . This result allows us to recover the description of the
elements of any C* algebra as linear operators on a suitable Hilbert space.

Let us see now how this concept allows us to recover Koopman’s construction in a simple
way, and introduce a treatment of hybrid quantum—classical systems in these algebraic terms.

2.3. Examples: classical and quantum systems

Let us consider two examples which are relevant for us: the set of observables of a classical
system, and the set of observables of a quantum one. As the quantum case is simpler and will
provide us with some valuable properties, we will consider it first.

2.3.1. The quantum case.  Again, for the sake of simplicity we will consider the algebra
of bounded operators B(#) over a Hilbert space H with respect to composition; and the
Hermitian adjoint as the involution A* = Af. Furthermore, we consider the norm of an
operator A

Al = sup{llAp|l, ¥ e, |lv]=1} (10)

Again, it is a well known fact that this set which will be denoted in the following as Ao
becomes thus a C*—algebra. Such an algebra contains the set of observables of a quantum
system, which corresponds to the subset of self-adjoint operators:

L={A€e Ag|AT =A}. (11)

Finally, regarding the set of states of Ay, it is well known that the set of quantum states is
in one-to-one correspondence with the set of density matrices D(H) on the Hilbert space H:

D(H)={peB(H) |p=p";p>0;Trp=1}. (12)

From Gleason theorem (see [25]), we know that with this set we are considering all possible
states of a quantum system whose state space corresponds to a Hilbert space H:

Theorem 2.2 (Gleason). Let H be a separable Hilbert space with dimension greater than 2
and let . be a measure defined on the closed subspaces of H. Then, there exists a positive
semi-definite self adjoint operator p of the trace class, satisfying that for any closed subspace

ACH, .
1(A) = Tr(pPa),
where Py : H — H is the orthogonal projection of the Hilbert space on A.

This result justifies the use of density matrices to represent the states of any quantum system
for it encodes completely the probabilistic nature of the state (remember that the physical
magnitudes, being represented by self-adjoint operators, can be written, by means of their
spectral decompositions, as real linear combination of those orthogonal projectors).

Going back to the representation of the C*—algebra, it is also well known that the GNS con-
struction defines an irreducible representation of Ay if we select a pure state, and a reducible
one if the density matrix is a mixed state (see [21]). The corresponding GNS representation
7o : Ag — B(H) is the natural one.
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2.3.2. Theclassical case. For the sake of simplicity we will consider as an example to model
the set of physical observables of a classical system the set of compactly supported complex
functions on a manifold M, C.(Mc¢,C), although other possibilities may also be considered
with analogous properties. In order to endow this set with a C*—algebra structure we will use:

e the pointwise algebra -¢ -
e the complex conjugation as involution f* (x) = f(x),
e and the supremum norm ||f]| = sup{|[f(x)| | x € Mc} .

It is immediate to verify that the set Ac = C.(M¢,C) becomes thus a Banach algebra. This
algebra can be considered to contain the (bounded) physical observables of a classical system
(since the condition on compactness is a technical restriction which does not introduce serious
physical limitations).

Finally, let us consider the states of A¢. From the definition, they must correspond to the
positive-definite elements of the dual space having norm equal to 1. From the Riesz—Markov
representation theorem (see, for instance, [39]), we know that the set of states on A¢ coincides
with the set of (Radon) measures on the domain of the classical functions, i.e. given w € A,
there exists a measure p satisfying

w(a) :/ dua, Va € Ac. (13)
Mc

If we consider a reference measure on M, as it might be the symplectic phase-space volume
d€2, for most states (i.e. excluding particular cases as the Dirac delta) we can compute the
corresponding Radon-Nikodym derivative and obtain thus a density F¢ : M¢ — R™ satisfying

w(f) = dQ Fca, Ya € Ac. (14)

Mc

From the physical point of view, states on A¢ correspond then to statistical ensembles on
the classical phase space with probability density F¢. This is the starting point of Koopman
original proposal, a certain classical probability density. We can reproduce Koopman con-
struction by considering the representation, via GNS construction, of the system on a Hilbert
space. It is well known, that the GNS construction for A¢ with state (14) defines the rep-
resentation 7¢ : Ac — B(Hc) as a set of multiplicative operators acting on the Hilbert space
He = L*(Mc,dp), as we saw in section 2.1.

Once on the Hilbert space H ¢, we know from Gleason theorem that the state can be writ-
ten as an element of the set of density matrices D(H¢). We can write, in a simple way, the
expression of the density matrix on H¢ in terms of the original classical density:

Proposition 2.1. Consider a classical state w of the classical C*—algebra Ac, defined by a
probability density function F¢ with respect to a measure dS2

w = chQ,

where dS) defines the cyclic vector of the GNS representation of Ac. Then, the expression of
the density matrix associated with w by the GNS representation can be written as:

o= /M a0(E) /M@Q(f/) Fo(§)Fc(€N[E) |- a5)

6



J. Phys. A: Math. Theor. 56 (2023) 374001 C Bouthelier-Madre et al

Proof. Indeed, if we take a function a(§) € Ac, and consider the multiplicative operator
mc(a) = a(§), it follows

Te(penc(@) = [ a0(©) [ eV Fel@Fe@Tr(1€)(¢ Inc(@).
Mc Mc
As the classical algebra acts as multiplicative operators on Hc,

Tr(|6)(¢'mc(a)) = a(€)d(§ = &), (16)

we obtain that

Te(jencla) = [ 40(e) [ a0e)VFe@Fel&a(e)sis — ¢

M,

= [ a©Fe©ae) =), Vae A an

3. The hybrid C*-algebra

Let us now consider the algebra containing the observables of a hybrid quantum—classical
system. As in general the hybrid model is obtained as a suitable partial classical limit of a full-
quantum model, a natural candidate corresponds to the tensor product of the two C*—algebras
above, i.e. Ay = Ac ® Ap. As we are mostly focused on the application to hybrid quantum—
classical physical systems, in the following we will consider only the tensor product of the two
examples introduced above, even if many of our conclusions may be of interest for the product
of arbitrary commutative and non-commutative C*—algebras.

3.1 The C*-algebra structure

The hybrid product is defined in terms of the classical and the quantum products on separable
states as:

((1®A) ‘H (b@B) = (llcb)®(A 'QB), V(l,bGAc,A,BEAQ. (18)
Let us consider now the involution. On the set of elements of the form
F=Y ma @A, weCa € Ac, A€ Ag, 19)
k

we can consider the operation (18). This makes it an algebra which we will denote as Ay. On
that algebra we can consider the involution

= qa; @Al (20)
k

where a; and A,i represent the classical and quantum involutions respectively. Clearly, this
makes Ay an involutive algebra.

Regarding the definition of a norm, a few comments are in order (for a more detailed explan-
ation see, for instance, [11]). In principle, there are different possible norms to be defined on
the algebraic tensor product A¢ ® Ap to make the set a C*—algebra. But as we are interested
in the GNS construction, the most natural candidate seems to be the spatial norm defined by
the inclusion of B(H¢) ® B(Hp) in B(H¢ ® Hg) and the definition of a representation

Ty = Tc KT, 21
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with the norm

Il = lma (Nl B(reoro) - (22)

The construction was introduced by Turumaru in [46] and does not depend on the particular
representations of the factors. Despite the diversity of possible norms in the general case, as A¢
is a commutative algebra and hence a nuclear one, it is possible to prove that the C* norm on
Ac ® Ag is unique (see [11]). Hence, we will keep this construction above as the constitutive
definition of the hybrid C*—algebra structure for .A.

3.2. Hybrid states

As we saw above for a general C*—algebra, hybrid states must be positive-definite elements of
Aj; with norm equal to 1. Obviously, the tensor product of a classical state and a quantum one
satisfies these requirements. Hence, we may think in an example of hybrid state as the product
of a classical measure dy on M¢ and a quantum density matrix pg. This is a particular case of
the representation of hybrid states used in the Literature (see [2—4, 6, 8, 12, 14] and references
therein). If we use the GNS representation 7y : Ay — B(H¢ ® Hg) to write them as states on
He ® Hop, they become a tensor product of density matrices pc ® py, i.e. this example turns
out to be what in the quantum systems literature is called a simply separable state. From a
physical point of view, its most remarkable property is the lack of correlations between the
two subsystems, classical and quantum.

More general states of Ay can be written as in the previous references as a family of
quantum operators parametrized by classical variables p(&), satisfying the normalization
conditions

| auterteoe) = 1. 23)
Mc
The action on the elements of Ay is written as

() = / au() S han(€)Tr(H(€)A), (24)
Mc .

for an element f € Ay written as equation (19). This is the usual representation of hybrid states
in the Literature. As we argued above, the definition of a suitable master equation of hybrid
dynamics for this type of system is still an open problem. Next section is entirely devoted to
the definition of different possible solutions for it.

In order to obtain a few useful properties of these hybrid states 5(€) let us consider their
representation as elements of D(H¢ ® Hy), i.e. as density matrices. Notice that as the hybrid
state defines a measure on Ay, from Gleason theorem [25], there must exist a density matrix
pu to represent the state of the algebra my(Ay) on He ® Ho. The states py must satisfy thus:

) = /M A€V Te(P(O)) = Te(pumn(f),  Vf€ An. 25)

Our main interest in this representation as py is that, as we will see below, it will allow us
to write a well defined master equation which captures the hybrid dynamics. The definition of
the dynamics is a very difficult task if the state is of the form (25) because of the non-linearity
of the classical subsystem dynamics (see [13]), but when realized at the level of the Hilbert
space Hc @ Hg and as external to the algebra 7y (Apy), it is possible to write it in a simple
way. This is why we are interested in this generalization of Koopman classical construction.

8
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Inspired by proposition 2.1, we are going to consider states on H¢ ® Hp of the form

= [ [ a0 € e | 06)

mm’

where pum (£,€) := /(m | p(€) | m")(m | p(£") | m’) and {|m)} is a basis for H o, which will
be assumed to be discrete, for simplicity, (although this is not relevant). For those systems, it
is immediate to prove:

Lemma 3.3. If we consider the marginalized state defined by the trace over H¢ of py we
obtain the same state over Hg defined marginalizing the state p(§) of Ay, i.e.

Tre(m) =Y /M 40E) (m | (E) | m") | m(m” = / aEOpE). @D

Mc

mm’
where Trc stands for the partial trace over Hc, i.e. with that operation we can represent the
marginalization of the state py. More generally, it can be easily shown that:

Tre(ply) = /M ae)p(e)t | (28)

Proof. The proof is completely analogous to the one used in the proof of proposition 2.1 and
based on the fact that the trace corresponds to a 6(§ —¢&’) which produces the expressions
above. O

With this result, we can conclude:

Proposition 3.1. The state py given by equation (26) is the density matrix on Hc @ Hp cor-
responding to the hybrid state p(§).

Proof. Again, the proof is analogous to the classical case. If we consider separable hybrid
observables we can write that

w(a®A) =Tr(pumr(a®A))
= /A:I M‘dQC(E)dQc(fl)Tr (mem'(f,f/) L €,m)(Em” | 7TH(a®A)>

mm’

mm’

— [ anc(ormo (mem/@,s) [ m)(m" | (a(€) ®A>>

- /M 40 (€)Trg (5(€) (a(€) © A)) | (29)

where we wrote that ¢ (a) = a(€), is a multiplicative operator on H ¢, and we used the previous
lemma for the classical trace. Try represents the partial trace over Hg, and we use that Tr =
TrcTrg. The proof for general elements of Ay of the form (19) is immediate. O

3.3. Hybrid entropy function

An important application of this result is the possibility to relate the von Neumann entropy
associated with the state py and the hybrid entropy function introduced in [3]. Indeed, our
group introduced a hybrid entropy function for states of the form p(&), based on the analysis
of mutually exclusive hybrid events, which reads:

Sulp(€)] = — / A(€)Tr (H(€) log (£)). (30)

Mc
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Based on this function, we were also able to identify a candidate for hybrid canonical ensemble,
using the MaxEnt formalism. For this state to constitute a valid candidate for a thermodynam-
ical equilibrium ensemble, it is necessary to identify a valid dynamics for the hybrid system,
having the MaxEnt solution as a stable equilibrium point. Identifying such a hybrid dynamics
is the main motivation for this work. As we argued above, searching for such a dynamics on the
set of hybrid states of the form p(¢) is a difficult task, since the classical subsystem makes the
dynamics nonlinear. Our proposal in this work is to generalize Koopman construction, define
the hybrid system on a Hilbert space H¢ ® Hp, and search for possible hybrid dynamics on
the set D(Hce @ Hp).

In order to do that, our first task is to prove that we can recover write the hybrid entropy
function in terms of the hybrid state py € D(Hc ® Hp). A natural choice is to consider the
well-known von Neumann entropy

Sunlpr) = —Tr(prlogpn).-

Lemma 3.2. Let (&) be a state for the hybrid algebra Ay and py € D(Hc ® Hp) the state
of the algebra my(Ay) € B(Hc @ Hg). Then,

Swlpu] = Sulp(€)].

Proof. As the density matrix is self-adjoint and hence diagonalizable, we can consider its
spectral decomposition, where the spectrum is nowhere negative. From the properties of the
trace and the definition of the logarithm as a series, we can work directly on the spectrum, and
obtain:

Sulpn] = —Tr <pHZ(_1)n—1([)H’;H)”>
n=1

- (i s <Z)ﬁ§“(l)”">

n=1 k=0

=Trg (Z(_ln)nlz <Z)ch(/3]i1+l)(1)”k>- 31)

n=1 k=0

Making use of (28), we can substitute the partial trace over the classical part by an integral
over phase space, and thus:

~sulpnl = [ an(eTrg (ZHZ"_Z () ﬁ(&)k“(—l)”‘k) —S©). G

n=1 k=0

which is the hybrid entropy function introduced in [3]. [

This is an important result from the physical point of view, since having an entropy func-
tion we can apply MaxEnt formalism to identify the state which maximizes the entropy while
keeping the average energy fixed. This allows us to write the canonical ensemble of a hybrid
system in this generalized Koopman formalism in a straightforward way. From our analysis
above, we conclude that it can be obtained from the result identified in [3] using proposition
3.1. It is important to remark, though, that the MaxEnt computation for the case of py must
be done with respect to operator my(fy) € mu(Ag) associated with the hybrid energy function
fu € Ay, and not with respect to a Hamiltonian operator defining the dynamics as we saw in
the Koopman classical formalism. Such an operator may generate the dynamics, but it does
not have a physical meaning as energy of the system since it does not belong to the hybrid
algebra. We shall discuss these issues in some detail in the following section.

10
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Itis also important to emphasize that the MaxEnt argument is completely independent of the
dynamics of the microstates, but it only offers possible candidates to equilibrium ensembles.
For these MaxEnt solutions to define actual thermodynamical ensembles, it is necessary to
prove that the dynamics of the microstates preserves the solution obtained. Hence, the exist-
ence of candidates to equilibrium ensembles defines constraints to the possible dynamics that
can be considered on the hybrid system, as we discuss in the next section.

4. Hybrid dynamical systems

4.1. Classical and quantum dynamics

As we saw in section 2.1, Koopman’s original construction proved that Liouville evolution
equation of a classical statistical system on a phase space M¢ can be realized as a unitary
one-parameter group of transformations on a suitably defined Hilbert space Hc. In order to
do that, a Hamiltonian operator on H¢ which does not belong to the classical (commutative)
C*—algebra which contains the set of physical magnitudes, is required (see [32]). From that
unitary group of transformations we can define equivalent dynamical systems on the Hilbert
space Hc (via the Schrodinger equation), on the commutative subalgebra of B(#¢) defined
by the representation ¢ : Ac — B(H ) (via the Heisenberg equation), or on the set of density
matrices D(Hc) (via von Neumann equation). All three systems are physically equivalent to
the solutions of the Liouville equation on the set of statistical states on M, or the equivalent
Hamiltonian evolution on the Poisson algebra of classical observables. Notice, though, that
the dynamics must be defined on .A¢ as an outer automorphism since it is commutative and
has a trivial Lie structure. We must add an additional Poisson tensor to the set of functions in
Ac to be able to define the dynamics at the level of the algebra. And therefore the resulting
dynamical system defines outer-automorphisms of the C*—algebra. Nonetheless, this construc-
tion is compatible with the C*—algebra description of the classical system (in terms of A¢)
presented above and the corresponding GNS representation ¢ : Ac — B(H¢). Thus, when
written in the Hilbert space language, dynamics takes the usual form, but with a Hamiltonian
which does not belong to 7¢(Ac). This corresponds to the usual Koopman’s construction.
Notice that, in the representation process, the non-linear classical Liouville equation (with a
Hamiltonian function in the classical algebra) becomes the linear Heisenberg equation (with
a Hamiltonian which does not belong to the subalgebra 7¢(A¢)) or the linear von Neumann
equation for the corresponding density matrix. In a certain way, nonlinearities are ‘smoothed’
by the representation.

The quantum case is different since the definition of a dynamical system on Ay is
straightforward using its Lie canonical structure and the corresponding Heisenberg equation.
Choosing a self-adjoint Hamiltonian in .4y (even if non-bounded, in general), we can define a
unitary evolution which can be implemented either at the level of the Hilbert space, at the level
of the operator algebra, or at the level of the states, exactly as in the classical case. But finite
dynamical transformations correspond to bounded operators and hence inner automorphisms
of the Lie structure of Ayp.

4.2. Hybrid dynamics

4.2.1. General considerations.  Let us consider now the hybrid case. As we explained above,
our final goal is to consider possible dynamics of hybrid states in order to identify those which
are useful to model statistical quantum—classical systems. Among those, we will have to check

1
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whether or not they have the hybrid canonical ensemble identified with the MaxEnt formal-
ism as a stable fixed point. If we succeed, we would have found an efficient way to model
statistical hybrid system at finite temperature, which is a very relevant situation for molecu-
lar simulations. In this paper we will just consider the first problem: how to identify possible
hybrid dynamics. We will define the problem and classify the solutions which are unitary, as
in the case of classical Koopman dynamics. More general solutions and the evaluation on the
hybrid canonical ensemble will be considered in future papers.

We will consider directly the GNS representation of the system and therefore a system
characterized by some density matrix py € D(H¢ ® Ho) and the algebra my(Ay) C B(Hce ®
Hg). The problem of defining a dynamical system directly at the level of the algebra Ay or
its dual, which has received much more attention in the Literature, and its relation with our
solution in this paper will be considered in a forthcoming publication. In this paper we will
consider the definition of dynamics only at the level of the Hilbert space H¢ ® Ho.

From what we learned in the classical and quantum case, it is clear that we are supposed
to build an automorphism of the C* algebra Ay, or, equivalently, of its image 7y (Ay) C
B(Hc ® Hp). This automorphism generalizes Koopman construction to the hybrid case. If
the dynamics must act on the classical degrees of freedom in a non-trivial way, it should con-
tain external elements to A¢ (and hence to Ay when multiplied by quantum operators) and
define an external automorphism of the subalgebra 7y (Ag). In this way we define a dynam-
ical system on the space of hybrid physical magnitudes, which preserves the set, unlike what
Ehrenfest dynamics was seen to do on A [13].

As a generalization of the classical and quantum cases above, we can ask the dynamics to
fulfill the following requirement: it may be defined on the whole B(H ¢ ® H) but it must pre-
serve the subalgebra 7y (.Ag). For the sake of simplicity, we will consider only linear systems.
Therefore, we will consider a dynamical system of the form

dmu(f) (1)

I = L), e An (33)

where L represents a linear super-operator on B(H¢® Hg) and satisfies L£(mc(Ap)) C
mc(Ag). In that case, we will write the master equation as an equation on the set of states
as:

dpn(?)
dr

=L pu(1), (34)

where LT represents the adjoint operator to £. For the sake of simplicity, we assume that
the operator £ generates a bounded operator ¢~’. Nonetheless, this just defines a flow on the
dual space to B(H¢ ® Hg). Furthermore, we know that the set of density matrices D(H¢ ®
Hyp) corresponds to just a subset of that dual space (since we impose the conditions on the
trace and positivity) and we want the dynamics to preserve that subset. These conditions must
also be imposed as restrictions on the dynamical system L. Besides, after our analysis on the
hybrid entropy and the equilibrium ensembles, it also makes sense to impose some entropic
restrictions to the possible dynamical systems. If we want the hybrid dynamics to represent a
microstate dynamics for a physical system, the value of von Neumann entropy on jg(f) must
be constant in time (if the hybrid system is isolated) or increase (if it is not isolated).

A particularly simple case corresponds to the case of unitary dynamics, where there exists
a Hamiltonian operator H which allows to write the operator £ as its adjoint action, i.e.:

dmu(f) (1)

L — (WH(f)(t)I:I—I:IWH(f)(t)>, 1€ Ay (35)

12
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In this case, the dual equation (the corresponding von Neumann equation)

dpn(1) e LN R

PUE = —i (Hpu(e) = pu()H ), pu € D(He @ Ho) (36)
is known to preserve the set of density states, since it defines the orbits of the coadjoint action
of the evolution operator. Furthermore, in this case it is immediate that a unitary transformation
preserves the von Neumann entropy of the state, since it preserves its spectrum. We will analyze

the properties of these dynamical systems in the following section.

4.2.2. Conditions on the automorphism of wy(Ay) I: unitary dynamics.  For the sake of sim-
plicity, let us first consider the case of a unitary transformation, i.e. we consider as dynamical
equation the adjoint action of a certain Hamiltonian operator H (as in equation (35)). As we
did above, we can write the Hamiltonian operator without loss of generality as the sum of three
terms:

I:I:I:Ic®HQ+]Ic®I:IQ+HCQ, 37

where again Hc represents the energy associated to the classical degrees of freedom, I:IQ the
energy of the quantum ones, while HCQ represents the coupling between them.

Written in this form, it is simple to study how to define a (unitary) automorphism of the
image of the hybrid algebra .4;. We know that the dependence in the classical degrees of free-
dom cannot be only on those of A, but also on those of 5(H ) which do not belong to ¢ (Ac).
As m¢c(Ac) is the (commutative) subalgebra of multiplicative operators on £2(M¢,djt), we can
look for the external operators among those corresponding to the derivation operators, i.e. those
representing the quantization of the variables conjugated to those of M¢. From Koopman’s con-
struction, we know that the quantization of those variables define suitable operators to define
the proper unitary dynamics. For the sake of simplicity, let us consider the case M = R?",
and let us denote as I+ and II,, the conjugated coordinates to ¢~ and p; (required to define
the quantization from T*M¢ on H¢e = L£2(Mc)). Let us extend the representation mapping 7¢
to include these functions and define the corresponding operators m¢(Il) and e (I1,,). If we
ask the adjoint action of Hamiltonian (37) to preserve the subalgebra 7y (.Ay) we must impose
the following condition

(7 (An), H] C mu(Ag). (38)

As the action is linear, it is sufficient to impose the condition on separable operators of the
form m¢(a) ® mp(A); and ask the result to belong to the algebra. Also the coupling term in the
Hamiltonian can be supposed to be a linear combination of separable operators on H¢ and H¢
asHco =) cjkh’é ® h’é, for cjx € R. As the condition must hold for any hybrid observable,
it is immediate to prove that:

e the term H¢ in the Hamiltonian must be linear in the operators me(Ily) and 7c(I0,,) to
recover the non-trivial classical dynamics on the classical degrees of freedom. Indeed, as 7¢
and 7y are morphisms onto B(#H¢) and B(Hp) we can write

[ﬂ‘c(a) ®7TQ(A)7I:Ic®]IQ] = [ﬂ’C(a),Hc] ®7TQ<A). 39)

The condition for [r¢(a), He] to belong to 7¢(Ac) implies that A must be linear in ()
and 7¢(I1,,). This is analogous to the Koopman’s case, which coincides with this one if we
fix to zero all other terms in the Hamiltonian.

e Purely quantum terms do not introduce any constraint on the dynamics.

13
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e Finally, the coupling term Hc cannot depend on the operators mc(Ily) and we(I1,)). Indeed,
if we consider analytical elements in the hybrid algebra,

[mc(a) @ mp(A), Heo) = Z ci[me(a) @ mo(A), K- @ h)
jk

= e ([wc(a),f/‘c} ® mo(A)hhy + me(a)h, @ [ro(A), th]) . (40)
jk

For these terms to belong to 7y (A ), we obtain that

[mcla),l.] € Ac  me(a)h. € Ae;  Vme(a) € me(Ac), V.
This only happens if
W €mc(Ac), V.

Hence, we have proved that:

Theorem 4.1. The only type of Hamiltonian operator of the form of equation (37) which gen-
erates a unitary dynamics on B(H¢ ® Ho) that defines an outer automorphism of the hybrid
subalgebra wy(Ay) has

e a linear dependence on mc(Il ) and mc(11,,) in Hc as

J

He= Z (aume(Ty) + Bime(IT,)) @b
kj

where oy, Bj,He € Tc(Ac).
o The other coefficients must belong to the corresponding subalgebra, i.e. I:IQ € AQJ:ICQ €
WH(AH).

The dynamics is non-trivial in the classical degrees of freedom only if oy # 0 or oj # 0. In
order to recover the expression of Koopman’s construction, we may write

dHc(q, 9Hc(q,
ak—wC<§pzm), 5j—7rc(g£;1~m), “2)

where the function Hc(q,p) € Ac represents the energy of the classical degrees of freedom.
With that choice, for a non-interacting system (H¢g = 0), a separable state of the form pc ® po
would evolve separately since the evolution operator factorizes. Hence we our construction
includes as limit cases the classical and the quantum cases. Any non-trivial interaction (i.e.
H¢o # 0) modifies both terms, and introduces a hybrid behavior. Obviously, in any case, the
evolution is Hamiltonian. A similar dynamics is also considered in [29], from a slightly dif-
ferent perspective.

4.2.3. The master equation.  Let us consider now the corresponding equation on the set of
density matrices. Notice that the immediate consequence of theorem 4.1 above is that if we
consider the master equation for the state py defined by von Neumann equation for the same
Hamiltonian, we obtain:

14
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dpy OHc(q,p) OHc(q,p) .
=3 e (g - e ) o

+ [l ® Hg, pu) + [Heos pr), (43)

where H(q,p) € Ac, Hy € mo(Ap) and Hep € 7r(Ap) and we used that ¢ (A¢) is commut-
ative. By construction, this evolution takes the previous Heisenberg equation to the set of phys-
ical states, and being unitary, it defines the corresponding dual unitary action on that space.
Hence, the solution must be well defined inside the space of hybrid states since it corresponds
to the co-adjoint action of the unitary group. In this way, this construction allows us to write a
well defined dynamics on the set of hybrid states.

It is important to notice that, despite the automorphism being external to 7y (Ap), it is
completely determined by the hybrid energy via the previous expression. As the dependence
must be linear in the momenta IT,IL,, there is no freedom left in the external degrees to
determine the Hamiltonian.

On the other hand, at the formal level the dynamics can be integrated straightforwardly,
since it is defined by the evolution operator generated by the Hamiltonian H. If we assume that
the Hamiltonian does not depend on time, the evolution operator corresponds to

O(r) = e, (44)

which is a unitary operator on H¢ ® Hp, whose adjoint action on the set of linear operators
preserves the subalgebra 7y (A ). Therefore, its co-adjoint action must preserve the corres-
ponding set of density operators. This case represents the simplest generalization of Koopman
construction to the case of hybrid systems.

4.2.4. Conditions on the automorphism of my(Aw) Il: arbitrary linear dynamics.  If we con-
sider arbitrary (bounded) linear dynamics of the form of equation (33), possibilities are much
richer. In principle, as we are considering linear subspaces, the condition of being an auto-
morphism for 7y (Ap) implies that the operator generating the automorphism satisfies

6['1(71'1-1<.AH)) C 7T'H<.AH). (45)

Furthermore, if the automorphism is not unitary, we need to impose also some conditions on
the dual operator £ for the master equation to be well defined. In particular we must take into
account:

e the evolution must be tangent to the set of density matrices, i.e. define a curve in the space
of self-adjoint positive-definite operators. As we can safely assume that the Hilbert space
under consideration is separable, we can always choose a numerable basis and turn this
space into #2(N) under a unitary isomorphism. Then, the Cholesky decomposition indicates
that it is always possible to factor the positive semidefinite density matrix p = LL! with L
lower triangular with respect to the order induced in the basis by the isomorphism (see [36]).
Hence a simple way to implement this condition may be to impose that

LTy =TT, (46)

for Ty, T, arbitrary bounded invertible mappings.
e Furthermore, the trace must be preserved:

Trpp(t) =1, Vi=Tr (W) =0. 47
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e Finally, if the dynamics is considered as the dynamics of a thermodynamic system, we must
ask it to be compatible with the corresponding physical constraints. Thus, von Neumann
entropy must be preserved or increased along the solutions (depending on the type of system)
and the ensembles which must be of equilibrium (as the hybrid canonical ensemble discussed
above) must be fixed points of the dynamics.

In general, the set of admissible dynamical systems may be large. We will explore this set and
its properties in a forthcoming paper.

5. Conclusions and outlook

In this paper we have introduced a new framework based on Koopman’s construction to study
hybrid quantum—classical dynamics. We first consider the set of hybrid operators Ay defined
as the tensor product of the classical and the quantum C*-algebras. The quantum C* algebra
corresponds to the usual algebra of linear operators of a Hilbert space. As it is well known, it is
non-commutative. The classical C*—algebra is commutative and corresponds to the differenti-
able functions of the classical phase space. We can consider that it is the result of the classical
limit of a quantum algebra. From this point of view we can think on the hybrid algebra as a
partial classical limit of an originally full-quantum one.

We can use the usual GNS construction on the hybrid algebra to define a representation of
the hybrid observables as a subalgebra of the (bounded) linear operators of a hybrid Hilbert
space H¢ ® Hg. The corresponding hybrid states are then realized as regular density matrices
on this Hilbert space. We have built explicitly the density matrices from the states of the hybrid
algebra, and we have also proved that von Neumann entropy of those density matrices coin-
cides with the notion of hybrid entropy introduced in [3] for the hybrid states. This allows
us to import to this framework a relevant physical result as the hybrid canonical ensemble
determined in the same paper. Hybrid dynamics is introduced on the algebra as an outer-
automorphism of the representation of Ap on H¢ ® H g or, equivalently, as the corresponding
dual dynamics on the set of density matrices. We have characterized the conditions of those
dynamics, and have classified all possible unitary evolutions satisfying them. Notice, though,
that from a physical point of view, the resulting family of unitary dynamics is limited, since it
cannot include back-reaction, i.e. the classical subsystem follows a dynamics which does not
see the quantum subsystem. A detailed analysis of more general solutions and their properties
will be presented in a forthcoming paper. We will also consider the relation with the dynamics
written directly at the level of the C*—algebra and its states, which is the most frequent case in
the literature.

Notice that, despite the apparent paradox of treating hybrid classical-quantum systems
in a Hilbert space language, it offers several advantages. First, complexity is significantly
decreased from an original full-quantum model, since the Hilbert space H ¢ representing the
classical degrees of freedom is simpler than the original Hilbert space containing all the degrees
of freedom, and its operators form a commutative subalgebra. Second, Hilbert space language
offers several tools to consider linear dynamics which become non-linear at the classical level
(as Koopman dynamics shows). Finally, it also offers the possibility of studying classical—
quantum correlations of the statistical ensembles in a simple way, considering the hybrid
density matrices. There are also some drawbacks, as the difficulties to consider pure statistical
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hybrid states (as it happens in the Koopman’s pure classical case). Nonetheless, from a phys-
ical point of view, the most common applications of these models correspond to experimental
situations where it is impossible to assign precise initial conditions to the physical particles
(for instance in a molecular system) and then we consider that missing pure states is not a
serious limitation.
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Abstract. We generalize the Hamiltonian picture of General Relativity coupled
to classical matter, known as geometrodynamics, to the case where such matter
is described by a Quantum Field Theory in Curved Spacetime, but gravity is still
described by a classical metric tensor field over a spatial hypersurface and its associated
momentum. Thus, in our approach there is no non-dynamic background structure,
apart from the manifold of events, and the gravitational and quantum degrees of
freedom have their dynamics inextricably coupled. Given the Hamiltonian nature
of the framework, we work with the generators of hypersurface deformations over
the manifold of quantum states. The construction relies heavily on the differential
geometry of a fibration of the set of quantum states over the set of gravitational
variables. An important mathematical feature of this work is the use of Hida calculus
to define measures over field and differential calculus in order to properly characterize
the Schréodinger wave functional picture of QFT. This allows us to relate states within
different Hilbert spaces in the case of vacuum states or measures that depend on
the gravitational degrees of freedom, as the ones associated to Ashtekar’s complex
structure. This is achieved through the novel inclusion of a quantum connection for
the fibration, which will have profound physical implications. The most remarkable
physical features of the construction are norm conservation of the quantum state (even
if the total dynamics are non-unitary), the clear identification of the hybrid conserved
quantities and the description of a dynamical backreaction of quantum matter on
geometry and wice versa, which shall modify the physical properties the gravitational
field would have in the absence of backreaction.

Geometrodynamics, Quantum Field Theory in Curved Spacetime,

Backreaction, Hamiltonian field theory. Submitted to: Class. Quantum Grav.
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1. Introduction

In the pursuit of understanding the fundamental nature of our universe, the need of a
holistic description unifying quantum mechanics and general relativity remains one of
the greatest challenges in modern theoretical physics. Within this context, the concept
of Quantum Gravity (QG) has emerged, aiming to reconcile the quantum behavior of
matter with the curvature of spacetime by making quantum the geometry itself. One of
the main approaches, inspired by the similarities with quantum mechanics, is Canonical
Quantization of Gravity [14]. Such quantization program was the main motivation
for the construction of geometrodynamics; the starting point of the quantization
process was precisely such Hamiltonian formulation of gravity. In fact, the central
result of such canonical quantization is Wheeler-DeWitt equation, resulting from the
quantization of the constraints present in geometrodynamics. Because of this, the
study of geometrodynamics and its reformulation are still of interest for the community,
summarized in [19] from ADM’s original approach to the more quantum language of
Hamiltonian generators of hypersurface deformations over the space of 3-metrics and
their momenta.

Nevertheless, most of Canonical QG phenomenology is far from being falsifiable
in a foreseeable future, even when it can be extracted from the adynamical Wheeler-
deWitt equation. A more humble approach relies on Semiclassical Gravity (SG) theories,
which treat matter as quantum states while describing spacetime using classical vari-
ables. One example of them is the result of performing a WKB semiclassical limit to
Wheeler-deWitt equation [25] (where, even if the gravity is technically still considered
quantum, its dynamics follows classical paths over which one may consider quantum
corrections). Another well known approach relies on the Moller-Rosenfeld equation,
Gy = (U | T, | W), where the expectation value of a energy-momentum tensor of a
quantum field acts as a source for Einstein’s equations.

The crucial question in these approaches is how quantum matter (or in general,
quantum degrees of freedom) influences and shapes the classical variables describing the
geometry of spacetime. This intricate problem becomes even more complex when one
realizes the absence of a unique vacuum state and the consequent ambiguity surrounding
the notion of “particle” on curved spacetime. Consequently, finding a mathematically
rigorous framework to account for the backreaction of quantum matter on classical
spacetime has become a formidable quest, albeit with fundamental phenomenological
implications [34]. Of course the backreaction of the matter fields on gravity affects also
the propagation of the fields due to the change of the metric, which forces us to find a
joint dynamical description to portray this intertwining, even without considering QG
and its semiclassical limit, in the spirit of [32, 31].

In this context we situate our work. We are interested in unraveling the extent to
which quantum matter fields modify classical general relativity, but, given the greater
similitude of geometrodynamical language to quantum mechanics, instead of looking for
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a modification of Einstein’s equations, we seek the appropriate description of geometro-
dynamics when the matter is of quantum nature and described in a Hamiltonian way.
The main difference with Moller-Rosenfeld equation from this perspective is the dynam-
ical arising, leaf by leaf, of the geometry together with the quantum matter from their
coupled evolution along a foliation of spacetime, instead of the usual Einstenian picture
of looking at the spacetime and its content as a whole, fulfilling a certain compatibility
relation. The price to pay, of course, is the loss of general covariance of the framework.
The associated boons is the clarity of the definitions of the conserved quantities and
their coupling to gravitational degrees of freedom. Nevertheless, as happened in classi-
cal geometrodynamics, covariance is recovered for the solution curves to the dynamics,
once the so called hamiltonian and momenta constraints are enforced.

As it happens in the case of classical geometrodynamics, we think that the proposal
of this hybrid geometrodynamics can be seen as a previous step to the quantization
program, and we think it is still interesting to build the whole formalism of QFT in
curved spacetime and gravity under a unified Hamiltonian language. Perhaps, given
the difficult falsifiability of the full quantum picture, interesting novel phenomenology
already arises at this level. In the same sense as in molecular dynamics, where
Ehrenfest’s dynamics (describing molecules with classical nuclei and quantum electrons
under a coupled Hamiltonian evolution) reproduce with reasonable exactitude the full
quantum dynamics thanks to the hierarchical masses and confinement widths between
both subsystems, we like to think of hybrid geometrodynamics as an effective theory
whose validity will be related to the hierarchy between the gravitational and quantum
field scales.

Of course, this idea is not new, and a top-down approach based on a suitable WKB
limit from full quantum canonical gravity to QFT coupled to classical geometry has
been recently developed in [29], recovering a rigourous picture of QFT in Curved
Spacetime. On the other hand, a Hamiltonian picture was developed by Husain and
Singh in [22] and [23], characterizing formally the backreaction of QFT on gravity for a
Friedman-Roberson-Walker universe and a single foliation of spacetime. Our formalism
diverges from theirs both in the mathematical formalism and physical implications,
but the spirit is similar. Regarding the formalism, our work aims to provide solid
mathematical foundations through a comprehensive characterization of the measure
over the space of fields, where the Schrédinger functional (SWF') picture, see [28], will
be a cornerstone of our construction. We provide the usual SWF picture with well
defined integro-differential calculus based on Hida and Fréchet calculus over infinite
dimensional manifolds, which was not considered in previous approaches and avoids
some ill-defined properties, such as norm loss or the abuse of notation representing
the vacuum as functions when considering the Radon-Nikodym derivative of Gaussian
measures with respect to a (non-existent) Lebesgue measure over the infinite dimensional
space of fields. This allows us to define probability measures in the context of curved
spacetime and relate different physical interpretations under changes of the spatial
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geometry, when the vacuum state is dependent on the gravitational degrees of freedom.
This dependence, natural from Ashtekar’s prescription of complex structure [5], is not
present in previous hybrid approaches and constitutes a novelty of our construction. In
fact, such dependence makes the whole Hilbert space of quantum states also dependent
on the gravitational degrees of freedom, as we will see. It also provides the space of
quantum states with a well (although densely) defined symplectic geometry (and, in
turn, a proper Poisson bracket) over functionals of infinite-dimensional domain, which
was not considered in the Hamiltonian presentation of [23]. Furthermore, a notion of
quantum connection is introduced, allowing us to relate unitarily inequivalent theories
in different Hilbert spaces through the construction of a non trivial bundle, with base
the manifold of gravitational degrees of freedom and fiber the manifold of quantum
states. In these mathematical aspects our work differs from previous approaches in the
literature. Regarding the physical implications, the quantum connection is a novelty that
is in close relation with the phenomenology of Unruh effect, particle creation induced
by dynamical spacetimes, inequivalent vacuums and related phenomena. Regarding
spacetime considerations, our work provides a more generic framework as it is adapted
to arbitrary foliations and generic spacetimes, where the representation of hypersurface
deformations and its associated constraints are implemented locally for any foliation in
the geometrodynamical spirit of Hojman, Kuchar and Teitelboim’s [19]. In this line, our
formalism keeps the geometrodynamical physical axioms, such as the path independence
principle and the geometrodynamical principle of equivalence, properly adapted to the
current hybrid context. Given the amount of technicalities devoted to the foundational
construction of hybrid geometrodynamics and the remarkable length of this paper we
will not solve any particular physical example, but illustrative examples (such as those
considered in [23, 21]) will be considered in future works.

In order to perform such construction, we will consider first classical
geometrodynamics, then, develop a quantum field theory over curved spacetime in
a Hamiltonian fashion and couple them in a suitable way to build consistent hybrid
geometrodynamics, where the novel notion of quantum connection will come into play.
We find that, in order to describe appropriately such quantum field theory over arbitrary
dynamical spacetimes, its Hamiltonian picture must be endowed with a novel ingredient,
in the form of a quantum connection, that allows us to relate unitarily inequivalent
quantizations corresponding to different gravitational backgrounds. As we will show,
it turns out that such ingredient, ultimately associated to the parametric family of
complex structures defining a set of quantizations, is crucial for the compatibility of
hybrid geometrodynamics, further justifying its introduction. Let us get into it.

These ingredients define a Cauchy problem where the initial data must be defined
fulfilling certain constraints. In geometrodynamics, such constraints are derived from
physical principles, namely the path independence criterium. This criterium can be
easily understood: given that the field data contained in a spatial hypersurface should
be equal to the one induced by the spacetime field solutions through the foliation
map, if some initial field data is evolved from an initial hypersurface through two
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different “paths” (sequences of intermediate hypersurfaces), until a same final spatial
hypersurface is reached, the field content in such final hypersurface should be the
same. To fulfill this integral criterium, it must satisfy its differential form, which is the
need of commutativity of the differential generators of different deformations at each
hypersurface in each path. Given that the representations generators of hypersurfaces
form a non-trivial Poisson algebra, they will only commute if the superhamiltonian and
supermomenta are zero on shell. These are the so called hamiltonian and momenta
constraints. See [19] for the canonical construction of geometrodynamics.

We can obtain an analogous result from a Lagrangian perspective. In that case,
the constraints are derived from an extreme action principle where the Hilbert-Einstein
Lagrangian has been written in 341 form and Legendre transformed, showing explicit
Lagrange multipliers (the lapse N, and shift N, functions) implementing the foliation
as suitable constraints. We will consider spacetime a globally hyperbolic Lorentzian
manifold in order to define a proper Cauchy problem in this setting. Notice that, while
we will stick to Einstein’s General Relativity and its metric description of gravity, any
alternative description of gravity should also follow this geometrodynamical framework.

On the other hand, in [19], even though most of the discussion is kept general, the
matter sources explicitly considered are classical fields. It is our aim to substitute such
classical fields by a quantum theory rewritting QFT in Curved Spacetime in a Hamilto-
nian formalism where the spacetime itself is not a given background as is the case in [20],
but is dynamically coupled to the Quantum Fields. In order to do so, we firsly consider
Schrodinger wave functional picture for quantum fields in curved spacetime[28], as it is
easily adaptable to the non-covariant Hamiltonian framework as in [17, 24]. Then we
promote the geometric variables from a given background to be part of the kinematics,
which ultimately will be part of a set of coupled hybrid equations of motion of gravita-
tional variables and QFT states, posing a hybrid Cauchy problem.

To rigorously build QFT in curved spacetime in this Hamiltonian nature, we secure
our mathematical grounds with tools from infinite dimensional calculus and differential
geometry in such framework [2, 3]. As we need to build differential tensors on our man-
ifold of fields (classical and quantum), we will ask that manifold to be defined in such
a way that derivatives can be rigorously proved to exist. In this paper we will reduce
all the mathematical technicalities to the minimum, addressing the interested reader to
the mentioned references in case they need the technical details. Thus, the manifold of
classical fields will be assumed to be the dual (see [2, 27] for a careful analysis of the rea-
sons for this choice) to some nuclear-Frechet space N of functions defined over a spatial
hypersurface ¥ (for example, differentiable functions of compact support N' = C°(X)
when ¥ is compact). This choice ensures the existence of a well-defined differential
calculus on the fields phase space. For analogous reasons, quantum wave functions will
be modelled using the set of Hida functions (A) that will densely populate the space of
quantum pure states, whose domain will be the manifold of classical fields. Being the
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set of Hida functions a nuclear-Fréchet space, it allows us to perform Fréchet differential
calculus and ultimately, differential geometry. This set of functions will be completed
under the choice of a scalar product, which is given by a Gaussian measure Dy over the
space of fields, to form a Rigged Hilbert space (N) C L*(N’, Du) C (N)', in analogy
to Quantum Mechanics. Such a measure can also be proved to exist in our setting, its
properties providing us with many useful tools in QFT (see [2]).

Moreover, such measure is closely related to the quantization procedure (in Corichi
et. al. [10], given by the choice of complex structure Jo for the classical space of
fields), or to what in the literature is usually referred as the choice of vacuum state.
The main difficulty arises from the fact that the quantization procedure or the vacuum
state are time dependent, as a priori they depend on the leaf 3-metric over the spatial
hypersurface, lapse and shift (as Jo does in the static or stationary cases, see [5]). This
is a widely known fact in the literature, and yields to notions such as norm loss and
quantum completeness [18]. In this line, we consider that this dependence introduces a
parametric family of quantizations (or vacuum states associated to different measures)
and thus a family of unitarily inequivalent Hilbert spaces. Given that the dynamics
along the foliation will necessarily change such geometric parameters, we need a way
to relate states (and operators) within inequivalent Hilbert spaces or quantizations. To
do so we will introduce, as it is done in [3] for time dependent quantization, a notion
based on parallel transport for quantum states along curves over the space of pure
geometrodynamical variables. Thus, the quantum states will become sections over a
fibration with base the geometrodynamical variables, and a quantum connection will
allow us to relate unitarily inequivalent Hilbert spaces. A different notion of quantum
connection over a different bundle, but with certain similarities, has been introduced
in [9]. In the realm of algebraic quantum field theory, some works, such as [33], have
treated the functional picture from the point of view of algebraic QFT, addressing some
problems, such as the lack of unitarity of time evolution in the functional picture. The
main differences of our approach with such prescriptions of QFT in curved spacetime,
even under the consideration of the functional picture, rely precisely on our consideration
of a quantum connection, allowing us to relate unitarily inequivalent Hilbert spaces
without detriment on the physical interpretation. Besides, our approach is based
on a submanifold of field Cauchy data (contrarily to the usual one based on field
theoretical solutions), which constitutes the domain of Schrodinger wave functionals.
Such submanifold of field Cauchy-data is defined as a suitable set of distributions (over
the spatial hypersurface), which is provided with a measure allowing to define square-
integrable functions over the space of fields representing the quantum states. To our
knowledge, this rigorous treatment of wave functionals based on Hida calculus supposes
a novelty in the framework of Schrodinger picture of QFT.

As noted, the Quantum Field theories under consideration will be the result of
a certain quantization procedure of a classical field theory. Such classical field theory
will be built in a Hamiltonian formalism and, in the spirit of geometrodynamics, the
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generating functions of hypersurface deformations over such classical phase space will
already fulfill Dirac’s closing relations, when joined with the pure geometrodynamical
supermagnitudes over a total (geometry plus classical matter) Poisson bracket. This
consideration will be key to show that their quantum field theoretical analogues (plus
classical gravitation) also reproduce the algebra relations of hypersurface deformations.
Note that Schrodinger wave functional picture can be considered (at least at the level of
the definition of its dynamics) non-perturbative, and, given that we are only interested
in the kinematics of the whole quantum state and its interaction with gravity we do not
need to consider yet any regularization or renormalization schemes for QFT in curved
spacetime. Nevertheless, a similar analysis to the one in [7, 13] could be carried out
in this Hamiltonian framework, although in this case the geometry of spacetime is not
known ab initio, but constructed simultaneously with the evolution of quantum states.

On the other hand, we maintain the geometrodynamical principle of equivalence
as stated in [19] and we consider only the quantization of those theories whose classi-
cal matter supermagnitudes only depend locally (not derivatively) on the 3-dim metric
tensor h and do not depend on its momentum 7, nor on the lapse or shift functions.
This property is dubbed wltralocality [26]. This banishes non-minimally coupled field
theories from this scheme, even though a similar analysis could be carried out in that
case.

In conclusion, the main result of our work will be the Hamiltonian representation
of hypersurface deformations for a hybrid theory of quantum field matter and classical
gravitation and the definition of the hybrid constraints that enforce path independence
as in [19]. In order to do so, if the quantization procedure was dependent on the geome-
try, lapse and shift, the quantum connection must fulfill some constraints related to the
change of the quantization of the symmetry generators.

The structure of the paper is as follows. In the second section, we will introduce the
essential mathematical ingredients and notation from geometrodynamics, namely: the
notation for the geometry of hypersurfaces and foliations, the closing relations of hyper-
surface deformations, its representation in phase space and the relations that any matter
theory must fulfill as long as it is coupled in a non-derivative way with the 3-metric.
For a more detailed presentation of these tools, we address the reader to [11, 12, 19].

We continue with a third section devoted to the Hamiltonian representation of
Schrodinger wave functional picture for a leaf dependent quantization procedure, were
the section nature of quantum states and the quantum connection are crucial. This
construction is based on the mathematical tools developed in [2, 3].

In the fourth one we combine the ingredients from the previous sections, the clas-
sical Hamiltonian description of the 3-geometry with the Quantum Field Theory for
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matter, to build Hybrid Geometrodynamics. We identify the hybrid generating func-
tions that, under a hybrid Poisson bracket, reproduce the infinitesimal generators of
hypersurface deformations over the hybrid algebra of observables. Then, we impose
the Hamiltonian and momenta constraints at the hybrid level and have a glance at the
hybrid equations of motion. As happened in the hybrid Hamiltonian model for finite
dimensional systems defined by Ehrenfest’s dynamics [1], the resulting dynamics cannot
be unitary because of the non-linearity arising from the backreaction. Nevertheless, the
quantum connection provides with norm conservation for the quantum states along the
dynamics, even if both the states and the scalar product (or vacuum state) are depen-
dent on the gravitational degrees of freedom.

Lastly, we discuss some physical implications of quantum matter being sources of
gravitation constructed in this way and speculate on their phenomenology, in particular
in relation with the phenomenon of quantum completeness [18, 4]. In the final Section,
we summarize our main results and discuss possible future research lines.

2. A brief summatry of classical geometrodynamics

2.1. Foliations of space-time and hypersurface deformations.

If we consider space-time as a globally hyperbolic spacetime M with coordinates X*,
there exists a one parametric family of spatial leaves, M ~ {3, | s € R} foliating
M. Each spatial leaf X, is the image under the s-dependent embedding ¢, of a fixed
reference hypersurface ¥, and it is characterized by a hyperplane equation 7(X*) = s,
such that each €4(X) = ¥; € M is a Cauchy surface Vs € R. From the hyperplane
equation, taking 3 embedding coordinates 2° for X, one derives for X, the parametric
hyperplane eqs X* = X*#(x,s). The Lorentzian metric g of M induces a Riemannian
3-metric hy = €kg on each X,, whose coordinates can be defined as:

hij(z,8) = ., (X*(2,8))0,: X" (2, 8) 00 X" (2, 8) (1)

Each spatial leaf can also be characterized by a time-like normal vector field n, of norm
1, in terms of which we define the second fundamental form Kj;(s) = _%ﬁﬁshij(s),
where L, represents the Lie derivative with respect to the vector field ns. With these
elements, we define an extrinsic geometry on X describing how the 3-geometry evolves
along the 4-foliation. Thus, we relate the initial coordinates in a 3-surface > and the
coordinates on Y,,5, as a transformation in the normal direction n, to the original
hypersurface and a tangential one N.
In terms of this set of coordinates, the foliation is described as:

X () = Nufant () + Ni()0, X¥(z, ) 2)

where the expression in coordinates of the lapse function (obviating the omnipresent



Hybrid Geometrodynamics. 9

dependence on z) reads:

V. = gl () (X000 ) o ®)

measuring the size of the change in the normal direction. Analogously the coordinates
of the shift vector are:

N = g0 (6) (X)) 20 X1 ()

which weights the change in each of the tangential directions associated to 0.

Both objects can be combined to define an evolution generating vector field £ at
each hypersurface which encodes the foliation as:

Els. = N, + Ny, (5)

We will define for further use the space of lapse and shift functions (N, N;) € My,
which is characterized by four copies (one for the lapse, three for the shifts) of a suitable
functional space.

Now, considering an initial data Cauchy surface ¥y = £¢(X) embedded in M and
E (or lapse and shift Vs), one can span the whole foliation {3} equivalent to M (and
all tensors defined at each leaf) when considering its flow a3, so that 3 = a3,%y. Thus,
E characterizes the foliation and relates the embeddings through af, o gy = ;.

The role of 4-diffeomorphisms in GR is played in GD by Dirac’s group of
deformations of a spatial hypersurface embedded in Lorentzian ST (plus constraints).
For the relation between both groups see [6].

Identifying an infinitesimal deformation of the hypersurface with the action of
Lp for any N and N’ we see it can be composed of a normal (lapse-weighted)
and tangential deformation (shift weighted). The local generators of such normal
deformations (D,,) and stretchings (D;,) can be written in terms of the local coordinates

0 (6) Dy, == 0, X" (x) 5)(2 o O

which fulfill the following Lie bracket closing relations:

[Da(@), Du(a')] = h” (2) Dy, (2)d(x,2') — (x> ') (8)
[Dy,(x), Dn(2)] = Dn(x)6,:(x, ") (9)
[Dy;(w), Dy, (")) = Dy, ()8 (w, &) + D ()83, o) (10)

These closing relations are the key ingredient of GD and play an essential kinematical
role, prior to the election of the action or the dynamics themselves. The next step is
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providing a phase space representation (for matter and geometry) to the deformations
of hypersurfaces, that must fulfill this very same closing relations (c.r.). The importance
of the c.r. is such that they can univoquely determine (under some minor physically
sensible assumptions) the 341 equivalent to Einstenian gravity (without sources) with-
out imposing an action [19].

Such local generators, to provide the infinitesimal deformation of the whole
hypersurface, must be integrated over the whole hypersurface with values at s of the
lapse and shift functions. For a functional defined over the hypersurface F[X*(x)] :
3, — R, an infinitesimal change of the functional to the neighbouring hypersurface in
the foliation is defined by:

(;—F = / dz (N,D,F + N.D,F) = LgF. (11)
s X

2.2. Phase space and Hamiltonian deformations.

2.2.1.  The gravitational field Given the Hamiltonian nature of deformations of
hypersurfaces, they can be risen to the field theoretical phase space defined on it. The
objective of this section is the representation over phase space (of matter and geometrical
fields) of the generators of deformations of the hypersurface through functions over phase
space and the Poisson bracket.

Firstly, one must define a phase space. In the metric description of gravity, the
kinematical variables are the Riemannian 3-metric h;; € Riem(X) and its associated
momenta 7, € T*(Riem(X))|p, defined in terms of the extrinsic curvature and seen as a
tensor density of weight 1. The Geometrodynamical phase space contains both variables
(hij, 7TZ]) € Mg, constructed as a cotangent bundle:

Mg = T*Riem(E) ~ Riem(E) x Riem'(X) (12)

locally isomorphic to the Cartesian product of the Riemannian 3-metrics and symmet-
ric (0,2)-tensor densities of weight 1 that we identify as distributions (which we have
denoted by Riem’(X)).

In order to perform differential calculus on Riem(X), we need a mathematical de-
tour to define the notion of derivative with respect to the metric. The reader interested
in these mathematical aspects, although standard in infinite dimensional calculus, is
provided with some notes in the supplementary material. Otherwise, one can resume
with the reading, assuming that the functional derivatives appearing in eq. (13) can be
defined and that, operationally, they work as usual.

This manifold of gravitational variables Mg, where each point is characterized by a
pair of 3-metric tensor field h;; and associated momenta distribution 7}, is endowed with
a Poisson tensor (which is, were proceeds, the weak inverse of the canonical symplectic
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form w, = —dh,-j;z/\dwzj ) and can be associated to a Poisson bracket over the functions
given by:
{fv g}G = / d3x5[hz7(x)f6ﬂ';f(x)}g vf) g € c (MG) (13)
b

At an operational level, it is enough to consider that such derivatives are local (here the
d(z,x') is associated to Lebesgue measure) and independent from each other:

5
5 ()

J
kle .\ (") — Sk /
T ($)_—5hkl(x)h”($) 6;70(2",x) and

0
6hij()

hkl(xl) = Wkl(.f/) =0

(14)

_0
S ()

2.2.2. The matter fields. The classical fibration. This phase space can be extended to
contain the matter fields and their associated momenta, for any kind of tensor field .
We denote generically by

(d)la"' 7¢n77T17"'77Tn>€MF (15)

the set of all matter fields (either scalar or tensorial, with domain ¥) and their associated
momenta (being densities of weight 1, [19]), belonging to the matter manifold M. For
example, in the case of a scalar field, one may consider the fields in a certain nuclear
space (one can check the supplementary material or see [2]), in order to be able to define
a differentiable structure on them ¢ € N(X) and thus the corresponding cotangent
bundle can be written as Mg := T*N. As in the purely geometrodynamical case, one
can define a Poisson bracket over the space of functions over this manifold, C*°(Mp),
which in turn becomes a Poisson algebra which we will denote by Ag. Operationally it
acts, on arbitrary functionals f, g € C*(My,), as:

{f,9}m = Oy fOrie)g 1= 0, [Oring — O, Oria f . (16)

To clarify the notation, note that the indices such as ¢, j, k are discrete indices whose
contraction with upper and lower repeated indices is to be seen as Einstein’s summation
convention. On the other hand, x,y, z represent continuous indices, whose contraction
represented by repeated super- and sub-indices implies integration over Y. In this
sense, an object with an upper index represents a density of weight 1, while lower
index is assigned to fields over Y representing points in the linear field manifold but
also vectors on it, depending on the case. Using that notation, one must take into
account that the field momentum 7% is a density of weight 1. Therefore, to perform
the Fréchet functional derivatives one must restrict (though standard, one can check

I With analogous considerations as the ones for the purely geometrodynamical variables, i.e. functions
of compact support, relating the functional-distributional nature through a Gel’fand triple which allows
to identify a suitable dense subset of the cotangent bundle to the matter fields which has Fréchet
structure and, lastly, taking into account the dense definitiness of the differential structures[2], which
can be checked in the supp. material.
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the supplementary material) the momenta to belong to a certain dense subset of
distributions N’ which is representable under a measure, in the following sense:

{f.9}c = /dgma[@(x)faﬂ'i(m)]g : (17)

2

where 7¢(x) stands for the local value of the representation of the density 7%* under the
Lebesgue measure d3z.

Therefore, the total phase space of geometry and matter denoted as Mg (where
the C' stands for classical) is given by the product manifold:

/\/lc:./\/l(;x./\/lF. (18)

For reasons that will become clear later, we will consider also another product
manifold,

Fo =My x Mg x Mg, (19)

where M contains the lapse and shift degrees of freedom associated with the space-time
foliation. F¢ can be considered as a trivial bundle with base manifold B = My x Mg
and fiber Mp. We see, thus, that the base manifold contains all the geometrical
information of the theory, and the fiber, all the matter information. Notice that My,
containing the information about the space-time foliation, is different from the other
two pieces, as their dynamics are not associated to a particular kinematical structure,
but will always be associated to the choice of foliation and thus act as time dependent
parameters. Therefore, given the path independence principle, even if some tensors
for the matter theory may depend on them (thus, their inclusion in the base of the
fibration), we anticipate that physical magnitudes, as well as the Poisson tensors over
the gravitational and matter submanifolds, will be independent of M.

As we argued above, M can be given a differentiable structure and considered
as a representation of the cotangent bundles of the field spaces, both endowed with
a canonical Poisson bracket associated with the canonical symplectic forms. The set
of infinite differentiable functions f(®) € C*(Mc) on this phase space, with the
domain variables grouped as & € M, form a Poisson algebra of classical (matter
and geometrical) observables, for the total Poisson bracket

{,:}: C®(M¢) x C*(M¢g) = C*(Mc) (20)
which is constructed as the sum of the two Poisson brackets of each Poisson submanifold:

Such Poisson bracket must fulfill Jacobi, Leibniz, bilinearity and antisymmetry. They
are fulfilled immediately given that each PB fulfilled them separately and that they
fulfill a certain compatibility condition. We will delve into this condition later, in the
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quantum case.

The objective of the geometrodynamical framework is to identify the flow that ag
induces over the space of 3-metric tensor and momenta ( and matter fields and associated
momenta) and thus, reconstructing all physical information of the Universe within such
path. With the former geometric description of the phase space of fields and Poisson
brackets, this can be done in a Hamiltonian framework, defining on the phase space of
fields a curve parametrized by s, which plays the role of the time for the Hamiltonian
system.

Notice that, embracing the GD point of view means forgetting about spacetime,
adopting a Hamiltonian view of the Universe as the evolution of a 3-geometry, and in-
terpreting the evolution flow ag as the deformations of the Cauchy hypersurface ¥y. In
the end, such evolution is translated to the space of fields (including the metric) which
are defined on it. This means that, for the geometry, the integral curves of F, defining a
certain foliation, is analogous to a curve over M, being such curve the s—parametrized
history of the geometry of spacetime.

Now, one has to postulate that that normal and tangential deformations of
the hypersurface, being a physical symmetry, must be symplectomorphisms. This
leads to the representation axiom of [19], which is imposed together with the
compatibility with closing relations and locality of normal deformations of the 3-
metric to reproduce its relation with the extrinsic curvature. In essence, what
one is assuming is the Hamiltonian nature of the effect over phase space of nor-
mal and tangential deformations (locally denoted by D,(x), Dy(x)). Hence,
these vector fields must be the Hamiltonian vector fields associated with cer-
tain generating functionals H(®),H;(®), which act on generic functionals f(®) as:

Dy () f(®) :={f(®), H(®(x)} (22)  Dy(2)f(®) :={f(®), Hi(P(x))}. (23)

We inherit the nomenclature from [19] and refer to the local generating functions H and
‘H; as superhamiltonian and supermomenta.

On the other hand, the Lie bracket closing relations for the generators of the
deformations (8),(9) and (10), must be reproduced by the Poisson bracket commutation
relations for the supermagnitudes, in order to be proper representations of Dirac’s
generators. Even without this representation requirement, it can be argued [16] that
the supermagnitudes, in order to define a physical evolution related with F, must
necessarily fulfill such closing relations. Consequently, the following relations are both
a consequence of the kinematics of hypersurface deformations and a requirement for
having physical evolution. Thus, they must be enforced prior to the choice of a particular
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dynamical theory or action:

{Ho Ho} = HLO (2w, 2) — HLOi(2, ) (24)
{Hixa Hm’} - Hxé,z (.7}, .’I)/) (25)
{Hiw, Hjw } = Hin6 j(x, z') + M6 i(x, z') (26)

In conclusion, we can define a representation of the Dirac algebra defining the space-
time foliation on the phase space of fields, if it is endowed with a Poisson structure.
In the following sections we will analyze this construction for the different sets of fields
of our theory: the set of classical fields (gravitational and matter), the set of quan-
tum matter fields (assuming a fixed gravitational background), and the set of hybrid
quantum-classical fields, when a classical gravitational field and a quantum matter field
evolve coupled in the same model. In all cases, the existence of a Poisson structure
on the corresponding phase space of fields, will allow us to define the generators of the
Dirac algebra at the corresponding level. And therefore we will be able to consider the
geometrodynamical formulation of the corresponding theories.

2.3. Identifying the supermagnitudes.

We are now equipped with the kinematical relations the generating functions must fulfill,
which will allow us to elucidate their particular shape in the following fashion.
Given that a tangential deformation can be seen as only an initial data reshuffling
[19], we have access on leaf to the result of such deformation. Thus, to identify the
supermomenta for any theory it is enough to claim for any variable F' in such phase
space:

LsyrF = {F, Hpp } N (27)

where Ly« F represents the Lie derivative along IN*, encoding the infinitesimal change
of F' along the flow of a tangential vector field to > which characterizes a stretching of
it, acting on elements of the field phase space, considered as functions (or distributions)
on X. As it is argued in [19], the left hand side on the equation can be computed
through the use of (7), and the relation above allows us to obtain the expression of
the corresponding generating functional Hj,, unambiguously (with a degeneracy that
disappears once the closing relations for supermomenta (26) are enforced). The main
result of this procedure must be that the supermomenta cannot contain powers (higher
than 1) of the canonical momenta in order to represent a deformation without extrinsic
information to the leaf, as must be the case for said stretching, given that it can be
regarded a spacial-on-leaf diffeomorphism.

From such a consistent representation of the generators of tangential deformations,
one can find the superhamiltonian by enforcing the remaining closing relations (25) and
(24) for the PB. The result is unique under some additional physical considerations
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(such as order 2 for the degree on the geometromomenta)[19].

In pure GD (i.e. the matterless case), for metric-based gravity the supermomenta
must be:
Hig(hij,ﬂij) = —2D]‘7Tg = —2Dj(hm7raj) = —thaDjTFaj (28)

where D; = h;jg"dxe. From it, one derives the purely geometrodynamical
superhamiltonian to be:
ij 1 (2K) ij -
Hg<hij, 7'(']) = §WGijkl7TJ7Tkl - (2/1) 1\/ER<}L) (29)

where Gjp = ﬁﬁ (hikhji + hithji — hijhi) is De Witt’s metric.

2.4. Matter closing relations.

We will finish this discussion with the main motivation for this review section: remarking
how to include matter in the theory in a equivalence-principle-consistent way, and how to
obtain the closing relations for the associated matter supermagnitudes. These relations
were derived in [19] for Classical matter, but, given its kinematical nature, should be
true also for the quantum case which we aim to build in the next Section. In fact, such
relations are a must for any matter theory, as long as it has non-derivative coupling with
the metric (thus, excluding a priori non-minimal coupling terms in the Lagrangian). To
do so, we will invoke the GD equivalent to the equivalence principle as in [19], which
implies that the total supermagnitudes must be the sum of the pure geometrodynamical
magnitudes H ¢ and the matter supermagnitudes H ax;:

H(x) =Hg(h, mh;z) + Har(h, ¢, 75 2) (30)

Hi(x) = Hic(h, mh;2) + Hine (h, ¢, 705 2) (31)

The geometrodynamical equivalence principle also implies that matter supermagnitudes
are ultralocal (non-derivative dependence on h and independent of 7). On the other
hand, the pure geometrodynamical generating functions, i.e., those corresponding to
the gravitational fields do not depend on the matter fields. Consequently, the purely
gravitational supermagnitudes already fulfill the PB closing relations (24),(25) and(26)
for {, }&, and, of course, are matter independent (null PB under {, } /). Thus, given that
the total supermagnitudes must fulfill such closing relations for the complete Poisson
bracket {, }, and assuming that Hj,; depends on the 3-metric h only locally, it can be
seen that matter superhamiltonian fulfills also (24) for {, }as, as the former conditions
imply:

{Ha(x), Ha(@) o + {Hu(z), Ha(2) e =0 (32)

because of locality (on 7 and h for both derivatives) and antisymmetry.
Regarding the relations that involve supermomenta, on the one hand, as a result of eq.
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(27) for classical theories, H;nr does not depend on h, 7w, at all, and thus it can be seen
that it must fulfill also (26) for {, },s, because:

{Hi(2), Hjn(2)}a = 0. (33)
On the other hand, to fulfill (25) we need:
{H7 (2), HY () o + {HY (2), HY () }ar = HY (2)0,(2, ") . (34)

The crossed gravitational-matter term gives:

SHM (")
a My 1 _ o1 .
(), Y () s = 2nia() Do G (3)
and thus the matter sector term should provide:
5} M (.1
{HM (z), HM (2")}ar = —2hia(2) Dy (@) + HM (2)0,:0(x, 2) . (36)

6haj(z)

With these closing relations for matter theories coupled in an ultralocal way to the metric
we have assured that the total supermagnitudes given by the sum of the geometrical
and matter ones fulfill the closing relations of Dirac’s generators under the total Poisson
bracket. On the other hand, we have assured that they generate the same transformation
as the Lie derivative along the shift vector, for a tangential deformation, as in (27).
Both conditions together ensure that they are the appropriate generating functions of
hypersurface transformations over the whole phase space.

2.5. Classical dynamics and constraints.

Once a foliation of spacetime is chosen, the relations within hypersurfaces is given by the
flow ag. In the 3+1 perspective, from a hypersurface one can access the infinitesimally
neighbouring one through a normal deformation and a tangential deformation. Once
such deformations are represented in a Hamiltonian way such paths along hypersurfaces
are mapped to a path over the phase space of fields, which is the solution to the
Hamiltonian dynamics, with the role of time being played by the parameter s:

dF )
— ={FH NH)——F F VF o R

where F' is any functional over phase space plus lapse and shift variables, with a possible
explicit differentiable dependence on s € R.

The total Hamiltonian H reproduces E through the contraction of the lapse and shift
functions N, N, with the corresponding generating functions H(z), H;(z):

H(s) = N*(s)Hs + N"™(8)Hix - (38)

Note that lapse and shift are s dependent functions (each hypersurface with label s re-
lates through E with the neighbouring one, which has a different normal and tangential
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deformation to define the next one), and, as such, the formalism is analogue to having
an explicitly time dependent Hamiltonian function.

Note also that, making use of egs. (30) and (31) this Hamiltonian can be
decomposed as the sum of a purely geometrodynamical and a matter field Hamiltonian
H(s) = Hg(h, 7, N(s), N(s)) + Hyr(h, ¢, m, N(s), Ni(s)), such that:

He(h, mh, N(s), N'(s)) := N*(s)HS + N=(s)HE (39)

Hyr(h, ¢,m, N(s), N'(s)) == N*(s)Hy" (h, &, ) + N*(s)Hiz (h, 6, 7) . (40)

We anticipate that this matter Hamiltonian is the function whose quantization will
yield the Hamiltonian operator governing the dynamics at the quantum level.

In the end, the integral curves of the s-dependent Hamiltonian field associated to
{ - ,H(s)}g reproduce over phase space the action of ag(s) over the hypersurfaces.
Once we have the solution to the Cauchy problem the foliation can be undone obtaining
physical data over spacetime which must be the same independently of the foliation
chosen. In other words, independently of the path followed from one initial hypersurface
Yo to a final one X, given by the lapse and shift functions Vs € [0, s;), the field content
on the final hypersurface must be the same, departing from a given initial Cauchy
data. This is introduced in [19] as path independent principle. Naturally, given that
the path from an initial hypersurface to a final one is spawned by a continuous set
of infinitesimal transformations, independence of the path implies, at the infinitesimal
level, commutativity of the associated generators over phase space, for any normal
and tangential transformation. In its Hamiltonian representation, for two arbitrary
deformations characterized by N% and N this implies:

(N Mz, NI Hyw} = NENZ {H o, How } = 0V, v =0, 3, YNZ, NI € OF(%).
(41)
where ~ implies that this constraint holds only on shell, i.e. once the physical
constraints are satisfied. Given that the functions contracting the local generators are
arbitrary, the former condition implies that it must hold locally:

{pryHux’}zo vu,y:[),---,?) (42)

Given that the total Poisson brackets of the supermagnitudes fulfill the closing relations
(24),(25),(26), which are linearly proportional to the supermagnitudes, the nulity of the
closing relations on shell can only by given by the so called Hamiltonian and momenta
constraints, which is just the nulity of the total local generators:

H(x) ~0 and H;(a') ~0 (43)

These constraints will have their analogue at the hybrid level, for the generating
functions for quantum matter and classical geometry, in order to preserve path
independence.
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3. Quantum Field Geometrodynamics.

Let us consider now that instead of a classical matter field, we have a quantum one.
Apparently, it should be possible to adapt the construction above to include this new
case, as long as we are able to find a Poisson structure on the space of quantum fields
behaving in a similar way to the classical field Poisson bracket. We should transport
the previous framework to the case of quantum matter sources, defining a Quantum
Phase Space made of Quantum Wave Functionals of the quantized matter fields and
provided of a Quantum PB. Our guiding light will be the representation of kinemat-
ics of hypersurfaces appropriately for the quantum functionals and thus, the search of
quantum supermagnitudes fulfilling the matter closing relations under the Quantum PB.

In this section, we will focus on the construction of the Hamiltonian formalism of
quantum field theory for a given background spacetime. Nonetheless, the construction
of this Hamiltonian picture is much more complicated than in a trivial foliation of flat
spacetime, since the gravitational degrees of freedom have an active role in the con-
struction of the quantization mapping. In turn, those gravitational degrees of freedom
have a parametric time (leaf label) dependence, and therefore the ingredients defining
quantum theory become different for each hypersurface of the foliation. Hence, when
considering the action of the derivative with respect to the gravitational fields on the
quantum degrees of freedom, the outcome may be non-vanishing. Thus, a careful analy-
sis of the geometrical properties of the manifold of quantum fields, which, as we will see,
will depend on the gravitational degrees of freedom, is necessary before considering the
extension of geometrodynamics to the quantum realm. This approach is, to our knowl-
edge, different from the usual construction of QFT in curved spacetime and constitutes
the first original contribution of this paper.

3.1. Geometry of classical phase space and quantization.

As it is commonly done in Quantum Mechanics, the set of quantum operators is ob-
tained from classical field theory by a quantization mapping @) of the observables over
the field manifold,i.e. real functionals over the classical field phase space. On the other
hand, the states are suitable representations of the dual of such C* algebra of operators
obtained through ). Such representations of the states must be adapted to the repre-
sentation of the operators given by the quantization mapping (considering elements of
a certain L? over which the operators are self adjoint).

In our construction, we will require of a geometrical description of the quantum
fields in terms of Poisson brackets and Hamiltonian dynamics, and therefore, it seems
natural to use the geometrical formulation of Quantum Mechanics [24, 17], where these
structures are canonical. As a result, our space of quantum states will be endowed with
a Kahler structure which will allow for a Hamiltonian description of quantum dynamics.
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Furthermore, quantum operators will be described as real sesquilinear functions of the
quantum states in the form F(¥) = (¥, AV), which form a suitable Poisson subalgebra
with respect to the natural Poisson algebra associated with the symplectic tensor of the
Kahler structure. In addition, the quantization procedure links the states, operators
and geometrical structures of our quantum system to the ones of the classical matter
field theory considered for quantization. Thus, we must prepare such classical theory
endowing it with some specific geometrical structures.

Firstly, we know that the classical field theoretical phase space is already provided
with a symplectic structure,
wo = —do, N dr® (44)

regarded as the (weak) inverse of its Poisson tensor. Such symplectic structure, as a
tensor, is built independently of the geometrodynamical variables, lapse and shift, which
can be mathematically expressed as:

LisreTrwe =0, where 7hwe € (N*T*(Mp x Mg x My)) , (45)

where 7 represents the canonical projection on the cotangent bundle T* Mg and the Lie
derivative is taken with respect to any Hamiltonian vector field represented by { -, f}&
in the direction of gravitational fields and is assumed to vanish due to the lack of de-
pendence on the gravitational degrees of freedom. Notice that, with this formulation,
we have chosen to see we as a two form over the whole manifold, even if it only acts on
vectors with components on the matter side, just to define the independence as being
constant along any curve that does not change the material data.

This is imposed by the very nature of Hamiltonian dynamics, as the fields ¢,,
represented as functions, are fundamental kinematical variables, considered indepen-
dent of any of the geometrical variables, Lapse or shift which we collectively denote by
£ = (h,m,, N,N") € Mg x My. Analogously, in the usual prescription of Hamiltonian
dynamics, its cotangent space contains the momenta, considered as densities of weight 1,
and thus independent variables of ¢, h, 7,,N, N*. Thus, having defined such canonical
coordinates over the cotangent bundle, from the definition of the symplectic structure
in eq. (44), it is clearly &-independent. In the following, this crucial property will be
referred to as leaf independence for any tensor or function fulfilling the same condition
as the symplictic form does in eq. (45) .

On the other hand, keeping in mind the objective of geometrodynamics of defining
a total Poisson structure for geometry and matter, it is relevant to notice that at least
the (h, m,)-independence of the symplectic structure is very convenient, as it ensures the
compatibility of both Poisson brackets and therefore the total Poisson bracket defined
in eq. (21) is also a Poisson bracket over C*° (Mg x Mp).



Hybrid Geometrodynamics. 20

Armed with this leaf independent we, we may add a complex structure of our
choice, Jg, to form a Kahler structure. Such complex structure has no meaning at the
classical level, but prepares the classical field theory for quantization and defines the set
of 1-particle states of the quantum field. In fact, all the possible choices of inequivalent
quantization (choices of inequivalent vacua and measures) are reduced to the choice of
such a classical complex structure [35, 5] whether one works with geometric quantization
[30] or with algebraic quantization [10].

Besides, while wo was constructed leaf-independently, Jo may be chosen to be &-
dependent. In fact, in [5], physical arguments are made in the case of stationary space
times, in favour of a choice of complex structure over the space of solutions that, when
projected over Cauchy data on a given leaf [10], yields precisely a complex structure
over M with such dependence.

To include such particular case and more general ones, in this paper we will consider
a general quantization procedure dependent on a complex structure that, in turn, may
depend smoothly on (h, 7, N, N*). This might be seen as a smooth ¢-parametric family
of complex structures. Consequently, we will have a different quantization for each
& € Mg x My, making up for a {-parametric family of smoothly-related but unitarily-
inequivalent quantizations. In ordinary Quantum Mechanics, Stone-von Neumann
theorem provides us with unitary equivalence, allowing us identify the representation of
the same quantum state within different Hilbert spaces. This is not the case in QFT.
Given the unavoidable need of relating different quantizations associated to different
hypersurfaces along the foliation, we must introduce another equivalence relation not
based on unitary transformations. Based on our geometric approach, we will consider
the language of connections and parallel transport.

Notice also that because of the dependence of the quantization process on the grav-
itational degrees of freedom (3-metric, its momentum and lapse and shift variables), it
is natural to consider a fibration 7 : F — B, where the base manifold is defined as
B := Mg x My, the total manifold is defined as F and the fiber (N) is a suitable
functional space (Hida distributions, see [2, 3]) containing all possible Hilbert spaces
L*(N', Dp) with respect to different Gaussian measures Dy. Within this framework,
we will bind the representation of quantum states to suitable sections of the bundle F,
assigning an element of a (possibly different) Hilbert space to each point of the base.
As a result, the quantum states will exhibit an explicit dependence on the gravitational
degrees of freedom and the nature of their derivative w.r.t. the leaf variables £ € B will
be key for the quantum supermagnitudes to fulfill the closing relations of Dirac’s group,
eqs. (24),(26),(36).

The key motivation to define the states in this way § is precisely the Kéhler structure

§ In the particular case of geometric quantization this new section nature of the states (beyond the
usual one) arises as early as in the prequantization. The last step to prepare the classical space for a
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with which we have provided the phase space of classical fields M r and which determines
the quantization [35, 5, 10]. A Kéhler structure is a triad of tensors given by a symplectic
form we, a complex structure Jo (both introduced above) and a Riemannian metric pc,
fulfilling the following compatibility condition:

/Lc<','> :CUC(JO','). (46)

Note that, given that we as defined in (44) was leaf independent, and that Jo is chosen
leaf dependent, uc inherits its leaf dependence. Together, they may provide the com-
plexification of Mg under Jo with a hermitian product he = (ue + iwe) /2.

The relation with quantization is that such hermitian product is used to define
the characteristic functional (analogously, the integral kernel) of a Gaussian measure
Dyie(¢) over the space of fields (in other texts, the vacuum state) in the following way:

[ Duetoyeims v = rction, )
Nl

where we have chosen complex domain for the measure (this construction is proper
of an holomorphic picture, but it can be related with the real Schrodinger picture
straightforwardly through a Segal-Bargmann transform [2]). This characterizes the
Gaussian measure Dy univocally, becoming the quantum heir of the leaf dependence
of the classical complex structure Je.

In turn, this measure will provide the scalar product of the usual Hilbert space
characterizing the QFT constructed over the space of classical fields, L# (N, Dpug),
where the subindex stands for “holomorphic”, following the example above. For any
two elements Wy, Wy € L (N7, Dug), its scalar product is then defined as:

(01, 02); = [ Duelo) 00 :2(0) (48)
Nl

This construction is thoroughly detailed in [2], where, to relate with the current discus-
sion one must only add the {-dependence to Je.

Notice that we have a different J¢, pic, he and, lastly, Gaussian measure Dy for each
¢ € B. Therefore, through this construction we arrive at a {-parametric family of
unitarily-inequivalent Hilbert spaces. This result is general, beyond the example used
in the construction above, and in the following it will be synthesized in the subindex
for the quantum scalar product, (, )¢, either if the domain is given by real (Schrodinger
picture) or complex (holomorphic) fields.

geometric quantization procedure is given by the choice of a Lagrangian submanifold of the space of
fields over which the quantum states, as wave functionals, will have its domain. This is done by means
of a symplectic potential 1-form, <, which defines a polarization. The choice of such 1-form is usually
dependent on J¢, which in turn is é&-dependent. Thus, we have a £-parametric family of spaces of states
adapted to a ¢-parametric family of polarizations. For details, see [30].
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Therefore, notice that not only the quantum sections oy € I'(F,B) will yield a
different functional representing the quantum state at each point & € B, but at each
point & € B, the probabilistic properties of the state oy(§) = ¥ € (N) must be
considered with respect to a different Hilbert space structure, given by the £é-dependence
of the scalar product. Besides, the necessity of defining a Poisson bracket and therefore
a differentiable calculus on the space of quantum states, forces us to consider a special
structure known as Gel’fand triple [3], in fact, a {-parametric family of them, given by:

(W) € L* (W, Dpe) ~ L*(N", Dpie) € (N)' . (49)

These structures define a (family of) isomorphism(s) between the space of Hida test
functions (N') and a suitable subspace of its dual (N)', which is an essential tool for
managing differential tensors on the space of states (see [2, 3] for details). Remarkably,
Hida functions conform a nuclear-Frechet space (N), allowing us to perform Fréchet
calculus in a convenient setting ([27]). Being dense in all L? spaces considered (and
ultimately, in the space of Hida distributions (A)’ that includes them all), it justifies the
(dense) construction of differential geometry over these infinite dimensional manifolds.
This mathematical intricacies will play a pivotal role in the construction of the main
kinematical object: the quantum Poisson bracket as a bi-differential operator, or in
relation with a quantum symplectic structure. Nonetheless, to focus on the physical
aspects, such technical nuances (which are standard in Hida calculus) shall be relegated
to the supplementary material for ease of reference.

In conclusion, the choice of &-dependent complex structure renders the whole
construction leaf dependent and, in the end the quantum states themselves must
become leaf dependent to be consistent with this leaf dependence of the Hilbert spaces.
Analogously, the self-adjoint operators representing physical magnitudes, for whom the
notion of self adjointness is relative to the ¢{-dependent scalar product (,)¢, also must
acquire a consistent leaf dependence. Inspired by this, we will postulate such section
nature of the states and leave their specific dependence on £ € B, together with the
choice of Jg, as ingredients to be fixed consistently for the quantization to be compatible
with the Hamiltonian formulation of the symmetries of spacetime.

3.2. Functional representation of quantum states and leaf dependent quantization.
Quantum fibrations

In the usual wave functional picture of Quantum Field Theory, the states ¥ are
represented by elements of a functional space endowed with an Hermitian product (),
associated to a Gaussian measure over the fields Dy, turning it into a Hilbert space
H = L*(N’, Dy). In order to define properly the geometric tools required, such as the
integral measure, we will consider the domain N’ as a space of distributions dual to
some nuclear-Frechet space (for example, differentiable functions of compact support,
in the case of ¥ compact) which represents the classical matter fields ¢ (see [2] for an
exhaustive elucidation of these intricacies). For such Hilbert space, we may represent
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the dual element to ¥ with ¥ under the effect of the measure Dy, by means of the
isomorphism of the Hilbert space and its dual H ~ H' associated with Riesz theorem.
Such Gaussian measure is defined in terms of the Kahler structure of the classical field
theory, as introduced above. Different choices of complex structure will ultimately lead
to unitarily inequivalent Hilbert spaces, although the Hida functions (N') will be a dense
common subset to all of them, and they will all be subsets of the Hida distributions
(N)'. This inequivalence is also present in the Fock space representation which can be
defined from the Hilbert space fixing the measure and a vacuum phase (see [10]).

From the preceding section we must remember that, instead of considering a single
one of such structures, in our construction we must consider a £-parametric family of
inequivalent Hilbert spaces, as the complex structure Jo(§) can be ¢-dependent, as
in[5], completing the aforementioned Kéhler structure differently for each . Thus, the
representation of the quantum states (considered from the point of view of probability
theory, and then dependent on the Hilbert space structure) must become dependent
on the classical (gravitational) degrees of freedom. This classical dependence of the
quantum states constitutes the most striking difference with respect to other hybrid
physical models where quantum and classical degrees of freedom interact (as in [1]).
In those models, one could define the classical and quantum submanifolds separately
and construct the hybrid manifold as the Cartesian product. We are going to borrow
from those models the main ideas to construct a hybrid dynamics as a Hamiltonian
system, but, now, we must define the manifold of quantum states already in an entangled
way with the classical (gravitational) variables. Therefore, the quantum states already
contain hybrid information, and in the following construction, all quantum structures
defined (Poisson bracket, scalar product, relation of operators with physical observables)
reproduce the usual construction of Hamiltonian quantum mechanics only fiber-wise for
a fibration 77 : F — B which is locally trivialized into subsets of

B x (N)  with base B:= Mg x My . (50)

Note that the fiber is adapted to the usual functional description of quantum states (in
particular, we are choosing the space of Hida distributions [3]), and thus, for a fixed
element in the base £ := (h,m, N, N') € B, we would have the ordinary formulation of
geometric quantum mechanics [24, 17], particularized to QFT in [2, 3]. In other words,
we have all quantum structures defined consistently, but also differently at each point
¢ € B, and we need a way to relate them. To do so, in the following we will reproduce
[24], but with a focus on the physical features, relegating most mathematical details,
based on a geometric formulation of QFT, to the notes in the supplementary material.

Notice also that (N) is too big to represent efficiently the physical quantum states,
the structures that we present here, such as the hermitian product, are defined on a
dense subset D((,)¢) C (N, different for each point of the base and representing the
Hilbert space of physical quantum states.
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Taking this into account, the representation of the quantum state at a certain
geometrical point (&, ¥g) is related to other points in F obtained through a change in
¢. Imagine a curve v (s) in B, and let us consider how a given quantum state transform
along ¥™. In order to do that, we must introduce a mechanism to lift the curve on the
base to the fibration F, in such a way that it projects on ™ by the projection 7. Hence,
a connection on F is required, in such a way that the notion of horizontal direction is
defined for the points of the bundle. Associated with this connection, the notion of
horizontal lift is well defined and a (locally) unique curve 4 on JF containing the state
W, exists. Such a curve satisfies that

M(s=0)=¢&; Y (s=0)=Tp; 7£(7"(s)) =7"(s). (51)

In a local description, the connection is associated with a one-form T' € AY(B) x
Lin(N), which allows us to define the covariant derivative of a section o : B — F, using
the parallel transport defined through the horizontal lift of base curves:

Vxo(§) =do(X) =T, X)o(§), X € X(B)
If we consider those sections which are covariant with respect to the connection
Vxo(§) =0,

we are defining a trajectory describing the change suffered by the quantum state with
an initial state o(§y) = ¥ due solely to the change on the quantum structures due to a
change of £ € B, when no quantum evolution is exerted on it. Thus, this would define
the evolution of the {-dependent representation of a quantum state due to the evolving
geometry, but under a vanishing matter Hamiltonian (i.e. in the geometrodynamical
framework, matter supermagnitudes which are identically null). || If we consider a non-
trivial Hamiltonian operator H (or, in particular, the Hamiltonian representation of a
certain deformation of the hypersurface X)), the total evolution of the quantum state
will be the sum of the image under a covariant section of the geometric transformation
(thus, a horizontal change, with respect to the connection) and the effect of Schrodinger
functional equation, which is vertical on the fiber of F.

Following this discussion, in order to lift the infinitesimal changes of the geometry
(tangent vectors to curves on the base) to the changes induced on the representation of
the quantum state (which lives on the fiber) due to the leaf dependence quantization,
it becomes relevant to define the subset Mg of sections on the bundle F which are
covariant for all vector fields on the base of the fibration, X € X(B) :

M :={o €eT(F)|Vxo=0VX € X(B)} (52)
In turn, in terms of these objects (which are illustrated in Figure 1) we may consider
the horizontal distribution on T'F representing the constraints of the transformations

|| Had we done the same for the classical case on the classical bundle F¢, the classical geometric
evolution would define lines where only the gravitational degrees of freedom change. This would
correspond to a trivial connection.
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of quantum states to be compatible with geometry transformations, given the leaf
dependence of the Hilbert space to which they belong. It is defined by the horizontal
vector fields on F, or, equivalently, by the directions which are tangent to the former
covariant sections taking values at a given point of the fibration f € F:

HorY(f) = {To-(5)(X(B)), Yo € M| a(r(f)) =}, (53)

where T'o, () (X(B)) represents the image of the differential of the mapping o : B — F
evaluated at the point on the base given by the vertical projection 7(f) € B acting on
all vector fields on the base manifold. Obviously, the tangent space on a point of the
fibration can be decomposed as:

T, F =V, F@HoV(f);  VfeF, (54)

where V;F represents the set of vertical vectors at f.

When the mathematical dust is settled it becomes clear that the definition of
Horv( f) provides us with a way of defining tangent vectors to curves on F that are
only sensitive to trajectories on the geometrodynamical data, i.e. they are horizontal.
This definition encodes the notion of an infinitesimal change of representation of the
quantum state without proper quantum evolution, which would be a vector on the
vertical subspace.

In fact it is clear that tangent elements to physical states should be represented by
a fiber bundle such that V;F represent infinitesimal generators of inner transformations
to a given Hilbert space associated to the measure Dy, ) while HorV (f) represent
generators of isometries between, possibly unitary inequivalent, infinitesimally close
Hilbert spaces. In this sense, under the complete evolution, said representation of
quantum states will transform to be outside the original Hilbert space, and inside a new
Hilbert space. This justifies the chosen construction of the fibration, where the fiber
to which the quantum states belong must be a space that contains all the L*(N”, D)
through which the quantum state will evolve following the curve over B. Such space is
chosen to be Hida distributions (N')’, although, locally (for a given £ and thus a given
Hilbert space), it is too large to accommodate solely the physical quantum states and
one should restrict (locally) the construction to a suitable subspace of it (see Figure 2
for a graphical summary of this construction).

It is important to remark that the construction is, of course, not unique. Every
choice of a connection for F, defines a different notion of covariant derivative. Choosing a
different connection implies considering equivalent different quantum states for different
geometric points (i.e,. different evolutions of the quantum states because of the changing
geometry). Nonetheless, as the construction is geometrical, the same connection would
define a horizontal lift to the bundle of complex structures, scalar products, linear
operators or any other tensor chosen to define a fiber on B. A natural consistency
condition is to choose the same connection for all the tensors. When doing that, it
makes sense to consider normalized quantum states for all geometrical points, since the
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scalar product and the states can be chosen to transform covariantly with respect to
the same connection (see below).

Nonetheless, remember that geometrodynamical transformations affect also, in a
precise way, to the classical matter fields. Thus, for the whole procedure to be consistent,
we must find a connection on F, in such a way that the &-dependent quantization
procedure that we build lifts the geometrodynamical classical generators on the space of
classical fields to a consistent set of geometrodynamical quantum generators. As we will
see below, such a construction is possible if the quantization mapping and the covariant
scalar product and linear operators are related in a particular way.

The only extra ingredient in relation to [24] is thus that, given the smoothly leaf
dependent quantization inherited to all quantum objects from Jo(€), the quantum states
become related to the quantum sections over the fibration 7x.

We know already that geometrodynamics consists in adapting the vector fields
generating the space-time foliation to the different field-manifolds. In the particular case
of the quantum pure states manifold, quantum states and operators must be considered
as the evaluation of sections of the fibration over the set of gravitational degrees of
freedom. Thus, the geometrodinamical generators on the quantum-state manifold must
correspond to horizontally lifted vector fields from the geometrodinamical generators on
the space of gravitational fields with respect to the fibration since they must implement
the transformation which represents the change of leaf of the space-time foliation at the
level of the quantum fields, which depend on the geometric degrees of freedom. Having
defined the connection, the quantum states are to be defined as the images of the parallel
transported sections with respect to such connection:

Mg = {ow(§) Y€€ B, Yoy € M} (55)

From Equation (54), we can safely consider that My is identical to the fiber of F,
but we consider that presented in this form, as the image space of the covariant sections
with respect to the connection, the meaning of the horizontal directions in Ty F is more
clear.  Let us observe that, with an element of the space of covariant sections M,
and an element of the base B characterizing geometry, we can obtain the instantaneous
quantum state just by evaluating the former on the later. This must not be confused
with the history of the quantum state, 7.e. the solution curve to the dynamics, as part
of the evolution is vertical and, thus, such curve can not be covariant. Nevertheless,
following the former isomorphism between Mg and B x M, the history could also
be represented as a curve over M (the vertical part of the evolution will change from
one covariant section to another) together with a curve over B (the horizontal part will
change the evaluation point for the covariant sections), yielding together the evolution
of the quantum state. These properties will be relevant by the end of the following
section, and are illustrated in Figure 3.

Once we define a distribution for each one of such variables defining a global
divection in the base given by v% = (hyj., 7% N* N, considered with respect
the basis &% = (hyjp, 7%, N*, N**) we can see how the quantum section is parallely
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transported as:
v Oeie oy (€) = —(hij;thij;m + 79 e + N°T e + NTyic )0y (56)

where the ¢-dependence is not showed for compactness of the notation and the con-
traction of 7,7 indices implies summation over the elements of the basis, while the
contraction of the continuous z-indices implies integration over . Having this in mind,
we will frequently work with the notation deoy(€) = —I'(€)ow(€), to denote the connec-
tion associated to any local variable of the base.

Remember, though, that even if the covariant sections are just a tool to define the
horizontal distribution HorY on the bundle F, they represent the transformations of
the quantum states under the effect of pure geometrodynamical (and lapse and shift)
transformations. Hence, they represent the kinematics of the quantum field theory in
the geometrical background where it is defined. Note that, by definition, the each co-
variant section, as defined above, once evaluated on the point of the base characterizing
the geometrodynamical data § € B on the current ¥, yield a certain element of M,
isomorphic to an element of the fiber (A)" which is a valid quantum state.

Note that, at the level of QFT in given Curved Spacetime, once the foliation is
chosen, the evaluation point &, is a given time dependent parameter. In the following
section we will promote such evaluation point to be part of the kinematics, extending
the phase space to contain the quantum sections and the base point over which they
must evaluated, as the kinematics of hybrid geometrodynamics considers both elements
on the same footing. Summarizing: the necessity of considering the leaf dependence
of the quantum theory (complex structure, scalar product, states, operators, etc) to
implement geometrodynamical transformations, forces us to introduce a fibration of
all those quantum ingredients over the manifold of geometric variables, and quantum
objects become the images of sections of that fibration. These section objects are of
kinematical nature (required to be consistent with the leaf dependent quantization) and
contain more information than just the physical one. True physical objects correspond
to the evaluation of those sections on the particular geometric point (gravitational field,
momenta, lapse, shift, ...), but the whole section is necessary to encode appropriately
the influence of the geometry on them.

Thus, to pose the Cauchy problem we will only need to choose any suitable Hida
distribution determining W (plus the geometrodynamical data and in compatibility with
the physical constraints introduced later), knowing that the covariant sections of F allow
us to consider, with the former definition of My,

eV = (9c09(6)) ley = —T'(&) ¥ (57)

This corresponds to the directions at Ty F which are horizontal with respect to the con-
nection. Obtaining the integral curve from ¥ with that tangent vector, we will define
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a series of quantum states which are equivalent from the kinematical point of view,
since correspond to changes in the geometry only. The objective of the following con-
struction is to end up determining such connection [ in order to have consistent hybrid
geometrodynamics, providing compatibility in a certain sense for the ¢-parametric fam-
ily of quantizations (and resulting quantum structures).

Regarding observables, through quantization they are mapped to be self adjoint
operators over the chosen Hilbert space. Given that such quantization procedure @
is Jo dependent, the operators must inherit its leaf dependence. Therefore, it can
be considered to define a bundle, with base manifold B and fiber the space of linear
operators on the Hilbert space which defines the fiber of F. For such a bundle, we can
again consider the sections which are covariant with respect to connections defined on
it, providing the corresponding horizontal directions. Of course, among the connections,
we may consider again the connection V on the bundle F of the space of states. As we
are going to see, the choice of the same connection for both bundles will make problems
simpler. Furthermore, one must realize that the notion of adjointness is referred to the
leaf dependent scalar product (,)e. More explicitly, let us consider that the adjoint to
an operator A is given by Af¢ for that particular scalar product, so that:

(U | ATy)e = (Afely | Uy), (58)

then, for a different scalar product (, )¢, provided by another element of the {-parametric
family of Gaussian measures, we find that A'¢ no longer defines the adjoint operator:

(U1 | AWg)e, # (AT | W), (59)

Therefore, the set of self-adjoint operators, i.e. those that fulfill A= AT, must acquire
a different representation for each Hilbert space in the &-parametric family. In the
functional representation, it can easily be apprehended by considering that, in particular,
the functional derivatives representing the quantization of the field momenta are chosen
to be self-adjoint with respect to a leaf dependent measure Dy 9§ (and w.r.t. the vacuum
phase, which adds an imaginary multiplicative term, which is also leaf dependent [10]).
This leads us to the definition of the algebra of observables Ag within this geometrical
formulation. As in [24] (and in its hybrid case, [1]), it is precisely given by the set of

€ As an example one can consider geometric quantization to illustrate this dependence. Given that
the symplectic potential 6 is chosen relative to Jo and thus it inherits its leaf dependence, the
quantization of any element of the classical field Poisson algebra f € C°(Mp x Mg x My) given
by Q(f) = (X5 +0(&)Xy) + f, with Xy = {-, f}, acquires extra dependences on ¢, in addition to the
dependence that f may have already presented on £. Note that this dependence is possible even if we
only quantize the matter fields (for example, the Hamiltonian in the classical field theory, depended
on Lapse, shift and 3-metric h) and, in fact, is the only one that may appear if Jo was chosen ¢&-
independently, as happens in the more trivial case considered in [1].
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functions f : Mg — R, given by expectation values of linear operators over M which
are Hermitian for the scalar product under consideration (,)¢. We denote such space of
operators as H()(Mg), and thus we define:

Ag = {fa(T;6) == (W | A(€) | U)e| VA€ Hiy (Mg)} (60)

Notice that the elements of such algebra acquire, due to the quantization procedure, a
threefold ¢-dependence. The first one arises from the sectional nature of the states, so
the simplified notation in (60) means ¥ = oy(&). The second one comes from the scalar
product itself, explicitly denoted by (, )¢, associated to the leaf dependent Gaussian mea-
sure Dy (and ultimately to Jo(€), or to the leaf dependent vacuum section). Lastly,
the operators are also {-dependent (as the notion of self-adjointness is referred to (, )¢),
so we must consider A = Q¢(A) where Q¢(A) is a certain é-dependent quantization (see
[2],[3]) of the classical field function A € A adapted to the vacuum phase and measure,
to make it appropriately self-adjoint. As the whole construction is tensorial, all three
dependencies must be consistent with each other, as we will discuss below.

There is a fourth leaf dependence of the elements of the algebra, but this one is nat-
ural of the classical field magnitudes before quantization (denoted by A € A¢ above),
as they are assumed to have already been constructed in conjunction with geometrody-
namics. For example, the classical field theoretical Hamiltonian in (40) was lapse, shift
and 3-metric dependent. Once quantized, it maintains such dependence and acquires
the three former ones.

This algebra can be endowed with a Quantum Poisson Bracket (QPB) {, }o that
reproduces the Lie bracket of operators [24, 3, 1], and thus, for any two elements
fa, fs € Ag, defined as f4 == (¥ | A | U) and fp := (U | B | W), its QPB is
given by:

(nfoka =7 (0|4 B[ 9) = —h7 fia (61)

For future use, we define the algebra resulting under the completion of Ay under the
ordinary product of functions:

i=1

Even though the elements of Ag are leaf dependent, we claim that the Poisson
bracket itself must be leaf independent, in the sense that:

Oc{f, 9tq = {0, gkq + {f Oegto V€ € [h,m, N, N'| (63)

In the following section, we argue that the main reason for geometric independence
of the QPB is to make it compatible with the geometrodynamical Poisson Bracket,
{, }&, so the sum of both is an appropriate Poisson bracket (fulfilling Jacobi identity)
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over the functions on the hybrid manifold that form the Poisson algebra of hybrid
observables, allowing us to find hybrid generating functions representing the generators
of hypersurface deformations. Nevertheless, two further justifications can already be
given for the leaf independence of the quantum Poisson bracket.

The first one goes in regard to the (h,m,) independence- Given our Hamiltonian
formalism, we must claim that hypersurface deformations must be symplectomorphisms
(for a symplectic structure, weak inverse of the Poisson tensor under consideration, for
further inquiry check the supplementary material). Nevertheless, this deformations also
modify the values of the geometric variables, and so, if the Poisson bracket (weak inverse
of a quantum symplectic structure) depended on them, we wouldn’t be able to construct
a symplectomorphic representation.

The second one is in consideration of the dependence on lapse and shift functions.
One would argue that the kinematical structure should be leaf independent in order to
implement path independence of the theory, reproducing the algebra of generators of
symmetries as functions over Cauchy data on each leaf, without additional dependencies
on the particular choice of foliation, given by E. If done otherwise, the closing relations
of local generators of hypersurface deformations would become lapse and shift depen-
dent, and thus, such functions could not be considered to be Lagrange multipliers for
the Hamiltonian and momenta constraints.

In fact, even if regarded as a design choice, in this construction we aim to build
the Hamiltonian kinematical relations before the choice of dynamics, and the lapse and
shift functions are of dynamical nature, as they characterize the evolution vector field
E. Therefore, the kinematics must be leaf independent, which is portrayed in (63).

Condition (63) implies a particular relation between the connection chosen for the
states and the &-dependence for operators and scalar product. For simplicity on this
proof we will use the bra-ket notation. As the construction is tensorial, we can consider
the covariant derivatives of different types of sections (of different bundles):

e For the quantum states, given by (1,0) tensors (associated with the evaluation on
a point £ € B of sections in M), their covariant definition implies

O | W) = T, | W) . (64)

Where the subindex h is just to state that this connection that depicts the covari-
ant transformation of the vectors is relative to the {-dependent hermitian product.
Here we are assuming that the connection is adapted in such a way that it does not
mix the bra-ket representation.

e For their duals (¥ | in the Hilbert space, we may derive its dependence. Now,
horizontal directions correspond to tangents to sections of the bundle F*, the
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dual bundle of F. We have introduced around (59) that the notion of adjoint
is leaf dependent as it is relative to the leaf dependent scalar product. We define
the adjunction C¢ for a given & € B as C¢(| ¥)¢) := (¥ |, and analogously,
Ce(A | W) = (W | Afs. Notice that Ce mixes maximally the bra-ket representation
and thus we must proceed with care, as it is a bundle isomorphism C' : F — F*.
With these considerations:

O (U |e= 0:Ce(| W)e) = Ce(0¢ | ©)e) + (T ¢ (C ' 0eCe) (65)

where we have defined T(g) = (C¢ '0:C¢) as the object of adjointness transport,
and we make use of eq. (64) to realize that

/\T A A
Oe(W [e= —(W | I} + (T [¢ T = —(¥ | T, (66)

where we have defined I'7 := f:f —T.

e Finally, linear operators, denoted by A, are (1,1) tensors whose construction from
classical magnitudes via the quantization mapping also depend on &. Therefore, we
can write the derivative of the expectation values of operators as:

Ocfa= (V| A | D) (67)

where A’ := (—Afh —TTA+ 85(121))

We will show now that these connections must be almost anti-self adjoint in order to
fulfill (63). Thus, with an analogous definition as above for the primed operators, the
left hand side of (63) yields:

—h 'O fyap = —h (W | (i[A, B]) | ¥) (63)

nevertheless, the right hand side yields:

A~

{0cfa. fBYo + {fa.0cfnro = —h NV | i([A", B] + [A, B)) | ¥) (69)
and one can easily check that
(A, Bl +[A,B] - ([A,B]) =0 If = -T, (70)

that is, this connection for the bra-ket notation of the sections representing the quantum
states must be anti-selfadjoint (with the term 7" correcting for the leaf dependent notion
of adjointness) in order to have a leaf independent Quantum Poisson bracket. In [3] this
result is obtained from the construction of the quantum symplectic form in a compatible
way with a time dependent quantization.

Note that this constraint for the connection precisely implies the covariant derivative of
the operator A in eq. (67), as, under f‘L — T = —I'),, we obtain A’ := 85(121) + [T, A] =
ngl. This is natural, from the geometrical point of view, since we are considering
the covariant derivative of a (1,1)-tensor for the fiber of . Our conclusion is that
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the condition holds if all the leaf dependencies inherited from the leaf dependent
quantization of the quantum objects correspond to the parallel transport of the same
connection V.

Let us now exemplify this in the functional notation, where the connection r
appears as a linear operator over the quantum states, defined as in (55). In order to do
so, we resort to our former example of functions of complex domain, but the construction
is analogous in the real case. We proceed to check what does this condition imply in

the functional notation for the states and the scalar product:

Oefa = / Diig (o) <@A(—fxp) + U (A)U + (—TWV) AV + F(, ¢)®A\p> (71)
Nl

0:(D
where the last term F' := M accounts for the derivative w.r.t. £ of the leaf

Dy
dependent Gaussian measure (strictly defined in terms of a Radon-Nikodym derivative

[3]). To illustrate the shape of this term, in the particular case of holomorphic
quantization of a scalar field considered in [2], for a Gaussian measure with field
covariance A% (¢) and inverse of the covariance K,,(£), one can consider F(¢,¢) =
(=0 Kpy? — Tr(0:A™K,,) *.

On the one hand, through a total derivative, we may find the operator [ that
fulfills

[ Dreo)fi = [ Do)ty (72)
N N

which defines the adjointness for such scalar product when considered VW, ¥, €
L*(N, Dpg).

On the other hand, taking into account the multiplicative nature of F and
identifying T := F(¢, ¢), we can make use of the former definition 7 .= Tt - T to
write:

Ocfa = / Dyie() (_@Af\p + DO(A)W — q;fTAq;) . (73)
Nl

Following the same procedure in this notation as in eqs. (68),(69) for the bracket
notation, we arrive to the conclusion that

7=-1I. (74)
Expanding on the previous example, for the holomorphic case (for the given F' above)
it can be shown that this equation is fulfilled (although it is not the only solution) when
the connection is given by

P (¢) == %qsm ((ashxyahzy + NW@NM) Kwy) AV9,0(¢) (75)

T Although this expression must be taken with care, always together with the measure acting over the
functions, given the distributional nature of the derivative of the metric, and regarding its definition
through a projective limit through finite dimensional spaces [30].
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where Ohy,, = 2N (2)Gijp(z) 7 (2) + 2(D; N*(2)) hij (@) as in hybrid geometrodynamics
and N* is just the chosen change for the lapse and shift functions. This is precisely the
connection for time dependent quantization reached in [3] following a different argument,
not based (solely) on the physical requirement of leaf independence of the kinematics.
Beyond the choice of holomorphic picture to exemplify, the procedure is analogous in
any other picture, and its relation with the connection for the Schrodinger case (real
field polarization) is straightforward taking into account the Segal-Bargman transform
relating both pictures, as described in [2].

As a general result we may conclude that, in order to fulfill the leaf independence of
the kinematics encoded in (63), any connection defining the quantum states and the
¢-parametric family of Gaussian measures that fulfills the constraint defined in eq. (74)
(relating the derivative of the &-parametric family of Gaussian measures, the connec-
tion and its adjoint) is valid. The existence of such a connection is guaranteed when
considering the Gel’fand triple that allows us to embed the current Hilbert space in the
space of Hida distributions. The associated Radon-Nikodym derivatives that describe
the change of Gaussian measure are distributions, but they exist in this generalized

D
setting D_,u € (N) under mild assumptions.
v

A more geometric approach, associating the scalar product to a Kahler structure,
and the properties of the compatible connection with its relations with the symplectic
and complex structures, can be found in the supplementary material.

From this constraint for the connection, together with the condition of not mixing
bras and kets (or in the functional example given, the fact that it preserves the
holomorphic nature of ¥(¢)), we obtain a crucial physical implication: the scalar product
of two quantum states, both being sections and with the scalar product being also &-
dependent, does not change along the curves over the base of the bundle, i.e.:

Oe(Wy | Wy) =0 VE € [h,m, N, N|. (76)

Although this result is derived from physical claims, under a geometrical perspective
this is a natural consequence of our tensorial construction. If we choose the same
connection for all the quantum tensors, and we restrict ourselves to considering
kinematical transformations, which are tangent to covariant sections of the different
bundles involved, scalar magnitudes such as the norm, must be constant.

In particular, this leads to the conservation of norm of the quantum state ((¥ | ¥))
under changes of geometric variables, lapse and shift:

Oe(W | W) =0 V¢ € [h,m, N, N'| (77)

which is a novelty of our framework in striking contrast with the usual 3+1 picture of
QFT in curved spacetime where norm loss is ubiquitous, making room for the phenom-
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ena of quantum completeness [18, 4].

As a summary, the main difficulty with a Hamiltonian picture of QFT in generic
dynamical spacetimes is that the quantization procedure, or the choice of complex struc-
ture Jo over the field manifold, is most generally constructed in a leaf dependent way
(this is also the case of the most physically sensible choice of Jo to our knowledge, the
restriction to a spatial hypersurface of the one proposed in [5] and also used in [10]).

This implies that, for each £ € Mg x My,

e the states acquire a different functional representation as a Hida distribution
ow(§) =V € (N,

e the scalar product will be associated to a different Gaussian measure Dy over the
space of fields and, in turn, the states are bound to be seen belonging to a different
Hilbert space, L*(N”, D),

e the operators acquire a different representation to be self adjoint for such measure
(and vacuum phase).

Thus, the usual notions of Fock spaces, creation and destruction operators, number of
particle operators, etc. are constructed in an a priori foliation dependent way, which
does not come as a surprise to the reader familiar with QFT in curved spacetime. While
this may spoil the particle interpretation of the quantum states this is not relevant for
our purpose; with the aim of constructing consistent hybrid geometrodynamics com-
patible with an equivalence principle the object of interest is the Poisson structure of
QFT. Following the most sensible physical choice in our judgement, this structure has
been made invariant in order to properly reproduce kinematical relations of symmetry
generators and the foliation independence principle of geometrodynamics. This postu-
late is mathematically captured in (63). The consequence is that the quantum states,
constructed as sections, or more plainly put, smooth Hida-distribution-valued functions
over the geometric manifold, o : Mgx My — (N, must fulfill eq.(55) for a connection
that fulfills (74).

In order to separate clearly the leaf dependent (associated to physical interpreta-
tion) and leaf independent (associated to the symplectic) geometric structures, in the
supplementary notes we abandon the usual functional picture of Hamiltonian QFT,
in order to borrow the Poisson structure for QFT from the more abstract Geometric
Formalism of Quantum Mechanics developed in [24] where the symplectic structure is
readily available, and the Poisson tensor will be associated to its (weak) inverse. This
Kéhler formalism was adapted in [3] to QFT for a time dependent quantization, and the
resulting connection already fulfilled (74), but instead of claiming (63), an equivalent
condition is claimed for the time dependence of geometric structures.
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3.3. Physical observables, generating functions of symmetries and supermagnitudes.

Armed with this Poisson algebra A, we are able to represent the infinitesimal generators
of symmetries, and in particular of hypersurface deformations, in a Hamiltonian
language for QFT.

The association of physical magnitudes to operators is usually elucidated through
the quantization procedure Q(f) of the functions representing such magnitudes
at the classical level. As we are interested in the quantization of the classical
geometrodynamical generators, we consider now the generating functional A € Ap of a
certain symmetry a : Mp — My over classical space of matter fields. This functional is
mapped through the quantization @ to a linear operator A := Q(A) over the quantum
states, and, in turn, it is mapped to a quantum generating function f;(¥) = (¥ | A | ),
in the quantum algebra Ag. Regarding the Hamiltonian fields, at the quantum level
we try to reproduce the usual Hamiltonial dynamics over the classical fields, where the
infinitesimal generator of the symmetry acting any other element in the classical algebra
B is given by the associated Hamiltonian field X,B = {B,A}c. At the quantum
level, the infinitesimal generator of the symmetry is analogously given by the quantum
Hamiltonian field X;,, that acting over any other element of the quantum algebra
fB € Ag is given by:

Lx;, [ =wo(Xp, Xpp) = {5, fa}o = %Lf[é,/x] (78)

Note that this construction does not ensure the preservation of the subalgebra of con-
straints or generators under quantization, as the generating functions of two symmetries
at the classical level and at the quantum level may not have the same closing relations
under their respective Poisson brackets. We will return to this issue later.

Let us consider now the generating functions of hypersurface deformations for QFT.
Being N*HM (¢, 7) the generating function over classical fields of a normal deformation
characterized by N*, it is mapped through the quantization to a linear operator over the
quantum states, Q(N*HM) = N*Q(HM) := N*H, and thus, the associated element of
the quantum Poisson algebra is given by

N*fy =NV | H, | T) € Ag (79)

Thus, we define the quantum superhamiltonian as the infinitesimal local generator of a
normal deformation (still to be contracted with a distribution, N*) in analogy with the
classical case:

HO(w) = (T | H | 1) (80)

Analogously, the generating function N*®H,;, at the classical field theory level of a
tangential stretching of the hypersurface characterized by the vector distribution N,
is mapped through the quantization to the quantum generating function:

N fy =N | H | T). (81)
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Thus, the associated local generators define the quantum supermomenta:
H (@) = (¥ | Hir | ©) (82)

It is interesting to define at this point the quantum Hamiltonian operator H , given
by the quantization of the classical field matter hamiltonian N*HM + N@HM.

H:=N"H, + N"H,, (83)

which of course has acquired further dependences on & € B in order to be self-adjoint
for the given scalar product at each &.

On the other hand, if the compatibility of the symmetries is to be preserved under
the quantization procedure, it would appear as a desirable property for the quantization
(@ that the generators of the symmetries of the system commuted the same way they did
in the classical field theory before constraints were imposed. In particular, they should
commute with the generating function for the dynamics to be a proper (time preserved)
physical symmetry.

However, it is well known from Groenewold’s no-go theorem[15] that Dirac’s
quantization relations:

QS 91) = 210, Q) (34)

do not hold for arbitrary functions f,g € A. over classical phase space and thus the
Poisson algebra structure of the functions in classical field theory is not mapped to the
algebra of linear operators over quantum states provide with its commutator, Ag. Nev-
ertheless, a crucial result from Groenewold’s no-go theorem is that, if either f or g is a
quadratic polynomial, then the equality is satisfied. Besides, if {f, g}. = 0, the equality
is also trivially fulfilled.

Note that, in particular, the classical field theoretical supermagnitudes are up to
quadratic in momenta. As explained in [19], the matter supermomenta H;, must be
linear on matter momenta (quadratic in all field variables) as a consequence of the
representation postulate. It ensures that the transformation on the fields is properly
associated to an stretching on their domain, which is equivalent to a spatial diffeomor-
phism intrinsic to the leaf, and thus, if higher powers of the momenta appeared in its
generating function, such deformation would acquire an incoherent extrinsic nature.

On the other hand, in [19] the matter superhamiltonian is restricted, as an axiom
to be no more than quadratic on momenta (sensibly for the usual Hamiltonian con-
struction, even more so regarding quantization), in order to have the usual canonicity
relations between fields and momenta in relation with the generated dynamics.
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As a result we know, from Groenewold’s no-go theorem, that Dirac’s relations
for quantization elements, and the former elements in the quantum Poisson algebra
reproduce the closing relations of the classical algebra:

(N f s N fi Yo = N NP [t 4,100 (85)

where p,v represent indices 0,---,3, being the non-zero associated to a basis of
tangential stretchings and the zeroth, to normal deformations. This result will be crucial
to show that the quantum supermagnitudes fulfill the appropriate closing relations for
a matter theory.

We must add that being quadratic on field momenta becomes, in this construction,
a requisite for the theory to be suitable for quantization in a natural way, to seize
this exception of Groenewold’s theorem. Otherwise, higher orders in momenta would
lead to different closing relations on the quantized generators from the ones fulfilled by
the classical theory, which already represented Dirac’s generators Lie bracket closing
relations, and thus, quantized supermagnitudes would not be representing the closing
relations of Dirac’s algebra, which is a requisite for consistent matter theories [16].

One must not forget about a fundamental difference of this whole construction in
the case of Quantum Geometrodynamics from the case of ordinary QM (even when
coupled to classical variables as in [1]): in the current case the quantization procedure
Q is leaf dependent. As explained before, the dependence of the operator with the leaf
variables will be different from the one of the classical function, 0:Q(f) # Q(0:f), as
the quantization procedure itself is an additional source of leaf dependence.

We remind that this dependence arises as follows. Once a scalar product defining
a Hilbert space and a vacuum state are chosen (or, equivalently, a complex structure
over the classical phase space of fields[10]), the representation of the quantized (linear)
operators is defined accordingly to be self adjoint and consistent with the vacuum
phase. The extension to higher order operators is given by the choice of ordering
(either Wick’s or Weyl’s are both considered in [2, 3] in an adapted language to this
formalism). Therefore, all this procedure denoted by the quantization () ends up being
leaf dependent, as so was the scalar product and vacuum phase (or J¢), and while it
serves us to map the functions over the classical field phase space to the space of linear
operators over quantum states, it is done in a £-dependent fashion, properly adapted to
be internal operators, at each &, to the {-dependent Hilbert space defined:

Q¢ : C™(Mp) — Hyy.(Mgq) (86)

In this line it is relevant to consider that, given the condition (74) for the connection,
the elements of Ag depend on ¢ as:

Ocfi = (W | (9:Q(4) + [, Q(A)]) | ) (87)

In the following section it will be shown that when the observable A in (87)
is a supermagnitude, such closing relations in the whole hybrid theory will lead to
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consistency requirements between the leaf dependence of the quantization and the
commutator with the connection. Let us proceed.

4. Hybrid Geometrodynamics.

The ultimate goal of the preceding construction is the definition of a Hybrid Phase
Space constructed from Classical Geometrodynamical variables and Quantum Wave
Functionals of the quantized matter fields and provided of a Hybrid Poisson Bracket.
In the previous section, we have proved that if we consider the bundle F to represent
the classical and the quantum states, the leaf-dependent tensorial structures on the
set of quantum states can replace their classical analogues for classical matter fields,
building the geometrodynamical generators as Hamiltonian vector fields with respect to
the canonical quantum Poisson bracket {, }¢o. The next and final step is to combine the
quantum supermagnitudes with the pure geometrodynamical ones to construct hybrid
supermagnitudes with physical meaning that fulfill the total closing relations and fulfill
the Momenta and Hamiltonian Constraints on shell, being therefore conserved by the
dynamics. Thus, in this section we promote the gravitational degrees of freedom of the
former section, from a given background (hy;(z, s), 7} (x, s)) with parametric space-time
dependencies, to kinematical variables, being their dynamics no longer externally given,
but coupled with quantum matter fields.

Therefore, we proceed now to substitute the classical matter of Section 2 as
sources of gravitation in a geometrodynamical framework, by the Quantum Field Theory
described as in Section 3.

4.1. Hybrid phase space.

The construction of the hybrid phase space My, in [1], is made from the cartesian
product of the quantum and classical submanifolds, given that they are constructed
independently of one another. In the case of hybrid geometrodynamics this is built
analogously, considering the manifold of hybrid states the bundle F introduced in the
previous section.

My = F. (88)

Any point in the bundle defines a pair of a classical state (determined by the values of
hij, 7 N, N%), and a quantum state ¥. Nonetheless, the quantum states are dependent
on a connection V defined on the bundle, which allows to decompose the tangent space at
any point of F as Equation (54), the horizontal directions being tangent to the covariant
sections of the bundle. Physically, these directions represent the set of quantum states
which are related by a re-arrangement in the geometry only, without any quantum
dynamics.
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In contrast with the case in the previous section, now the purely geometrodynamical
variables are not associated to a background spacetime, but are promoted to be part
of the kinematical variables. Thus, now we are going to consider geometrodynamical
transformations acting on both types of states; analogously to what happened in the
case of the geometrodynamical construction for classical matter fields analyzed in
section 2. We are going to prove that the quantum tools introduced in the previous
section will replace their classical analogues and define a consistent implementation of
geometrodynamics for the hybrid setting. Thus, the quantum Poisson bracket will be
combined with the classical PB to create a well-defined hybrid Poisson bracket on the set
of functions of F, which will replace the functions of the classical manifold Mg x Mp.
Note that the manifold of lapse and shift functions, My, is present in the base of
the bundle due to the parametric family of quantizations (representation of quantum
states, operators and scalar product) which depend on them and need a way to be
related (through the horizontal bundle defined above also for such variables), but they
will not affect the kinematics (definition of Poisson tensors and closing relations for the
local generators of hypersurface deformations) of either M¢ nor My,.

Note also that, as happened in the previous section, the dynamics of lapse are shift
are not included in the Hamiltonian description, but a result of the choice of foliation
of spacetime. Thus, such dynamics are externally given and, in fact, the choice of
any particular dynamics for them should not have any physical impact, as they are
associated with a symmetry of the formalism, each dynamics defining a path among
possible hypersurfaces reproducing a certain foliation, which is at the core of the path
independence principle as stated in [19]. Therefore, armed with a Hybrid state providing
the whole information on a Cauchy surface of initial data and with the reconstruction
of the evolution field E from the lapse and shift at each foliation label, we can spawn
the physical information for the whole spacetime. Consequently, the whole quantum
matter and geometrical content of the Universe is equivalent through E to the initial
conditions on X, i.e. the intrinsic 3-metric h;;(0) on X, its conjugate momenta ﬂ,if (0),
and the quantum state ¥ = o(h(0), 7,(0), N(0), N*(0)) for such initial leaf data that
populates the quantum fields all over ¥y. The connection for the quantum section
will allow us to determine the change on the quantum state due to the change of the
geometric variables, gluing together the unitarily inequivalent Hilbert spaces defined for
infinitesimally neighbouring hypersurfaces.

4.2. Algebra of observables.

As was the case in the hybrid systems studied in [1], The hybrid algebra of observables
can be represented by the expectation value of self adjoint linear operators over the
quantum manifold Mg which had an infinitely differentiable dependence on the classi-
cal variables. In this sense, in terms of abstract C*-algebras one can consider that the
hybrid algebra of observables is given by Ap := Ag ® Ag [8]. In such framework, the
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operators given by a classical function multiplying the identity, were considered purely
classical observables, while the ones independent of the classical degrees of freedom, were
thought of as purely quantum. This differentiation was based on the fact that, given
that norm of the quantum state was conserved, the expectation value of the identity
was a conserved quantity, fixed to the unity.

In this current geometrodynamical case the spirit is the same, but we have already
taken one step ahead as Ag was defined as the expectation value of leaf dependent
operators, for hermitian product and states that were also leaf dependent, so the
quantum observables are already dependent on the classical variables, which are now
of kinematical nature, no longer an external parameter. Thus, in our framework the
hybrid algebra of observables is precisely identified with the quantum one

AH = ./ZtQ y (89)

where Ag is defined as in Equation (60), noticing that now their dependence on & € B
is not regarded as an external parametric dependence. Notice, nonetheless, that the
resulting set is isomorphic to the completion under the product of A ® Ag. We are
already considering its completion as defined in (62) for reasons that will become clear
later. We will now illustrate a bit how this hybrid observables are constructed and how
they represent physical magnitudes, either material or purely geometrical.

Consider first a classical field theoretical magnitude, A € C*(Mp) that only
depend on field on matter fields, not on geometric fields. It can be expressed as a
polynomial on matter field distributions ¢* and their associated momenta 7¥ as:

A = Z aijiy_)gbifﬂ_jgj (90)
j

where the coefficient functions a;;zy are leaf independent. The element of Ay given by
(¥ | Q(A) | ¥) would have been a purely material observable at the classical level, but
has acquired a hybrid nature due to the leaf dependence of the quantization, states, and
scalar product.

Let us now consider a function B over the classical matter fields whose coefficients
already depended on the geometric variables at the classical level (for example, this is
the case for the superhamiltonian of a classical scalar field), so:

B = byg(h,m)¢"n7, (91)
ij

the element of Ag given by (¥ | Q(B) | ¥) is a mixed matter-geometrical observable
both before and after quantization, but has acquired a different leaf dependence due to
the leaf dependence of the quantization, states, and scalar product.
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Lastly, if we consider a function g solely of the geometric variables, g(h,7) € Ag,
and perform a quantization procedure for the matter fields, given its independence on
such fields we get Q(g) = gl. Thus, the hybrid observable representing this purely geo-
metrical observable is given by fg = g(h, 7)(¥ | I | U) € Ay. Given the norm conserva-
tion under changes of leaf variables derived from (74), and if the total hybrid dynamics
still preserve the norm of the quantum state, under the initial constraint of norm unity,
the observable in the geometric algebra of observables and its hybrid counterpart are
equal at all times and under all symmetry transformations, fy(h, 7, ¥) = g(h,m) *.

Summarizing, in our framework, the hybrid algebra of observables is constituted by
functions (and products of them) defined as the expectation value under the leaf depen-
dent representation of the quantum state ¥ € M and leaf dependent scalar product
(, )¢ of the Hermitian operator Q¢(f) resulting from the quantization procedure (again,
leaf dependent) for the matter fields of functions over the space of classical matter fields
and geometric variables, f € C®(Mg x Mp).

Given the construction of the abstract Ay equivalent to Ag ® Ag and the Poisson
structures present in the representations as functions over each phase space of Ag and
Ag, we may endow the representation of Ay with a bilinear operator given by the sum
of both of them:

{a}H:{y}G+{7}Q7 (92)

which can be shown to be a Poisson bracket over the set of observables contained in
Ap. Leibniz, antisymmetry and bilinearity immediately inherited from the properties of
{, }¢ and {, }¢ over their respective algebras. Nevertheless, to fulfill Jacobi identity (and
thus, be a proper Poisson bracket) a compatibility condition must be enforced, which is
precisely eq. (63), justifying even more so the leaf independence of the quantum PB.

It is trivial to check that Ay forms a Poisson algebra under {, } 5, while A is not
a proper subalgebra, given that

{fA7 fB}G = fahA+[rh,A]fa,,B+[r,,,A} - (A AN B) ) (93)

where we have made use of (87), compacted in the subindex notation. Hence, the defi-
nition of Ay to be the quantum algebra completed under the ordinary product, le.

Over this hybrid Poisson algebra, the infinitesimal generators X, of any
Hamiltonian transformation a : My — My acquire a Hamiltonian representation
over Ay through its generating function, f,, such that, for any hybrid observable F:

Ly F=1{F falu VF € Ay (94)

* If the theory had been constructed to have norm loss for the quantum states, then one would
have defined explicitly Ay = Ag U Ag, to be able to include the purely gravitational observables
independently of the norm of the quantum state.
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In particular for the generating functions representing the local generators of
hypersurface deformations, the hybrid superhamiltonian Hy and supermomenta H,;y
are constructed invoking the equivalence principle as in [19], where the hybrid
supermagnitudes must be built as the sum as the pure geometrodynamical (classical)
supermagnitude and the matter (quantum) supermagnitude:

Hy = H(h,m;2) (U | U) + Ho(h, ¥, ¥; 2), (95)

Note however, that the fact that the gravitational supermagnitude appears multiplied
by the norm of the quantum state is just for the supermagnitudes to strictly belong to
Ap, but in our framework (¥ | ) may just be a constant which can be set to 1.

It is thoroughly argued in [19] that, on the classical field case the matter
supermomenta was independent of the gravitational variables, and the matter
superhamiltonian was only local on h (i.e. independent of the derivatives of the metric or
the gravitational momenta). Nevertheless, in this hybrid case the quantization procedure
(and states and scalar product) adds non trivial dependences on the geometric variables,
lapse and shift, which may even be of derivative nature. For example, the complex
structure Jo in [5] adapted to the foliation presents spatial derivatives of the metric and
of N, N% and so will the quantum connection).

Howbeit, we will restrict to the case where the quantization does not depend on the
geometrodynamical momenta and thus the sections representing the states are constant
on .

Or,00(€) = 0, T, = 0 and 9, (V[ Q(f) | ©) = (V| Q(0r, f) | ¥) (97)

where the last equality implies that we allow the observables to depend on 7, as did
before the quantization, but do not acquire further dependences on it from the quanti-
zation procedure, scalar product or states. The dependence on the 3-metric, lapse and
shift remain fully general.

We consider this case for study because, firstly, this includes the case considered
in [5], and secondly, we judge it to be simpler, but also the most physical choice, which
can be argued as follows.

Given the geometrodynamical principle of equivalence as stated in [19], the classical
field geometrical structures and generating functions must be regarded as independent
of 7, (they may depend on the intrinsic geometry of the hypersurface, as is h, but not
on extrinsic information). If the complex structure Jo over the field manifold used to
define the quantization is chosen in reference to the Hamiltonian field over such space
(as is the case of [5, 10], following some physical criterium such as, positive energy flux
along F), then there is no source of 7, dependence in the quantization procedure. In
any case, the discussion for the general case with arbitrary dependence on all geometric
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variables is easily (though cumbersomely) generalizable from the following one.

Returning to the hybrid supermagnitudes, we will now see how they fare regarding
the closing relations appropriate for Dirac’s generators, (24),(25) and (26). Let us make
two observations to simplify the problem. Firstly, for the purely geometrodynamical
supermagnitudes we know that: i) under the gravitational bracket they already fulfilled
all closing relations, and ii) the quantum Poisson bracket of them with any other func-
tion in the algebra will be null, as the identity commutes with all operators.

Secondly, the gravitational bracket over any two quantum supermagnitudes is null
{H,0(z), Hug(2") }¢ = 0 given the restriction to m, independent quantization and the
independence of the classical field supermagnitudes on it, as argued in [19].

Thereby, for p, v =0, - , 3 representing superhamiltonian if the index is zero, and
the corresponding supermomenta if not zero, we may write that the hybrid Poisson
bracket of any pair of hybrid supermagnitudes yields:

Mo () Hon () bt = Mo (0). 1) b+ (@), Hu(@) o + (M), Hoo (@)}
(98)

On the quantum side, we must remember that the classical field supermagnitudes
are up to quadratic in momenta and we have made use of the exception for (up to)
quadratic polynomia on Groenewold’s no go theorem, obtaining that the quantum
Poisson bracket of quantum supermagnitude is the expectation value of the quantization
of the classical field Poisson bracket of classical field supermagnitudes, summarized in
eq. (85).

At the level of local generators, implies that the quantum supermagnitudes Hg
and H,q already fulfill (24) and (26) for the quantum Poisson bracket, as so did they
classical field counterparts.

On the other hand, the supermomenta-superhamiltonian PB is however a bit
trickier. For such quantum Poisson bracket, we obtain the expectation value of the
quantization of (36):

SHM (/)

{Hiole) Holeo = ~2hal0)Dutv | @ ()

) | U) + Ho(2)0,i0(x,2") . (99)

However, the crossed gravitational terms yield, as in (35):

[Hi(x), Hol') Y6 = thff;Q—i)) (100)
and 521
{HiQ(x% H(a:’)}(; = Gz’jkl(x/)ﬂ'ij (ﬂﬁl)ﬂ (101)

Ohaj (')
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Therefore, in order to fulfill (25) for the total hybrid supermagnitudes, we must have:

Gijkl(wl)ﬂij(xl)% + thaDIj% —2hio(z)D4 (¥ | Q ((?;a—]g;)) | U)=0.
(102)

Given that neither the quantization procedure nor the classical field supermagnitudes
depend on 7y, from Equations (100) and (101), we obtain that the first term of equation
(102) must be null on its own, as the rest of the terms do not depend on 7,:

Hig(t) _ g p N, N = 20Hn(@)

Sy (') Shoo() [Th, Q(Hani ()] = 0, (103)

obtaining a new constraint for the quantum connection. In order for the two remaining
terms to cancel, we must fulfill:

dHo(x)

hia Dyi————
5ho¢j(x)

() D (¥ | Q (‘?,f—g))) W) =0 (104)

which, using eq. (87) implies one last constraint on the quantum connection:

0Q(HM (x))
(Shaj (CL”)

M (.t
# Qo @) =@ (5 (105
Moving onto the other two closing relations, given that the two first brackets in
the right side of equation (98) already fulfilled (24) and (26) for their respective Poisson
structure, the sum of the remaining last two, given by the gravitational bracket crossing
gravitational and quantum matter supermagnitudes must be null in order to fulfill such
closing relations for the hybrid supermagnitudes:

{Hu(2), Hug(2))}o + {Huq(x), Hu(2)}a = 0 (106)

for y=v=0and pu+# 0,v # 0.

For the supermomenta-supermomenta PB, these terms are null because of equation
(103).

In the classical case, these terms for the superhamiltonian-superhamiltonian PB
cancel because the matter superhamiltonian depends only ultralocally on A thus it does
not depend on 7y, while the purely geometrodynamical superhamiltonian depends lo-
cally on 7, and, thus, the antisymmetry of the PB yields the desired cancellation. In
the quantum case, making use of eq. (105), one directly inherits such property from
classical theory.

At this point we can claim that we can succesfully reproduce the closing
relations for the generators of Dirac’s group of hypersurface deformations on a hybrid
geometrodynamical phase space for QFT and classical geometry, at the cost of a
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quantum connection for the quantum states which must fulfill three constraints given
by eqs. (74,103,105).

Note that all these conditions is just analogous to claiming that quantum
supermagnitudes behave as their classical field counterparts, regarding their dependence
on h,m,, t.e.:

oH AC (x’) 0
v ——— V)= —H ! 107
w1 () W = 5 e (107)
Generalizing this result, it would appear desirable that the quantum connection allows
us to extend this property to the generating functions of any symmetry of the system

and, ideally, to the whole algebra of operators:

8:Q(A) + I, Q(A)] = Q(d:A) (108)

Notice that this expression represents the compatibility condition of the quantization
mapping (which is not tensorial), and the behavior of the quantum connection V. To
what extent (if any) it can be achieved for arbitrary observables is beyond the scope of
this paper and will be subject of future investigation.

Therefore, we can summarize this section by stating that we have found the hybrid
generating functions of hypersurface deformations given by (95) and (96), that appro-
priately reproduce the closing relations of Dirac’s group for the hybrid Poisson bracket
(92), under the consistency requirement given by (107) which implies constraints on the
quantum connection.

4.3. Constraints.

Lastly, we must enforce the path independence criterium, i.e. the physical Cauchy data
(h(0),7(0),¥(0)) defined on an initial hypersurface ¥4 should yield under evolution the
same Cauchy data (h(t),7(t), U(¢)) on a final hypersurface ¥;, independently of the
path chosen from one leaf to another, i.e. of the sheaf of intermediate hypersurfaces
Y, Vr € (0,t) that conforms the foliation of that region of spacetime.

Given that from one leaf its infinitesimally following leaf in the foliation can
be generated through a combination of normal and tangential deformations, path
independence implies at the infinitesimal that any two arbitrary deformations should
provide the same physical data independently of the order such deformations are applied.
This means that, when evaluated on physically relevant matter and metric distributions,
i.e. a hybrid state (h, 7y, ¥), the application of the deformations should commute and
thus the closing relations should be null on shell (i.e., over the submanifold defined by
the constraints). Consequently, as in the classical case, the Hamiltonian and momenta
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first class constraints must be enforced on Hybrid Geometrodynamics. Thus, one can
only consider physical situations (initial data) where the following equations are fulfilled:

Hy(h, 7, ¥;2) ~0 (109)

and
Hig(h,m, VU;x) ~0. (110)

As a technical note, one may consider that the nulity required in these constraints
for hybrid supermagnitudes that involve the expectation value of quantum local opera-
tors must be seen as the nulity of all expectation values of hybrid operators constructed
as contractions of any distribution with the supermagnitudes f*Hpy, =0V f* € D'(%).

These constraints, together with the closing relations (which are linear on the su-
permagnitudes and, thus, null on shell) ensure that we have successfully enforced the
341 equivalent to the General Covariance of Einstein’s gravity in the hybrid theory,
representing Dirac’s group of hypersurface deformations together with the first class
constraints that ensure path independence, and therefore, foliation invariance.

Besides, in relation with the dynamics that we will see in the following section,
this implies that, on physical data, the total Hamiltonian function fy (Geometric and
Quantum part, which contains the expected value) is always null for the whole hybrid
universe, similarly to the Wheeler-DeWitt equation, but in this case, this nulity applies
at each leaf and the 3-metric and its momentum are still classical.

4.4. Dynamics for generic hybrid observables and preservation of first class constraints.

For a generic element of the hybrid algebra of observables F' € Ag the effect of the
hypersurface deformation characterized by the evolution field Fj, characterized by
a normal deformation of size N* and tangential deformations given by N, should
reproduce (11). The Hamiltonian representation of Dirac’s algebra allows us to identify:

LpF ={F, futn (111)
being the Hamiltonian function
fu o= N*HE 4 Noy (112)

Let us consider that such F' is now an appropriate function over hybrid phase space that
is also lapse, shift and s-label dependent, constituting a (N, N, s)-parametric family of
hybrid observables. This makes up for the most general case of dynamical quantity in
the Hamiltonian framework. The dynamics of such functional F' will be given by:

dyF = {F, futy + (N*Ons + N0y + 0,) F (113)
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where we are taking into account that lapse and shift functions contain their own
dynamics, given by N* = 9,N* and N*“ = 9, N**, known beforchand and determining
the choice of foliation (or a certain path along possible hypersurfaces).

Let us now examine the case of the Hamiltonian and momenta constraints. If we
consider the effect of the Hamiltonian field over the supermagnitudes, given that the
closing relations (24,25,26) are linearly proportional to the constraints, and therefore,
null on shell, we obtain:

(M fudy~0 Yu=0,---.,3 (114)

p

Thus, the only contribution to the dynamics of the supermagnitudes when the
constraints are enforced is their lapse and shift dependence. Such dependence was not
present in the classical field theoretical case, but is acquired through the quantization
procedure and the sectional nature of quantum states. Nevertheless, such dependence
must be made null, given that the constraints must be preserved during the dynamics
in order to maintain the leaf independent principle. Given that this must be true for
all foliations or paths between hypersurfaces, it must be true for any choice of evolution
for lapse and shift. Consequently, we must enforce that:

) o

————H,(x) = SNA(T)

Qy) = =0 ---
SN () Hi(x) =0V p,v=0,---,3 (115)

which implies, at the level of the quantum connection,

S Q) + ). QA ()] =0 (116)
Note, therefore, that if eq. (115) is not fulfilled, even though the constraints are con-
served under the Hamiltonian dynamics given by {, fy } i, they would not be conserved
under the curve the lapse and shift functions follow. Therefore, at some step in the evo-
lution the hybrid states would abandon the submanifold of null supermagnitudes and
the path independence would be lost from that point onward, falling into the Hamilto-
nian analogue of losing general covariance.

Note that this is equivalent to extend equation (107) to apply for derivatives not
only with respect to purely geometrodynamical variables h, ), but also for lapse and
shift (as the classical field magnitudes did not depend on them). This starts depicting
a general trend: symmetry generating functions at the quantum level must present the
same kinematical relations and leaf dependence as the classical field theory to properly
close with the pure geometrodynamics, and the quantum connection is chosen to provide
such compatibility (associated to the leaf-dependent family of vacua invariant under the
symmetries).
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4.5. Hybrid equations of motion and properties of the dynamics.

Having introduced above the evolution equations for any hybrid observable, we consider
illustrative to write down explicitly the equations of motion governing the dynamics of
the 3-metric, its associated momenta and the quantum states. For the 3-metric from
a hypersurface to a neighbouring one can only be by the extrinsic curvature and the
spatial diffeomorphism, its differential equation is as in ordinary geometrodynamics,
matter independent:

%hij(x) = {hij, fute = 2N (2)Giju(z) 7™ (2) + 2(DiN* () hy; () (117)

On the other hand, the geometric momenta does couple with matter:

d .. y /
@) = {7, fute = ~Oh,Hao — N7 (V| Q@) | W), (115)

where the first term is the the usual from pure geometrodynamics and the second one is
the coupling with quantum matter, which, by mercy of the constraints on the quantum
connection, has no contribution from the quantum supermomenta, given (103), and the
derivative w.r.t. h of the quantum superhamiltonian fulfills (105). We identify this last
term as the backreaction of quantum matter into the gravitational dynamics. Lastly, the
quantum state evolves as:

d : -
£\If = {\I/, fH}Q -+ {\I/, fH}G + N*On= W + N“@Nn\lf =

(%ﬁ — {hijn firtoTn, — N7Fye — NFN> ¥ (119)

where we remind that such quantum connections must fulfill eqs. (74,105,103,116),

and the notation for continuous indices implies the contraction through integration

over Y of the local connections with the s-derivative of their associated local vari-

ables ({ijuos frr}eThy. = [ d®20piiw) fuln, (x), and equivalently for lapse and shift
D

s—derivatives and local connection). Besides, we remind that the quantum Hamilto-
nian operator H and the connections are (h, N, N*)-dependent.

This system of equations defines the hybrid dynamics. Note that it cannot be
unitary, given the non-linearity arising from the mutual backreaction. Nevertheless,
norm conservation is assured by the quantum connection, even if the definition of the
scalar product (and thus, of the Hilbert space) is leaf dependent, as already happened
in Ehrenfest equations for finite dimensional hybrid systems [1].

Note, on the other hand, that the connections appear acting as operators on W,
but they are not self adjoint for the scalar product over such leaf, (,)¢. Thus, for such
scalar product associated to a certain & € B content of the leaf, they would induce also
a non-unitarity. In fact, the main property of such connection is that it always maps the
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quantum state out of the original Hilbert space to which it originally belonged (given
by (,)¢), in order to fit it in the infinitesimally neighbouring Hilbert space under the
path along the section of scalar products (, )eyse, given by the infinitesimal change 0§ of
(h, 7, N, N%). Nevertheless, the quantum connection compensates for the change of the
scalar product itself under changes of £, as seen in eq. (74), and for such leaf dependent
definition of scalar product, we achieve norm conservation. The proof is immediate by
applying eq. (113) to the norm:

W W) = (0 W), frb+ MO0 | W)+ 100 [T =0 (120)
where the first two terms are null because the image through horizontal sections of the
tangent fields on B conserve the é-dependent scalar product, while the quantum Poisson
bracket is null because it involves the commutator of the self-adjoint (for the given (, )¢)
Hamiltonian operator with the identity. Contrarily to the case of the horizontal lift of
the geometric transformation, the term with the quantum Hamiltonian is Hilbert space
preserving, not accounting for changes of the base, but only for the vertical evolution
on the leaf.

Therefore, one may decompose the hybrid dynamics of the quantum state as the
sum of a vertical vector field on the fibration and a horizontal one. We must remember
that the quantum state as an element of Mg is defined as oyl¢, the evaluation of a
covariant section oy € M, on a given point & € B. In this context, the vertical vector,
which is given by the quantum Poisson bracket that provides the Schrodinger-like term,
provides the change within the space of M, the covariant sections, but keeps evaluation
point ¢ € B static. On the other hand, the horizontal one, given by the image through
oy of the gravitational Poisson bracket and the tangent vector to the curve defining
the lapse and shift along the foliation, provides the change of the evaluation point in
B, without changing the covariant section oy. Therefore, together they yield the total
evolution of the quantum state, taking into account both the change of Hilbert space
due to the change of £ and the change of quantum state within the original Hilbert
space, as is illustrated in Figure 3.

5. Discussion.

We have constructed a hybrid geometrodynamical framework with classical 3-metric
and associated momenta and quantum field theoretical matter. In order to succesfully
represent the infinitesimal generators of Dirac’s group of hypersurface deformations in
a Hamiltonian way over this hybrid manifold, the introduction of the quantum connec-
tion has shown to be crucial. Such quantum connection is related to a notion which is
widespread in the literature: the time dependence of the vacuum state in quantum field
theory in curved spacetime, which leads to time dependent Fock spaces, or analogously,
field measures defining a Hilbert space. Depending on the interpretation, this usually
lead to a pandemonium of phenomena, from norm loss of quantum states of difficult
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physical understanding from the probabilistic point of view, to complicated particle
interpretations when Lorentz invariance was missing in the first place. Under this for-
malism, there is no need of such interpretations, as norm loss is entirely avoided and
the variety of Hilbert spaces is clear from the beginning.

In particular, using the mathematical construction of [2, 3], we have introduced
the concept of a {-parametric family of quantizations (equivalent to the time dependent
vacuum), each of them characterized by a measure, a representation of operators and
states. Such quantizations are unitarily inequivalent, contrarily to the finite dimen-
sional case. Therefore, we introduce a non-unitary operator to relate them, which does
not preserve the Hilbert state structure it acts on, but instead transports the state to
the new Hilbert space resulting from the change of £. Such operator represents func-
tionally the quantum connection 1-form. From the requirements for consistent hybrid
geometrodynamics, we obtain that it must fulfill certain constraints, which in the auxil-
iary mathematical notes are related to the covariance of Kibble’s Kéahler structure ([24]).
It has remarkable physical implications; it leads to norm conservation throughout evolu-
tion, ensures that the quantum supermagnitudes (generating functions of hypersurface
deformations) reproduce Dirac’s algebra and helps preserving throughout the foliation
the hybrid geometrodynamical constraints.

On the other hand, the reader might have notice that the process that has lead
to the identification of the quantum supermagnitudes is slightly misaligned with the
spirit of geometrodynamics [19]. Instead of invoking the representation postulate to
find the supermomenta as purely spatial diffecomorphisms on leaf, £3, ¥V = {U, ’H? Yoo
we have resorted to the quantization of the appropriate generating functions over the
classical field theory to identify such generating function. In the end, the procedure is
analogous, for a consistent quantization procedure of the observables yields the appro-
priate operators (specially if they are no more than quadratic on the fields) representing
the transformation for the functions adapted to a certain L?, taking into acount that
momentum operator is represented as a self-adjoint derivative w.r.t. the measure and
vacuum phase, in order to be self adjoint.

The geometrodynamical principle of equivalence is a key notion in [19] for the
inclusion of of classical matter sources in geometrodynamics. We keep this notion, but
apply it only to the classical field theory considered for quantization, and, given that
the choice of quantization is made referent to the classical field structures as in [5] ,
the quantized version does not acquire extra dependencies on the geometric momenta.
Nevertheless, we do allow for it to acquire through the quantization procedure new
(non-ultralocal) dependencies on the derivative of the 3-metric.

As discussed in the introduction, invoking the geometrodynamical equivalence prin-
ciple for the classical matter fields as in [19] bans non-minimally coupled theories from

this framework, and thus, we have only studied, for the material subsystem, theories
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resulting from the quantization of classical supermagnitudes that did not depend on
derivatives of h nor on 7. The extension of hybrid geometrodynamics to non-minimally
coupled cases and its implementation regarding the GD equivalence principle, will be
explored in future works. On the other hand, one may speculate that, to some ex-
tent, some sort of non-minimally coupled field theories could still emerge as effective
theories for matter test fields obtained from the current theory were matter fields are
sources. The idea would be that the effect of the backreaction of matter on gravity,
and its subsequent effect on the propagation of the fields due to the change of metric,
makes up for a gravity-mediated self-interaction. Therefore, if the perturbation on the
geometry is small, it could be “integrated out”, i.e. absorbed into the matter theory as
a new dynamical pole on the propagator of the fields coupled to a background gravity,
considering for this new effective theory the geometry unaffected by matter “test fields”.

Furthermore, N, N* have a dynamical origin, not a kinematical one. Therefore, the
fact that the quantization procedure is dependent on them seems rather unnatural, as it
renders the quantum kinematical structures (such as the scalar product and the space of
states) N, N'-depdendent, obscuring the difference between kinematics and dynamics.
Nevertheless, thanks to eq. (115), at least the generating functions of the symmetries
are forced to be independent on them. In any case, a choice of complex structure for
quantization that, together with the connection, fulfills all the constraints, but is not
lapse and shift dependent, would seem desirable in this sense, although, a priori, it
would differ from the case considered in [5].

In addition to the former discussion, it is relevant to recognize that the notion of
equivalence principle for Quantum Field Theory has been questioned in the literature,
although in our construction its enforcing is not required explicitly at the quantum level.
However, one of the implications of hybrid geometrodynamics yields some light on this
issue and goes as follows. In the same sense that Ehrenfest’s theorem almost reproduces
Newton’s equations for the expectation values, we can argue that the expectation
values of the operators resulting from quantizing classical matter supermagnitudes
almost obey this hybrid geometrodynamical equivalence principle. In this way we find
an interpretation under the light of the equivalence principle for the particular leaf
dependence of hybrid observables,

Oe(V | Q(A) [ W) = (¥ | Q(9:A) | V) (121)

associated to any classical symmetry generating function A. Note that, in the case of
leaf dependent quantization, this is only possible thanks to the inclusion of the quantum
connection. Therefore, “purely material” physical observables, at least at the level of
expectation values, not of measurement results, have their local laws with the appropri-
ate dependence on the geometry of spacetime, as the classical magnitude A fulfilled the
geometrodynamical principle of equivalence.

Another important principle in the construction of geometrodynamics is path in-
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dependence, achieved under the hybrid constraints H,m(x) = 0 (ensured their preser-
vation through (115) and their first class nature for the Hamiltonian {, fy}x). These
constraints might have important phenomenological consequences, as we have hybrid
conserved magnitudes for the whole universe. For example, starting from non-divergent
initial data for matter and geometry, if at any point of the evolution the pure geometro-
dynamical part becomes divergent (formation of a singularity, for example in a hybrid
dust collapse model), it must be accompanied by a same-sized divergent expected value
of the quantum operator, as we know that the Hamiltonian constraint is preserved. To
what extent this might prevent the dynamical formation of singularities when matter
sources are quantum will be the subject of future work.

In this line, one realizes that, if the phenomenon of quantum completeness as stated
in [18],[4] had a backreaction of quantum matter on gravity as in this work, the quan-
tum matter fields would not be able to act as sources of divergent geometry. Such
phenomenon is based on the loss of norm for the quantum states while approaching
geometric singularities. In that sense, singularity formation starting with non-singular
initial data would be to some extent protected in hybrid geometrodynamics if norm loss
was allowed, as, in the process of forming the singularity, the material sources would
become smaller the nearer to the formation of the singularity.

Nevertheless, in our framework norm loss does not take place, even if the norm
is computed inside different Hilbert spaces with different scalar products. The usual
argument of time dependent vacuum state is still valid, given by the leaf dependence
of such vacuum state, where the leaf variables are dynamical. Precisely, in our work
it is the source of the consideration of inequivalent Hilbert spaces, as it provides the
associated measure, albeit such measure and the non-vacuum states are always properly
normalized. To what extent the phenomenology of quantum completeness could find
its way into our formalism, given that norm loss is healed by the quantum connection
relating the &-parametric family of scalar products, is still a matter of discussion.
Another interesting application of the formalism is the study of the phenomenon
of particle creation (for a decomposition of wave functionals into the usual particle
interpretation of Fock spaces, see [2, 3]). In particular, if we considered a closed path
on the base of the hybrid fibration, starting from an Euclidean measure (and a suitable
associated geometromomenta), going through arbitrary Riemannian 3-metrics, back into
the Euclidean case, we are reproducing the usual “past Minkowski”, intermediate curved
spacetime, “future Minkowski” set up. The holonomy of the quantum connection along
this curve allows for the precise mathematical characterization of the particle creation
phenomenon in our framework, while leaving room for more general phenomena, such
as the physical interpretation of a possible torsion for such quantum connection. This
will be the subject of study of future works.

We conclude this work by quoting Robert M. Wald who has guided the intertwining
of Quantum field theory and curved spacetime for almost half a century. The quote is
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an extract from [34] on the consistency of quantum fields in curved spacetime as source
for classical gravity:

“But if the five azioms [of QFT in Curved Spacetime| are inconsistent in a nontrivial

manner, then unless one can somehow evade the arguments of Section II [leading to

the five axioms| one would be forced to conclude that “back reaction” effects cannot be
treated within the context of the semiclassical approximation.”

In this context, a natural question that we will need to answer in future investigations
is whether or not something has been gained regarding this issue in our depiction of
the backreaction in terms of Hamiltonian framework for Dirac’s spatial hypersurface
deformations.
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Figure 1. Representation of the fibration with base B and fiber (N)’, and the set of
parallel transported sections over it, Mg, associating a Hida distribution to each point
of a curve 7 along the base. Note that the sections are defined for different points of the
fibration (f, f/, f”, ---) fulfilling 7=(f) = 7=(f") = 7£(f") = & and the covariance
condition, Vxo = 0VX € X(B).

LQ(N’_aDN-&) .................. LQ(./\/"’_IDHE3
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Figure 2. One of the sections of figure 1, seen locally on & = ~(t;) as | ¥;), a
vector inside a different Hilbert space at each point of the base. Such Hilbert spaces
are defined depending on £ € B, given the ¢(-dependence of the Hermitian product
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Figure 3. Illustration of the decomposition of a tangent vector to the bundle
in its vertical and horizontal decomposition. In particular, we are considering
the infinitesimal evolution of the hybrid states, between two infinitesimally close
hypersurfaces, X5 — Xs145. Thus the vertical part is given by the “solely quantum”

evolution, i.e. Vyert. (V) =A{V, futg = %lI:I\IJ This part of the dynamics is internal
for the original Hilbert space, for the initial {(s) € B, and can be seen as a change
between the covariant sections (from black to red) in M, without changing the
evaluation point. On the other hand, the horizontal one lifts the tangent field on the
base through the connection. Therefore, it does not change from one covariant section
to another, but it provides the change of Hilbert space due to the change of evaluation
point to £(s + ds). The sum of both of them conform ‘fi—f, which is a generic change of
quantum state, changing both covariant section and evaluation point. Remember that
the change of Hilbert spaces forces us to see the quantum state inside different (for
each £) subsets (the L? spaces) of (N), as it engulfs all the L? spaces, which is why it
is chosen to be the fiber of the given bundle (represented faintly in the background).



Hybrid Geometrodynamics.

Supplementary material.

J L Alonso!?34, C Bouthelier-Madre'?34, J Clemente-Gallardo
1.234and D Martinez-Crespo !3*

! Departamento de Fisica Teérica, Universidad de Zaragoza, Campus San Francisco,
50009 Zaragoza (Spain)

2 Instituto de Biocomputacién y Fisica de Sistemas Complejos (BIFT), Universidad
de Zaragoza, Edificio I+D, Mariano Esquillor s/n, 50018 Zaragoza (Spain)

3 Centro de Astroparticulas y Fisica de Altas Energfas (CAPA), Universidad de
Zaragoza, Zaragoza 50009, (Spain)

4 Instituto de Biocomputacién y Fisica de Sistemas Complejos (BIFI), Universidad
de Zaragoza, Edificio I+D, Mariano Esquillor s/n, 50018 Zaragoza (Spain)

Submitted to: Class. Quantum Grav.



Hybrid Geometrodynamics. 2

1. Differential calculus in infinite dimensional manifolds.

The aim of this first section is the definition of the necessary tools from calculus and
functional analysis to be able to write the Poisson bracket for the gravitational degrees
of freedom and the derivatives with respect to the field-distributions of the quantum
states, taken into account the infinite dimensional nature of the associated manifolds.
We will start with the gravitational case.

1.1. Gravitational case.

Firstly, we express the metrics in terms of its coordinates h;;(x,) for the fixed chart
on ¥ (we assume it constitutes an atlas, but can be extended to several charts with
smooth composition) given by z,. Now, the derivative with respect to the metric is

represented by V i,j, and this is the expression we want to make sense for.

Originally, for h to be a tensor field, we consider the coordinates as differentiable func-
tions, h;j(z,) € C(X). In order to have a good notion of derivative, we want to make
the space of metric coordinates a Fréchet space, denoted by Aj,. We have two options

here.

The first one is for ¥ to be a compact manifold, thus in order to find a Frechet
topology for them we must fix a boundary term for a h;;, for example the euclidean
metric 7 in the whole ¥, and add to it differentiable functions of compact support as
a perturbation over . Then N), = (C¥(X%))% 4+ n;; ~ (CF(X))%. Note that in N}, we
are considering 6 copies (one for each independent coordinate given by i,j = 1,2,3
substracting the permutations) of the chosen Fréchet space. On the other hand, if ¥
is not compact, we must ask for asymptotic properties of the metric h;;, for example
match the euclidean metric at infinity, and then perform a one point compactification
of the manifold ¥ = X U {oo} and return to the previous case.

o
Armed with this machinery we identify 5y (@) with its Fréchet derivative,
ij (L
and the directional version, given by Gateaux derivative along f;;, given by
)
dVols(x) fij(x) =——.

Secondly, to extend this notion of derivative to the cotangent bundle, we would like
to have the same notion of derivative on the dual space. There is an obstacle that must
be overcome: the tangent space is isomorphic to Riem(X) which in turn can be seen
as an element in a Fréchet space, N}, which yielded the notion of Fréchet derivative.
Contrarily, the cotangent space is the dual of the former. If we are to find a natural
topology of this space as the dual of NV}, then we would conclude that it must be modelled
with distributions, 7 € D'(X)®, which is the dual to C&(X) The main issue with this
approach is that C(X) C D'(X) is not isomorphic to its dual, but way smaller.

In this case there is a fairly simple solution to this problem, we will restrict the
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momenta 77 € Riem/(X) to be (0,2) symmetric tensor densities of weight 1. This is a
dense subspace of the previous choice that has the same topology as N} and therefore
is a Frechet manifold.

All these considerations lead to the fact that on Mg, locally trivialized by
Riem(X) x Riem/(X), one can define a symplectic form w,. Notice that we can only
consider a corresponding Poisson tensor as its weak inverse, because the symplectic
form is invertible considering the inclusion C&(X) C H, where H must be a Hilbert
space. This is achieved with the notion of Gel'fand triple, which we discuss in the
next section. In order to focus on the physical applications, we assume that all the
necessary considerations of infinite dimensional analysis are made in order to work in
the conventional way of differential geometry.

1.2. Matter case.

In the case of classical scalar fields we can proceed analogously. We might model the field
variables and their momenta as functions (densities) of compact support N' = C°(X).
For tensorial matter fields the construction proceeds as in the gravitational case, with
the appropriate vanishing boundary conditions.

For quantum matter the situation is different. It is no longer possible to model
the manifold of quantum fields over a nuclear-Frechet space. The reason is twofold. On
the one hand the canonical commutation relations [gzgl’, Y] = i6*Y, the Lh.s. stands for
the Dirac delta, force quantum fields to be considered as operator valued distributions
and therefore its eigenvalues, considered as their classical counterparts that belong to a
manifold ¢*, 7 € Mg, must be distributions.

On the other hand, a quantum wave function ¥ must belong to a Hilbert space of
square integrable functions L?(Dyu) where Dy is a measure over the classical fields M.
Not such measure exist if Mp is identified with A, thus we must complete it to a bigger
space. It turns out that the natural space to consider integration theory is the dual of
a Nuclear-Frecheét space N, which in our case is the space of distributions D’(X). For
further details on this discussion we refer to [2, 3].

This considered, the definition of a derivative becomes trickier in this setting. For
the gravitational case we just reduced the momenta, naturally belonging to D’(X), to
a Frechet subspace. In this case the situation is reversed, we must extend the fields,
naturally belonging to C°(X), to the space of distributions. The tool to perform such an
extension is the Rigged Hilbert space or Gel’fand triple. The presence of a riemannian
metric h over X allows us to ”"raise” indices of functions ¢, € N to their associated
distributions ¢* € N’ under the identification

N =C®(%) C L*(dVol,,X) C D'(X) = N (1)

Quantum pure states are therefore modelled by wave functions of a space ¥ &
L*(Du, N') where Dy is a gaussian measure defined by the characteristic functional, as
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in eq. (47) of the main article. The question that arises now is, what notion of derivative
is available for matter fields in this context?

To answer this question we will proceed as follows, we introduce the Nuclear-
Frechet of Hida test functions denoted by (N). This space is constructed solely
with the structure of N. Frechet derivatives are well defined objects that we denote
g+ (N) = N @ (N) and allow for directional derivatives in every direction of N’.
Then we introduce the Gel’fand triple

(W) € L*(Dp, ) € (N (2)

This allows to extend the derivative 9 to every function in L?(Du, N”) (and even
(N)') at the cost of reducing the allowed directional derivatives to those on the Cameron-
Martin Hilbert space Ha C N’. This Hilbert space is built upon the covariance of Dp.
The new notion of derivative is the (Hida-)Malliavin derivative, an operator

Ope + L*(Du, N') — Ha @ L*(Dp, N7) (3)

This operator allows us to perform differential calculus over the space of quantum fields
for cases of physical interest.

We have thus defined derivatives with respect to the fields acting on the wave
functionals. In the following section, we make sense of the quantum Poisson bracket
through its associated symplectic form. Its usual biderivative representation can also
be defined over the adequate functional spaces, in analogy to the gravitational case, but
with a further level of abstraction.

2. Geometry of the Quantum Phase space.

The representation of Hamiltonian QFT we are considering follows the canonical
construction in [5] (see also [4] for an equivalent formulation), which begins with the
characterization of a phase space for quantum states, appropriately called the manifold
of instantaneous pure states, P, associated to the projective space of a Nuclear-Frechet
dense subset of a Hilbert space. Such phase space can be made of even dimension
(for example, as a realification of a space of complex functions) and is naturally
endowed with a symplectic structure wg (at the quantum level, not to be confused
with we) from the imaginary part of the hermitian product over such Hilbert space,
(,) = [po(-,-) +iwg(:,-)]/2. Of course, we may find the wg-compatible complex
structure Jo completing the Kéhler structure, such that pug = wq(Jg-, ). From there,
one finds the Poisson bracket {, }o as the (weak) inverse of wg, identifies a Poisson
algebra of observables Ag as the expectation value of self-adjoint operators for such
Kahler structure and among them one can find the symmetry generators. In particular,
for the dynamics generating Hamiltonian function fg, the integral curves associated
to its Hamiltonian field Xy, = {, fu}q, yield curves among P called histories of the
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quantum states, in contrast to the instantaneous nature of a single point in P. Thus,
the dynamics establishes an isomorphism between initial the instantaneous pure state
and its history, in line with the definition of a Cauchy problem.

The history of a state in not granted to exist for any initial state in P. Usually, to
state existence and uniqueness theorems for the integral curves of X, the dense subset
P is not enough and we must consider the whole Hilbert space, or an even bigger set.
Calculus on infinite dimensional spaces outside of the Frechet category are pledged with
ambiguities and problems that turn them into non convenient spaces for geometry|6].
Thus there is a tradeoff between the simplicity of the geometrical presentation of the
dynamics and the existence of its resolution.

In our construction of Quantum Geometrodynamics the ultimate goal is construct-
ing a Poisson algebra over a quantum phase space and find within it the generating
functions of hypersurface deformations, considered to be symplectomorphisms and check
that they fulfil the appropriate closing relations for a matter theory. Nevertheless, Kib-
ble’s geometric construction is more convoluted in our case than in ordinary Quantum
Mechanics, as we have stated that the Hilbert spaces, the operator representations and
even the states are leaf dependent, and, beyond that, there is no explicit notion of time,
but of foliation-label, and, furthermore, the solutions to the Cauchy problem should be
foliation (and, thus, label) independent, making up for a harder (and, some may argue,
intertwined) definition of instantaneous states and histories, see section 3 of the main
article. Thus, the first step to mimic Kibble’s geometric formulation is to identify which
geometric structures are unavoidably leaf dependent, and which ones can be constructed
leaf independently.

Therefore we are facing two kinds of geometrical structures: the leaf independent
ones, related to the kinematics, and the ones related to the physical interpretation, leaf
dependent. Starting with the leaf independent ingredients, we identify the following
kinematical elements:

I The phase space of the quantum theory, I'g. In principle this is a complex space
that could be modelled (up to existence and uniqueness problems) over the Frechet-
Nuclear space of Hida test functions (N') which is a complex space. Here we choose
to realify this space and represent I'g with two copies of the real Hida test functions
(Mg x (N)g. This is associated to the space of instantaneous pure states P in [5],
although in this case it is not yet associated to a Hilbert space. Note, neverthe-
less, that this space of Hida test functions is a common dense subset of all possible
Hilbert spaces constructed from Gaussian measures of physiscal interest, therefore,
the need to be restricted to a subset of a Hilbert space present in [5], which was
necessary to consider only states belonging to the common invariant domain of all
operators associated to symmetry generators, will be immediately fulfilled. In ad-
dition I' belongs to the Nuclear-Frechet category and thus is a convenient space
to perform differential geometry with proper definitions of partial (Frechet) deriva-
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tives and tensors.
Another difference with the standard interpretation of P given in [5] is that the
quantum states are not elements of the tangent space to the vacuum but sections

of a fiber bundle with base coordinates h, m,, N, N

Note, lastly, that we are not yet considering a scalar product over I'g, so we
have not yet endorsed it with the Gel'fand triple (2) that comes with the leaf-
dependent Hermitian product (,) constructed from the gaussian measure Dy with
characteristic functional associated to we(Je-, -).

In the absence of further structure we would like to see the coordinates of I'g as
some sort of canonical Darboux second quantized coordinates [3]. In this sense we
would like to proceed as in classical field theory. We introduce ®¢ € (N)g as the
first coordinate which is a function, thus the associated canonical coordinate ILy
should be a ”"density of weight 1”. The problem with that approach is that there
is not such a notion in infinite dimensions due to the ill defined determinant of a
change of coordinates. Fortunately, as is further explained in the supplementary
notes, there we noticed that densities of weight 1 were dense in the distributions
and distributions are effectively defined with Gel’fand triples, in particular the
Riemannian structure of ¥ lead to the triple (1).

Consequently we declare that 11 € (N)' is a Hida distribution. Nonetheless this
identification poses further problems because (N')' is too large to efficiently describe
the conjugate variable to ®. Thus, we introduce a Gel'fand triple that depends
only on the Riemanninan struture of ¥ and therefore generalizes (1) in the most
stightforward way. To do so we introduce the white noise measure D with the
characteristic functional

/Dﬂ(qg)ei(mupmz) — ¢~ JedVolupp (4)
N/
Then we construct the White Noise Gel’fand triple
(N) € LA(DB,N') € (N (5)

not to be confused with (2). We use this Triple to lower the indices of associated
coordinates I1¥ that are functions. In other words, the canonical conjugate momenta
I1, to the functions ®¥, that play the roles of densities of weight 1, are the elements
of (N)’ that can be identified with (A) through the white noise triple.

In summary, each point of I'g will be labelled in canonical Darbouz second quantized
coordinates by (®¥,1I1,) where ®% is a function of (N) and IL, is a distribution of
(N)' that can be identified with a function II¥ through the white noise triple (5).
In this fashion we identify this space with the cotangent bundle I'g = T*(N)

The third ingredient is a symplectic form wg over I'g. For our particular choice, it
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can be constructed as the canonical symplectic form of T*(N) i.e.

wo = —d®? A dll, = / DB(p)dd* A dIT? (6)
N/

As happened in [5], wg must be only weakly defined. This is because we could
regard it as the imaginary part of the scalar product of L?(DS,N’), then it is
only invertible if we extend the definition to the whole Hilbert space. This weak
definition affects mathematical aspects of existence and uniqueness theorems for
solutions to differential equations, without ominous implications on the particular
physics of the Hamiltonian dynamics we aim to construct.

The essential point of this symplectic form is that, in these coordinates, it is defined
in a leaf independent way, diwg = 0V £ = [h,m, N, N'] as long as we declare
(®#,11,) leaf independent. Therefore, with a consistent definition of covariant
derivative, its derivative must vanish in every system of coordinates. Notice that
for this to be true the function I1° acquire leaf dependence through the dependence
of DB on h. This is a reflection of the role that it acquires, being f[so analogous to
a density of weight 1.

Given the contangent bundle narrative, we have chosen wg to be the canonical
one, but, in general, it can be just postulated to exist over I'g. In turn, from a
quantization procedure point of view, as is discussed in [3] it can be considered as
the generalization of the classical field symplectic form we from 1-particle states
(which are isomorphic to classical field solutions) to generic quantum states, and,
as it already was leaf independent, such property is inherited through the general-
ization.

Once this structure is given one may define a weak inverse of the symplectic
structure, which is the Poisson tensor (1.

The last kinematical ingredients are the quantum Poisson bracket {, } and a set
of appropriately differentiable functions over phase space, which form a Poisson
algebra Ag with it. The Poisson bracket associated to the Poisson bivector,
Qo(df,dg) = {f,9}q, and is a bidiferential operator fulfilling Jacobi, Leibniz,
bilinearity and antisymmetry. The definition of {, }¢ in the main text is precisely
associated to this Poisson tensor, so it inherits all this properties and is a rightful
Poisson Bracket. Assuming the symmetries of the system leave the chosen
kinematical structure invariant, then they can be casted in a symplectomorph
representation, where the closed form df = i1x,wq associates its generators to a
Hamiltonian field X, constructed in terms of the function f : I'g — R representing
a conserved quantity belonging to the Poisson algebra. This is called the generating
function f € Ar and its existence is assured by the triviality of de Rham’s
cohomology, being the one-form df exact. In this way, the symmetries over the
Poisson algebra are implemented via the Poisson bracket as Lx,g = {g, f}q. This



Hybrid Geometrodynamics. 8

is the most important ingredient for geometrodynamics, and, as long as we have a
leaf independent Poisson bracket we can dispense with everything else.

Having a leaf independent quantum Poisson bracket (as wg was leaf independent)
implies eq. (63).

Once we have all of these ingredients we are almost able to represent the generators
of hypersurface deformations in a Hamiltonian language for QFT. The only ingredient
lacking is the association of the elements of the Poisson algebra to physical magnitudes.
In other words: what do these functions represent and how do we construct them?

Unluckily, in QM operators are usually related to physical magnitudes through
the (not univoquely defined for all observables) quantization procedure of the functions
representing such magnitudes at the classical level, and in our case such quantization
procedure is leaf dependent.

On the other hand, from [5], [4] (and in the hybrid case, [1]) we know that such Pois-
son algebra of functions must be given by the expectation value of self-adjoint operators.

To define such objects we will firstly introduce some notation. We will represent
the quantum states in this manifold of pure states as vectors Vi, = \I/‘f&w + \Ilgam)
where W? are just its coordinates in the canonical directions (associated, as we will see
later, to ¥ as a Hida distribution in the main text). Notice that such coordinates may
be &-dependent, in order to reproduce the section nature of quantum states. On the
other hand, the operators as (1, 1)-tensors will be denoted by A (analogously associated
to the operator A = Q(A) in the main text).

To introduce the scalar product, we introduce a Kéhler structure at the quantum
level. Given that I'g is already provided with the symplectic structure wg, we must
introduce a compatible complex structure Jg. In complete analogy with the Kahler
structure over the classical field manifold, such complex structure is leaf dependent,
as it is a suitable generalization of Jo from the 1-particle states (isomorphic to the
classical field phase space) to generic states (see [3]). The compatibility condition by
the definition of a Riemannian metric pq:

nQ(s ) ==we(Jg - ) (7)

Armed with this Kéhler structure, we may define a Hermitian product:

hQ(v‘Ifm V‘Ifb> = [MQ(V‘PM V‘I’b) + in(v‘Pw V‘Pb)] /2 : (8)

Thus, we are able to reproduce the construction of [5] summarized in the first paragraph
of these notes, with an interesting difference. The imaginary part of the scalar product
is still given by the symplectic structure and it is leaf independent. Nevertheless, the
real part is leaf dependent, as p¢ is constructed from Jg, that was chosen as a gener-
alization of the leaf dependent Jo. Thus, we have a {-parametric family of Hermitian
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products which only differ on their real part.

As shown in [3] and summarized at the end of these notes, this Hermitian 2-
form reproduces the scalar product of the Hilbert space in the functional picture, as
there exists a {-parametric family of isometries between the completion (I'g, hQ)'E and
L*(N7, Dug). Therefore, the algebra of observables under consideration is constructed
from functions like the following:

. 1 ; .
fa=ho(Vy, AVy) = §[WQ(JQV\P7AV\I’) +iwg(Ve, AVa)] € Aq . 9)

In this framework, it is straightforward to show that, for the operator A to be
self-adjoint it must fulfil:

WQ<V\pa, AV%) = WQ(AV\I;a, V\pb) and [A, JQ] =0. (10)

From this construction, it is inherited from the construction in [5, 3] that the quantum

Poisson bracket reproduces the commutator of operators as long as [A, Jo] = 0 and
(B, Jg] = 0: '
—1

{fa, [BYq = ff[A,B} (11)

This implies that the relevant observables are blind to some parts of I'g or analogusly not
all I'g should be considered, it is only necessary to keep the holomorphic part spanned
the following vectors V}, = %(1 —iJg)Vy that we denote I'g g

As happened in the main text, the quantum states are covariant sections, where we
will denote the connection 1-form by I':

0V = —T'Vy (12)

The condition that the connection fulfilled in the main text to achieve leaf independent
of the kinematics, eq. (74) of the main text, is given in this language by:

dgwg — wo(, ) —we(-,T+) =0 (13)

and the condition that the connection does not mix the braket representation is provided
by
Oedo + T, Jg] =0 (14)

These conditions are, in turn, the preservation of the whole Khaler structure. For
the quantum superhamiltonian (¢ = 0) and supermomenta (u = 1,2, 3) to appropriately
fulfil the material closing relations and the associated constraints to hold as in the main
text, the must fulfill:

0eQ(H,") + [0, QA = Q(O:H,) (15)

where @ is the quantization procedure giving operators in this geometric framework.
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Relation between the functional and geometric picture and the quantization procedure.

From [3], we learn to construct the usual description of quantum states ¥ belonging to
a single Hilbert space L%,,(N”’, Du¢) from the second quantized Darboux coordinates
(®¢,11¢). The subspace I'g hot, that depends on the choice of Jg, can be completed
with the hermitian form hg. Then there is a unitary isomorphism denoted by

- s
tig + (Lo, hg) — L% (N, Dug), such that we may identify tio | e | = NS

L% (N, Dpg). Using this isomorphism, one can define the operators in relation with
the ones in the main text as:

A= L;QlALJQ (16)

and therefore, the quantization procedure defined above as:

QA) = 131 Q(A)u, (17)
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Chapter 4

Discussion

Hybrid theories are powerful frameworks to simulate and understand systems that, usually
under the perspective of an effective description, use both quantum and classical degrees

of freedom to model the relevant phenomena.

These systems find their historical roots in the Born-Oppenheimer [11] approximation,
which exploits the hierarchy between the masses of electrons and nuclei in molecules,
allowing for an uncorrelated, though dynamically coupled, description of their motions, by
1/2

< 0.024. This approximation

e

N
formed the basis for the treatment of molecular systems for decades, enabling a simplified

neglecting terms being proportional to powers of

representation where electronic degrees of freedom are treated quantum mechanically due

to its relatively lower mass, while allowing to approximate classically the nuclear motion.

However, as research advanced and technology evolved, it became apparent that many
systems require a more intricate treatment that goes beyond the Born-Oppenheimer-based
molecular dynamics. Such approximation usually considered the electronic states to be
frozen in an eigenstate of the Hamiltonian which was dependent on the nuclear degrees of
freedom. As a consequence, the backreaction of the quantum degrees of freedom on the
classical ones was given by the associated eigenvalue, which acted as an effective potential
(usually dubbed energy surface) for the electronic-nuclear interaction, given its depen-
dence on the nuclear positions. Thus, this picture was adiabatic regarding the quantum

subsystem, forbidding electronic transitions between different energy levels.

Modern developments showed that diabatic dynamics for the quantum subsystem re-
produced more accurately the full quantum description and, thus, the real phenomena
captured in experimental studies. This led to the emergence of a wide variety of hybrid
quantum-classical approaches beyond Born-Oppenheimer approximation. In this context,
Ehrenfest dynamics, for example, takes a step ahead. Although it was already common-

place in the literature, its formal derivation was studied by Bornemnann et al. [68], who



200 Chapter 4. Discussion

showed that the bounds on the neglected terms in the approximation depend on the quo-
tient of masses, and also on the quotient of the characteristic widths of the nuclear (o)
and electronic (o.) marginal probability densities (U—N < 5-107%). The terms that are
neglected in the Born-Oppenheimer approximation also depend on the quotient of masses,
but in the case of Ehrenfest dynamics the dependence is more restrictive. This dynamics
has played a crucial role in the field of hybrid systems, as it fulfils several consistency
requirements [63|, and can be provided with a Hamiltonian formulation in analogy to clas-
sical mechanics [69]. The latter fact, in the context of this thesis, is particularly useful in

relation with Liouville’s theorem.

While a lot of effort was devoted to the dynamics of hybrid systems, little attention
was paid to their statistical and thermodynamic properties. For example, the absence of
a precise definition of hybrid entropy was an unnoticed yet relevant hurdle in the literatu-
re. Consequently, this deficiency may lead to misconceptions of hybrid thermodynamical
ensembles. In particular, a wrong definition of the canonical ensemble may lead to incon-
sistent thermodynamical properties: its associated extensive magnitudes are non additive,
and its thermodynamical limits are consequently ill defined. Furthermore, it does not ex-
hibit a good limit when the classical subsystem becomes trivial — a limit that should yield
a proper quantum canonical ensemble. The root cause of this mistake was the foundation
of thermodynamical ensembles on the notion of detailed balance for Hamiltonian hybrid

dynamics under classical thermostats (see [93] and [60] for reviews on the topic).

To tackle these inconsistencies, in the first article presented in this thesis [1], a different
approach is followed: we base the definition of entropy on a probabilistic interpretation
of thermodynamics, and therefore it is untainted from any particular dynamical consid-
erations. The key development is the introduction of a well defined notion of exclusive
events for the hybrid phase space, which naturally yields a consistent definition of hybrid
entropy. The hybrid canonical ensemble can then be derived from the maximum-entropy
principle, subject to the constant energy constraint. Instead of basing the definition of
the entropy on the intrinsic statistical properties of the hybrid theory, a different avenue
could be followed. Departing from a full quantum statistical system and its associated von
Neumann entropy, a partial classical limit could be performed for a subsystem, obtaining
a top-down derivation of a hybrid entropy. In order to perform that limit for a statistical
state, and not count the quantum information of the now-classical subsystem, we need a
way to forget statistical information. Our preferred way of forgetting quantum details and
obtaining a rough, blurred, statistical description is through the process of coarse graining.
This is mathematically implemented through a Gaussian convolution, and can be physi-
cally interpreted considering finite resolution measurements. This connection with the full
quantum entropy through a partial classical limit, together with the relation of entropy

and dynamics in the hybrid context, are open problems for future research.
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While these results of [1] dissipated the uncertainty around the viability of hybrid
thermodynamics, the inconsistency between the dynamical approach and the probabilistic
one still remained. In order to recover the applicability of molecular dynamics simulations
coupled to classical thermostats, a corrected version of time averages along trajectories was
introduced in the following paper of this thesis, [2]. The content of this paper is mostly
of interest for practical applications, allowing to reproduce true hybrid thermodynamical
ensembles from the dynamics that yielded the wrong (regarding exclusivity of events)
detailed balance. Thus, while this paper did not truly solve the inconsistency between
dynamics and thermodynamics, it provided with a way to circumvent it. Note that this
work is not tied to Ehrenfest dynamics in particular, but it can be used with any molecular

dynamics, as long as the trajectory considered visits densely all regions in phase space.

The fundamental problem itself is treated in the third and fourth contributions to
this compendium. In [3], a generalization of the formalism of hybrid density matrices to
arbitrary moments on quantum projectors of a hybrid probability distribution is shown to
be able to capture Liouville’s equation for probability density functions over hybrid phase
space. There are several lines of work in this context that could be approached in the
future. For example, the characterization, in terms of the series of quantum moments, of
the thermodynamical ensembles that are invariant under the hybrid dynamics. Likewise,
the interpretation of the observability of correlations of quantum observables (and thus,
quartic and higher order statistical moments) introduced by the classical subsector. And
finally, the application of the truncated expansion to different physical problems, such
as Tully’s models [83], realistic molecular dynamics and classical measurement aparatus
descriptions, test-benching its ability to describe full quantum statistical mechanics, in

comparison to other hybrid statistical mechanics.

On the other hand, in [4] a Koopman-von Neumann’s formalism for hybrid systems is
formulated. It is based on an apparently full quantum density matrix characterizing the
hybrid statistical state. We characterized its possible dynamics, and also shown that, in
such formalism, for the hybrid Koopman-von Neumann density matrix, the hybrid entropy
introduced in [1] is precisely von Neumann’s entropy. Further work is being devoted to the
characterization of different hybrid dynamics in this framework, beyond the unitary case
studied in [4].

These last two works provide with different frameworks able to capture both ther-
modynamical and dynamical properties of hybrid statistical systems. They may be used
for future testing of the thermodynamical consistency of different candidates to hybrid

dynamics, while also presenting some interesting applications to current simulations.

The four articles discussed so far are mostly of interest for the community of hybrid
statistical systems in the context of molecular dynamics. Nevertheless, it is important

to note that the challenges and developments in hybrid quantum-classical systems extend
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beyond effective descriptions of molecular dynamics and their statistical mechanics all the
way into the foundations of physics, when considering the interplay between fundamental
particles described by quantum field theory and the current classical description of gravit-

ation, based on general relativity.

Given the predominant interest devoted to molecular dynamics, there is a notable
gap when it comes to extending hybrid systems to the description of field theories, espe-
cially within a formalism based on symplectic geometry, as the usual covariant description
(without preferred time direction) of field theories obfuscates their Hamiltonian nature. In
particular, the characterization of the backreaction of quantum matter on gravity has come

to be one of the most sought but slippery concepts at the frontier of theoretical physics.

While quantum field theory in the presence of a fixed curved spacetime treated as
a background has been well established, a comprehensive theory that combines in a dy-
namical way quantum matter fields and classical gravity has proven elusive. Besides the
phenomenological motivation, there is also an epistemological difference with molecular
dynamics which supposes a paradigm shift and drives the community to explore this kind
of hybrid systems. In the realm of molecular dynamics hybrid systems are naturally con-
sidered an effective theory, as current experiments are sensible enough to the whole spectra
of quantum effects of the more fundamental full quantum theory, which is well established
and tested. On the contrary, in the case of quantum fields coupled to classical gravity, the
hybrid theory may be of fundamental nature, as argued by Antoine Tilloy in [21, 22|, where
it is reasoned that there is no scientific motivation to quantize gravity itself. A more con-
servative statement would be that the effects of any more fundamental theory (occurring at
Planck scales) will remain outside of falsifiable reach in any foreseeable future. Therefore,
a full quantum description of gravity may be unnecessary and, thus, hybrid gravity arises
as a consistent joint description of the fundamental forces of the universe, but not neces-
sarily defined in terms of a partial classical limit of a not-falsifiable full quantum theory.
Thus, this hybrid theory is left as the last (from a reductionist perspective) necessary phy-
sical theory with falsifiable applications, such as quantum anisotropies in early cosmology,
Hawking’s radiation in black hole evaporation, particle creation in dynamical space-times

such as the Unruh effect, quantum dust collapse and formation of singularities, etc.

In this line, in the fifth and last article of this thesis we have constructed a hybrid
geometrodynamical framework for classical gravity (in terms of a spatial 3-metric and
its associated momenta) and quantum field theoretical matter. The key development is
the proper implementation of the representation the infinitesimal generators of Dirac’s
group of hypersurface deformations in terms of Hamiltonian generating functions over this
hybrid manifold, over a well-defined hybrid Poisson bracket. This group plays a physically
equivalent role in this 3+1 picture to the four-dimensional group of diffeomorphisms. In

order to have proper invariance one must implement the path independence principle in the
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form of superhamiltonian and supermomenta constraints for the hybrid supermagnitudes,
which are conserved quantities under the dynamics and set to zero. Therefore, only the
Cauchy data fulfilling such constraints will be suitable physical content of a hypersurface,

which must be taken into account when considering initial data.

In this construction we have also taken into account the usual choice of vacuum state
(equivalently, of classical complex structure [121]) which is dependent on the gravitational
degrees of freedom, as established by Ashtekar et al. in [88]. This makes the measure over
the space of fields, and consequently, the Hilbert space for the quantum states, depending
on the gravitational variables. As a consequence, the hybrid manifold cannot be considered
a trivial Cartesian product of the classical and quantum phase spaces, as was the case of
the hybrid systems studied in this thesis in the context of molecular dynamics. Instead, a
fibration with base the classical phase space and fiber the quantum one must be defined
as hybrid manifold of states, provided with a non trivial connection that allows us to
relate the quantum tensors (including states regarded as vectors in a Hilbert space and the
Hermitian 2-form associated to the scalar product for the Hilbert spaces) under changes of
the gravitational variables, on which they depend. This quantum connection has shown to
be crucial for the realization of Dirac’s group in a Hamiltonian manner, while preserving the
physical interpretation at each spatial leaf. In turn, this provides with a gravitational-wise
definition of norm for the quantum state, which is conserved under the evolution, solving
one of the most puzzling aspects of QFT in curved spacetime, the norm loss of quantum
states and the lack of a satisfactory probabilistic interpretation for it. This contractive
property for the evolution on the norm was closely related with the phenomenon quantum
completeness, in which the norm loss results in quantum states of null amplitude when
reaching a spacetime singularity, forbidding the visitation of regions of divergent geometry
for quantum fields. This phenomenon cannot be realized with the current interpretation
of norm in our framework. Therefore, the relation between the usual definition of norm
for quantum states (with ill-defined probabilistic interpretation) and our gravitational-
dependent definition must be further explored in order to elucidate to what extent quantum

completeness is a falsifiable and physical property of QFT in curved spacetime.

The theory gives a clear depiction of the backreaction of quantum matter fields onto
the gravitational degrees of freedom and did not require full quantum gravity in its cons-
truction, just the consistent combination of the differential geometry of both subsystems.
The gravitational degrees of freedom have been characterized in terms of a 3-metric h;;
and its momenta 7T,ij, as it is the Hamiltonian picture of the standard Einstenian approach
using a Lorentzian 4-metric g, for spacetime. Nevertheless, the formalism constitutes
a general framework that can be straightforwardly extended to any other description of

gravity, proving a wide range of applications.

In general, for a not metric-based description of gravity, its hybrid geometrodynamics
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can be constructed as long as a covariant Lagrangian for the gravitational subsystem can
be introduced in its 4-dimensional description. For example, a construction with scalar gra-
vity (such as Nordstrom’s gravity) can be regarded as a reduced formalism for sufficiently
simple spacetimes. Another possible generalization of this work would be an extension
to Palatini formalism (based on tetrads and regarding the connection as an independent
variable) with a non-null torsion tensor in the connection can be useful to capture the
effects of quantum spins into gravitation, constituting the hybrid geometrodynamical ana-
logue of Einstein’s-Cartan theory. On the other hand, instead of considering the canonical
variables given by h;; and Fig, the classical submanifold can also be written in terms of
Ashtekar’s canonical variables [133] for 341 gravitation, consisting of a SU(2) gauge field
and its canonical complementary, which can be useful for computational applications and
for comparison with results from loop quantum gravity. Another useful property of the
formalism developed in [5] is that the geometric structure and the Hamiltonian nature of
the dynamics can be preserved independently of the kind of backreaction implemented. For
example, while we have chosen the expectation value of the Hamiltonian to act as effective
potential for the gravity, one could choose stochastic outcomes of the measurement of such
Hamiltonian, with probabilities associated to the quantum state, in the line of stochastic
hybrid systems proposed in [54, 134] and [53]. The rigorous construction of our Hamilto-
nian system for stochastic variables both for the quantum states and gravitational degrees

of freedom would require of the mathematical tools developed in [135].

Some phenomenological problems that can be studied with the current formalism are
the following. Firstly, we have recently addressed the quantum backreaction and the con-
sequences of the quantum connection in inflationary spacetimes, which are very relevant
in the early universe. Another problem we plan to address is the interplay between black
hole shrinking and the hypothesized Hawking’s radiation associated to its evaporation. A
complete dynamical study with all the quantum and gravitational degrees of freedom for
this phenomenon would be the first of its kind and will shed light on singularity remnants
after evaporation in this hybrid context, in the line of [136]. The quantum connection will
play a key role in the phenomenon of particle creation, and thus, the inclusion of Unruh-de
Witt detectors in the theory can be relevant|[137]. The description of particle creation as
non-unitary maps between Fock spaces characterize in a clean geometrical way in terms of
the holonomy of the quantum connection would lay solid theoretical foundations for this
elusive phenomenology. Another interesting project is the consideration of quantum dust
collapse, which we would expect to form black-holes while dynamically avoiding the form-
ation of central singularities, in the line of Kiefer and Schmitz’s work [138]. If, indeed, the
dynamical implementation of the backreaction and the gravitation-dependent measure for
quantum fields shows that singularities cannot ultimately form in this hybrid context, this
result would constitute a strong censorship theorem implying Penrose’s cosmic censorship

hypothesis [139], a cornerstone of modern gravitation.
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Outline

The five works that compose this thesis share as a common ingredient the study of hybrid
systems. They do so either in the context of the thermodynamics and statistical mechan-
ics, or for the purpose of studying the fundamental depiction of classical gravity coupled
to quantum matter fields. They also share a common mathematical framework, based
on differential geometry, for the characterization of the hybrid dynamics. To close this

concluding section, we summarize briefly the novel contributions of this thesis:

e Definition of a well-behaved notion of hybrid entropy based on exclusivity of events

and derivation of its canonical ensemble through a maximum entropy procedure.

e Correction of time averages over solution curves to hybrid Hamiltonian equations of
motion coupled to a classical thermostat in order to reproduce the physical thermo-

dynamical ensembles.

e construction of a new framework for hybrid statistical dynamics in order to capture
the non-linearities on quantum projectors of Liouvillian dynamics, in terms of a
system of coupled differential equations for the quantum statistical moments of a
hybrid probability distribution. Proposal of a truncation procedure of this system of

equations for practical applications.

e Development of the Koopman-von Neumann formalism for hybrid statistical states
in terms of a new kind of density matrix which is partially classical. Characterization

of possible dynamics and entropy in terms of the same mathematical object.

e Proposal of a hybrid theory of classical Einstenian gravitation and quantum field
theoretical matter in a common Hamiltonian framework, which is able to capture
the backreaction of one onto the other and, given its particular geometric structure,

allows for norm conservation of quantum states in curved spacetime.






Conclusiones

Los modelos hibridos clasico-cuanticos son potentes marcos teédricos para simular y com-
prender sistemas que, normalmente bajo la perspectiva de una descripcion efectiva, utilizan

grados de libertad tanto cuénticos como clasicos para modelar los fenémenos de interés.

Estos sistemas encuentran sus raices historicas en la aproximacion Born-Oppenheimer [11],
que explota la jerarquia entre las masas de electrones y nucleos constituyendo moléculas.
Esto permite una descripcion no entrelazada cuanticamente, pero dindmicamente acoplada,

de los movimientos de ambos tipos de particulas al despreciar términos proporcionales a

1/2

m

potencias de dicho cociente de masas, (j\[) < 0.024. Esta aproximacion constituyo
N

la base para el tratamiento de sistemas moleculares durante décadas, permitiendo una

representacion simplificada. En ella, los grados de libertad electrénicos se tratan segin la
mecanica cuantica debido a su masa relativamente menor, al tiempo que permite aproximar

clasicamente el movimiento nuclear.

Sin embargo, a medida que avanzaba la investigacion y evolucionaba la tecnologia, se
hizo evidente que muchos sistemas requieren un tratamiento mas complejo que va més alla
de la dindmica molecular basada en Born-Oppenheimer. Dicha aproximacion solia conside-
rar que los estados electronicos estaban congelados en un autoestado del Hamiltoniano que
dependia de los grados de libertad nucleares. Como consecuencia, el efecto de los grados de
libertad cuanticos sobre los clasicos venia dado por el autovalor asociado. Dicho autovalor,
dada su dependencia de las posiciones nucleares, actuaba como un potencial efectivo para
la interaccién electréonica-nuclear. Asi, esta imagen era adiabatica respecto al subsistema

cuéntico, prohibiendo las transiciones electrénicas entre diferentes niveles de energia.

Dichos desarrollos tecnologicos en dindmica molecular mostraron que la dindmica dia-
bética para el subsistema cuéntico reproducia con mayor precisiéon la descripciéon cuantica
completa y, por tanto, los fenémenos reales captados en los estudios experimentales. Esto
condujo a la aparicién de una amplia variedad de aproximaciones hibridas clasico-cuanticas
més alla de la aproximaciéon de Born-Oppenheimer. En este contexto, la dindmica de
Ehrenfest juega un papel prominente. Aunque ya era habitual en la literatura, su derivaciéon
formal fue estudiada por Bornemnann et al. [68], quienes demostraron que los limites de

los términos despreciados en la aproximacion dependen del cociente de masas y también
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del cociente de las anchuras caracteristicas de las densidades de probabilidad marginales
nuclear (on) y electronica (o) (U—N < 5-107°). Los términos que se desprecian en la
aproximacion de Born—Oppenheimelci también dependen del cociente de masas, pero en el
caso de la dinamica de Ehrenfest dicha dependencia es de orden superior y por lo tanto
resulta una mejor aproximacién. Esta dinamica ha jugado un papel crucial en el campo de
los sistemas hibridos, ya que cumple varios requisitos de consistencia [63] y puede dotarse
de una formulacion Hamiltoniana en analogia con la mecénica clasica [69]. Esto altimo, en

el contexto de esta tesis, es particularmente ttil en relaciéon con el teorema de Liouville.

Aunque histéricamente se ha dedicado mucho esfuerzo a la dindmica de los sistemas
hibridos, se ha concedido poca atencién a sus propiedades estadisticas y termodinamicas.
Por ejemplo, la ausencia de una definicién precisa de entropia hibrida fue un obstéculo
inadvertido, aunque relevante, en la bibliografia. En consecuencia, esta deficiencia condujo
a concepciones erroneas de las colectividades estadisticas (en adelante, ensemble) hibridas.
En particular, una definicién errénea del ensemble hibrido canénico dio lugar a propiedades
termodindmicas inconsistentes: sus magnitudes extensivas asociadas no son aditivas y, en
consecuencia, sus limites termodindmicos estdn mal definidos. Ademés, no muestra un
buen comportamiento cuando el subsistema clasico se vuelve trivial, un limite que deberia
dar lugar a un conjunto canénico cuantico adecuado. La raiz de este error fue el fundamento
de los conjuntos termodinamicos en la nocién de detailed balance para la dinamica hibrida

Hamiltoniana y bajo termostatos clésicos (véase [93] y [60]).

Para hacer frente a estas inconsistencias, en el primer articulo presentado en esta
tesis [1], se sigue un enfoque diferente: basamos la definicion de entropia en una inter-
pretacion probabilistica de la termodindmica y, por lo tanto, no estd comprometida por
ninguna consideraciéon dinamica particular. El desarrollo clave es la introduccién de una
nocion bien definida de sucesos exclusivos para el espacio de fases hibrido, que natural-
mente da lugar a una definiciéon coherente de entropia hibrida. El conjunto candnico hibrido
puede entonces derivarse del principio de méxima entropia, sujeto a la restriccién de ener-
gia constante. En lugar de basar la definicién de la entropia en las propiedades estadisticas
intrinsecas de la teoria hibrida, se podria seguir una via diferente. Partiendo de un sistema
estadistico cuantico completo y su entropia de von Neumann asociada, podria realizarse un
limite clasico parcial para un subsistema, obteniendo una derivaciéon como teoria efectiva
de una entropia hibrida. Para realizar ese limite sobre un estado estadistico y no con-
tar la informacién cuantica del subsistema ahora clésico, necesitamos definir la operaciéon
matemética de olvidar la informacién estadistica. Nuestra forma preferida de olvidar los
detalles cuénticos y obtener una descripciéon estadistica aproximada, borrosa, es mediante
el proceso de coarse graining. Este proceso puede implementarse matematicamente a través
de una convoluciéon Gaussiana y puede interpretarse fisicamente considerando aparatos de
medida que presentan una resolucion finita, asociada a la desviacién estandar del filtro

Gaussiano. Esta conexién con la entropia completamente cudntica a través de un limite
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clasico parcial, junto con la relacion de la entropia y la dindamica en el contexto hibrido,

son problemas abiertos para futuras investigaciones.

Aunque estos resultados de [1] disiparon la incertidumbre en torno a la viabilidad de la
termodindmica hibrida, la incoherencia entre el enfoque dinamico y el probabilistico seguia
existiendo. Para recuperar la aplicabilidad de las simulaciones de dindmica molecular aco-
pladas a termodinamicas clasicas, en el siguiente trabajo de esta tesis, [2], se introdujo
una version corregida de los promedios temporales a lo largo de las trayectorias. El con-
tenido de este trabajo es sobre todo de interés para aplicaciones practicas, permitiendo
reproducir verdaderos ensembles termodindmicos hibridos a partir de aquellas dindmicas
que proporcionan un detailed balance incorrecto respecto a la exclusividad de los eventos.
Asi, aunque este trabajo no resolvié realmente la incoherencia entre dindmica y termod-
indmica, proporcioné una forma de eludirla. Noétese que este trabajo no esté vinculado a
la dindmica de Ehrenfest en particular, sino que puede utilizarse con cualquier dindmica
molecular, siempre que la trayectoria considerada visite densamente todas las regiones del

espacio de fases.

El problema fundamental en si se trata en las contribuciones tercera y cuarta a este
compendio. En [3], se demuestra que una generalizaciéon del formalismo de las matrices de
densidad hibridas a momentos estadisticos arbitrarios sobre proyectores cuénticos de una
distribucién de probabilidad hibrida es capaz de capturar la ecuaciéon de Liouville para
funciones de densidad de probabilidad sobre el espacio de fases hibrido. Hay varias lineas
de trabajo en este contexto que podrian abordarse en el futuro. Por ejemplo, la caracte-
rizacion, en términos de la serie de momentos cuanticos, de los conjuntos termodindmicos
que son invariantes bajo la dindmica hibrida. Asimismo, se estudiara en el futuro la in-
terpretacion fisica de la observabilidad de las correlaciones de los observables cuénticos
(y, por tanto, de los momentos estadisticos cuarticos y de orden superior) introducidas
por el subsector clasico. Finalmente, se pretende desarrollar la aplicacién de la expansion
truncada a diferentes problemas fisicos, como los modelos de Tully [83], a sistemas mo-
leculares realistas y a descripciones clasicas de aparatos de medida, poniendo a prueba la
capacidad del esquema tedrico para describir la mecénica estadistica de estos sistemas, en

comparaciéon con otros candidatos a dinamica estadistica hibrida.

Por otra parte, en [4] se desarrolla un formalismo de Koopman-von Neumann para
sistemas hibridos. Este formalismo se basa en una matriz de densidad, en apariencia formal
completamente cuantica, que caracteriza el estado estadistico hibrido. Caracterizamos sus
posibles dindamicas y también mostramos que, en dicho formalismo y para estas matrices
de densidad hibridas Koopman-von Neumann, la entropia hibrida introducida en [1] es
precisamente la entropfa de von Neumann. Se estad trabajando en la caracterizacion de

diferentes dinamicas hibridas en este marco, mas alla del caso unitario estudiado en [4].

Estos dos ultimos trabajos proporcionan diferentes marcos capaces de captar las propie-
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dades tanto termodinamicas como dinAmicas de los sistemas estadisticos hibridos. Pueden
utilizarse para probar en el futuro la consistencia termodindmica de diferentes candidatos
a la dindmica hibrida, al tiempo que presentan algunas aplicaciones interesantes a las

simulaciones actuales.

Los cuatro articulos analizados hasta ahora son en su mayoria de interés para la
comunidad de sistemas estadisticos hibridos en el contexto de la dindAmica molecular. No
obstante, es importante senialar que los retos y desarrollos de los sistemas hibridos cuantico-
clasicos se extienden mas alla de las descripciones efectivas de la dindmica molecular y su
mecanica estadistica, llegando hasta los fundamentos de la fisica, al considerar, por ejem-
plo, la interaccién entre las particulas fundamentales descritas por la teoria cuantica de

campos y la descripcién clésica actual de la gravitacion, basada en la relatividad general.

Dado el interés dedicado, sobre todo, a la dinAmica molecular, existe una laguna notable
cuando se trata de extender los sistemas hibridos a la descripcién de las teorias de campos.
Esta carencia es especialmente notable si se quiere ademés un formalismo basado en la
geometria simpléctica, ya que la descripciéon covariante habitual de las teorias relativistas
de campos (sin direccién temporal preferente) ofusca su naturaleza Hamiltoniana. En
particular, la caracterizacion de la backreaction de la materia cuantica sobre la gravedad
ha llegado a ser uno de los conceptos mas buscados y escurridizos en la frontera de la fisica

teodrica.

Mientras que la teoria cuantica de campos en presencia de un espacio-tiempo curvo
fijo, tratado como un fondo dado externamente, ha quedado bien establecida, una teoria
que combine consistentemente y de forma dindmica los campos cuanticos de materia y la
gravedad clasica ha resultado ser, histoéricamente, un objetivo elusivo. Ademas de la moti-
vacion fenomenoldgica, existe también una diferencia epistémica con los modelos hibridos
de dindmica molecular que supone un cambio de paradigma e impulsa a la comunidad a
explorar este tipo de sistemas hibridos. En el ambito de la dindmica molecular, los sistemas
hibridos se consideran naturalmente una teoria efectiva, ya que los experimentos actuales
son suficientemente sensibles a todo el espectro de efectos cuénticos de la teoria completa-
mente cuantica, para nicleos y electrones, que constituye la teoria mas fundamental y esta
bien establecida y probada. Por el contrario, en el caso de los campos cuanticos acoplados
a gravedad clésica, la teorfa hibrida puede ser de naturaleza fundamental, como argu-
menta Antoine Tilloy en |21, 22|, donde se razona que no hay motivacion cientifica para
cuantizar la propia gravedad. Una afirmacién mas conservadora seria que los efectos de
cualquier teoria mas fundamental (que se producirian a escalas de Planck) permaneceran
fuera del alcance falsable en cualquier futuro previsible. Por lo tanto, una descripciéon
cuéntica completa de la gravedad puede ser innecesaria y, asi, la gravedad hibrida surge
como una descripcién conjunta de las fuerzas fundamentales del universo, pero no necesa-

riamente definida en términos de un limite clasico parcial de una teoria cuéntica completa
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no falsable y, aunque hipotéticamente més fundamental, inaccesible experimentalmente.
Asi, esta teoria hibrida queda como la tltima (desde una perspectiva reduccionista) teoria
fisica necesaria con aplicaciones falsables, como las anisotropias cuénticas en la cosmologia
primitiva, la radiaciéon de Hawking en la evaporaciéon de agujeros negros, la creaciéon de
particulas en espacio-tiempo dinamico como el efecto Unruh, el colapso cuéntico del polvo

y la formacion de singularidades asociada, etc.

En esta linea, en el quinto y altimo articulo presentado en esta tesis hemos construido
un marco geometrodinamico hibrido para la gravedad clésica (en términos de una métrica
espacial tridimensional y sus momentos canénicos asociados) y la materia descrita mediante
una teorfa cuantica de campos. El desarrollo clave es la implementaciéon adecuada de la
representacion de los generadores infinitesimales del grupo de Dirac de deformaciones de
hipersuperficies en términos de funciones generadoras Hamiltonianas sobre esta variedad
hibrida, mediante un corchete de Poisson hibrido bien definido. Este grupo de simetria
desempena un papel fisicamente equivalente en esta imagen 3+1 al grupo de difeomor-
fismos generales de cuatro dimensiones. Para tener una invariancia adecuada, uno debe
implementar el principio de independencia del camino[103| en forma de restricciones super-
hamiltonianas y de supermomento, para las asi llamadas supermagnitudes hibridas, que
son cantidades conservadas bajo la dindmica y constrenidas, sobre la variedad de ligaduras,
a valor 0. Por lo tanto, s6lo los datos de Cauchy que cumplan tales restricciones seran con-
tenido fisico adecuado de una hipersuperficie, lo que debe tenerse en cuenta al considerar

los datos iniciales.

En esta construcciéon también hemos tenido en cuenta la eleccién habitual de estado de
vacio (equivalentemente, de estructura compleja clésica [121]|) que depende de los grados
de libertad gravitatorios, tal y como establecieron Ashtekar et al. en [88]. Esto hace que la
medida sobre el espacio de campos y, en consecuencia, el espacio de Hilbert para los estados
cuanticos, dependa de las variables gravitatorias. Como consecuencia, la variedad hibrida
no puede considerarse un producto cartesiano trivial de los espacios de fases clésico y
cuantico, como era el caso de los sistemas hibridos estudiados en esta tesis en el contexto de
la dindmica molecular. En su lugar, debe definirse una fibraciéon con base el espacio de fases
clésico y fibra el cuéntico, provista de una conexién no trivial que nos permita relacionar
los tensores cuanticos (incluyendo los estados, considerados como vectores en un espacio de
Hilbert y la 2-forma Hermitica asociada al producto escalar para los espacios de Hilbert)
bajo cambios de las variables gravitatorias, de las que dependen. Esta conexién cuantica
ha resultado crucial para la realizaciéon del grupo de Dirac de una manera Hamiltoniana,
preservando al mismo tiempo la interpretacion fisica en cada hoja espacial, como una
generalizacion cuantica y a foliaciones de espacio-tiempo del principio de equivalencia. A su
vez, esto proporciona una definicién dependiente de la gravitaciéon del operador norma para
el estado cuantico. Esta definicién de norma se conserva bajo la evolucién, resolviendo asi

uno de los aspectos més desconcertantes de la QFT en el espacio-tiempo curvo: la pérdida



212 Chapter 4. Discussion

de norma de los estados cuanticos y la falta de una interpretaciéon probabilistica satisfactoria
para ello. Esta propiedad contractiva de la evolucién sobre la norma estaba estrechamente
relacionada con el fendmeno de completitud cuéntica, en el que la pérdida de norma da
lugar a estados cuénticos de amplitud nula al alcanzar una singularidad del espacio-tiempo,
prohibiendo la visita de regiones de geometria divergente para los campos cuanticos. Este
fenémeno no puede realizarse con la interpretaciéon actual de norma en nuestro marco. Por
lo tanto, la relaciéon entre la definicion habitual de norma para estados cuéanticos (con una
interpretacion probabilistica no cerrada) y nuestra definicion dependiente de la gravitacion
debe explorarse mas a fondo para dilucidar hasta qué punto la completitud cudntica es una
propiedad falsable y fisica de la QFT en el espaciotiempo curvo, o un artefacto propio de

una medida de integracién no adaptada al espacio funcional.

La teoria presentada ofrece una clara descripcién de la reaccion de los campos de materia
cuéntica sobre los grados de libertad gravitatorios y no requiere una gravedad cuantica
completa en su construccion, solo la combinacién coherente de la geometria diferencial de
ambos subsistemas. En particular, los grados de libertad gravitatorios se han caracterizado
en términos de una métrica de 3 dimensiones, h;; y sus momentos, ﬂ}f, ya que es la imagen
Hamiltoniana del enfoque Einsteniano estandar que utiliza una métrica Lorentziana de 4
dimensiones, g,,,, para el espaciotiempo. No obstante, el formalismo constituye un marco
general que puede extenderse directamente a cualquier otra descripcién de la gravedad,

demostrando una amplia gama de aplicaciones.

En general, para una descripcién de la gravedad no basada en la métrica, puede cons-
truirse su geometrodindmica hibrida siempre que pueda introducirse un Lagrangiano co-
variante para el subsistema gravitatorio en su descripciéon cuatridimensional. Por ejemplo,
una construccion con gravedad escalar (como la gravedad de Nordstrom) puede conside-
rarse un formalismo reducido para espaciostiempos suficientemente sencillos. Otra posible
generalizacion de este trabajo seria una extension del formalismo de Palatini (basado en
tétradas y considerando la conexién como una variable independiente) con un tensor de
torsion no nulo en la conexién , lo que puede ser ttil para capturar los efectos de los
espines cuénticos en la gravitacion, constituyendo el analogo geometrodinamico hibrido
de la teoria de Einstein-Cartan. Similarmente, en lugar de considerar las variables ca-
noénicas dadas por h;; y W;Lj, la subvariedad clasica también puede escribirse en términos
de las variables canonicas de Ashtekar [133| para la gravitacion 3+1, consistentes en un
campo gauge SU(2) y su complementario canénico, lo que puede ser util para aplicaciones
computacionales y para la comparaciéon con resultados de la gravedad cuéntica de lazos.
Otra propiedad 1til del formalismo desarrollado en [5] es que la estructura geométrica y la
naturaleza hamiltoniana de la dindmica pueden preservarse independientemente del tipo
de backreaction implementada. Por ejemplo, mientras que nosotros hemos elegido el valor
esperado del Hamiltoniano para que actiie como potencial efectivo para la gravedad, se

podria elegir como backreaction el resultado estocéstico de la medida de dicho Hamiltoniano
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con las probabilidades de los distintos resultados dadas por el estado cuantico, en la linea
de los sistemas hibridos estocéasticos propuestos en las referencias [54, 134| y [53]. La
construcciéon rigurosa de nuestro sistema Hamiltoniano para variables estocasticas tanto
para los estados cuénticos como para los grados de libertad gravitatorios requeriria de las

herramientas matematicas desarrolladas en [135].

Algunos problemas fenomenologicos que pueden estudiarse con el formalismo actual son
los siguientes. En primer lugar, hemos abordado recientemente la backreaction cuantica y
las consecuencias de la conexion cuantica en espacio-tiempo inflacionario, muy relevantes
en el universo temprano. Otro problema que planeamos abordar es la interaccion entre
el encogimiento de agujeros negros y la hipotética radiaciéon de Hawking asociada a su
evaporacién. Un estudio dindmico completo con todos los grados de libertad cuénticos y
gravitatorios de este fendmeno seria el primero de su clase y arrojaria, por primera vez,
algo de perspectiva sobre la singularidad remanente tras la evaporacién, en la linea de
la ref. [136]. Por otro lado, la conexion cuantica jugard un papel clave en el fenomeno
de la creaciéon de particulas mediada por gravedad y, por ello, la inclusién de detectores
Unruh-de Witt en la teoria puede ser relevante [137]. La descripcion de la creacion de
particulas como mapas no unitarios entre espacios de Fock caracterizados de una forma
geométrica limpia en términos de la holonomia de la conexién cuantica proporcionara unos
cimientos tedricos solidos para esta esquiva fenomenologia. Otro proyecto interesante es
el estudio del colapso del polvo cuantico, del que esperamos que forme agujeros negros
evitando dindmicamente la formacién de singularidades centrales, en la linea del trabajo
de Kiefer y Schmitz [138]. Si, en efecto, la implementacion dindamica de la backreaction y la
medida de integracion dependiente de la gravitaciéon para campos cuénticos prueba que las
singularidades no pueden formarse en este contexto hibrido, este resultado constituiria un
teorema de censura fuerte que implicaria la hipotesis de censura cosmica de Penrose [139],

piedra angular de la gravitacién moderna.
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Resumen

Los cinco trabajos que componen esta tesis tienen como ingrediente comin el estudio de
los sistemas hibridos. Lo hacen bien en el contexto de la termodindmica y la mecanica
estadistica, bien con el proposito de estudiar la representaciéon fundamental de la gravedad
clasica acoplada a campos cuanticos de materia. También comparten un marco matematico
comun, basado en la geometria diferencial, para la caracterizacion de las dinamicas hibridas.
Para cerrar esta secciéon de conclusiones, resumimos brevemente las aportaciones novedosas

presentadas en esta tesis:

e Definicién de una nocién de entropia hibrida consistente basada en la exclusividad de
eventos estadisticos y derivaciéon de su ensemble canénico mediante un procedimiento

de méaxima entropia.

e Correccion de promedios temporales sobre curvas soluciéon a ecuaciones de movimi-
ento Hamiltonianas hibridas acopladas a termostatos clésicos, con la finalidad de
reproducir los ensembles termodinamicos consistentes con la anterior definicién de

entropia.

e Construccién de un nuevo marco para la dindmica estadistica hibrida con el fin de
capturar las no linealidades en los proyectores cuanticos de la dindmica Liouvilliana,
en términos de un sistema de ecuaciones diferenciales acopladas para los momentos
estadisticos cuanticos de una distribuciéon de probabilidad hibrida. Se propone tam-
bién un procedimiento de truncado de este sistema de ecuaciones para aplicaciones

practicas.

e Desarrollo del formalismo Koopman-von Neumann para estados estadisticos hibridos
en términos de un nuevo tipo de matriz de densidad que es parcialmente clasica. Esto
permite la unificacion de la caracterizacion de las posibles dinamicas de ensembles

hhibridos y su entropia en términos del mismo objeto matematico.

e Propuesta de una teoria hibrida de la gravitacién clasica Einsteniana y la materia
dada por una teoria cuantica de campos en un marco Hamiltoniano comtn, que es
capaz de capturar la backreaction de una sobre la otra y, dada su particular estructura
geométrica, permite la conservaciéon de la norma de los estados cuénticos en el espacio-

tiempo curvo.
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