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In this series of papers we aim to provide a mathematically comprehensive framework 
to the hamiltonian pictures of quantum field theory in curved spacetimes. Our final 
goal is to study the kinematics and the dynamics of the theory from the point of 
differential geometry in infinite dimensions. In this first part we introduce the tools of 
Gaussian analysis in infinite dimensional spaces of distributions. These spaces will serve 
the basis to understand the Schrödinger and Holomorphic pictures, over arbitrary Cauchy 
hypersurfaces, using tools of Hida-Malliavin calculus. Here the Wiener-Ito decomposition 
theorem provides the QFT particle interpretation. Special emphasis is done in the 
applications to quantization of these tools in the second part of this paper. We devote 
a section to introduce Hida test functions as a notion of second quantized test functions. 
We also analyze of the ingredients of classical field theory modeled as distributions paving 
the way for quantization procedures that will be analyzed in [3].
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1. Introduction

The mathematical description of Quantum Field Theory on an arbitrary background has always been a complicated 
task. During the past century, most efforts focused on the algebraic side [4–6,13–16,21,44]. That approach proved to be 
very successful in encoding the properties of quantum operators and states in a mathematically consistent framework. 
Nonetheless, it did not consider other mathematical aspects of the description, as the differential geometric ones; which 
were not described in detail either in the other main mathematical approach to QFT, non-commutative geometry ([7,8]), 
more focused, again, on algebraic tools. In particular, the geometrical description of the space of fields justifying, for instance, 
the existence of a Poisson bracket or a symplectic form, relies on the definition of the suitable differentiable structure on 
the fields phase-space, which in this case is cumbersome to build.

Furthermore, one of our interests in this construction comes from its potential use in a hybrid quantum-classical Hamil-
tonian description of quantum fields dynamically coupled to the classical gravitational tensor fields [2]. The description of 
gravity largely depends on differential geometric tools. Thus, we tailor our description of the quantum scalar field with 
those tools too.

In our work we consider the symplectic characterization of quantum mechanics of [30]. In that work Kibble defines 
a Poisson structure on the space of pure states of the Schrödinger-Hamiltonian description of QFT. In that approach one 
can investigate the origin of different geometric tools introduced on the classical phase space of fields and quantum phase 
space of pure states. Thus, we aim to carefully study the interdependence of each approach to quantization with the com-
plex structure of the classical phase space and, in turn, on the metric tensor defined on the space-time. The Hamiltonian 
treatment of this approach justifies why we prefer a non-covariant description of the quantum fields (although the global 
model is covariant) and the choice of the 3+1 Hamiltonian formalism for gravity. We also stick to this representation of 
gravity and QFT in [2].

Regarding the mathematical foundations, our construction is largely built upon the results of Gaussian analysis and 
Hida-Malliavin calculus developed during the last two decades of the XXth century to study stochastic variational systems 
and applied with huge success to model financial systems [23,24,29,31,34,38,39,47]. These tools allow us to present the 
Hamiltonian descriptions of pure quantum states in a simplified language. The set of states has been usually studied with 
different algebraic or analytical tools under the names of Schrödinger [1,9,17,25–27,32,35,36] and holomorphic pictures 
[40–42].

In this two-part paper, we re-obtain those results but from a geometrical perspective which will allow us to build a 
description in terms of Poisson structures in the second part of this series [3]. This geometrical flavor requires of a careful 
description of the different structures and of the relations between them required to build the final quantum description. 
Hence, we want to build a consistent geometric description of different sets of tools developed in the last years to model 
QFT.

In this first work we will consider the set of necessary mathematical tools to fix notation and introduce the structures 
used in the second work of this series. The structure of the current paper is as follows. Firstly, with the objective of providing 
with the necessary framework to perform integro-differential calculus and differential geometry, in section 2 we will briefly 
summarize how to use the structure of nuclear spaces to build a differentiable structure on the set of fields. Following 
this discussion, the second mathematical ingredient within section 2 will delve on the necessity of rigged Hilbert spaces 
to identify these nuclear spaces with suitable subspaces of their duals to be able to map vectors and covectors on those 
field manifolds. This mechanism provides a practical framework to deal with tensor calculus. A very important ingredient 
that justifies the use of nuclear spaces to model the space will be integral calculus. In particular the origin, existence and 
properties of the set of Gaussian measures on the space of fields, which constitute the third mathematical ingredient treated 
2



J.L. Alonso, C. Bouthelier-Madre, J. Clemente-Gallardo, and D. Martínez-Crespo Journal of Geometry and Physics 203 (2024) 105264
in section 2. These Gaussian measures are required to build the Hilbert space structure on the set of pure quantum states. 
In order to provide the reader with some insight on the nature of this Gaussian-measure based L2 space, we present several 
of its dense subalgebras of special relevance in QFT. Namely, the algebras of polynomials P , trigonometric exponentials T
and coherent states C .

After this mathematical contextualization, we will be ready to relate our framework with the usual approach to QFT 
through the introduction of several mathematical transforms, borrowed from stochastic calculus and Gaussian analysis. 
Firstly, the Wiener-Ito decomposition will yield the coefficients in the (bosonic) Fock space of quantum states. Secondly, the 
Segal-Bargmann transform will relate the functional holomorphic and Schrödinger pictures of QFT. Lastly, we will see how 
to use the tools of Malliavin calculus, in particular the Malliavin derivative and the Skorokhod integral (generalization of 
Ito integral to non-adapted stochastic processes [38]), to play the role of annihilation and creation operators in QFT. This 
compendium of mathematical ingredients is closed in section 2.6, where we analyze the set of Hida test functions and 
their role in the rigorous characterization of the pure quantum states in the Schrödinger (and holomorphic) wave functional 
picture, as it is known in the physical literature.

Within the community of stochastic calculus, the relation between the tools of Malliavin calculus and operators in 
quantum field theory is already noticed in the literature [22] and the close relation of white noise analysis and Hida-
Malliavin calculus with Feynman integrals has been also studied in detail [24,34,47]. From the physics point of view, the 
necessity of Gaussian analysis has been also hinted as a necessary tool to study the Schrödinger picture of QFT [9,17,25–
27,35,36], the holomorphic picture [41,42] and their relation thorough the integral transforms [40]. Moreover, Gaussian 
analysis is needed to describe star products in deformation quantization [11] and in algebraic QFT quasifree states, also 
called Gaussian states, are considered the class of states that reproduce the desirable physical properties of a theory [4] and 
they can be easily related with the Wick order of the Wiener-Ito decomposition theorem.

Despite the plethora of examples presented above that reflect the importance of Gaussian analysis as a tool for QFT, to 
the best of our knowledge, the powerful and efficient formalism developed for stochastic calculus has not been used in full 
to describe the Hamiltonian pictures of quantum field theory. Moreover, this formalism allows to take this analysis one step 
further and study, in a systematic way, the dynamics of the theory. The aim of this series of papers is to bring together both 
approaches to extract a coherent and systematic way of treating QFT in curved spacetimes from the Hamiltonian perspective.

Once the mathematical tools for the characterization of functional Hilbert spaces are introduced, Section 3 analyzes 
the geometrical structure of the classical phase space of fields. As a result, we conclude that the introduction of a complex 
structure in that set determines the Hilbert space of one-particle quantum states. We analyze also the role of the differential 
geometric properties of the phase space of classical fields with the construction of the quantum theory. This issue becomes 
crucial when constructing a hybrid quantum-classical model as the one introduced in [2].

In section 4 we summarize our results and contextualize the usefulness of these tools for applications in QFT. Precisely, 
in the second paper of this series [3], we will use these tools to present different methods of quantization and characterize, 
in geometrical terms, the differentiable structures of the resulting manifold of quantum states. With these, we will obtain 
a geometrical description of quantum field theory on a curved background as a Hamiltonian system that will encode the 
definition of the dynamics from first principles.

2. Mathematical preliminaries

In the following sections we will be constructing a differential-geometrical description of the phase space of classical 
field theories and the quantum phase space of pure states of a quantum field in the sense of [30]. They are, in both cases, 
infinite dimensional linear spaces. In order to do that, we will require modeling those manifolds on topological vector spaces 
where we can construct a differential calculus. Besides, in the case of the quantum phase space, we will also require the 
operators representing our physical magnitudes to be essentially self-adjoint on their domains, which will be submanifolds 
of the total space. In some applications, we may use a Hilbert space as modeling space, but this is not the general case. 
The most general framework is provided by dense subsets of functions of a Hilbert space, with enough properties to admit 
a well-behaved notion of continuity and differentiability. The best suited sets of such functions will be Nuclear-Fréchet (NF) 
spaces, whose main properties are presented below, with a few relevant examples. Furthermore, we will require to be able 
to define rigorously Borel probability measures on those manifolds, for the definition of quantum states to make sense. 
Thus, we are forced to consider also strong duals of NF spaces (DNF) as models of geometry. As Gaussian measures solve 
the Schrödinger equation for free field theories, [25,26,36], this will be our preferred choice.

Furthermore, the construction of tensors on these manifolds will require considering both tangent and cotangent spaces. 
As the dual spaces of the nuclear spaces are spaces of distributions, tangent and cotangent spaces will be non-isomorphic. In 
order to define a practical model, we will consider the notion of Gel’fand triple to be able to model vectors and covectors as 
elements of a suitable Hilbert space. This will provide us with suitable tensors on the tangent or on suitable dense subsets 
of the cotangent space.

Finally, we will analyze in detail the nuclear space used to model the set of pure quantum states, the space of Hida 
test functions, and the corresponding Gel’fand triple. While, in regard to this paper, it is just an illustrative example of the 
construction for a certain nuclear space, its importance for the analysis in the second part of this series demands a specific 
analysis.
3
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2.1. Nuclear spaces: doing differential geometry in infinite dimensions

It is a well known fact that, in order to define Gaussian Borel probability measures in infinite dimensions, the natural 
setting is that of Nuclear-Fréchet spaces (NF) and its strong duals (DNF). This is discussed thoroughly in [18]. Besides both 
categories of topological vector spaces are convenient and admit partitions of unity which turns them into suitable models 
for infinite dimensional geometry in the sense of [33]. See also [12] for the Frechèt case. In this section we focus on 
integration theory and we will summarize its main ingredients on the dual pair (N , N ′) where N is a NF space and N ′
is its dual endowed with the strong topology.1 In particular, we are interested in 

(
C∞

c (K ), D ′(K )
)
, the compactly supported 

functions and distributions over a compact subset K ⊂ Rd and 
(
S(Rd), S ′(Rd)

)
the space of Schwartz functions of fast 

decay and the space of tempered distributions.
For completeness we define here the functional spaces to be used in a way that fits our purpose.

Definition 1 (Nuclear space). A nuclear space X is a topological vector space whose topology is given by a family of Hilbert 
seminorms p such that, if Xp is the Hilbert space obtained as the completion of the preHilbert space (X/p−1(0), p), then 
there is a larger seminorm q such that Xq ↪→ Xp is a Hilbert-Schmidt operator [45].

For infinite dimensional topological vector spaces X, Y tensor products can be endowed with a family of different topolo-
gies between the projective X ⊗π Y and injective X ⊗ε Y tensor product induced topologies. If one or both spaces are 
nuclear both topologies coincide and therefore there is only one notion of tensor product X ⊗ Y . We will use this fact in 
the following sections to define polynomials over X .

Definition 2 (NF nuclear-Fréchet space). A Nuclear space which is also Fréchet N can be regarded as the projective limit 
of a countable family of separable2 Hilbert spaces {Hp}∞p=0, with scalar products 〈·, ·〉p such that for q > p the injection 
Hq ↪→Hp is Hilbert-Schmidt. Thus

N =
∞⋂

p=0

Hp

with the projective limit topology.

Riesz representation theorem allows us to identify a Hilbert space with its dual. By convention we set H′
0 = H∗

0 where 
∗ represents complex conjugation. This implies that in the inclusion Hp ↪→ H0, for p > 0, the space Hp can no longer be 
identified with its dual. We will denote this dual space by H0 ↪→H−p . The next definition can be regarded as a consequence 
of the last one.

Definition 3 (DNF dual of a nuclear Fréchet space). The strong dual of a NF space N ′ can be regarded as the inductive limit of 
a countable family of separable Hilbert spaces {H−p}∞p=0 such that for q > p the injection H−q ←↩ H−p is the transpose of 
a Hilbert-Schmidt operator. Thus

N ′ =
∞⋃

p=0

H−p

with the inductive limit topology. A DNF space is always nuclear. Furthermore it is a Nuclear Silva space [33].

2.2. Rigged Hilbert spaces and main examples

With the definitions given so far we notice that the space H0 plays an important role. This motivates the consideration 
of a triple of spaces therefore leading to the concept of rigged Hilbert space.

Definition 4 (Rigged Hilbert Space). Assume that H0 is a separable Hilbert space then, then we define a rigged Hilbert space 
or Gel’fand triple as the triple of spaces

N ⊂ H0 ⊂ N ′

where N is a NF space and N ′ its dual and each inclusion is continuous.

1 In this case we endow the DNF space with the strong topology, which coincides with the Mackey topology, but the same Borel σ -algebra is generated 
from the weak topology.

2 Every Frechèt space is complete and Barreled ([45] Corollary 1 Chapter 33). A complete Barreled Nuclear space is a Montel space ([45] Corollary 3 
Chapter 50). Montel spaces are reflexive ([45] Corollary of Proposition 36.9) and Frechèt Montel spaces are separable ([33] Result 52.27). Thus it follows 
that a Nuclear-Frechèt space is reflexive and separable. This fact allows to choose the chain of separable Hilbert spaces for this definition.
4
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In the structure presented here H0 is said to realize the duality, which means that the scalar product of H0 identifies 
an element of N with its dual in N ′ . N is a dense subspace of the Hilbert space and this construction allows to, in some 
sense, parametrize the duality and define N as a subset of N ′ . Notice, however, that in general different Hilbert spaces can 
be used to parametrize the duality of the same pair (N , N ′).

In the rigging there are three main ingredients: the set of functions N , its dual space N ′ and the dual pairing of the 
Hilbert space H0. Firstly, elements ξx ∈N will be typically well defined functions (see examples below) and will be denoted 
by a bold subindex. Secondly, elements ϕx ∈ N ′ will be distributions (with no pointwise meaning in general) and they will 
be denoted by a bold superindex. Sometimes we will denote the value of the function at a point x with a regular subindex 
ξx , but notice that this can not be done in general for distributions. With those two ingredients the duality is denoted, 
mimicking Einstein summation convention,

ξx ∈ N ,ϕx ∈ N ′ paired by ξxϕ
x := 〈ξx,ϕ

x〉 ∈ R (C). (1)

The third and last ingredient are the dual pairing of H0. This element can be considered in a threefold way

a) Dual pairing between elements in N ⊂H0 with 〈ξ1
x , ξ2

y 〉 = ξ1
x 	xyξ2

y

b) Dual pairing between elements in H0 ⊂N ′ with 〈ϕx
1 , ϕy

2〉 = ϕx
1 Kxyϕ

y
2

c) Injection of 	xy : N ↪→ N ′ through the pairing of H0 such that ξx	
xy = ξ y with a densely defined inverse ϕx Kxy = ϕy

such that 	xz Kzy = δx
y is the evaluation mapping.

We will be using the three different frameworks in the following sections.
The main examples of NF spaces, which play the roles of model spaces for the classical field theories in this work are 

the following:

Example 1 (Smooth functions of compact support on a compact K ). Let K ⊂Rd then the space C∞
c (K ) is NF [45] with the initial 

topology induced from the family of Hilbertian norms

‖ϕ‖2
K ,n =

∑
|α|≤n

∫
K

|∂αϕ(x)|2dxd, (2)

where α ∈Nd
0 is a multi-index and |α| = α1 + · · · + αd . Its dual is the DNF space D ′(K ). This is not the family of Hilbertian 

seminorms of Definition 2, instead we should use the Hamiltonian of the harmonic oscillator to introduce them as in [24].
Notice that we could also define C∞

c (U ), for U ⊂ R an open set. This is a nuclear but not a Fréchet space; instead it is 
a Nuclear LF space (see [18] for details). For our purposes we will limit our attention to the compact domain in order to 
reduce technicalities.

Example 2 (Smooth functions of fast decay). The space S(Rd) of smooth functions of fast decay is NF with the initial topology 
induced from the family of Hilbertian norms

‖ϕ‖2
m,n =

∑
|α|≤n,|β|≤m

∫
Rd

d∏
i=1

(1 + x2
i )

2βi |∂αϕ(x)|2dxd (3)

where α, β ∈ Nd
0 are multi-indices. This is not the family of Hilbertian seminorms of Definition 2, instead we should use 

the Hamiltonian of the harmonic oscillator to introduce them as in [24]. This topology is equivalent to the one usually 
introduced via supremum type seminorms [23]. Its dual S ′(Rd) is the DNF space of tempered distributions. This space is 
the one commonly used in white noise analysis [24]

Example 3 (Smooth functions of compact support on a compact Manifold). For � a compact manifold the definition of C∞
c (�)

goes on as in Example 1. If we endow the manifold with a Riemannian metric h there is a canonical volume form∫
�

ξ dVolh =
∫
U

dxd
√|h(x)|ξ(x), (4)

for ξ supported on a subset of � covered by a single chart with coordinates in U . This, in turn, leads to a canonical Hilbert 
space of square integrable functions L2(�, dVolh) and therefore to the rigged Hilbert space

C∞
c (�) ⊂ L2(�,dVolh) ⊂ D ′(�) (5)

As discussed in Definition 4 the scalar product on a rigged Hilbert space can be considered in a threefold way, as we can 
illustrate over a chart with coordinates in U ⊂ Rd . Because of the importance of this particular example throughout this 
work, we detail the notation for the bilocal kernels exposed below (1). All three cases will be denoted by the same symbol 
δxy , δxy and δx

y and the difference between them is understood by context as follows
5
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a) Dual pairing between elements in C∞
c (�) ⊂ L2(�, dVolh) with

〈ξx, ηy〉 = χxδ
xyηy =

∫
U

dxd
√|h(x)|ξ(x)η(x)

b) Dual pairing between elements in L2(�, dVolh) ⊂ D ′(�) with

〈πx,ϕy〉 = π xδxyϕ
y =

∫
U

dxd√|h(x)|π(x)ϕ(x),

where π(x), ϕ(x) are identified with densities of weight 1. Notice that the factor 
√|h(x)| appears in the denominator 

and π(x)√|h(x)| , 
ϕ(x)√|h(x)| are L2(�, dVolh) representatives.

c) We can also see the injection δxy : C∞
c (�) ↪→ D ′(�) such that

ηy = ηxδ
xy =

∫
U

dxd
√|h(x)|δd(x − y)η(x) =√|h(y)|η(y)

is a representative of a density of weight 1. On the other hand δxy is a densely defined inverse

ϕy = ϕxδxy =
∫
U

dxd√|h(x)|δ
d(x − y)ϕ(x) = ϕ(y)√|h(y)|

such that δxzδzy = δx
y is the evaluation mapping

δx
yηx = ηy = η(y)

which only makes sense over C∞
c (�).

The differences between δxy , δxy and δx
y are often misinterpreted in the literature since the three of them can be identi-

fied with the Dirac delta in Rd with the Lebesgue measure.
In this picture elements of D ′(�) are distributions used to integrate the elements of C∞

c (�) and this nontrivial structure 
is reframed in the rigged Hilbert space with a nontrivial representation of the scalar product as an integral kernel.

Notice that for different applications, the identification of the field and its dual may be different. Thus, in classical field 
theory the common approach [19,20] is to model classical fields as elements of a n-th jet bundle with n the number of 
derivatives needed to describe the theory. We can say that, in this approach, fields are modeled over elements of C∞

c (�). 
In those approaches the dual jet bundle is built upon the concept of scalar density of weight one that are constructed 
using volume forms ξdx1 ∧ · · · ∧ dxd with ξ ∈ C∞

c (�). Thus, the topology of the model space for the dual jet bundle is 
that of C∞

c (�). This approach makes the treatment significantly easier at the cost of giving up the possibility of describing 
the duality with the strong topology. In those approaches the dual pairing is described as in a). On the other hand, in 
algebraic QFT the situation is radically different. Classical fields to be quantized are taken as a priori distributions of D ′(�)

and equations of motion must be implemented weakly using arbitrary test functions acted upon by the adjoint evolution 
operator. For this reason we must think of both fields and their duals as modeled over the same space of distributions and 
the dual pairing only makes sense as in case b) [4].

Other important family of examples of rigged Hilbert spaces are reliant upon the NF space of Hida test functions, which 
will be the set used to model the space of pure quantum field states, considered as Schrödinger wavefunctionals with 
fields in their domain. Its construction is significantly more difficult and needs a careful study of Gaussian integration to be 
developed in the following sections. For this reason we postpone its introduction to subsection 2.6.

2.3. Defining a scalar product: Gaussian measures

As we are intending to describe a theory of pure quantum field states, we must endow the space of quantum states with 
a scalar product. As we mentioned above, the most commonly used measures in QFT correspond to Gaussian measures, 
often referred to a given vacuum state. We will review below their main definition and properties, first for the simple case 
of real test functions, and then in the case of complex ones, which will be more useful for us later.
6
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2.3.1. The real case
The procedure to define a Gaussian measure μ over a NF space N ′ is straightforward once we notice that the σ -algebra 

generated by its cylinder subsets corresponds to the Borel σ -algebra of the weak and strong topologies of N ′ [34]. Bochner-
Minlos theorem [18,23] provides an even straighter path to defining μ. First, we consider the bilinear operation ξx	

xyξy to 
be continuous with respect to the topology of N . Then, we consider the characteristic functional of a Gaussian measure μ

C(ξx) =
∫
N ′

Dμ(ϕx)eiξxϕ
x := e− 1

2 ξx	
xyξy . (6)

Bochner-Minlos theorem states that there exists a unique Borel probability measure that fulfills (6). We will use this fact 
as the definition of μ. In [3] we will interpret this measure as part of the vacuum. Considered with respect to a Gel’fand 
triple,

N ⊂ H	 ⊂ N ′,

the bilinear symmetric form 	xy corresponds to the representation of the scalar product of the Cameron-Martin Hilbert 
space H	 . This space is obtained by completion of N with the covariance 	xy and is of huge importance in Gaussian anal-
ysis because provides the necessary tools to develop integration as we will see below. This triple also posses an important 
physical interpretation in QFT, it represents the Hilbert space of one particle states as will be explained around (81).

2.3.2. The complex case
If we consider the case of complex test functions NC of any of the aforementioned examples of nuclear spaces, most of 

the properties work in the same form as for the real case. Let us consider the complexification of the space of distributions 
such that an element φx ∈N ′

C is written as

φx = 1√
2
(ϕx − iπx), (7)

for (ϕx, πx) ∈N ′ ×N ′ from which follows φ̄x = 1√
2
(ϕx + iπx). We use this sign convention for the holomorphic coordinate 

to match with the conventions of [3]. Complex test functions can also be written in holomorphic and antiholomorphic 
coordinates, for ρx ∈NC we use the dual conjugate convention

ρx = 1√
2
(ξx + iηx) (8)

for (ξx, ηx) ∈ N × N and ρ̄x = 1√
2
(ξx − iηx). With these conventions the dual pairing is written 〈ρx, φx〉 = ρxφ

x . If we 
endow each copy of the cartesian product with the measure given by (6), we can define a measure to the complex domain 
defined by the characteristic functional

Cc(ρx, ρ̄y) =
∫

N ′
C

Dμc(φ̄
x, φx)ei(ρxφx+ρxφ

x) = e−ρ̄x	
xyρy , (9)

where now the covariance 	xy will be a hermitian form on NC , i.e. 	xy = (	∗)xy . Notice that, by construction, the complex 
measure is the product measure of two real ones. In this case the associated Cameron-Martin Gel´fand triple is

NC ⊂ H	 ⊂ N ′∗
C .

The conjugation ∗ follows from our conventions (7) and (8). To fix notation we indicate that, throughout this work, the 
strong dual will be denoted by ′ while ∗ indicates only complex conjugation.

2.3.3. Integral transforms on Gaussian measures
Among the different integral transforms defined over a Gaussian measure the most relevant for Quantum Field Theory 

is the S transform. Throughout this whole section we will consider a Gaussian measure μ defined on N ′ or N ′
C with 

associated characteristic functional (9). For the real case we define:

Definition 5 (Sμ transform). For the Gaussian measure of (6) we define the Sμ transform as a generalization of the Laplace 
transform. For a given function � : N ′ →C it takes the form

Sμ[�](ξx) =
∫

′
Dμ(ϕx)�(ϕx)exp

(
ξxϕ

x − 1

2
ξx	

xyξy
)

(10)
N

7
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This is to be thought as the action of a translation ϕx → ϕx + 	xyξy on the domain of integration. For the complex case 
it is readily defined in (anti)-holomorphic coordinates as

Definition 6 (Sμc complex transform). For the complex Gaussian measure of (9) and a given function � : N ′
C → C, the 

transform takes the form

Sμc [�](ρx, ρ̄x) =
∫

N ′
C

Dμc(φ
x)�(φx, φ̄x)exp

(
ρxφx + ρxφ

x − ρ̄x	
xyρy

)
(11)

Notice that this definition is nothing but the combination of two copies of Definition 5, one for each variable, and the 
required change to holomorphic coordinates.

Another relevant transform is the T transform. It is the extension of the definition of characteristic functional (9) to 
include a generic function besides the measure, defined as follows

Definition 7 (Tμc complex transform). For the complex Gaussian measure of (9) and a given � :N ′
C →C takes the form

Tμc [�](ρx, ρ̄y) =
∫

N ′
C

Dμc(φ
x)ei(ρzφz+ρzφ

z)�(φx, φ̄y) (12)

Both transforms are related by C(ρx, ρ̄y)Sμc [�](ρx, ρ̄x) = Tμc [�](−iρx, −iρy) each of those transformations reveal dif-
ferent features of L2(N ′

C, Dμc) as we will see below.

2.4. The Hilbert space of quantum pure states L2(N ′
C, Dμc) through its subalgebras

The Hilbert space L2(N ′
C, Dμc) will represent in [3] the Hilbert space of pure quantum states of a QFT of the scalar 

field. In this section we introduce it through the study of some their subalgebras. The structure of this Hilbert space may 
seem difficult to tackle down. At first glace we are dealing with functions with domains in an infinite dimensional space of 
distributions. This is some times referred to as working at the level of second quantization in the literature. In order to study 
the whole space, it is useful to consider families of functions that are dense in the space L2(N ′

C, Dμc) and that simplify the 
definition of the objects we are interested in. Here we include the algebras of polynomials P , trigonometric exponentials T
and coherent states C . We will provide a physical interpretation of each set as wavefunctions of finite number of particles, 
generators of the classical algebra of observables and generators of the quantization mapping respectively in [3]. We claim 
that they are dense subsets of the whole space, for a proof of this statement in each case we refer to general arguments 
made at the beginning of [24]. Each of those families are easily and unambiguously defined thanks to the properties of 
nuclear spaces and each of them show different properties when combined with the S and T transforms introduced in the 
previous section.

2.4.1. The algebra of polynomials
The most important dense subset in Gaussian analysis are polynomials. The fact that N ′

C is a nuclear space implies 
that the tensor product N ′

C
⊗k is unambiguously defined as well as N⊗n

C for k, n positive integers. With this remark we 
define the algebra of polynomials P(N ′

C), with coefficients in NC , as the set of polynomials of arbitrary degrees in which 
a polynomial of degrees (n, m) is written as

Pnm(φx, φ̄x) =
n∑

k=0

m∑
l=0

Ckl
�xk,�yl

(φk)�xk (φ̄l)�yl , (13)

where Ckl
�xk,�yl

∈ N⊗k+l
C and (φk)�xk ∈ N ′

C
⊗k , (φ̄l)�xl ∈ N ′

C
∗⊗l are the tensor product of copies of the same distribution. Here 

we introduce the notation α�xn
:= αx1,··· ,xn . To make sense of this expression is enough to consider a coefficient Ckl

�xk,�yl
=

χ1
x1

· · ·χk
xk
ρ̄1

y1
· · · ρ̄l

yl
because these coefficients generate the whole space. Then, using the natural dual pairing of NC with 

its dual expressed as 〈χ, φ〉 = χxφ
x , we get

Ckl
�xk,�yl

(φk)�xk (φ̄l)�yl =
k∏

i=1

〈χ i, φ〉
l∏

j=1

〈ρ j, φ〉

Thus polynomials defined in (13) have pointwise meaning because each dual pairing is finite. Nonetheless, there is 
still an ambiguity in this definition because the monomials are contractions of n or m products of the same distribution. 
8
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This fact implies there are different coefficients that provide the same polynomial. To kill this ambiguity we introduce the 
symmetrization operator

α(x1,··· ,xn) := 1

n!
∑
π∈Sn

αxπ(1),··· ,xπ(n)
(14)

Here Sn is the space of permutations of n elements. Then for polynomials to be unambiguously defined through its coeffi-
cients we ask for them to fulfill Ckl

(�xk),(�yl)
= Ckl

�xk,�yl
and we call them bosonic coefficients. Among polynomials we can find an 

orthonormal basis of the whole space and then describe it efficiently through its bosonic coefficients in an appropriate way 
using the S transform. This feature is so rich and enlightening that it deserves its own separate analysis that will be the 
subject of study of subsection 2.5.

2.4.2. The algebra of trigonomeric exponentials: the nature of reproducing kernel Hilbert space
Polynomials do not exhaust the classes of dense subsets that provide valuable information on the structure of 

L2(NC, Dμc). In this section we turn our attention to the algebra of trigonometric exponentials T (N ′
C), which can be 

seen to be a dense subset of L2(NC, Dμc). They are defined as

T (N ′
C) = { Finite linear combinations of Eχ = exp

(
iχxφ

x + iχxφx
)}

(15)

where χx ∈ NC . Below we perform an analysis from the point of view of a basis of trigonometric exponentials. If we 
consider the Tμc transform of Definition 7, its action over T (N ′

C) is completely determined by linearity from

Tμc [Eχ ](ρx, ρ̄y) = Cc(ρx + χx,ρy + χy). (16)

Here Cc is the characteristic functional given by (9). Notice that in this equation ρx plays the role of a variable while χx

is a parameter. Hence, we interpret this expression as a function of ρx and extend the domain of Tμc [Eχ ](ρx, ρ̄y) to make 
sense in the whole Cameron-Martin Hilbert space ρx ∈H	 . The next step is to construct a reproducing kernel Hilbert space 
R. In order to do so, we firstly introduce the kernel functional defined as

R K (·, ·) : H	 ×H	 −→ R
(ρx,χy) �−→ Cc(χx − ρx,χy − ρy).

(17)

Using this definition, R is defined from the space of linear combinations of functions (of ρ, ρ̄) spanned by the r.h.s. of
(16) as its completion with a sesquilinear scalar product 〈, 〉R . It is enough to define this scalar product through its action 
over trigonometric exponentials under Tμc as

〈Tμc [Eρ ], Tμc [Eχ ]〉R = R K (ρx,χx). (18)

A key factor in this construction is that R K (ρx, •) ∈R and for every F ∈R we have 〈R K (ρx, •), F (•)〉R = F (ρx), this is, 
point evaluation is continuous in R which is the definition of reproducing Kernel Hilbert space.

The remaining part of the discussion is to show that Tμc : L2
(
N ′

C, Dμc
)→ R is an isometric isomorphism of Hilbert 

spaces. This easily follows from∫
N ′

C

DμcEχEρ = 〈Tμc [Eχ ], Tμc [Eρ ]〉R. (19)

From this perspective we may ask in which sense point evaluation is allowed for elements in L2
(
N ′

C, Dμc
)
. It is impor-

tant to notice that the domain of the functions that form this space is much larger than that of the functions of R, given 
by H	 . Therefore there is no hope for the full notion of reproducing kernel to be found in the former as we did in the 
latter, and as such, there is no notion of point evaluation to be found. The issue of point evaluation in this case is similar 
to the issue of defining a Dirac delta in finite dimensional domains. Similarly to that case, there is a notion of evaluation 
that makes sense in a distributional sense as we will see in Example 7 below. At the level of Hilbert space, the family of 
functions considered in the next section provides tools to delve further in this question.

2.4.3. The algebra of coherent states: subspace of holomorphic functions
In this case we combine features from the two families considered above.
Extending the algebra of polynomials to the limit of infinite degree, there is a natural definition of holomorphic function.

�Hol(φ
x) =

∞∑
ψn

�xn
(φn)�xn . (20)
n=0

9
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Here we can allow the bosonic coefficients ψn
�xn

to be elements of a larger space H⊗n
	 . The price to pay in that extension 

is that (20) is no longer defined pointwise. Instead, we can regard it as an element of �Hol ∈ L2
Hol

(
N ′

C, Dμc
)

with the 
pertinent convergence restrictions. This is a general feature of the Wiener-Ito decomposition theorem that will be treated 
in detail in subsection 2.5. We notice that, following this reasoning, there is a decomposition in holomorphic and antiholo-
morphic functions as follows

L2(N ′
C, Dμc

)= L2
Hol

(
N ′
C, Dμc

)⊗̄L2
Hol

(
N ′
C, Dμc

)
(21)

where ⊗̄ represents the topological tensor product completed with the natural Hilbert topology.
Let us particularize our analysis to the subspace L2

Hol

(
N ′

C, Dμc
)
. Besides holomorphic polynomials, this space contains 

another dense subspace of interest. We introduce the algebra of functions generated by (Holomorphic) coherent states 
Kχ (φy) = eχxφ

x
and we denote it

CHol(N ′
C) = { Finite linear combinations of Kχ = exp

(
χxφ

x)} (22)

Using this subset calculus can be easily implemented on the whole space by just considering a few rules. First, notice 
that the scalar product of two coherent states corresponds to

〈Kχ ,Kρ〉 = eχ̄x	
xyρy ,

from which, by linearity, follows the following reproducing property, let � ∈ L2
Hol

(
N ′

C, Dμc
)
, then

〈�,Kχ 〉 = �(χx	
xy).

Recall that we extended (20) to have coefficients in H⊗n
	 . Thus, we conclude that the evaluation above provides a finite 

result and Kχ (φy) ∈ L2
Hol

(
N ′

C, Dμc
)
. Those coherent states can be extended to be parametrized by elements ρx ∈ H	

regarded as distributions with Kρ(φy) = eρ̄x Kxyφx
. The duality, adapted to the conventions (7), is expressed as in option b) 

of the previous section in terms of the inverse of the covariance, Kxy , and therefore, lacking any pointwise meaning.
This subspace possesses good analytical properties similar to those of holomorphic functions in finite dimensions. We 

can think about it as the Hardy space H2(H	) ⊂ Hol(H	) of square integrable holomorphic functions with domain an 
infinite dimensional Hilbert space H	 whose orthogonal directions are provided by the covariance 	xy . There is a subtlety 
with the sense of holomorphic function that needs to be treated with care tough. In order to do that, let us first introduce 
a more general notion of holomorphic function that the one introduced above:

Definition 8 (Holomorphic functions on locally convex spaces). Let � : E → C be a function defined on an open set U ⊂ E
where E is a locally convex space. In this work we take E =H	, NC or N ′

C . � is said to be Gâteaux-Holomorphic on U if 
for all φx

0, φx ∈ U the function

�φx
0 ,φx : C −→ C

z �−→ �(φx
0 + zφx)

(23)

is holomorphic.
As it usually happens in infinite dimensions, continuity does not follow from differentiability and it must be explicitly re-

quested [10]. Thus we will say that a function � is holomorphic on U if it is Gâteaux-Holomorphic and locally bounded. We 
will denote then the space of holomorphic functions as Hol(E), assuming it is endowed with the topology of convergence 
on bounded subsets.

Notice here that the definition of holomorphic function requires the pointwise meaning of �. This is not true if the 
decomposition in (20) is allowed to have coefficients in H⊗n

	 . For � ∈ L2
Hol

(
N ′

C, Dμc
)

and arbitrary elements of φx ∈ N ′
we have �(φx) does not necessarily converge. However, consider this notion of Hol(H	) over the Hilbert space H	 . The 
convergence of (20) is ensured if we restrict φx ∈ H	 ⊂ N ′ . The content of this statement can be made precise using 
coherent states as follows. Let us consider the map

〈·,Kρ〉 : L2
Hol

(
N ′
C, Dμc

)→ H2(H	) ⊂ Hol(H	) (24)

which is an injective continuous linear mapping [41], and H2(H	) stands for its image. Moreover, the reproducing kernel

R K Hol(χx,ρy) = eχ x	
xyρy (25)

turns (H2(H	), R K Hol) into a reproducing kernel Hilbert space known as the Hardy space of square integrable functions. 
Furthermore, (24) establishes an isometric isomorphism between L2

Hol

(
N ′

C, Dμc
)

and H2(H	).
A similar discussion can be carried out for the anti-holomorphic functions but in that case the isomorphism is realized 

by
10
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〈·,Kρ〉 : L2
Hol

(
N ′
C, Dμc

)→ H2(H	) (26)

Finally, the Tμc transform of Definition 7 can be written with these objects as Tμc = 〈Kiρ ⊗K−iρ, ·〉. Therefore, there is 
an isometric isomorphism of reproducing kernel Hilbert spaces such that

H2(H	) ⊗ H2(H	) ∼= R, (27)

where R is the reproducing kernel Hilbert space described in the previous section.

2.4.4. Some physical implications
So far we have seen how the dense subsets of trigonometric exponentials and coherent states unveil several properties of 

the space L2
(
N ′

C, Dμc
)
. In [3] this kind of space will play a twofold role. On one hand a Gaussian Hilbert space of complex 

domain is a prequantum Hilbert space that is a basic ingredient in the geometric quantization procedure. On the other a 
similar Gaussian space (with different covariance), represents the class of classical functions that can be quantized under 
Weyl quantization.

Among the properties above the most important one for geometric quantization is the decomposition in holomorphic 
and antiholomorphic parts (21). This is because, as we will see in [3], the Hilbert space of pure states in the quantum 
field theory can be represented in several equivalent ways from which the holomorphic representation selects the subspace 
L2

Hol

(
N ′

C, Dμc
)
. Finally, the fact that (24) provides a isomorphism of Hilbert spaces with H2(H	), a reproducing kernel 

Hilbert space with a well behaved domain H	 , ensures nice analytical properties for L2
Hol

(
N ′

C, Dμc
)

that allow for an 
efficient calculus and study of field theory keeping technicalities under control.

For the case of Weyl quantization in [3] we show that it is enough to understand the quantization of trigonometric 
exponentials (15) as plane waves of the classical field theory for the machinery of reproducing kernels to quantize them 
according to the Weyl or the canonical commutation relations.

The features unveiled by the family of polynomials are much richer and we devote the next section to them. We advance 
that the Wiener-Ito decomposition theorem will be the tool that provides the particle interpretation of the QFT.

2.5. Modeling pure quantum field states I: Wiener Ito decomposition

In this section we will consider the mathematical tools required to represent the concept of pure state of a quantum 
field theory and their main properties. In particular the relation with the concept of physical particles.

For a scalar field we can consider two types of unitary equivalent representations. On one hand, the Hilbert space of the 
Schrödinger wave functional representation �[ϕ] of quantum states is given by L2(N ′, Dμ), for a given Gaussian measure 
μ. This Gaussian measure is often interpreted, in the physics literature, as part of the vacuum state of the theory [9,26,36]. 
On the other hand, for the holomorphic representation �[φ], it is L2

Hol(N ′
C, Dμc), for its respective complex Gaussian 

measure. Id est, a pure state is to be thought as a function with domain in the DNF space N ′ or its complexification N ′
C . 

For further details on the physical meaning of each representation we refer to the second part of this series [3].
It is common knowledge that the Hilbert space of a scalar field theory is a bosonic Fock space. This means that it can be 

expressed as ⊕∞
n=0H

n⊕̂
	 where ⊕ represents the orthogonal direct sum, H	 represents the one particle states of the theory 

and n⊗̂ means the symmetric tensor product of n copies of the Hilbert space. In this context, the notion of particle in QFT is 
defined as the eigenstates of the particle number operator. The precise relation between the Fock space and the L2 Hilbert 
spaces is given by the Wiener-Ito decomposition in homogeneous chaos, which we discuss briefly below. In the same lines, 
we can also identify common tools of Gaussian analysis as Malliavin derivatives and Skorokhod integrals with creation and 
annihilation operators defining in the process the notion of charge and particle number.

2.5.1. The Segal isomorphism: Wiener-Ito chaos decomposition and the Fock space
The classical phase space MC can be considered as the set of complex test functions NC once we introduce a suitable 

complex structure on the set N × N (containing the fields and their momenta). We will start dealing with the complex 
case and then particularize our result to the real case. If the Gel’fand triple discussed above is considered with respect to 
complex spaces, we can build the triple

MC ∼ NC ⊂ H	 ⊂ N ′
C, (28)

where H	 represents the, now complex, Cameron-Martin Hilbert space. By using this triple, we can consider MC as a 
linear subspace of N ′

C . This means that we will think at our classical fields and their momenta as distributions, dual to the 
nuclear space of complex smooth functions of compact support on �.

Now, we move to the level of second quantization. We therefore deal with the Hilbert space of pure quantum states 
which is a subspace of L2(N ′

C, Dμc). This larger space is called the prequantum Hilbert space. For further insight in the 
role of these objects in quantization see the second part of this series [3]. Let us consider now an orthogonal decomposition 
of the algebra of polynomials P(N ′ ) introduced above in (13). We will see that this construction allows us to define an 
C
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isomorphism of this space of quantum states with the (bosonic) Fock space constructed from the (Cameron-Martin) Hilbert 
space H	 . Thus, we define W :(n,m):

μc and denote it the space of homogeneous complex chaos of degrees (n, m) as

W :(n,m):
μc = P(n,m) ∩P(n−1,m)

⊥ ∩P(n,m−1)
⊥
, (29)

where P(n,m) represents the completion (in L2(N ′
C, Dμc)) of the set of polynomials of degrees (n, m) and P(n−1,m)

⊥
the 

orthogonal complement of the completion of the set of polynomials of degrees (n − 1, m). The sequence of spaces W :(n,m):
μ

contain a basis of orthogonal polynomials for the Hilbert space L2(N ′
C, Dμc). In addition, these spaces are generated by 

complex Wick monomials of the Gaussian measure μc (or, equivalently, of the covariance 	xy) generalizing the definition 
of complex Hermite polynomials to this more abstract setting [23] as follows

Definition 9 (Complex Wick monomials). Let 	xy be the covariance of the Gaussian measure μ. We will use W	(φnφ̄m)�x�y , 
with �x = (xi)

n
i=1, �y = (yi)

m
i=1, to refer to the distribution belonging to the symmetric tensor product of n copies on N ′

C and 

the symmetric product of m copies on N ′
C

∗ i.e. W	(φnφ̄m)�x�y ∈N ′
C

⊗̂n ⊗N ′
C

∗⊗̂m such that

W	(φnφ̄m)�x�y :=
n∏

i=1

m∏
j=1

δ

δρxi

δ

δρ̄y j

exp
[
ρzφz + ρzφ

z − ρ̄u	uvρv
] ∣∣∣∣

ρx=0
. (30)

We will refer to this distribution as complex Wick monomial of degrees (n, m) with respect to the covariance 	xy .

With this set of polynomials, we can write any state in the Hilbert space L2(NC, Dμc) as a linear combination

�(φx, φ̄y) =
∞∑

n,m=0

ψ
(n,m̄)

�xn �ym
W	(φnφ̄m)�xn �ym (31)

We call this decomposition Wiener-Ito decomposition in homogeneous chaos. Notice that the set of polynomials can be 
decomposed in holomorphic and anti-holomorphic parts

PHol(N ′
C) ⊗PHol(N

′
C

∗
) ⊂ L2(N ′

C, Dμc
)= L2

Hol

(
N ′
C, Dμc

)⊗̄L2
Hol

(
N ′
C, Dμc

)
. (32)

This decomposition provides an exceptional tool for Gaussian analysis, in terms of the coefficients on the Wiener-Ito de-
composition we can write the scalar product as:∫

N ′
C

Dμc(φ
x)�(φx)�(φx) =

∞∑
n,m=0

n!m! ϕ(n,m̄)�un �vm

[
(	∗)n]�un�xn

[
	m]�vm �ym

ψ
(n,m̄)

�xn �ym
=

∞∑
n,m=0

n!m!〈ϕ(n,m̄)

�xn�ym
,ψ

(n,m̄)

�xn�ym

〉
H(n,m̄)

	

.

(33)

Here ϕ(n,m̄)

�xn�ym
represent the coefficients of the chaos decomposition of �. Therefore, once weighted with 

√
n!m!, the coeffi-

cients of the Wiener-Ito decomposition belong to the Bosonic Fock space �H	 ⊗ �H∗
	 where �H∗

	 represents the complex 
conjugate of the Fock space. To find the coefficients of the decomposition is useful to use the Sμ transform as

ψ
(n,m̄)

�xn �ym
= 1

n!m!
n∏

i=1

m∏
j=1

Kxi ui K ∗
y j v j

∂

∂ρ̄ui

∂

∂ρv j

Sμ[�](ρx, ρ̄x)

∣∣∣∣
ρx=0

(34)

Let us recall that Kxy is the (weak) inverse of the covariance 	xy . We see that the decomposition of (33) is such that

L2(N ′
C, Dμc

)= L2
Hol

(
N ′
C, Dμc

)⊗̄L2
Hol

(
N ′
C, Dμc

)= ∞⊕
n=0

(
n⊕

m=0

H(n−m,m̄)
	

)
. (35)

This leads us to build an isomorphism between the Hilbert space and the Fock space which associates each state in 
L2(N ′

C, Dμc) and its coordinates in the linear decomposition:

Definition 10 (Segal isomorphism). We will call Segal isomorphism to the mapping

I : L2
(
N ′
C, Dμc

) −→ �H	 ⊗ �H∗
	

� �−→ I(�) =
(√

n!m!ψ(n,m̄)

�xn �ym

)∞
n,m=0

(36)

which defines a unitary isomorphism of Hilbert spaces considering the scalar product defined in (33). In this decomposition 
the Fock space is further decomposed into the orthogonal direct sum �H	 ⊗ �H∗

	 =⊕∞
n=0

(⊕n
m=0 H

(n−m,m̄)
	

)
.

12
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Two cases are particularly relevant for us:

The holomorphic representation The holomorphic representation is described by the holomorphic subspace L2
Hol

(
N ′

C, Dμc
)
. 

Their Wick monomials are particularly simple W	(φnφ̄0)�x = (φn)�x . This fact simplifies remarkably computations in because 
holomorphic functions have a Wiener-Ito decomposition given by

�Hol(φ
x) =

∞∑
n=0

ψn
�xn

(φn)�xn (37)

independently of the Gaussian measure considered. Besides, the coefficients of each regular monomial belong to orthonor-
mal subspaces.

The Schrödinger representation For the real case the subspace is L2
(
N ′, Dμ

)
. In this case we also have a Wiener-Ito decom-

position. We work out the decomposition from the real Sμ transform. Therefore Wick monomials are given by

: ϕn : |�x	=
n∏

i=1

δ

δξyi

exp
(
ξxϕ

x − 1

2
ξx	

xyξy
)|ξx=0 (38)

or recursively

Definition 11 (Wick monomials). We denote : ϕn : |�x	= : ϕn : |x1,··· ,xn
	 , and call Wick monomial of degree n with respect to the 

covariance 	xy , the distribution belonging to the symmetric tensor product of n copies on N ′ i.e. : ϕn : |�x	∈ (N ′)n⊗̂ such 
that

: ϕ0 : |	 = 1

: ϕ1 : |x	 = ϕx

: ϕn : |�x,xn−1,xn
	 =: ϕn−1 : |�x,xn−1

	 ϕxn − (n − 1)	xn(xn−1 : ϕn−2 : |�x)
	 (39)

where the parenthesized indices are symmetrized according to the convention (14).

Then the Wiener-Ito decomposition is given by

�(ϕx) =
∞∑

n=0

ψ
(n)

�xn
: ϕn : | �xn

	 (40)

the coefficients belong to the weighted Bosonic Fock space obtained from �H	 with weights 
√

n! and the scalar product is∫
N

Dμ(ϕx)�(ϕx)�(ϕx) =
∞∑

n=0

n! φ(n)�un

[
	n]�un�xn

ψ
(n)

�xn
=

∞∑
n,

n!〈φ(n)

�xn
,ψ

(n)

�xn

〉
Hn

	
(41)

Here φ(n)

�xn
represent the coefficients of the chaos decomposition of �. Notice that this recursive definition of Wick powers 

coincides with the usual prescription for normal ordering in quantum field theory where 	xy resembles the propagator of 
the theory considered. However, that prescription is rooted in an ordering choice for creation and annihilation operators. 
This is not the case for this representation as they appear as generators of orthogonal polynomials. Moreover 	xy only 
integrates over spatial coordinates and therefore is not a propagator. Nonetheless, this resemblance allows us to compute 
pointwise products of functions in terms of their chaos decompositions using the well known tool of Feynman diagrams 
[37].

2.5.2. The Seagal-Bargmann transform: isomorphisms between the real and holomorphic cases
In the case where the covariance for the complex case, 	xy is real and symmetric we can establish a unitary isomorphism 

between the subspace of holomorphic functions L2
Hol(N ′

C, Dμc) and L2(N ′, Dμ) just by performing an integration over the 
imaginary part of the coordinates:

Definition 12 (Segal-Bargmann transform). We denote by Segal-Bargmann transform the unitary isomorphism

B : L2(N ′, Dμ) −→ L2
Hol(N

′
C, Dμc)

where both μ, μc are Gaussian measures with a real symmetric covariance 	xy , adapted in each case to its domain. To 
write the explicit formula for this isomorphism we take an arbitrary �Real ∈ L2(N ′, Dμ) and denote B(�Real) = �Hol . Then 
13
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it follows 
∫
N ′

C
Dμc(φ

x) = ∫N ′ Dμ(ϕx) 
∫
N ′ Dμ(πx). Let �Hol be a holomorphic function with chaos decomposition given by 

(37), integrating over the imaginary degrees of freedom∫
Dμ(πx)�Hol(φ

x) =
∞∑

n=0

∫
Dμ(πx)ψ

(n)

�xn
[(ϕ − iπ)n]�xn =

∞∑
n=0

ψ
(n)

�xn

∂n

∂ξn
�xn

∫
Dμ(πx)eξz(ϕ−iπ)z

∣∣∣∣
ξx=0

=

∞∑
n=0

ψ
(n)

�xn

∂n

∂ξn
�xn

[
eξzϕ

z
∫

Dμ(πx)e−iξzπ
z

]
ξx=0

=

∞∑
n=0

ψ
(n)

�xn

∂n

∂ξn
�xn

eξxϕ
x− ξu	uv ξv

2

∣∣∣
ξx=0

=
∞∑

n=0

ψ
(n)

�xn
: ϕn : |�xn

	 = �Real(ϕ
x)

where ξx ∈ N is real. With this consideration, B(�Real) is computed obtaining the chaos decomposition of �Real and re-
placing Wick monomials by regular holomorphic monomials.

A similar isomorphism is obtained using the antiholomorphic subspace in the analogous form

B : L2(N ′, Dμ) −→ L2
Hol

(N ′
C, Dμc).

These transforms play a relevant role in the construction of physical quantum field theories, as they allow for the relation 
of the holomorphic and Schrödinger (or antiholomorphic and field-momentum) functional representations of quantum states 
with respect to their appropriate Gaussian measures. See [3] for further details.

2.5.3. Malliavin calculus: creation and annihilation operators and charges
The space L2(N ′, Dμ) is endowed with some useful properties that may be used to model further relevant tools in QFT 

such as creation and annihilation operators, or the number operator. Let us briefly introduce them in the simpler case of 
real fields and generalize them later to the case of complex ones.

As in the complex case a polynomial of a real variable ϕx ∈N ′ , with coefficients in NC and degree n can be written as

Pn(ϕ) = C0 + C1
x ϕ

x + C2
x1x2

(ϕ2)x1x2 + · · · + Cn
�xn

(ϕn) �xn (42)

The algebra of polynomials of a real variable is denoted by P(N ′). This set is dense in L2(N ′, Dμ) so we start introducing 
the operations of Malliavin calculus on P(N ′) and then extend them to the whole space by linearity. On polynomials, the 
Fréchet derivative defined as in [24] has a particularly useful expression in terms of the operator ∂ϕy = ∂y that can be 
defined over monomials as

∂ϕ y Cx1,··· ,xn(ϕ
n)x1,··· ,xn = nC y,x1,··· ,xn−1(ϕ

n−1)x1,··· ,xn−1 . (43)

By linearity, this operator is extended to P(N ′) without further complications.
The Malliavin derivative is the extension of the Fréchet derivative, defined in (43), to an operator

∂x :D2,1
μ −→ H	 ⊗ L2(N ′, Dμ) (44)

where the domain of the operator is

D2,1
μ =

{
�(ϕx) =

∞∑
n=0

ψ
(n)

�xn
: ϕn : | �xn

	 s.t
∞∑

n=0

(1 + n) · n!‖ψ(n)

�xn
‖2
	 < ∞

}
(45)

and acts over �(ϕx) as

∂x�(ϕx) =
∞∑

n=1

nψ
(n)

x,�yn−1
: ϕn−1 : |�yn−1

	 (46)

The key feature of this derivative is that the resulting derivative makes sense as a H	 function and does not have a 
pointwise meaning as (43). The Malliavin derivative can thus be considered as the generator of derivatives in directions 
of the Cameron-Martin Hilbert space. Furthermore, through the isomorphism I , the contraction 	xy∂y is mapped to the 
annihilation operator on the Fock space �(H	). See [3] for its connection with the annihilation operator of QFT.

The adjoint operator of the Malliavin derivative is the Skorokhod integral ∂∗x . It is an operator defined over Dom(∂∗x) ⊂
H	 ⊗ L2(N ′, Dμ)
14



J.L. Alonso, C. Bouthelier-Madre, J. Clemente-Gallardo, and D. Martínez-Crespo Journal of Geometry and Physics 203 (2024) 105264
∂∗x : Dom(∂∗x) −→ L2(N ′, Dμ)

�x(ϕ
y) �−→ ∂∗x�x(ϕ

y)
(47)

It is important to remark that the Skorokhod integral is able to integrate more elements than those obtained from (46). 
Indeed, a general element �x ∈H	 ⊗ L2(N ′, Dμ) admits a Wiener-Ito decomposition in which

∞∑
n=0

ψ
(n)

x,�yn
: ϕn : |�yn

	 in general ψ
(n)

(x,�yn)
�= ψ

(n)

x,�yn
(48)

In other words (ψ(n)

x,�yn
)∞n=0 is not necessarily symmetrized and hence it may not be an element of the Bosonic Fock space 

�(H	). Nonetheless if ψ̃(n+1)

�zn+1
= ψ

(n)

(x,�yn)
is indeed the decomposition of an element of �(H	) then �x ∈ Dom(∂∗x) and

∂∗x�x =
∞∑

n=1

ψ̃
(n)

�zn
: ϕn : |�zn

	 (49)

This, for a large class of functions in Dom(∂�x), can be written in terms of the Malliavin derivative as

∂∗x = −	xy∂y + ϕx (50)

Notice that the Skorokhod integral is a generalization of the Ito integral, that coincides with it when the domain has 
dimension one. In this case, it is identified with a time parameter, and we consider only �x as a process adapted to the 
filtration of Brownian motion, see [38]. See [3] for its connection with the creation operator of QFT. It is even possible 
to extend these operations to the space of Hida distributions (NC)′ introduced in the next section. For further details on 
Hida-Malliavin calculus, we refer the interested reader to [38].

Another operator that can be easily written in terms of the latter two is the particle number

N	 = ∂∗x∂x = −	xy∂x∂y + ϕx∂x (51)

These notions can be easily extended to the holomorphic and antiholomorphic cases, which will represent matter-
antimatter models.

∂φx�(φx, φ̄y) =
∞∑

n,m=0

nW	(φn−1φ̄m)�zn−1 �ymψ
(n,m̄)

x,�zn−1 �ym
(52)

∂φ̄x�(φx, φ̄y) =
∞∑

n,m=0

mW	(φnφ̄m−1)�zn �ym−1ψ
(n,m̄)

�zn �ym−1,x (53)

Here each derivative must be understood in the Wirtinger sense

∂φx = 1√
2

(
∂ϕx + i∂π x

)
, ∂φ̄x = 1√

2

(
∂ϕx − i∂π x

)
(54)

On the other hand, the associated Skorokhod integrals act on (anti)holomorphic functionals as:

∂∗φx = −	xy∂φ̄ y + φx, ∂∗φxW	(φnφ̄m)�zn �ym = W	(φn+1φ̄m)x,�zn �ym

∂∗φ̄x = −(	∗)xy∂φ y + φ̄x, ∂∗φ̄xW	(φnφ̄m)�zn �ym = W	(φnφ̄m+1)�zn �ym,x (55)

In the same form as in the real case, we can write down the particle number operator N and the U (1) charge Q
encoding the matter/antimatter content of the states:

N = ∂∗φx
∂φx + ∂∗φ̄x

∂φ̄x Q = ∂∗φx
∂φx − ∂∗φ̄x

∂φ̄x (56)

With those operators we see that the decomposition of (33) is such that

L2(N ′
C, Dμc

)= ∞∑
n=0

⊕
(

n∑
m=0

⊕H(n−m,m̄)
	

)
(57)

where H(n−m,m̄)
	 are simultaneous eigenspaces of N and Q with eigenvalues n and n − 2m respectively.

Let us briefly introduce for later convenience Gross-Sobolev spaces [29] that extend the concept of (45) to any Lp -norm 
and m number of derivatives. This represents the generalization to Gaussian analysis to the standard notion of Sobolev 
space, see e.g. [45]. The Lp norm ‖·‖μc ,p of a function �(φx, φ̄x) is
15
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‖�‖μc ,p =
⎛
⎜⎝∫
N ′

C

Dμ(φx)|�(φx, φ̄x)|p

⎞
⎟⎠

1
p

Definition 13 (Gross-Sobolev spaces). The holomorphic Gross-Sobolev space Dp,m
μc is the Banach space for integers p ≥ 1 and 

m ≥ 0 is defined as

Dp,m
μc ,h

=
{
�(φx) s.t. ‖(1 + N)

m
2 �‖μc,p < ∞

}
(58)

For the special case of m = 0 we denote Dp,0
μc = Lp

Hol(N ′
C, Dμc), the Holomorphic Lp Banach space of the Gaussian measure 

μc . It can be shown [29] that Dp,m
μc is the domain where

∂m
φ�xm : Dp,m

μc −→ H⊗m
	 ⊗ Lp

Hol(N
′
C, Dμc)

can be defined as a bounded operator. See Lemma A.4 and the comments below.

Gross-Sobolev spaces fulfill Dp,m+1
μc ⊂Dp,m

μc and, due to Hölder’s inequality for probability measures, Dp+1,m
μc ⊂Dp,m

μc . In 
particular Lq(N ′

C, Dμc) ⊂ Lp(N ′
C, Dμc) for p ≤ q.

2.6. Modeling pure quantum field states II: Hida test functions and Hida calculus

The set of Hida test functions represents a second quantized (s.q.) notion of test functions that may be considered just 
an additional example of NF space. What we mean as second quantized construction is to consider that these Hida test 
functions are defined as functions on a DNF space N ′

C with coefficients in its dual NC . We denote (NC) to the set of Hida 
test functions built upon NC and (NC)′ to its strong dual, the set of Hida distributions.3

Due to its relevance in the description of the space of pure quantum field states we have prepared a specific section for 
them and their tools. This concept of s.q. test function is far from unique and we refer to [24] and Appendix A for other 
definitions and a deeper study of their structure. In this work we use (NC) because there is a straightforward generalization 
of Malliavin calculus to the space of Hida distributions (NC)’.

We will introduce (NC) using rigged Hilberts spaces. Let us consider first the Hilbert space which we will use in the 
construction of a Gel’fand triple at the level of NC . Using Definition 2 we know that the topology of the latter is provided 
by a sequence of Hilbert spaces (Hp, 〈·, ·〉p) and embeddings Hq ↪→ Hp , which are Hilbert-Schmidt. We will use these 
ingredients to build another sequence of spaces and Hilbertian norms at the level of the functions on N ′

C and define, via a 
projective limit, the corresponding nuclear space structure for (NC) see (63).

Let us consider the Gel’fand triple associated to the case when NC are complex test functions of compact support 
(i.e. the complex counterpart of equation (5)) with respect to the Hilbert space HV ol = L2(�, dVolh). This Hilbert space is 
obtained as the completion of C∞

c (�) with respect to the scalar product induced by the measure dVolh associated with a 
Riemannian metric h on the hypersurface �. Thus we are considering the triple

NC ⊂ L2(�,dVolh) ⊂ N ′∗
C (59)

By using this rigged space, we can represent the space of test functions C∞
c (�)C as a suitable linear conjugate subspace 

of the space of distributions NC ⊂ D ′(�)∗C . We shall use later this set as the set of classical fields. Thus, our pure quantum 
states will be written then as test functions on this manifold N ′

C = D ′(�)C . Our notion of test function is provided by 
a nuclear topology and the injection of that topology into a Gel’fand triple respecting continuity. This is the construction 
used in White Noise analysis [24,28,47]. The topology of the space of test functions does not really depend on the particular 
Gel’fand triple that we use to realize the duality. Because of this, it is common to introduce them as a subset of the white 
noise space of square integrable functions L2(N ′

C, Dβ) where β is the white noise measure whose characteristic functional 
is

∫
N ′

C

Dβ(φx)ei(ρ̄xφ
x+ρxφ̄

x) = e−ρ̄xδ
xyρy = exp

⎛
⎝−

∫
�

dVol(x)ρ̄(x)ρ(x)

⎞
⎠ (60)

Moreover, from this definition we have that HV ol becomes the Cameron-Martin Hilbert space of L2(N ′
C, Dβ).

3 Notation in this case, even though standard, could be misleading. Notice that (NC) represents Hida test functions with domain N ′ .
C
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We will treat holomorphic and antiholomorphic functions separately. Thus we start by considering holomorphic poly-
nomials with coefficients in NC as the minimal space of test functions4 in L2

Hol(N ′
C, Dβ). Recall that an holomorphic 

polynomial of degree n with coefficients in NC can be written as

Pn(φ
x) = C0 + C1

x φx + C2
x1x2

(φ2)x1x2 + · · · + Cn
�xn

(φn) �xn (61)

Consequently, we must consider the algebra of holomorphic polynomials PHol(N ′
C), which we know that form a dense 

subset of the Hilbert space L2
Hol(N ′

C, Dβ). The next step is to enlarge the set PHol(N ′
C) to obtain a more operative notion 

of test function. To that end we make use of the topology of NC to build a sequence of Hilbert spaces and injections, and 
define our final set as the projective limit of that sequence, as it was explained in Definition 2.

Remember that NC is a nuclear space that we see as a subset of HV ol , and therefore it admits the sequence of Hilbert 
spaces, scalar products and Hilbert-Schmidth injections described in Definition 2 such that H0 = HV ol . If we denote Hp,q

with 0 ≤ p, q to the weighted Hilbert spaces with norm ‖ · ‖p,q = 2
q
2 ‖ · ‖p and ‖ · ‖0 = ‖ · ‖V ol . These norms are equivalent 

for the Hilbert space Hp,q but they may affect the convergence in the q-parametric sequence of Bosonic Fock spaces �Hp,q . 
The space of Hida test functions is built using the following projective limits

�H∞,0 ↪→ ·· · ↪→ �Hp,0 ↪→ �HV ol
∼= L2

Hol(N
′
C, Dβ)

↪→ ↪→ ↪→
�H∞,q ↪→ ·· · ↪→ �Hp,q ↪→ �H0,q

↪→ ↪→ ↪→
...

...
...

↪→ ↪→ ↪→

(NC) ∼= �H∞,∞ ↪→ ·· · ↪→ �Hp,∞ ↪→ �H0,∞

(62)

We refer to [24,31,34,39,47] for detailed studies of these limits. The space of Hida test functions (NC ) is then obtained as 
the projective limit of that sequence, and then we can write

(NC) =
∞⋂

p,q=0

I−1
(
�Hp,q

)
. (63)

Where I is the Seagal isomorphism (36) with respect to the White noise measure β . It is important to remark that the 
topology of (NC) depends only on the topology of the nuclear space NC and not on the particularities of the white noise 
measure β (see [31,47]). This is a consequence of the independence of the chaos decomposition on the Gaussian measure 
for holomorphic functions that we noted in (37).

With these spaces in hand, we can define the White Noise Gel’fand triple introducing Hida distributions

(NC) ⊂ L2
Hol(N

′
C, Dβ) ⊂ (NC)′∗. (64)

We can describe the dual space (NC)′ , in an analogous way to the definition of (NC), as the injective limit

(NC)′ =
∞⋃

p=0

I−1
(
�H∗−p,−q

)
. (65)

Here the Banach space H−p,−q is identified with the dual of Hp,q in the Ge’lfand triple Hp,q ⊂ HV ol ⊂ H∗−p,−q and I−1 is 
extended to provide a chaos decomposition in this distributional context using Hida Malliavin-calculus techniques that we 
present below. Again we refer to [24,31,34,39] for further details.

Notice that as (NC) is a nuclear space, it is a convenient space to define a differential calculus on a manifold with it as 
a model and, using it, tensor fields and Hamiltonian structures.

As anticipated, the role of the white noise measure β is auxiliary in the construction. If we consider any other Gaussian 
measure μc with covariance 	xy such that there exists a q ≥ 0 and a norm of the chain ‖ · ‖p,q such that |ρ̄x	

xyρy| ≤
‖ρx‖2

p,q , then according to the characterization theorems [31] we also have

(NC) ⊂ L2
Hol(N

′
C, Dμc) ⊂ (NC)′∗. (66)

An equivalent derivation can be considered for any Gaussian measure, as for instance the one corresponding to the vacuum 
of the quantum theory. We call this case the second quantization Gel’fand triple. We must also consider the decomposition 
for the antiholomorphic part. Thus, we consider the triple

4 For the case of Homogeneous polynomials we can even endow this space with a nuclear topology [10].
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(NC) ⊗ (NC)∗ ⊂ L2(N ′
C, Dμc) ⊂ (NC)′∗ ⊗ (NC)′. (67)

Hence, Hida test functions respect the decomposition in holomorphic and antiholomorphic parts of (32).
We list below some important properties that and showcase the power of the Hida triple. For different presentations and 

proofs we refer to [24,31,34,39,47].

• Let � ∈ (NC) ⊗ (NC)∗ the coefficients of its chaos decomposition fulfill ψ(n,m̄)

�x,�y ∈ N ⊗̂n
C ⊗ N ∗⊗̂m

C . Moreover, �(φx) is a 
pointwise defined continuous function.

• (NC) and (NC) ⊗ (NC)∗ are algebras under pointwise multiplication. Moreover, the algebras P , T and C introduced 
in Section 2.4 are subalgebras of one or both spaces. See Appendix A for a proof.

• Hida test functions are infinitely differentiable and they and their derivatives belong to L p
Hol(N ′

C, Dμc) ∀ p ≥ 1. This is 
encoded in

(NC)�
⋂

p≥1,m≥0

Dp,m
μc := Dμc

See Appendix A for a proof.5

• As a consequence of the previous property and the fact that the dual of a L p -space is a Lq-space with 1
p + 1

q = 1 we get

Lp(N ′
C, Dμc) ⊂ (NC)′∗ ⊗ (NC)′ ∀ p ≥ 1

Below we list some examples of Hida test functions and distributions that allow to operate in more general contexts in 
Gaussian analysis and will be of great importance in [3].

Example 4 (Hida-Malliavin calculus). The generator of the Sμc transform is a Hida test function

exp
(
ρxφx + ρxφ

x − ρ̄x	
xyρy

) ∈ (NC) ⊗ (NC)∗.
As a consequence Sμc [�] can be extended to any Hida distribution � ∈ (NC)′∗ ⊗ (NC)′ . In particular this means that we 
can find a chaos decomposition for any Hida distribution with a careful use of (34). This turns Hida distributions into easier-
to-handle objects that other notions of s.q. distributions. In particular, this feature allows for an efficient characterization of 
Hida test functions and distributions using the celebrated characterization theorems [24,31] and Appendix A.

The generalization of the machinery of chaos decompositions to general distributions allows us to extend most of the 
tools of Malliavin calculus, described in subsubsection 2.5.3, to distributions in (NC)′∗ ⊗ (NC)′ . This type of calculus is 
called Hida-Malliavin calculus and we refer elsewhere for a thorough construction [28,38].

A common problem that is solved by Hida calculus is to make sense out of Radon-Nikodym derivatives. This will be 
particularly relevant when QFT theories with respect to evolving backgrounds are considered since these properties of Hida 
calculus will provide us with tools to compare the states of the quantum fields with respect to them. With these applications 
in mind, we briefly comment now a few useful properties:

Example 5 (Translation of a Gaussian measure). A general result of Gaussian analysis, known as Cameron-Martin theorem, 
states that, a translation in the domain by a constant element χx ∈ N ′

C provides a Gaussian measure mutually singular 
with the original one, unless χx ∈ HK , the Cameron-Martin Hilbert space. This implies that the would be Radon-Nikodym 
derivative

Dμc(φ
x − χx)

Dμc(φx)
= exp

(
φ̄x Kxyχ

y + χ̄ x Kxyφ
y − χ̄ x Kxyχ

y)
does not exist as a L1(N ′

C, Dμc) function. The power of Hida calculus is to extend its meaning to general χx ∈ N ′
C as an 

element of (NC)′∗ ⊗ (NC)′ and provide a tool to perform calculus with the generalized Wiener-Ito decomposition.

Example 6 (Mean zero Gaussian measure). In general, Gaussian measures with different covariances, even if they both fulfill 
an estimate of the type |ρx	

xyρy | ≤ ‖ρx‖2
p,q , are mutually singular.

When working with the space of Hida test functions, if νc is another mean zero Gaussian measure with covariance �xy

then

Sμc

[ Dνc

Dμc

]
(ρx) = eρ̄x(�

xy−	xy)ρy ,

where Dνc
Dμc

∈ (NC)′∗ ⊗ (N ∗
C) makes sense as a Hida distribution even if it does not as a function.

5 Dμc is often called the Meyer-Watanabe space of test functions. We refer to [24,29] for further details.
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Example 7 (Reproducing Kernel). Coherent states of the holomorphic subspace Kχ (φy) ∈ L2
Hol

(
N ′

C, Dμc
)

can be extended to 
elements ρx ∈H	 as Kρ(φy) = eρx Kxyφx

that makes sense as an element of L2
Hol

(
N ′

C, Dμc
)

but, moreover

Sμc

[
eσ̄ x Kxyφx

]
(ρx) = eσ xρx

Then eσ̄ x Kxyφx ∈ (NC)′ is a Hida distribution and works as a reproducing kernel when it is paired to (NC) ⊂
L2

Hol

(
N ′

C, Dμc
)
. Thus for � ∈ (NC)∫

N ′
C

Dμc(φ
x)eσ̄ x Kxyφx

�(φx) = �(σ x) (68)

A question that deserves more attention is why we choose white noise instead of the second quantization Gel’fand triple
if the latter posses richer physical meaning when we interpret μc as part of the vacuum of our quantum theory. We could 
as well present Hida test functions and distributions using this triple, but the fact that the topology of (NC) only depends 
on that of NC turns white noise into an auxiliary but simplifying way of presenting it. Moreover, the vacuum of a theory 
is a particular feature of such theory and therefore we cannot assume prior knowledge of the measure μc that is part of 
the vacuum. In this way, in order to consider the most general setting, it is better to model pure states as the common 
dense subspace of Hida test functions (NC). In that case we can write down the equations of motion and the operators of 
the theory only referred to this set of test functions, as we will consider in [3]. However, these equations cannot be solved 
in (NC) and the operators considered to describe observables will have naturally larger domains. In order to recover the 
full space, we will use our a posteriori knowledge of the Gaussian measure that endows (NC) with a pre-Hilbert topology 
and complete it to recover the whole space. This procedure is similar to the protocol to recover the one particle Hilbert 
space from a classical field theory used in [46]. In that case we can model the classical theory over a space of test functions 
N and then complete it with a Hilbertian norm that depends on the particular theory we are considering. Notice though 
that the treatment in [46] is covariant and here we aim to model a non covariant approach. This is important to notice in 
regard of the treatment of the equations of motion. Our discussion on how to introduce evolution is radically different from 
covariant approaches and is the subject of study of [3].

3. Adapting classical field theory to quantization

In this section we will adapt the geometrical description of a classical field theory to quantization, although the quanti-
zation procedure itself will be dealt with in the second part [3] of this work.

Geometrical descriptions of classical field theories in terms of jet bundles also exist and admit well defined Hamilto-
nian formalisms. Nonetheless, our goal is to build, from this classical manifold, a geometrical description of the space of 
quantum states on the space of fields, and our choice of a field phase-space provides us with a simpler analog of the finite 
dimensional construction for quantum mechanical systems (see [30]).

For the spacetime structure in this and the subsequent paper we consider a d + 1 globally hyperbolic spacetime 
(M, g, ∇g) endowed with a pseudo-Riemannian structure g of Lorentzian signature, with sign convention (−, +, · · · , +), 
and the Levi-Civita connection ∇g . Because of its condition of globally hyperbolic spacetime M is diffeomorphic to R × �

where � is a d-dimensional manifold diffeomorphic to every space-like Cauchy hypersurface of M and R represents the 
time parameter t . We will develop further this description in [3]. For our purposes in this work, we take � compact and 
denote ht to the t-parametric Riemannian metric induced from g by projection on �.

We will focus on the real scalar field, i.e. the phase space of the theory will be given by the cotangent bundle to a real 
line bundle π�L : L → �. For simplicity we will consider the trivial case in which L = N is a space of smooth functions over 
�.

Furthermore, the set of fields modeled by any of these function spaces should be solutions of a certain dynamical field 
equation representing the type of field. The simplest example will be the case of a Klein-Gordon field theory. In this work 
we will consider only linear equations and therefore the corresponding manifold of fields will admit a linear structure which 
will significantly simplify the geometrical setting.

3.1. Choosing the space of classical fields and their momenta

If N represents the set of fields, the corresponding phase space should correspond to the cotangent bundle T ∗N �
N × N ′ , where we used the linearity of N and the corresponding triviality of the cotangent bundle. The coordinate rep-
resentation of an element of this space is given by (ϕx, πy), with the coordinate systems described above. This space is 
endowed with a weakly symplectic form which takes the local expression:

ωT ∗N = dπ x ∧ dϕx. (69)
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This situation is problematic in the sense that the model space for the fiber and the base of the cotangent bundle 
T ∗�(�, L) are different. To quantize the system is convenient to express both coordinates over the same model space. To 
do so we endow � with a Riemannian structure h, use it to define a measure dVol and use the natural structure of rigged 
Hilbert space given by

N ⊂ L2(�,dVol) ⊂ N ′ (70)

As a result, the elements of N correspond to a linear subspace of its dual and we can write the coordinate representation 
of the image of an element of N as δxyϕx . Thus, in this setting, the manifold of fields must be MF = N ′ × N ′ and 
coordinates (ϕx, πy) are to be understood as Darboux coordinates for a densely defined weakly symplectic structure

ωMF = δxydπ x ∧ dϕ y =
∫
�

ddx√|h| [dπ(x) ⊗ dϕ(x) − dϕ(x) ⊗ dπ(x)], (71)

where now π(x), ϕ(x) are densities of weight 1. Notice that this symplectic structure is defined over the dense subspace 
L2(�, dVol) ⊂ N ′ . If we consider the space of polynomial functions P(ϕx, πy) with coefficients in N (that, eventually, can 
be extended to more general completions) we can also consider a Poisson bivector of the form:

{P , Q }MF
= δxy (∂ϕx P∂π y Q − ∂π x P∂ϕ y Q

) := ∫
�

dVol(x)

(
∂ P

∂ϕ(x)

∂ Q

∂π(x)
− ∂ P

∂π(x)

∂ Q

∂ϕ(x)

)
, (72)

where partial derivatives are understood as Fréchet derivatives, which are well defined for P(ϕx, πy). This Poisson structure 
is often mistaken with a symplectic structure in QFT quantization schemes since, for linear spaces, the difference is subtle 
(see [4] chapter 5 for further discussion on that matter). With this Poisson bracket at hand we can proceed as usual and 
write down the Hamiltonian dynamics of classical observables. Classical observables are elements of a suitable completion 
of the set of polynomials in the field and momenta variables P(ϕx, πy) and existence and uniqueness of such dynamics is, 
in general, strongly dependent on this completion. Such problems, though, will not be covered in this work.

Summarizing: our classical phase space shall be considered to be a linear subspace of MF =N ′ ×N ′ . This subspace cor-
responds to the injection of N by the rigged Hilbert space structure introduced on L2(�, dVol). This structure is considered 
to be canonical as dVol is the measure induced by the Riemannian structure of the Cauchy hypersurface �. On this space 
we can consider two (almost) equivalent structures: a (weakly) symplectic structure ωMF and a Poisson tensor {·, ·}MF . It 
is important to remark a subtle aspect of the construction: while the symplectic form on T ∗N (Equation (69)) is canonical, 
the one on MC (Equation (71) is not, since it depends on the choice of measure dVol. The same is true for the Poisson 
bracket (72). This aspect will be important when considering quantum classical hybrid models.

Now, we will learn to introduce another structure on it to define more conveniently the quantization of the classical 
model. In order to do that, we need to introduce a complex structure on MF .

3.2. Introducing a complex structure

In order to obtain a system suited for geometric quantization we need an additional (almost) complex structure JMF

satisfying:

• it is densely defined,
• is such that J 2

MF
= −1 in its domain D( JMF ),

• it leaves D( JMF ) ⊆ L2(�, dVol) ⊂N ′ invariant,

• and ωMF (·, JMF ·) = −ωMF ( JMF ·, ·). This condition can be written as J †
MF

= − JMF and means that the com-
plex structure is compatible with the symplectic form ωMF . This is the imaginary part of the hermitian product of 
L2(�, dVol). We will use this fact below to construct a different hermitian product describing our theory.

We shall see in [3] that the complex structure required for quantization will be determined by the classical Hamiltonian 
on the space of fields. Hence, in order to consider different possible classical dynamics, we must explore the space of 
possible complex structures on MF . It is simple to verify that there are infinitely many different structures satisfying those 
conditions. To express the most general complex structure let (ϕx, πy) be Darboux coordinates for MF and let us consider 
the matrix elements (At)x

y := δuy Au
vδvx . Notice that the definition of these variables already depends on the choice of the 

Hilbert space structure for the Gel’fand triple.
An arbitrary (almost) complex structure on MF is locally expressed in the canonical coordinates of the scalar field as

− JMF = (∂ϕ y , ∂π y )

(
A y

x 	
y
x

D y
x −(At)

y
x

)(
dϕx

dπ x

)
=

= ∂ϕ y ⊗ [A y
x dϕx + 	

y
x dπ x] + ∂π x ⊗ [D y

x dϕx − (At)
y
x dπ y] (73)
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With the multiplication convention (A	)x
y = Ax

z	
z
y the condition J 2 = −1 is translated into A2 + 	D = −1, 	t = 	, Dt =

D, A	 = 	At and At D = D A. Notice that D is fixed once 	 and A are known. Let K x
y be the inverse of 	x

y , i.e. 	x
z K z

y = δx
y

then D = (i At +1)K (i A −1).
This complex structure, together with the symplectic form (71) induces a (pseudo)-Riemannian structure μ J ,MF (·, ·) =

ωMF (·, − J ·), which, in the coordinates above, reads:

μMF = (dϕx,dπ x)

(−Dxy At
xy

Axy 	xy

)(
dϕ y

dπ y

)
= −Dxydϕx ⊗ dϕ y + 	xydπ x ⊗ dπ y + Axy(dϕ y ⊗ dπ x + dπ x ⊗ dϕ y)

(74)

where Axy = δxz Az
y . To obtain a Riemannian structure form here we must impose also 	xy > 0 > Dxy .

With a change of coordinates, locally given by

dϕ̃x = dϕx dπ̃ x = Ax
ydϕ y + 	x

ydπ y (75)

∂ϕ̃x = ∂ϕx − (K A)
y
x ∂π y ∂π̃ x = K y

x ∂π y (76)

we can put in a canonical way JMF = ∂π̃ x ⊗dϕ̃x −∂ϕ̃x ⊗dπ̃ x , μMF = Kxy(dϕ̃x ⊗dϕ̃ y +dπ̃ x ⊗dπ̃ y) and ωMF = Kxydπ̃ x ∧dϕ̃ y . 
We can cast the structures into this canonical form with other changes of variables, but we choose this one because it leaves 
ϕx (the manifold of fields) invariant. Notice that we are transforming the original cotangent bundle structure we began with 
as the new coordinates combine base and fiber coordinates of the original bundle structure.

Having chosen a complex structure, we can define an isomorphism for MF to become a complex vector space MC =
MC

F . Notice that while MF depends on the choice of the Hilbert space structure for the Gel’fand triple (and the original 
T ∗N ), the definition of MC depends also on the choice of the complex structure. This fact will be important later. Notice, 
anyway, that the symplectic structures on T ∗N ′ , MF and MC are all diffeomorphic, but the diffeomorphisms depend on 
the metric structure h on � (for MF ) and the complex structure JMC (for MC ).

Having chosen the complex manifold MC , we consider holomorphic and antiholomorphic coordinates which are locally 
written as (

˜
φx, 

˜
φ̄y) = 1√

2
(ϕ̃x − iπ̃x, ϕ̃y + iπ̃y). We use this sign convention for the holomorphic coordinates to ease the 

discussion on quantization of [3]. In this new manifold the complex structure becomes JMC , which is now written as:

JMC = −i∂
˜
φx ⊗ d

˜
φx + i∂

˜
φ̄x ⊗ d

˜
φ̄x. (77)

At the tangent space level we can always write the projection operators P± = 1
2 (1 ± i J ) such that P+∂

˜
φx = ∂

˜
φx and P−∂

˜
φ̄x =

∂
˜
φ̄x . We shall use these projections in [3].

As the triple (μC , ωC , J C ) defines a Kähler structure on MC , there exists a (non unique) globally defined on a dense 
subspace (because the manifold is linear) Kähler potential K

K(
˜
φ̄x,

˜
φx) =

˜
φ̄x Kxy ˜

φ y . (78)

From the potential we can define the corresponding Kähler form:

ωMC = i∂∂̄K, (79)

where ∂ and ∂̄ represent the Dolbeault operators. With the Kähler form and the expression of JMC of (77) we obtain the 
expression of the Riemannian form μMC and the hermitian form:

hMC = μMC − iωMC

2
= Kxyd

˜
φx ⊗ d

˜
φ̄ y,

with inverse h−1
MC

= 	xy∂
˜
φ̄x ⊗ ∂

˜
φ y .

Finally, the expression of the Poisson bracket (72) in holomorphic coordinates becomes:

{P , Q }MC
= i	xy

(
∂

˜
φx P∂

˜
φ̄ y Q − ∂

˜
φ̄x P∂

˜
φ y Q

)
. (80)

It is important to notice that the election of the rigged Hilbert space made in (70), to express the system in Darboux 
coordinates, is different for holomorphic coordinates. In the first case, we built the triple from the real classical fields onto 
the real momentum fields. In holomorphic coordinates the natural triple is defined from the complexified fields NC onto 
the complexified conjugate fields N ′∗

C :

NC ⊂ H	
∼= H∗

K ⊂ N ′∗
C (81)

where H	 = (NC, 〈·, ·〉	) is the Hilbert space obtained by completion of NC with the scalar product induced by the tensor 
	 as 〈χx, ξy〉	 = χ̄x	

xyξy . This space is identified with the dense subset of N ′∗ on which the hermitian form hMC is finite. 
C
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This Hilbert space has a physical interpretation for H	 as the space corresponding to the one-particle-state structure. The 
space comprises the initial conditions for all the solutions of ‘positive frequency’ that are to be interpreted as particles in 
contrast with the elements of the conjugate H∗

	 which represent the corresponding anti-particles.
On the other hand, we can consider a similar construction from the dual perspective if we consider the completion of 

the dense subset of N ′∗
C on which the scalar product 〈·, ·〉K induced by the hermitian tensor K is defined. Both spaces 

H	 and H∗
K are identified by means of the Riesz representation theorem, realizing the duality (NC , N ′∗

C) with the scalar 
product 〈·, ·〉	 . In the following, we will consider them as the same space.

Furthermore, the elements of H∗
K will be important later when we build the Schrödinger and holomorphic pictures of 

our field theory. Indeed, when considering “wave-functions” on our manifold of classical fields, H∗
K is identified with the 

Cameron-Martin space represent the allowed translations of the unique Gaussian measure which has covariance 	xy . From 
that point of view, we will consider them to be the natural representation of the tangent space to our space of fields.

Summarizing: the classical phase space of fields is described as a Kähler complex manifold MC , which has associated 
a rigged Hilbert space structure encoding the physical one-particle-space structure. In the second part of this series [3], 
we will use these structures to define, by geometric quantization, a geometrical description of the quantum field theory 
corresponding to this classical phase space of fields. We will also investigate, using the tools presented so far, different 
methods of quantization and the relations between them.

4. Conclusions

In this paper we have summarized and collected some important results of Gaussian analysis with a vision in quantum 
field theory. First, we have argued that the natural domain for integration is strong duals of Nuclear Frechèt spaces (DNF) 
denoted by N ′ and that the concept of rigged Hilbert space emerged from the necessity of identify the Nuclear Frechèt (NF) 
spaces with subsets of their duals.

Then we defined a Gaussian measure Dμc and we have studied Gaussian integration theory of functions with domain in 
the model DNF space. The space of functions analyzed is L2

(
N ′

C, Dμc
)

and we distinguished three subalgebras of functions 
T , P and C . In the second part of this series [3] they will unveil different properties of the Hilbert spaces used to represent 
a QFT of the scalar field and its operators.

The first example of dense subalgebra is trigonometric exponentials T (N ′
C) that serve as a basis for an isomorphism 

with a reproducing kernel Hilbert space. This tool will be of huge importance in the second part of this series to establish 
the properties of the algebra of observables. Closely related is the algebra of coherent states CHol(N ′

C) that is dense in the 
subspace of square integrable holomorphic functions L2

Hol

(
N ′

C, Dμc
)

and helps to establish the analytical properties of that 
subspace as well as the decomposition in holomorphic and antiholomorphic parts of the whole space.

The last dense subalgebra of L2
(
N ′

C, Dμc
)

are polynomials P(N ′
C). This set helps to establish tools of huge importance 

for Gaussian analysis and its relation with quantum field theory. First, we established the Wiener-Ito decomposition theorem 
that provides an isomorphism with a bosonic Fock space completely determined by the properties of the Gaussian measure. 
This will yield the particle interpretation of the QFT in [3]. Secondly, we developed the Segal-Bargmann transform that 
relates L2

Hol

(
N ′

C, Dμc
)

with its counterpart with real domain L2
(
N ′, Dμ

)
and will serve the basis to relate the Holomorphic 

and Schrödinger representations in the second part of this series. Lastly we introduced the tools of integro-differential 
calculus, namely the Malliavin derivative and Skorokhod Integral that will represent creation and annihilation operators in 
the QFT.

Finally we have described how the choice of Hida test functions to model our quantum states provides us with several 
tools which will be proven useful in the second part of this paper. Nonetheless, in order to be able to use them in our 
quantum field model, it is necessary to exhibit in some detail the origin of the geometric elements which is required to 
incorporate to the corresponding classical model. This is what we introduced in the last section of the present chapter, 
with particular emphasis in the Kähler structure which will determine the quantization of the theory. We will consider the 
implications of these objects in the second part of the paper.

Declaration of competing interest

The authors declare there is no conflict of interest.

Data availability

No data was used for the research described in the article.

Acknowledgements

The authors would like to thank Prof. Carlos Escudero Liébana for pointing out to very useful bibliography on the con-
nection of Malliavin calculus with QFT. Furthermore, we would like to thank Marc Schneider for stimulating conversations 
that sparked our curiosity in the phenomenology of quantum completeness in relation with our framework.
22



J.L. Alonso, C. Bouthelier-Madre, J. Clemente-Gallardo, and D. Martínez-Crespo Journal of Geometry and Physics 203 (2024) 105264
The authors acknowledge partial financial support of Grant PID2021-123251NB-I00 funded by MCIN/AEI/10.13039/
501100011033 and by the European Union, and of Grant E48-23R funded by Government of Aragon. C.B-M and D.M-C 
acknowledge financial support by Gobierno de Aragón through the grants defined in ORDEN IIU/1408/2018 and ORDEN 
CUS/581/2020 respectively.

Appendix A. Holomorphic Hida test functions

Most of the references on White noise [24,31,34,39,47] and Gaussian analysis [29] present the theory using Gaussian 
measures on some particular real DNF N ′ or Banach B space. Even tough complex chaos is a straightforward generaliza-
tion in most cases [23], we prepared in this section a quick dictionary of theorems and lemmas that adapt the classical 
presentation to our needs.

First let us fix some notation. Consider the system of norms ‖·‖p,q introduced above (62) and their duals ‖·‖−p,−q on 
the Gel’fand triple Hp,q ⊂ HV ol ⊂ H∗−p,−q . Consider also the system of norms |·|p,q = ‖·‖�Hp,q⊗�H∗

p,q
of the Fock spaces 

�Hp,q ⊗ �H∗
p,q . With an slight abuse of notation we identify this space with I−1

(
�Hp,q ⊗ �H∗

p,q

)
and use the same 

notation for the norm. We can write for a function �(φx, φ̄x) in this space∣∣2 qN
2 �
∣∣

p,0 = ∣∣�∣∣p,q,

where N is the particle number operator (56) of the White noise measure. Recall that the White noise measure is auxiliary 
and we can describe an equivalent family of norms using the reference measure in (67). We defined our Hida test functions 
as holomorphic functions over N ′

C . We start by stating the characterization theorem in the holomorphic context:

Theorem A.1 (Characterization theorem for holomorphic Hida test Functions [31]). Let F be an entire function on (holomorphic for 
every point in NC in the sense of Definition 8). Then we have F = Sβ [�] where � ∈ (NC) if and only if ∀ p, q ≥ 0 there is C p,q > 0
so that F fulfills the estimate

|F (zρx)| ≤ C p,q exp
(
|z|2‖ρx‖2−p,−q

)
, ρx ∈ NC, z ∈C.

Proof. Noticing that Sβ [�] is antiholomorphic when � is holomorphic, the proof of Theorem 15 in [31] is directly applicable 
in this context. �
Corollary A.2. (Algebra of Homolorphic Hida test functions) (NC) is an algebra under pointwise multiplication.

Proof. To show this notice that when �, � ∈ (NC) are holomorphic we have Sβ [��](ρ̄x) = Sβ [�](ρ̄x)Sβ [�](ρ̄x) thus

|Sβ [��](zρ̄x)| ≤ C p,q(�)C p,q(�)exp
(
|z|2‖ρx‖2

−p,−(q−1)

)
. �

For the general space (NC) ⊗ (NC)∗ this result needs of more involved estimates. We provide an sketch of the proof 
adapting the study found in [39]. First notice that, in a similar way to [39] Lemma 3.5.1:

eρzφz+ρzφ
z−ρ̄uδuvρv eχzφz+χzφ

z−χ̄uδuvχv =
e(ρz+χz)φz+(ρz+χz)φ

z−(ρu+χu)δuv (ρv+χv )eρuδuvχv+χuδuvρv (A.1)

and (30) imply,

Wδ(φ
nφ̄n̄)�xn�yn̄Wδ(φ

mφ̄m̄)�xm�ym̄ =
min(n,m̄)∑

k=0

min(n̄,m)∑
k̄=0

(
n

k

)(
m̄

k

)
k!
(

n̄

k̄

)(
m

k̄

)
k̄!Wδ(φ

n+m−k−k̄φ̄m̄+n̄−k−k̄)(�x·;(�y·[δk̄]�yk̄)
[
δk]�xk)

where the symmetrization is performed over superindices with the same label. We want to adapt the arguments leading to 
Theorem 3.5.6 in [39] in a similar way as Theorem 64 in [47].

Theorem A.3 (Algebra of complex Hida test functions). From continuity we get that there is a K p ≥ 0 such that ρxδ
xyρx = ‖ρx‖2

0,0 ≤
K p‖ρx‖2

p,0 . Choose α, β such that, for a fixed q, p ≥ 0 we get 2−(α+β)/2 K 2
p − 2q−α − 2q−β < 1 then we estimate

|��|p,q ≤ 1 − 2−(α+β)/2 K −2
p

(1 − 2−(α+β)/2 K 2 − 2q−α − 2q−β)2
|�|p,α|�|p,β (A.2)
p
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And (NC) ⊗ (NC)∗ =⋂
p,q

I−1
(
�Hp,q ⊗ �H∗

p,q

)
is an algebra under pointwise multiplication.

Lemma A.4 (Equivalence to the Wiener space). Consider the Gaussian measure defined in (9). Because of continuity with respect to 
the topology of NC , generated by the family of norms {‖·‖p}∞p=0 , we get that for some p, q ≥ 0 we must have |ρ̄x	

xyρy| ≤ ‖ρx‖p,q. 
Because of the definition of FN space Definition 2 the norms are taken such that ∀ q > p the inclusion Hq ↪→ Hp is Hilbert-Schmidth. 
As a result the measure is supported in H′

q =H−q ⊂N ′
C . This is

μc(H−q) = μc(N ′
C) = 1.

Proof. This is shown in Theorem 3.1 of [23]. �
We will use Lemma A.4 to apply results derived in [29] for Gaussian measures on Banach spaces, this is, using the 

Gel’fand triple Hq ⊂H	 ⊂H−q . In particular we get

Theorem A.5 (Hypercontractivity). Let 1 ≤ p ≤ q < ∞ then we get 2−α N
2 is a bounded linear mapping such that

‖2−α N
2 �‖Lq ≤ ‖�‖L p (A.3)

if and only if 2−α(p − 1) ≤ (q − 1).

Proof. Theorem 7.2 of [29] �
Corollary A.6 (Integrability properties). As a result of hypercontractivity we get (NC) �

⋂
p≥1,m≥0

Dp,m
μc =Dμc .

Proof. Let p ≥ 1 choose λ ≥ 0 such that 2−λ(p − 1) ≤ 1 then

‖(1 + N)
m
2 �‖L p = ‖2−λ N

2 2λ N
2 (1 + N)

m
2 �‖L p

≤ ‖2λ N
2 (1 + N)

m
2 �‖L2

≤ ‖2λ N
2 (1 + 2N)

m
2 �‖L2

≤ 2
m
2 ‖2(λ+m) N

2 �‖L2 = 2
m
2 |�|0, λ+m

2

Where in the first inequality we used hypercontractivity for p ≥ 2 and for 1 ≤ p ≤ 2 we use Hölder inequality and the fact 
that ‖2−λ N

2 ‖ ≤ 1 in the operator norm. This proof is valid also using the reference measure μc to define the topology of 
(NC). This proves that, defining the auxiliary space Gμc =⋂

q
I−1

μc

(
�H0,q

)
,

(NC) � Gμc �
⋂

p≥1,m≥0

Dp,m
μc = Dμc

Further properties of G can be found in [43]. �
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