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ARTICLE INFO ABSTRACT
Keywords: Recently, depth-averaged shallow flow models have been adapted to modelling liquefied lava
Viscoplastic shallow flows flows, generally characterized by a marked temperature-dependent non-Newtonian rheology.
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Modelling these complex flows requires to include the effects of the depth-averaged temperature
gradients in the governing equations. The most significant term to correctly predict the lava
mobility is the flow resistance term, which is widely estimated using the linear viscoplastic
Bingham model. This non-Newtonian model allows to relate the bed shear stress to the depth-
averaged lava flow features by means of a cubic equation with analytical solution when assuming
a uniform temperature distribution along the vertical profile. Nevertheless, the lava temperature
is non-uniform along the vertical due to the heat transfer at the bottom and the free surface,
and hence the classical cubic Bingham model is not valid anymore. In this work, a depth-
averaged shallow flow model is adapted for realistic lava flows considering influence of the non-
uniform vertical temperature profile in the non-Newtonian resistance. This requires to modify the
rheological viscoplastic models for ensuring the coupling between flow dynamics and temperature
evolution. Three non-uniform temperature vertical distributions are considered: linear, piece-wise
and diffusion profiles. Synthetic tests are used to show the influence of the temperature vertical
profile on the numerical results. Furthermore, laboratory experimental data are used to validate
this novel viscoplastic resistance formulation and to show that the calibration of its parameters is
possible.

1. Introduction

Depth-averaged shallow flow models are widely used for the numerical simulation of hydraulic/hydrological free surface processes,
such as river and coastal flows, runoff generation in steep slopes, fast floods, tsunami waves, highly erosive sediment-laden flows,
muddy slurries and debris flows [1-5]. Nevertheless, the depth-averaged approach has also been applied to generalized gravity-driven
free-surface flows with complex behaviour, such as viscous and viscoplastic flows [6] or oil spills over land [7]. Recently, special
attention has been dedicated to modelling lava flows, which are characterized by a temperature-dependent rheology [8,9]. Usually,
modelling these complex flows requires to include the effects of the depth-averaged temperature gradients in the governing equations
[10,11]. Although the lava density slightly depends on the temperature, the main effect of the temperature variation is the change
of the rheological properties which control the flow mobility.
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Despite the complexity of characterizing lava rheology [12], the most widespread model to address the morphological bulk
behaviour of lava flows is the linear viscoplastic Bingham model [13,14]. This simplified constitutive model is derived from the gen-
eralized Herschel-Bulkley model for non-linear viscoplastic fluids [15] considering that the shear stress 7 evolves with the strain rate,
i.e. the rate of deformation 7, depending on two temperature-dependent parameters: the yield strength 7, for the motion initialization
and the Bingham viscosity u accounting for the fluid consistency. Usually, the dependence of these rheological parameters on the tem-
perature is addressed using exponential relations [16]. Since the flow structure along the vertical coordinate is lost in depth-averaged
models, the suitable application of the Bingham constitutive model to estimate the flow resistance term in free-surface viscoplastic
models requires to express the boundary shear stress at the bottom interface of the moving layer 7, as a function of the bulk flow
features, i.e. the flow depth 4 and the depth-averaged velocity components u and v. The widespread solution consists of assuming that
the transient flow structure is the same as that of a steady viscoplastic flow running over an infinite uniform slope. This assumption
is often referred to as the infinite landslide [17,18], since it was initially formulated for landslides with complex rheology, and leads
to the classical cubic Bingham closure for viscoplastic free-surface flows [19-21].

The derivation of the cubic Bingham model was made under the hypothesis that the yield strength remains constant along the
vertical direction [19] and hence it also implies that the temperature is constant along the lava flow column [16]. However, the
temperature along the vertical coordinate is likely to show a non-uniform profile due to the heat transfer (temperature exchange)
at the bottom and free surface interfaces. The heat exchange term at the upper and bottom interfaces can be included in shallow
flows and numerous empirical and analytical models have been proposed. The simplest heat exchange model only includes natural
convection and radiation at the surface and heat conduction at the bottom [22]. On the other hand, the most complex temperature
transfer models take into account various mechanisms such as natural and forced convection, radiation, rain and latent heat of phase
change [23]. In general, experimental evidence [24,25] indicates that the main mechanism of heat transfer throughout the free
surface and the bottom interfaces of lava flows is convection whereas, inside the lava layer, temperature transfer occurs mainly by
conduction.

Concerning the numerical modelling of the lava flow mobility using the viscoplastic Bingham model, the main drawback of
considering a non-uniform temperature profile along the vertical coordinate is that the rheological parameters, i.e. yield strength
and viscosity, change along the flow column. Hence, the widespread cubic closure relationship for the viscoplastic flow resistance
is not valid anymore. In the last decade, the most remarkable efforts to include the effects of the vertical variation of the fluid
driven-properties on the depth-averaged viscoplastic dynamics have been developed for the pore-fluid pressure in landslides and
debris flows. Different approaches have been developed to model the vertical dissipation of pore pressure, from considering a time-
dependent linear non-hydrostatic pressure profile [26,27] to deriving more complex quadratic shape functions for the non-hydrostatic
component based on the dilation of the solid phase [28,29]. Furthermore, [17,30] proposed a diffusion equation for pore pressure
that was solved using a finite difference vertical mesh, allowing to model changes of boundary conditions at the bottom surface.
Although all these works were focused on the vertical variation of the pore pressure in sediment-laden flows, the proposed approach
can be recalled to analyze the effects of vertical temperature distribution on the dynamics of thermal-driven viscoplastic flows.

The main goal of this work is to derive a new depth-averaged shallow flow model [9] for realistic lava flows considering the influ-
ence of the non-uniform vertical temperature profile in the non-Newtonian resistance at the bottom surface. This requires to modify
the rheological viscoplastic model for ensuring the coupling between flow dynamics and temperature evolution. The dependence
of the bottom shear stress on the depth-averaged flow features should be reconstructed, achieving a novel correlation between the
flow mobility and the temperature gradients. The outline of the text is as follows: first, in Section 2, the depth-averaged governing
equations are recalled with a particular emphasis on the generation of a non-Newtonian resistance model under different rheological
conditions. The consequences of assuming a variable temperature profile along the fluidized lava column are highlighted and a new
resistance model is proposed in that situation. Then, the numerical method used to solve the governing equations is summarized in
Section 4. Numerical test cases are included in Section 5. Synthetic tests are used to show the influence of the assumed tempera-
ture profile on the numerical results, whereas laboratory experimental data are used to validate our formulation and to show that a
calibration of its parameters is possible. Finally, the main conclusions are drawn in Section 6.

2. Governing equations for viscoplastic thermal-driven surface flows

The general depth-averaged shallow flow equations can be derived by integrating the Navier-Stokes system along the z-coordinate
from the bottom surface z, to the free surface z, = z;, + h, where i denotes the fluid depth. The mass-conservation law reads:

aph) 9 —— 0 —,

—— + —(ph —(phv) =0, 1
Fra ax(p u) + ay(p v) 160

where p is the depth-averaged density whereas u and v are the components of the depth-averaged velocities along the x— and

y—coordinates, respectively. The momentum equations along the x— and y— directions take the form:
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being g the gravity acceleration and (z,,, 7)) the components of the basal resistance vector 7,. Note that the effects of the density
variation along the flow depth are neglected in equations (2)-(3), in order to simplify the formulation of the convective momentum
fluxes and the hydrostatic pressure terms [15]. Finally, the depth-averaged temperature equation is considered:

a(phT) . A(phTH) . A(phTD) _0

, 4
ot ox dy cp “

where T is the depth-averaged temperature, Q the heat flux throughout the upper and bottom interfaces and ¢ p the specific heat of
the fluidized material. At the free surface, the heat transfer with the air is mainly governed by convection and radiation exchange
fluxes, O,,,, and Q,,, respectively. For the convection mechanism, a simple law is assumed:

Qconu = hc (T, - Tair) ©

where 5, is the convection coefficient, T, denotes the air temperature and T is the temperature of the flow at the free surface. For

the radiation mechanism, the Stefan-Boltzmann Law is applied:

A -4,
Qg =€0(T =T,) (6)

where ¢ is the surface emissivity and ¢ = 5.67 - 1078 W /(m> K~*) is the Stefan-Boltzmann constant. Although the value of ¢ is still
object of debate, experimental measurements in [24] suggest a value of 0.74, whilst other authors prefer a value near 0.90-0.95
([23D.

When working with depth-averaged equations, the influence of the viscous stress tensor arises in the momentum equation in the
form of the shear stress vector at the bottom surface, i.e. the basal resistance vector 7,, which can be expressed as:

Tp = (Tpy, Tpy) = Tp Ny, 7)

where 7, is the basal shear stress and ny, = (1,4, 1,,,) = (4, 0)/ V u’ +7° is the flow unit vector defined by the depth-averaged velocity. It
is essential to find a closure relation to evaluate the shear resistance at the bottom as a function of the depth-averaged flow variables.
This relation will depend on the rheological behaviour of the fluidized material.

2.1. Depth-averaged approach for the viscoplastic basal resistance

In order to find a generalized closure relation for the basal shear stress 7;,, we consider the general expression for the viscous stress
tensor:

7 =0(I,,)D, (8)

where D= D;; = %(a 1, + 0u;) is the strain rate tensor and @ is a scalar function of I, = % Tr (D?). In the case of the generalized
Herschel-Bulkley viscoplastic model, this function can be expressed [15] as:

70

O(I,p) = + 2K¢(412D)$ s ()]

2D

where 7, K4 and m are parameters to be determined depending on the rheological behaviour of the fluid.
The infinite landslide method [17] assumes that the flow structure corresponds to that of a simple shear steady flow, where the
velocity along the flow column is almost horizontal and only depends on the vertical position: u = (u,v,0) = (U(z) 1y, U(2) nuy,O),

being U(z) = Vu? + v? the magnitude of the horizontal velocity, the viscoplastic stress tensor can be expressed as:
0 0 z(2)n,,

T= 0 0 (2)ny, | (10)
7(2) nyy ‘r(z)nuy 0

where z € [0, 1] denotes the vertical coordinate above the bottom surface and z(z) is the shear stress along the flow column:

1dU
=®(I,p) = —, 11
7(2) = ®(I5p) 34z an
1 (dU\?
Lp=~ (— . 12
20~ 4 \dz ) (12)
Then, a simplified linear shear stress profile is assumed along the flow column as follows:
z
=7, (1- —) , 13
()=1,(1-7 a3

where 7, = 7(z = 0) is the value of the resistance at the bottom surface. It is noteworthy that the linear shear stress profile only
fully holds in the case of vertically uniform flow density. If the density weakly depends on another fluid driven-property, such as
temperature, equation (13) should result in a good approximation to the stress profile under the infinite flow hypothesis [17]. This
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assumption is commonly used to derive relationships for the basal shear stress in depth-averaged models and will be implicit in the
following viscoplastic models.

The shear stress (13) is integrated along the flow column to obtain the velocity profile U(z| A, 7,), which depends on the basal
shear stress and the flow depth. The velocity profile is integrated again to derive an expression for the flow discharge involving the
depth-averaged velocity magnitude U(, 73,), allowing to compute the basal shear stress 7, from the shallow flow features as:

h
Uh,7p) = % /U(z lh,o)dz = 1, =F(h,D). 14
0
This procedure is the method by which the most common viscoplastic resistance relations for shallow flow equations have been
derived [15], such as the classical Bingham model. It is worth mentioning that these depth-averaged friction models should depend
on the fluid driven-properties, i.e. the temperature T" for lava flows, not only through the variation of the rheological parameters in

(9) but also through the density variations. However, the density dependence is assumed negligible due to the selection of a simplified
linear shear stress profile along the flow column.

3. Viscoplastic resistance models

In this section we introduce the procedure to develop a functional relationship between the bed shear stress and the depth-averaged
flow features for non-uniform temperature distributions along the vertical coordinate. First, the basic case of uniform temperature in
the flow column is considered. Then, different non-uniform vertical temperature profiles are addressed.

3.1. Classic Bingham model

A common model to describe viscoplastic thermally-controlled fluids, such as lava, is the linear Bingham model. This is a particular
case of the Herschel-Bulkley model (9) using 7, = 7,, K¢ = ¢ and behaviour index m = 1, leading to:

T(Z)—T +,u(ji—U (15)

Here, 7, represents a yield stress which is the minimum stress necessary to deform the fluid and y is the dynamic viscosity
coefficient. Equation (15) is expressed assuming that % > 0 and hence 7(z) > 7,. The classical Bingham-type models assume that the
yield strength and the viscosity are uniform along the vertical coordinate, i.e. that the fluid temperature is homogeneous along the
flow column. When 7, < 7,,, then U =0, otherwise, if 7, > 7, this hypothesis allows to express the variation of the velocity along the
vertical coordinate z € [0, 4] as:

0 if zg<z<h
dU 0
e 1 1 z if 0 (16)
dz p p\l=5 )7 1 0<z<2
where zp=h (1 - —) denotes the shear layer depth, i.e. the height where 7(z) becomes smaller than the yield stress 7. Hence, in

the plug region z € [z, h] above the shear layer, the strain rate becomes null and the velocity is uniform. Therefore, the velocity
profile U(z) is straightforward:

2
T""(l—i) if zg<z<h

U(z) =1 2« ) 17
27 gt if 0<z<zg
and the flow discharge can be expressed as:
hﬁ—/hU(z)dz—h—z(zr +i> (18)
K T \30T T2

from where we can finally find a cubic closure relation for the basal resistance ‘rb(h,ﬁ):

7,\3 6uU \ T
(_y> (3422 ) 2400 19)
Ty ,h | 1
which is valid for 7, > 7, and is usually rewritten as:

0 if 7,<1,

3
(Ty - + = ) if Ty 2T, (20)

2;41,% 2u
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(a) Viscosity relation given by (23). (b) Yield stress relation given by (24).

Fig. 1. Dependence of the fluid rheological properties on the temperature.

It is worth noting that the derivation of the classical Bingham cubic closure (19) is made assuming that the yield strength 7, and
the viscosity ¢ are uniform along the flow column, as well as the flow density p. This equation will be used to calculate the theoretical
uniform temperature profile for comparative purposes. Furthermore, some authors computed the solution for the bed shear stress 7,
in the cubic equation (19) using iterative methods, such as Newton-Raphson, or deploying approximate quadratic equations to the
original Bingham in order to improve the robustness of the bed resistance estimation [20,31,32].

The Bingham relation (20) can be reordered in dimensionless terms as:

U 0 , if 7,/7,<1 o)
— =31 B 3 T .
Tyh §<é—5+g> if Tb/TyZI
which can be simplified for cases where 7, /7, > 3/2 to the linear dimensionless expression:
U 0 if 7,/7,<3/2 02
h §<—b—§> if 7,/1,>3/2
y

The expression (22) could be considered as a good approximation to the classical cubic Bingham stress curve for values 7, /7, > 2,
allowing an easier computation of the flow resistance in these cases. For the particular pure-viscous case, the yield strength is null
(r,= 0) and the simple Newtonian fluid 7, =3 ,uﬁ/ h is found. Furthermore, if the viscous component is null, i.e. pure-cohesive fluids,
the velocity profile cannot be obtained using the infinite landslide hypothesis unless an additional assumption is made. In this sense,
viscosity regularizes the problem [17], allowing to derive the vertical velocity profile.

3.2. Variable coefficient models

In the case of a temperature-dependent Bingham fluid, the hypothesis of uniform rheological properties along the vertical coor-
dinate is only satisfied if the fluid temperature is also uniform. However, the heat exchange of the flow with the bottom layer and
the upper atmosphere leads to a non-uniform temperature profile in the flow column and hence the classical Bingham closure is not
valid anymore.

3.2.1. Temperature-dependent viscoplastic coefficients

To find novel closure relation for the basal shear resistance, first, it is necessary to formulate the variability of viscosity and yield
stress with the fluid temperature. In this text we will consider a few models, but the procedure is easily extended to others. For the
temperature-dependent viscosity u(7'), the Andrade model [33,34,9] reads:

u(T)=A,exp(B,/T), (23)

being A, [Pa-s] and B, [°K] rheological fitting parameters, whereas the temperature-dependent yield stress 7,,(T) is expressed using
the following exponential relation [35,9]:

7,(T)=A, + B,exp (C,T), (24)

where A_ [Pal, B, [Pd], C, [1/°K] are fitting parameters. Fig. 1 depicts the variation of the fluid viscosity and yield strength on the
temperature, depending on the rheological parameters considered.

When the temperature profile T'(z) is non-uniform, the shear stress relation (15) obtained is more complicated, as it includes
dependencies on the z—coordinate in the rheological parameters:
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7(T(2),z) = ry(T(z)) +u(T(2)) % (25)

Introducing the expressions for 7,(T') and u(T), the strain rate along the flow column is expressed as:

0 if 7(2) <7,(T(2))

AU _L g (1-2) - [4+B.exp (C.T))] (26)
dz if 7(z) > 7,(T(2))
A”exp(BM/T(z))

The assumption of temperature-dependent rheological parameters causes that a clear differentiation of the shear layer and the
plug zone along the flow column is not straightforward. Therefore, the vertical flow structure depends on the local dynamics features
and the temperature profile. The integration of the strain rate profile (26) is generally non-elementary and becomes impossible to
complete the process as originally stated for the classical Bingham hypothesis.

Even considering that the temperature profile 7'(z) can be fully determined from the flow depth A and the depth-averaged tem-
perature T, proposing a functional dependency for 7, = F(T,h,U) may be a complex process. Therefore, a dimensional analysis is
performed in order to simplify the problem by applying the Vaschy-Buckingham IT Theorem [36]. First, we define the normalized
variables:

/== U== T=— (27)
h U T,
and we consider that dimensionless temperature distribution T”(z) is known and fully characterized by a set of dimensionless pa-
rameters S, which include the univocal shape-relation between the depth-averaged temperature T and the reference maximum
temperature 7},. This reference temperature is considered constant and must be defined depending on the type of vertical tempera-
ture profile selected.

The Vaschy-Buckingham IT Theorem states that, considering n physical parameters involved in a problem, they can be combined
in (n — r) dimensionless variables I1;, ... II where r is the rank of the dimensional matrix of exponents in the base of fundamental
variables involved. In this case, there exist n = 10 dimensional parameters {A w Bus Ags B, Cpy T, T, U, h, rb}, while r =4 dimen-
sions {length, time, mass, temperature} are involved. Therefore, we can simplify the dependencies to six dimensionless parameters,
1,115, ...,I14, defined as:

n—r»

T

=— I=-2% ;= — (28)
B, B, h T,

M= q.-crT H—B" (29)
4= B, s=C 1y 6= T,

and the strain rate along the vertical coordinate (26) can be rewritten in dimensionless form as:

r M, (1-z2)—T, —exp (5T’

dU’ 4 ( 5 ) (30)

dz' I, exp (Tly/T")
Hence the normalized velocity derivative (30) can be integrated along the vertical coordinate and the II theorem ensures the
existence of the relationship:

I, = f(1;,114,115,116, S) (31)
where S includes the dimensionless shape parameter I1; for the normalized temperature vertical distribution 7”(z"). However, once
the rheological parameter A, By, A, B, C, of the fluid are fixed and the reference maximum temperature 7}, is defined, the
numbers I1,, Ils, and I1g become constant. Consequently, the dependency reduces to an equation of the form:

I, = /1, S) (32)

and only the set {rb, h, T} must be specified. Therefore, setting constant dimensionless numbers {1'[4, I1s, Hﬁ}, the dimensionless
derivative (30) can be integrated twice to find the averaged velocity U. If this integration is repeated for a wide range of {1,,, h,

T}, the functional relationship f in (32) can be found. Accordingly, in this work, the following procedure for approximating the bed
shear stress 7, is proposed:

1. A set of discrete values for A, T and 7;, is considered, taking values in some intervals of interest:
—1 =2 —Np —
(T'.T",...T "} € [Trmins Trma
{n',n?,.. hNh} C (0, Apay)]

{b’ Tporon Ty } [Ty’TbmaX]
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Fig. 2. Normalized linear temperature profile with T), =300 K and T=240K.

Table 1
Two different sets of parameters to describe fluids with different rheolog-
ical parameter.

A, (Pa) B,(Pa) C, (K" A, (Pa-s) B, (K

Fluid1 10 2000 -0.02 0.08 1200
Fluid2 0 5.6-10° -5.8-10° 177 9500

2. The velocity profile U(z) is numerically integrated from (26) for each combination of parameters. Therefore, Ny X N;, X N,
different numerical velocity profiles U(z | T', h,7,) are computed.

ik ——
3. Each velocity profile is integrated numerically in order to obtain the depth-averaged velocity v/ = U(Tl, h, r[’;‘ ). The result of
ik
this step is a set of tuples {(T',#/, 75, U"")} with i = 1,2,... Ny, j = 1,2,... Ny and k= 1,2,... N,.
4. A functional dependency ), = F(T, h,U) is proposed and fitted to the discrete values previously computed.

3.2.2. Linear temperature model
First, the proposed procedure is illustrated in the simplest non-uniform temperature profile corresponding to a linear temperature
distribution along the flow column:

T(2)=T, - 2T}, - T)ﬁ (33)

where the reference maximum temperature 7}, is constant and set at the bed surface z = 0 (see Fig. 2). This is a special case of
generalized functional relationship (32) where the shape S of the normalized temperature distribution T’ (z’) is fully described by
the dimensionless parameter I1y = T /T),.

Following the procedure reported in the above section, the velocity profile integration is done for a wide set of values of {7, h,T}.
The results show that, under the condition that 7, is considerably larger than 7, i.e. 7, > 7, the dimensionless number I1, depends
almost linearly on I1; with a slope and axis-intersection point being functions of I1;. Hence, it can be expressed as:

I, = f~1 (I;) I, + f~2(H3)~ (34

As a final step, for simplicity, the fixed parameters that form the dimensionless numbers are absorbed into the functions f; and
f>, resulting in a dimensional relationship:

U _ { 0 if 7, <7y 35)
h [1M) 1y + fo(T) if 7, > 1
—fo(T
where 7, = fz(_ ) is an effective yield stress.

H(T)

This linear dependence can be observed in the examples shown in Fig. 3 for two different parameter sets representing two fluids
with differentiated rheology (see Table 1). To generate this graph, 20 values of both the basal shear stress 7, and the flow depth
h were employed, along with 40 values of depth-averaged temperature T, resulting in almost 1.6 - 10 integrals relations. Not all
temperature values are represented, since the lines would not be distinguishable, but all values of 4 are plotted. So each point on the
Fig. 3 actually consists of 20 overlapping points corresponding to the values of & for a certain stress and temperature. This confirms
the conclusion derived from the I theorem: we can eliminate one parameter because U and & are not independent, i.e. only their
quotient is representative.

It is worth noting the equivalence between the generalized expression (35) for non-uniform linear temperature distribution and
the simplified relation for the uniform temperature profile (22). Both formulas state that the relation between the bed shear stress
7, and the depth-averaged velocity U can be estimated by a linearized approximation (see Fig. 3). This similarity partly explains
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Z00 600 800 1000 1200 1400
T (Pa-s)

(a) Fluid 1, T,,=400 K (b) Fluid 2, T;,=1500 K

Fig. 3. Linear dependency of G/ h with 7, for the fluid rheology in Table 1. Each line corresponds to a different value of averaged temperature.

T 5 amane : : : :
200} 3.0f
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T/Th T/Th
(a) Fluid 1 (b) Fluid 2

Fig. 4. Fitting of the temperature-dependent slope and axis-interception functions, f (T) and fz(?), for the rheological parameters shown in Table 1.

the structure of the generalized functional relationship (35). As particular case of (35), the Newtonian relation is the trivial choice,
since it holds a pure linear dependence of the shear stress with the fluid viscosity. For a classical Bingham fluid, the first term on
the right-hand side in (20) becomes negligible compared to the second one for 7, > 7, and 7, and u are functions of T, hence
demonstrating the proposed approximated relationship.

Thus, the problem has been reduced to the linear fitting of successive lines at constant temperature and the approximation of two
functions of a single variable, f; (T) and fz(f). It is noteworthy that the shape of these functions varies depending on the parameter
values used, but a good fit can be easily found. In particular, it has been observed that functions that work relatively well for a wide
range of different parameters are:

fiTM)=A,+BT" (36)

— —3 —

where A, By, n;, Ay, B,, and C, are fitting constants. The fitting of f,(T) and f,(T) for the fluids considered in Table 1 are shown
in Fig. 4. The significance of this result is that, if more complex temperature profiles are tested, the relationships obtained here hold
approximately, as it is shown in the next sections.

It is worth noting that the relationships used in this work for the viscosity and the yield strength, (23) and (24) respectively, can
be replaced by other models with an arbitrary number of constant parameters. These additional parameters will be absorbed into
constant dimensionless numbers in the same way that occurred with 4, B,, A,, B.and C,. However, for the dimensional analysis
to be valid, the temperature profile needs to be unequivocally described by the flow depth A, the depth-average temperature T and
an arbitrary number of constants with temperature units, which would have an analogous treatment to that of T},. This gives some
freedom to create more realistic temperature distributions. Furthermore, the functions f (7) and f, (T), in (36) and (37) respectively,
do not have any physical background and they should be modified if required by the model parameters, the rheology laws and the
temperature profile chosen.
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Fig. 5. Normalized piece-wise temperature profile with n =4, T}, = 300 K and T=270K.
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Fig. 6. Comparison between yield stress and velocity profiles in the case of uniform temperature and a piece-wise profile (n =4, T;, = 300 K, T =270 K) for an arbitrary
rheological configuration of parameters (A, = 10 Pa, B, = 2000 Pa, C, =0.02 K™!, A, =0.08 Pa- s and B, = 1200 K) with a basal stress 7, = 50 Pa.

3.2.3. Piece-wise temperature model

The natural extension of the linear temperature profile is the piece-wise linear function. A heat transfer will be assumed at
the bottom and free surfaces so that they are colder, with corresponding temperatures T), = T, whereas the maximum reference
temperature T}, is constant and set at the center region of the fluid column. Also, we also assumed that the temperature gradient takes
place in a layer of width 6; = h/n. Hence, the temperature profile can be expressed as:

TS+(Th—TS)i;—_TZ if (h—67)<z<h
T(z)=1 T, if 6p<z<(h-6p)
Tb+(Th—Tb)é if 0<z<ép

(38)

This model is similar to the one considered in [6] and we will take n = 4 assuming that conduction as the unique heat transfer
mechanism [8]. Both surface temperatures T, = T, can be written in terms of the depth-averaged temperature as T, = T, = nT —
T,(n — 1), and hence the shape S of the normalized temperature profile T’(z’) is fully described by the dimensionless parameter
I; = T/Th. Fig. 5 shows the graphical representation of the resulting piece-wise profile.

Fig. 6-(a) represents the induced shear stress 7(z) on the flow column and yield strength 7,(z) for uniform and piece-wise tem-
perature distributions along the vertical direction. An important difference is observed between the uniform temperature and the
piece-wise temperature profile. While the former shows an unique intersection point, separating the shear layer from the plug, the
latter depicts two intersection points between the stress profile 7(z) and the yield stress profile z,(z). Hence, the velocity under the
lower intersection point is zero, whereas above the second intersection point the velocity becomes constant (plug zone), as it is plotted
in Fig. 6-(b). Interestingly, such effect is similar to the formation of two crusts of solid rock above and below the liquid lava flows
due the cooling process.

At this point, we can repeat the process followed with the linear temperature profile (see Section 3.2.2) in order to fit the parameters
in the functional relationships (36) and (37). Then, the shear stress 7, is computed from the model in (35).

3.2.4. Temperature diffusion model for lava flows

A more realistic temperature profile is now proposed by using a simplified temperature diffusion model. It is noteworthy that the
purpose of this approximation is not to precisely compute the temperature distribution of fluid column but to capture the main effects
of its non-uniformity on the averaged flow dynamics. Therefore, the proposed model is a simplified approach to the realistic description
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Fig. 7. Normalized diffusion temperature profiles computed solving (39) with h = 1m.

of the temperature profile in lava flows, which would have multiple layers due to crystallization, cavitation and solidification of the
lava, and would also depend on time from the eruption, flow velocity and other factors.

Under the aforementioned hypothesis, it is usual to assume that the heat transference is mainly due to conduction [23,22]. The
temperature distribution of the liquid lava layer (0 < z < h) resting over the bedrock (z < 0) is described by the following 1D heat
equation problem:

a_T:aaZ_T —oco<z<h, t>0
ot 072
or

1o X
=—=(Qraq + Qeon)
Boundary conditions: 0z lz=h K Zrad cone
lim T(z)=T,
Z—>—00

(39

T, if 0>z<h, t=0

Initial condition: T(z)= { T if —co<z<0 1=0
b - =V, 1=

where « is the thermal conductivity and @ = k¥ /(pcp) is the thermal diffusion coefficient, which are considered constant and equal
for the solidified rock and liquid lava. In this problem the initial temperatures of the liquid lava is constant and set to the reference
maximum temperature 7},, whereas the temperature of the underlying solid rock is set to T, < T},. A transmissive boundary condition
is set at the free surface to model the heat transfer with the air using the convection and radiation fluxes, Q.,,, (5) and Q, . (6)
respectively.

Therefore, when solving numerically equation (39), a temporal sequence of temperature profiles {7; (z)} is computed for discrete
times t, < t; < --- <ty, and each one has an average temperature associated (see Fig. 7). Thus, it is possible to link each time ¢,
with the depth-averaged value of the temperature at that time T. This mapping is bijective because the mean temperature will be a
monotonically decreasing function of time, i.e. the inverse mapping also exists, and hence it is possible to find a unique time ¢, = 1(T)
such that the average temperature of the computed profile is T. Therefore, there exists a univocal relationship between the normalized
temperature profile 77(z’) at each time 7, and dimensionless shape parameter I[1; = T /T},, i.e. Tt’” ) =T'(z' |1y).

The dimensionless form of (39) is straightforward without requiring new dimensionless I1 parameters by defining a characteristic
time ?, = pcph?/x and normalizing time as ' = t/t, [37]. However, the convection-radiation boundary conditions imposed at the
free surface leads to the solution for the temperature profile depends on the flow depth 4. This requirement violates the hypothesis
stated for the normalized temperature profile T’ (z’) since additional dimensionless numbers associated to the heat transfer at the
free surface are required, such as the convective Nusselt number Nu= hh,/x [38].

To solve this issue, the case 7 = 1 m is chosen as reference, and other cases with 4 # 1 m are approximated by scaling the resulting
temperature profiles with a variable transformation. In other words, the normalized temperature profile for a certain flow depth
h and a certain depth-average temperature T, referred to as T'(z’ |I13), is estimated from the normalized temperature distribution

{T’ (¢4 )};?3 obtained from solving (39) using & = 1 m at the time 7, = #(Il5) (see Fig. 7). Therefore, it is possible to repeat the same

procedure as in the previous cases (see Section 3.2.2 and Section 3.2.3) in order to fit the parameters in f; (T) (36) and fz(T) (37),
and to compute 7, from the model in (35).

3.2.5. Summary of temperature variable models
Table 2 summarises the depth-averaged temperature range, the surface temperature 7, and the heat conduction at the bottom
surface Q, for the three proposed temperature distributions. In this sense, the use of both non-uniform piece-wise and diffusive
temperature profiles may allow to derive a boundary condition for the bed surface. We apply the Fourier Law to the temperature
profile in order to obtain an expression for the heat transfer with the bedrock as a function of the depth-average temperature T,
leading to:
oT

Oy=-k Fri (40)

10
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Table 2
Variable temperature models: depth-averaged temperature range, surface temperature 7, and
heat conduction at the bottom surface Q.

Temperature profile [?min s ?mx] T, (T) Qb(?, h)
Linear (33) [%(Tm, +T,). Th] oT-T, NO
Piece-wise (38) [—Tmr w2ty T,,] T =(n=DT, K3 (T, =T
n n
Diffusion (39) [T, . Tyl Fit/Interpolation  Fit/Interpolation

It is necessary to highlight that each proposed approach, i.e. linear temperature, price-wise temperature and diffusion temperature
models, has a range of validity determined by the depth-average temperature 7' at which the surface temperature 7, equals the air
temperature T,.

4. Numerical model

The system of equations formed by the mass conservation (1), the momentum conservation (2)-(3) and the transport equation for
the flow temperature (4), is solved using the fist-order Finite Volume (FV) method reported by [9] for thermal-dependent viscoplastic
flows. For the sake of simplicity, the over-bar notation (=) for the depth-averaged flow variables is omitted and we assume a linear
dependency of the depth-averaged density on the depth-averaged temperature as:

p(T) = po + K(T' = Tj), 41

being p the reference depth-averaged density at the reference depth-averaged temperature T;; and K a dependency constant. Note
that this linear dependence of density on the fluid temperature is reduced in comparison with the exponential relationships provided
by the rheological properties, i.e. viscosity (7') and yield strength 7,(T') and hence the vertical uniform density assumption implicitly
included in the momentum equations is suitable. Then, the homogeneous system is rewritten in terms of the normalized density r
(42) and normalized temperature TV (43):

r=1+ X -1 (42)
Po
TV = E(T —Ty) (43)
Po

and the normalized density can be written as r =1+ T so that the flow depth is calculated directly from the conservative variables
as h =rh — hT". Therefore, the homogeneous system is expressed in vector form as:

‘Z)—I:+V-E(U):Sb+sr (44)

where U is the vector of conservative variables and E = (F(U), G(U)) denotes the conservative fluxes:

rh rhu rhv
24 Lopp2 rhuv
| rhu _ rhu” + 2grh _ , ul , 45)
rhv rhuv rhv- + Egrh
hTV huTV hoTV
whereas, on the right hand side, S}, and S, stand for the bed slope and basal resistance source term, respectively, expressed as:
0 0
—grh(dz;/0x) =(tp/po)n,
S, = S = ux 46
b= —grhozyfon) | S| ~/porny e
0 0
By applying the Gauss theorem, system (44) is integrated into a computational cell Q; as:
NE
d
T /UdQ + Z (EU)- n)klk = / Sp(U)dQ + / S, (U)dQ (47)
k=1
Q Q; Q;

i i

where k denotes the intercell edge of length /;, n is the outward unit normal vector and NE is number of neighbouring cells.
Considering an augmented fully-coupled Riemann solver for thermal-dependent compressible shallow flows [9], the numerical
solution of the variables U at cell i for a time step At =¢"*! —¢" is computed as:

NE
At _ ~ ~ A
[ ZkZlel [F(U)k —H(®), - TO), |1, (48)

11
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where the superscript (*) indicate that this is not the fully updated solution, A; is the cell area and R, the rotation matrix associated
to the local framework of the edge k created by the normal and tangential directions. The vector F(U) denotes normal conservative
flux vector, being U= R, U the rotated conservative variables, and H(ﬁ)k and T (fJ)k account for the bed slope and basal friction
flux contributions, respectively, expressed in the local edge framework [15]. It is worth noting that, to ensure good properties, the
momentum flux vectors H(ﬁ)k and T(ﬁ)k must satisfy the rotation invariant property [19].

The augmented flux at the edge k can be upwind computed using a 4-wave Riemann decomposition as

n

U"——ZR‘ [Z(Am i, - m—z;m)zm] I (49)

k

where (Im)z are the wave celerities at the edge, i.e. the eigenvalues of the Jacobian matrix of the local Riemann problem (RP), (E,,,)Z
are the eigenvectors of the RP, (Em)z denote the wave strengths accounting for the discontinuity on the local conservative variables,

(ﬂN,n)Z are the source strengths which include the integrated bed slope contribution and (5,,)" are the source strengths which include
the integrated basal resistance contribution. The subscript m— under the sums indicates that only the waves travelling inward the i
cell are considered.

In this numerical method, the stop-moving mechanism for the flow activation is applied at each cell edge by the balance between
the numerical frictionless momentum flux, including the convective and the pressure terms, i.e. zm_dmam - ﬁm)ﬁm, and the bed
resistance contribution estimated using the selected rheological model, i.e. },,_ 5,,€,,. This upwind method ensures the stability and
non-oscillatory behaviour for highly transient flows, preserving the positivity of the flow depth, as well as the well-balanced character
of the numerical solution in steady state cases, regardless the rheological formulation used to estimate bed shear stress. The detailed
explanation of this upwind integration method for the bed resistance contribution and the activation of the stop-moving mechanism
can be found in [19,39,40].

Once the value of the conservative variables (U) at the i cell is updated with the homogeneous transport component, intermediate
values for the flow depth A7, temperature T;" and density p; are reconstructed as:

R = (rh)*t — (hTV )M (50)
Vyn+l
oo TV,
= + T 51
i K (h)* 0 (51)
pF =g+ K(T) = Ty) (52)
Then, the non-conservative component of the heat transport equation (4) is considered as:
a(hpT) _ O
AN 53
ot C (53)

P

and, assuming that the flow mass remains constant despite the heat exchange through the bottom and the upper interfaces, the flow
temperature at cell i is explicitly updated at time #"*+! as:
o
T =T + At —— L 54
! ! po (rh); C 59

Finally, the value of the remaining flow variables can be also updated with the new temperature field as

p;'H-l =po+ K(T[’H—l _ TO)

= Po ("h)7+]
LT
i
+1
o+ = (rhu)! (55)
' (rhy!*!
n+1
o = —(rhv)l. .
' (rh)*!

The stability condition requires that the global time step At is limited by the Courant-Friedrichs-Lewy (CFL) condition as:

min(A,-,Aj)
At = CFL min| —— I (56)
ki, m”e,lx(|im|)k

with CFL< 1 for 2D triangular cells. Therefore, the global time step is controlled by the eigenvalues Zm of the fully-coupled Jaco-
bian matrix, preserving stability of the numerical solution even for large temperature/density gradients. Furthermore, the upwind

discretization of the source terms using the eigenvector orthonormal base avoids additional time step reductions regardless of the

12
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Table 3
Test 1 - Heat transfer configuration.

cp /g K) T, (K T, ® b (W/(m-K) e

Case 1 - 450 - -

Case 2 1 450 500 100 0,74

Case 3 1 450 500 100 0,74
Table 4

Test 2 - Rheological parameters of the simulated fluid.

Parameter A, (Pa) B, (Pa) C, &K A” (Pa- s) B” (K)

Value 0 5.6-10° 581073 177 9500

closure relationship considered for basal resistance term [15]. A comprehensive explanation of the numerical method can be found
in [41,9].

5. Test cases and numerical results
5.1. Testl: 1D dambreak wave over dry flat bed

As a first synthetic test, a 1D dambreak over flat and dry bed is proposed. The reservoir initial surface level is 4y = 30.5 m and
the dam is located at x; = 305 m. The case is a classical benchmark test, widespread in literature [19,21], with an approximated
analytical equilibrium solution that can be found when the parameters are uniform and constant [26]. The approximated analytical
solution predicts a stopping position at x ; = 1896 m.

A comparison between three different cases is performed here: (Case 1) a fluid with constant and uniform temperature used as
reference; (Case 2) a cooling fluid with a linear temperature profile; and (Case 3) a cooling fluid with a piece-wise temperature profile.
For Case 1, constant density p = 1835 kg/m?>, viscosity u = 100 Pa- s, yield stress 7, = 1500 Pa and temperature 450 K’ are assumed
to approximate the analytical stopping position, following the values reported in previous works. In Case 2 and Case 3, an initially
uniform temperature of 500 K is stated. The heat transfer parameters used have been reported in Table 3. Their values are synthetic
and selected so that the cooling process is fast.

Regarding the rheological model, the fitting parameters in (23) and (24) are selected so that the value of yield stress and viscosity
at the initial time are the same as the fixed values for the constant-uniform temperature simulation: A, =0 Pa, B, = 30431 Pa,
C, =-0.00602 K71, A, =3.13 Pa- s and B, = 1726.9 K. Finally, in Case 2 and Case 3 the density is computed using law (41) with
po = 1835 kg/m3, K = 0.1 kg/(m3- K) and T}, = 300 K.

Fig. 8 shows the free surface evolution until the flow stops totally, i.e. the final equilibrium state where viscoplatic shear stress
remains balanced with the yield strength. A good coincidence between the stopping point predicted by the analytical approximation
and the one obtained by the simulation in Case 1 is observed at x ; ~ 1896 m. The computed flow features evolve differently for each
case as time progresses, leading to different stopping position depending on the cooling process.

Fig. 9 represents the evolution of temperature for the cases with heat exchange whereas Fig. 10 depicts the flow velocity at time
t =100 s for the three cases. When a cooling heat exchange is considered, i.e. Case 2 an Case 3, the fluid stops earlier due to the
higher friction introduced by the change of viscosity and yield stress with temperature reduction.

In Fig. 11 the dependence between the basal stress 7, and the depth-average temperature of the fluid column is shown. For both
cases, linear model (Case 2) and piece-wise model (Case 3) profiles, the basal resistance increases as the temperature decreases, being
higher in the cases of non-uniform temperature for most part of the temperature range. That is the reason why the flow in Case 3
stops earlier.

5.2. Test2: 1D flow over dry sloping bed

In this section a synthetic test case of 1D flow over a dry S; = 0.033 slope is considered. The fluid properties are described by
the parameters in Table 4. This set of rheological parameters could be a plausible description for fluidized lava flow since they were
estimated by observing the order of magnitude of the results presented in [12] for morphological observations in West Island. In the
simulations, a constant flow of 2 m3/s per unit width is assumed as inlet boundary condition with an initial temperature of 1500 K
(left boundary section). Additionally, an air temperature of 300 K, convection coefficient z, = 50 W/(m? K) and emissivity € = 0.74
are assumed.

Four different configurations will be compared, including uniform temperature profile (case M), piece-wise temperature profile
with and without heat exchange with the bed (cases L1 and L2 respectively) and temperature diffusion profile (case D). Table 5
summarizes the main features of the models assessed in this test.

Table 6 includes the parameters resulting from the fitting of functions f; (T) and £2(T) in (36) and (37) respectively for the piece-
wise temperature and the temperature diffusion vertical profiles. The quality of the basal stress 7, fitting to linear dimensionless
relation (35) is measured using the relative root square error (RRS E) defined as:
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Table 5
Test 2 - Configuration of the temperature profile.

Label  Temperature model  Bed heat conduction
M Uniform No
L1 Piece-wise No
L2 Piece-wise Yes
D Diffusion No
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Fig. 11. Test 1 - Basal stress as a function of temperature in the case U/h = 1.

Table 6
Test 2 - Fitting parameters of (36) y (37) (SI units).

A B, n A, B, c, RRSE

Piece-wise  1.38:1073 1.88:1073 23.1 -181 226 -6.00  0.066
Diffusion -1.42:10°  4.45.10%  3.03 3.61 -6.47  1.63 0.094

RRSE = (57)

where 7; are the predicted values for the basal stress from the fitted relations, z; are the exact values of the basal stress used as input
to numerically compute the integral of velocity profile (26), following the procedure detailed in Section 3.2.1, and 7 = Zfi T/ N is
the mean value.

Fig. 12 shows the basal shear stress 7, depending on the depth-averaged temperature for each vertical temperature distribution
considered. The basal stress is lower for both piece-wise temperature profiles, L1 and L2 respectively, and for the diffusion temperature
profile M than for uniform temperature profile M. This difference reflects the fact that the interior of the fluid is hotter and hence has
a lower viscosity and yield stress. It is worth mentioning that, for both linear piece-wise temperature profiles, L1 and L2 respectively,
the basal shear stress is slightly higher than for the uniform temperature M when the average temperature is high (7" > 1400 K). The
explanation is that, while average temperature is still similar to that in the inner zone, the surfaces of the liquid cool significantly faster
and they might cause a non-negligible increase in friction. Fig. 13 shows this effect, as simulations corresponding to configuration
piece-wise L1 and piece-wise L2 move slower at the beginning and then overtake the one corresponding to the diffusion temperature
configuration M.

Fig. 14 depicts the evolution of the flow depth along as the wave progresses downstream. We observe that the wavefront advances
faster when a non-uniform temperature profile is used (L1, L2 and D) than with a uniform temperature M. These differences are even
noticeable for the first stages after the dambreak. As the wave moves downstream, these differences increase remarkably.

In Fig. 15, the depth-averaged temperature along the dambreak flow is shown. Initially it is similar for all the configurations
selected. However, as the dambreak wave progresses and the fluid becomes cooler, the configurations with non-uniform temperature
profiles along the vertical coordinate have a lower heat transference as convection is computed considering the surface temperature.
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Fig. 13. Test 2 - Free surface representation (z, + 10h) along the slope at t=3450 s.

Table 7
Test 3 - Rheological parameters used for each model.

A (Pa) B, (Pa) C,(K') A, (Pas) B, (K

Uniform 0 35-10° -0.01 0.05 9500
Linear 0 37-10° -0.01 0.02 9500
Piece-wise 0 37-100 -0.01 0.02 9500
Diffusion 0 37-10° -0.01 0.02 9500

Furthermore, cases piece-wise L1 and piece-wise L2 are almost indistinguishable, suggesting that conduction with the bed is negligible,
which makes sense as it has a low thermal conductivity.

5.3. Test 3: experimental case of lava flow over 2D slope

A benchmark proposed in [42] for lava flow simulation models is now used for validation purposes. The test consists of a 2D
sloping plane with S, = 12,25°. Over this plane, a constant flow of melted basalt Q;, =220mL/s at T;, = 1050°C is poured. For its
simulation, the values of emissivity and convection coefficient are the ones suggested in the reference publication: € =0.95 and h, =2
W/(m?- K), together with a density function p(T") = 2350 — 0.01(T — 1073 K) kg/m3. The friction model is compared in the cases of
uniform temperature profile, taken as reference, and the linear, the piece-wise and the diffusion temperature profiles. Viscosity and
yield stress parameters are chosen independently for uniform temperature model and for the variable coefficients models, through a
fitting process of the experimental data. The selected rheological parameters are presented in Table 7.

Fig. 16 displays the 2D map of depth-averaged temperature and flow depth at time # = 42 s for the piece-wise temperature profile.
Note that the cooling process is faster for small depth zones.

Fig. 17-(a) depicts the evolution of the lava wave along the longitudinal section for the piece-wise temperature profile. Further-
more, Fig. 17-(b) shows a comparison between simulated and observed wavefront location for all the temperature distributions tested.
The rheological parameters were set to obtain the best agreement between the computed wavefront location and the observed data.
The coincidence between them is acceptable, although there is a discrepancy due to a change of the flow front velocity at t = 20
s approximately. This change could be explained due to irregularities in the experimental pouring. It is worth noting that, in the
original work [42], all the considered models had the same discrepancy since the models were setup to fit observed data after that
irregularity occurred.
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Fig. 15. Test 2 - Depth-averaged temperature evolution along the dambreak at t = 200 s and t = 3450 s.

Finally, Fig. 18-(a) shows the comparison of the dambreak free surface at r = 42 s computed with all the temperature distributions
tested. There exist differences between the piece-wise temperature profile and the other temperature distributions, including the
classical uniform profile. These differences are clearly revealed when plotting the temporal evolution of the flow depth at x = 50
cm for all the temperature profile tested in Fig. 18-(b). The experimental values are higher than the simulation predictions, but the
piece-wise temperature model is able to obtain slightly better approximation.

6. Conclusions
The present work is devoted to the formulation and numerical resolution of a new depth-averaged viscoplastic flow model with
non-uniform temperature variation. A novel method has been developed and implemented to introduce the effects of a non-uniform

vertical temperature profile on the depth-averaged flow equations. The proposed model has been discretized using a Finite Volume
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the figure(s), the reader is referred to the web version of this article.)
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Fig. 17. Test 3 - Flow evolution along the central longitudinal section.

scheme recently shown to be useful for the efficient computation of unsteady thermally-driven shallow flows over steep topography
and with complex rheology. Furthermore, the numerical algorithms are implemented for multi-CPU parallelization, decreasing hugely
the computation time required to perform high-resolution simulations. This improves the parameter calibration process, makes longer
simulations feasible and facilitates the study of the sensitivity with respect to the model parameters.

The novel non-uniform temperature model for the viscoplastic resistance has been tested in both 1D analytical and 2D experimental
cases. From these benchmark tests it is concluded that the proposed non-uniform temperature profile modification undoubtedly has
effects that can become very relevant in the bulk flow dynamics. It has been observed that, for low temperatures, a non-uniform
temperature profile leads to lower friction contribution. This effect is explained because the inner layers of the flow column are
hotter and hence more fluidized than under the uniform temperature hypothesis. For high temperatures, the behaviour depends on
the parameters and profile assumed, being possible to have the reverse behaviour. The reason for this phenomenon is that the effects
associated with rapid cooling of the upper and lower interfaces of the flow column can exceed the resistance of a flow with uniform
high-temperature profile.

The results also suggest that, through a process of calibrating the parameters individualized for each model, the results can be very
similar. This result suggests that use of uniform temperature models is subjected to a suitable calibration of the model parameters,
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Fig. 18. Test 3 - Comparison of the observed and computed results along the central longitudinal section for uniform and linear temperature profile cases.

but it is necessary to conduct further tests to sustain the hypothesis. Finally, it has been determined that the effects of heat transfer
by conduction at the bottom surface of the flow layer are negligible for the bulk flow dynamics, being sufficient to take into account
radiation and convection heat transfer at the free surface.
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