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1. Introduction

In this short paper, we investigate the problem of the existence
of a multi-utility representation for an incomplete preference relation
defined on a set X, using only a finite number of utility functions.
This problem has garnered attention since Ok’s important contribution
in 2002. Characterizing the preference relations that admit such a
representation remains an open problem.

The current article builds upon Candeal’s previous work. In Candeal
(2022), the existence of a bi-utility representation for a partial order
on a countable set was characterized. This representation involves two
utilities and serves as a special case of a multi-utility representation.
In Candeal (2023), the focus shifts to an arbitrary, not necessarily
countable, partially ordered set. The article provides further insights
into the existence of a two-agent Pareto representation in this broader
context. Here, we go a step beyond by allowing X to be an arbitrary set
and providing a characterization of the preference relations that admit
a multi-utility representation with a finite number of utilities.

The multi-utility representation problem is crucial when modeling
incomplete preferences. For instance, it plays a role in analyzing behav-
ioral phenomena such as intransitive choice, multi-criteria decisions,
risk and uncertainty models, and game theory. Recent articles, some
exploring continuity properties of multi-utility representations, include
works by Ok (2002), Evren and Ok (2011), Bosi and Herden (2012), and
Giarlotta and Greco (2013). This topic also intersects with mathematics,
specifically the concept of order dimension of a poset as defined in
Dushnik and Miller’s seminal paper (1941). Sprumont (2001) discussed
this concept in an economic context, and more recently, Qi (2015,
2016) explored it further.

Our main result relies on the concept of a Pareto poset. A Pareto
poset is a partially ordered set for which there exists a finite collection

of families of subsets of the alternative set X that satisfy certain duality
properties. Taking advantage of this concept, we characterize the exis-
tence of a finite multi-utility representation in the countable case. By
introducing an appropriate separability condition, we extend our char-
acterization to the general case. Unlike most previous contributions,
our approach to the problem is more set-theoretic than topological.
Additionally, we discuss the relationship between our findings and the
classic Dushnik and Miller theorem.

2. Preliminaries

We carry on with the notations and standard definitions provided
in Candeal (2022). Thus, X will be a nonempty set and a partial order
on X will be denoted by 3. Recall that a partial order 3 on X is a
reflexive, antisymmetric and transitive binary relation defined on X.
A total order on X is a complete partial order. Given x,y € X we say
that x and y are incomparable in 3 (or, simply, incomparable) provided
that neither x < y nor y < x holds true. In this case, the notation
x X y is used. The asymmetric part of < will be denoted by <. The pair
(X, 3) is called a partially ordered set or, simply, a poset. Throughout
the paper it will be assumed that < is a nontrivial partial order on X;
i.e., < will be a nonvoid relation. Given a binary relation R on X, for
any x € X, as is customary, the notations Lg(x), Ug(x) and Ng(x),
will stand for the lower contour set of x, the upper contour set of x,
and the elements of X that are incomparable to x, respectively. Let
n € Nand N := {l,...,n} C N. The natural partial order on the
n-dimensional Euclidean space R" will be denoted by <; i.e., for any
a=(a;),b=(b;) €R", a<bifand only if q; < b;, for all i € N.

A partial order 3 defined on X is finite multi-utility representable
whenever there are n € N and a function u : X — R” such that x < y if

* Correspondence to: Department of Economics, Faculty of Economics and Business, University of Zaragoza, Gran Via, 2, 50005 Zaragoza, Spain

E-mail address: candeal@unizar.es.

https://doi.org/10.1016/j.econlet.2024.111855
Received 28 May 2024; Accepted 7 July 2024
Available online 11 July 2024

0165-1765/© 2024 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC license (http://creativecommons.org/licenses/by-

nc/4.0/).


https://www.elsevier.com/locate/ecolet
https://www.elsevier.com/locate/ecolet
mailto:candeal@unizar.es
https://doi.org/10.1016/j.econlet.2024.111855
https://doi.org/10.1016/j.econlet.2024.111855
http://crossmark.crossref.org/dialog/?doi=10.1016/j.econlet.2024.111855&domain=pdf
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/

J.C. Candeal

and only if u(x) < u(y), for any x,y € X. In this case, u = (u)y_, is said
to be a finite multi-utility representation of 3. If n = 1, then the classic
concept of a utility representation is obtained. If n = 2, then we will refer
to it as a bi-utility representation of <.

3. Pareto posets and multi-utility representations

In this section, a general result that characterizes the existence of a
finite multi-utility representation, for a partially ordered set (X, J), is
presented. The set-theoretic approach followed is based on some duality
properties of certain families of subsets of X. We start with the concept
of inverse of a given family of subsets. From now on, 2% will denote the
powerset of X.

Let A = (A(x)),cx be a family of subsets of X. Then, for every x € X,
we will denote by A~!(x) := {y € X : x € A(y)} and call this subset
the inverse of A(x). The symbol A~! is meant for the following family
of subsets A™! 1= (A7 (x)),cx-

We now introduce two axioms concerning the family A =
(A(x)),ex- The first axiom, called nonexpansiveness, refers to a ‘shrink-
ing property’ that the subsets of the family must satisfy. More precisely,
for any x € X, it is required that the subsets of the family corresponding
to the points of A(x) must be contained within A(x). As will be
seen later, this axiom is closely related to the transitivity of certain
binary relation defined on X. A natural example of a family satisfying
nonexpansiveness is A = (L_(x)),cyx, Where < is a partial order on X.
By the way, in this case, it holds that A~ = (U, (x)),cx-

The objective for the second axiom, called exhaustiveness is that, for
any x, A(x) and A~!(x) be a partition of X \ {x}. Therefore, for each
y € X, either y is supposed to be in A(x), or x must be in A(y). Thus,
a possible interpretation of the above collection is a sort of ‘partial
covering’ and ‘partial anti-covering’ of X \ {x} that fully partitions
X \ {x}. By ‘anti-covering’ here we mean a ‘winding set’, which counts
explicitly every A(y) that contains x by keeping track of y.

Definition 1. A family A = (A(x)),cx C 2% is said to be:

(i) nonexpansive whenever y € A(x) entails A(y) C A(x), for any x,y € X,
(ii) exhaustive provided that, for any x € X, {A(x), A~!(x)} is a partition
of X\ {x}.

Remark 2. It is straightforward to see that a family .4 is nonexpansive
(respectively, exhaustive) if and only if so is .A~!.

Assume A = (A(x)),cy is an exhaustive and nonexpansive family of
subsets of X. Consider the binary relation R on X defined by:

x Ryifand only if x € A(y) or x =y
Lemma 3. R is a total order on X.

Proof. Let us prove that R is transitive. Indeed, let there be given
x,y,z € X such that x R y and y R z. Assume x,y,z are pairwise
distinct because, otherwise, x R z follows obviously. Thus, x € A(y) and
y € A(z). Now, because A is nonexpansive, it holds that A(y) C A(z).
Therefore, x € A(y) C A(z), whence x R z and we are done.

In order to see that R is antisymmetric, let x,y € X such that x R y
and y R x. Suppose, by way of contradiction, that x # y. Then, x € A(y)
and y € A(x). But, by nonexpansiveness, this would imply that x € A(x)
which is not possible because, by exhaustivity, x & A(x). Therefore,
x =y and R turns out to be antisymmetric.

To prove that R is complete, let x,y € X two arbitrary points of
X. If =(x R y), then, by definition of R, x # y and x ¢ A(y). Thus, by
exhaustivity, x € A~!(y) or, equivalently, y € A(x). Therefore, y € A(x)
and so R is a total order on X. []

We now introduce the fundamental concept of a Pareto poset. It
involves the existence of a finite collection of nonexpansive and exhaus-
tive families of subsets of X such that, for any x € X, the intersection of
the members of the collection associated with x equals L_(x); i.e., the
set of points which are less preferred than x.
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Definition 4. A partially ordered set (X,x) is said to be a Pareto
poset provided that there is a finite collection of nonexpansive and
exhaustive families of subsets of X, AT, = (Ai())cexs such that
M=, Ai(x) = L_(x), for any x € X.

Remark 5. (i) By Lemma 3, for each i € N, the family A; defines
a total order on X. Thus, in particular, for each i € N, and for any
distinct x, y € X it holds that either x € A,(y) or y € A;(x). Henceforth,
the total order on X induced by A; will be denoted by ;. Obviously,
each 3; is an extension of 5 (i.e., x 3 y entails x 5; y, for any x,y € X).
Further, if, for distinct x, y € X, itholds x X; y, foralli € N, then x S y
since x € (_; 4;(») = L.(»).

(ii) As a simple illustration of Definition 4, consider the three-point set
X = {x;,x,,x3} equipped with the following partial order: x; 3 x3,
X, 3 x3, and the corresponding self relation of any point to meet
reflexivity. Note that No(x;) = x,, N<(x;) = x;, and N4 (x3) = @. Let
(A)i=12 = (A4;(x))) ;=1 2,3 be the two following families of subsets of X:
(@) Aj(x)) = x5, Ay(x1) =0

(b) Aj(xp) =8, Ay(xy) = x4

(©) Aj(x3) = Ay(x3) = {x, x5}

Note that Al_l(x]) = x3 and A;l(x|) = {xp,x3}; Al‘l(xz) = {x,x3}
and A;l(xz) = X3 Al‘l(x3) = A;l(x3) = . Also, it holds that
Aj(x)NAx(xy) = 8 = Lo(x)), Aj(x) (N Ax(xp) = 0 = L_(xp), and
A (x3) [ Ax(x3) = {x],x,} = L_(x3). Thus, it is straightforward to see
that the two families (A;),_; ,, so-defined, make (X, 5) a Pareto poset.

The two total orders on X, 3, and %,, induced by these two families
are: x, 3| x; 3; X3, and x; 3, x, 3, x3. Obviously, 3; n 3,=x3. For
other more sophisticated examples, see Section 5 below.

As is usual in utility theory, we now introduce a separability condi-
tion that will help us to address the general case.

Definition 6. A Pareto poset (X,3), with a finite collection of
associated families (A,-)If'= = (4;(x)),ey> is said to be separable provided
that there is a coinitial,’ countable subset D C X such that, for any
x,y € X, any i € N the following condition holds true: x € 4;(y) =
(3j € N)(3d #d' € D)such that x € A;(d), d € A;(d"),and d’ € A;(y).

The main characterization result is now presented.

Theorem 7. Let (X,3) be a partially ordered set. Then 3 is finite
multi-utility representable if and only if it is a separable Pareto poset.

Proof. Assume u X - R u = W, is a finite multi-utility
representation of 3. For each i € N, consider the family of subsets
of X, A; = (A;(x)),cyx, defined as follows:

Ax)={ye X u(y) <u(x)} U;l:l{y €X 1 u(y) = uw(x), ... upy(») =
Ui 1 (%) and Ui (V) < Uiy GO\ {x}, where [i + j] denotes the
number i + j (module »n); i.e. the remainder of i + j divided by n.

It is routine to check that A; is a nonexpansive and exhaustive
family of subsets of X. Moreover, for any x € X, it holds (_; 4;(x) =
{yeX :u(y) <uy(x)foralli € N} \ {x} = L_(x). Thus, (X,3) is a
Pareto poset.

To prove that (X, ) is separable, for each i € N, denote by E; the
set of endpoints of X corresponding to the gaps of u;(X) in R. Note that
E; is countable. In addition, for any i € N and any pair of rationals
q,q' with ¢ < ¢', pick up, if any, a single point x(i,q,q') € X such
that ¢ < u;(x(i,q,4")) < ¢'. Let F; = Uq<q,{(x(i, q.q"))} and denote
by D; := F;|J E;. Clearly, D; is a countable set of X. Finally, define
D := |J_, D;. Then, D is a coinitial countable set that satisfies the
separability condition. Indeed, D is, obviously, coinitial and countable.
In order to see that it satisfies the separability condition let there be

1 A subset Y of a partially ordered set (X, %) is said to be coinitial in X or
simply coinitial, if Y bounds by below X; i.e., for every x € X thereis y e Y
such that y < x.
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given i € N and x # y € X such that x € A;(y). There are two cases to
consider:

(i) u;(x) < wu;(y). If this situation happens, then either the interval
[u;(x), u;(»)] includes a gap of u;(X), or there is a countable dense subset
of u;(X) included in [y;(x),u;()]. In the first case, there are x',y € X
such that u;(x) < u;(x") < u; (/) < w; (). If u;(x) < y;(x") and u;(y') < u;(y),
then, by definition of F;, either there are points d,d’ € F; such that
u(x) < ud) < w;(x') and u;(y/) < wu;(d") < u(y), or the interval
[u;(x"),u;(")] defines a gap of u;(X). If u;(x) < wu;(d) < u;(x') and
u, () < u(d") < u;(y), then x € A,(d), d € A,(d"), and d’' € A,(y). If
[u;(x"),u;(y")] defines a gap of u;(X), then x’, )’ € E;, whence belong to
D;. Thus, x € A,(x)), x' € A;()), and y' € A,(p).

In the second case, where there is a countable dense subset of u;(X)

included in [u;(x), u;(y)], it is clear, due to the definition of D;, that there
exist points d,d’ € D; such that u;(x) < u;(d) < u;(d") < u;(y). Thus,
X € A;(d), d € A,(d"), d’ € A,(y), and we are done.
(i) There is j € N such that u;(x) = w;(y), ..., u ;0 = vpp;(x)
and upy ;i (x) < ypyye (). In this situation, by considering now
U441y instead of u; and replacing D; with Dy, ;,,), an entirely similar
argument to the one used above applies.

Conversely, let (X, 3) be a separable Pareto poset. Consider the total
orders on X, (G provided by Lemma 3 (see, also, Remark 5(i)).
Note that the separability condition can be rephrased, in terms of (3;
)7=1’ as follows: for any x,y € X, any i € N
x<,y=>@jeN)@d.d eD)suchthatx3;d <;d" 3, .

For each i € N, consider the restriction of 3; to the coinitial
countable set D, denoted by X; |p. By Cantor’s theorem (see Cantor
(1895)) there is a utility function, defined on D, that represents J; |.
Let us denote by (v,)_, such utility functions. We may assume, without
loss of generality, that v; is bounded, for any i € N. Note, in addition,
that, for any distinct d;,d, € D such that d; 3 d,, it holds v;(d;) <
v;(d,), for any i € N. Define, for each i € N, the real-valued function
up © X — R given by: u;(x) = supyg ., gep Ui(d). Let us see that the
function u : X - R", u = (u,-)lf‘zl, is a multi-utility representation of
<. First of all, note that, for every i € N, u; is well-defined because D
bounds by below X and v; is bounded. Let x,y € X such that x 3 y.
Then, x 3; y holds true for all i € N because %; extends 3 (see
Remark 5(i)). This, obviously, entails u;(x) < u;(y), for all i € N. Thus,
u(x) < u(y).

Suppose now that, for all i € N, u;(x) < u;(y) holds true for some
distinct x,y € X. Let us prove that x 3; y, for all i € N. Assume,
otherwise, that there is p € N such that y 5, x (actually, y <, x). Then,
by definition of Up, there are no d,d’ € D such that y Spd =, d’ Sp X
because, otherwise, it would follow that u,(y) < u,(d) = v,(d) < vp(d’) =
up(d’ ) < u,(x), which contradicts the fact that u,(x) < u,(y). Note that, a
fortiori, it would have u,(y) = u,(x). Now, by the separability condition,
there would exist g € N, g # p, and d,d’ € Dso that y 3, d <, d' 3, x.
But this possibility entails uy(y) < uy(x), which contradicts the fact that
uy(x) < u,(y). Therefore, x 3; y holds true for all i € N, whence, by
Remark 5(i) again, x 3 y which ends the proof. []

4. Relation with Dushnik and Miller theorem

Now, the relationship between our approach and the classic Dushnik
and Miller theorem is briefly discussed. For that purpose, the following
definition is needed.

Definition 8. A partial order 3 defined on X has the finite Dushnik
and Miller property, (finite DM property, for short) provided that it is the
intersection of a finite number of total orders on X.

The next result establishes that, for a partially ordered set, the latter
property amounts to be a Pareto poset.

Theorem 9. A partially ordered set (X, 3) is a Pareto poset if and only
if X has the finite DM property.
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Proof. Suppose that (X, 3) is a Pareto poset. Then, by Lemma 3 and
Remark 5(i), it holds that <= ﬂ;’zl <;- Thus, X has the finite DM
property.

Conversely, assume there are total orders on X, say (3’ )i,> SO that
3=}, 3', and let us prove that (X, 3) is a Pareto poset. To that end,
for every i € N, x € X, define A;(x) := L_i(x). Then, it is immediate
to check that, for every i € N, A; = (A;(x)),cx is a nonexpansive and
exhaustive family of subsets of X such that (7_, 4;(x) = ;_; L.i(x) =
L_(x), for any x € X. Therefore, (X, 3) is a Pareto poset and we are
done. [

In view of Theorems 7 and 9 for a countable poset the following
conclusion holds.

Corollary 10. For a partially ordered countable set (X, 3) the following
assertions are equivalent:

() 3 is finite multi-utility representable,

(ii) (X, X) is a Pareto poset,

(iii) X has the finite DM property.

Remark 11. The countability hypothesis cannot be dropped from
the statement of Corollary 10. Indeed, whereas the existence of a
finite multi-utility representation entails the fulfillment of the finite
DM property, the converse is not true, at large. As an example con-
sider the totally ordered set (R?, <,,,), where <,,, stands for the usual
lexicographic order on R2. Obviously, (R?, <,,,) satisfies the finite DM
property. However, it is not finite multi-utility representable because,
as is well-known, it does not admit a utility function. The same coun-
terexample demonstrates that, in general, a Pareto poset does not
necessarily have a multi-utility representation.

5. Examples

We now present some examples to illustrate the content and scope

of the main concepts and results of the article.
(1) The underlying idea in a Pareto poset suggests the existence of a
procedure to determine all finite multi-utility representable posets. We
offer an example of a six-point poset through which the main properties
analyzed in the paper are developed.

Let there be given X = {x,....x¢} and Z:= {(x,x)), ..., (x4, Xg)s
(x1,x4), (X1, x5), (x5, X5), (x5, X¢), (X3, X4), (X3, xg) }. It is straightforward to
see that 3, so-defined, is a partial order on X. It is not bi-utility repre-
sentable (see, e.g., Fishburn (1997) or Sprumont (2001)). However, it
admits a representation in R>. Let us provide it by showing that (X, )
is a Pareto poset for n = 3. To that end, note that N = {1,2,3},i=1,2,3,
and x ;, € X,j=1,..,6 Foreveryi € N, consider the following
family of subsets of X: A; = A;(x;);e1....6; Which has been obtained
in accordance with the duality properties given in Definition 4:

(ay) Ay(xp) = {x3, %3, %6},

(b)) Aj(x) = {x3},

(c)) Ay(x3) =0,

(d)) Ay (xg) = {x, %2, %3, X5, %6},
(ey) Aj(xs) = {x|,x3,x3, %6}, and
(1) A1 (x6) = {x3, X3}

(a) Ay(x)) = {x,},

(bz) Ay(xy) = @,

(Cz) Ay(x3) = {x1, x5, x5},

(dy) Ax(xg) = {xy, %3, %3, X5},
(ey) Ay(xs) = {x;,x,}, and

(f2) Ay(xg) = {X, X2, X3, X4, X5}

(03) Az(x)) = {x3},

(b3) A3(x2) = {x13x3sx4}7

(e3) A3(x3) =0,

(d3) Az(xyg) = {x1,x3},

(e3) Az(xs) = {x1,xp,x3,x4}, and
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(f3) A3(x6) = {x1, X2, x3, X4, x5}

It is straightforward to see that the families (A,-)?=1 =
(A;(x;));e(1,...cy satisfy the conditions of Definition 4 and, therefore,
(X, 3) is a Pareto poset. The total orders (5,-)?=1 are easily calculated
and given by:

(@) x3 31 X2 3y X6 31 X1 J1 X5 31 Xa

(i) x 3y %1 3y x5 32 X3 Zp X4 Zp Xes

(i) x3 35 X1 T3 x4 33 X2 33 X5 33 Xe-

Note that <= ﬂ?:] <i- Moreover, the values of the finite multi-
utility representation provided by Theorem 7 are: u(x;) = (3,1,1),
u(x,) = (1,0,3), u(x3) = (0,3,0), u(xy) = (5,4,2), u(xs) = (4,2,4) and
u(xg) = (2,5,5).%

(2) We now exhibit an example for which no finite multi-utility
representation does exist.> Because it is well-known that any finite
poset has a finite multi-utility representation, the example necessarily
involves an infinite poset. In fact, it is a denumerable (i.e., countably
infinite) poset. Let X = (x,,) ez (0)- Define the following binary relation
Son X: x, 5 x,, provided that either p =g or (p <0, ¢ > 0 and g # —p).
Clearly, (X, ) is a poset. Suppose, by way of contradiction, that a finite
multi-utility representation does exist. Then, by Corollary 10, (X, %) is
a Pareto poset. Thus, there is a collection of subsets of X, say (Al-)lf’=1 =
(A;(x)) ey, that satisfy Definition 4. Recall that, for each i € N, and
for any distinct x, y € X it holds that either x € A;(y) or y € A;(x) (see
Remark 5(i)). Now, because x_; X x; (i.e., x_; is incomparable to x,),
it follows that there is i; € N such that x; € 4; (x_;). Indeed, if for all
i € N, x_| € Ai(x)), then x_; € (\_, A;(x;) = L_(x)). Thus, x_; < x|,
which, by definition of X, is impossible. Moreover, because for any
i € N, x € X, it holds that L_(x) C A;(x), we have that x_, € A; (x)),
x| € Ay, (x_p), and x_; € A; (xp), for all p > 1. By nonexpansiveness of
(4, ))xexs the latter expression entails x_, € A (xp), for any p > 1. In
particular, x_g,,;) € 4; L Geg) holds true. Now, because x, € Ai’ll(x_p),
it follows, by exhaustiveness, that there is i, # i; € N such that
xp € Ay (x_p), for any p > 1. In particular, x_g,,, € Aj (X1 holds true,
for any i,. Because the numbers {i, : p=1,...,n} are pairwise distinct,
after n steps a rearrangement of N is obtained. Thus, it follows that
X_ua1) € Moy Aiy Coer) = NiZy Ai(Xup1) = Lo (x,4), whence x_g, 4y <
x,41- But this contradicts the fact that x_,,) M x,.,,. Therefore, (X, 3)
cannot be a Pareto poset and thus, a finite multi-utility representation
cannot exist. Note, however, that an infinite multi-utility representation
does exist for 3. Indeed, for each p < 0, define u(x,)(k) = 1, if k = —p,
and u(x,)(k) = 0, otherwise. For each p > 0, define u(x,)(k) = 0, if k = p,
and u(x,)(k) = 1, otherwise. It is straightforward to see that u :
{0, 1}NV10} " so-defined, is an infinite multi-utility representation of X,
the corresponding utilities ()2 being the i-projections of u.

(3) The third example includes the ordered sum of two totally
ordered sets. Let there be given two totally ordered sets (C,3.) and
(D, 3p) such that Cn D = @. Consider the ordered pair (X = CuD, Sy),
where <y is defined as follows: x 3y y if and only if [(x,y € C)A(x 3¢
], or [(x,y € D) A (x Sp »)]. Obviously, <y, so-defined, is a partial
order on X. Then, (X,<y) is a Pareto poset for the two following
families of subsets (A;);-;, = (4;(X))scx, Where A, (x) = L., (), if x e
C,and A;(x) = L. (x)JC, if x € D. Similarly, A,(x) = L_ (x)U D, if
x € C, and A,(x) = L., (), if x € D.

The two total orders on X, <, and 3,, associated with the families
(A= are: x 3; y if and only if [(x,y € C) A (x 3¢ y)], or
[(x,y € D)A(x 3p »hor[(x € O)A(y € D); x 35, yif and
only if [(x,y € O)A(x 3¢ ], or [(x,y € D)A(x Zp Y], or [(x €
D) A (y € C)]. Note that 3y=3; n 3,. In addition, if 3. and 3, are

X —

2 Because X is finite, these values are calculated by taking the cardinality
of the corresponding A,(x).
3 This example was inspired by Hack et al. (2022), Proposition 7).
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both representable, on C and D, respectively, by corresponding utility
functions, then, clearly, (X, Sy) is a separable Pareto poset, and <, and
<, admit also corresponding utility functions on X. Let u, v denote these
utility functions. Then, the pair (u, v) is a bi-utility representation of <y
on X.

6. Conclusions

This article provides a comprehensive characterization of partial
orders defined on an arbitrary set that admit a finite multi-utility
representation. This represents a significant advancement in the liter-
ature because it generalizes certain partial results that have recently
emerged. Additionally, the article explores the connection between the
multi-utility representation problem and the concept of dimension in
a partially ordered set (poset), as established by Dushnik and Miller
(1941). The article also includes illustrative examples that highlight
the main results obtained. Partial orders allowing for multi-utility
representation play a crucial role in various fields, including theoretical
economics, decision sciences, and optimization.
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