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A B S T R A C T

In nature, it has been observed that the dominant locomotor pattern of hexapod insects is often the tripod gait.
Our analysis of a Central Pattern Generator (CPG) of the insect movement gives reasons for this dominance: the
mathematical CPG model presents the tripod pattern with bursting dynamics in a parametric region where an
isolated neuron has a simpler behavior. That is, we show how the coupling of small networks of neurons makes
the system to continue having bursting dynamics even when an isolated neuron would be spiking. Moreover,
in parametric regions where a neuron shows chaotic dynamics, the CPG exhibits a chaotic synchronization
phenomenon: the chaotic tripod gait. In other words, coupling loves bursting. . . and tripod gait. The hyperchaotic
phenomenon is also present and we locate regions where up to four Lyapunov exponents are positive.
1. Introduction

In nature, insects mainly use the tripod gait, in which three legs move
at a time while the other three remain stationary (see Fig. 1), to move
quickly [1,2]. It has been shown in recent studies that mathematical
models of patterns in networks [3,4] can help in the study of patterns in
nature. Previous studies have shown that naturally occurring patterns
in animals can be seen in Central Pattern Generators (CPGs), small
groups of neurons able to generate rhythmic motor patterns even in
absence of sensory input [5–8]. In robot design, a typical approach
is using locomotion on wheels or tracks, but the use of legs in robots
allows to operate on uneven terrain [9,10]. For this reason, there is a
growing interest in using insect locomotion schemes to control walking
robots. There are several models for insect locomotion based primarily
on a six-neuron CPG (see [11–14]). Besides, robotics researchers [15–
20] also use similar simplified models.

In this paper we consider a CPG with six coupled neurons following
the model developed by Ghigliazza and Holmes [12]. In that work,
the neural architecture of cockroach locomotion was described by
the bursting model developed in [21] along with a single equation
describing synaptic dynamics. On those articles a detailed analytical
study is developed by assuming several simplification approaches, but
those simplifications do not cover numerous non-symmetric patterns.
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Therefore, in [22,23] we presented a detailed numerical study combin-
ing different techniques, and we showed that the study of an isolated
neuron not only provides a roadmap of the dynamics of that isolated
neuron, but also for the coupled neurons of the CPG in a large para-
metric region. In [23] we also detailed the location of the different gait
patterns in insect movement taking into account different parameters
and how the system network can change until the insect reaches the
dominant tripod gait.

But . . . what happens in regions where the dynamics of the isolated
neuron are not of the same type as the dynamics of the coupled neurons
in the network? Is the tripod gait more ubiquitous than expected?

A key point to the study of different movement patterns is the
maintenance of bursting behavior in the CPG. Bursting patterns [24,25]
consist of alternating episodes of rapid spikes and intervals of qui-
escence or subthreshold oscillations. Bursting behavior is ubiquitous
in the nervous system and is a key point in the generation of net-
work rhythmic patterns [26]. The bursting neurons are of particular
importance in rhythmically activate CPG networks, which control, for
example, ongoing motor behaviors in locomotion [27]. Closely related
to bursting behavior is the duty cycle, which is a crucial concept in
neuroscience that describes the proportion of a cycle period in which
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Fig. 1. (a) Experimental tripod gait pattern for a tethered cockroach (taken from Fig. 1 of [11]). (b) The schematic tripod gait. (c) The CPG used in the study. The solid bars in
plots (a) and (b) indicate protraction (leg off ground and moving forward relative to the body and ground).
a neuron remains active. This concept is used to describe the activity
of neurons and muscle fibers. When the number of spikes in a burst
increases, so does the duty cycle, and therefore in bursting systems
both studies (number of spikes and duty cycle) are very similar, and
in this article we focus on studying the bursting dynamics. In nature,
bursting activity can be generated by individual neurons (endogenous
bursting) or by synaptic interactions within networks, as in a CPG.
Note that network bursting does not require endogenous bursting [28].
Therefore, another related question is whether collective dynamics gen-
erate bursting dynamics in the CPG of insect movement when isolated
neurons do not have endogenous bursting.

To answer these important questions, in this article we study in
detail the parameter space out of the endogenous bursting region using
different numerical techniques and obtaining the bifurcations of the
main pattern routes detected in the parameter space using continuation
techniques via the AUTO software [29,30]. Our study reveals the bifur-
cations that create and destroy the different routes and what is highly
relevant, it shows how for large values of some parameters out of the
endogenous bursting the tripod gait is also present and dominant [31].
Moreover, we have detected new phenomena in the CPG, like chaos,
hyperchaos and chaotic synchronization (chaotic tripod gait).

This article is organized as follows. Section 2 introduces the equa-
tions of the CPG network. In Section 3 we present a study of the patterns
experienced by the CPG model outside of the bursting area of isolated
neurons. Section 4 is devoted to show how chaotic and hyperchaotic
dynamics are present, while maintaining the tripod gait. Lastly, we
present our conclusions at the end of the paper.

2. Insect movement CPG model equations

To solve the questions posed in the introduction we use the CPG
model of the insect movement introduced in [12,32], which consists of
a network of six mutually inhibiting identical neurons, each of which
controls one leg of a cockroach. This model considers that inhibitory
coupling is achieved via synapses that produce negative postsynaptic
currents (𝐼syn in the equation below). Other considered currents are a
fast nonlinear calcium current 𝐼𝐶𝑎, a slower potassium current 𝐼𝐾 , an
additional very slow current 𝐼𝐾𝑆 , a linear leakage current 𝐼𝐿 and an
external current 𝐼ext. We only include nearest neighbor coupling and
lateral symmetry. The complete model of the CPG (see Fig. 1(c) for the
topology of the network and the values of the symmetric synapses) is
2

described by an ODE system of dimension 24:
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⎪

⎪

⎪

⎨

⎪
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⎪
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⎩

𝐶𝑣̇𝑖 = −
[

𝐼𝐶𝑎(𝑣𝑖) + 𝐼𝐾 (𝑣𝑖, 𝑚𝑖) + 𝐼𝐿(𝑣𝑖) + 𝐼𝐾𝑆 (𝑣𝑖, 𝑤𝑖)
]

+ 𝐼ext − (𝐼syn)𝑖(𝑣𝑖, 𝑠𝑗 ),

𝑚̇𝑖 =
𝜖

𝜏𝑚(𝑣𝑖)
[𝑚∞(𝑣𝑖) − 𝑚𝑖],

𝑤̇𝑖 =
𝛿

𝜏𝑤(𝑣𝑖)
[𝑤∞(𝑣𝑖) −𝑤𝑖],

𝑠̇𝑖 = 𝛼𝑠∞(𝑣𝑖)(1 − 𝑠𝑖) − 𝛽𝑠𝑖,

with 𝑖 = 1, 2,… , 6. Here, 𝑣𝑖 are voltages, 𝑚𝑖 and 𝑤𝑖 are gating variables
and 𝑠𝑖 are the synapses variables. The different values of the extra
current (𝐼syn)𝑖 for each neuron potential 𝑣𝑖 are:

(𝐼syn)1 = 𝑐1 𝑔syn 𝑠4(𝑣1 − 𝐸post
𝑠 ) + 𝑐5 𝑔syn 𝑠2(𝑣1 − 𝐸post

𝑠 ),

(𝐼syn)2 = 𝑐2 𝑔syn 𝑠5(𝑣2 − 𝐸post
𝑠 ) + 𝑐4 𝑔syn 𝑠1(𝑣2 − 𝐸post

𝑠 )

+𝑐7 𝑔syn 𝑠3(𝑣2 − 𝐸post
𝑠 ),

(𝐼syn)3 = 𝑐3 𝑔syn 𝑠6(𝑣3 − 𝐸post
𝑠 ) + 𝑐6 𝑔syn 𝑠2(𝑣3 − 𝐸post

𝑠 ),

(𝐼syn)4 = 𝑐1 𝑔syn 𝑠1(𝑣4 − 𝐸post
𝑠 ) + 𝑐5 𝑔syn 𝑠5(𝑣4 − 𝐸post

𝑠 ),

(𝐼syn)5 = 𝑐2 𝑔syn 𝑠2(𝑣5 − 𝐸post
𝑠 ) + 𝑐4 𝑔syn 𝑠4(𝑣5 − 𝐸post

𝑠 )

+𝑐7 𝑔syn 𝑠6(𝑣5 − 𝐸post
𝑠 ),

(𝐼syn)6 = 𝑐3 𝑔syn 𝑠3(𝑣6 − 𝐸post
𝑠 ) + 𝑐6 𝑔syn 𝑠5(𝑣6 − 𝐸post

𝑠 ).

The parameter 𝑔syn denotes synaptic strength, and we have considered
a voltage based synapse model as in [12]. The auxiliary ionic current
functions are defined by

𝐼𝐶𝑎(𝑣) = 𝑔𝐶𝑎 𝑛∞(𝑣) (𝑣 − 𝐸𝐶𝑎), 𝐼𝐾 (𝑣) = 𝑔𝐾 𝑚 (𝑣 − 𝐸𝐾 ),

𝐼𝐿(𝑣) = 𝑔𝐿 (𝑣 − 𝐸𝐿), 𝐼𝐾𝑆 (𝑣) = 𝑔𝐾𝑆 𝑤 (𝑣 − 𝐸𝐾 ),

and where the different time scales and steady state gating variables
are
𝜏𝑚(𝑣) = sech

(

𝑘0𝐾 (𝑣 − 𝑉 𝑡ℎ
𝐾 )∕2

)

, 𝜏𝑤(𝑣) = sech
(

𝑘0𝐾𝑆
(𝑣 − 𝑉 𝑡ℎ

𝐾𝑆 )∕2
)

,

𝑚∞(𝑣) =
(

1 + 𝑒−2𝑘0𝐾 (𝑣−𝑉 𝑡ℎ
𝐾 ))−1, 𝑤∞(𝑣) =

(

1 + 𝑒−2𝑘0𝐾𝑆 (𝑣−𝑉 𝑡ℎ
𝐾𝑆 )

)−1,

𝑛∞(𝑣) =
(

1 + 𝑒−2𝑘0𝐶𝑎 (𝑣−𝑉 𝑡ℎ
𝐶𝑎)

)−1.

The parameters 𝐶, 𝜖 and 𝛿 determine the time scales of 𝑣, 𝑚 and 𝑤. If
𝑋 denotes any of the considered ions, 𝐸𝑋 is the Nernst potential, 𝑔𝑋
is the maximal conductance, and 𝑘0𝑋 is the steepness of the transition
happening at threshold potential 𝑉 𝑡ℎ

𝑋 . See details on the parameters and
the global dynamics in [12,22,23].

In the selection of the network parameters {𝑐𝑖} for the network (see
Fig. 1(c)), we assume contralateral symmetry (between left and right
side) and the input balance conditions

𝑐 + 𝑐 = 𝑐 + 𝑐 + 𝑐 = 𝑐 + 𝑐 , 𝑐 = 𝑐 , 𝑐 = 𝑐 , 𝑐 = 𝑐 .
1 5 2 4 7 3 6 4 7 5 6 1 3



Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 184 (2024) 114928S. Serrano et al.
Fig. 2. Analysis of the bursting region of an isolated neuron using different techniques on the plane (𝑉 𝑡ℎ
𝐾𝑆 , 𝐼ext) for two values of the parameter 𝑘0𝐶𝑎

(0.055 and 0.0595).
(a) Spike-counting (SC) and (b) First and second Lyapunov exponents (𝜆1 and 𝜆2, respectively) for 𝑘0𝐶𝑎

= 0.055. All of them provide similar information but with a different point
of view. Small zoom on plot (a1) shows the narrow chaotic band and two period-doubling (PD) bifurcation curves. (c) Different stable periodic orbits (attractors). The parametric
values are indicated by the corresponding color dots of panel (a). Some of the limit cycles show a period-doubling bifurcation (inside an infinite cascade) that finally leads to
chaotic behavior. Plots (d), (d1), (e) and (f) present similar results but for 𝑘0𝐶𝑎

= 0.0595. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
So, by symmetry, we do not differentiate forward and backward move-
ments in our tests. Moreover, we have set their values to

𝑐4 = 𝑐7 =
1
2 , 𝑐1 = 𝑐2 = 𝑐3 = 𝑐5 = 𝑐6 = 1.

2.1. Preliminary numerical study

In all the article, different sweeping techniques are used to show
several uniparametric and biparametric analysis: the spike-counting,
Lyapunov exponents and bifurcation analysis using continuation tech-
niques.

The spike-counting technique [33] (also called isospike technique
[34]) consists on selecting a Poincaré section or to impose a suitable
condition (like to detect all the relative maxima of the orbit, what is
3

the condition used in this article). And later, after a long transient
integration to go to the asymptotic invariant, we use the selected
condition to compute the corresponding points to detect the period and
maxima (in our case) for the periodic case, or to put the maximum
number of allowed points that means either chaotic behavior or a very
long periodic orbit. In order to represent the different dynamics, a color
is assigned to each number of maxima. To obtain the spike-counting
plots we use the advanced capabilities of the Taylor series numerical
integrator TIDES [35,36] that allows a continuous output, very suitable
for the location of the maximum points of the orbits. The Runge–Kutta
integrator of order 5 of Dormand–Prince [37] (with time step 0.001) is
applied to obtain the time series that we need in the algorithm of Wolf
et al. [38] to compute the Lyapunov exponents. The bifurcation analysis
has been obtained with continuation techniques using the software
AUTO [29,30].
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Fig. 3. Analysis of the complete CPG network. (a) Spike-counting of the plane (𝑉 𝑡ℎ
𝐾𝑆 , 𝐼ext) for 𝑘0𝐶𝑎

= 0.055 and 𝑔syn = 0.015 showing the selected line 𝐼ext = 36. (b) Interspike
bifurcation diagram (IBD) on that line and (c) a magnification of the lower part of the IBD plot. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
Fig. 4. Scheme of the different regions depending on the type of dynamics of (a) the isolated neuron and (b) the coupled neurons in the CPG. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
In the case of generic small networks we have recently proposed
two numerical techniques to deal with small CPGs [22,23]. With those
techniques we studied the different patterns of movement that appear
in the insect CPG when the isolated neurons have endogenous bursting.
Besides, in those articles we studied the different routes the CPG can
follow to reach the dominant tripod gait. In this article we study what
happens when the neurons in the network present a behavior different
4

from that of neurons isolated for the same parametric values. In fact,
the objective is to describe how the system network keeps the tripod
gait with unexpected parameter values.

As mentioned above, the study of an isolated neuron allows the de-
velopment of a roadmap to guide the changes in the different gaits and
to know where to analyze the full model of the CPG. To make the study
of an isolated motoneuron, we simply consider the first three variables
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Fig. 5. Spike-counting of the plane (𝑉 𝑡ℎ
𝐾𝑆 , 𝐼ext) for 𝑘0𝐶𝑎

= 0.055 and for three values of 𝑔syn = 0.006, 0.008 and 0.015. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
(𝑖 = 1) and set 𝐼syn = 0. In Fig. 2 we show the analysis of different
sweeping techniques on the parameter plane (𝑉 𝑡ℎ

𝐾𝑆 , 𝐼ext) for two values
of the parameter 𝑘0𝐶𝑎

, 𝑘0𝐶𝑎
= 0.055 and 0.0595 (𝑉 𝑡ℎ

𝐾𝑆 is the threshold
voltage considered in the expression of the derivative of the gating
variable 𝑤 and 𝑘0𝐶𝑎

determines the extent of the transition region from
the inactive to the active state, see [11] for more details). In plots (a)
and (d) we use the spike-counting technique [39], where the color
indicates the number of spikes per period of a periodic orbit. A large
number (dark red) is associated with chaotic behavior. Specifically, the
dark blue area (on the left side of the plot) represents the isolated
neuron being inactive (equilibrium point). The slightly lighter blue area
5

(right side) represents spiking behavior. The intermediate area (drop-
shaped) with bands of different colors indicates bursting dynamics.
Those bands mark the spike-adding process [40] where the bursting
orbits add more spikes per orbit. In the latter zone, the CPG also shows
bursting dynamics, and in the right part of it, about one third of the
total area, corresponds to the tripod pattern in the CPG [23]. This
process was studied in the insect moving framework [22,23], but what
happens in a complete CPG model in the chaotic regions or outside the
endogenous bursting area is an interesting open problem. The small
insets (a1) and (d1) are zooms on the chaotic bands. Plots (b) and (e)
present the first (when positive) and second (when the first is zero)
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Fig. 6. (a) IBD results changing 𝑔syn and fixing 𝑉 𝑡ℎ
𝐾𝑆 and 𝐼ext (parametric point (𝐼ext , 𝑉 𝑡ℎ

𝐾𝑆 ) = (36,−20)) in the region where isolated neuron experiences spiking behavior and
(b) magnification of the lower part of the IBD diagram.
Fig. 7. (a) Families of periodic orbits (the gait movement patterns) obtained using continuation techniques (AUTO software) on the line 𝐼ext = 36 (and 𝑔syn = 0.015). (b) Magnification
on the area where the different patterns of movement (R1, R2, R3 and R4) converge to the tripod gait [23].
Lyapunov exponents. We observe a total correspondence between both
techniques. In the small plots (c) and (f) we show some selected orbits
to illustrate different bursting (left) and spiking (right) behaviors. In
both cases the light blue orbits are chaotic bursting.

3. Coupling and the bursting dynamics

As discussed in the introduction, in [23] we investigated what
happens to the CPG dynamics when the parameters for the neurons
are within the (drop-shaped) bursting region. We showed how, above
a certain value of 𝑉 𝑡ℎ

𝐾𝑆 (which depends on 𝐼ext), the CPG pattern is the
tripod gait. The question we want to answer now is what happens in
the coupled system (CPG) outside the bursting region.

Using the action potential of the first neuron, 𝑣1, (similar results
are obtained with the remaining neurons) we compute a spike-counting
6

diagram for 𝑔syn = 0.015, in an slightly larger parameter region that
the one of Fig. 2(a). The result, in Fig. 3(a), shows the appearance of
some structures on the right part outside the bursting area of a single
neuron (compare with Fig. 2(a)). A natural question arises: What kind
of dynamics do we have in this region?

In order to see with more detail the process on the ‘‘new’’ region, we
have computed the interspike bifurcation diagram (IBD) on the marked
line 𝐼ext = 36. This diagram shows the time lags among consecutive
spikes. Plot (b) shows the IBD diagram as described above, and (c)
shows a zoom of the lower part of the IBD where the small interspike
times are clustered (the large interspike values roughly corresponds
to rest time of the neurons, i.e, the time among different bursts). In
the right part of the studied interval we see that there is no upper
branch of the IBD. This is due to the fact that this zone corresponds
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Fig. 8. The evolution of the tripod gait along the line 𝐼ext = 36 and 𝑔syn = 0.015. Each color represents a different pattern and how often it appears changing the initial conditions.
Patterns (A) and (B) show the tripod pattern in the bursting region of an isolated neuron [22]. (C) and (D) are some noisy tripod-like patterns that appear just in the boundary
of the bursting region of an isolated neuron. (E) and (F) are tripod patterns with overlapping in the EBR. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
to spiking dynamics. In the left part of the interval there are no points
at all because the neurons are inactive (equilibrium point). On the other
hand, in the rest of the interval, the dynamics are of the bursting type.
That is, most of the newly detected region (in yellow and black in plot
(a)) corresponds to bursting dynamics for the CPG. For this reason, we
will call ‘‘extended bursting region’’ (EBR) to this region (see Fig. 4).
On the left of the EBR, we observe the classical spike-adding process
in the bursting dynamics. The blue shaded region in plots (b) and
(c) is the area where the isolated neuron has spiking behavior, but
the coupled neurons of the CPG burst. It can be seen how the spike-
adding process continues. In addition, we observe small intervals where
chaotic behavior appears to be occurring. In these small intervals, the
structure defined by the lines marking each spike is broken. These
intervals correspond to the intersection of the study segment (𝐼ext = 36)
and the black stripes in the EBR shown in plot (a). We will return to
these intervals in the next section.

Once it has been determined that the EBR is a bursting region for
the CPG, we will analyze how the synchronization parameter (𝑔syn)
affects it. Fig. 5 shows the result obtained with three different values of
𝑔syn = 0.006, 0.008 and 0.015. We observe that the drop-shaped region
where the isolated neuron undergoes bursting dynamics is not affected
by the value of 𝑔syn. The stronger the coupling, the larger the bursting
region maintained by the CPG, as demonstrated by the colors of the
new structures.

In order to study this evolution continuously, we chose the point
(𝐼ext, 𝑉 𝑡ℎ

𝐾𝑆 ) = (36,−20) in the parameter plane and we compute the IBD
for 𝑔syn ranging from 0.004 to 0.015. Fig. 6(a) shows the results. Plot (b)
gives a magnification of the lower part. We can see that the parametric
point is initially in the region where the coupled neurons are spiking.
As the value of 𝑔 increases, a usual period-doubling cascade leads to
7

syn
chaotic dynamics and then enters the region where the coupled neurons
are bursting. The change in the behavior perfectly correlates with the
increase in size of the EBR, and when the studied point crosses the
boundaries of the different stripes (see Fig. 5).

In Fig. 6 we have shown that for a sufficiently large value of
𝑔syn the coupled network maintains the bursting dynamics. That is
. . . coupling loves bursting. But, how are the families of bursting orbits
organized in this region? Is there any new movement pattern? In [23],
the authors studied the transition from different gaits of movement to
tripod gait using bifurcation analysis. In Fig. 7 we briefly extend this
bifurcation analysis to the EBR for 𝑔syn = 0.015 on the line 𝐼ext = 36.
Using continuation techniques (AUTO software [29,30]), we compute
different families of periodic orbits, that is, gait movement patterns.
The first interval lasts until 𝑉 𝑡ℎ

𝐾𝑆 ≈ −26.4 where different movement
patterns (R1, R2, R3 and R4) become the tripod gait (see [23] for
details). From that value onwards only the tripod gait is present. What
is really interesting is that in the EBR we have tripod bursting families
of periodic orbits as it is shown in the shadowed area of Fig. 7. On
each family (on each curve) the number of spikes per burst is the
same. Stable and unstable orbits are indicated with continuous and
discontinuous lines on the plots, respectively. Each family has an upper
tile where it is stable. This stable region of the family is the one detected
by the spike-counting technique.

In [23] we designed a technique for studying the different patterns
by means of an adapted Monte-Carlo scheme combined with a kind of
machine-learning approach to classify the gaits. The quasi Monte Carlo
sweep method (see [22] for a full description) consists of generating 𝑛
different sets of initial conditions for each set of fixed parameter values.
They are selected in a Halton sequence sampling that covers the range
of each variable, i.e. [−40, 10] for 𝑣 and [0, 1] for the remaining gating
𝑖
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Fig. 9. (a) Synchronized chaotic tripod gait for 𝑘0𝐶𝑎
= 0.055 and (b) 3D plot of the

evolution of the orbit showing a chaotic attractor. The small plot on the top shows the
spike-counting of the plane (𝑉 𝑡ℎ

𝐾𝑆 , 𝐼ext) for 𝑘0𝐶𝑎
= 0.055 with a selected point (star) in

the chaotic area. (c) Synchronized chaotic tripod gait for 𝑘0𝐶𝑎
= 0.0595. (d) A 3D view

of the chaotic tripod gait. The small plot on the bottom shows the spike-counting of
the plane (𝑉 𝑡ℎ

𝐾𝑆 , 𝐼ext) for 𝑘0𝐶𝑎
= 0.0595.

variables. This process is repeated for each neuron in the network. After
a sufficiently large transient time, we begin to compute the pattern
produced by the network and the state of the network at a given
instant is stored. Subsequently, each sequence is analyzed using the
Fast Fourier Transform to detect periodicity, storing them in a list.
Finally, those patterns that represent the same signal must be detected
to generate only one representative of its equivalence class. We can now
estimate the ‘‘size’’ of the basin of attraction of each stable pattern as
8

the fraction of the initial conditions that converge to it. This process
has been carried out for a single set of parameters. By changing one
of them, we can map the classes calculated for one parameter value to
those of the other values, thus showing how the patterns evolve; for
details, see [22].

Applying this technique on the line 𝐼ext = 36 for 𝑔syn = 0.015
we obtain the results shown in Fig. 8. On the top plot we have the
percentage of the different gaits. On the left part there is a small
segment with different gaits that give rise to different routes to tripod
gait as explained in [23]. Later, the gait is always a tripod gait, but
with some differences: At first, there is a time on the pattern with no
active neuron (gaits –A– and –B–). After that, there are patterns (–C–
and –D–) with some neurons where the length of the bursting is slightly
different. These noisy patterns appear in the boundary of the bursting
region of the isolated neuron. Subsequently there are patterns (–E– and
–F–) where three neurons are active alternatively because the number
of spikes has grown in such a way that there is no rest time for the
CPG, but following always a tripod gait. This situation is analogous to
what happens in quadrupeds when they gallop (all their legs are in the
air at certain intervals) or in humans when they run. Then a region
of chaotic dynamics appears, this situation will be studied in the next
section. Finally, the dynamics of the network end up being spiking.

Note that these pictures provide a solid evidence on the persistence
of the bursting tripod gait after the bursting dynamics have disappeared
for an isolated neuron. This shows that the permanence of the bursting
behavior allows the CPG to increase the area of the tripod pattern
(which is larger the higher the coupling strength). That is, . . . coupling
loves bursting . . . and tripod gait.

4. Chaos and high order hyperchaos in the extended bursting
region

We commented in Section 2.1 that an isolated neuron may have
chaotic dynamics. We also showed in the previous section that there
are areas of the EBR where the neurons that make up the network have
chaotic dynamics. In this section we will investigate how chaotic the
dynamics of the CPG are in these areas.

In Fig. 9 we study two values of the parameters, shown in Fig. 2,
exhibiting chaotic dynamics for an isolated neuron. Small inset above
Fig. 9(a) presents the spike-counting diagram as in Fig. 2(a1), where
the studied point has been highlighted with a star (𝑘0𝐶𝑎

= 0.055, 𝑉 𝑡ℎ
𝐾𝑆 =

−21.83 and 𝐼ext = 35.5). As we can see, this point is inside the chaotic
region of an isolated neuron. Fig. 9(b) shows the orbit of the 6 neurons
in the network. The chaotic attractor is similar to a ‘‘fat’’ periodic orbit.
The dynamics are also chaotic, like for an isolated neuron. However, if
we look at plot (a), we can see the actual motion pattern produced
by the CPG for this parameter selection and verify that in fact it is a
synchronized chaotic tripod gait. Plots (c) and (d) present similar results
but now in the chaotic area for 𝑘0𝐶𝑎

= 0.0595 of Fig. 2(d1). Note how
the orbit of each neuron in the CPG exhibits chaotic behavior, just
like the one of an isolated neuron would. However, the coupled CPG
shows a clear tripod gait. That is, the system maintains a tripod gait
independently of the dynamics of the bursting neurons once the tripod
gait is the dominant pattern of movement. So, these are nice examples
of chaotic synchronization phenomena caused by the coupling of the
CPG.

To analyze what is happening in the EBR, we have computed the
Lyapunov exponents on the line 𝐼ext = 36. Fig. 10(a) is a zoom on
the spike-counting diagram of the line given in Fig. 6, and plot (b)
gives the first and second Lyapunov exponents. We observe that the
Lyapunov exponents confirm the chaoticity on some regions, but they
also evidence the existence of hyperchaotic dynamics since the second
Lyapunov exponent is positive in some intervals. Note that recently
the study of chaos and hyperchaos in different coupled systems has
attracted numerous recent articles [41–44] using different techniques.
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Fig. 10. (a) Spike-counting plot on a region with chaotic dynamics on the CPG. (b) First and second Lyapunov exponents on the line 𝐼ext = 36 for 𝑔syn = 0.015.
In Fig. 11 we explore the hyperchaos in the CPG. In the chaotic
regions detected in Fig. 10 we have selected two segments, Z1 and Z2,
in order to make a more detailed analysis. On plots (a1) and (a2) we
show the spike-counting technique and the first and second Lyapunov
exponents, respectively, on a small region around the line 𝐼ext = 36
for 𝑔syn = 0.015 on the segment Z1 of Fig. 10. We observe some areas
where the second Lyapunov exponent is also positive, what means that
we have hyperchaos (shaded regions). However, we can observe on
plots (a3) and (a4), with 𝑉 𝑡ℎ

𝐾𝑆 = −23.1, that the behavior is similar
to that already shown in Fig. 9: chaotic tripod. The reason seems to
be the small magnitude of the positive exponents. On the other hand,
if we look at the Z2 region (see plots (b1) and (b2)), we find up to
four positive Lyapunov exponents, some with much higher values than
those in Z1. In this case, if we look at the trajectory of the network and
the patterns of the six neurons (for 𝑉 𝑡ℎ

𝐾𝑆 = −18.6, plots (b3) and (b4)),
we see that there are intervals where the chaotic tripod continues to
appear, but in other intervals there is only chaotic movement. We have
seen how, as 𝑉 𝑡ℎ

𝐾𝑆 increases, the duration of the chaotic movement
becomes longer and longer, until finally each neuron stops bursting
and starts spiking. Therefore, it seems that the appearance of high-order
hyperchaos breaks the chaotic synchronized tripod gait. It is also worth
noting that there are not many examples of high-order hyperchaos in
the literature for nature-inspired models.

Conclusions

In this article we have explored some differences between the
dynamics of isolated neurons and connected ones in small networks.
We have shown how the coupling of neurons in a small network (CPG)
stabilizes the dynamics in the sense that the neurons maintain their
dynamics over a larger parametric range than isolated neurons. In our
case the system maintains bursting dynamics even when an isolated
neuron would be spiking. It means that the network coupling facilitates
bursting. Moreover, it favors the tripod gait, which is the main insect
gait observed in nature. This fact is observed when the parameters of
the model are selected in two different situations:

1. A single isolated neuron would be chaotic, coupled ones are
chaotic one by one, but they are chaotically synchronized fol-
lowing a chaotic tripod gait;

2. A single isolated neuron would be spiking, the CPG produces a
clean tripod gait, and its neurons one by one follow a bursting
regime.
9

That is, coupling loves bursting and tripod gait.
Finally, we have detected hyperchaotic phenomenon (up to four

positive Lyapunov exponents) in the chaotic synchronization region
and we have seen that the appearance of this hyperchaotic phenomenon
begins to break the synchronization. We leave for a future research a
detailed study of the influence of hyperchaos in networks.
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Fig. 11. (a1) Spike-counting on a small region around the line 𝐼ext = 36 for 𝑔syn = 0.015 on the segment Z1 of Fig. 10 and (a2) the first and second Lyapunov exponents (LE).
Shaded areas correspond to hyperchaotic regions. (a3) 3D plot of the evolution of the orbit for 𝑉 𝑡ℎ

𝐾𝑆 = −23.1 and (a4) the corresponding synchronized chaotic tripod gait. (b1)
and (b2) Spike-counting on the segment Z2 and the six first Lyapunov exponents, respectively. (b3) and (b4) the corresponding 3D plot of the orbit and gait patterns of voltage,
respectively, for 𝑉 𝑡ℎ

𝐾𝑆 = −18.6.
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