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A B S T R A C T

Keratoconus is a non-inflammatory bilateral disease, that usually occurs in the inferior-temporal region, where
the cornea bulges out and becomes thinner, due to the gradual loss of structural organization in corneal
tissue. Degenerated extracellular matrix and fibers breakage have been observed in keratoconic corneas, that
may promote the progression of the pathology. While keratoconus histopathology has been widely described
in literature, its etiology is still not clear. Being able to fully understand keratoconus growing process could be
crucial to detect its development and improve prevention strategies. This work proposes a novel continuum-
based keratoconus growth model. The proposed framework accounts for the structural changes occurring in the
underlying tissue during the progression of the disease, as indicated in experiments. The developed formulation
is able to replicate the typical bulging and thinning of keratoconic corneas, as well as different forms in
terms of shape, as they are commonly classified in clinics (nipple, oval and globus cones). The cone that is
obtained constitutes a permanent deformed state, not pressure dependent. The resulting model may help to
better understand the etiology of the behavior of this disease with the aim of improving the diagnosis and the
treatment of the pathology.
1. Introduction

Cornea is the primary refractive surface and dictates the quality of
our vision thanks to its high transparency and curved shape [1]. Being
both a lens and a biological structure, it behaves as a biomechanical
support to balance the effect of the intraocular pressure (IOP), gener-
ated by the humors inside the eyeball cavity. Corneal structure is made
of five different layers (epithelium, Bowman’s layer, stroma, Descemet’s
membrane and endothelium), among which the stroma constitutes the
90% and is mostly responsible for the tissue biomechanical response.
The high transparency needed to act as a lens is provided by the precise
organization of the collagen fibers in the stroma, embedded in the
extracellular matrix (ECM). Collagen fibers are organized in fibrils,
which in turn are packed in lamellae. The lamellae show a preferred
orientation in the nasal-temporal and inferior–superior directions in
the posterior third of the stroma, while they are more isotropically
distributed in the anterior two thirds, creating an interwoven and
resistant net. Moving towards the limbus, the lamellae assume a cir-
cumferential orientation [2]. This highly organized structure may be
altered by genetic or external factors: such structural alteration may
occur as a post-surgical complication after laser refractive surgery.
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Disruption of corneal structure has been observed in patients affected
by keratoconus, which is a corneal pathology belonging to the family
of ectatic disorders.

Keratoconus is a non-inflammatory disease characterized by a grad-
ual asymmetrical steepening and thinning of the cornea, which usually
occurs in the inferior-temporal central cornea, causing a reduction of
the visual acuity up to complete loss [3]. It is a bilateral condition,
whose etiology is still unclear. Some environmental factors that may
cause or contribute to keratoconus development are chronic eye rub-
bing, which induces high levels of deformation in the corneal structure,
and contact lens wear [4]. It has been observed that this pathology
can affect both genders and all ethnicities, but it is more common in
younger patients (between 21 and 40 years old) [5].

Keratoconus histopathology has been widely analyzed in literature:
it has been observed that keratocytes in keratoconic corneas are de-
generated, containing much higher concentrations of proteoglycans,
which also are compromised in their turn [6]. Keratocytes are essential
for maintaining the ECM at homeostatic condition [7]. Thus, it has
been hypothesized that the degeneration of the proteoglycans inside
the keratocytes, which are located around the fibrils, may promote a
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worsening of the adhesive function of the ECM, causing the interfibril-
lar cross-links to break, the lamellae to slip and fiber breakage into
multiple bundles. Lamellar slippage is probably due to the pressure
gradient acting on the corneal posterior surface, that together with
fiber breakage and volume loss may explain the bulging and thinning
phenomena, typical marks of this pathology [3].

One of the main issues related to the keratoconus disease is the
difficulty of an early detection. In early stages, keratoconus is defined as
subclinical or form-fruste keratoconus due to the absence of symptoms,
making it difficult to be detected. When the signs of keratoconus are vis-
ible, the pathology has already progressed. A non-detected subclinical
keratoconus becomes a high risk factor for keratoconus development
if that patient undergoes laser refractive surgery, which nowadays has
become common practice to correct medium-low refractive defects [8].
One of the detectable symptoms that patients themselves notice is
blurred vision caused by irregular astigmatism [5]. Therefore, corneal
topography has become routine in clinical practice to analyze corneal
surfaces’ characteristics in doubtful cases, when the presence of kera-
toconus is suspected. In fact, irregular astigmatism or abnormalities in
the surface curvature or in the pachymetry can be identified by means
of a corneal topographer and represent clear signs of the presence of the
disease. However, nowadays a standardized protocol to be followed by
clinicians in order to detect keratoconus at every stage is still lacking.

Being able to fully understand keratoconus growing process could
be crucial to diagnose its presence and improve prevention strategies.
Finite element (FE) models represent a useful tool that may be used
to mimic keratoconus pathology and investigate its behavior. There
exist a few works in literature that exploited FE methods to try to
reproduce keratoconic corneas in order to analyze different aspects of
this pathology, from mechanical aspects to optical changes. Pandolfi
et al. [9] published one of the first works on keratoconus FE modeling,
where an ellipsoidal model of a keratoconic cornea was proposed, by
decreasing fibers’ stiffness in a localized area of the cornea, in order
to analyze the mechanical behavior in comparison with an healthy
model. Later, Gefen et al. [10] made a step forward, analyzing the
mechanics of FE keratoconic models characterized by localized thinning
and properties’ degradation, introducing a basic optical analysis of the
refractive power. From then on, research advances allowed to introduce
patient-specific models, in order to be able to simulate corneal tissue’s
response to treatments to stop the progression of the disease, such as
cross-linking [11,12], or to laser refractive surgeries [13]. Microstruc-
tural models, that take into account cross-links between fibrils, have
also been proposed [14,15], which were able to reproduce keratoconic
shapes very close to reality at homeostatic conditions.

By exploiting the versatile nature of FE models, research lately
focused on trying to understand which alterations of the corneal tissue,
observed with experimental imaging techniques [6,16], may trigger or
be prevalent in the development of the pathology, due to the lack of
knowledge about its early stage development.

It is still not clear whether this pathology is mainly caused by a
decrease in fibers stiffness [17], interfibrillar cross-links breakage and
consequent disorganization or if both matrix degradation and fibers
breakage progress simultaneously [18,19] or if the ECM loosens its
embedding function, causing lamellar slippage and fibers rupture. In
any of these hypotheses, the triggering cause of these alterations is still
unknown.

All the works published and discussed up to now on FE keratoconic
models used an elastic formulation, where the pathology was studied by
changing the material properties in a confined area and/or introducing
a geometrical thinning at homeostatic conditions, that is under the
action of the IOP only.

To date, growth models have not been used to investigate ker-
atoconus pathology. These models would provide a framework that
better mimics the natural progression of the pathology in terms of the
structural changes that occur during the evolution of the disease. There
2

exist, indeed, many works that presented a so-called growth formulation
for replicating growth and remodeling processes in different biological
tissues (e.g. artery, bones, etc.) [20–27] with the aim of studying tissue
regeneration as a response to injury or clinical intervention, disease
progression in time, tissue adaptation and so on [28].

Changes or redistribution of mass can occur in both growth and
remodeling processes. They can be characteristic of normal physiolog-
ical processes, but may happen also in pathological cases, such as the
one of interest in this work. Being able to formulate a mathematical
model of the growth process of a tissue, healthy or pathological, can
be very useful to understand the physiology or physiopathology that
stands behind a disease.

This work presents a novel continuum-based growth model of ker-
atoconus. The proposed framework accounts for the structural changes
occurring in the underlying tissue during the progression of the disease,
as suggested by experimental observations. The resulting model may
help to better understand the etiology of the behavior of this disease
with the aim of improving the early diagnosis and the treatment of the
pathology.

2. Materials and methods

When changes of mass are modeled in biological tissues, two main
approaches can be followed, depending on the characteristics of the
process itself [21]: a coupling between mass changes and deformations
must be defined at the constitutive level or at the kinematic level.
At the constitutive level, the free energy function is weighted with
respect to the density, which can vary while the volume remains
constant (mostly used in bone remodeling processes), while at the
kinematic level the growth process is characterized by a volumetric
mass change, while the density remains constant, usually applied to soft
tissues undergoing large strains (e.g. arteries). In this work, we propose
a specific application of the continuum-based growth formulation at
the kinematic level, characterized by a closed system without mass
generation and constant volume, to mimic keratoconus arising and
progression. The entire formulation that will be described has been
implemented in the framework of a user material (UMAT) subroutine
in FORTRAN language.

2.1. Growth model

In the material description of soft tissues, large deformation kine-
matics theory is involved in the context of non linear continuum solid
mechanics and, thus, such formulation will be followed in the present
work [29]. In order to introduce the growth formulation, we first need
to recall basic kinematics theory of a body’s response to a load. Let
𝐗 ∈ 0 be the position of a point belonging to the body 𝐵 in the initial
eference configuration 0 at the initial time 𝑡0 and 𝐱 ∈ 𝑡 the position
f the same point in the current spatial configuration 𝑡 at time 𝑡. A
otion 𝝋 ∶ 0 → 𝑡 is used to map the reference configuration to the

urrent configuration, so that:

= 𝝋(𝐗, 𝑡). (1)

n the theory of finite growth, first introduced by [30], a multiplicative
ecomposition of the deformation gradient 𝐅 = ∇𝝋 = 𝜕𝐱∕𝜕𝐗 into a

growth component 𝐅𝑔 and an elastic component 𝐅𝑒 (see Fig. 1) must
be introduced:

𝐅 = 𝐅𝑒 ⋅ 𝐅𝑔 . (2)

The growth component of the deformation Fg generates an interme-
diate configuration ̂0, that may be incompatible due to the creation
of penetrations or holes among the different parts of the body, given
that each particle growths independently. To ensure compatibility, an
elastic deformation must be considered to maintain body’s continuity.
Consequently, the growth tensor Fg represents the change of mass

in terms of addition (growth) or subtraction (degradation) of mass
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Fig. 1. Multiplicative split of the deformation gradient F.
Fig. 2. Local directions of growth/degradation at the element level.
in a local volume element, while the elastic deformation gradient Fe
accounts for the elastic deformation of the body.

As a consequence of the multiplicative split of the deformation
gradient, we can define the following Jacobians:

𝐽 = 𝑑𝑒𝑡(𝐅) > 0, 𝐽𝑔 = 𝑑𝑒𝑡(𝐅𝑔) > 0, 𝐽𝑒 = 𝑑𝑒𝑡(𝐅𝑒) > 0, (3)

that transform a volume element into the corresponding configurations:

𝑑𝑣 = 𝐽𝑑𝑉 = 𝐽𝑒𝑑𝑉 , 𝑑𝑉 = 𝐽𝑔𝑑𝑉 , (4)

where 𝑑𝑉 indicates a volume element in the initial material config-
uration 0, dV̂ a volume element in the intermediate incompatible
configuration ̂0 and 𝑑𝑣 a volume element in the current spatial
configuration 𝑡.

For the modeling of keratoconus growth, we assumed a transversely
isotropic growth, composed of an in-plane isotropic growth, and an
out-of-plane thinning, as a strain-driven phenomenon. Hence, a local
reference system is defined at each point of the cornea (see Fig. 2),
with unit vectors n1 and n2 defining a plane tangent to the corneal
profile where isotropic in-plane growth occurs, and n3 the normal to
the cornea where the out-of-plane thinning occurs. Consequently, the
growth deformation gradient Fg can be written as:

𝐅𝑔 = 𝜗𝟏 +
[

1
𝜗2

− 𝜗
]

𝐧3 ⊗ 𝐧3, (5)

where ϑ is the in-plane stretch ratio. As a consequence of the selected
growth formulation, the growth deformation gradient Fg is isochoric,
respecting the incompressibility assumption made in the current model.
3

To start the growth process, a degradation of the corneal material
properties of the constitutive model throughout time is introduced
(see Section 2.3). To establish the law of evolution of growth as a
strain-driven phenomenon, it is first defined the strain difference 𝜑:

𝜑 = 𝜆 − 𝜆crit , (6)

where λcrit is the maximum principal stretch at homeostatic conditions,
that is at physiological IOP, and λ is the current stretch at time t. When
𝜑 > 0, the growth process is initiated by updating 𝜗 according to the
explicit law:

𝑑𝜗
𝑑𝑡

=

⎧

⎪

⎨

⎪

⎩

0 if 𝜑 ≤ 0,

𝐾+
(

𝜗max − 𝜗𝑡

𝜗max − 1

)𝛾

𝜑 if 𝜑 > 0,
(7)

where ϑmax is a growth limit defined to avoid unlimited growth,
K+ and γ are two constants that regulate growth velocity. In the
implementation, Eq. (7) is integrated explicitly.

2.2. Material model

Being the stroma the major constituent of corneal tissue, it is the
main responsible for the mechanical response. For this reason, we
chose to model corneal tissue as a tissue made up only by the stroma,
disregarding the other layers, as it has already been done in others
works in literature [18,31–33]. The decision to disregard the other
layers has been made due to the absence of information about the
mechanical behavior of such layers, even if we are aware that in
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Fig. 3. Material model characteristics. a. Schematic of theoretical collagen fibers distribution, according to [36]; b. Variation of the in-plane dispersion kip in the corneal geometry;
c. Variation of the out-of-plane dispersion kop as a function of the local coordinate s; d. Heterogeneous distribution of material properties (C10, k1 and k2) in corneal thickness.
keratoconus’ pathology structural changes have also been observed at
the epithelium and at the anterior limiting lamina.

As already underlined in the introduction of this work, collagen
fibers in the stroma follow a highly organized structure [2]. The scheme
of Fig. 3.a is a theoretical representation of fibers orientation, which
are not perfectly aligned in the stromal tissue, but are characterized
by different degrees of dispersion depending on their location in the
cornea. To account for point-wise fibers dispersion, we considered in-
plane and out-of-plane dispersion terms, as derived by [34,35]. In-plane
dispersion follows the pattern shown in Fig. 3.b, where 0.1 is the
minimum value (completely anisotropic) and 0.5 is the maximum value
(completely isotropic); out-of-plane dispersion varies in depth, being
the fibers more orthogonally distributed within the posterior two thirds
(kop = 1/2) and more isotropically oriented within the anterior third
(kop = 1/3).

The following strain energy density function (SEDF) for a nearly-
incompressible material has been used to model the elastic part of
corneal tissue behavior [35]:

𝜓(𝐽𝑒,𝐂𝑒) = 𝜓𝑚𝑎𝑡𝑟𝑖𝑥(𝐼1, 𝐼2) + 𝛴𝑖=4,6𝜓𝑓𝑖𝑏𝑒𝑟𝑠(𝐂𝑒,𝐇𝑖) + 𝜓(𝐽𝑒), (8)

where 𝜓𝑚𝑎𝑡𝑟𝑖𝑥(𝐼1) represents the isotropic contribution, 𝜓𝑓𝑖𝑏𝑒𝑟𝑠(𝐂𝑒,𝐇𝑖)
accounts for the fibers of the model and 𝜓(𝐽𝑒) is the volumetric term.

𝐂𝑒 is the distorsional right Cauchy–Green tensor :

𝐂𝑒 = 𝐽−2∕3
𝑒 𝐂𝑒, (9)

where 𝐂𝑒 = 𝐅𝑇𝑒 𝐅𝑒 is the right Cauchy–Green tensor of the elastic part,
see Eq. (2). The invariants of 𝐂𝑒 are:

𝐼1 = 𝑡𝑟𝐂𝑒, (10)

𝐼2 =
1
2
(𝐼21 − 𝐂𝑒 ∶ 𝐂𝑒), (11)

𝐼3 = 𝑑𝑒𝑡(𝐂𝑒) = 1. (12)

The anisotropy of the cornea is characterized by the fabric tensor
𝐇𝑖, 𝑖 = {4, 6}, that accounts for fibers dispersion and is defined as:

𝐇𝑖 = 𝐴𝟏 + 𝐵𝐚𝑖0 ⊗ 𝐚𝑖0 + (1 − 3𝐴 − 𝐵)𝐚𝑛 ⊗ 𝐚𝑛, (13)

with constants 𝐴 = 2𝑘𝑖𝑝𝑘𝑜𝑝 and 𝐵 = 2𝑘𝑜𝑝(1 − 2𝑘𝑖𝑝). The unit vectors 𝐚40
and 𝐚60 are associated with the mean preferential directions of the two
families of fibers that characterize the corneal stroma (see Fig. 3.a),
whereas 𝐚𝑛 is the unit vector normal to the cornea, that identifies the
out-of-plane direction.
4

The following equations for in-plane dispersion kip were used
(Fig. 3.b):

𝑘𝑖𝑝(𝜃) =

(

𝑘𝑚𝑖𝑛𝑖𝑝 + 𝑘𝑚𝑎𝑥𝑖𝑝

2

)

−

(

𝑘𝑚𝑎𝑥𝑖𝑝 − 𝑘𝑚𝑖𝑛𝑖𝑝

2

)

𝑐𝑜𝑠4𝜃, (14)

𝑘𝑖𝑝(𝜃, 𝑟) = 𝑘𝑚𝑖𝑛𝑖𝑝 + 1
2

(

𝑘𝑖𝑝(𝜃) − 𝑘𝑚𝑖𝑛𝑖𝑝

)

(

1 − cos 2𝜋𝑟
𝑅𝑇𝑍

)

, (15)

where 𝑘𝑚𝑖𝑛𝑖𝑝 = 0.1, 𝑘𝑚𝑎𝑥𝑖𝑝 = 0.5 and 𝑅𝑇𝑍 = 5.5 mm is the radius of the
transition zone from the cornea to the limbus.

To assign the out-of-plane dispersion kop, a local coordinate 𝑠 ∈
[0, 1] was defined, parallel to the normal unit vectors. This local co-
ordinate is 0 at the anterior surface and 1 at the posterior surface,
changing throughout the corneal thickness (Fig. 3.c–d). The equation
for the out-of-plane dispersion is the following:

𝑘𝑜𝑝(𝑠) = 𝑘𝑚𝑖𝑛𝑜𝑝 + (𝑘𝑚𝑎𝑥𝑜𝑝 − 𝑘𝑚𝑖𝑛𝑜𝑝 ) (1 − 𝑒−𝛾𝑑 𝑠) , (16)

where 𝑘𝑚𝑖𝑛𝑜𝑝 = 1∕3 and 𝑘𝑚𝑎𝑥𝑜𝑝 = 1∕2 and the constant 𝛾𝑑 controls the
non linearity of Eq. (16). Given that in the range of interest of our
simulations (IOP = 0–20 mmHg), the non-linear behavior of Eq. (16) is
similar for any 𝛾𝑑 , a value of 𝛾𝑑 = 1 was used.

A Neo-Hookean model was selected to describe the behavior of the
matrix component of the tissue:

𝜓𝑚𝑎𝑡𝑟𝑖𝑥(𝐼1) = 𝐶10(𝐼1 − 3), (17)

where C10 is a material constant which accounts for matrix’s stiffness.
To model the anisotropic contribution of the collagen fibers, the hy-

perelastic Holzapfel–Gasser–Ogden model with dispersion parameters
was used [34,35]:

𝜓𝑓𝑖𝑏𝑒𝑟𝑠(𝐂𝑒,𝐇𝑖) =
∑

𝑖=4,6

𝑘1
2𝑘2

(

𝑒𝑘2(𝐼
∗
𝑖 −1)

2
− 1

)

, (18)

where k1 and k2 denote the fibers stiffness and fibers non-linearity,
respectively. The distorsional generalized invariant 𝐼∗𝑖 has the following
form:

𝐼∗𝑖 = 𝐇𝑖 ∶ 𝐂̄𝑒 = 2𝑘𝑖𝑝𝑘𝑜𝑝𝐼1+2𝑘𝑜𝑝(1−2𝑘𝑖𝑝)𝐼𝑖+(1−6𝑘𝑖𝑝𝑘𝑜𝑝−2𝑘𝑜𝑝(1−2𝑘𝑖𝑝))𝐼𝑛,

(19)

with

𝐼𝑖 = 𝐂𝑒 ∶ 𝐚𝑖0 ⊗ 𝐚𝑖0, (20)

𝐼 = 𝐂 ∶ 𝐚 ⊗ 𝐚 . (21)
𝑛 𝑒 𝑛 𝑛
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Table 1
Corneal material parameters along the corneal thickness.

C10
[kPa]

k1
[kPa]

k2
[–]

kip-kop
[–]

First layer
(anterior surface)

41.8 27.87 557.33 Eqs. (15)–
(16)

Second layer 34.83 23.22 464.44 Eqs. (15)–
(16)

Third layer 27.786 18.578 371.55 Eqs. (15)–
(16)

Fourth layer
(posterior surface)

20.9 13.93 278.66 Eqs. (15)–
(16)

Finally, the volumetric term is:

𝜓(𝐽𝑒) =
1
𝐷
(log 𝐽𝑒)2, (22)

where D is the volumetric constant.
To mimic the variation of stiffness throughout the thickness, char-

acteristic of corneal tissue [37], we divided corneal thickness into four
different layers and we assigned material properties with a linear vari-
ation from the posterior surface to the anterior, similarly to [19]. More
specifically, we assigned the maximum values of the material properties
at the anterior surface which gradually decrease until they reach a
50% of the initial value at the posterior surface (Fig. 3.d) [13,37–39].
We assumed a linear variation for the matrix stiffness constant C10,
for the fibers stiffness constant k1 and for the constant that controls
fibers non-linearity k2. To determine the correct constant values to be
assigned to each layer, an optimization process was run with the aim of
obtaining the same apical displacement as the one of a homogeneous
monolayer corneal model found in literature [35], which had been
previously optimized with respect to experimental inflation tests [40].
The material parameters assigned to each layer of our model are shown
in Table 1.

2.3. Corneal tissue degradation process

In order to correctly define the conditions that could promote
keratoconus growth, some hypotheses were made. First, it was assumed
that the growth process can be initiated by a local increase in the
strain acting in the cornea as a consequence of the gradual reduction
of stromal mechanical properties in a limited area of the cornea. If the
strain does not increase in any part of the cornea, the growth process
does not start.

To cause a localized strain increase, a degradation of corneal ma-
terial properties was introduced: once the model is pressurized by ap-
plying a physiological IOP, the degradation process begins from a well
defined area at the posterior surface (fourth layer in our model), since
it is commonly believed that is the region where keratoconus starts
developing [3,6,16,19] (Fig. 4.a), and progressively diffuses towards
the anterior surface (first layer).

When an initial reduction 𝑅𝑒𝑑𝑖 of a selected material property
is reached in a specific layer (in this case it was set to 10% with
respect to the initial healthy value), the degradation begins in the upper
layer. This process ends when the material property has decreased of
a percentage 𝑅𝑒𝑑𝑓 (in this case 50%) with respect to its initial healthy
value in each layer. The anterior layer, named as first layer, will be the
last to complete the degradation.

The pathological zone that undergoes degradation is defined by
a circular area of radius rK and center CK (Fig. 4.b). Surrounding
the central area, a transition zone between the pathological and the
healthy tissue, was defined. The radius of this transition zone, rtrans(t),
starting from rK, gradually increases throughout the simulation time
until reaching a final radius of rhealthy. The transition radius rtrans(t)
reaches the value of rhealthy when the degradation process ends in each
5

respective layer.
The material degradation of the pathological area and the expansion
of the transition zone throughout time were defined according to a
space–time-dependent sigmoid function:

𝑋(𝑟, 𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑋𝑖 if 𝑡 < 𝑡𝑖
𝑋𝑖 + (𝑋𝑓 −𝑋𝑖)(10 − 15𝛥𝑡 + 6𝛥𝑡2)𝛥𝑡3𝛼(𝑟, 𝑡) if 𝑡𝑖 ≤ 𝑡 ≤ 𝑡𝑓
𝑋𝑓 if 𝑡 > 𝑡𝑓

here

𝑡 =
𝑡 − 𝑡𝑖
𝑡𝑓 − 𝑡𝑖

is the time increment and 𝑡 is the value of total simulation time at the
time increment Δ t; ti is the initial degradation time of a specific layer,
that is the time when a reduction 𝑅𝑒𝑑𝑖 = 10% has been reached in
the previous layer, excluding the posterior surface layer, where ti = 0
since it is the first layer to degrade; tf is the final degradation time of the
same layer (set as tf = ti + 1). 𝑋(𝑟, 𝑡) is the degraded material parameter
at time t and radius r, Xi is the initial healthy value of the parameter
of interest before the degradation starts, i.e. the healthy value, and
Xf is the final value when the degradation ends, i.e. the pathological
value characterized by a reduction 𝑅𝑒𝑑𝑓 = 50%; 𝛼(r,t) is a constant
that varies between 0 (healthy zone) and 1 (pathological zone), needed
to assign a linear variation of the parameters in the transition zone,
as rtrans(t) increases throughout the degradation process due to the
pathology progression. It is defined as

𝛼(𝑟, 𝑡) =
𝑟𝑡𝑟𝑎𝑛𝑠(𝑡) − 𝑟
𝑟𝑡𝑟𝑎𝑛𝑠(𝑡) − 𝑟𝐾

(23)

where rK is the radius of the completely degraded zone;

𝑟𝑡𝑟𝑎𝑛𝑠(𝑡) = 𝑟𝐾 + (𝑟ℎ𝑒𝑎𝑙𝑡ℎ𝑦 − 𝑟𝐾 )𝛥𝑡 (24)

is the radius of the transition zone at time t that is linearly increasing,
as the degradation progresses, and rhealthy is the final radius where the
transition zone ends and the healthy tissue starts.

In Fig. 5, we show some examples of material constants degrada-
tion throughout time in the central keratoconic area (left) and in the
transition zone (right), by considering points in the transition zone at
different distances with respect to the center of the pathological area.

2.4. FE model, simulation set-up and conducted analyses

A 3D conic geometry [41] with average dimensions (anterior sur-
face: apical radius RAS = 7.56 mm and asphericity QAS = −0.19;
posterior surface: apical radius RPS = 6.20 mm and asphericity QPS =
−0.14; central corneal thickness: CCT = 564 μm) was used to build the
FE corneal model. Model’s surfaces point clouds were built by means
of a MATLAB code and directly meshed with quadratic tetrahedrons of
0.1 mm dimension with the software ANSA version 22.0.1 by BETA CAE
Systems. The mesh sensitivity of the proposed FE model was conducted
in a previous work from our group, where both mechanical and optical
accuracy were analyzed (see Figure 6 in [41]). Fixed boundary condi-
tions were assigned to the base of the cornea and a physiological IOP of
15 mmHg [42] was applied to the posterior surface of the cornea, mim-
icking the action of the humors inside the eyeball cavity. To recover
the initial unloaded geometry, the zero-pressure algorithm from [43]
was used. The stress-free geometry becomes the initial geometry for our
simulation, made of two steps: first, the model is pressurized with the
IOP, defined as homeostatic condition; in the second step, a localized
degradation of corneal tissue properties is initiated and, if the strain
increases with respect to homeostatic conditions, the growth process
starts.

Three analysis were performed, using the software ABAQUS 2022,
to analyze different aspects of the pathology and parameters of the
numerical model.

The first analysis aimed at understanding how each material pa-

rameter of the numerical model contributed to the growth process.
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Fig. 4. Schematic of the degradation process of corneal tissue. a. Comparison between healthy corneal material properties and degraded material properties in the keratoconic
cornea; b. Schematic of the different zones of interest in the model (pathological, transition and healthy).
Fig. 5. Material parameter degradation in the keratoconic and in the transition zones. In this example rK = 1.5 mm and rhealthy = 3 mm, 𝑡 = 0 and 𝑡 = 1 are the initial and
final degradation times, respectively. Left: material parameters degradation in the keratoconic zone, depending on the initial healthy value of the material parameter of interest,
belonging to a specific layer; right: material parameters degradation of points in the transition zone (r = 2, 2.8 mm), at the boundary of the pathological zone (r = 1.5 mm) and
in the healthy zone (r = 3.5 mm), characterized by different initial constants values depending on the layer of interest.
To do so, one parameter of the SEDF (Eq. (8)) at a time was de-
graded: extracellular matrix stiffness (C10), fibers stiffness (k1), fibers
non-linearity (k2), in-plane and out-of-plane dispersions (kip and kop).
Constants C10, k1 and k2 were degraded until they reached the 50%
of their initial healthy value [44], while dispersion parameters kip
and kop were changed until reaching their isotropic limit, 0.5 and
0.33, respectively, given the disorganization of collagen fibers, typically
observed in keratoconic corneas [16]. In this first analysis, the degraded
zone was placed at the center of the cornea (CK = [0,0]).

The second analysis consisted in degrading all variables simultane-
ously. Even if it is still not clear in which order the different tissue
components may undergo a loss of their mechanical properties or if
the degradation process of different tissue components takes place
simultaneously, due to the lack of experimental proof, it is likely that
6

at some point of the pathology different processes coexist and progress.
For this reason, the sum of the contributions of the degradation of all
material parameters (C10, k1, k2, kip and kop) was evaluated. For this
analysis, an off-center case was considered, as keratoconus most-likely
develops in the infero-central region of the cornea. Consequently, the
center CK of the pathological zone that undergoes degradation during
the simulation was placed at coordinates x = −0.663 mm and y =
−1.019, as indicated by [45], considering the Pentacam topographer
reference system. Material constants (C10, k1 and k2) were degraded
until reaching the 50% of their initial healthy value and dispersion
parameters (kip and kop) until reaching their isotropic limit.

In the first and second analysis, the radius of the pathological zone
rK was set as 1.5 mm and the maximum radius of the transition zone
was set as 3 mm, which coincides with the beginning of the healthy
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Table 2
Evolution of keratoconus severity evaluated with Belin grading system throughout the simulation time when the degradation of each material parameter occurs at a time.

Time Extracellular matrix C10 Dispersions kip-kop

percentage [%] Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD

0 44.59 54.38 564.80 A0, B0, C0 44.59 54.38 564.80 A0, B0, C0
10 45.77 55.71 556.13 A0, B0, C0 44.86 54.73 562.45 A0, B0, C0
20 61.61 73.73 472.46 A4, B4, C1 46.55 56.40 552.45 A1, B0, C0
30 72.20 86.85 410.45 A4, B4, C2 48.18 57.40 542.65 A2, B1, C0
40 76.20 90.63 390.15 A4, B4, C3 50.66 61.91 523.54 A2, B2, C0
50 77.76 91.54 382.55 A4, B4, C3 53.33 72.41 489.83 A3, B4, C1
60 78.47 91.79 379.63 A4, B4, C3 57.42 84.64 463.59 A4, B4, C1
70 78.90 91.97 378.51 A4, B4, C3 61.89 95.32 445.94 A4, B4, C2
80 79.19 92.15 378.06 A4, B4, C3 65.37 102.46 434.93 A4, B4, C2
90 79.40 92.31 377.87 A4, B4, C3 67.42 106.18 428.13 A4, B4, C2
100 79.55 92.44 377.78 A4, B4, C3 68.86 107.36 422.50 A4, B4, C2

Time Fibers stiffness k1 Fibers non-linearity k2

percentage [%] Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD

0 44.59 54.38 564.80 A0, B0, C0 44.59 54.38 564.80 A0, B0, C0
10 44.67 54.49 563.98 A0, B0, C0 44.60 54.41 564.50 A0, B0, C0
20 45.50 55.21 559.29 A0, B0, C0 44.88 54.59 563.11 A0, B0, C0
30 46.07 55.58 554.94 A0, B0, C0 45.12 54.62 561.97 A0, B0, C0
40 46.73 56.46 546.14 A1, B0, C0 45.46 54.76 559.41 A0, B0, C0
50 50.74 59.70 514.98 A2, B2, C0 47.14 54.56 547.55 A1, B0, C0
60 58.70 69.40 472.86 A4, B4, C1 53.00 57.12 510.83 A3, B0, C0
70 64.28 77.43 446.75 A4, B4, C2 60.78 64.89 469.22 A4, B2, C1
80 67.24 82.32 433.30 A4, B4, C2 65.05 71.08 446.18 A4, B4, C2
90 69.13 84.78 424.72 A4, B4, C2 67.46 75.06 434.68 A4, B4, C2
100 70.47 85.64 419.95 A4, B4, C2 69.22 77.34 428.58 A4, B4, C2
b
p
a
r

3

s
p
c
a

3
s

p
d
i
o
e
F
u

(
w
l
s
a
p
f
g
d

s
t
g

zone, as in [9]. This last zone goes from a radius rhealthy of 3 mm to the
whole corneal radius (rcornea = 6 mm).

The third analysis focused on studying the influence of the dimen-
ion and the position of the affected pathological area on the growth.
o do so, two models were used, one where the pathological zone was
laced at the corneal center and the other where the pathological zone
as off-center, as in the previous analysis (CK = [−0.663, −1.019]). For

ach model, four cases with different radii of the keratoconic zone (rK
0.5 mm, 1 mm, 2 mm and 3 mm) were considered; for each case, the
aximum transition radius, which again coincides with the beginning

f the healthy zone (rhealthy), was set as the double of the value of rK. In
his analysis, material degradation was set equal to the previous ones.

In all analysis the constants K+ and γ, that controls growth velocity
Eq. (7)), were set as 5 and 1, respectively; these values were chosen
rbitrarily, due to the lack of information on keratoconus growth veloc-
ty and due to the fact that the time of the pathology development can
ighly vary from one patient to another. To avoid unlimited growth,
he growth limit ϑmax was set as 1.20.

.5. Keratoconus evolution

To evaluate keratoconus evolution in the model throughout time,
he Belin ABCD keratoconus staging system [46], which is the classifica-
ion currently used in the Pentacam topographer by Oculus Optikgeräte
mbH (Wetzlar, Germany), was considered. This staging system assigns
keratoconus severity grade, based on four parameters (ABCD): pa-

ameter A is the curvature at the anterior surface in a zone of 3 mm
entered on the thinnest pachymetry (Km AS in Tables 2–4); B is the
urvature at the posterior surface in a zone of 3 mm centered on the
hinnest pachymetry (Km PS); C is the thinnest pachymetry point in μm
nd D is distance best corrected visual acuity, that is patient’s subjective
efraction. Depending on the resulting values, five different stages for
lassifying keratoconus can be assigned.

In the current work, an algorithm that computed the same param-
ters (ABC) was developed. More in details, parameters A and B were
omputed as the tangential curvature of the center of the cone at the
nterior and posterior surfaces respectively; the center of the cone
s known in the model, since it is the center of the degraded zone;
angential curvature was computed by performing a sphere fitting at
ach point of the anterior surface [47]. Parameter C was evaluated
7

a

y finding the minimum normal distance between the anterior and
osterior surface nodes. Parameter D was not included in the study
s it is not machine generated and depends on patient’s subjective
efraction.

. Results

In the following sections, we first present the results of the material
ensitivity analysis on the parameters that may influence the growth
rocess; then, we report a more realistic case where all the parameters
onsidered in the first analysis are degraded at once and, finally, an
nalysis on the dimension and the position of keratoconus is presented.

.1. Influence of material parameters degradation on keratoconus growth.
ingle-effect analysis

In this analysis, the effect of the degradation of a single material
arameter on keratoconus growth was analyzed. Fig. 6 shows the
istribution of in-plane growth component of the deformation gradient
n the corneal section at different time frames when the degradation
f the material parameters occurs individually. Fig. 7.a shows the time
volution of Fg in-plane for each material parameter that degrades, while
ig. 7.b shows the time evolution of the material parameters that
ndergo degradation.

The major contribution to the growth is given by the ECM stiffness
C10), whose degradation causes the cone to grow faster (Fig. 7.a)
ith the pathological zone quickly reaching the growth limit 𝜗𝑚𝑎𝑥. The

oss of mechanical properties of the ECM causes the formation of a
ymmetrical isotropic cone which turned out to be the most severe
mong the four cases considered (Table 2). The other mechanical
arameters (fibers stiffness, k1; fibers non-linearity, k2; and loss of
ibers’ orientation, kip and kop) cause a more gradual non-homogeneous
rowth, which generates an anisotropic and less symmetric cone, that
oes not entirely reach the growth limit (Figs. 6–7.a).

Table 2 and Fig. 8.a–c show the evolution throughout time of cone
everity according to the Belin grading system: while matrix degrada-
ion causes the cone to bulge out very rapidly, passing quickly from
rade 0 to grade 3–4 of severity and reaching the thinnest pachymetry
mong all cases, the fibers parameters generate a more gradual cone,
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Fig. 6. In-plane growth at different time percentages of the simulation, caused by degrading one material parameter at time.
Fig. 7. a. Time evolution of the in-plane growth component of the deformation gradient Fg for each case for a point belonging to the anterior surface, which is the last to degrade;
b. Degradation of the material parameters of a point belonging to the anterior surface.
whose severity increases in a slower way throughout time, gradually
passing from all the grades classified by Belin grading system. After
matrix degradation (C10), the second more influential parameters that
seem to affect keratoconus growth are the fibers in-plane and out-of-
plane dispersions (kip and kop), by causing the cone to grow faster after
they reached their isotropic limits (Fig. 7.a–b); more specifically, the
disorganization of fibers orientation seems to be the mechanism that
mostly affects the posterior surface curvature in the keratoconic zone
(Fig. 8.b), while the anterior surface curvature and the pachymetry
seem to be affected in a similar manner by all the fiber parameters
considered in this study (Fig. 8.a and c).

Lastly, the less important contribution to the growth is given by
the parameter that controls fibers’ non-linearity (k2), which causes
the largest delay in triggering keratoconus growth (Figs. 7.a–8). In-
terestingly, the results indicate that the effect that k1, k2 and the
dispersion parameters kip and kop have on the anterior surface and on
the pachymetry is the same besides the fact that k2 activates kerato-
conus growth later. The largest difference in terms of the influence of
the parameters on the final cone shape can be observed at the posterior
surface (Fig. 8.b), where each parameter contributes differently on the
final curvature value (parameter B, Table 2).

In general, while the degradation of the matrix rapidly affects kera-
toconus growth, with consequences already noticeable when the tissue
is still degrading, for the other parameters, keratoconus growth is only
noticeable after they have fully degraded (reaching their degradation
limit, 𝑅𝑒𝑑𝑓 = 50%), (Figs. 7–8).

In all cases, the model was able to closely reproduce a keratoconic
cornea of growing severity with the characteristic bulging and thinning,
by degrading a single material parameter.
8

Table 3
Evolution of keratoconus severity evaluated with Belin grading system throughout the
simulation time, when all the material variables degrade simultaneously.

Time percentage
[%]

Km AS
[D]

Km PS
[D]

Thinnest pachymetry
[μm]

Belin ABCD

0 44.31 54.26 564.80 A0, B0, C0
5 44.29 54.31 564.18 A0, B0, C0
10 46.26 57.33 553.10 A0, B1, C0
15 54.38 66.89 514.98 A3, B3, C0
20 65.98 81.40 454.73 A4, B4, C1
25 73.70 89.70 410.98 A4, B4, C2
30 77.22 92.57 392.15 A4, B4, C3
35 78.86 93.58 383.56 A4, B4, C3
40 79.70 93.96 379.54 A4, B4, C3
45 80.18 94.17 377.67 A4, B4, C3
50 80.47 94.29 376.79 A4, B4, C3

3.2. Influence of the degradation of all material parameters on keratoconus
growth. Off-center case

For this analysis, an off-center cone was obtained by degrading
all material properties at once in the inferior-temporal region, where
keratoconus most likely develops. The evolution of the cone, when the
degradation of all mechanical properties occurs, is shown in Fig. 9 and
Table 3.

When all the material variables degrade simultaneously, a very
severe cone already develops at half of the total simulation time. As the
pathology progresses, the thinnest pachymetry point displaces towards
the center of the pathological zone (Fig. 9, bottom). The keratoconic
shape obtained in this off-center analysis is usually classified as oval
cone, which is the most diffused form of keratoconus.
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Fig. 8. Time evolution of the anterior (a.) and posterior (b.) surface curvature at the center of the pathological zone (parameters A and B in Belin grading system, respectively)
and of the thinnest pachymetry point (c.) (parameter C in Belin grading system) for each material parameter.
Fig. 9. Top: In-plane growth at different time percentages of the simulation, caused by degrading all the variables simultaneously; bottom: pachymetry thinning at different time
percentages of the simulation.
3.3. Keratoconus dimension and position analysis

In this last analysis, the influence of the dimension and the position
of the pathological zone was analyzed. Fig. 10 shows the in-plane com-
ponent of the growth deformation gradient Fg for both centered and
off-center cones at increasing rK. As it can be observed, the dimension
of the affected pathological zone appears to have a high influence
on the final cone shape. For the cases with smaller radius (rK = 0.5
and 1 mm) a sharp asymmetric cone was obtained, which mimics the
keratoconus form named as nipple cone. The case with radius rK =
2 mm closely mimics the so-called oval cone, which is the most diffused
form of keratoconus, also obtained with the model of the previous
analysis, characterized by a rK = 1.5 mm. In this type of keratoconus
the bulging area is larger with respect to the previous two cases (rK
= 0.5 and 1 mm) and usually develops in the inferior-temporal cornea,
which is closely reproduced by the off-center case of radius rK = 2 mm.
The latter case with rK = 3 mm represents the most severe but also
most uncommon form of keratoconus named as globus cone, where the
bulging affects almost the entire cornea. The location of the cone affects
the results in terms of reproducing more closely real cases depending
on the zone where each type of cone most-likely develops, but it does
not seem to greatly influence the growth. In fact, the centered and off-
center cases are quite similar in terms of growth gradient distribution
(Fig. 10) and severity based on Belin classification (Table 4). Differently
from what observed in the previous analyses, where a cone of radius
rK = 1.5 mm was considered, in this analysis it turned out that, when
the degraded region is smaller (rK = 0.5 and 1 mm), the growth limit
is not achieved in the whole pathological volume, suggesting that in
these cases a more anisotropic growth occurs and the effect of matrix
degradation does not prevail as in larger cones (rK = 1.5, 2 and 3 mm).
Table 4 classifies the severity of the analyzed cases according to Belin
grading system. For both centered and off-center models, cases with
radius rK = 2 and 3 mm may appear to be less severe in terms of
anterior and posterior curvatures (Km AS and Km PS, parameters A and
B, respectively) in the 3 mm zone of the pathological area with respect
to the cones of radius rK = 0.5 and 1 mm. This result could bring to a
wrong evaluation of cone severity, if we based it only on parameters A
and B; in fact, due to the bigger bulging area, the curvature in the 3 mm
zone of the pathological area decreases, due to a central flattening of
both anterior and posterior surfaces. This phenomenon can be observed
9

qualitatively in Fig. 10. Moreover, it is confirmed by parameter C in
Table 4, where the thinnest pachymetry is measured in the two bigger
cones of radius rK = 2 and 3 mm.

4. Discussion

The mechanisms and biological processes behind the development
of keratoconus remains largely unknown to date. These processes are
the responsible for the progressive bulging and thinning, typical of
keratoconic corneas. Alterations in keratoconic corneas have been as-
sociated with differences in the expression of several corneal proteins
that result in changes in the structural integrity of the stroma, through
altering its collagen content and the degeneration of the proteoglycans
around the stromal collagen fibril,s leading to breakage of collagen
fibers [3]. These changes lead to alterations in the strain field induced
by physical stress from the IOP that may exacerbate the degradation.
In this work, a novel formulation for the reproduction of keratoconus
based on a strain-driven isochoric tissue growth model is proposed.
Growth is triggered by the increase in strain with respect to the
homeostatic conditions following material degradation. The proposed
model, and mathematical models in general, may be helpful in better
understanding the mechanisms behind the formation of keratoconus,
as it allows investigating the influence that multiple factors, and their
interaction, have on the development of the disease.

Different authors already underlined the importance of the strain in
activating cells response to maintain and remodel the ECM. Keratocytes
are able to react to strain changes, activating a mechanobiological
response to reestablish the homeostatic conditions in terms of tension
acting in the matrix [7]. Dupps et al. [13] selected the maximum
principal strain as metric to compare normal and keratoconic corneas
in FE simulations of laser refractive surgeries and found a signifi-
cant difference between the two cases in terms of strain distribution.
Later, Kwok et al. [48], using high-frequency ultrasound elastography,
measured high differences in strain between normal and keratoconic
human donors corneas in the cone region, suggesting that the pathology
seems to be associated with local mechanical weakening. In addition, as
explained in [49], physiological strain levels (below a 3%) are essential
to maintain a normal keratocytes phenotype, whereas larger magnitude
strains (above 15%) contribute to ECM disorganization. Recent bio-
chemical and immunohistochemical data support the hypothesis that



Computers in Biology and Medicine 180 (2024) 108976B. Fantaci et al.

a
t
o
d
l
t

b
e
k

s
w
o
I
u
g
t
p
t
t
i
t
n
d
w
m

i
g
r
t
s
a
r
l
t
t
l

g

Fig. 10. Centered (top) vs. off-center (bottom) in-plane growth at the end of the simulation with varying radius of the pathological area.
Table 4
Keratoconus severity in centered and off-center cases, evaluated with Belin grading system at different dimensions of the pathological zone.

rK [mm] Centered Off-center

Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD Km AS [D] Km PS [D] Thinnest pachymetry [μm] Belin ABCD

0.5 77.63 115.81 486.50 A4, B4, C1 82.99 147.07 472.17 A4, B4, C1
1 115.08 138.75 402.83 A4, B4, C2 116.85 138.26 403.04 A4, B4, C2
2 65.55 73.99 358.61 A4, B4, C3 65.63 75.01 361.98 A4, B4, C3
3 52.90 58.36 341.50 A2, B1, C3 53.02 59.50 344.14 A3, B2, C3
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lteration of various corneal proteins cause oxidative damage that lead
o degradation of the stromal tissue [3,50]. Based on this evidence,
ur model assumes that keratoconus development starts with material
egradation in a region of interest. This material degradation causes
ocalized alterations in the strain field that triggers corneal growth and
he development of keratoconus.

The choice of a strain-driven model is purely based on what has
een proposed in the literature [3,13]. However, the model can be
asily adapted to consider stress as the main driving force or the
eratoconus growth process.

As already emphasized, a transversely isotropic growth was as-
umed. This choice was due to the need of establishing the simplest
ay to mimic the keratoconus development, given the current lack
f experimental evidence on the specific progression of such disease.
n this regard, an isochoric growth law was selected, where the vol-
me was kept constant. In a transversely isotropic growth the tissue
rows isotropically in the plane of the element, that corresponds to
he tangent plane of the corneal profile. The same amount of ‘in
lane growth’ is lost in the normal (out-of-plane) direction in order
o obtain the thinning, typical of keratoconic corneas, while keeping
he volume constant. The growth rate is thus established so that it
s ensured that the growth deformation gradient is isochoric, given
hat the finite-element formulation is incompressible. Moreover, it is
ot clear whether there is a change in volume or not in keratoconus
isease, but the assumption of an isochoric incompressible formulation
as dictated by the fact that the cornea is highly hydrated and, thus,
ost-likely incompressible.

In this study the influence of different material components was
nvestigated, in order to analyze how each single parameter affected the
rowth. From the first analysis, the ECM turned out to play a crucial
ole in cone development and pathology’s progression. By degrading
he ECM alone, the most severe cone was obtained, characterized by a
ymmetric shape, due to the fact that the loss of ECM stiffness generated
more isotropic growth. In this case, an oval cone was obtained: this

epresents the most common keratoconus shape, characterized by a
arge bulging area. For sake of simplicity, in the first analysis the area
hat undergoes degradation was placed at the center of the cornea, but
his kind of cone usually develops in a infero-temporal zone, as it was
ater obtained in the second analysis of the current work.

The degradation of the fibers parameters (k1, k2, kip and kop) also
enerated a severe cone according to Belin grading system (Table 2),
10

m

ut smaller with respect to the case where the ECM undergoes degra-
ation. In fact, when fibers components are degraded, parameter C
f Belin classification, representing corneal thinning achieves a grade
of severity, thus reaching a milder state with respect to the ECM

egradation, characterized by a much higher thinning at the end of the
imulation (C3 of severity). Contrary to the isotropic growth caused by
atrix degradation, when a parameter related to the collagen fibers
as degraded, an anisotropic growth was achieved, without entirely

eaching the growth limit (Fig. 6). More in detail, the second most
nfluential parameter in the growth process turned out to be the loss
f fibers’ orientation due to the change of the dispersion parameters
kip and kop) towards their isotropic limit. As a consequence, fibers’
isorganization is another factor that highly influences the growth
rocess and that was observed in keratoconic corneas [6,16].

With the presented analyses, it was not possible to establish the
hronological/causal order in which different phenomena occur during
he degradation and consequent growth process. It could be hypoth-
sized that an alteration of ECM synthesis due to a localized strain
ncrease may cause the degradation process to prevail and, conse-
uently, reducing the ECM functionality in keeping lamellae tightly
mbedded in the matrix. As a consequence, interfibrillar crosslinks
reakage may occur and lamellar slippage may bring to fibers breakage,
s also hypothesized by [6]. However, further analyses should be per-
ormed to address which corneal tissue constituent initiates the process
f the structural disorganization, affecting the other components of the
issue, which in turn trigger the initiation of the pathology, or if more
rocesses happen simultaneously.

Even if the causal order of phenomena observed in keratoconus
istopathology is still not well understood, it is likely that as the
athology progresses some processes may coexist. With this hypothesis,
he second analysis of this work was conducted, by setting the simulta-
eous degradation of all material parameters considered in this study
n an off-center case. As anticipated above, the most diffused form of
eratoconus named as oval cone was obtained, closely mimicking real
eratoconic corneas.

In the last analysis of the current work, the influence of the dimen-
ion and the position of the pathological zone on the final cone was
valuated. Surprisingly, for smaller pathological zones (rK = 0.5, 1 mm)
n asymmetric anisotropic cone was obtained, where the growth limit
as not reached, suggesting that the degradation of the ECM, which
ostly control the isotropic behavior of the corneal material model,
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did not prevail as for bigger affected areas (rK = 1.5, 2, 3 mm). This
result suggested that the ECM actually plays a major role in keratoconus
development when the area that undergoes degradation covers at least
half of the cornea (including the transition zone), as in the case of oval
and globus cones. In these forms of keratoconus, the shape is more
symmetric, indicating the higher isotropic contribution to the growth
given by the ECM. In smaller cones (rK = 0.5, 1 mm), as in the case of
the nipple cone, the anisotropic components of the material model seem
to prevail, contributing more to an anisotropic growth of the cone.

The position of the pathological area appears to have a lower
influence on the final cone severity with respect to the dimension, as
no differences were detected between centered and off-center models
(Table 4).

Another aspect still debated in literature is whether the structural
changes observed in pathological corneal tissue initiate from the pos-
terior surface and propagate towards the anterior or the opposite. As
other authors already did [6,16,19], we hypothesized that a loss of
mechanical properties begins in a localized region at the posterior
surface and propagates towards the anterior surface throughout time.
The results obtained with the proposed model confirm this hypothesis,
as the growth process, initiated by means of a localized material
degradation at the posterior surface that gradually propagates towards
the anterior, replicate very closely real keratoconic cases by obtaining
different cone shapes.

All the previous works, that investigated keratoconus development
and behavior by means of finite-element methods [9–19], analyzed
whether the corneal model manifested bulging and thinning, with the
aim of reproducing pathological conditions, by introducing a localized
material stiffness reduction at homeostatic conditions (under the action
of the IOP) or a geometrical thickness reduction or both, using a purely
elastic formulation. The main novelty of our work lays in the proposed
formulation: thanks to the introduction of the multiplicative decom-
position of the deformation gradient, we take into account both elastic
and growth deformations. Consequently, a permanent deformed state is
obtained due to the mass redistribution at constant volume introduced
by the growth component of the deformation gradient. When a purely
elastic formulation is used, the symptoms of the pathology like the
cone shape and the thinning, achieved at homeostatic conditions, are
lost when the IOP is removed. Thus, the purely elastic formulation is
not able to entirely reproduce structural changes of mass that actually
characterize keratoconus pathology. Moreover, differently from works
where the thinning phenomenon was absent [9,17] or early-stages of
the pathology were achieved [19], due to the limits of the purely elastic
formulation, we were able to reproduce all the stages of the disease,
according to Belin grading system, thanks to the introduction of a
growth formulation.

However, this study represents only the first step towards a deeper
understanding of keratoconus disease and allows to exploit the advan-
tages of a growth formulation to analyze separately different aspects of
the pathology. Therefore, it is not exempt from limitations. First, the
model only considered a one-way coupling between material degrada-
tion and corneal growth i.e., corneal growth is triggered by material
degradation but corneal growth does not affects material degradation.
A more realistic model should incorporate a two-way coupling between
material degradation and growth. In this first study, patient-specific
data were not included, as a simple conic geometry was used to test the
proposed formulation. In the future, a key aspect would be to validate
the methodology with patient-specific data of keratoconus evolution
throughout time, although we are aware of the difficulty in recruiting
such data as the clinicians intervene to stop pathology’s progression
before it reaches a high severity grade. Nevertheless, we believe that
this new approach to investigate keratoconus pathology has already
shown promising results, closely mimicking real cases. Therefore, the
proposed model may help to better understand the underlying mech-
anisms associated with the pathology’s development and worsening
11

of the keratoconic eye. Being able to qualitatively mimic keratoconus
evolution in time, the presented model could be used to test the effect
of different treatments, like cross-linking treatment or intrastromal ring
insertion, and may help the surgeons in selecting the most appropriate
procedure, given the unpredictability of current available treatments,
that often leave the patient unsatisfied with the result.

5. Conclusions

A novel formulation able to reproduce corneal keratoconus growth
has been presented, which allows to investigate processes that may con-
tribute to the pathology arising and progression. With corneal growth
triggered by corneal stroma degradation, the model is able to reproduce
typologies of keratoconus associated with the degradation of different
components of the stroma, and the size and location of the damaged
tissue. Besides its limitations, the proposed model provides a tool
that allows a better understanding of the pathology, offering new
opportunities to better analyze patient-specific pathological data.
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