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A B S T R A C T

This paper introduces a distributed optimization scheme for achieving formation control
in multi-agent systems operating under switching networks and external disturbances. The
proposed approach utilizes the zero-gradient sum property and consists of two steps. First, it
guides each agent towards the minimizer of its respective local cost function. Subsequently,
it achieves a formation around the minimizer of the global cost function. The distributed
optimization scheme guarantees convergence before a predefined time, even under simultaneous
switching networks and external disturbances, distinguishing it from existing finite and fixed-
time schemes. Moreover, the algorithm eliminates the need for agents to exchange local
gradients or Hessians of the cost functions or even prior knowledge of the number of agents in
the network. Additionally, the proposed scheme copes with external disturbances using integral
sliding modes. The scheme’s effectiveness is validated through an application to distributed
source localization, for which several numerical results are provided.

1. Introduction

Recently, there has been a growing interest in consensus-based distributed optimization due to advancements in distributed
computing and large-scale networks [1]. This research area has found applications in various domains, including data-based
networks, robotics, unmanned aerial vehicles, social and economic networks, smart grids, and epidemic networks. At the same
time, the consensus and formation control of Multi-Agent Systems (MAS) have gained significance in control engineering. Motion
coordination applications often require multiple agents to achieve and sustain a desired geometric pattern centered around an
optimal location for the entire team. These applications encompass various tasks such as exploration, surveillance, robotics, target
localization, and satellite formation flight [2].

Distributed source localization is one specific application that highlights the relevance of distributed optimization. This
application is studied in various contexts, including pollution source localization, search and rescue missions, gas source localization,
acoustic source localization, and more [3,4]. To achieve this task, the use of a single agent often leads to poor performance in the case
of large search environments. Therefore, the problem of source localization using multiple agents has been recently investigated [5–
7]. As discussed in [8,9], such practical problems can be formulated as a distributed optimization problem, where the objective is to
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cooperatively minimize the sum of local cost functions, a problem which has been studied in [10–13]. Based on the local knowledge
of each agent, the optimal value of the global cost function is reached.

Additional requirements should sometimes be considered while solving the distributed optimization problem. For instance, agents
hould form a specific geometric pattern around the optimal location for the entire team [14]. This leads to the simultaneous
ptimization and formation control problem [15], which is more general than the consensus problem due to the offset between the
inal position of the agent and the optimal point according to the cost function.

For many practical applications, the agents should reach the optimal solutions of the corresponding optimization problem within
given time (e.g., the source localization needs to be quickly achieved in the case of disaster) [16]. In order to take into account such

onvergence time constraints, many algorithms use the fixed-time concept introduced in [17] and further extended in [18]. One can
efer to the following papers [19–21]. Despite the interesting properties of such algorithms, it is challenging to design the control
ains since the link between the Upper Bound of the Settling Time (UBST ) and the system parameters is not sufficiently explicit. To

deal with this issue, [22–24] introduced the concept of fixed-time stable systems with a predefined UBST as a design parameter. As
hown in [22–26], one of the main advantages of using this design approach is that it can provide stronger performance guarantees
han traditional methods, particularly in distributed optimization [27]. By constraining the time for optimization, the algorithm can
e designed to terminate once the solution is obtained rather than continuing to iterate indefinitely. This can significantly reduce the
omputational resources required and improve the overall scalability of the algorithm. This is particularly important in applications
here real-time performance is critical, such as in robotics or autonomous systems.

An increasing amount of work concerning time constraints has been drawn recently in the literature. For instance, a predefined-
ime optimization algorithm has been proposed in [28] without converging to the ideal global optimum. A three-stage algorithm,
hich needs an exchange of the gradients of the local cost functions, has been investigated in [29]. In [30], the upper and lower
ounds of the Hessians of local cost functions are needed to implement the distributed optimization scheme. A prescribed-time
istributed optimization algorithm has been proposed in [16] using time-varying gains that tend to infinity as the time approaches
he prescribed convergence time, yielding to inherent robustness and performance limitations [31]. In [27,32,33], without the need
or auxiliary variables or time-variable gains, the predefined-time simultaneous formation control and distributed optimization are
nvestigated. It is worth noting that the papers mentioned above assume that the graph topology is fixed and that no external
isturbance occurs. However, the problem of varying topologies over time and the presence of external disturbances altering the
ystem dynamics are frequent situations in MAS. In [12], a distributed optimization scheme with adversarial agents over switching
opologies is investigated. While this algorithm tackles the consensus problem, it achieves asymptotic convergence to the optimum. A
istributed fixed-time optimization algorithm for consensus under time-varying communication topology has been proposed in [20]
hile requiring the exchange of gradients among agents. In [34], an optimization algorithm for integrator chain systems based on

ignal generators has been proposed. The algorithm is significantly superior compared to similar algorithms in the literature due
o the consideration of matched and unmatched disturbances. However, the settling time depends on the initial condition of the
gents, and only fixed topologies are considered. Notice that none of the papers mentioned above address time constraints, switching
opologies, and disturbances simultaneously, and this is where our research becomes valuable.

In this paper, the suggested approach is a distributed fixed-time optimization scheme with predefined UBST that guarantees
ormation control for multi-agent systems over switching networks and in the presence of external disturbances. The proposed
cheme is divided into two steps. First, the controller guides each agent towards the minimizer of its respective local cost function.
hen, the distributed optimization and formation control is achieved. Indeed, all agents converge towards the minimizer of the global
ost function. Contrary to many existing algorithms, the proposed scheme satisfies the zero-gradient sum property [35]. Besides, it
ossesses several noteworthy characteristics, including:

• The proposed algorithm can be used on arbitrarily strongly convex cost functions and requires fewer tuning parameters
compared to many works in the literature.

• Contrary to [19,30,36], the proposed algorithm can be used both in formation and consensus control.
• The UBST can be assigned according to the desired requirements, contrary to many existing finite and fixed-time schemes.
• Contrary to [29], agents are not required to exchange the local gradients or Hessians of the cost functions.
• Unlike most existing works, the proposed algorithm does not rely on prior knowledge of the number of agents in the network.

Furthermore, the scheme deals with switching topologies and handles disturbances through integral sliding modes.

The remainder of this article is organized as follows. Preliminaries and important Lemmas are presented in Section 2. The problem
ormulation is given in Section 3. Section 4 introduces the proposed predefined-time scheme, including its stability analysis. The
pplicability for source localization is verified through several numerical experiments in Section 5. Concluding remarks are given
n Section 6.

. Preliminaries

.1. Notation

Let R denote the set of real numbers and R𝑛 the 𝑛-dimensional Euclidean space. For 𝐱 ∈ R𝑛, 𝐱⊤ denotes its transpose and ||𝐱||
ts Euclidean norm. Denote 𝟎𝑛 = [0,… , 0]⊤ ∈ R𝑛. 𝐈𝑛 is the identity matrix with dimensions 𝑛 × 𝑛. For a twice differentiable function
𝑓 ∶ R𝑛 → R, ∇𝑓 and ∇2𝑓 represent the gradient and Hessian of the function, respectively. For matrices 𝐀 ∈ R𝑚×𝑛 and 𝐁 ∈ R𝑝×𝑞 ,
𝐀⊗ 𝐁 ∈ R𝑚𝑝×𝑛𝑞 denotes the Kronecker product. For any real number ℎ, the function |⌊∙⌉|ℎ ∶ R𝑛 → R𝑛 is defined as |⌊𝐱⌉|ℎ = 𝐱||𝐱||ℎ−1

𝑛
| |

ℎ

2

for any 𝐱 ∈ R ⧵ {𝟎𝑛}. Moreover, if ℎ > 0,
|

⌊𝟎𝑛⌉| = 𝟎𝑛.
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2.2. Graph theory

Let  = ( , ) denote a graph, where  = 1, 2,… , 𝑁 is the set of agents and  ⊆  ×  is the set of edges. The corresponding
eighted adjacency matrix is 𝐀 = [𝑎𝑖𝑗 ] ∈ R𝑁×𝑁 with 𝑎𝑖𝑗 > 0 if (𝑗, 𝑖) ∈  and 𝑎𝑖𝑗 = 0 otherwise. Assuming that no self-loops are
resent, 𝑎𝑖𝑖 = 0, ∀𝑖 ∈  . The neighbor set of agent 𝑖 is defined as 𝑖 = {𝑗 ∈ |(𝑗, 𝑖) ∈ }. The Laplacian matrix 𝐋 = [𝑙𝑖𝑗 ] ∈ R𝑁×𝑁

ssociated with  is defined as 𝑙𝑖𝑗 = −𝑎𝑖𝑗 for 𝑖 ≠ 𝑗 and 𝑙𝑖𝑖 =
∑𝑁

𝑗=1,𝑗≠𝑖 𝑎𝑖𝑗 . If the graph is undirected and connected, the eigenvalues of
he Laplacian matrix 𝐋 are 0 < 𝜆2 ≤ ⋯ ≤ 𝜆𝑁 , where 𝜆2 is the algebraic connectivity of the graph. For more details see [37].

In practice, the network structure may change due to communication issues. This feature can be modeled using a switching
ynamic network. Let  = {1,2,… ,𝐾} be a collection of 𝐾 graphs having the same vertex set and 𝜗 ∶ [0,∞) →  is a switching
ignal determining the topology of the dynamic network at each instant of time. For 𝜗(𝑡) = 𝑘, the adjacency and Laplacian matrices,
nd the neighbor set of agent 𝑖 are denoted as 𝐀𝑘, 𝐋𝑘, and  𝑘

𝑖 , respectively.

.3. Convex analysis

A twice continuously differentiable convex function 𝑓 ∶ R𝑛 → R is said to be 𝜃-strongly convex and 𝛩-smooth if the following
ondition hold

𝜃𝐈𝑛 ≤ ∇2𝑓 (𝐱) ≤ 𝛩𝐈𝑛. (1)

ith 𝜃, 𝛩 > 0. An important consequence of (1) is that the following property is attained [38, Section 9.1.2]:
𝜃
2
||𝐱 − 𝐲||2 ≤ 𝑓 (𝐲) − 𝑓 (𝐱) − ∇𝑓 (𝐱)⊤(𝐲 − 𝐱) ≤ 𝛩

2
||𝐲 − 𝐱||2, (2)

If 𝑓 is a 𝜃-strongly convex function, then its minimizer 𝐱∗ = argmin𝐱∈R𝑛 𝑓 (𝐱) is unique. The reader may refer to [38–40] for more
etails.

.4. Stability notions

The reader may refer to [41], [25, Section II] and [42, Section III]. Consider the autonomous system

�̇�(𝑡) = 𝐟 (𝐱(𝑡);𝝆), 𝐱0 ∶= 𝐱(0) (3)

here 𝐱(𝑡) ∈ R𝑛 is the system state and 𝝆 ∈ R𝑏 with �̇� = 0 represents the tunable parameters of the system. Function 𝐟 ∶ R𝑛 → R𝑛

ay be discontinuous, and such that the solutions of (3) exist and are unique in the sense of Filippov. Thus, Φ(𝑡, 𝐱0) denotes the
olution of (3) and 𝐱 = 𝟎𝑛 is the unique equilibrium point.

efinition 1. The origin of (3) is said to be finite-time stable if it is Lyapunov stable and for any 𝐱0 ∈ R𝑛 there exists 0 ≤ 𝑇 < ∞
uch that Φ(𝑡, 𝐱0) = 0 for all 𝑡 ≥ 𝑇 . The function 𝑇 (𝐱0) = inf

{

𝑇 ≥ 0 ∶ Φ(𝑡, 𝐱0) = 0, ∀𝑡 ≥ 𝑇
}

is called the settling-time function of
ystem (3).

efinition 2. The origin of (3) is fixed-time stable if it is finite-time stable and if there exists a 𝑇max < ∞ such that sup𝑥0∈R𝑛 𝑇 (𝑥0) ≤
max.

efinition 3 ([43], Definition 4). For the parameter vector 𝝆 of system (3) and an arbitrarily selected constant 𝑇𝑐 ∶= 𝑇𝑐 (𝝆) > 0, the
rigin of (3) is said to be fixed-time stable with 𝑇𝑐 as a predefined Upper Bound of the Settling Time (UBST ) if the settling time
unction 𝑇 (𝐱0) is uniformly bounded as 𝑇 (𝐱0) ≤ 𝑇𝑐 ,∀𝐱0 ∈ R𝑛. In this case, 𝑇𝑐 is called a predefined time.

roposition 1 ([44],Theorem 3.1). If there exists a continuous, positive definite and radially unbounded function 𝑉 ∶ R𝑛 → R≥0 such that
he time derivative of 𝑉 along the trajectories of (3) satisfies

�̇� (𝐱(𝑡)) ≤ − 1
𝛼𝑠𝑇𝑐

exp(𝛼𝑉 (𝐱(𝑡))𝑠)𝑉 (𝐱(𝑡))1−𝑠, (4)

for 𝐱(𝑡) ∈ R𝑛 ⧵ {𝟎𝑛} and constants 𝑇𝑐 ∶= 𝑇𝑐 (𝝆) > 0, 𝛼 > 0, 𝑠 ∈ (0, 1∕2], then the origin of (3) is fixed-time stable with 𝑇𝑐 as a predefined
UBST.

2.5. Important lemmas

Lemma 1 ([45], Theorem 2.1). Consider a family of time-dependent switching systems of the form �̇�(𝑡) = 𝐟𝜗(𝑡)(𝐱(𝑡)) with 𝐟𝜗(𝑡) ∈ {𝐟1,… , 𝐟𝑛}. If
all systems in the family share a radially unbounded common Lyapunov function, then the switched system is globally uniformly asymptotically
stable regardless of the switching signal 𝜗(𝑡) ∈ {1,… , 𝑘}.
3
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Lemma 2 ([46], Lemma 4.18). For a general undirected graph  with weighted adjacency matrix 𝐀 = [𝑎𝑖𝑗 ] ∈ R𝑁×𝑁 and for given vectors
𝐱𝑖, 𝐲𝑖 ∈ R𝑛, it follows that

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗𝐱⊤𝑖 (𝐲𝑖 − 𝐲𝑗 ) =

1
2

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝑎𝑖𝑗 (𝐱𝑖 − 𝐱𝑗 )⊤(𝐲𝑖 − 𝐲𝑗 ).

Lemma 3 ([27], Lemma 2). Let 𝑓 (𝑥) = exp
(

𝑘𝑥2𝑠
)

𝑥2(1−𝑠). If 𝑘 ≥ 0 and 0 < 𝑠 < 1∕2, then 𝑓 (𝑥) is convex for 𝑥 > 0.

emma 4 ([27], Lemma 3). Let 𝑓 ∶ R → R be convex with 𝑓 (0) = 0 and a set of𝑁2 numbers 𝑣𝑖𝑗 with 𝑖, 𝑗 ∈ {1,… , 𝑁}. Let𝑖 ⊆ {1,… , 𝑁}
be an arbitrary index set. Then,

1
𝑁2

𝑁
∑

𝑖=1

∑

𝑗∈𝑖

𝑓 (𝑣𝑖𝑗 ) ≥ 𝑓

(

1
𝑁2

𝑁
∑

𝑖=1

∑

𝑗∈𝑖

𝑣𝑖𝑗

)

.

2.6. Zero-gradient-sum algorithms

Consider a distributed algorithm of the form:

�̇�𝑖(𝑡) = 𝝓𝑖

(

𝐱𝑖(𝑡), 𝐱𝑖
(𝑡)
)

𝐱𝑖(0) = 𝝌 𝑖, ∀ 𝑖 ∈ 
(5)

where 𝐱𝑖 ∈ R𝑛 represents node 𝑖’s estimate of the unknown global minimizer 𝐱∗ at time 𝑡. 𝐱𝑖
(𝑡) is a vector obtained by stacking the

information obtained from neighboring agents (i.e., 𝐱𝑗 ,∀𝑗 ∈ 𝑖). 𝝓𝑖 ∶ R𝑛 ×R𝑛|𝑖| ↦ R𝑛 is a locally Lipschitz function, and 𝝌 𝑖 ∈ R𝑛

is a constant determining the initial state. The agents are endowed with a local cost function 𝑓𝑖 ∶ R𝑛 → R.

Definition 4 ([47], Definition 1). A continuous-time distributed algorithm of the form (5) is said to be a Zero-Gradient-Sum algorithm
if local cost functions 𝑓𝑖 are twice continuously differentiable, 𝜃𝑖-strongly convex and 𝛩𝑖-smooth, 𝝓𝑖 ∀ 𝑖 ∈  is locally Lipschitz,
and the following conditions are satisfied:

∑

𝑖∈
∇2𝑓𝑖(𝐱𝑖(𝑡))𝝓𝑖

(

𝐱𝑖(𝑡), 𝐱𝑖
(𝑡)
)

= 𝟎𝑛
∑

𝑖∈
𝐱𝑖(𝑡)𝑇∇2𝑓𝑖(𝐱𝑖(𝑡))𝝓𝑖

(

𝐱𝑖(𝑡), 𝐱𝑖
(𝑡)
)

< 0

∑

𝑖∈
∇𝑓𝑖(𝝌 𝑖) = 𝟎𝑛.

(6)

2.7. Integral sliding modes

Consider a linear uncertain system

�̇� = 𝐴𝑥 + 𝐵(𝑢 +𝑤), (7)

where 𝑥 ∈ R𝑛, 𝑢 ∈ R𝑚 and 𝑤 ∈ R𝑚 which represents an unknown disturbance vector bounded by a known positive constant 𝛿.
Assuming that there exists a controller 𝑢∗(𝑥), either continuous or discontinuous, which ensures that the nominal system �̇� = 𝐴𝑥+𝐵𝑢∗

is stabilized with given properties. Define the sliding surface 𝜎 as

𝜎 = 𝐶𝑇 𝑥 + 𝑧

�̇� = −𝐶𝑇 (𝐴𝑥 + 𝐵𝑢∗),
(8)

with 𝑧(0) = −𝐶𝑇 𝑥(0) and an appropriate matrix 𝐶. Using the controller

𝑢 = 𝑢∗ −𝑀sign(𝜎),

with 𝑀 ≥ 𝛿, the trajectory of the linear uncertain system coincides with the one of the nominal system �̇� = 𝐴𝑥 + 𝐵𝑢∗ without
perturbation. Compared to traditional sliding mode control, integral sliding mode approach exhibits system motion on sliding mode
that spans the same dimension as the state space. More details can be found in [48].

3. Problem definition

Consider the leaderless MAS with 𝑁 agents given by

�̇�𝑖(𝑡) = 𝐮𝑖(𝑡) + 𝐰𝑖(𝑡) 𝑖 ∈ {1,… , 𝑁}, (9)

where 𝐱𝑖(𝑡),𝐮𝑖(𝑡) ∈ R𝑛 represents the state, the control input of agent 𝑖 ∈ {1,… , 𝑁}, respectively. In addition, 𝐰𝑖(𝑡) ∈ R𝑛 represents
4

an unknown disturbance vector under the following assumption.
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Assumption 1. There exists a known bound 𝛿𝑖 ≥ 0 for the disturbance vector 𝐰𝑖(𝑡) such that ||𝐰𝑖(𝑡)|| ≤ 𝛿𝑖,∀𝑡 ≥ 0.

Moreover, each agent can exchange information only with its neighbors under a switching network, in which the associated
opologies 𝑘 satisfy the following assumption:

ssumption 2. The switched dynamic network is formed by undirected connected graphs. Furthermore, the switching signal 𝜗(𝑡)
s generated exogenously and there is a minimum dwell time between consecutive switchings in such a way that Zeno behavior is
xcluded.

The agents are endowed with a local cost function 𝑓𝑖 ∶ R𝑛 → R and the main objective is to establish a fixed formation around
he target point 𝐱∗ ∈ R𝑛, which minimizes

𝐹 (𝐱) ∶=
𝑁
∑

𝑖=1
𝑓𝑖(𝐱) (10)

efore a predefined time 𝑇𝑐 . The local cost functions are subject to the following assumption.

ssumption 3. There exists 𝜃𝑖, 𝛩𝑖 > 0 such that the local cost functions 𝑓𝑖 ∶ R𝑛 → R are twice differentiable, 𝜃𝑖-strongly convex
and 𝛩𝑖-smooth.

Remark 1. Assumption 3 includes many cases such as quadratic, fractional, trigonometric, exponential, logarithmic and other
bounded differentiable functions. Some practical examples can be found in economic dispatch, optimal rendezvous of multiple
mobile robots, statistics, and machine learning [19].

The formation is defined by fixed displacements 𝐡𝑖 ∈ R𝑛, where each agent has a unique displacement that determines their
positional offset from the target point. Consequently, agent 𝑖 ∈  aims to reach the position 𝐱∗ + 𝐡𝑖.

In this context, the problem can be written as follows:

min
𝐱∈R𝑛

𝐹 (𝐱), subject to
⎧

⎪

⎨

⎪

⎩

lim
𝑡→𝑇𝑐

||𝐩𝑖(𝑡) − 𝐱∗|| = 0

||𝐩𝑖(𝑡) − 𝐱∗|| = 0, ∀𝑡 ≥ 𝑇𝑐 ,
(11)

where 𝐱∗ = argmin𝐱∈R𝑛 𝐹 (𝐱) and 𝐩𝑖(𝑡) = 𝐱𝑖(𝑡) − 𝐡𝑖. Here, 𝐱𝑖(𝑡) is a local copy of the global optimization variable 𝐱(𝑡). Henceforth, the
time dependence of variables will be written only when necessary.

Remark 2. It is worth noting that the considered problem is to simultaneously solve the optimization and formation control problem
in a decentralized way. The distributed optimization problem for achieving consensus appears as a special case when 𝐡𝑖 = 𝟎𝑛.

4. Main results

To solve problem (11), the following distributed scheme is proposed, in which controller 𝐮𝑖(𝑡) is comprised of two parts: a sliding
mode controller 𝐮d

𝑖 (𝑡) and a two-step controller for the optimization process 𝐮∗𝑖 (𝑡). Mathematically,

𝐮𝑖(𝑡) = 𝐮d
𝑖 (𝑡) + 𝐮∗𝑖 (𝑡) (12)

𝐮d
𝑖 (𝑡) = − 1

2𝑠𝑇𝜎
exp(||σ𝑖||

2𝑠) |
|

⌊σ𝑖⌉||
1−2𝑠 − 𝜌𝑖 ||⌊σ𝑖⌉||

0 (13)

here
σ𝑖(𝑡) = 𝐱𝑖(𝑡) − 𝐳𝑖(𝑡)
�̇�𝑖(𝑡) = 𝐮∗𝑖 (𝑡)

(14)

with 𝐳𝑖(0) = 𝐛𝑖 ∈ R𝑛, and

𝐮∗𝑖 (𝑡) =
⎧

⎪

⎨

⎪

⎩

−𝑐1
(

∇2𝑓𝑖(𝐱𝑖)
)−1 exp(||∇𝑓𝑖(𝐱𝑖)||2𝑠) ||⌊∇𝑓𝑖(𝐱𝑖)⌉||

1−2𝑠 , ∀𝑡 ≤ 𝜇𝑇𝑐
−𝑐2

(

∇2𝑓𝑖(𝐩𝑖)
)−1 ∑

𝑗∈ 𝑘
𝑖

√

𝑐3𝑎𝑖𝑗 exp(||𝐩𝑖𝑗 ||2𝑠)
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠
, ∀𝑡 > 𝜇𝑇𝑐 (15)

long with the following definitions and parameter design rules:

�̄� = max
𝑖∈

{𝛩𝑖}, 𝜆2 = min
𝑘∈

{𝜆𝑘2}, 𝐩𝑖𝑗 =
√

𝑐3𝑎𝑖𝑗 (𝐩𝑖 − 𝐩𝑗 ),

𝑐1 =
1

2𝑠𝜇𝑇𝑐
, 𝑐2 =

2
𝑠(1 − 𝜇)𝑇𝑐

, 𝑐3 ≥
�̄�
2𝜆2.

(16)

Here, 𝑎𝑖𝑗 is the element of the adjacency matrix 𝐀𝑘 and 𝜆𝑘2 is the algebraic connectivity of 𝐋𝑘, with 𝑘 ∈ {1,… , 𝐾}. The parameter
𝜇 is used to establish the duration of each step in terms of the total optimization time 𝑇𝑐 . Hence, 0 < 𝜇 < 1. 𝑇𝜎 denotes the
predefined-time for reaching the sliding surface 𝝈 = 𝟎𝑛, provided that 𝑇𝜎 < 𝜇𝑇𝑐 . As usual, solutions to the closed loop system are

| |

0

5

understood in the sense of Filippov due to the introduction of the discontinuous term
|

⌊σ𝑖⌉| in (13).
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Remark 3. Some remarks are made for the previously defined controller:

• The control input 𝐮d
𝑖 (𝑡) has the form of an integral sliding mode controller, with the purpose of eliminating the typical reaching

phase by enforcing the sliding mode from 𝑡 = 0 through setting 𝒃𝑖 = 𝐱𝑖(0). This approach has the advantage of avoiding
significant deviations of the states of the agents due to the disturbances during the reaching phase. More information can be
found in [24,48–52].

• The term 𝐮∗𝑖 (𝑡) is a two-step controller with the purpose of leading the agents toward the global minimizer, under the scope
of the zero-gradient-sum theory ZGS, proposed in [47].

• Notice that the lower bound of the gain 𝑐3 depends on system parameters �̄� and 𝜆2. Nevertheless, the control parameters are
computed beforehand and then remain constant for 𝑡 ≥ 0. In addition, it is possible to have estimations, average values or
bounds of the system parameters such that they can be used to calculate 𝑐3. Once the gain is set, only local information is
needed to achieve consensus control while minimizing the global cost function.

roposition 2. Let Assumption 1 hold. Consider system (9) under the controller defined in (12) and (13) with 𝜌𝑖 ≥ 𝛿𝑖. Then, the surface
σ𝑖(𝑡) = 𝟎𝑛 is fixed time stable with 𝑇𝜎 as a predefined UBST, regardless of the choice of 𝐛𝑖 in (14). If 𝒃𝑖 = 𝐱𝑖(0) then σ𝑖(𝑡) ≡ 𝟎𝑛,∀𝑡 ≥ 0.

Proof. Define a Lyapunov candidate of the form 𝑉𝑖(σ𝑖) = ||σ𝑖||
2, such that its time derivative yields

�̇�𝑖(σ𝑖) = 2σ⊤𝑖 σ̇𝑖 = 2σ⊤𝑖 (�̇�𝑖 − 𝐮∗𝑖 ) = 2σ⊤𝑖 (𝐮
d
𝑖 + 𝐰𝑖)

= 2σ⊤𝑖

(

− 1
2𝑠𝑇𝜎

exp(||σ𝑖||
2𝑠) |

|

⌊σ𝑖⌉||
1−2𝑠 − 𝜌𝑖 ||⌊σ𝑖⌉||

0 + 𝐰𝑖

)

= − 1
𝑠𝑇𝜎

exp(||σ𝑖||
2𝑠)||σ𝑖||

2(1−𝑠) − 2𝜌𝑖||σ𝑖|| + 2σ⊤𝑖 𝐰𝑖. (17)

By applying the Cauchy–Schwarz inequality to the last term on the right hand side, one get σ⊤𝑖 𝐰𝑖 ≤ ||σ𝑖||𝛿𝑖 using Assumption 1.
Hence

�̇�𝑖(σ𝑖) ≤ − 1
𝑠𝑇𝜎

exp(||σ𝑖||
2𝑠)||σ𝑖||

2(1−𝑠) − 2(𝜌𝑖 − 𝛿𝑖)||σ𝑖||.

inally, since 𝜌𝑖 ≥ 𝛿𝑖 by assumption,

�̇�𝑖(σ𝑖) ≤ − 1
𝑠𝑇𝜎

exp(𝑉𝑖(σ𝑖)𝑠)𝑉𝑖(σ𝑖)1−𝑠, (18)

meaning that the system follows Proposition 1 with 𝛼 = 1, and 𝑇𝜎 as predefined UBST. The last part of the proposition follows
by noting that σ𝑖(𝑡) = 𝟎𝑛 is a stable equilibrium due to the previous reasoning, and 𝐛𝑖 = 𝐱𝑖(0) ensures σ𝑖(0) = 𝟎𝑛, completing the
roof. □

roposition 3. Let Assumptions 1 and 3 hold. Consider system (9) under the controller defined in (12), (13), (15) with 𝜌𝑖 ≥ 𝛿𝑖. If
𝑖 = 𝐱𝑖(0). Then, 𝐱∗ = argmin𝐱∈R𝑛 𝐹 (𝐱) is a fixed-time stable equilibrium with 𝜇𝑇𝑐 as a predefined UBST.

roof. As a direct consequence of Proposition 2 and the definition in (14), σ̇𝑖 = 𝟎𝑛 = �̇�𝑖−𝐮∗𝑖 for 𝑡 ≥ 0. On sliding mode, the proposed
ontroller cancels the effect of the unknown disturbance 𝐰𝑖 for 𝑡 ≥ 0. Therefore, the closed-loop system takes the form

�̇�𝑖 = 𝐮∗𝑖 = −𝑐1
(

∇2𝑓𝑖(𝐱𝑖)
)−1 exp(||∇𝑓𝑖(𝐱𝑖)||2𝑠) ||⌊∇𝑓𝑖(𝐱𝑖)⌉||

1−2𝑠 . (19)

or agent 𝑖 ∈  , one can define the Lyapunov function candidate 𝑉𝑖(𝐱𝑖) = ||∇𝑓𝑖(𝐱𝑖)||2, which is positive, radially unbounded and
qual to zero if and only if ∇𝑓𝑖(𝐱𝑖) = 𝟎𝑛 due to Assumption 3. The time derivative of 𝑉𝑖(𝐱𝑖) takes the form

�̇�𝑖(𝐱𝑖) = 2∇𝑓𝑖(𝐱𝑖)⊤∇2𝑓𝑖(𝐱𝑖)�̇�𝑖.

hen it follows from the definition of �̇�𝑖

�̇�𝑖(𝐱𝑖) = −2𝑐1 exp(||∇𝑓𝑖(𝐱𝑖)||2𝑠)∇𝑓𝑖(𝐱𝑖)⊤ |

|

⌊∇𝑓𝑖(𝐱𝑖)⌉||
1−2𝑠

= − 1
𝑠𝜇𝑇𝑐

exp(||∇𝑓𝑖(𝐱𝑖)||2𝑠)||∇𝑓𝑖(𝐱𝑖)||2(1−𝑠)

= − 1
𝑠𝜇𝑇𝑐

exp(𝑉𝑖(𝐱𝑖)𝑠)𝑉𝑖(𝐱𝑖)1−𝑠. (20)

which completes the proof by using Proposition 1 with 𝜇𝑇𝑐 as UBST. □

Remark 4. The zero-gradient-sum approach requires that the initial condition of all agents is located at their local minimum,
meaning that all gradients must be equal to zero at 𝑡 = 0. In practical scenarios, this condition is not realistic and so there must
be a prior step before consensus, in which all agents reach their local minima before a predefined time, starting from any initial
condition.
6
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Remark 5. Notice that both controllers 𝐮∗𝑖 (𝑡) and 𝐮d
𝑖 (𝑡) act simultaneously, contrary to [53], who proposed an algorithm in which

the reaching phase is done prior to the optimization phase. In our case, the reaching phase is eliminated under the assumption of
knowledge of 𝐱𝑖(0), which is reasonable in practice due to the knowledge of the local state 𝐱𝑖(𝑡) for all time. Still, even if 𝐱𝑖(0) is
ot accurately available due to the presence of uncertainty, the reaching phase is ensured to last at most 𝑇𝜎 units of time after the
nitial instant as we show in Proposition 2.

heorem 1. Let Assumptions 1–3 hold. Consider system (9) under the controller defined in (12), (13), (15) with 𝜌𝑖 ≥ 𝛿𝑖 and (16). Then,
𝑖(𝑡) = 𝐱∗ is fixed-time stable with (1 − 𝜇)𝑇𝑐 as a predefined UBST.

roof. As a consequence of Propositions 2 and 3, for 𝑡 ≥ 𝜇𝑇𝑐 , the closed-loop system becomes

�̇�𝑖 = 𝐮∗𝑖 = −𝑐2
(

∇2𝑓𝑖(𝐩𝑖)
)−1 ∑

𝑗∈ 𝑘
𝑖

√

𝑐3𝑎𝑖𝑗 exp(||𝐩𝑖𝑗 ||2𝑠)
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠
, (21)

which depends on the switching network 𝑘. Consider a common Lyapunov function for all the topologies associated to the network
of the form

𝑉 (𝐩) =
𝑁
∑

𝑖=1
𝑓𝑖(𝐱∗) − 𝑓𝑖(𝐩𝑖) − ∇𝑓𝑖(𝐩𝑖)⊤(𝐱∗ − 𝐩𝑖), (22)

with 𝐩 =
[

𝐩⊤1 ,… ,𝐩⊤𝑁
]⊤. Note that Assumption 3 implies that

𝑉 (𝐩) ≥
𝑁
∑

𝑖=1

𝜃𝑖
2
||𝐩𝑖 − 𝐱∗||2 ≥ 0.

Hence, 𝑉 (𝐩) is positive, radially unbounded and equal to zero if and only if 𝐩𝑖 = 𝐱∗, i.e. when formation is achieved. The time
derivative of (22) becomes

�̇� (𝐩) =
𝑁
∑

𝑖=1
𝐩⊤𝑖 ∇

2𝑓𝑖(𝐩𝑖)�̇�𝑖 − (𝐱∗)⊤
𝑁
∑

𝑖=1
∇2𝑓𝑖(𝐩𝑖)�̇�𝑖. (23)

The assumption of undirected graphs implies that 𝐩𝑖𝑗 = −𝐩𝑗𝑖. Therefore, according to (6) in Definition 4

(𝐱∗)⊤
𝑁
∑

𝑖=1
∇2𝑓𝑖(𝐩𝑖)�̇�𝑖 = −𝑐2(𝐱∗)⊤

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

√

𝑐3𝑎𝑖𝑗 exp(||𝐩𝑖𝑗 ||2𝑠)
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠
= 0. (24)

hen

�̇� (𝐩) =
𝑁
∑

𝑖=1
𝐩⊤𝑖 ∇

2𝑓 (𝐩𝑖)�̇�𝑖 = −𝑐2
𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

exp(||𝐩𝑖𝑗 ||2𝑠)
√

𝑐3𝑎𝑖𝑗𝐩⊤𝑖
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠
. (25)

pplying Lemma 2 and pre-multiplying by 𝑁2∕𝑁2

�̇� (𝐩) = −
𝑐2
2

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

exp(||𝐩𝑖𝑗 ||2𝑠)
√

𝑐3𝑎𝑖𝑗 (𝐩𝑖 − 𝐩𝑗 )⊤
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠

= −
𝑐2
2

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

exp(||𝐩𝑖𝑗 ||2𝑠)𝐩⊤𝑖𝑗
|

|

|

⌊

𝐩𝑖𝑗
⌉

|

|

|

1−2𝑠

= −
𝑐2
2
𝑁2

𝑁2

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

exp(||𝐩𝑖𝑗 ||2𝑠)||𝐩𝑖𝑗 ||2(1−𝑠). (26)

Observing that the function inside the double sum in (26) is convex (Lemma 3) and that ||𝐩𝑖𝑗 ||2 = 𝑐3𝑎𝑖𝑗 ||𝐩𝑖 − 𝐩𝑗 ||2, Lemma 4 can be
pplied to obtain

�̇� (𝐩) ≤ −
𝑐2𝑁2

2
exp

⎛

⎜

⎜

⎝

⎛

⎜

⎜

⎝

𝑐3
𝑁2

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

𝑎𝑖𝑗 ||𝐩𝑖 − 𝐩𝑗 ||2
⎞

⎟

⎟

⎠

𝑠
⎞

⎟

⎟

⎠

×
⎛

⎜

⎜

⎝

𝑐3
𝑁2

𝑁
∑

𝑖=1

∑

𝑗∈ 𝑘
𝑖

𝑎𝑖𝑗 ||𝐩𝑖 − 𝐩𝑗 ||2
⎞

⎟

⎟

⎠

1−𝑠

.

(27)

Since
𝑁
∑ ∑

𝑘

𝑎𝑖𝑗 ||𝐩𝑖 − 𝐩𝑗 ||2 = 2𝐩⊤(𝐋𝑘 ⊗ 𝐈𝑛)𝐩,
7

𝑖=1 𝑗∈𝑖
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a

it follows that

�̇� (𝐩) ≤ −
𝑐2𝑁2

2
exp

((

2𝑐3
𝑁2

𝐩⊤(𝐋𝑘 ⊗ 𝐈𝑛)𝐩
)𝑠)(

2𝑐3
𝑁2

𝐩⊤(𝐋𝑘 ⊗ 𝐈𝑛)𝐩
)1−𝑠

. (28)

Following the mathematical deduction given in [19] and knowing that 𝜆𝑘2 ≥ 𝜆2, then:

𝑉 (𝐩) ≤ �̄�
𝜆𝑘2

𝐩⊤(𝐋𝑘 ⊗ 𝐈𝑛)𝐩 ≤ �̄�
𝜆2

𝐩⊤(𝐋𝑘 ⊗ 𝐈𝑛)𝐩, (29)

After replacing (29) into (28) and rearranging some terms, it yields

�̇� (𝐩) ≤ −
𝑐2

2𝑁−2𝑠
exp

(

𝑁−2𝑠
(2𝑐3𝜆2

�̄�
𝑉 (𝐩)

)𝑠)(2𝑐3𝜆2
�̄�

𝑉 (𝐩)
)1−𝑠

. (30)

Finally, based on the definition of 𝑐2 and 𝑐3, (30) reduces to

�̇� (𝐩) ≤ − 1
𝛼𝑠(1 − 𝜇)𝑇𝑐

exp(𝛼𝑉 (𝐩)𝑠)𝑉 (𝐩)1−𝑠. (31)

where 𝛼 = 𝑁−2𝑠. Note that the dynamics of the defined common Lyapunov function are independent of the topology. Hence,
according to Proposition 1 and Lemma 1, the switched system is fixed-time stable with (1 − 𝜇)𝑇𝑐 as UBST. □

Corollary 1. In the absence of information about parameters 𝜆2 and �̄�, the MAS will converge in fixed-time to the global optimum with
n UBST of the form 𝑇𝑐

𝑐3
�̄�
2𝜆2
, provided that 𝑐3 > 0.

Proof. From (30) and the definition of 𝑐2, let 𝛼 = 𝑁−2𝑠 and 𝛾 = 2𝑐3𝜆2
�̄� . Then

�̇� (𝐩) ≤ −
𝛾1−𝑠

𝛼𝑠𝑇𝑐
exp

(

𝛼 (𝛾𝑉 (𝐩))𝑠
)

(𝑉 (𝐩))1−𝑠 . (32)

Since all parameters are positive, �̇� (𝐩) ≤ 0, ensuring convergence to the global minimum. Moreover, the solution of the
differential inequality (32) implies

𝑉 (𝐩) ≤
⎡

⎢

⎢

⎣

1
𝛼𝛾𝑠

ln
⎛

⎜

⎜

⎝

1
𝛾
𝑇𝑐
(𝑡 − 𝑡0) + exp

(

−𝛼𝛾𝑠𝑉 𝑠
0
)

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

1∕𝑠

, 𝑉0 = 𝑉 (𝐩(𝑡0)).

Notice that 𝑉 (𝐩) = 0 if 𝛾
𝑇𝑐
(𝑡 − 𝑡0) + exp

(

−𝛼𝛾𝑠𝑉 𝑠
0
)

= 1, thus

𝑡 − 𝑡0 ≡ 𝑇 (𝑉0) ≤
𝑇𝑐
𝛾

[

1 − exp
(

−𝛼𝛾𝑠𝑉 𝑠
0
)]

.

Since 0 < exp
(

−𝛼𝛾𝑠𝑉 𝑠
0
)

≤ 1, the fraction 𝑇𝑐
𝛾 = 𝑇𝑐

𝑐3
�̄�
2𝜆2

is an UBST.

Notice that if 𝑐3 ≥
�̄�
2𝜆2

, then the UBST 𝑇𝑐
𝛾 ≤ 𝑇𝑐 , which is consistent with Theorem 1. □

5. Application to source localization

This section presents the application of the results derived from previous sections to address the source localization problem.
The objective of source localization is to determine the location of a nearby isotropic source by deploying a set of sensors in the
workspace. These sensors measure the presence of the source, which could be an emitter such as a radio signal or a thermal, sound,
or pollution source. In any case, it is detectable through suitable sensing technology. The sensor provides a scalar quantity, such as
the energy or strength of the emitted signal, which diminishes with the distance between the sensor and the source.

5.1. Approximate source localization

Exact or optimal source localization is a highly intricate problem, especially in distributed settings. Consequently, approximate
solutions have been proposed [8,9]. In these approaches, the primary function of sensors is to determine whether the source is
nearby by comparing the measured scalar quantity with a predefined threshold. By placing the sensors uniformly across the region
of interest in the workspace, the point that minimizes the distance to all activated sensors can serve as a good indicator of the source
location. In practical scenarios such as search and rescue operations, where promptly identifying the source position is of utmost
importance, this technique can be employed to obtain a rough estimate of the source location. Subsequently, more sophisticated
techniques can be utilized in a smaller portion of the workspace around the rough estimate to find the exact location of the source.

In the distributed setting, the agents modeled by (9) do not have access to all the sensors. This limited accessibility can be
represented by a 𝑁 × 𝑟 binary matrix 𝐃 = [𝑑𝑖𝓁], where 𝑑𝑖𝓁 = 1 indicates that agent 𝑖 ∈  can access an activated sensor positioned at
𝐬 ∈ R𝑛 (𝓁 = 1,… , 𝑟) and 𝑑 = 0 otherwise. Motivated by the previous discussion, the main objective is establishing a fixed formation
8

𝓁 𝑖𝓁
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Fig. 1. Topologies associated to the switching network.

round the target point 𝐱∗, which minimizes the cumulative distance between the agents’ positions 𝐱𝑖 and the corresponding sensors
efore a predefined time 𝑇𝑐 . Hence, the local cost functions can be defined as:

𝑓𝑖(𝐱𝑖) =
𝑟
∑

𝓁=1
𝑑𝑖𝓁||𝐱𝑖 − 𝐬𝓁||2. (33)

ote that (33) satisfies Assumption 3 with

𝛩𝑖 = 2
𝑟
∑

𝓁=1
𝑑𝑖𝓁 , (34)

ince ∇2𝑓𝑖(𝐱𝑖) =
(

2
∑𝑟

𝓁=1 𝑑𝑖𝓁
)

𝐈𝑛 = 𝛩𝑖𝐈𝑛. Therefore, the controllers developed in this work can be used for the agents to reach a
ormation around the approximate source position 𝐱∗.

.2. Numerical example

Consider a group of five agents whose individual dynamics follows (9), with 𝐱 = [𝑥1, 𝑥2, 𝑥3]⊤ ∈ R3. Their communication is
escribed by a switching network composed of four topologies, as shown in Fig. 1 and, without loss of generality, the weights 𝑎𝑖𝑗 were
et equal to one. The algebraic connectivity associated to each graph is 𝜆2(1) = 1.83, 𝜆2(2) = 0.70, 𝜆2(3) = 1.00 and 𝜆2(4) = 1.38.

Hence, 𝜆2 = 0.70. These agents interact with four sensors located at 𝐬1 = [3, 0, 1]⊤, 𝐬2 = [0, 2, 1]⊤, 𝐬3 = [−1,−1, 1]⊤, 𝐬4 = [4, 3, 1]⊤.
Thus, the local function for each agent can be written as 𝑓𝑖(𝐱𝑖) =

∑4
𝓁=1 𝑑𝑖𝓁||𝐱𝑖 − 𝐬𝓁||2 and the global function as ∑5

𝑖=1 𝑓𝑖(𝐱𝑖). Given an
arbitrary accessibility matrix

𝐃 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 1 0 0
0 1 0 1
1 0 0 0
0 0 1 1
1 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

and taking into consideration (34), it follows that 𝛩1 = 𝛩2 = 𝛩4 = 4 and 𝛩3 = 𝛩5 = 2, hence, �̄� = 4. The initial state of the agents
is randomly selected in the interval [−4, 4] for coordinates 𝑥1 and 𝑥2 and set to zero for coordinate 𝑥3. The rest of the parameters
are defined as 𝑠 = 0.2, 𝜇 = 0.4, and 𝑇𝑐 = 25𝑠. Consider persistent sinusoidal external disturbances affecting each coordinate on every
agent, described by the local disturbance vector 𝐰𝑖(𝑡) = 0.5[sin (𝑖𝜋𝑡), cos (𝑖𝜋𝑡), sin (−𝑖𝜋𝑡)]⊤. Thus, ||𝐰𝑖(𝑡)|| ≤ 𝛿𝑖 = 0.5

√

2. Then, we set
he disturbance rejection parameter as 𝜌𝑖 = 𝛿𝑖.

Fig. 2 shows the trajectories described by each agent (represented by different colors) w.r.t time on each coordinate 𝑥1, 𝑥2, 𝑥3 and
or pure consensus, i.e., 𝐡𝑖 = 𝟎𝑛. Figs. 2(a) show the system’s behavior when no disturbance rejection occurs. In contrast, Figs. 2(b)
how the behavior when the sliding controller 𝐮𝑑𝑖 is active and considering known initial conditions, i.e., 𝐳𝑖(0) = 𝐱𝑖(0). Under this
remise, σ𝑖(0) = 𝟎𝑛, which translates in no significant deviations of the states of the agents for the optimization time, as pointed out
n Remark 3. On the other hand, Figs. 3 simulate the behavior of the system with uncertainty in the initial conditions of the states,
here 𝐳𝑖(0) is set to zero. Here, the satisfactory performance of controller 𝐮𝑑𝑖 is evident in bringing the system to the sliding phase
𝑖 = 𝟎𝑛 before the predefined time 𝑇𝜎 = 1𝑠 and following a smooth trajectory for the rest of the optimization time.

When comparing Figs. 2 and 3, is evident the excellent performance of the controller in rejecting the bounded disturbance 𝐰𝑖(𝑡)
or both steps of the optimization process. From these figures, one can easily see that each agent is guided toward the minimizer of
ts respective local cost function before 𝜇𝑇𝑐 = 10𝑠. Then, consensus toward the minimizer of the global function is obtained before
predefined time 𝑇𝑐 = 25𝑠. The satisfactory disturbance rejection is even more apparent in the 3D representation of the trajectories

ound in Fig. 4.
For the case of formation control, and inspired by [29], we defined the desired pattern as a pentagon embedded in a circle of

adius R = 0.3, i.e., 𝐡𝑖 = 0.3
[

sin
(

2𝜋
5 (1 − 𝑖)

)

, cos
(

2𝜋
5 (1 − 𝑖)

)

, 0
]⊤

. A 3D representation of the trajectories for this case can be found
9

n Fig. 5.
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Fig. 2. Evolution of the states of the agents with time.

Additionally, Fig. 6 shows the norm of the control input for every agent (top) when the random switching signal 𝜗(𝑡) (bottom)
induces a change in topology every 0.5 s. It is worth noting that there is no communication among agents before 𝜇𝑇𝑐 . Up to this
point, their task is to reach their corresponding minima individually. At 𝑡 = 𝜇𝑇𝑐 , there is a commutation on the controller and
formation (or consensus) control takes place.

6. Conclusion

This study presented a novel fixed-time distributed optimization scheme for achieving formation control in first-order systems
with a predefined convergence-time bound. Contrary to many existing algorithms in the literature, the proposed algorithm exhibits
robustness in the presence of external disturbances and communication issues modeled by a switching network while eliminating
the need for agents to exchange local gradients or Hessians of the cost functions, thereby minimizing communication overhead. The
results underlined their potential for complex control problems and their adaptability to various system dynamics, highlighting their
practical importance in real applications. To this end, its applicability for source localization was verified through several numerical
experiments. Although the scheme proved satisfactory, two critical challenges still need to be addressed, including broader classes
of functions by relaxing the strongly convex condition and the unconstrained nature of the optimization problem. These limitations
will be the main focus of future works.
10
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Fig. 3. Evolution of the states of the agents with time (top) and behavior of the sliding surfaces (bottom) with disturbance rejection and 𝐳𝑖(0) = 𝟎𝑛.

Fig. 4. 3D plot of the evolution of the states of the agents toward the estimated source.

Fig. 5. 3D plot of the evolution of the fixed formation of the agents around the estimated source.
11
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Fig. 6. Behavior of the Control input (top) under the dynamic network 𝜗(𝑡) with random switching signal 𝜗(𝑡) (bottom).

RediT authorship contribution statement

P. De Villeros: Conceptualization, Formal analysis, Methodology, Writing – original draft. R. Aldana-López: Formal analysis,
ethodology, Writing – original draft. J.D. Sánchez-Torres: Conceptualization, Methodology, Supervision, Writing – original draft,
riting – review & editing. M. Defoort: Conceptualization, Methodology, Supervision, Writing – original draft, Writing – review &

diting. A.G. Loukianov: Conceptualization, Methodology, Supervision, Writing – review & editing.

eclaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
o influence the work reported in this paper.

cknowledgment

Pablo De Villeros and Rodrigo Aldana-López acknowledge financial support from the Consejo Nacional de Humanidades, Ciencia
Tecnología (CONAHCYT-México) CVU 1104091 and 992459, respectively.

eferences

[1] A. Nedic, Distributed gradient methods for convex machine learning problems in networks: Distributed optimization, IEEE Signal Process. Mag. 37 (3)
(2020) 92–101.

[2] Y. Liu, Y. Jia, An iterative learning approach to formation control of multi-agent systems, Systems Control Lett. 61 (1) (2012) 148–154.
[3] Z. Fu, Y. Chen, Y. Ding, D. He, Pollution source localization based on multi-UAV cooperative communication, IEEE Access 7 (2019) 29304–29312.
[4] A. Francis, S. Li, C. Griffiths, J. Sienz, Gas source localization and mapping with mobile robots: A review, J. Field Robotics 39 (8) (2022) 1341–1373.
[5] S.Z. Khong, Y. Tan, C. Manzie, D. Nešić, Multi-agent source seeking via discrete-time extremum seeking control, Automatica 50 (9) (2014) 2312–2320.
[6] C. Lin, Z. Lin, R. Zheng, G. Yan, G. Mao, Distributed source localization of multi-agent systems with bearing angle measurements, IEEE Trans. Autom.

Control 61 (4) (2015) 1105–1110.
[7] B. Du, K. Qian, C. Claudel, D. Sun, Multi-agent on-line source seeking using bandit algorithm, IEEE Trans. Autom. Control (2022) 3147–3154.
[8] Z. Peng, Y. Jiang, L. Liu, D. Wang, Distributed optimization for coordinated dynamic positioning of multiple surface vessels based on asymptotically stable

ESOs, Ocean Eng. 246 (2022) 110507.
[9] Y. Zou, K. Xia, Z. Zuo, D. Li, Z. Ding, Velocity-free distributed coordinated optimal control for second-order multi-agent systems, Automatica 154 (2023)

111059.
[10] S. Dougherty, M. Guay, An extremum-seeking controller for distributed optimization over sensor networks, IEEE Trans. Autom. Control 62 (2) (2016)

928–933.
[11] S. Pu, W. Shi, J. Xu, A. Nedić, Push–pull gradient methods for distributed optimization in networks, IEEE Trans. Autom. Control 66 (1) (2020) 1–16.
[12] K. Du, Q. Ma, Y. Kang, S. Wang, A distributed optimization algorithm over Markov switching topology under adversarial attack, J. Franklin Inst. (2022)

1–15.
[13] N. Liu, H. Zhang, Y. Chai, S. Qin, Two-stage continuous-time triggered algorithms for constrained distributed optimization over directed graphs, J. Franklin

Inst. (2023) 2159–2181.
[14] Y. Zhao, Y. Liu, G. Wen, G. Chen, Distributed optimization for linear multiagent systems: Edge-and node-based adaptive designs, IEEE Trans. Autom.

Control 62 (7) (2017) 3602–3609.
[15] Y. Du, F. Chen, L. Xiang, G. Guo, G. Chen, Simultaneous source localization and formation via a distributed sign gradient-free algorithm, IEEE Trans.

Control Netw. Syst. (2023) 1–10.
[16] C. Ding, R. Wei, F. Liu, Prescribed-time distributed optimization for time-varying objective functions: A perspective from time-domain transformation, J.

Franklin Inst. 359 (17) (2022) 10267–10280.
[17] M. Zak, Terminal attractors in neural networks, Neural Netw. 2 (4) (1989) 259–274.
12

http://refhub.elsevier.com/S0016-0032(24)00409-5/sb1
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb1
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb1
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb2
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb3
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb4
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb5
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb6
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb6
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb6
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb7
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb8
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb8
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb8
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb9
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb9
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb9
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb10
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb10
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb10
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb11
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb12
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb12
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb12
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb13
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb13
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb13
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb14
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb14
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb14
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb15
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb15
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb15
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb16
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb16
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb16
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb17


Journal of the Franklin Institute 361 (2024) 106988P. De Villeros et al.
[18] A. Polyakov, Nonlinear feedback design for fixed-time stabilization of linear control systems, IEEE Trans. Autom. Control 57 (8) (2012) 2106–2110.
[19] X. Wang, G. Wang, S. Li, A distributed fixed-time optimization algorithm for multi-agent systems, Automatica 122 (2020) 1–10.
[20] K. Garg, M. Baranwal, D. Panagou, A fixed-time convergent distributed algorithm for strongly convex functions in a time-varying network, in: 2020 59th

IEEE Conference on Decision and Control, CDC, IEEE, 2020, pp. 4405–4410.
[21] H. Dai, X. Fang, J. Jia, Consensus-based distributed fixed-time optimization for a class of resource allocation problems, J. Franklin Inst. 359 (18) (2022)

11135–11154.
[22] J.D. Sánchez-Torres, E.N. Sanchez, A.G. Loukianov, A discontinuous recurrent neural network with predefined time convergence for solution of linear

programming, in: 2014 IEEE Symposium on Swarm Intelligence, IEEE, 2014, pp. 1–5.
[23] J.D. Sánchez-Torres, E.N. Sanchez, A.G. Loukianov, Predefined-time stability of dynamical systems with sliding modes, in: American Control Conference,

ACC, 2015, 2015, pp. 5842–5846, URL https://ieeexplore.ieee.org/document/7172255.
[24] J.D. Sánchez-Torres, D. Gómez-Gutiérrez, E. López, A.G. Loukianov, A class of predefined-time stable dynamical systems, IMA J. Math. Control Inform. 35

(Suppl 1) (2018) i1–i29.
[25] E. Jiménez-Rodríguez, A.J. Muñoz-Vázquez, J.D. Sánchez-Torres, M. Defoort, A.G. Loukianov, A Lyapunov-like characterization of predefined-time stability,

IEEE Trans. Autom. Control 65 (11) (2020) 4922–4927.
[26] R. Aldana-López, D. Gómez-Gutiérrez, E. Jiménez-Rodríguez, J.D. Sánchez-Torres, M. Defoort, Generating new classes of fixed-time stable systems with

predefined upper bound for the settling time, Internat. J. Control 25 (10) (2022) 2802–2814.
[27] P. De Villeros, J.D. Sánchez-Torres, M. Defoort, M. Djemai, A. Loukianov, Predefined-time formation control for multiagent systems-based on distributed

optimization, IEEE Trans. Cybern. 53 (12) (2023) 7980–7988.
[28] S. Li, X. Nian, Z. Deng, Z. Chen, Predefined-time distributed optimization of general linear multi-agent systems, Inform. Sci. 584 (2022) 111–125.
[29] X. Gong, Y. Cui, J. Shen, J. Xiong, T. Huang, Distributed optimization in prescribed-time: Theory and experiment, IEEE Trans. Netw. Sci. Eng. (2021)

564–576.
[30] L. Ma, C. Hu, J. Yu, L. Wang, H. Jiang, Distributed fixed/preassigned-time optimization based on piecewise power-law design, IEEE Trans. Cybern. (2022)

1–14.
[31] R. Aldana-López, R. Seeber, H. Haimovich, D. Gómez-Gutiérrez, On inherent limitations in robustness and performance for a class of prescribed-time

algorithms, Automatica 158 (2023) 111284.
[32] P. De Villeros, R. Aldana-López, J. Sánchez-Torres, M. Defoort, M. Djemai, A. Loukianov, Distributed predefined-time optimization in formation control

under switching topologies, IFAC-PapersOnLine (ISSN: 2405-8963) 56 (2) (2023) 43–48, 22nd IFAC World Congress.
[33] P. DeVilleros, J.D. Sánchez-Torres, M. Defoort, A. Loukianov, Distributed predefined-time optimization for basic source estimation, in: 2023 20th

International Conference on Electrical Engineering, Computing Science and Automatic Control, CCE, 2023, pp. 1–6.
[34] X. Wang, G. Wang, S. Li, Distributed finite-time optimization for integrator chain multiagent systems with disturbances, IEEE Trans. Autom. Control 65

(12) (2020) 5296–5311.
[35] J. Lu, C.Y. Tang, Zero-gradient-sum algorithms for distributed convex optimization: The continuous-time case, IEEE Trans. Autom. Control 57 (9) (2012)

2348–2354.
[36] P. De Villeros, J.D. Sánchez-Torres, A.J. Muñoz-Vázquez, M. Defoort, G. Fernández-Anaya, A. Loukianov, Distributed predefined-time optimization for

second-order systems under detail-balanced graphs, Machines 11 (2) (2023) 1–13.
[37] C. Godsil, G.F. Royle, Algebraic Graph Theory, vol. 207, Springer Science & Business Media, 2001.
[38] S. Boyd, S.P. Boyd, L. Vandenberghe, Convex Optimization, Cambridge University Press, 2004.
[39] C. Fischer, H. Brandtstadter, V. Utkin, M. Buss, Cost functional minimizing sliding mode control design, in: 2006 IEEE Conference on Computer Aided

Control System Design, 2006 IEEE International Conference on Control Applications, 2006 IEEE International Symposium on Intelligent Control, 2006, pp.
990–995.

[40] Y. Nesterov, et al., Lectures on Convex Optimization, vol. 137, Springer, 2018.
[41] A.F. Filippov, Differential Equations with Discontinuous Righthand Sides, Kluwer Academic Publishers Group, Dordrecht, 1988, pp. 1–314.
[42] F. Lopez-Ramirez, D. Efimov, A. Polyakov, W. Perruquetti, On necessary and sufficient conditions for fixed-time stability of continuous autonomous systems,

in: 2018 European Control Conference, ECC 2018, IEEE, 2018, pp. 197–200.
[43] R. Aldana-López, D. Gómez-Gutiérrez, E. Jiménez-Rodríguez, J.D. Sánchez-Torres, M. Defoort, Enhancing the settling time estimation of a class of fixed-time

stable systems, Internat. J. Robust Nonlinear Control 29 (12) (2019) 4135–4148.
[44] J.D. Sánchez-Torres, M. Defoort, A.J. Muñoz-Vázquez, Predefined-time stabilisation of a class of nonholonomic systems, Internat. J. Control 93 (12) (2020)

2941–2948.
[45] D. Liberzon, Switching in Systems and Control, vol. 190, Springer, 2003.
[46] W. Ren, R.W. Beard, Distributed Consensus in Multi-vehicle Cooperative Control, Springer-Verlag London Limited, 2008.
[47] J. Lu, C.Y. Tang, Zero-gradient-sum algorithms for distributed convex optimization: The continuous-time case, IEEE Trans. Autom. Control 57 (9) (2012)

2348–2354.
[48] V. Utkin, J. Shi, Integral sliding mode in systems operating under uncertainty conditions, in: Proceedings of 35th IEEE Conference on Decision and Control,

vol. 4, IEEE, 1996, pp. 4591–4596.
[49] R. DeCarlo, S. Drakunov, Sliding mode control design via Lyapunov approach, in: Proceedings of 1994 33rd IEEE Conference on Decision and Control,

Vol. 2, 1994, pp. 1925–1930.
[50] A.G. Loukianov, O. Espinosa-Guerra, B. Castillo-Toledo, V.A. Utkin, Integral sliding mode control for systems with time delay, in: International Workshop

on Variable Structure Systems, 2006, VSS’06, IEEE, 2006, pp. 256–261.
[51] J. Sanchez, R. Fierro, Sliding mode control for robot formations, in: Proceedings of the 2003 IEEE International Symposium on Intelligent Control, 2003,

pp. 438–443.
[52] J.D. Sánchez-Torres, A.J. Muñoz-Vázquez, M. Defoort, R. Aldana-López, D. Gómez-Gutiérrez, Predefined-time integral sliding mode control of second-order

systems, Int. Syst. Sci. 51 (16) (2020) 3425–3435.
[53] Z. Yu, J. Sun, S. Yu, H. Jiang, Fixed-time distributed optimization for multi-agent systems with external disturbances over directed networks, Internat. J.

Robust Nonlinear Control (2023) 953–972.
13

http://refhub.elsevier.com/S0016-0032(24)00409-5/sb18
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb19
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb20
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb20
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb20
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb21
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb21
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb21
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb22
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb22
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb22
https://ieeexplore.ieee.org/document/7172255
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb24
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb24
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb24
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb25
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb25
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb25
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb26
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb26
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb26
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb27
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb27
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb27
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb28
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb29
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb29
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb29
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb30
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb30
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb30
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb31
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb31
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb31
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb32
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb32
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb32
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb33
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb33
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb33
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb34
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb34
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb34
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb35
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb35
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb35
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb36
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb36
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb36
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb37
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb38
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb39
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb39
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb39
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb39
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb39
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb40
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb41
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb42
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb42
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb42
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb43
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb43
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb43
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb44
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb44
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb44
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb45
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb46
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb47
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb47
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb47
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb48
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb48
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb48
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb49
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb49
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb49
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb50
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb50
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb50
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb51
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb51
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb51
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb52
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb52
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb52
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb53
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb53
http://refhub.elsevier.com/S0016-0032(24)00409-5/sb53

	Robust fixed-time distributed optimization with predefined convergence-time bound
	Introduction
	Preliminaries
	Notation
	Graph theory
	Convex analysis
	Stability notions
	Important lemmas
	Zero-Gradient-Sum Algorithms
	Integral sliding modes

	Problem definition
	Main Results
	Application to source localization
	Approximate source localization
	Numerical example

	Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgment
	References


