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In this series of papers we aim to provide a mathematically comprehensive framework
to the Hamiltonian pictures of quantum field theory in curved spacetimes. Our final goal
is to study the kinematics and the dynamics of the theory from the point of differential
geometry in infinite dimensions. In this second part we use the tools of Gaussian analysis
in infinite dimensional spaces introduced in the first part to describe rigorously the
procedures of geometric quantization in the space of Cauchy data of a scalar theory. This
leads us to discuss and establish relations between different pictures of QFT. We also apply
these tools to describe the geometrization of the space of pure states of quantum field
theory as a Kahler manifold. We use this to derive an evolution equation that preserves the
geometric structure and avoid norm losses in the evolution. This leads us to a modification
of the Schrédinger equation via a quantum connection that we discuss and exemplify in a

simple case.
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1. Introduction

In the first paper of this series [4] we presented a set of mathematical tools to develop Gaussian integration theory on
infinite dimensional spaces. Those tools are important to characterize geometrically the Hilbert space of pure states of a
particular quantum field theory. In this paper we aim to clarify the physical interpretation of the canonical quantum field
theory of a scalar field described over a Cauchy hypersurface of any generic spacetime. These tools will be used and enlarged
in [3] to describe a dynamical coupling of gravity and the quantum field theory of a scalar field.

The fields of Gaussian and White noise analysis [15,19,20,24,26,29,36,40] have been widely developed in relation to the
modelling of financial models [35]. Nonetheless, their deep connection with the informally defined Feynman integrals and
their applications to Quantum Field Theory (QFT) was noticed and studied by many authors from a rigorous mathematical
point of view [9,10,16,43]. Following these works, in these article we will make systematic use of Gaussian analytic methods
to interpret physical aspects of QFT with a strong focus on geometry rather than on analytical or algebraic [7] techniques.



J.L. Alonso, C. Bouthelier-Madre, ]. Clemente-Gallardo, and D. Martinez-Crespo Journal of Geometry and Physics 203 (2024) 105265

However, not every physical aspect of the theory relies solely on the mathematics of Gaussian integration. In order to
fully understand the physics we focus on the scalar field. In that case must choose a Kahler structure (w, i, J) on the
set of classical fields [6,11,33]. The corresponding Hilbert space of pure states can be then defined by a Gaussian measure
associated to this structure. Thus, we also investigate how the choice of Kihler structure determines very relevant features
of the quantum theory.

In particular, in this work we try to answer two central questions. Firstly: what does it mean to quantize a classical field
theory? And, secondly, what is the most efficient way of describing a QFT in geometric terms to couple it to gravity on
equal footing?

To answer the first question we thoroughly develop a quantization program, that we summarize as follows. In the first
place, we investigate how to rigorously quantize canonical Cauchy data of a scalar field using the well known procedure of
geometric quantization [17,37-39,41,44]. In relation to it, we address the ordering problems [12] of the algebra of observ-
ables in this context of canonical quantization. Lastly, we provide physical interpretation of each one of the mathematical
tools introduced in [4], reflecting different aspects of the structure of Gaussian integration through the lense of this quan-
tization program. Other approaches, as the field of stochastic quantization, are not considered in this work. However the
connection with stochastic calculus may provide a way to extend the formalism to fermions [2] or gauge fields [32].

Regarding the second question, we argue that one needs to detach the particular physical features of a theory from
the general geometric structures underlying it. In order to do so, the concept of second quantized test function, which was
reviewed in the first part of this series as the algebra of Hida test functions [19,20,35], proves to be particularly useful. These
functions, whose domain is a space of distributions, will be used to model a common dense subset of any Hilbert space
that we may consider as the space of pure quantum states of any particular theory. The main advantage of this procedure is
that we can describe a generic quantum theory modelling the manifold &2 of pure states regardless of any particular choice
of Kdhler structure at the classical level and encode the particular features of each theory in a second quantized Kahler
structure (G, 2, J) 2.

In this work we take the gravitational degrees of freedom as a given background, whereas the case of a spacetime that
evolves subject to the backreaction of QFT matter is studied in [3]. We assume space-time to be globally hyperbolic and
consider it as a foliation of spatial hypersurfaces, labelled by a time-like parameter t. On each hypersurface, the background
metric induces a 3-metric h;; and the corresponding field-momenta 7;;, which encode the extrinsic curvature of each leaf.
The transformations defining the evolution from one leaf to the infinitesimally following one in the foliation are encoded in
the lapse and shift vector fields (N, N%). The spacetime foliation is thus represented by the t-parametric family of geomet-
rical objects (hij(t), mij(t), N(t), N'(1)).

On such a foliation, a Hamiltonian description of a classical scalar field theory of matter is considered, with its fields
and field-momenta having domain on the spatial hypersurfaces. These fields are then quantized on each hypersurface,
the quantization depending on a suitably chosen complex structure, which is in turn dependent on the geometry of the
leaf. Thus, quantization becomes t-dependent, as the dependence on the geometrical objects of the leaf is composed with
their intrinsic time dependence, given the non-constant nature of (h;;(t), 7rj;(t), N(t), Ni(t)) due to the dynamical nature of
generic background spacetimes. This additional t-dependence is inherited by quantum states and operators, and also by the
Kahler structure at the second quantized level.

Our final goal is to build a description of the Hamiltonian dynamics of QFT as a Hamiltonian system with respect to
a canonical Poisson structure, following the well known construction of Kibble (and, later, its generalization by Ashtekar
and Schilling) for geometrical quantum mechanics [5,25]. The geometric quantization procedure based on the geometric
structures defined on the set of classical fields, as well as their t-dependence, will determine crucial aspects of the resulting
dynamics. In particular, the second quantized structure will provide an evolution equation that modifies the Schrédinger
equation and preserves norm in the evolution in a similar way suggested in other works [1,27]. This preservation of norm
is not obtained as a property in the usual prescription as it is explored in [14,21-23]. This kind of geometric structure is
key to build a mathematically consistent theory of classical gravity coupled to quantum field, as we showed in [3], where
the space-time is no longer treated as a background, but instead it suffers the backreaction of the quantum fields.

The structure of the paper is the following: On the remainder of this section we recall some mathematical features and
conventions introduced in the first part of this series [4]. Then, Section 2 introduces the first step towards geometric quan-
tization, prequantization theory. We introduce the prequantum Hilbert space and the prequantization of linear observables
that will serve as basis for geometric quantization. Continuing with this program, Section 3 introduces the set of quantum
states for different relevant cases and presents a summary of the geometric quantization of linear observables (on fields). In
particular, we consider holomorphic, antiholomorphic, Schrédinger and momentum-space quantizations; and we also pro-
vide isomorphisms and quantization preserving mappings relating them. Then, in Section 4 we study the quantization of
arbitrary observables in these cases and, again, we provide a way to relate them. This is followed by Section 5 presenting
the construction of geometric quantum field theory analogously to Kibble’s geometric quantum mechanics. We identify the
canonical Kdhler structure of the set of quantum states built previously and study its relation with the one defined on
the set of classical fields proper to geometric quantization. Then, in Section 6 we use the geometric formalism to describe
the solutions of Schrédinger equation as the integral curves of a Hamiltonian vector field associated with the canonical
symplectic structure. One key novelty presented in this section is the fact that the geometric construction requires the in-
troduction of a connection to take into account the dependence of the quantization procedure on the geometrical objects of
the hypersurface, as in [3]. In this case, these structures are in turn t-dependent, which turns the whole construction time-
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dependent and is reflected in the time-evolution equation. Finally, Section 7 presents an application of all the ingredients
introduced so far to the case of the dynamics of a free quantum scalar field on a flat Friedman-Lemaitre-Robertson-Walker
(FLRW) spacetime. We finish this work with Section 8 presenting the main conclusions of the two papers and describing its
potential applications.

Mathematical summary Based on infinite-dimensional integration theory, in [4] we argued that the natural model space
for quantum fields is a space of distributions regarded as the strong dual (DNF) of a Nuclear-Fréchet (NF) space. Regarding
spacetime structure, we remind our restriction to globally hyperbolic spacetimes such that admit a compact space-like
Cauchy hypersurfaces X. In that case, the usual model space for classical fields used in the literature is the space of smooth
compactly supported functions N = C°(X). Consequently, in [4] we made the choice of modelling quantum fields over its
strong dual AV = D’(X). The ultimate reason for that choice was to develop a rigorous quantization program, as explained
in the forthcoming sections. Throughout this work A" will be assumed to be real while N¢ is its complex counterpart. It
is important to notice that, even though we will limit our study to compact ¥ manifolds, the only ingredient needed to
generalize our analysis is the NF topology of A/, which amounts to proper boundary conditions. For this reason, we may
use Minkowski spacetime as an example of our analysis with the space of tempered functions S(R3) and distributions (its
dual) as model spaces. To emphasize the generalizability of the framework, we will use the notation A" and A/ for the NF
space and its dual instead of any particular functional space, such as C2°(X). Let us also recall from [4] the notation that
we will employ in this work

& €N, ¢* € NV paired by &¢* := (&, ¢*) € R
px € N, ¢* € Ng paired by px¢™ := (px, ¢*) € C (1)

Notice that we do not conjugate any of the variables in the complex pairing. Instead we choose a dual coordinate convention
for holomorphic coordinates of functions and distributions

X 1 X s - X 1
¢ ﬁ(w %),  px 7
for (@X, %) e NV x N7 and (&, nx) € N’ x N. To fix notation we indicate that, throughout this work, the strong dual will
be denoted by ’ while * indicates only complex conjugation.
Operators and bilinears are denoted with abstract indices as AY, A¥Y or Axy and their distinction gives rise to three
notions of Dirac delta. Thus, 8§,‘ represents point evaluation while §®¥ and 8xy is the dual pairing for test functions and
distributions respectively. See [4] for further information. We define operator composition and raise and lower indices

following the conventions

Ex +inx), (2)

(AB)X = A¥BZ, (A =6yuAUS"™, Axy =A% and AW = A%SY (3)

Using these conventions we have that §*/§,y = 6§,‘. A particular tool of huge importance in our work is the concept of
Hida test function. The domain of those functions is the space of distributions N”’, which possesses a NF topology that
relies solely on the structure of N. For this reason, those functions are denoted by a parenthesized expression (N). We
will use Hida test functions to model a subset of pure states that is common to and dense in any particular Hilbert space
representing a particular theory. The main advantage of this procedure is that we can describe a generic quantum theory
modelling the manifold &2 of pure states over (\) regardless of any particular choice of Kihler structure at the classical
level. Moreover, (A) is a NF space and therefore a convenient model space for geometry [13,28]. In turn, as we explained
above, this allows us to describe a particular theory with its second quantized Kahler structure (G, 2, J) . As we will
see, the ability to characterize the space of states independently of the choice of classical complex structure is of crucial
importance in curved spacetimes, as (N) will be a common subset to all the Hilbert spaces arising from the parametric
family of complex structures similarly to the construction considered in [1].

2. Geometric quantization I: the general framework

The goal of this section is to build the quantum field theory corresponding to the classical model presented in [4]. As
our goal is a geometric description of the resulting quantum model, we will consider a geometric quantization framework
adapted to our infinite dimensional manifold. Our presentation in this section is similar to others in the literature. Examples
of this construction for field theories can be found in Oeckl’s work [37-39], while, for finite dimensional systems, [17,44]
contain detailed discussions of the aspects discussed below. Our aim is to approach the discussion with the mathematical
tools of [4]. The procedure is, roughly speaking, similar to the usual construction on finite dimensional symplectic manifolds
(see [17,41,44]) and it is based in two steps.

e Firstly, a pre-quantization is defined, which builds an initial Hilbert space. This is constructed from the set of sections of
a complex line bundle defined on the classical phase space. Also, the prequantization procedure provides a representation
of classical functions as operators acting on that prequantum Hilbert space.

4
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e Secondly, the definition of a polarization completes the quantization procedure. This is the choice of a Lagrangian sub-
manifold on the phase space of fields. The quantum Hilbert space is obtained by restriction of prequantum sections to
this submanifold. Quantum operators are also restricted to those preserving the polarization in a suitable way.

The first step is straightforward and relatively simple to define for a general symplectic classical manifold. The definition
of the polarization is a more subtle task and introduces arbitrary choices which restrict the set of classical magnitudes that
can be quantized. We will firstly present the general construction adapted to our manifold of fields Mpg. For simplicity
we will assume that this manifold is linear and modelled over the DNF space N’. Then, we will exploit a Kihler structure
defined on its complexification M to consider one particular type of polarization, the holomorphic polarization, which
exhibits several nice properties and largely simplifies the technicalities of the construction. This structure was introduced in
[4]. Finally, we will compare the resulting construction with the usual approach based on a real polarization.

2.1. Prequantization I: the definition of the bundle and the measure

The first step towards quantization is the complex prequantum line bundle B over the classical field phase space. This
is an Hermitian line bundle w4, p : B— Mc, associated with a U(1)-principal bundle on Mc. On this bundle we define
a principal connection which is required to have, as local curvature form, the symplectic form of M. This can be done if
we consider the local connection one form to be defined by the corresponding symplectic potential 6 (as our field manifold
is a linear space, this choice is well defined globally). By using this connection, we can define a covariant derivative on the
associated bundle B.

The next step is to find a prequantized Hilbert space .. To define this space we consider the set of square integrable
sections B with respect to a measure u. invariant under symplectic transformations. Let us consider for simplicity the case
where M can be covered with a single chart in A/~, the complexified space of distributions. In this case we will consider
the measure . whose characteristic functional C obtained as

C(px, Px) = / Djac(¢¥)elPrd s (4)
Ne

satisfies:

e C(0,0)=1
e C is positive definite,
e it is continuous in the Fréchet topology of N¢.

Hence, Bochner-Minlos theorem [15,19,20] assigns a unique Borel probability measure @, on Mc to each choice of func-
tional C satisfying the conditions above. Let us see how there are natural choices of functionals based on physical arguments.

Along this and the next section, it is convenient to distinguish between ¢* € Néj and the holomorphic coordinate of
M that we denote ¢* € M. Recall from [4] that, in holomorphic coordinates, the Kahler structure (w, i, J) pm, is derived
from the Hermitian form

w = nydg)x ® d‘?y’ (5)

with trivial complex structure and inverse h?\/llc =AY qux ® 0gy. From a physical point of view we should ask for the

hame =

measure to be invariant under symplectic transformations. Thus we select C to correspond to a function of the Hermitian
form h’lc, acting on pxd¢* as covectors. This provides the measure whose functional C is equal to

-1 - _ x
Clpx, ) =€ "M PrP) — =A™y (6)

This defines a gaussian measure . that can be fully understood from the Gel’'fand triple provided by its Cameron-Martin
Hilbert space

Nc CHa =Hg C./\/(E: (7

where Ha = (Mg, A¥W). In this triple we identify # with its dual H. The latter is obtained restricting ./\/(/C to the subset
in which the norm computed with (5) converges. This space represents the allowed directions of translation that leave
invariant the spaces LP(N/~, Duc)! and has the physical interpretation of a one particle state structure. It is also the main
ingredient of the Wiener-Ito decomposition theorem that provides the particle interpretation of a QFT written as a gaussian
integral. For further details see [4]. See also [10,39,40] for a different construction of the measure using projective limits.

1" See Proposition 6.9 of [24].
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With this choice, the measure exists and then the scalar product of WS, & € I'(Mc, B), sections of the prequantum
bundle, can be written as:

(@5, W) = / D ®SYS, (8)
Mc

2.2. Prequantization II. The states: introducing the vacuum

2.2.1. Atrivializing section

In this way we have introduced a measure on the set of sections of the prequantum bundle and we can define our pure
quantum states to be the square-integrable sections with respect to the measure ., or equivalently, those sections with
finite norm. Now we want to trivialize the bundle and factorize those sections with respect to a preferred one W,. This
section will be our reference and will be related with a phase factor with the physical vacuum state of the theory ¥y as we
will discuss in the next section. This preference will be stated in terms of a particularly simple expression for its covariant
derivative given by (11). We will ask this section not only to have norm 1 for this measure, but to have its local-on-¢*
complex Hermitian product constant, i.e., )

U (5 POU @ P =1, V@ ¢%) e Mc. 9)

All other sections can then be represented as simple functions, which will be square integrable with respect to a measure

defined by using W,. As sections are also functions on M¢ = (’C, we can write our pre-quantum Hilbert space as

jﬁa:{é:Mc,aCs.t.cbeLz(N’ ,Dite) asfunction} (10)

The local expression of the reference section can be further determined by the covariant derivative of the bundle. We
can define the reference section W, adapted to the symplectic potential (hence, to the complex structure [4]) requiring that

Vx W, = —if(X) ;. (11)

Notice that while condition (9) fixes the modulus of the reference state, this condition fixes the phase. We shall get back
to this point below, when considering the two types of polarization. In any case, we can already remark that clearly the
local expression of the state (or equivalently, the connection) depends on the choice of the complex structure on Mc.
Notice also that p includes in its definition the expression of the modulus of the reference W, which usually appears in
the literature as the vacuum of the theory [11,14,21-23,30,31]. In those works the reference is referred to the informally
defined Lebesgue measure D¢. In this way, W is an informally defined function representing the vacuum and its modulus
is such that D¢|\I/6|2 =~ D in a heuristic way. This is the reason for the necessity of Equation (9), which only leaves free
the phase of the reference state for a chosen measure.

Using this section W, as a trivialization of the bundle B seen as a principal bundle of fibber C\{0}, any other section ®*
is given by ®° = ®W,. Here & : M¢ — C is identified with a regular smooth function of (N¢) C L*(AM/~, D¢). Our notion
of smooth function in this case is provided by the set of Hida test functions C>®°(M¢) = (N¢) ® (Ne)* defined in [4].
This notion also includes regularity properties under integration that we studied in that paper. Hence, this decomposition is
only valid for the subset of smooth sections in (10). However, this subset is dense and, as such, is enough to describe the
quantization procedure using it. The action of the covariant derivative is translated to the function & as:

Vx (dW,) = [X(D) —if(X)P] ¥, (12)

Our pre-quantum Hilbert space is then identified with

A ~L*(Ng, Do), (13)

when referred to a reference section W,. See the discussion at the end of subsubsection 3.1.3 for further details about the
relation of W, with the vacuum of the theory Wy. The effect of the reference on (13) is that covariant derivatives incorporate
an extra multiplicative factor —if(X) provided by the symplectic potential to the directional derivative.

Another key factor of this construction is that in the quantum theory every magnitude is obtained by integration of the
classical degrees of freedom. This turns the classical manifold M into a rather auxiliary object. Let W be a pre-quantum
state, and consider a translation by W(¢*) — ¥(¢* + h*¥). Only when h* € Hg >~ Ha, the Cameron-Martin Hilbert space, we
can reabsorb this into the Gaussian measure (4) with an integrable Radon-Nikodym factor [20,35]. Hence, we can consider
Hna as the only well-defined tangent vectors on the linear manifold M :N’éj for the quantum counterpart, since they
are the only ones that leave the Hilbert space invariant. Nonetheless, in general curved spacetimes this is not the case, and
evolution will not preserve L2(\/~, Djic) unless the spacetime is static or stationary [1,6,11]. We will deal with these issues
in Section 6.
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2.2.2. Ambiguity of the construction

In the following section we will relate the reference sections of different representations through a phase factor. This
relation is provided by an ambiguity in the construction above that we explain below. For a similar discussion in finite
dimensions follow [44]. We may consider the existence of another connection on B and the corresponding reference section
\Lr it is related to. As we want the section to be square integrable, we can consider the existence of a function o € C*° (M)
satisfying

U =al,, (14)

for & : M¢ — C a function. Hence, sections of B should satisfy

U, = daw

R (15)
Y,

For the two covariant derivatives to coincide on a section of B, we obtain that
- i0(X)V, =i (X)a ¥
v, [P0 T =i000aY,; (16)
X)W + a(—i0(X)¥r)
As this should happen for any vector field X, we conclude that the function & must satisfy
da —i(0 —0)a=0 (17)

Notice that as the modulus of the reference section is fixed to 1, the function must be a phase o = e~f. This implies
that the measure does not change but the symplectic potentials are required to satisfy the gauge condition

o' — o =df. (18)

This is the freedom left from Equation (9) once we fixed the measure u.. Notice that if the modulus of the function is
equal to one the measure is not changed, since we are just choosing among the different phases of the reference state.
These kind of transformations that preserve the measure but change the reference phase are the usual ones for geometric
(pre)quantization. We anticipate, however, that during the evolution in the context of curved spacetime, changes of measure
will also occur [1,3]

2.3. Prequantization III: the prequantization of observables

The covariant differentiation is precisely the basic tool to build a quantization mapping Q for the classical functions
f € C®(Mc) acting on the set of sections of B. Thus, the operator Q(f) becomes

Q(f) = —ihVx, + f, (19)
where Xy is the Hamiltonian vector field associated to f. For the sake of simplicity we will take i =1 in the rest of the
paper.

When we consider the section ¥, and the corresponding function ®, we can adapt Q to the new setting described
by (13). Thus, Vx,; must become a self-adjoint operator on the Hilbert space of square integrable functions, where ® is
contained.

The classical observables are chosen as functions on the classical phase space F : M¢ — R.

Xpow = —dF. (20)

Remember that, being weakly symplectic, the equation above may not have a solution in general. But we will consider also
that the first Malliavin derivative, see [4], is defined for them and hence that F € ]D,z;]. Therefore the expression

dF = dgxFdg* + 95« Fdg*,
ensures that dF e HaA ® LZ(N&, D) and H is the natural domain of @ so we can always find Xr € Ha ® L2(N/~, Diic).
Then, its prequantum counterpart is an operator F:=0(F): 4 > % given by

QF)®=F® —iVyx, P, b e . (21)

It follows that this (pre)quantization procedure Q meets the Dirac quantization (pre)conditions [17]

Q1) Q(F +G) = Q(F) + Q(G)
Q2) Q(F)Q(G) — QG)Q(F) = —iQ({F, G} m;)
Q3) Q(F)=F1 if F is constant

for any F, G € C*®°(Mc).
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2.4. The polarization

The prequantization provides a Hilbert space % too big to realize the quantum states since, in principle, ® € #p are
functions with domain on the whole manifold while, in regular quantum theories, the domain must have half the degrees
of freedom of Mc.

To deal with this discrepancy we must restrict the domain of the functions ® to a Lagrangian submanifold of M. Notice,
though, that in this setting the concept of Lagrangian submanifold is not as straightforward as in the finite-dimensional case
treated in [44]. First, we must remember that w . is defined, at most, on a dense subset of the vector fields of M¢ EN{C.
Therefore that the condition of (co)isotropy must take into account this fact. To bypass this difficulty we will introduce a
polarization at the level of the one particle state structure introduced in the complex description of the classical phase space
(7). Thus, we will choose a Lagrangian subspace P of the complex Hilbert space P C Ha on which the symplectic form
w . is well defined. The quantum Hilbert space is given by:

H ={WS € #p st.VzW =0V X e P} (22)
As, again, the space is linear, we can choose a symplectic potential —d® = w . adapted to the polarization such that
OX)=0VXeP (23)

Under this assumption the definition of the polarization simplifies enormously since, due to (12) we can identify the
polarized Hilbert space as:

A ={WelC®Mc)st.d¥(X)=0VXeP} (24)

Unitary dynamics is trickier to implement due to the fact that the quantization rule (21) may produce operators that do
not respect the polarization. Moreover the situation is even more complicated if we ask the representation of the quantum
operators to be irreducible adding a fourth condition to Q1-Q3 above:

Q4) (Irreducibility condition) For a given set of classical observables {f;}7 such that {fj, g} =0 Vi € Z implies g constant
then if an operator A commutes with every Q (f;) then A is a multiple of the identity.

Then it is known that no quantization satisfying Q1-Q4 exists. We can partially escape from those two problems choosing
to quantize only a subset of classical observables such as the linear ones in Darboux coordinates (fx@* + gxm*). More
complicated functions exhibit the usual ordering problem of quantization. We will deal with this issue in section 4.

3. Geometric quantization II: types of quantization

Roughly speaking, we can consider two kind of polarizations: real polarizations, where the linear space P is characterized
by P = P* (which define what we call Schrédinger quantizations) and holomorphic ones for which P N P* = 0 (which define
what we call holomorphic quantizations). Intermediate situations are combinations of those two extreme cases, at least in
the finite dimensional setting, see [44] for further details. As the holomorphic case is easier to handle in many ways and
possesses better analytical properties [4], we will begin our discussion with it.

3.1. Holomorphic quantization

3.1.1. Choosing holomorphic tensors

For the holomorphic case the complex structure ] provides a projection X — %(]l +1iJpmc)X for the elements of the
Cameron Martin tangent space X € Ha, i.e., those elements in the tangent space which define integrable translations for
the Gaussian measure Du.. As Mc is a linear space, the polarization is taken to be Py, = %(IL +iJmc)Ha. 1dentifying
coordinates ¢* e/\f(c with holomorphic coordinates of ?x € Mc, the adapted symplectic potential is obtained from the
(non unique) Kihler potential K = ¢*Kyy¢”

® = —idykdg. (25)

The set of states of the quantum Hilbert space given by (24) is therefore the space of holomorphic (square integrable)
functions & :J\/'é: — C. In this representation we identify the reference and the vacuum sections \Iff = Wq because, as we
will see, it will be annihilated by the annihilation operator. These functions @ represent the excitations with respect to the
vacuum state Wy (11), in such a way that the physical state corresponds to the section of the complex line bundle ®Wy,
which are square integrable with respect to the measure w., or, equivalently, to the set of square integrable holomorphic
functions if we take the section ¥, as a reference:

'%Hol = L?—Iol(N(/C’ D/LC) (26)
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This is, by construction, a well-defined Hilbert space but it is not the most frequent quantum model in QFT. Some examples
of the study of this representation of QFT can be found in [37-39]. Instead, it is more common to represent the states as
element of a bosonic (or fermionic) Fock space, see for instance [7,42]. We will discuss this point later.

3.1.2. Segal isomorphism: defining Fock states

From the properties of Gaussian integration, we know that the Segal isomorphism presented in [4] allows us to identify
the vectors in L?(N/~, D) with the vectors of the symmetric Fock space constructed on the space of one-particle states
Hna. As the quantum states correspond to holomorphic functions ¥ e L%_IO,(N/ , Duc), we can write:

o0

W) = (V) 27)
n - /n=0
where w;f:’o) correspond to the coefficients of the state W with respect to the space of Wick complex monomials
w1 d _
= ]] Kx,u; Ws“f[w](‘)" Px) o (28)

where S, the integral transform introduced in [4]. This expression allows us to recover the usual description of quantum
states in the Literature [7,42].

3.1.3. Quantizing linear operators
At the same time, as the connection is also holomorphic, the quantization mapping Q is simple to compute and defines
holomorphic linear operators on .7#,,. In particular using (21) for (25), we verify that

Q)W (") =¢¥ W(¢").
QPNW@) =AYy W), VW € Ao 2

Here we distinguish again ¢* EN& and the holomorphic coordinate ¢* € Mc. In this work we will consider bare
coordinates ¢* as simple placeholders of integration. In particular, they do not depend on time or any other structure built
over the Cauchy hypersurface X. This is done to highlight the physical meaning of the coordinate ¢* € M. We will choose
different systems of holomorphic coordinates of M¢ with different interpretations that we will represent over the same
J\/'(éj after quantization. This is crucial to relate different quantizations of the theory as we will see at the end of the section.

Notice that these operators correspond to the creation and annihilation operators, as it was to be expected a™ = Q(¢*)

while a* = Q(¢¥). Thus we obtain that annihilation and creation operators correspond to the Malliavin derivative and Sko-
rokhod integral for holomorphic functions [4]. This interpretation that we obtain from geometric quantization was already
noticed in the stochastic calculus literature from their algebraic relations [18].

Notice also that (29) implies that a*1 = 0. We identify \Ilﬁ =1 as the representation as a holomorphic function \Ilf €

Lf{o,(./\/’ , Due) of the reference section \IJf’ in 7. Thus, we conclude that a"\llf’ = 0. This implies that the reference section
is annihilated by the annihilation operator and therefore we can identify the reference and the vacuum ¥ = W, as we did

above.
3.2. Schrédinger quantization

Let us consider now the other most common example, the case of Schrédinger quantization as we can see in [11,14,21-
23,30,31]. Recall from [4] that we can think of M as a real manifold Mfr =N’ x N’. We denote this process realification
of the manifold. The system of realified conjugate coordinates (¢*, 7*) is such that

dd
Oy = SeydT* AdgpY = / \/Til [d7r (%) ® dp(x) — dp(x) ® d7t (X)]. (30)
X

The fact that w4, is written in the canonical form above in turn defines the field momenta 7%, since it must correspond
to the conjugate variable to the field ¢*. The particular physical meaning of these variables depends on the particular
classical theory we want to quantize and is unimportant in this context. Notice that the notion of conjugate acquires a
dependence of Riemannian metric h defined over the Cauchy hypersurface X. This is because (30) is canonical only for that
particular h.

In the Schrédinger representation the quantum states are represented by the wave functional W(¢¥*), i.e., they must
depend only on the field variables ¢*, and not on the field momenta s*. This is derived from (13) by applying (22) with a
real polarization spanned by the momentum directions in M. See [37] for a similar construction and [11] for an algebraic
derivation of the representation.
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Recall also that the complex structure on M is expressed in canonical coordinates as
A, A do* Yo X o AV X Y X (Y gy
—J M = Bpy, 07) DY _(At)y dmX =0ypy ® [Axde” + Axdm™] 4 07x ® [Dxde™ — (A")xdm”] (31)
X X

With the conventions of (3) we have A2+ AD = —1, Al=A, D! =D, AA = AA! and A’D = DA. Notice that D is fixed
once A and A are known. Let Ka)/( be the inverse of A?, ie. A’Z‘Kf, = 5; then D = (iA' + 1)K(iA — 1).

This complex structure, together with the symplectic form (30) recovers a Riemannian structure fpj aq;(-,-) =
W (+, — ), which, in the coordinates above, reads:

_ X X _ny A;y d(py _
MMF—(dw,dn)<Axy Ay J\dny ) =

— Dyyde* @ dg? + Axydn* @ dr? + Axy(de? @ da* +drn* @depY) (32)

Due to the fact that it is Riemannian structure we derive also Ayxy > 0 > Dyy.
We recover holomorphic coordinates with a change of coordinates, locally given by

d@* = dg* At = AYdeY + AYdmY (33)
Ipr = dpr — (KA} 0z dsx = K3 Oy (34)

Then (¢X, ¢¥) = %2 (@X—im*, @Y +imY) in accordance with the conventions (2). Notice that the identification N/ x N/ ~ ./\/(’C
depends on the particular expression of the complex structure introduced.

3.2.1. The measure and the connection
The change from complex to real coordinates does not really affect the structure of the line bundle B required to
define the prequantization: we construct identical bundles on the two identical base manifolds M and M with different
coordinates; and for each bundle, we can define a connection. These two connections need not to be identical (since we can
consider several different connections for each case), but they must have a curvature proportional to the symplectic form.
Identifying M and M also means that the measure on the space of fields can also be considered associated with the
functional

Cs(x. 1) = / Dpu(g*, el @ 4m’) (35)
N'xN’
Real polarizations will understood as taking only one copy of N’ this is to restrict to the coordinate ¢*. For this reason,

in order to avoid the rescaling factor % in the quantization prescription we must rescale the covariance of the measure

adapted to the holomorphic prescription p.. Taking px = %fz(éx +inyx) and ¢* = \iﬁ(go" — ir*), we must have that pu is
defined by the characteristic functional

Ox  Px Ex —inx & +inx
Cs(éx. nx) =Cpy (\/j, \/5) CH ( ) ) ) ) (36)
Again, we will consider a pre-quantum Hilbert space of sections of the bundle B, square-integrable with respect to
the measure . We can also identify a trivializing section \l/rs compatible with the connection in the sense of Equation
(11). With this trivialization, the space of states becomes the set of square-integrable functions on N~ with respect to the
measure /.

From the isomorphism discussed above between M and MFp, we can also conclude the equivalence of the connections
on both spaces and the corresponding covariant derivatives. Strictly speaking, we should use different notation for the vector
fields with respect to which we differentiate, since they are isomorphic and not identical, but we will use the same, to make
the manuscript easier to read. We shall use then the notation of Equation (12) to represent the covariant derivative in the
real polarization case, keeping in mind the fact that the only relevant vector fields are those tangent to the submanifold
spanned by the field directions, as we will see now.

3.2.2. The real polarization
In the Schrédinger case the polarization is spanned by the momentum directions, i.e. the real subspace Ps = Im(Ha).
We can consider an adapted symplectic potential with respect to Ps satisfying

0s(X)=0  VXePs. (37)

This means that 6s must be a linear combination of the set {d@*} of “basical” forms. The coefficients are read from
the identification of the Gel'fand triple and the canonical Liouville 1-form of T*N’. Writing it in terms of the variables we
introduced in the previous section we obtain:

10
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Os = —i1(Q* + i) Kxyd@¥ = *8xyd? — i@*Kyyde? + ¢@* (K A)xyde” . (38)

Notice that we added the term —i@*Ky,d®” (which is just an exact one form equal to the differential of the norm of the
@*) to the usual conventions because in this way we ensure that the quantization prescription provides hermitian operators
in L2\, D), as we will see below, and 20 = 65 + 6y with

Om = —(Q* +iT)KyydA Y. (39)

From this point of view 65 is the restriction of ® to Ps directions with an scale factor of 2 to keep up with the conventions
in changes of covariances. In this way we can establish the Schrédinger picture as a restriction of the holomorphic case to
real directions. Nonetheless, this restriction must be considered with care.

The first conclusion of this analysis on the polarization is that functions on % (i.e., the quantum states) must be
functions depending on the submanifold A/ with coordinates ¢* rather on the whole Mg, as it was to be expected.
Indeed, as for any X € Ps, 65(X) =0,

VxW=0=d¥(X)=0,VX e P. (40)

As the reference section \l/f must satisfy this condition, any other section in the set of square-integrable ones will be
obtained as a product by a function which is also annihilated by the momentum directions. Nonetheless, the definition
of a measure for this set of functions is not immediate, since the measure in the original scheme above was defined for
functions depending on both the fields and their momenta. However, we can repeat the construction for a different Gel'fand
triple defined as

N CHS CN, (41)

where 7-{,2 is the subspace of H defined by the field states &. This triple defines a corresponding dual product (&, ¢*) =
&@* which allows us to define a measure over A/ that, with an slight abuse of notation, we denote with the same symbol
by the functional

Cléx) = / Dyu(pX)es” (42)
_/\/’/

Notice that, by construction

C(&x) = Cs(Ex, 0) = e~ aExAEy (43)

for Cs the functional defined in Equation (35). Again, Bochner-Minlos theorem ensures that there exists a unique measure
satisfying this condition and therefore we can define the set of (polarized) quantum states to be the space of square-
integrable functions (with respect to the reference section) % = L%(N’, D).

3.2.3. Quantizing linear operators
We can readily quantize linear operators, such as the field operator ¢* or the field momentum 7%, whose action on the
states & e L2(N”, D) will be:

Q") 2 (") = ¥ (),
QI *8xy) P (¢™) = (—idgy + i¢*Kxy — ¢* (K A)xy) ®(¢). (44)
Analogously, we can also introduce creation and annihilation operators from the field and momentum operators as:
e AY 9y — iA’)‘,goy Ay — iA’}‘,(py.
V2 ’ V2

These operators satisfy that Q(¢*) = ax\“gx and Q(mr*) = —iK§ . Notice that the complex exact term of (38) is

essential in order for the quantized momentum to be self adjoint and it provides the right prescription for quantization
obtained in [11] from an algebraic rather than geometric quantization procedure.

The discussion about the vacuum representation for this quantization is more involved than in the holomorphic case.
Notice that, for AY # 0 the constant function 1 is not annihilated by a*. This is because the reference section WS s
not yet the vacuum of the theory. To get the correct vacuum section we profit from the freedom of choice explored in
subsubsection 2.2.2 and multiply it by a phase factor ¥y = \l'gdl\llf with \IJgCh € L2(N’, D). We will delve further into this
issue in subsubsection 3.4.1.

a™ = v2¢* — (45)

a¥—aty

11
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3.3. Quantization in the antiholomorphic and field-momenta representations

Another real polarization is Py; = Re(Hp), in this case we could proceed as we have done so far with the Hilbert
space associated to the measure . and the symplectic potential (39) but it soon leads to cumbersome expressions for the
quantized operators. This is because the change of coordinates (33) is adapted to deal with the Schrodinger representation
in the fields space. Here we will develop antiholomorphic quantization modifying that change of cooordinate prescription
to obtain a different measure .. Then develop the Schrédinger picture in the field-momentum space. For now on we will
denote it simply as Field-Momentum representation. In order to quantize this theory in a way akin to the one adapted to the
Schrédinger picture we should respect the momentum in the change of coordinates we modify (33) to

~X t =X
dg* = (A")ydnY — Dyde*  dit* =dn*, (46)

with ¢* = %(ﬁ" — i@®) notice that this prescription is conjugate to ¢* hence we denote it antiholomorphic coordinate.
This treatment, following the arguments below (33), modifies (6) and the measure considered for this case is v, defined by

E(pw. Pr) = / D ()6l PP 0" _ pps DY py. (47)
Mc
As in the holomorphic case (if)" represents a coordinate of M while ¢* € ./\f(/C is a placeholder for integration. This also leads
to a antiholomorphic representation in 55 = L%(./\/" , Dv¢). The Kahler potential in these coordinates with D;leyz =6
is2 D= —@"Dx‘yl?y and the symplectic one form © = —iag,de@)". Thus the quantization mapping becomes
QP =¢*. Q") =-DYiy. (48)

These are interpreted as creation Q(¢*) = b"* and annihilation b* = Q(¢X) operators of the antiholomorphic representation.
Following our steps with the Schrédinger picture we define the Hilbert space of the momentum representation .7 =
L*(N’, Dv) where v is the Gaussian measure whose characteristic functional is

Cur(Ex) = a0y, (49)

The field-momentum polarization is therefore adapted to this Cameron Martin Hilbert space, Py; = Re(H_p) and we
choose the adapted symplectic potential

Om = 1(t* — iQ*)Dy,) ditY = —@*8xydn? +im* Dy} dmY + 1" (AD™ 1) dr?. (50)

It follows from this prescription that
Q) o(r*) = rY ("),

Q@ 8y) P(*) = (idzy +im*Dig) + T (AD ™ )y) (). (51)

In the momentum field space creation and annihilation operators are
oAt oAt
_D"yaﬂy —i(A )’y‘ny’ B 3 DXYo,y —i(A )’y‘ny.
V2 V2

These operate dually to creation and annihilation operators in the field space, satisfying that Q(w*) =

Q(p*) = —i(D~ 1y b
representation. We will deal with it in subsubsection 3.4.1.

b =

(52)

b*4b™
V2

. The discussion about the vacuum section of this theory is analogous to that in the Schrddinger

and

3.4. Relations between holomorphic, antiholomorphic, Schrédinger, and momentum-field pictures

Once we have shown different quantizations procedures of a quantum field theory over different spaces 3,1, #5p, 75
and .77y we must study the relations of the quantization procedures under changes of coordinates and representations. We
will start by relating 3, with J% and J%;5 with J7y with unitary isomorphism respecting the algebra of creation and
annihilation operators in each case. Later, we provide unitary isomorphisms that relate every picture with each other via

quantization preserving integral transforms introducing the Fourier transform.

2 To see this result we use (59) and (A.10).

12
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3.4.1. Holomorphic and Schrodinger (antiholomorphic and momentum-field) pictures: Segal-Bargmann modified transforms
Slightly modifying the Segal-Bargmann transform defined in [4] we can establish a unitary isomorphism
Bsen : L*(N', D) = LN, Dite)

that preserves the algebra spanned by a*,a™. In order to define this modified Segal-Bargmann transform we should deal
with the extra 1/2 factor appearing in the characteristic functional C (43). To do so let us first define Wyo = Bscpn (Wsch)-
Then, we choose

Wsen () =ell @ / D s (%) Wiol (v 2[9* — i), (53)
where ef®" is a phase factor to be determined. This is similar to the definition in [37]L with the addition of the phase
factor. For instance if we take f =0, and we denote the corresponding transformation as B, it reads:

AXY Oy
V2

These relations are derived explicitly in Appendix A.1. Thus, departing from the expressions of a* and a' shown under (29)
we can not recover the expressions of (45). To solve this problem we choose, up to a constant

B"—ld)x[;;: \/EQDX _

5 .1
, and B~ 19xB = — 3 x. 54
(] \/j (4 ( )

1
f@") =5 (KA)y: @*: f .

We choose the Wick ordered monomi~al to get a well deﬁne~d chaos decor~nposition even though the pointwise product must
be dealt with care [4]. Representing Bscy = Be /@) and B, = e/ B~ we obtain

AN 3y — iAX @Y
— 05
dpx — i(K Ay
—5

With this choice we preserve the form of the creation and annihilation operators for each picture. This may be inter-
preted as a nontrivial phase in the relation of the Schrédinger and holomorphic vacua as is explained at the end of
subsubsection 3.2.3. Indeed, lI/g"” =1 represents the vacuum of the Fock space in the holomorphic representation because it
is annihilated by the operator a* = A* 3,y as noticed at the end of subsubsection 3.1.3. Computing the Schrédinger vacuum

with (53) we obtain By} (1) = W5 = exp [ (KA)xy : ¢* : 'Y ]. This is indeed the true representation of the vacuum because

Byl ¢*Bsch = e B p*Be ™ = /29 —

B;gha(pxt’;’sgh = eif3~713¢XZ§€7if = (55)

is anihilated by the annihilation operator in (45).
Similarly for the momentum space we can establish a unitary isomorphism with the antiholomorphic representation

Butom : L2, Dv) — 12 (N, Dvp).

2
Hol

Let ‘i’ﬁ :%Mom(\i/,wom). Then its inverse is provided by the expression
Uptom (7T%) = €8 / D (™) W (V2[* + ig]). (56)
Thus, with g = $(AD™ 1),y : 72 : ¥, we show in Appendix A.2 that
-7

L7‘1 ——— L*‘l =
Buiom® Bumom = b™ and — By DY 95, Buygom = b*. (57)
This implies that the creation and annihilation operators of the antiholomorphic representations are transformed into (52),

the corresponding operators of the momentum-field representation. Also, we see that the vacuum of the theory, the section
annihilated by the annihilation operator b*, is represented by the phase function \l/g'om =exp [%(ADfl)xy s |’iy2].
2

3.4.2. Preservation of the quantization mapping: Segal-Bargmann and Fourier transforms
The isomorphisms described in the previous section do not respect the different quantization mappings described above.
Throughout this section Qs and Qp, will represent the Schrédinger (44) and momentum-field (51) quantization mappings
while Q and Q are the holomorphic (29) and antiholomorphic (48) quantization mappings. With these definitions we see
that
T y _ gV
a1 iK"Q(L : ) -
\/j Sch y ﬁ

13
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holomorphic F s Antiholomorphic
(L?-IOI(N(&’ Disc), Q) <_—71 (L%(N!C, Dv.), g)

F
7l Tl
F _
(LZ(N’,DM), Qs) —_— (LZ(N’,DV), Qnm
Schrédinger <7 Momentum-field

Fig. 1. Quantization preserving mappings.

In general, K;ﬁy # ¥ according to (33). Thus quantization is not preserved. However, as we prove in (A.3) and (A.6), the
Bargmann-Seagal transforms defined in (29) and (48), preserve the quantization mappings

BT Q(¢MB=0s(¢®), BT Q()B =Qs(m),
L_‘l_ = J— L_‘l_ = J—
B Q(¢™)B=0m(p"), B Q(m*)B=Qm(rm™). (58)
~ ~—1
Recall that B~1 is defined in (53) for f =0 and B is defined in (56) for g = 0. These are the regular Segal-Bargmann
transforms introduced in [4] with a +/2 factor multiplying the domain. This fact motivates the definition of the Fourier
transform as the quantization preserving isometries that close the following diagram.

(anti)holomorphic coordinates adapted to field (33) or momentum-field (46) representations are related via an antiholo-
morphic transformation

d¢* =i(K +iKA)ydgY,  —i(D~'+iAD™")}d¢” =dg*. (59)

This result can be proved using the relation D = (iA* + 1)K(iA — 1) as described in (A.10). Thus, we define the Fourier
transform F as a relation between holomorphic and antiholomorphic representations defined by the unitary isomorphism

=, 72 2
P haWe Duey = LggNe D (60)
Yo (%) > W (@) = Wyali(D™" —iAD™")Y¢’],
with inverse
—1. 2 / 2 /
F LHTl(N ,Dve) — LHol(N ,Due) (61)

U@ > Wi(¢X) = Ui li(K + KA.

For a proof of unitarity see Appendix A.3. Notice that the transformation acts non-trivially over creation and annihilation
operators because

F*F 1 =i(D7" —iAD")3Y, FopuF ' =i(K +iKA)Xdgy (62)

as we prove in Appendix A.3. However, these are precisely the transformations required to preserve the quantization map-
pings

FQPHF ' =—i(K —iKAFQP"F ' = Q(¢")
FQ@NHF ' =—i(D7 +iADTH}FQ(¢")F ' = 0(¢¥)
Finally, to close the diagram of Fig. 1 the remaining ingredient is the Fourier transform F defined by

F: L*W',Dus) — L2\, Dvy)

~ ~=1_ . (63)
W(p*) = Y@*=B FBW.
Then, as we show explicitly in Appendix A.4 the quantization mappings are preserved because
F@?8yxF ! =idpx +im¥ Dy + Y (AD™1))x
FIY 8w F = —idyx +igp? Kyx — 97 (KA) yx. (64)

Thus the quantization prescription for linear operators in the Schrédinger picture (44) is transformed into the analogous
quantization prescription in the field-Momentum picture (51) and viceversa. Hence, the quantization mappings Q are re-
spected by the Fourier transform in these representations.

The discussion above is carried on over linear functions in each coordinate system. We can straightforwardly generalize
it for arbitrary functions after the choice of one of the ordering prescriptions discussed in section 4.
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In summary, if we choose a function F(¢*,7*) we can express it in different sets of coordinates, (94) for holomorphic
F(¢%, ¢*) or (46) for antiholomorphic F(¢*, ¢*) and the different quantization mappings are related by the diagram in Fig. 1
by~ T

Qs[F(@*, 1)1 = F~'OmlF (¢*, w1 F = B~ Q[F (¢*, $*)1B = B~' F~'Q[F (¢*, $*)1FB. (65)
These transformations do not respect, in general, the algebra of observables. We showed in the previous section that the
isomorphisms of algebras are achieved by adding the corresponding phase factors to (53) and (56) lacking in this section.
For this reason the transforms of Fig. 1 are not suited for discussions about the vacuum of every representation of the
theory.

For completeness we will show here how this representation fails to preserve the representation of the algebra of ob-
servables. Lets denote a*,al* the creation and annihilation operators of the Schrodinger picture provided by (45). Let also
bX, bT-* represent the creation and annihilation operators of the momentum-field picture given by (52). Writing in terms of
these operators the expression of the quantized operators $* and 7% the relation above can be rewritten as
pty — by’ in}_aTy —ay F1_ pix o px

V2 V) V2

X X

at+a g . 1x

——F =i(D7)
V2 Y

Thus we can write

For =ita -2 viat oot
B v2 v2

bY pty
Fa*xr1 :—i(A+D_l)§7 —i(A—D_1));7 (66)

This implies that creation and annihilation operators mix, in general, in a nontrivial manner under F. Notice that, from
this expression, it is immediate to conclude that the mixing depends on the properties of the complex structure. Indeed,
whenever A;,‘ =0 we get D! = —A. Hence, in those cases there will be no mixing between creation and annihilation

operators under the Fourier transform. Under this assumption Bsen and Bpom reduce to ~K§ and B respectively and they
form a unitary isomorphism of the algebra of observables. The Fourier transforms F and F also produce an isomorphism
that respects the canonical commutation relations. To see this result recall that [a*,a¥]= A® and [b*,b1¥] = —D® and
—DX = K™ for this particular case. In a nutshell, the diagram Fig. 1 only represents unitary isomorphisms of the algebra of
observables if Af =0.

4. Quantization of the algebra of observables of a field theory

The holomorphic representation of quantum field theory is particularly well behaved to describe a quantum field theory
over a Cauchy hypersurface X. In sections above, we showed a detailed account of this representation as well as its relation
with several other representations of QFT. Thus, the space of pure states for this theory is considered to be

L%Iol( ((/3’ D“’C)’

for a suited choice of Gaussian measure Dyu.. In this space the Wiener Ito decomposition is particularly simple and
Skorokhod integral amounts to simple multiplication by ¢* which is also reflected in the simple form of creation and
annihilation operators of (29). For the discussion of these and further analytical properties see [4]. In this section we will
present a quick summary of quantization in the holomorphic representation. In this case we will use the new tool of repro-
ducing kernels presented in [4] to deal with ordering problems in the quantization of nonlinear operators. Since we will not
discuss any other quantization mapping, for simplicity, in this and sections below we identify ¢* with ¢* unless otherwise
stated.

4.1. Weyl quantization

The quantum picture is not complete until we prescribe a mapping from classical functions to quantum operators. This is
a quantization that assigns a quantum observable for a suitable class of classical observables. Of course, there is an ambiguity
on this prescription usually addressed under the name of ordering problems resulting from the nontrivial commutation
relation [a*,a”V] = A®. The first choice that we make is called Weyl quantization and denote it Qweyl. It is defined as
follows. Firstly, any holomorphic quantization map must coincide over lineal functions of M, this is

@ = Quey($*) = AV By, 0™ = Quey(¢*) =¢* (67)
Then the Weyl quantization mapping assigns to each monomial ¢"¢™ an averaged assignment of every possible order. We
can then define the Weyl quantization to any polynomial classical functional inductively. For linear operators the quantiza-
tion procedure must coincide with holomorphic geometric quantization Qyeyi[¢*] = a’, Qweyi[¢*] = a*. For higher order
monomials, we proceed symbolically as
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I.IZ 6

2 sa?

) AVZ
= Qweyl(¢ ¢m )uxy]a + — 3 salz

Qweyil(@" ™™ W] = a™ Qe il (@™ 6™ ] + Queyil (@™ ™ A

Qweyl(@"¢™ ™| (68)

From this symbolic expression it follows that the action of Skorokhod integrals with covariance A*Y /2 is cast into

X AYY
Qweyi[0*” F1= Qweyl(¢* — —3¢;y)F] =™ Qu eyl F]

Queyld*? F] =

= Qweyi[Fla* (69)
Thus this quantization procedure is well suited to quantize classical functions being to a Hilbert space O defined by

pxAXY py

Oq = L2 (N, DW) with / DWW (¢X)el (PrF™+ox#") — o= = (70)
Indeed, for functions in this Hilbert space we can consider a chaos decomposition
Flg, @1 =) FE™Wa (@"g™Y. (71)
2

Wick monomialas W% (¢”q3m)7‘5’ were introduced in [4] and, in this context, may be interpreted as a needed point-splitting

regularization procedure in the product of distributions [8]. Notice that, because M is modelled over N, this is needed
already at the classical level, this is, for O. Now, quantizing the function F means to construct the operator with the same
chaos coefficients. For one such monomial we obtain

Qwey[Fg ™ Wa (¢"¢™7 ] = FG™ @™ @™’ (72)

It is straightforward to obtain the action on the total classical function by linearity although we must proceed with care
because the resulting operators are, in general, unbounded.
An important property of Weyl quantization is the transformation complex conjugation into involution

t

QWeyl( ) QWeyl( ) . (73)
Therefore, real classical functions of O are quantized into Hermitian operators. The machinery of reproducing kernels is
better suited to deal with the finer details of this quantization we explore it in the next section.

4.2. Weyl quantization from reproducing kernels

We can reexpress Weyl prescription, acting over the dense subset of Hida test functions (N¢) C LHO,( </C’ DMc). using
reproducing kernels as explained in the first part of this series. This is, let ¥ € (N¢) and fx € Ha then we can define the
action of a symbol f on the state W as:

FxAY gy W(0X) = / Duc(@®)e? o7 £, g w(g¥)
N
fxo*W(o%) = / Duc(@®)e? Ko7 fo*w(g¥) (74)
N

This quantization prescription is particularly simple for the algebra trigonometric exponentials T(N(/C). this is for £, =
exp (i xx¢* +ixx¢*) we have

AxAYY Xy

Quweyi [fx]‘IJ(G")=/DMc(¢")exp (ixxox+ixx¢"— 5

Ne

+(5XnyO'y> qj(¢x)- (75)

We know from [4] that T(/\/'(’C) is dense in O and therefore we extend Weyl quantization to the whole space by linearity.
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4.2.1. Moyal product

To complete the picture of Weyl quantization we need to know how composition of operators is translated as a multi-
plicative operation in the space of classical functions. For that matter we define the Moyal star product, and denote it *p,,
as the one that preserves operator composition after quantization, this is for an appropriate subset of classical functions
F,GeW cCOy’

QWeyl(F) QWeyl(G) = QWeyl(F *m G)-

The space W must be an algebra with the %, multiplication and then we denote it the algebra of classical Weyl quanti-
zable functions. We will characterize this algebra below endowing it with a norm. Using (75) together with (74) it follows
that £, with the Moyal product is a representation of Weyl relations

OxAY oy — ax A p
L B (76)

2
These Weyl relations will play a crucial role in our discussion about canonical quantization since they represent the canon-
ical commutation relations in an exponential form. Using the identity e g F(¢*, %) = F(¢* + 0, $*) over trigonometric
exponentials £,, and because of the density of T(/\/(’C), we can rewrite Weyl relations and extend the Moyal star product
of any two functions F, G € W C Oy with an integral representation

Ep *m Ea :exp(

Fam G = / DW(o™) / DW(EF(9* + 0™, ™ + )G (@™ + ¢, ¢* — 7). (77)
This expression is tightly related with the one in the covariant formalism of QFT showed in [12].

4.2.2. The algebra of Weyl classical quantizable functions

Our goal in this section is to study the algebra W and to prove that it is indeed a subset of O. To do so we start by
noticing that a dense subalgebra should be (T(N(’C), *m). Then we must topologize this algebra in such a way that the
product is continuous. The natural way to do this is, since xy, is a reflection of the operator product under the map Qweyi,
the topology is the coarsest one making this map continuous. Thus the topology is the one induced by Qe with the
operator norm in the image. In more practical terms, we endow W with a norm such that for F e W,

IFllweyl = I Qweyi (F)Il = H\DSUP 1||QWeyl(F)\IJ||p.C~ (78)
He=

It is indeed a norm because Qe is linear and respects involution. We start by studying the operator norm of the
generators of the algebra, i.e. the trigonometric exponentials. Then (73) allows us to compute the operator norm in the
following way

IEx Iyey = Hilﬁpl(\I'IQWeyz(Z *m Ex )W) = ”fulﬁp1<q}|w> =1 (79)

Here we have used the relation &, = £_, and Weyl relations &, *m £, = & = 1. This very important result means that
trigonometric exponentials are quantized into unitary operators of L?_IO, (J\/ZC D //,c).

In order to compute the operator norm of a generic element of 7 (/\/{C) we must understand the action of QWey,(EX)
over a vector . For that matter it is convenient to decompose trigonometric exponentials in terms of holomorphic (and
antiholomorphic) coherent states Ky = exp (qus") in the following way

AN
SX:exp<Xx . Xy>

Quantized coherent states act in a straightforward way over the vector ¥
Qweyl (Ky ) W(@*) = W(* + AX 1),
Queyl (K ) W(g*) = e w(g*). (81)

Then we can compute for later use

IC_iX *m ICi)(- (80)

A% xy
X

(‘I’|QWeyl(5x)\IJ> =e 2 (QWeyl(’C—ix)“mQWeyl(’Ci)()‘Il>
AxAY xy

—e" /DMC(¢X)€i(W+XX¢X)‘I/(qﬁx)‘l’(d)x)‘ (82)

3 We will prove that W is indeed a subset of @ in the next section.
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This expression allows us to compute the Weyl induced norm of a generic element F € 7’(/\/'(’:). By definition it can be

written, in general in a non unique manner, as F(¢*, $*) = Zrl:]:1 Fp&yn. It is easy to see that the norm in O of F is
simply computed by means of the characteristic functional (70). Then using (82) and the characteristic functional of D,
defined in (6), the following equality holds

N
IFIZ =) FiFme

n,m=0

B XM A% (x™—x")y
2

= (11Qweyl (F *m F)1) .- (83)

Here the state 1 is simply the constant function 1. This expression and (78) provides us with the bound [|F|l¢ < I|Fllweyi
and, by density, this is valid for every F € W. The equality does not hold in general. From this fact we have that W — O
is a dense subspace such that the inclusion is continuous. We also have that

W, xm, ||'||Wey1)

is a C* algebra with complex conjugation as involution. In this way Qwey is a C*-isomorphism between W and W=
QWeyl(W). The latter is the von Neumann algebra of quantum observables which is a representation of Weyl relations (76)
as a closed subalgebra of the algebra of bounded operators W B (L2 ( - Due)).

An important remark to notice is that in previous sections we obtained an expression for the quantization of linear func-
tions of Q. The result is the set of linear combinations of creation and annihilation operators which may be unbounded.
This means that, even though we can enlarge Qe to make sense over the whole space of classical functions O, the
norm ||.||q just provides a lower bound on the operator norm and the Moyal star product *, is not well defined outside
W. In simpler terms, even though we could quantize the whole O we cannot treat it as an algebra. This fact, even though
may seem abstract a priori, is the source of the renormalization program. In most cases we must deal with Hamiltonians
with interaction such that H e O but not be W. In the computation of the propagator of the theory we need to compute
products of A with itself. The naive treatment of this kind of expression leads to divergent integrals that must be treated
with care in a renormalization program. We will not deal with this feature in this work and refer elsewhere [1,34] for
further information in the standard renormalization program.

Finally let us provide an upper bound to ||F|lwey. In general, it is difficult to obtain an explicit expression of it. Nonethe-
less, by Holder inequality we obtain
Ay

(W] Qwey (£4) W) <™

that for an element written as F(¢X, ¢*) = Yoe, Fp&yn leads to

(W),

, (e¢) . o0 . (X"—Xm)xAXy(Xn_Xm)y
IF ey = sup Y FrFn(W|Qwey(Exmyn) W)y < > |FiFmle™ 2
WI=1 = n,m=1

This is the best that we can do, in turn it leads to a criterion of convergence for a function of O to be in W that may be
used in a regularization program.

4.3. Wick holomorphic quantization

The most common ordering in QFT is not Weyl quantization, but Wick quantization, which assigns to regular monomials
the so called normal order prescription. This prescription is designed to quantize regular monomials into normal ordered
products of creation and annihilation operators that guarantees null vacuum expectation values.

In order to find an explicit expression for this operation we introduce the Wick operator YW, for general functionals. Its
action on a monomial must re-order the terms to write the resulting expression in normal ordered. From the properties of
Skorokhod integrals [4], acting on the constant function 1, it is straightforward to obtain the expression of this operator as

AYY ad’)x 0py )

5 (84)

Wg:@(p(—

Notice that we use the same symbol as for the case of the Wiener Ito chaos decomposition in [4], since it is the action
of these operator on the suitable pair of fields what produces the suitable polynomials. For the real case this operator is
introduced in [9]. As an operator, it is invertible and

(85)

N>

wil=w_
2

Wick quantization is defined from Weyl quantization as Qwick = Qweyi © W%. We won'’t cover this case in full detail,
the results of the previous section can be related to this case just by studying the properties of W% . Our main interest in
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this section will be to find a correct star product *, to find a representation of the Wick relations. Writing Qwey in an
integral kernel representation

Qwick [5X]‘P(0X)=/Duc(¢x)exp (ixx0™ + i xx@* + " Ky ?) W($). (86)
Ne

Wick star product follows from its definition Qwick(F) Qwick(G) = Qwick (F *w G) as

Faw G= [ DWHF@R 5+ VEN G + V2%, 6. (87)
Then a representation of the Weyl algebra is obtained by the Wick ordered trigonometric exponentials
—_— Xx AV
1€y =exp <1Xx¢x +ixxp* — w> ,
Ox A oty — aiy AYY
8 s £ = exp (22 L Y epra (88)

This procedure is often used in quantum field theory because classical functions representing Hamiltonians are expressed
in terms of regular monomials. Nonetheless, the space of classical functions possesses better analytical functions in Weyl
quantization and the difference between a Hamiltonian written in terms of regular or Wick monomials often amounts to an
infinite constant that is physically interpreted as a trivial shift of the ground energy without physical meaning.

4.4. Algebraic quantum field theory: Fock quantization

So far we used geometric quantization to find a particular class of representations of a quantum field theory. In those
cases we obtain a Hilbert space as representation of the class of pure states and the algebra of observables as the image of
a quantization mapping from a class of classical observables. In those cases, though, geometric quantization comes with the
ambiguity associated with the choice of polarization then we are forced to study separately holomorphic, Schrodinger and
field-momentum representations and find unitary isomorphisms relating each case. The reason why every representation
is equivalent has its roots in the abstract study of the C*-algebra of quantum observables, a program called Algebraic
Quantum Field Theory (AQFT). We present here a quick summary of its ingredients in order to introduce the most common
QFT representation found in introductory books of the subject, i.e. Fock quantization. We refer to [7,42] for a thorough
analysis on the subject.

4.4.1. The C* algebra of quantum observables

Our goal in this section is to find Weyl relations, that correspond to the abstract axioms that characterize the C*-algebra
of quantum observables, from the geometric narrative that has been our guideline in this work. Then we find how AQFT
recovers the space of (not necessarily pure) states form this abstract setting.

The first problem that we encountered in order to quantize a classical theory was how to model our phase space T*N
where we know that there is a canonical symplectic form. So far, and in the first paper, our approach was to model this
space treating both base and fibber as distributions then Mg = A’ x A”. This choice, even though hardens the treatment
of the classical theory itself, suits the needs of geometric quantization for quantum field theory. In this section we are
interested in AQFT thus we start by a different choice of model space for our classical theory. In our model the manifold of
fields is Ma =N x N with coordinates (¢x, 7x) and it is endowed with a symplectic form

om, =8Vdry Adp, = /ddx\/m [d7r (%) ® dp(x) — de(x) ® dr (x)]. (89)
b
Notice the difference with (30) because here the coordinates are functions and not densities of weight one. At this stage
we can write Weyl relations in a coordinate free manner. Let p,« € TM,4 be vector fields, then the Weyl algebra is a C*
algebra with generators R(-) that fulfil Weyl relations

R(p)* =R(~p). R(OR(@) = e3*MaPOR(p 1 1) (90)

Notice that particular representations of this algebra are given by (76) and (88). These are particular examples of a
representation of Weyl relations in the algebra of bounded operators* of a particular Hilbert space.

Once the algebra is known we need to recover the space of states of the theory. To carry on with that study we use the
GNS construction. Our starting point is a particular state of the algebra, i.e. a linear functional @ : .&# — C which is positive
definite (i.e. @ (aa*) > 0) with @ (1) = 1. With this state we can define the GNS representation of the C* algebra

4 Here, for simplicity, identify the classical function with the = product with its image under the corresponding quantization mapping as we know that
they are isomorphic.
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Theorem 4.1. (GNS construction) Let <7 be a C*-algebra with unit and let @ : o/ — C be a state. Then there exist a Hilbert space
S, arepresentation 7w : &/ — B(J¢) and a vector ¥ € 7 such that,

@ (A) = (¥, T (A)V) s .

Furthermore, the vector W is cyclic. The triplet (¢, w, V) with these properties is unique (up to unitary equivalence).

In this fashion we recovered the usual prescription of quantum theories where we look for a representation of the algebra
of observables as a subalgebra of the space of bounded operators acting on a separable Hilbert space. In this way the GNS
construction ensures that is enough to restrict the study to the physically meaningful states @ : & — C. This is, we can
study the representation 7 (<) C B(¢) in our physically relevant setting instead of every possible abstract C*-algebra.

We can study many physical aspects of quantum theories by asking properties over z. For example the quasi free or
Gaussian condition ensures that the states are completely determined by two point correlation functions and the Hadamard
condition ensure that causality is preserved [7]. In our case we are interested in the theory in a Hamiltonian form and
therefore such features are part of the particular Hamiltonian that describes the theory.

Our goal in this section was more modest than the general aim of AQFT as a whole [7]. We only pretend to set the
groundings to understand the equivalence of the same theory described in different terms. So far we studied quantization
mappings Q to establish particular representations of Weyl relations. This is our C*-algebra of quantum observables always
acted over Lf{ol(/\/’, D) or similar. From GNS we now know that this Hilbert space, that seemed the central object in
geometric quantization, is in fact irrelevant since it can be reconstructed by means of a particular state . Thus, to recover
holomorphic quantization we set 7@(0{) = Qweyi(&y) as our generators of the C*-algebra of observables, then we can re-
construct the Hilbert space knowing that the Hilbert space vector representing the vacuum state is given by the constant
function 1. To recover the state of the algebra we look at the GNS construction and by (82) we obtain

axAXY o axAYay

THo(R@) =€~ 7 / Dt (@X)el @ Hexd) — o= =5 (91)

This construction may seem too involved for our purposes so far but it is crucial to understand the equivalence with Fock
quantization.

4.4.2. Fock space representation

In this section, we will consider how the representation of the C* algebra can be chosen for the Hilbert space to be the
usual Fock space of QFT. Besides, we will identify the role of the different geometric structures introduced in the manifold
of classical fields in the representation.

In a Fock space representation we start by introducing a complex structure compatible with (89), for simplicity we
choose the same entries of (31) adapted to the new setting

Al A o,
_]MA:(dgpy’dny)(D,{ —(A‘),{)(ai)' (92)

This leads to the positive definite Riemannian metric paq, (-, <) = waq,(J+, -). We can use it to define a Hermitian metric
on MA

KMy — inA
— 5
Moreover, by linearity (Ma,haq,) is completed to a complex Hilbert space that we denote H1,s the Hilbert space of
one particle states. We will use this Hilbert space as an starting point to represent our quantum field theory. The next step
is to notice that we must allow states with an arbitrary number of bosonic particles, thus we represent our theory over
Hrock = I'H1ps, the symmetric Fock space.
With this structure at hand we use a change of variables dual to (33)

haty, = (93)

dx = doy + (KA)ydmy, dity =K dmy,
1
V2
to obtain, in coordinates, hpq, = A"ydgﬁx ® dyry. In those coordinates it is clear that Hips = Ha where the latter is the

completion of Nc with the Hermitian form ha4,. An element of the Fock space is written in coordinates in a very straight-
forward manner as

(WXy Iﬁy) = (@x + iﬁ'& (Z)y - iﬁy)» (94)

1 2
U=y e, (95)

Xn

with W((;r:)) = 1//)-5"). Annihilation and creation operators are also easily written as
n n
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TGV = VY S A,
anT’X\If = (0, \/f(O)XX’ N | 1//((5,1)Xxn+1)’ <), (96)

Among all the possible choices we pick 1 € ’H% as the cyclic vector of the GNS construction because we want to interpret
it as the vacuum state of our theory. The last ingredient is the state, a Fock generator of the Weyl algebra is [11,42], in
holomorphic coordinates

R () = exp(axa® + axa'™). (97)

Using BCH formula with [a*, a¥] = A¥ we put annihilation operators to the right of creation ones, then the Fock state
acting on the generator, which is the vacuum expectation value of it, is easily computed by

Drock (R (@) = e~ MMy @) (98)

Thus @y, of (91) and @r,¢ act in the same way over their respective generators of the Weyl algebra and, because of
the GNS construction, they are related by a unitary isomorphism and, as such, they represent the same theory. The same
is true for the Schrédinger representation [11]. Notice that a unitary isomorphism at the level of the Hilbert space is not
enough to establish the equivalence of the theories.

Indeed we already knew that Fock space coordinates (95) are the coefficients of the chaos decomposition of the holo-
morphic representation under the Segal isomorphism Z : Li,ol(/\/lc, Duc) = Hrock- But to establish the relation in full we
must also preserve the C*-algebra of observables. In this case both theories are unitary equivalent representations of the
same algebra of observables if we quantize the C*-algebra of Weyl quantizable functions (W, xp) with the mapping Qwey
studied on section 4.

In any case it is important to remark that Fock quantization is fundamentally different from that of holomorphic quan-
tization since it relies upon the notion of one particle space structure from which the Fock space is constructed. Kdhler
structures in this setting are also fundamentally different from those of holomorphic quantization. In holomorphic quanti-
zation this structure is densely defined in the domain of the wave function W(¢*) while in Fock quantization it is defined
dually over the coefficients of the one particle states.

The relation between both pictures is also more involved than previously expected. In this section we made the design
choice of writing Fock operators and vectors in holomorphic coordinates, this is because the explicit isomorphism given by
the Segal isomorphism is only obvious under the change of coordinates (94). The real power of Fock construction relies in
its coordinate free nature, which just depends on the Kdhler structure of (w, , J) pm,. We will keep this section simple at
the cost of blurring its real power. Nonetheless, this feature is well known in the literature of QFT in curved spacetimes and
we refer elsewhere for a thorough discussion [7,42].

5. Geometric quantum field theory

In this section we present a description of a QFT in purely geometric terms based on Kibble’s program of geometrization
of quantum mechanics [5,25]. In that program, given a quantum theory defined by a Hilbert space of pure states 7 and its
algebra of observables W, we describe each ingredient in geometrical terms. The Hilbert space is described as a holomorphic
manifold of pure states 42 and a Kdhler structure (G, 2, J) 4. The objective of this section is to characterize this new Kahler
structure and the algebra of observables as a subset of quadratic functions W5 ().

To model the space as a manifold at this second quantized level we choose a space for &2 that, in our case, will be Hida
test functions. Because we do not deal with a particular theory we do not know yet the Kdhler structure, thus the discussion
is kept in full generality.

To exploit the geometric insights of this approach we developed a set of tools based on Gaussian and white noise analysis
[20,24,29,36] that will allow to write down some expressions in convenient sets of coordinates.

5.1. Geometrization of quantum field theory I: the manifold of pure states

Here we present, and adapt to our proposes, a summary Kibble’s approach to the geometrization of quantum mechanics
[5,25]. We want to characterize the description of QFT in terms of tensorial objects defined on the manifold of pure states
Z. It turns out that & describes a quantum theory by means of a Kéhler structure (G, 2, J) 4 that we introduce and
study in this section.

Later we will use this approach to exploit some properties of holomorphic quantization at the level of 2. To unleash the
full power of the formalism we describe the theory with white noise analysis tools that allows to write tensors in closed
forms for particular sets of coordinates.

5.1.1. Quantum fields in the geometrized setting: the quantum Kdhler structure

Due to the infinite dimensional nature of the problem the model space used to define the manifold structure is of
crucial importance. For a well posed geometric framework we will choose to consider as reference a particular Nuclear
Fréchet space the set of Hida test functions .4 = (N¢).
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As we did above, we will consider a suitable rigged Hilbert space

N C Lo (Mc, Dpe) € AN (99)

As a result, the Hilbert space of the states of quantum fields L%—IOI(MC’ D), can be densely modelled as a C*°-manifold,
considering .4 as the model space.

As the model space for our manifold is the space of test functions, we can introduce a system of coordinates associated
to them on the space of quantum fields. In this case we will denote test functions with a superindex while the subindex
stands for distributions.

We v, Toen

This convention is reverse to that of classical fields, see (1) of [4], but turns out to be more convenient in this case because
we stick to the geometric convention and test functions will usually be treated as coordinates of the manifold. Of course
pointwise meaning holds for test functions while it is lost in the distributional setting.

We endow the manifold with a Hermitian form trivially by using the scalar product of the Hilbert space. Since the
topology of .4 is finer than that of Li,O,(Mc, Ditc) we have that its scalar product (, )., inherited by the embedding, is a
sesquilinear positive definite and continuous bilinear form on .#". Moreover this form is weakly non degenerate. This means
that only the zero vector has zero norm also in .#” but that the map (, ), : 4 — .#7* that maps every element we v
to (%, ), € A" is not surjective, although it is clearly injective.

In the following we will denote as &2 the manifold of pure quantum states. As a linear complex manifold, it can be
trivially treated as a real manifold endowed with a Kahler structure (G, 2, J) 4 related to the Hermitian tensor above.
To recover the quantum theory we follow [25] and choose a preferred point in |0) € &2 that represents the vacuum and
consider the tangent space of this point To%? ~ 4. In linear spaces, that is the case that we are treating here, this distinc-
tion is blurred by the identification of & with Ty 2. In the following we will identify both spaces, when it is possible, to
simplify the discussion.

Notice that in this case the complex structure is completely determined by the definition of the space of quantum states
and we do not have freedom to select it as in the case of the manifold of classical fields. This is because we are describing
a given theory in geometrical terms. Nonetheless the picture is incomplete without the representation of the operators.
We will deal with this aspect, together with the dynamics, later on. In the next section and below we will develop some
important tools to express the geometrization of this section in concrete sets of coordinates.

5.1.2. Holomorphic quantization in the geometrized setting

In this section we address the geometrization of the space of pure states & of the holomorphic quantization procedure.
To do so, we look for an efficient way of describing tensors over the manifold &. Thus we follow [20] and choose the white
noise analysis to describe our tensors. The main idea of the analysis is the following: in the case of regular test functions
and distributions the Riemannian metric h over X provides a canonical way of identifying the duality through the Gel'fand
triple

Nc € L2(Z,dVoly) € NE. (100)

To generalize this triple to the second quantized setting we use the white noise measure Dg, defined in [4] by the
characteristic functional

/ Dﬂ(¢x)ei(m+px¢)<) — e*/‘)xswpy =exp| — /dVol(X)[)(x)p(x) : (101)
N¢ 2

We choose white noise because it is the immediate generalization of (100). The white noise Hilbert space L%(N/~, DB)
has as Cameron-Martin Hilbert space L?(X,dVoly). This means that the White noise space is nothing but the bosonic Fock
space constructed from it as the natural measure for the rigging. With this choice we obtain the natural triple identifying
functions with distributions

(Ng) C L WG, DB) € (W)™ (102)

In this rigging B , is the bilinear form that identifies test functions ®° with distributions Q5 =P;.5 @ In this notation
distributions are antiholomorphic functionals. It also admits a weak inverse %7 such that 879 85 4 = 8}; is the evaluation
mapping, continuous for Hida test functions as can be shown using the tools of reproducing kernels [4].

In a nutshell, we will use g5 , and BY-% as the auxiliary bilinears to raise and lower indices of our operators and tensors.

Let W be a test function, representing a state of the manifold & that is provided by the phase space of holomorphic
quantization. This notion of canonicity suggest that we must write every bilinear form or operator as the action of an
integral kernel with respect to the white noise. In this manner for holomorphic quantization we have a complex structure
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Top = i(dW* @ dgs — %" @ ) (103)
and the Hermitian tensor
—iQ .
hy =22 K2 _ A54d 07 @ dW?. (104)

Where the bilinear As 4 is easily written as a bivalued kernel with

Y0 A 400 = // DB(@)DB(@) T(0)e” 2% w(g) = / Ditc($)T(@)W(¢) (105)

Following our discussion about reproducing Kernels in [4], it is simple to understand that this expression, of course, does
not have a pointwise meaning since the objects are bi-valued Hida distributions.
It is convenient to describe the manifold with real coordinates. Let W = %(dﬂ’ +iI1%) such that the set of coordinates

il4 . . . . o . .
( e ) are real in the sense that they are holomorphic functions with real coefficients in its chaos decomposition. This can

be written as ®(¢X) = ®(¢%). In these coordinates
S do° 23 =g do°
= (dP?dM1?) A =), Qe =dPdN1%) Az, €( = ),
G = ) do (dl_[g) 2= ) ¢o dri,
o e [(dDC (0 -1
T = (034 974)5 € <d1-[o' fore = 1 0 ) (106)
To write down a dynamical system is also interesting to describe the Poisson bracket in this context. To do so we define,
associated with these coordinates, the Wirtinger derivatives

1 . 1 .

We then obtain that the inverse bilinear (ICA)g = Sg is K99 = exp(6*Kxy¢Y). This fact can be proved by, recalling the
conventions of (3), using the computational rule

/ DB(0)e? A+ By _ o8 (AB)y 7Y (108)
N
thus the Poisson bracket is
{v} o = —iK? 80 A Bgs. (109)
Let F(®?, [1?) and G(®?, I1¢) be well behaved real functions over .4 then the bracket action is
aF  9G aF  9G )
3d(0) 8T1(¢p)  dTl(0) ad(P) /)
The space of Hida test functions is nuclear and Fréchet, among other convenient properties suited for geometry [28],

this implies that the notions of Gateaux and Fréchet derivatives coincide and there is no ambiguity in the definition of this
bracket.

{F.G}» ://Dﬁ(¢)Dﬁ(0)exp(5X1<xy¢y)( (110)

5.1.3. Antiholomorphic quantization in the geometrized setting

The tool at hand to express the antiholomorphic picture is the Fourier transform of (60). For simplicity, we will express
this transformation as an internal operator to the holomorphic functions. Thus, we express the Fourier transform with an
integral kernel as

g (D7 «( AD™' —p™1 | [ ®(0)
f:,f’(ﬁ(,)—/Dﬂ(a)exp[q) ( D-1 Ap-1 )xy0:|(l:[(0)>~ (111)

We can also express the inverse as

. KA K i}
(f¢0)]:exp|:—¢x(_1< KA)W“X] (112)

Expressions with matricial kernels can be easily handled by noticing that the computational rule (108) also holds for
those kind of exponents, which leads to an algebra of exponential kernels described in Table B.1 in the appendix, and its
action on a vector is given by
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x =x [ ©O)\ _ X oXy d(o)
Following these rules it is easy to see that
AL = (F'DF)? for D?% = exp(—¢*DyyG”) (114)
Where we define the transpose of an operator as
to o
B C Bt &t . 5 5
(5 f) 0 z(cf ff>¢’ with (B = B77 5, By (115)

Using F as a change of coordinates we see that this is enough to turn (106) into the appropriate expressions for the
antiholomorphic representation even if they are represented by holomorphic functions. We will denote the coordinates of

no e
the antiholomorphic representation with ( zg ) = ]-"ﬁ ( g{,

5.14. Geometrization in Darboux second quantized (s.q.) coordinates

Our approach in this section is to craft a notion of Darboux second quantized (s.q.) coordinates that provides some
sense of canonical coordinates in this more involved framework. The choice, consistent with the discussion of the previous
sections is to choose as a canonical form for the symplectic structure the one corresponding to the white noise Hilbert
space which is a direct generalization of Darboux coordinates in (89). Thus the canonical form is

Qo = B ,dN1? AdD7 = / DB($) [dT1(§) ® dD($) — dD (@) @ dTI()]. (116)

4 [
We can simply find a system of Darboux s.q. coordinates with a change of variable ( E‘f’ ) =C ( 34, ) that provides a

complex structure

K 0 L (A0 0 A
C:(o 1)’ C1:<o IL)’ JZ(—IC 0)' (117)

Finally, this symplectic structure induces a Poisson bracket over functions in Darboux s.q. coordinates

(Y =B? 00 Ao, (118)
that over smooth real functions acts like
(.Gl = [ Dp@ ( or o6 _ _oF 9% ) . (119)
dD(¢) 3T (p)  3I1(p) ID(9)

This set of coordinates will be important later to discuss the particular expression for the Hermitian of an operator.
5.2. Geometrization of quantum field theory II: the algebra of observables

Once we described the space of pure states of the theory in the geometrized setting and we explained how to describe
concrete sets of coordinates using white noise analysis, the remaining task is to describe an algebra of observables that
fulfils Weyl relations and is unitary equivalent to the ones described so far. As before, we start in full generality and unveil
several interesting properties in particular sets of coordinates using Fock quantization.

5.2.1. Quantum observables in the geometrized setting: quadratic forms

We must address first the issue of how to cast into this formalism a previously existing algebra. The description of the
space of pure states & that we want to achieve is geometrical in nature then it follows that a description of the algebra
should follow the next three conditions.

e The algebra of observables is a subset of the space of C*°(4?).

e It contains a dense representation of the Weyl algebra (90). This implies that the product of observables cannot be the
pointwise product of functions.

o The Hamiltonian vector field generated from an element of the algebra F given by Xg = {-, F} 4 is such that its flow
preserves the Kdhler structure. This means that Lx.hg = 0. This implies that quantum observables generates symme-
tries that cannot transform the structure (G, 2, J) g that defines the quantum phase space. If we want to change this
structure with respect to a given evolution it must be introduced as a change in the Kdhler manifold from an external
source such as an external gravitational field [3].
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To achieve this, we will be considering the sesquilinear forms defined in holomorphic s.q. coordinates as

fo(b,w) = / Ditc( @) F@EW(H). (120)

for G € O, G= Qweyi(G). In the following, we will be using a notation similar to the one used above to represent these
objects. In formal terms, we will write

fe(U, W) = (W, 60) 5 =125, GIWY, (121)

where CJ‘Z represents the integral kernel representation of the operator Qw.y(G). The product of sesquilinear forms follows
directly from an extension of the Moyal product

fe xm fp = foweuGmm = fi- (122)

With these quadratic functions we can find a C*-isomorphism from the algebra (W,xm, |l-llwey), described in
subsubsection 4.2.1, to the set

Wa(2) = | fo (B W) G e W}, (123)

endowed with the product already described and a norm

I el = sup { [ fer #m Fo (12, Wl =1} = G llwey. (124)

Then it is clear that W, (&) is a representation of Weyl relations.
The most interesting property of this product is that trivializes the Lie algebra representation of the commutator of
quantum operators. It can be readily checked that

{fe. Fiyo = —i(fexm fy — fpom ) = f ey (125)

Where the Lh.s. of this expression only depends on geometrical properties of the manifold, i.e. on its Kdhler structure. In
summary, a dense representation of Weyl relations W, (<?) is contained in the algebra of sesquilinear forms endowed with
the product *p,.

Due to the fact that quadratic functions in (121) do not mix holomorphic an antiholomorphic coordinates this repre-
sentation also fulfils the last condition. To see this notice that ,foAQp}) = 0 because the symplectic structure is always
preserved by the Hamiltonian flow of fa. We can explicitly write down the Hamiltonian vector field as using (109) as

X = (\If" A¢ Ay — llf”(A[) ) For the complex structure (103) we thus obtain

A 5009

£x;, (T2)] = (To)dua X, — dao XY, (T ) + (T g0 X5, — Do X%, (T0)s =

Finally, due to the Kahler compatibility condition G = Qo (-, To2-) we get for (104) L‘,fo hg =0.

In particular we want the mean value of an observable (121) to be a real quantity. For that matter restrict observables to
be associated with self-adjoint operators. To simplify the presentation we skip the discussion on domain problems and we
restrict the definition to bounded operators, this is to operators A € W, (4?) C O. Then self-adjoint operators correspond
to the set of quadratic polynomials on & provided by:

Fo@) =308, ) AT =4}, (126)

In our notation this is A o A KPv, = Ay which is equivalent, at the level of classical functions, to A* = A € Wy (Z) C O.
Thus the algebra of quantum observables might be seen as the quantization of real classical functions. In addition, those
were the legit observables of a classical theory in the first place.

In summary F>(Z?) is the algebra of observables of the quantum theory. We can endow it with a product * that leaves
F2(2) invariant, introducing the Jordan product fj o fz = (f3 *m fg + fy*m f3)/2 = f(AB+BA>/2' we have that

i
f;\*mf§=f;\0f§+§{f;\,fg}9 (127)
is the internal product to the algebra of observables.
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5.2.2. Hermitian operators in real coordinates

The T operator in different systems of coordinates has different expressions. In general, the Hermitian of an operator
is given by the symplectic form, such that Q(-, AT) = Q(A, -). It is for this reason that the simplest expression of the T
operation is in Darboux s.q. coordinates. Here we will distinguish Hermitian operators AT of adjoint operators. We call AT
the adjoint of A only if [A, J]= 0 otherwise it will mix the holomorphic and antiholomorphic subspaces not respecting the
definition of the whole scalar product. Thus in real coordinates

1 ¢ @
fo(@. =290 ((ﬁtp),(w)g (;)) (128)

Then (126) is
F2(#) = f3(®. M| AT=Aand [A, 7] =0]. (129)

Recall that we assume A bounded to avoid domain problems in this definition. Our goal in this section it then to describe
the T operator. To distinguish the canonical case of Darboux s.q. coordinates we denote the adjoint operator with respect to
the white noise canonical symplectic form by *

ot =€l0le. (130)

In this operation the ¢ matrix of (106) implements the anti-symmetry of the symplectic form. We can represent, using this
definition, the adjoint operator in other systems of coordinates. With a change of variables like (117) we get an expression
for the holomorphic f and antiholomorphic 75 cases

o =xota, o'n =p-1o'p, (131)

where (D71)%? = exp(—6*D,,!¢¥). In particular, it is interesting to notice that the Fourier transform is not internal to any
of the two systems of coordinates and therefore we obtain F' = CF*D, and it is immediate to see that

Ft=F"1 (132)

5.2.3. The algebra of observables of Fock quantization in the geometrized setting

Our aim now is to describe a quantization mapping @ in this setting. In Fock quantization, once we choose the Hilbert
space of pure states that we can describe as the holomorphic representation in coordinates (95), the representation of Weyl
relations stems from the definition of creation and annihilation operators fulfilling the canonical commutation relations.
Thus we will limit our discussion here to the linear case. It turns out that creation and annihilation operators are represented
by the Skorokhod integral and its adjoint (29), based on the Malliavin derivative. In particular, for a generic system of
coordinates we can define a pair of adjoint operators ©7-* and ©¥ that in holomorphic coordinates are just

D% = A¥ 9y and D = ¢ (133)

they are indeed adjoint and not only Hermitian because the complex structure in those coordinates is equivalent to multiply
by the constant matrix €.

Another desirable property for our quantization mapping is to map the imaginary unity to the complex structure Q(i) =
J. To see this condition in place we must contract the operators with a direction of x € To M s >~ M, the tangent space
of the manifold on which the Hermitian structure (93) is defined. In holomorphic coordinates for M4, according to this
quantization rule, it must be expressed as jx = %(ix + J0x), therefore we have

_ 1 _ _
D(1), D' (2)1 = S, o) = T, x2)] (134)

where the bilinears are the ones of the Hermitian structure (93). Then we can treat them as the creation and annihilation
operators even though they act on the antiholomorphic part as well.

It is also interesting to express the direction x in canonical coordinates (ix, nx) related with the holomorphic coordinates
by the change of variable (94). Lets particularize our example to the case of the holomorphic representation. Operators
D, D contracted with a direction (Ay, nx) (and its conjugate respectively) are given by

D (¥ 3 A £ o \X
Q(X)ZQ(AX,UX):_"AXyaw_ﬂ(A 5) ”

V2 J2\8 A

. . MY Kk (A 8\

D (3) =D, n)TH =2 — ( ) oY (135)
V2o V2 \70 A,
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Looking at (33) we can see that the first coordinate selects directions of the ¢* canonical coordinate while the second
selects the direction 77*. Thus, in this system of coordinates we get

P¥ =D, 0) + D (g, 0, 1™ =D (0, 1) + D (0, n)'™. (136)

In this way we get [Ax@*, nx7*] = €Ax8*Yn, which are the canonical commutation relations.
It is interesging to compute the Fourier transform for these operators. Let @(Ax, Nx) = FD O, r]x)ff‘1 and C@(Ax, nx)TH =
FO(rx, nx)T” F~1, then their explicit expression is

. D aw (A s\
Q()\x,nx):_ni/j 3¢y—7%<_8 A) 8¢y,

_‘] X
D (O, )T = LA AL )X(At _8> Y. (137)
Yy

V2 v s oA

This is, if we switch from the holomorphic to the antiholomorphic picture with the Fourier transform we see how the
roles of A and 7n exchange. The duality is also adapted to the covariance of each picture as described in Section 3.3. This is
a mere reflection of the preservation of quantization by F showed in the diagram of Fig. 1.

To complete the quantization procedure the only remaining ingredient is the choice of ordering. The discussion is com-
pletely equivalent to that of section 4 and therefore we will skip it in this section. Once this is considered, the algebra of
quadratic observables (123) is just given by (128).

6. Time evolution: the (modified) Schrodinger equation

At this stage we are interested in postulating a dynamical evolution for the system. In regular quantum mechanics this
evolution is just the Schrédinger equation, but in dynamical spacetimes the situation is more complicated. Our task at this
point is to derive a dynamical equation from first principles, consistent with our geometrical viewpoint, and constrained to
reproduce the Schrédinger equation in the situations in which there is no ambiguity in its derivation. More precisely, we
must match the unmodified Schrodinger equation in stationary spacetime.

Our starting point is the a priori assumption that we can tell kinematics from dynamics. This is just the requirement of
a consistent definition of the manifold of pure states &2, its Kahler structure and its algebra of observables in a foliation
% independent way. This distinction is crucial when we want to describe the system in a dynamical spacetime with
backreaction of the quantum degrees of freedom on the classical spacetime [4].

In this section our point of view is that of a parametric theory, in that case the parameter t is treated as a label. This
label describes a foliation of spacetime into leaves generated by a different the embedding of the Cauchy hypersurface ©
at each value of t. This is expressed as a parametric dependence of the objects defining the geometric structure at each
leaf, the Riemannian metric h¥(t), its associated momenta mij(t) and lapse and shift functions N(t), Ni(t). In our case
the Kahler structure depend on those objects and therefore it will acquire a parametric dependence (2(t), G(t), J (t)) .
The particular dependence is irrelevant for our discussion in this section, we will show a particular example in section 7.
However, results obtained in this section are somehow limited. To understand the source and nature of the dependence on
the time parameter we should go beyond the parametric theory and study the structure of admissible h/ and 7;j providing
the Hamiltonian structure of General Relativity. This study is the subject of [3] and will not be covered here.

6.1. Covariance of the time derivative

The first aspect to take into account is that, because the full Kadhler structure (2(t), G(t), J(t)) s depends on time,
as well as the quantization procedure itself Q(t), we can not assume explicit time independence for every set of s.q.
coordinates and as such we must define a covariant derivative for the time parameter V; that preserves the structure and
behaves well under changes of s.q. coordinates.

Recall that we know from geometric quantization that the points of the manifold of pure states W represent different
sections Ws of an Hermitian line bundle 7. g : B — Mc, associated with a U(1)-principal bundle on the manifold of
classical fields ¢* € Mc.

In this scenario the manifold of classical fields must be enlarged to accommodate time in the base of the bundle. In
concordance with the picture in which M accounts for the Cauchy data of a theory in a globally hyperbolic spacetime,
the bundle incorporating time in this theory is 7w . g : Br = M¢c x R. The covariant derivative in the tangent directions of
M has been discussed in regards to geometric quantization. In this section we must study the covariant derivative in the
tangent directions to the time parameter that we denote V;.

Recall also that again we know from geometric quantization that we can describe general sections as functions. This is
because we factor out an special section W, such that W; = W, W and the nontrivial structure of the bundle is rephrased in
terms of the quantization procedure Q. In that construction we use the twofold nature of line bundles. On one hand they
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are vector bundles and, as such they are represented as vectors but, on the other, they are also principal bundles using the
multiplication of the fibber® C\{0}.

When we treat the line bundle as a real manifold the twofold nature of the line bundle is lost. In that context we sub-
stitute the fibber of the complex line bundle B; by a two dimensional real space keeping only the vector bundle structure.
We denote this bundle T aeB, B: = Mc x R. This has implications in the decomposition of the section W, = W, ¥. We

¢
choose to describe functions W with vectors (ﬁd) ) As is implied by (17), and discussed further in section 3, we must

introduce a vacuum section Wy, that is regarded as the multiplication by a phase with respect to the reference section Wy.
This should be recovered from a principal bundle structure. Then Wy is part of the associated O (2)-principal bundle.

The quantization procedures introduced in the previous sections are crafted to be blind to this subtlety and treat the
points of the manifold of pure states as simple functions. This is nonetheless different in the case of the time derivative.
The quantization procedure depends itself on time thorough the dependence of the Kahler structure. We can study its
interplay with the covariant time derivative for linear operators using the prequantization procedure (21). Consider thus
the connection defined on the product M x R by addition of the pullbacks of the connection one-forms with respect
to the canonical projections. We will use V to represent the covariant derivative with respect to this new connection. By
introducing the curvature tensor R(d;, X) = V;Vx — VxV; we get that

[Ve, Q(F)] = 8:F — TR0, XF) (138)

In order to get a quantization that assigns the same operators independently of the time parameter that we choose it
would be desirable to get

[Ve, Q(F)] = Q(8:F) (139)

but this condition does not hold in general. This condition is further explored in [3] where we provide an example of
connection satisfying this condition under mean values. In that work we also obtain the connection from a different bundle
structure. As a consistency criterion, we ask for the vacuum section to be parallel transported by this connection

ViWo = 3 Wo + [T, ¥o] =0 (140)

Sections W without dynamical evolution, that we will discuss later on, must be also parallely transported and therefore

¢ 9 (o o [ ©°
w(30) = (80)ers (30) o an)

6.1.1. The connection in holomorphic coordinates
, . , ol : . I
In realified holomorphic coordinates ( 1:[¢> the complex structure is constant and as such the regular time derivative

preserves it. In order to preserve also the symplectic structure, and therefore the whole Kdhler structure is enough to respect
the adjoint operator.

Nonetheless, this condition does not select a unique covariant derivative. As we mentioned before, we would like to meet
the requirement (139) but this connection is cumbersome to deal with as we show in [3]. To provide a simple example, we
pick the connection that preserves the Fourier transform F. This, as we explained in Section 3.4.2, is motivated by the fact
that the choice of the holomorphic and antiholomorphic representation is, in last instance arbitrary. All things considered,
let Oﬁ be an operator and O =FOF!, thus we postulate that the covariant derivative acts over this operator in a way
such that, in these holomorphic coordinates, it is written as

TH N At T
N 1|90 (80T 1..,100 (80" .
ViO=—| — 4+ — —FN =4 —— F 142
! 48t+<8t> *3 8t+<8t> (142)

We can also define @[ by exchanging Fo F1and th < Tg- Thus it follows
(V:O)'H =V, (O™ and V;0 = FV,0F 1. (143)

We can write this expression with a connection such that V:O = 3,0+ [T, O). As we show in Appendix B, we can write
in these coordinates the connection

144
A (144)

~ 1 5 . - 42 . _, d(DF)7?
¢ 15\¢ 1
M=y |:IC¢VA}-,(; +(FR) + D) ———|.

5 Excluding the zero section, irrelevant in our construction.
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where - represents the time derivative. In particular if the complex structure a4, of (31) is time independent this con-
nection is null. We derive the explicit expression and compute the derivative of creation and annihilation operators in the
Appendix B. We also show that an easier-to-handle expression for this connection is

= Vi @™ KDY = DTV (Kyy D). (145)

To show that this object indeed behaves as a co[mection cons~ider a change of 5.q. coordinates W¢ — Cf,b W9 such as (117).
Then using (142) the covariant derivative gives CV;(O)C~! = V;(COC™1) 4+ [CC~!,COC™]. Thus it fulfils the inhomoge-
neous transformation law of a connection.

-1
dt

Notice however that this connection is of the form I' = aT’xInyay for some kernel K. This is, it does not possess quadratic
terms with repeated creation or annihilation operators. For this type of connections it is impossible to obtain mixing be-
tween creation and annihilation operators with the parallel transport equation. In other terms, this prescription of the
connection does not allow for Bogoliubov transformations to be generated by parallel transport as is the case in [27]. For
instance particle production in an expanding universe is not recovered with this choice of connection. Ultimately this is a
consequence of the violation of condition (139). In [3] we show that a connection rooted in this condition indeed leads to
a kind of connection that allow Bogoliubov transformations to occur. However, the treatment of that connection is cumber-
some and only fulfil (139) under mean values. The example showed in this work is just a simple model that provides an
interesting case of study with the formalism developed so far.

d
r—crc'+c

6.2. Dynamics: the modified Schrodinger equation

In this section we will modify the evolution, i.e. the Schrodinger equation, to respect the Kdhler structure at the sec-
ond quantizedlevel (G, 2, J) . In particular we want it to preserve the symplectic structure. For that matter we opt for
a Hamiltonian flow generated by an Hermitian operator i to postulate evolution. Then, for any function F(t, ¥, W), its
evolution is generated by some fy

d
aF=atF+{vag}§¢’ (146)
where H is a self adjoint operator. The form of fy is (128). With the Poisson Bracket {-,-} 5, we can readily write down
the modified Schrodinger in any set of real coordinates

¢ n o
w(ﬁ(ﬁ) =-JH} (§g>. (147)

In static and stationary spacetimes we may find a time independent expression of complex structure J 4, of (31). In this
limiting case is the connection term is null. In this case V; is simply 9; and this equation becomes the regular Schrodinger
equation.

It is clear that this equation does not have a solution on (V) x (). In Quantum theory it is desirable to solve this
equation over a Hilbert space. Unfortunately for Quantum Field theory this is not possible either, to solve this equation we
must look for solutions on (N)’ x (N)'. This is our way out to deal with different instantaneous Hilbert spaces described
in [1,3]. A similar equation is postulated in [27] to deal with this problem.

7. Application: Klein Gordon theory on curved spacetimes

We have seen above how the choice of a complex structure on the phase space of classical fields is a crucial ingredient
of the quantization procedure. Nonetheless, from a physical point of view, given a relativistic classical field theory, it is an
open question how to identify the correct complex structure to define the quantization procedure. There exists a successful
answer for stationary space times [6,11,33], but the solution for arbitrary models is, to the best of our knowledge, still
missing. In this section, we review this treatment form the geometrical perspective developed above, in the simple case of
a Klein-Gordon model.

7.1. The classical theory and the choice of the complex structure on the classical phase space

To start with, we consider a d + 1 globally hyperbolic spacetime (M,g,V,) endowed with a pseudo-Riemannian
structure g of Lorentzian signature, with sign convention (—,+,---,+), and the Levi-Civita connection Vgz. M is dif-
feomorphic to R x ¥ where X is a d-dimensional compact manifold diffeomorphic to every space-like Cauchy hyper-

surface of M. A one parameter family of embeddings ¥ — M is determined by a scalar function f: M — R such that
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Y= {f(x) =t with x e M} i.e. ; are the level sets of t. The structure of the whole spacetime project into (X, hy,D:¢)
where h is a Riemannian structure and D the corresponding Levi-Civitd connection Dh = 0.

We can also define the dynamics directly on (2, h, D). To this end we take a coordinate system x = (x') i=1,--- ,d over
¥ that induces a coordinate system over M as of (t, X). In this coordinate system we obtain the relation

i 0
O =Nn+N'—, (148)
ax!
where Nn = Vf and N = [—g(%f, %f)]‘% is the lapse function while N= N"% is the shift vector. Thus, if we provide as
data (N, N) over I, the embedding is fully determined.

In the Klein-Gordon classical theory the dynamics of a scalar field can be defined as a parametric curve R — A/, where
N is a nuclear space of test functions. We denote this solution by ¢x(t). Associated to the space of solutions, we build
a Gel'fand triple with respect to the Hilbert space L2(X,dVol), where dVol represents the measure associated with the
3-metric tensor h.

With these ingredients we can introduce a Lagrangian formalism, as it is usually done in QFT. From the usual Lagrangian

density in four dimensions, we can write the following bilinear form:

_ 1r(@? N _. N'NJ i\ , 2,12
£ = [[avol3 [ L20Dip + (M- = M) Dig)(Ds) ~ 7] (149)
z

Where N, N' and h/ are functions on .

In order to define the canonical momentum we must choose between different options. One possible path is to define
X as a density and therefore to build it as an element of A’, which is the choice made in [11]. Another option is to
consider ¢x as an element of a Rigged Hilbert space and profit from this structure to let mx be an element of the same
space as the field ¢x. This option is the one we choose to describe Fock quantization in subsubsection 4.4.2 thus, our model
manifold is My introduced in that section. With respect to the Gel'fand triple and the injection A C L2(Z, dVol) we obtain
as canonical momentum

Tx =6 85_1[_ ND; ] (150)
X = xya¢y—N Dx iPx
The Hamiltonian is defined using the same rigging structure H = §*mx@, — £ and can be written as
Hz/ddx«/E[N’H—i—NiH,-] (151)
)

Where H is the so called superHamiltonian and #; the supermomenta given by
1 .
H= E[;12+hlfD,-q)D,-<perzgaz] (152)
Hi=mnDip (153)

As we saw in (89), with this definition we can endow M, with a Poisson bracket, which in our notation reads

(8P aQ aP 4Q )

(154)
0@y 0Ty OTTx 0@y

{P7 Q}MA = 8xy

Notice that the definition of the Hilbert space, and hence of the rigging, depends on the complex structure and thus on
time. Therefore, if we write Liouville equation with the Hamiltonian and the Poisson bracket, it is also necessary to introduce
a covariant derivative for time already at the classical level. The usual prescription for classical theory is to consider (¢x, 7*)
as time independent. In such a case, we get a correction term for mx and the evolution of the classical theory is written in
our coordinates as:

(&) (2)-1(2) 41+ (2)

with
(0 0 _(ND; N
Ff‘(o SXZ(SZJ’)andF_<—® A)

where szézywy = —%(p(x), —® = NDD; + (DIN)D; — Nm? and A = N'D; + D;N'. This implies that @’}‘, is a symmetric
operator.

30



J.L. Alonso, C. Bouthelier-Madre, ]. Clemente-Gallardo, and D. Martinez-Crespo Journal of Geometry and Physics 203 (2024) 105265

We can connect this classical dynamics with the quantum one considering one particle states, which are those that can
be written in holomorphic second-quantized coordinates for the holomorphic quantization as \l/‘fps = Oy¢* + il1ygp*. The
main problem with this representation is that it relies on the rigging provided by Lfm (N7~, Dji¢) that, in turn, depends on
the complex structure (31) which is, for now, unknown. Notice that, as the complex structure is built on the phase space of
fields defined on the submanifold ¥, which in general evolves in time, it will be, again in general, time dependent. In [6] it
is proved that, for static and stationary spacetimes, there exists a unique complex structure Jq,, introduced in (92), once
the submanifold ¥, the 3-metric hj, (and hence the covariant derivative D) and operators No and N have been fixed. The

expression of such a complex structure in our notation reads

Jma = IFI7'F, (156)

for F the classical linear evolution defined by Equation (155).

For simplicity we will take this prescription as well in the general case. Nonetheless, this prescription requires further
investigation [33]. We can write down an explicit expression for J a4, using the prescription (156) studying first two limiting
cases where Jaq, can be written down straightforwardly.

Null shift In this case we set Ni =0 and we get
0 © N3
_ 157
Jo (—N_%®5 0 ) (157)

Huge shift In this case we consider N'N; > N2 and therefore we set N ~ 0. This is, of course, a limiting approximation
because the lapse function can never vanish. Then we get

(—a?)"ENID; 0
= 158
j ( ) (_Az)_%A) (158)

with o = N’D,-.

Interpolating cases The other cases can be obtained as

Jmia =A0Jo + Ao Joo (159)
Where Ag = |F|~1|Fo| and Ay = |F|~!|Fs| are operators being
1 1
—N®)z 0 —a?)2 0
Fol = ( N9 N BT R ). (160)
0 (—ON)?z 0 (—A?)z
|FI? = |Fol* + |Fool® — (IFol JoJoo|Fool + |Fool Jo JoI Fol) (161)

In general this expression is difficult to work out explicitly because of the need to compute |F|~!. The derivation of the
general complex structure can be found in [11] with the corresponding changes due to m being considered a density instead
of a scalar.

Remember that what we refer to as the time-dependence of these structures reflects a dependence on the geometric
Cauchy data (hij,rrij) and on the lapse and shift functions (N, N'). This dependence is necessary in order to preserve the
physical interpretation of our QFT throughout the foliation.

Indeed, for a given background spacetime the geometric content on each hypersurface is the one given by the choice
of the foliation and thus, we have a description of the spacetime in terms of a curve y : R — Mg x My such that
y (t) = (hjj(©), 7l (t), N(t), N(t)) is the geometrical content at the hypersurface ¥, which is considered known for t > 0.
Thus, the dependence on these geometric variables of the Kihler structure described above manifest itself as an additional
dependence on the Hamiltonian time.

On the other hand, in a theory where, instead of being a background, the metric evolves coupled to the quantum matter
and therefore exhibits backreaction from the matter evolution, this geometric curve is unknown beforehand and one must
make the Kahler structure depend on the gravitational degrees of freedom, instead of time. This is the subject of study of [3].

7.2. The quantum model

Having chosen a complex structure on M4, we can define M¢ and proceed with the quantization of the theory.

Lets first discuss the limiting case N =~ 0. This case may be physically interpreted as the appearance of a horizon in our
spacetime. This limiting case breaks the formalism developed above in the following sense. The covariance of the Gaussian

measure defined in (6) is A¥Y = 0. This means that the measure represents a Dirac delta with infinite dimensional domain
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around ¢* = 0. This fact might actually be reconciled with a physical interpretation. However, the momentum operator
of the Schrodinger picture (44) needs the definition of the inverse Kyy. In this case the momentum operator diverges
with unclear consequences. This, in turn, may be interpreted as the splitting of the underlining Cauchy hypersurface ¥
in two regions, inside an outside the horizon. In each of these regions the formalism exposed so far can be developed
without further complications. However, once the spacetime develops one of these horizons the purity of the quantum
state in each of these regions may be compromised. We may, for example, trace out the degrees of freedom corresponding
to wavefunctions completely supported inside the horizon. See e.g. [42] for this kind of partial trace in spacetimes with
bifurcating Killing Horizons. Our goal in this section is to study the limit N' = 0.

7.2.1. Obtaining the quantum evolution for flat FLRW spacetimes
Consider a situation in which the shift functions are null N' = 0. In that situation it follows that
1 1
oAV E, :/ddx\/ﬁgo(x)G_?Nié(x) (162)
x

Also, the Hamiltonian in holomorphic coordinates is written H = (Z)"@quﬁy and the quantum Hamiltonian acting over this
space is obtained with Wick quantization as

H =0,y @"*a (163)

In holomorphic s.q. coordinates this expression is just ¢3’(M)’}‘,8¢x where N§(px =Ngy

The diagonal elements of the complex structure (92) are A =0, then D~! = —A and the Fourier transform (111) is
particularly simple to compute. In this scenario, we derive in Appendix B that, denoting (8.°8o)§ = S"Zézy, the connection
(144) reduces to

.1 . 1 : 1., .
F'= 0" Ky A8y — Z<;>"1<Xy(3°5(,)5 Az + 2" (5°00) 2.

It is important to notice that (139) does not hold with this prescription of complex structure. In the holomorphic setting
the Schrodinger equation is particularly simple

d 1 . 1 . 1 .
i [5 + 5<;>y1<yZAZ"<‘i¢,x - Zgb"ny(S"SO)ZA”ZBW + Z¢X(5°50)§8¢z] V= ¢y(\/®N)§,a¢x\Il (164)

There are new terms in the equation that involves the time derivative A or SXy. The left hand side term is a non self adjoint
correction to the time derivative needed in the evolution to preserve the probabilistic nature of quantum mechanics. In the
absence of this term the time derivative breaks the Kdhler structure (G, 22, 7) % and norm conservation is not guaranteed.
This is an already known fact for the Schrodinger equation in curved spacetimes [14,21-23].
Let us particularize our example further for the case of a Klein-Gordon Theory on a flat Friedman-Lemaitre Robertson-
Walker (FLRW) spacetime see e.g. [11]. The Riemannian metric in this case is
g =—dt @dt + a®(t)(dx ® dx + dy ® dy + dz ® dz). (165)

Thus the induced metric in coordinates is h;j; = a2(t)8ij. In this case the lapse N =1 while the shift N' =0 is null. Also
Vh=a?and

£ xy = // d’dy® @ (58 (x— y) x (v)
R3xR3
Consider the classical Klein-Gordon Hamiltonian (151) in this background
3 2
a’(t) 2 PX)Vp(x) 2 2 3
Hgc = —(n X)— ————+m x)dx. 166
ke /2 00— FO5 I w0 (166)
R3
Defining M(t) = a(t)m, the parameters of the quantum theory are
8% -1
) = 2 (=V2+ M), A% =as’ (\/—Vz n M2> ,
N 1 y
fi=—¢* (V=92 + M) 5. (167)
X

With these expressions we obtain a modified Schrédinger equation given by
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_l . Mz X .l y
ilo+ 29y (1= M) \p:_¢x(ﬁvz+mz) Dy W (168)
2a M2 — V2 y a P

Hence, in this scenario we obtain a modification of the propagator of the theory proportional to the Hubble parameter g

As we discussed at the end of subsubsection 6.1.1, the physical significance of this particular choice of connection is
unclear. Moreover, the violation of (139) is hard to reconcile with a coupling with gravity. For these reasons we skip this
discussion and refer to [3]. There the authors discussed the physical requirements needed to couple the formalism developed
in this work with a dynamical theory of gravity and proposed a different candidate of connection in agreement to those
requirements.

7.2.2. Static spacetimes

In the particular case of a static spacetime there is a time-like Killing vector field and a foliation that, in a local region,
has constant lapse function N and null shift. Therefore the non self-adjoint term disappears recovering the usual Schrédinger
equation. In this particular framework we can solve Schrédinger equation with the integral kernel expression

‘IJ(d),t):/Dﬁ(O)EXP[¢X(3xy—itE)xyO_fy]‘IJ(G,O) (169)

Where E=©~2N20. In the particular case Minkowski space-time we can split space and time with a foliation in which
N =1, in this case E =+/—V2 4+ m? which is the energy operator.

8. Conclusions

In this paper we have made extensive use of the mathematical tools presented in the first part of this series [4] to
study the mathematical formalism underlying different approaches to quantization of a system describing a scalar field in
quantum field theory. The focus of this work is the geometric interpretation of the tools of Gaussian analysis to describe the
Hamiltonian picture of a quantum field theory of a scalar field over the space of Cauchy data.

Following this idea, we started our analysis with geometric quantization. The first step of this program is prequantization.
In this context we used Bochner-Minlos theorem to define the measure of the prequantum Hilbert space and the Malliavin
derivative as the central tool to define a connection on such space.

The next step is the choice of a polarization. Each choice of polarization amounts to a particular picture of the QFT to be
described. We discussed the (anti)holomorphic, Schrédinger and Field-Momentum pictures. In this case the tools of Gaussian
analysis suited for the discussion are the Wiener-Ito decomposition theorem that provides the particle interpretation of the
theory through the Segal isomorphism with the Bosonic Fock space. But this setting is also suited for the discussion of more
general relations among these spaces.

In particular we studied the conservation of the quantization mappings obtained with the aforementioned geomet-
ric quantization procedure. We showed how the Segal-Bargmann transform studied in [4] preserves quantization between
the Schrédinger and holomorphic (Field-momentum and Antiholomorphic) prescriptions. We also defined a new notion of
Fourier transform among infinite dimensional spaces that preserve quantization between the Schrodinger and momentum-
field representations.

General operators other than constant or linear operators fail to be consistently quantized by the procedure of geometric
quantization. For this reason we had to study problems of ordering in this picture. We found that trigonometric exponentials
and coherent states are algebras of functions specially well suited for the discussion of Weyl and Wick quantization and the
study of the star products that arise in these quantization procedures.

In accordance with our geometric approach to this problem, we abandoned the description of the spaces of pure states
in terms of Hilbert spaces and treated them as Kdhler manifolds. The space of Hida test functions is specially suited for this
matter. This point of view led us to a deeper understanding of the different tools described so far, in particular we described
the ingredients of Fock quantization in the holomorphic and antiholomorphic representation and its relation through the
Fourier transform.

From this geometric perspective we have been able to propose a Hamiltonian evolution that stems from the Kahler struc-
ture of the problem. In this case we introduce a quantum connection to preserve it. In turn, this modifies the Schrodinger
equation in such a way that losses of norm, found in other approaches to quantization, are not allowed in our prescription.

However, there is an infinite family of connections that achieves this purpose. In our case we found a unique choice
based on the indistinguishability of the holomorphic and Antiholomorphic representations. We illustrated the choice of this
connection with an example of Klein Gordon theory in a generic curved spacetime and a flat FLRW spacetime. Nonethe-
less, we discussed why this choice does not led to physically desirable results. For instance it forbids the appearance of
Bogouliuvob transformation in the parallel transport of creation and annihilation operators.

In conclusion, we introduced from geometrical arguments a modification in the Schrodinger equation of the QFT of a
scalar field. This modification is provided by a connection term in the time derivative. This connection must be introduced
in order to preserve the geometric structure of geometric quantum field theory discussed above. There is, however, some
ambiguity left in the choice of connection with physical implications. This ambiguity is further explored in [3] and its phe-
nomenology will be the subject of future investigation. Other subject pending of study is the generalization to other QFTs.
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In this regard the formalism may be enlarged, studying its connection with stochastic quantization, to include Fermions [2]
and gauge fields [32].
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Appendix A. Segal-Bargmann and Fourier transforms

In this appendix we will prove that the Segal-Bargmann transforms and the Fourier transform conserve the quantization
mappings of subsubsection 3.4.2. We also provide proof for some relations exposed in subsubsection 3.4.1. We will use
techniques developed in [4].

A.1. Schrédinger picture

Let B(Ws) = Wy then we get the relation between both pictures with

BN (W) (9" = / Dyis(T*) Wy (v2¢%) =
> / Dyus ()22 Y [(g — )" =
n=0

oo an
Yo / D s (e 2o =im’
n=0 " 8‘é’:/'l“,n

&x=0

00 an ) B
lefi:)agn [ eV’ /Dus(n")ef'ﬁ&” }
n=0

)DL AN
Xn 8%‘"

&=0

n=0 Ex=0
(n) o — §uA Véy
2 2 =
Z wxn 85” §x=0
Zzz v g | = Ws(¢").

To compute B~1¢*B lets compute the transform of xx¢* Wy (¢*). We get

B (xx¢™ W) (¢¥) =/Dus(nx)xy~/5¢y\PH(x/§¢x) =
> V2xy / Dpus ()22 (p — im) Y [(9 — i) =
n=0
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Z X(yW)S:)) a§n+1 / DMS(ﬂx)eﬁ&((ﬂ_imz

o" x_ EuA"Vey
f _ 2 (n) e§x<ﬂ - 4
Z 2 as " o]

§x=0

&x=0

= xx(V20* = =22 ) s (g,

AN,
V2
Here we used 3 - exp (Exgo %) =Y — ATyxa(px. Then we proved
X,
7

Finally for l’;’*la(,,xl;’ we compute the transform of xxA™ 94y Wy (¢*). Notice that

B71¢*B = 29X — (A1)

o0
B! (xx AN 3y W) (¢*) =B~ (Z Xy AV gy <¢”)*n> =

n=0
o . Sl -
Xy AY? Z 57 <8¢z vy (¢”)"n) =Xy AV Y BT (i ngn ) =

- z .
XyAyZZZ ) g =R s ().

Thus we proved

= (A.2)
V2

Adding the corresponding phase factor we also derive (54) from these expressions.

Now we will prove that B preserves the quantization mappings. According to (33) we can write ¢* = = ﬁqj

<B

and 7% =

iK%= J_ (KA)"

(29) an the relations proven above we see that

B! Q(go")B =" = Qs(¢"),
BT QY 8yx)B = —idgx +ig? Kyx — 7 (KA) yx = Qs (17 8yx) (A3)

A.2. Momentum field picture
Similarly we define an isomorphism
B: L2, Dvy) — L2 (N, Do),

such that if \ifg :E(@M) then the inverse is provided by (56) with phase factor g = 0. In terms of the chaos decomposition
this is

B (%) = / Do (@)W (V25 =

> [ D@2t i iy =
n=0

Zlﬁiﬁ) / Dy (e e o

&=0

00 m " .

Zw}:)a ; |: fézﬂ /DUM((pX)elﬁézfpz:| _
sd” &=0

[o¢]

Z Agn) " f& T +EuD”V5v

&=0
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ad am sns
Db L

n n —
o agzn &=0
(m) X
wxn . n:l)ﬁlgz\yl\/l(nx)-
n=0 2

To compute gflé"g lets compute the transform of x,¢*¥y ($%). We get
L_‘l N - A . -
B (" V) (™) = / Dis (%) Xy~ 26" Uy (iV26%) =

> V2xy / Dy ()28 (T + i) gy [ + i) =
n=0

A(n) gntl 3, (7 +ig)?
ZX(y Xﬂ)agnJrl /DVM((pX)e\/—S (T +ip)

&x=0

noA " x EuD Vey
Vagy b g O g i
ng(:) 1 g, 2V 9l =0

—xx(\/_n +D )\p (7).

Y Oy
V2
Where we used 3 - eXp (éxn + buD 5”) =mY + DTyxanx. Then

Xyaj-[}’

V2

Finally for ?‘1%% we compute the transform of —xxD* 85, Ty (8%).

BB = vanr+ 2 (A4)

B (= 1DV 5 ) (%) =§‘1<Z Xy DY G )—

n=0
10" B <a¢z¢§”)(¢")"‘") == DY B (P, n@ ) =

XyD 3;12 A
V2

_X D_VZZZ nw_in))( ‘T n— :|;ﬁ1él_ (7.[)()

Thus proving

= 1
0;xB = —=07x (A.5)
@ V2 T

Adding the phase factor of (56) we also prove the relations (57).

B

~ Y _pY
Now we will prove that BB preserves the quantization mappings. According to (46) we can write @* = —i(D*l)’}‘,q3 \/;

-1 x‘?“’@y X _ ‘?x+‘?x ; s :
(AD™)] 7 and ¥ = 7 Using the definition (48) an the relations proven above we see that

=1—= = . . _ _ —
B~ Q@Y 8y)B=idnx +im? Dy + 7Y (AD™") yx = Om(9¥8yx).
B Q"B = 1% = On(¥) (A6)
A.3. Holomorphic and antiholomorphic Fourier transform
Let U(¢%) = F[W(¢®)] and &(¢*) = F[®(¢¥)] we denote the chaos decomposition of each function

W = vV, @)=Y e en, (A7)

n=0 n=0
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[o.¢] [o.¢]
I(h AO’__-n 6 AO*__ﬁn
V@)= "0 "@N", b= o0 @ (A8)
n=0 n=0
By the definition of F in (60) in terms of the chaos decomposition we get
~ 05 Vn
P00 =@y O [0 —iap™)" | . (A.9)
To prove that F is an isometric isomorphism we derive from the relations displayed under (31) that
AW = — (D' +iAD")XD"(D! —iAD™ )Y,
DY =— (K +iKAXA"Y (K — iKA_l)¥,
=— (K —iKA)}(D™" +iAD )y,
8y =— (D" —iADTHE(K +iKA);. (A10)

Recall from the Wiener-Ito decomposition theorem, [4] with definitions of the measures given by (6) and (47), that

/ Due(@NS@) U@ = 3 nt (~1)"@ 0P [D" O =
n=0

00 iin - Vn
Z"! (i2)n(p£n,0)[(D—1 —|—iAD‘1)"] _[p""p! _iAD—l)n:I ) wén,O) _
n Yn n

Xn
n=0

om0 < [ Dpctgn @@ v (A11)

n=0

This proves the isometry. The isomorphism is shown inverting (A.9) with

O LK + KA, =y, (A12)

In turn, using Wiener-Ito decompositions and (A.12), (A.9) it follows that

F(¢*®) =i(D~' —iAD")§¢Y W and F(dpxW) = i(K +iKA)X 95, (A13)
proving (62).

A.4. Fourier transform F of linear operators

Lets use the short hand notation

0y 3
—Ax 292 al® =v2¢% — AV 22
V2 0 =V2¢
ayry Tx nyany
=— DWW I, b =v2r* + ) (A14)
0= V2 0 V2

~—1 _ .
We are interested in the action of /=8B FB on linear operators. By virtue of (A.1), (A.2), (A.4), (A.5) and the action of
the F operator (A.13) is immediate to see that® we get

FagF ' =—i(D~" +iAD")}b},

Fal¥F' =i(D™' —iAD)Xb},

F b3 F = —i(K —iKA)}ag.

FbXF =ik +iKA)Xay. (A15)

; x _ a+alf X _ bo"'bo
Notice that ¢* = 5 and 7 “ 5 thus we can compute

6 Recalling (A.10) the relations displayed under (31).
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x Ty y Ty y
a+a by —b by +b

_F X,F_] :]_— 0 0 .F_] :l(D—l)X 0 0 + (AD—l)X 0 0 A.16

‘ 7 7 7 (10

bX + pix a¥ o aly +d
FaF=F (D20 ) F =ik 20+ (KA (A17)
V2 V2 V2
Plugging in the definitions (A.14) and we obtain

F@?8yxF ' =idpx +im¥Dyy + Y (AD™ 1) x
FaY§yxF = —idgx +ip¥ Kyx — ¥ (KA)yx, (A18)

proving (64) and as such the preservation of the quantization mapping.
Appendix B. Explicit expressions for the connection and the quantized operators in s.q. coordinates

In this appendix we will compute explicitly the expressions of the connection in (142) in holomorphic s.q. coordinates.
Let Oﬁ be an operator then the expression of the covariant derivative is

. o 1
Go=1129, ot " + 1|20, 20"\ " F (B.1)
T4 o at 4 at at :

To compute this term recall the kernels with respect to white noise of the Fourier transform (111) and its inverse. We
will start by the linear operators (133). For simplicity consider a real direction & then we see that

S ma= A s\V
FEDYF~ =—5X<_5 A) 3p7 5 (B.2)
o el AD™' D1 \*
]:%‘XQTH‘X]: 1=‘§x<_D—1 AD_1> ¢y~ (B3)
y

Let the time derivative be represented by a -, consider also & time independent. Following the discussion after (29) we
will consider that the coordinates (¢, ¢*) are just placeholders for integration and, as such do not depend on the time
parameter.

Let us consider the derivative of the operator O = EX@‘. We can compute every term of the derivative using the rule
(113) and the definitions of the { operators given by (131). We get 0 = ngxyad,y, OTH = 0. For the other piece of the
derivative we get

. dFOF! A §\Y[(AD™' —D1\?
7 dt _EX<—8 A) (D—l AD—1> 97
y

F

- - s
. fdFOTHFE-T\H | d (AD-1 D1 \*|/At —s\”
_‘l — _ z
d ( dt ) F=5 dt(—D—1 AD—l)y (5 Af> O

The hardest term to compute is the second one. First notice that

dFOMF-1  d (AD"' —D7T\* |
dr =Sg\ bt ap1) ?

And the fj operator is given by substituting ¢* by —D*9gy and transposing the matrix (in this particular case in which €
commutes with the operator). Applying the transformations leads to the desired result.
Once this is computed, simply by using the definitions of (31) it follows that

A S\ /A =5\
Xy _ __ 1
w=-(5 4) o (5 W)

Then
1, 1/ A §\Y/AD' —D 1\
X _AXY N .. z
Vt@ = 2A 8¢y 4 (—6 A) D71 ADil y8¢
1 /AD"1 —DI\*[ At §\”
+ 4_1 ( D_] AD_] —8 At 34,2 (B4)
y
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For the creation operator we use the fact (V;0)™ = V,;(0T#) and simply replace dpx by Kxy¢? and transpose the matrices.
Now we will express the connection I'. In this fashion see that because of (131) we can express

(071)5 =€"Ag, (O K e, (B.5)

where T indicates the transpose as a matrix. We use this definition, different from (115), to make sure that it is a time
dependent operation.

TH
dotn . -
( o ) =0 +[K? Ayq, 0] (B.6)
We use here the identity Ke7 Apo = —K?7 A');g that is a consequence of being one the inverse of the other and thus its

contraction is 6$ which is time independent. Similarly we get 7~ 1F = —F~1F and

. (dFOF' . ~ 12
f—17dt F=0+[F'F,0 (B.7)
The last term is a combination of the two above.
- - s -
. aFrotmF-1\'" _ | ~ - _d(DF);
FH|ZF—=——) F=0+ [(D;‘W)*li( )V”,O] (B8)
at dt
Then, explicitly we get that in holomorphic second quantized coordinates
- 1 - - 2 e d(DF);
= Z |:IC"’VA)-,U + (F1F)? 4 (pFIT) 4P Nyo dt)y"} (B.9)
If we particularize to the case in which the diagonal elements of the complex structure are A =0, then D~! = —A and

the Fourier transform (111) is particularly simple to compute:

A7 = exp[¢* Ay 6*], K% = exp[¢*Kxy5*],

F?7 = exp[—¢ e AxyG?], (FP9)7! = exp[p*eKyy5*].
Therefore we compute

K?7 Asy = 889" Kay AV 32,
FF =650 K A% doe,

- > _1d(DF); .
(D]:¢V)—l (T)ya — 5£¢X5xy5y23¢72,
and denoting (5°8,)% = ¥,

~ 1 . 1 . 1 .

= §¢XnyAy28¢z — Zq)xny(S"(So)f:A”ZB(pz + Z¢X(8°80)f<8¢z.

With this expression is easy to check that (B.4) holds. In fact we can derive this expression from a different perspective.
Notice that (B.9) leads always to a connection I' = ¢*T'} 9. In this way we get

Ve (@) dpx = Ve(D™)Kyy®Y =T (B.10)
Also as a direct consequence of (V;0) = V,(OTH) we obtain
~ - T - .
o) = (80 +[F,0]) " =a 0 [ — K97 455, 0] (B11)
Then I' = —I' 4 ¢*Kyy AV?84: = —TTH — DT*K,, DY, Using this we obtain from (B.10) that

I = - Ky Ve(DY) + DT Ky ®Y = —DT*V, (Kyy D). (B.12)

We can check this equation directly from the induced form of the connection [" = ¢*I"Y 0py.
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/Dﬁ(U)A(dﬁ, 0)B(o,y):
Table B.1
Result of the integral [ DA(0)A(¢,G)B(0, 7) where the kernels A and B are specified in the first column and row respectively.
A B /2 cosh(N) cos(V) /2 cosh(N)sin(V) /2 sinh(N) cos(V) /2 sinh(N) sin(V)
/2 cosh(M) cos(U) coshBcos© + coshHcos® | 0 0 —sinh#sin© + sinhBsin®
/2 cosh(M) sin(U) 0 sinh H cos © — sinhH cos @ coshHsin© + coshHsing | 0
/2 sinh(M) cos(U) 0 —coshHsin© + coshHsin® | sinhBcos© + sinhBHcos® | 0
/2 sinh(M) sin(U) sinhEBsin © + sinhBsin® 0 0 coshH cos © — coshHcos®

Where M = ¢*Myxy6Y,U = ¢*UxyG¥, N =0*Nyy 7Y and V =0*Vy,yY.
Also B = ¢X(MN + UV )y 77, B=¢*(MN —UV)xy 7Y, & = ¢*(UN + MV ), 7¥ and © = ¢p*(UN — MV ), 7.
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