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In this work we solve initial-boundary value problems associated to coupled 2D parabolic 
singularly perturbed systems of convection-diffusion type. The analysis is focused on the cases 
where the diffusion parameters are small, distinct and also they may have different order of 
magnitude. In such cases, overlapping regular boundary layers appear at the outflow boundary 
of the spatial domain. The fully discrete scheme combines the classical upwind scheme defined 
on an appropriate Shishkin mesh to discretize the spatial variables, and the fractional implicit 
Euler method joins to a decomposition of the difference operator in directions and components 
to integrate in time. We prove that the resulting method is uniformly convergent of first order in 
time and of almost first order in space. Moreover, as only small tridiagonal linear systems must be 
solved to advance in time, the computational cost of our method is remarkably smaller than the 
corresponding ones to other implicit methods considered in the previous literature for the same 
type of problems. The numerical results, obtained for some test problems, corroborate in practice 
the good behavior and the advantages of the algorithm.

1. Introduction

Let us denote 𝜀 = (𝜀1, 𝜀2)𝑇 ; in this paper, we develop a new technique to solve numerically in a robust and efficient way two 
dimensional parabolic singularly perturbed coupled convection-diffusion systems given by

⎧⎪⎨⎪⎩
𝜀(𝑡)𝐮 ≡

𝜕𝐮
𝜕𝑡

(𝐱, 𝑡) +𝐱,𝜀(𝑡)𝐮(𝐱, 𝑡) = 𝐟(𝐱, 𝑡), (𝐱, 𝑡) ∈𝑄 ≡Ω× (0, 𝑇 ],
𝐮(𝐱, 𝑡) = 𝐠(𝐱, 𝑡), (𝐱, 𝑡) ∈ 𝜕Ω× [0, 𝑇 ],
𝐮(𝐱,0) =𝝋(𝐱), 𝐱 ∈Ω,

(1)

where Ω = (0, 1)2, 𝐱 = (𝑥, 𝑦)𝑇 and the spatial differential operator 𝐱,𝜀(𝑡) is defined as

𝐱,𝜀(𝑡)𝐮 ≡ −𝜀Δ𝐮+1(𝐱)
𝜕𝐮
𝜕𝑥

(𝐱, 𝑡) +2(𝐱)
𝜕𝐮
𝜕𝑦

(𝐱, 𝑡) +(𝐱, 𝑡)𝐮. (2)
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The diffusion matrix is 𝜀 = diag(𝜀1, 𝜀2) and we assume that the diffusion parameters 𝜀1 and 𝜀2 can be very small with 0 < 𝜀1 ≤ 𝜀2 ≤ 1. 
The convection matrices are

1(𝐱) = diag(𝑏11(𝐱), 𝑏12(𝐱)), 2(𝐱) = diag(𝑏21(𝐱), 𝑏22(𝐱)),

where we assume that their diagonal coefficients 𝑏𝑟𝑝, 𝑟, 𝑝 = 1, 2 satisfy

𝑏1𝑟(𝐱) ≥ 𝛽1 > 0, 𝑏2𝑟(𝐱) ≥ 𝛽2 > 0, 𝑟 = 1,2, ∀ 𝐱 ∈Ω, (3)

for some positive constants 𝛽1 and 𝛽2. As well, we assume that ∀(𝐱, 𝑡) ∈𝑄 the coefficients of the reaction matrix  satisfy

𝑎𝑟𝑟(𝐱, 𝑡) ≥ 0, 𝑎𝑟𝑝(𝐱, 𝑡) ≤ 0, if 𝑟 ≠ 𝑝, 𝑟, 𝑝 = 1,2 and

2∑
𝑝=1

𝑎𝑟𝑝(𝐱, 𝑡) ≥ 0, 𝑟 = 1,2. (4)

Finally, we impose sufficient smoothness and compatibility conditions on 𝐟(𝐱, 𝑡) = (𝑓1, 𝑓2)𝑇 , 𝝋(𝐱) = (𝜑1, 𝜑2)𝑇 , 𝐠(𝐱, 𝑡) = (𝑔1, 𝑔2)𝑇 , 
1, 2,  in order to get that the exact solution satisfies

𝐮 ∈ 𝐶4,2(𝑄). (5)

(see [27] for a detailed discussion)

Singularly perturbed systems take part in many mathematical models for different physical phenomena, such as saturated flows 
in fractured porous media, convective heat transport with large Péclet numbers, reaction-diffusion enzyme models, turbulent interac-

tions of waves and currents, tubular models in chemical reactor theory, combustion processes, diffusion processes in electro-analytic 
chemistry or neutron transport models among many others (see for instance [2,17,21,35,37]). In the case of convection diffusion 
problems, for small values of the diffusion parameters, their solutions usually show a multiscale behavior, having boundary layers 
at the outflow boundary of Ω. Such behavior provokes that uniformly convergent methods are necessary to find a reliable and not 
too expensive numerical approximation; such methods are capable of providing a sufficiently precise numerical solution in the whole 
domain using meshes with a number of grid points which is independent of the size of the diffusion parameters.

In the past, many people have dealt with these problems for both reaction-diffusion and convection-diffusion systems. Linear 
elliptic or parabolic coupled systems were considered in [3,10,19,20,24,26,31,32,36] for one dimensional problems in space. In 
[34], a 1D elliptic convection-diffusion system, having distinct small diffusion coefficients at each equation, but also equal small 
parameters in the convective terms, was considered. In all of these works, uniformly convergent numerical schemes were constructed 
and analyzed. In the parabolic case, for the time integration processes, it is typical to resort to the backward Euler method, and 
the spatial discretization is done by using classical finite difference schemes, which are defined on special nonuniform meshes of 
Shishkin type. Using these tools, various uniformly convergent methods were constructed. Such methods have a common drawback 
coming from the calculus of the coupled components simultaneously; consequently, it is necessary to deal with large linear systems, 
with a band width which depends of the number of components in the system to integrate in time. A simple idea to reduce the 
computational cost in the time integration process consists of defining a method which decouples the calculus of the components in 
the system. Such idea was introduced in [7]; this technique, which the authors named splitting by components, separates the calculus 
of each component in such way that only tridiagonal systems must be solved to obtain the numerical solution, getting a remarkable 
reduction in the computational cost. Such reduction is more remarkable as long as higher dimensions in the system are considered. 
For the case of 2D elliptic or parabolic singularly perturbed systems of type (1), there are less references available. For instance, 
in [22,23] elliptic 2D singularly perturbed problems were considered and in [13] a 2D elliptic system of convection-diffusion type, 
having the same diffusion term in both equations and also equal small parameters in the convective terms, was studied. Another 2D 
elliptic system of convection-diffusion type was considered in [14]; in this case, distinct small parameters in the diffusion term and 
also equal small parameters in the convection terms were managed. In [8,16,25], various evolutionary 2D systems with two equations 
have been deeply studied and suitable numerical methods have been proposed to solve them successfully.

With respect to the drawbacks associated to the numerical solution of multidimensional problems, via finite differences, it is well 
known that the use of alternating direction implicit methods (see [33]) is an excellent choice to reduce the computational cost of 
the numerical algorithms, because only tridiagonal systems are involved in the integration in time. In [5], a method of this type 
was proposed for solving 2D scalar singularly perturbed diffusion-reaction problems and in [15] for the case of convection-diffusion 
problems. The same ideas can be applied for solving coupled systems, but the result it is not optimal in terms of their computational 
cost because, in these cases, still banded linear systems, are involved in the numerical integration in time. To elude this difficulty, 
we combine the ideas of [5,7] to construct a new numerical algorithm which combines the upwind scheme, defined on piecewise 
uniform Shishkin meshes, to discretize in space, and the fractional implicit Euler method, associated to a splitting both in directions 
and components, to integrate in time. In this way, simple small tridiagonal linear systems are required to solve at each time step and, 
consequently, a remarkable reduction in the computational cost is observed if we compare our proposal with any classical implicit 
method used for the same type of systems.

It is also well known that the use of one step methods to integrate in time initial-boundary value problems with non homogeneous 
boundary data, provokes additional difficulties, because it usually conduces to a reduction of the order of convergence for the derived 
numerical algorithms (see [1] and references therein). This phenomenon complicates the analysis of the uniform convergence when 
it appears. In our proposal, we have removed the possibility that this phenomenon produces in a simple way, based on a modified 
175

evaluation of the boundary data for some fractional steps.
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The rest of the paper is structured as follows. In Section 2, we study the behavior of the exact solution of (1), proving appropriate 
estimates for its first partial derivatives in terms of the diffusion coefficients. In Section 3, we introduce the chosen spatial discretization 
and we prove its uniform convergence when it is defined on an special nonuniform mesh of Shishkin type. In Section 4, we describe the 
time integration process, via the fractional implicit Euler method joint to a splitting by directions and components and we prove that 
the fully discrete scheme is uniformly convergent of first order in time and of almost first order in space. In Section 5, the numerical 
results obtained with our algorithm for some test problems, are shown; from them, we corroborate in practice the theoretical results 
and the advantages of the proposed algorithm. We finish this work with a short section of conclusions.

In the rest of the paper, we denote ‖ ⋅ ‖𝐷 to the maximum norm for a function defined on the domain 𝐷, ‖𝐰‖𝐷 =
max{‖𝑤1‖𝐷, ‖𝑤2‖𝐷}, |𝐯| = (|𝑣1|, |𝑣2|)𝑇 , 𝐯 ≥𝐰 (analogously 𝐯 ≤𝐰) means 𝑣𝑟 ≥𝑤𝑟, 𝑟 = 1, 2, and 𝐶 is used to denote a generic positive 
constant which is independent of the diffusion and the discretization parameters 𝜀, 𝑁 and 𝑀 ; finally 𝐂 ≡ (𝐶, 𝐶)𝑇 .

2. Analytical properties of the exact solution

In this section we study the asymptotic behavior of the exact solution of problem (1) with respect to both diffusion parame-

ters, obtaining sufficiently fine estimates for its first partial derivatives. These estimates will be used in the analysis of the uniform 
convergence for the numerical method proposed in this work.

With similar reasonings to the used ones in [13], we obtain the following two results, which give the inverse positivity and the 
uniform well posedness of the continuous problem.

Lemma 1. (Maximum principle). Let 𝜀(𝑡) be the differential operator given in (1). If 𝜀𝑟(𝑡)ΨΨΨ(𝐱, 𝑡) ≥ 𝟎, ΨΨΨ(𝐱, 𝑡) ≥ 𝟎, ∀(𝐱, 𝑡) ∈ 𝜕Ω × [0, 𝑇 ]
and ΨΨΨ(𝐱, 0) ≥ 𝟎, ∀ 𝐱 ∈Ω, then it holds ΨΨΨ(𝐱, 𝑡) ≥ 𝟎, ∀ (𝐱, 𝑡) ∈𝑄.

Lemma 2. (Uniform well posedness). Let ΨΨΨ(𝐱, 𝑡) ∈ 𝐶2,1(𝑄); then, it holds

‖ΨΨΨ‖ ≤ 1
𝛽
‖𝜀(𝑡)ΨΨΨ‖𝑄 +max{‖ΨΨΨ‖𝜕Ω×[0,𝑇 ],‖ΨΨΨ(𝐱,0)‖𝐱∈Ω}

where

𝛽 =min(𝛽1, 𝛽2). (6)

Following the ideas in [24], we can describe the time derivatives of 𝐮 as solutions of initial-boundary value problems similar to 
(1) and again we can make use of Lemma 2 to prove that|||| 𝜕

𝑟𝐮(𝐱, 𝑡)
𝜕𝑡𝑟

|||| ≤ 𝐶, 𝑟 = 0,1,2, (7)

i.e., the exact solution has uniformly bounded time derivatives up to order two.

Next, we search for appropriate estimates for the spatial derivatives of 𝐮.

Lemma 3. The solution 𝐮 of (1) and its components 𝑢𝑘, 𝑘 = 1, 2, satisfy

|||| 𝜕
(𝑙1+𝑙2)𝐮(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

|||| ≤ 𝐶𝜺
−𝑙1−𝑙2 , 1 ≤ 𝑙1 + 𝑙2 ≤ 2,

|||| 𝜕
(𝑙1+𝑙2)𝑢1(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

|||| ≤ 𝐶𝜀
−𝑙1−𝑙2
1 , 3 ≤ 𝑙1 + 𝑙2 ≤ 4,

|||| 𝜕
(𝑙1+𝑙2)𝑢2(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

|||| ≤ 𝐶𝜀
−𝑙1−𝑙2
2 +𝐶𝜀

1−(𝑙1+𝑙2)∕2
1 𝜀−12 , 3 ≤ 𝑙1 + 𝑙2 ≤ 4.

(8)

Proof. The proof uses the changes of variables 𝛹1 = 𝑥∕𝜀1, 𝜑1 = 𝑦∕𝜀1 for the first component and 𝛹2 = 𝑥∕𝜀2, 𝜑2 = 𝑦∕𝜀2 for the second 
component (see [13] for instance for more details). On the transformed problem, using the result in [27] we prove that, in the new 
variables, the derivatives are bounded independently of the singular perturbation parameters; therefore, in the original variables 
(𝑥, 𝑦), the obtaining of the estimates (8) is immediate. □

Unfortunately, the bounds (8) are not fine enough to complete our later analysis because they do not describe the multi-scale 
behavior of 𝐮. To get this, we decompose the exact solution as the sum of its regular component, named 𝐯, its boundary layer 
component, 𝐰 and its corner layer component, 𝐩𝑟𝑡. As well, we decompose the boundary layer component in two terms 𝐰 =𝐰𝑟 +𝐰𝑡.

Let us denote the four sides of 𝜕Ω as

Γ1 =
{
(0, 𝑦) |0 ≤ 𝑦 ≤ 1

}
, Γ2 =

{
(𝑥,0) |0 ≤ 𝑥 ≤ 1

}
,

Γ3 =
{
(1, 𝑦) |0 ≤ 𝑦 ≤ 1

}
, Γ4 =

{
(𝑥,1) |0 ≤ 𝑥 ≤ 1

}
,
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and let us denote by 𝐱(𝑡) the reduced first order hyperbolic differential operator given by
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𝐱(𝑡)𝐮 ≡
𝜕𝐮
𝜕𝑡

(𝐱, 𝑡) +1(𝐱)
𝜕𝐮
𝜕𝑥

(𝐱, 𝑡) +2(𝐱)
𝜕𝐮
𝜕𝑦

(𝐱, 𝑡) +(𝐱, 𝑡)𝐮. (9)

These components are obtained as the solutions to the following problems:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝐱,𝜀(𝑡)𝐯(𝐱, 𝑡) = 𝐟 , ∀(𝐱, 𝑡) ∈ Ω × [0, 𝑇 ],
𝐯(𝐱, 𝑡) = 𝜓1(𝑦, 𝑡), ∀(𝐱, 𝑡) ∈ Γ1 × [0, 𝑇 ],
𝐯(𝐱, 𝑡) = 𝜓2(𝑥, 𝑡), ∀(𝐱, 𝑡) ∈ Γ2 × [0, 𝑇 ],
𝐯(𝐱, 𝑡) = 𝜓3(𝑦, 𝑡), ∀(𝐱, 𝑡) ∈ Γ3 × [0, 𝑇 ],
𝐯(𝐱, 𝑡) = 𝜓4(𝑥, 𝑡), ∀(𝐱, 𝑡) ∈ Γ4 × [0, 𝑇 ],
𝐯(𝐱,0) =𝝋(𝐱), 𝐱 ∈Ω,

(10)

where 𝜓𝑖, 𝑖 = 1, 2, 3, 4 are appropriate functions which will be stated in the posterior analysis,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

𝐱,𝜀(𝑡)𝐰𝑘(𝐱, 𝑡) = 𝟎, 𝑘 = 𝑟, 𝑡, ∀(𝐱, 𝑡) ∈ Ω × [0, 𝑇 ],
𝐰𝑟(𝐱, 𝑡) = (𝐮− 𝐯)(𝐱, 𝑡), ∀(𝐱, 𝑡) ∈ Γ3 × [0, 𝑇 ],
𝐰𝑟(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 ∪ Γ4 × [0, 𝑇 ],
𝐰𝑡(𝐱, 𝑡) = (𝐮− 𝐯)(𝐱, 𝑡), ∀(𝐱, 𝑡) ∈ Γ4 × [0, 𝑇 ],
𝐰𝑡(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 ∪ Γ3 × [0, 𝑇 ],
𝐰𝑘(𝐱,0) = 𝟎, 𝐱 ∈Ω,

(11)

for the boundary layer components, and

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐱,𝜀(𝑡)𝐩𝑟𝑡(𝐱, 𝑡) = 𝟎, ∀(𝐱, 𝑡) ∈ Ω × [0, 𝑇 ],
𝐩𝑟𝑡(𝐱, 𝑡) = −𝐰𝑟(𝐱, 𝑡), ∀(𝐱, 𝑡),∈ Γ3 × [0, 𝑇 ],
𝐩𝑟𝑡(𝐱, 𝑡) = −𝐰𝑡(𝐱, 𝑡), ∀(𝐱, 𝑡),∈ Γ4 × [0, 𝑇 ],
𝐩𝑟𝑡(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡),∈ Γ1 ∪ Γ2 × [0, 𝑇 ],
𝐩𝑟𝑡(𝐱,0) = 𝟎, 𝐱 ∈Ω,

(12)

for the corner layer component, respectively.

Lemma 4. Let v = (𝑣1, 𝑣2)𝑇 be the regular component solution of (10). Then, its derivatives satisfy

‖‖‖‖ 𝜕
𝑙1+𝑙2v(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶, 0 ≤ 𝑙1 + 𝑙2 ≤ 2,
‖‖‖‖ 𝜕

𝑙1+𝑙2𝑣1(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀−11 , 𝑙1 + 𝑙2 = 3,

‖‖‖‖ 𝜕
𝑙1+𝑙2𝑣2(𝐱, 𝑡)
𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶, 𝑙1 + 𝑙2 = 3.
(13)

Proof. The proof follows similar ideas and techniques that those ones in [14], where full details of the proof for an elliptic system 
can be seen.

In the first step, the regular component is decomposed as

𝐯 = 𝜒0 + 𝜀2𝜒1 + 𝜀22𝜒2 + 𝜀32𝜒3, (14)

where 𝜒𝑖 = (𝜒𝑖1, 𝜒𝑖2)𝑇 , 𝑖 = 0, 1, 2, 3, and their respective equations on 𝑄 are the followings:

𝐱(𝑡)𝜒0 = 𝐟 , 𝜒0(𝐱, 𝑡) = 𝐮(𝐱, 𝑡), ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜒0(𝐱,0) = 𝜑(𝐱),𝐱 ∈Ω,

𝐱(𝑡)𝜒1 =
1
𝜀2

𝜀Δ𝜒0, 𝜒1(𝐱, 𝑡) = 𝟎, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜒1(𝐱,0) = 𝟎,𝐱 ∈Ω,

𝐱(𝑡)𝜒2 =
1
𝜀2

𝜀Δ𝜒1, 𝜒2(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜒2(𝐱,0) = 𝟎,𝐱 ∈Ω,

𝐱,𝜀(𝑡)𝜒3 =
1
𝜀2

𝜀Δ𝜒2, 𝜒3(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ 𝜕Ω× [0, 𝑇 ], 𝜒3(𝐱,0) = 𝟎,𝐱 ∈Ω.

(15)

From (14), it is straightforward that it holds

‖‖‖‖ 𝜕𝑙1+𝑙2𝜒𝑖

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶, 0 ≤ 𝑖 ≤ 2, 0 ≤ 𝑙1 + 𝑙2 ≤ 3.

To find bounds for the derivatives of the components of 𝜒3, for its second component, using Lemma 3 it follows (see [14] for more 
177
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‖‖‖‖ 𝜕
𝑙1+𝑙2𝜒32

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀
−𝑙1−𝑙2
2 , 0 ≤ 𝑙1 + 𝑙2 ≤ 3.

Also, using the equation in (15) which defines 𝜒31, we deduce estimates for 𝜒31 and its derivatives; to do that, we split 𝜒31 in the 
form

𝜒31 = 𝜓0 + 𝜀1𝜓1 + 𝜀21𝜓2 + 𝜀31𝜓3,

where the equations for 𝜓𝑖, 𝑖 = 0, 1, 2, 3 are given by

(𝜓0)𝑡 + (𝑏11, 𝑏21) ⋅∇𝜓0 + 𝑎11𝜓0 = −
𝜀1
𝜀2

Δ𝜒21 − 𝑎12𝜒32, (16a)

𝜓0(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜓0(𝐱,0) = 𝟎,𝐱 ∈Ω,

(𝜓1)𝑡 + (𝑏11, 𝑏21) ⋅∇𝜓1 + 𝑎11𝜓1 = Δ𝜓0, (16b)

𝜓1(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜓1(𝐱,0) = 𝟎,𝐱 ∈Ω,

(𝜓2)𝑡 + (𝑏11, 𝑏21) ⋅∇𝜓2 + 𝑎11𝜓2 = Δ𝜓1, (16c)

𝜓2(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], 𝜓2(𝐱,0) = 𝟎,𝐱 ∈Ω,

(𝜓0)𝑡 − 𝜀1Δ𝜓3 + (𝑏11, 𝑏21) ⋅∇𝜓3 + 𝑎11𝜓3 = Δ𝜓2, (16d)

𝜓3(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ 𝜕Ω× [0, 𝑇 ], 𝜓3(𝐱,0) = 𝟎,𝐱 ∈Ω.

Then, from (16a)-(16c), it can be proved the following estimates:

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜓0

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀
1−𝑙1−𝑙2
2 , 0 ≤ 𝑙1 + 𝑙2 ≤ 3,

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜓1

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀
−𝑙1−𝑙2
2 , 0 ≤ 𝑙1 + 𝑙2 ≤ 3,

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜓2

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀−22 , 0 ≤ 𝑙1 + 𝑙2 ≤ 1,

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜓2

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀
−1−𝑙1−𝑙2
2 +𝐶𝜀

1−𝑙1−𝑙2
1 𝜀−12 , 2 ≤ 𝑙1 + 𝑙2 ≤ 3.

Moreover, we can obtain

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜓3

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀
−𝑙1−𝑙2
1 𝜀−32 +𝐶𝜀

1−𝑙1−𝑙2
1 𝜀−12 , 0 ≤ 𝑙1 + 𝑙2 ≤ 3.

Now, writing

𝜒31(𝐱, 𝑡) = 𝜓0 + 𝜀1𝜓1 + 𝜀21𝜓2, ∀(𝐱, 𝑡) ∈ Γ1 ∪ Γ2 × [0, 𝑇 ], (17)

we deduce that it holds‖‖‖‖ 𝜕
𝑙1+𝑙2𝜒31

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶, 0 ≤ 𝑙1 + 𝑙2 = 1,
‖‖‖‖ 𝜕

𝑙1+𝑙2𝜒31

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀−12 , 𝑙1 + 𝑙2 = 2,

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜒31

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀−11 +𝐶𝜀−22 , 𝑙1 + 𝑙2 = 3.

Applying the bounds on 𝜒31 and its derivatives to the equation of 𝜒32, the second component of 𝜒3 in (15), we have

‖‖‖‖ 𝜕
𝑙1+𝑙2𝜒32

𝜕𝑥𝑙1𝜕𝑦𝑙2

‖‖‖‖ ≤ 𝐶𝜀−32 , 𝑙1 + 𝑙2 = 3.

From all the above bounds, the required result follows. □

In second place, we study the asymptotic behavior of the layer components 𝐰𝑟 and 𝐰𝑡. To simplify the notation, we introduce the 
layer functions 𝑖(𝑥) and 𝑖(𝑦), 𝑖 = 1, 2, which are given by

1(𝑥) = 𝑒−𝛽(1−𝑥)∕𝜀1 , 2(𝑥) = 𝑒−𝛽(1−𝑥)∕𝜀2 ,
1(𝑦) = 𝑒−𝛽(1−𝑦)∕𝜀1 , 2(𝑦) = 𝑒−𝛽(1−𝑦)∕𝜀2 ,

(18)
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where 𝛽 is defined in (6).
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Lemma 5. Let w𝑘, 𝑘 = 𝑟, 𝑡, where w𝑘 = (𝑤𝑘1, 𝑤𝑘2)𝑇 satisfy the problem (11). Then, the following bounds hold for the singular components:

|𝑤𝑟1(𝐱, 𝑡)| ≤ 𝐶2(𝑥), |𝑤𝑟2(𝐱, 𝑡)| ≤ 𝐶2(𝑥),

|𝑤𝑡1(𝐱, 𝑡)| ≤ 𝐶2(𝑦), |𝑤𝑡2(𝐱, 𝑡)| ≤ 𝐶2(𝑦),|||| 𝜕
𝑖+𝑗𝑤𝑟1(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶(𝜀−𝑖1 1(𝑥) + 𝜀−𝑖2 2(𝑥)), 𝑖, 𝑗 = 1,2,3,

|||| 𝜕
𝑖+𝑗𝑤𝑡1(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶(𝜀−𝑗1 1(𝑦) + 𝜀
−𝑗
2 2(𝑦)), 𝑖, 𝑗 = 1,2,3,

|||| 𝜕
𝑖+𝑗𝑤𝑟2(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶𝜀−𝑖2 2(𝑥), 𝑖, 𝑗 = 1,2,

|||| 𝜕
𝑖+𝑗𝑤𝑟2(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶

(
𝜀−11 𝜀−22 1(𝑥) + 𝜀−32 2(𝑥)

)
, 𝑖, 𝑗 = 3,

|||| 𝜕
𝑖+𝑗𝑤𝑡2(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶𝜀
−𝑗
2 2(𝑦), 𝑖, 𝑗 = 1,2,

|||| 𝜕
𝑖+𝑗𝑤𝑡2(𝐱, 𝑡)
𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶

(
𝜀−11 𝜀−22 1(𝑦) + 𝜀−32 2(𝑦)

)
, 𝑖, 𝑗 = 3.

Proof. To prove the estimates for the derivatives of the layer components, we again use the idea of change of variables. Here, we 
only show the details to obtain the bounds for the right layer component w𝑟, and similarly we can proceed for w𝑡.

We consider the change of variable 𝛹1 = 𝑥∕𝜈1, 𝛹2 = 𝑥∕𝜈2, where

𝜈1 = 𝜀1(1 +
√

𝜀1)−1, 𝜈2 = 𝜀2(1 +
√

𝜀2)−1. (19)

Then, the resulting problems obtained after these changes of variables are given by

𝜕𝑤∗
𝑟1

𝜕𝑡
−
(
𝜀1𝜈

−2
1

𝜕2𝑤∗
𝑟1

𝜕𝛹2
1

+ 𝜀1
𝜕2𝑤∗

𝑟1
𝜕𝑦2

)
+ 𝜈−11 𝑏∗11(𝛹1, 𝑦)

𝜕𝑤∗
𝑟1

𝜕𝛹1
+ 𝑏∗21(𝛹1, 𝑦)

𝜕𝑤∗
𝑟1

𝜕𝑦
+

𝑎∗11(𝛹1, 𝑦, 𝑡)𝑤∗
𝑟1 + 𝑎∗12(𝛹1, 𝑦, 𝑡)𝑤∗

𝑟2 = 0, ∀(𝛹1, 𝑦, 𝑡) ∈ Ω∗,1
𝜈1

× [0, 𝑇 ],
𝑤∗

𝑟1(𝛹1, 𝑦, 𝑡) = (𝑢∗1 − 𝑣∗1)(𝛹1, 𝑦, 𝑡), ∀(𝛹1, 𝑦, 𝑡) ∈ Γ∗,13,𝜈1
× [0, 𝑇 ],

𝑤∗
𝑟1(𝛹1, 𝑦, 𝑡) = 0, ∀(𝛹1, 𝑦, 𝑡) ∈ Γ∗,11,𝜈1

∪ Γ∗,12,𝜈1
∪ Γ∗,13,𝜈1

× [0, 𝑇 ],
𝑤∗

𝑟1(𝛹1, 𝑦,0) = 0, ∀(𝛹1, 𝑦) ∈ Ω∗,1
𝜈1

,

and

𝜕𝑤∗
𝑟2

𝜕𝑡
−
(
𝜀2𝜈

−2
2

𝜕2𝑤∗
𝑟2

𝜕𝛹2
2

+ 𝜀2
𝜕2𝑤∗

𝑟2
𝜕𝑦2

)
+ 𝜈−12 𝑏∗12(𝛹2, 𝑦)

𝜕𝑤∗
𝑟2

𝜕𝛹2
+ 𝑏∗22(𝛹2, 𝑦)

𝜕𝑤∗
𝑟2

𝜕𝑦
+

𝑎∗21(𝛹2, 𝑦, 𝑡)𝑤∗
𝑟2 + 𝑎∗22(𝛹2, 𝑦, 𝑡)𝑤∗

𝑟2 = 0, ∀(𝛹2, 𝑦, 𝑡) ∈ Ω∗,1
𝜈2

× [0, 𝑇 ],
𝑤∗

𝑟2(𝛹2, 𝑦, 𝑡) = (𝑢∗2 − 𝑣∗2)(𝛹2, 𝑦, 𝑡), ∀(𝛹2, 𝑦, 𝑡) ∈ Γ∗,13,𝜈1
× [0, 𝑇 ],

𝑤∗
𝑟2(𝛹2, 𝑦, 𝑡) = 0, ∀(𝛹2, 𝑦, 𝑡) ∈ Γ∗,11,𝜈1

∪ Γ∗,12,𝜈1
∪ Γ∗,13,𝜈1

× [0, 𝑇 ],
𝑤∗

𝑟2(𝛹2, 𝑦,0) = 0, ∀(𝛹2, 𝑦) ∈ Ω∗,1
𝜈2

,

respectively, where Ω∗,1
𝜈1

= (0, 1∕𝜈1) × (0, 1), Ω∗,1
𝜈2

= (0, 1∕𝜈2) × (0, 1) and Γ∗,1
𝑖,𝜈1

, Γ∗,1
𝑖,𝜈2

, 𝑖 = 1, 2, 3, 4 are the corresponding boundaries of 
the extended domain Ω∗,1

𝜈1
and Ω∗,1

𝜈2
, respectively.

Following a similar technique that this one in [4,29], we can obtain appropriate estimates for the right layer component w∗
𝑟 . 

Therefore, in the original variables, the required result follows. □

To finish the study of the asymptotic behavior of the exact solution of the continuous problem, we study the estimates for the 
derivatives of the corner layer component p𝑟𝑡.

Lemma 6. Let p𝑟𝑡, where p𝑟𝑡 = (𝑝𝑟𝑡1 , 𝑝𝑟𝑡2 )
𝑇 , be the solution of the problem (12). Then, it holds

|p𝑟𝑡(𝐱, 𝑡)| ≤ 𝐶2(𝑥)2(𝑦),||||
𝜕𝑖+𝑗𝑝𝑟𝑡1 (𝐱, 𝑡)

𝜕𝑥𝑖𝜕𝑦𝑗

|||| ≤ 𝐶
(
𝜀
−𝑖−𝑗
1 1(𝑥)1(𝑦) + 𝜀

−𝑖−𝑗
2 2(𝑥)2(𝑦)

)
, 1 ≤ 𝑖+ 𝑗 ≤ 3,

| 𝜕𝑖+𝑗𝑝𝑟𝑡2 (𝐱, 𝑡) | −𝑖−𝑗
179

||| 𝜕𝑥𝑖𝜕𝑦𝑗
||| ≤ 𝐶𝜀2 2(𝑥)2(𝑦), 1 ≤ 𝑖+ 𝑗 ≤ 2,
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Proof. Again, we use the idea of change of variables. Now, we take 𝛹1 = 𝑥∕𝜈1, 𝜑1 = 𝑦∕𝜈1, and 𝛹2 = 𝑥∕𝜈2, 𝜑2 = 𝑦∕𝜈2, where 𝜈1 and 
𝜈2 are given in (19). Then, the resulting continuous problems obtained after these changes of variables are given by

𝜕𝑝∗𝑟𝑡1
𝜕𝑡

− 𝜀1𝜈
−2
1

( 𝜕2𝑝∗𝑟𝑡1

𝜕𝛹2
1

+
𝜕2𝑝∗𝑟𝑡1

𝜕𝜑2
1

)
+ 𝜈−11

(
𝑏∗11(𝛹1, 𝜑1)

𝜕𝑝∗𝑟𝑡1
𝜕𝛹1

+ 𝑏∗21(𝛹1, 𝜑1)
𝜕𝑝∗𝑟𝑡1
𝜕𝜑1

)
+

𝑎∗11(𝛹1, 𝜑1, 𝑡)𝑝∗𝑟𝑡1 + 𝑎∗12(𝛹1, 𝜑1, 𝑡)𝑝∗𝑟𝑡2 = 0, ∀(𝛹1, 𝜑1, 𝑡) ∈ Ω∗,2
𝜈1

× [0, 𝑇 ],
𝑝∗𝑟𝑡1

(𝛹1, 𝜑1, 𝑡) = −𝑤∗
𝑟1(𝛹1, 𝜑1, 𝑡), ∀(𝛹1, 𝜑1, 𝑡) ∈ Γ∗,23,𝜈1

× [0, 𝑇 ],
𝑝∗𝑟𝑡1

(𝛹1, 𝜑1, 𝑡) = −𝑤∗
𝑡1(𝛹1, 𝜑1, 𝑡), ∀(𝛹1, 𝜑1, 𝑡) ∈ Γ∗,24,𝜈1

× [0, 𝑇 ],
𝑝∗𝑟𝑡1

(𝛹1, 𝜑1, 𝑡) = 0, ∀(𝛹1, 𝜑1, 𝑡) ∈ Γ∗,21,𝜈1
∪ Γ∗,21,𝜈1

× [0, 𝑇 ],
𝑝∗𝑟𝑡1

(𝛹1, 𝜑1,0) = 0,∀(𝛹1, 𝜑1) ∈ Ω∗,2
𝜈1

,

and

𝜕𝑝∗𝑟𝑡2
𝜕𝑡

− 𝜀2𝜈
−2
2

( 𝜕2𝑝∗𝑟𝑡2

𝜕𝛹2
2

+
𝜕2𝑝∗𝑟𝑡2

𝜕𝜑2
2

)
+ 𝜈−12

(
𝑏∗12(𝛹2, 𝜑2)

𝜕𝑝∗𝑟𝑡2
𝜕𝛹2

+ 𝑏∗22(𝛹2, 𝜑2)
𝜕𝑝∗𝑟𝑡2
𝜕𝜑2

)
+

𝑎∗21(𝛹2, 𝜑2, 𝑡)𝑝∗𝑟𝑡2 + 𝑎∗22(𝛹2, 𝜑2, 𝑡)𝑝∗𝑟𝑡2 = 0, ∀(𝛹2, 𝜑2, 𝑡) ∈ Ω∗,2
𝜈2

× [0, 𝑇 ],
𝑝∗𝑟𝑡2

(𝛹2, 𝜑2, 𝑡) = −𝑤∗
𝑟2(𝛹2, 𝜑2, 𝑡), ∀(𝛹2, 𝜑2, 𝑡) ∈ Γ∗,23,𝜈2

× [0, 𝑇 ],
𝑝∗𝑟𝑡2

(𝛹2, 𝜑2, 𝑡) = −𝑤∗
𝑡2(𝛹2, 𝜑2, 𝑡), ∀(𝛹2, 𝜑2, 𝑡) ∈ Γ∗,24,𝜈2

× [0, 𝑇 ],
𝑝∗𝑟𝑡2

(𝛹2, 𝜑2, 𝑡) = 0, ∀(𝛹2, 𝜑2, 𝑡) ∈ Γ∗,21,𝜈2
∪ Γ∗,21,𝜈2

× [0, 𝑇 ],
𝑝∗𝑟𝑡2

(𝛹2, 𝜑2,0) = 0,∀(𝛹2, 𝜑2) ∈ Ω∗,2
𝜈2

,

respectively, where Ω∗,1
𝜈1

= (0, 1∕𝜈1) × (0, 1), Ω∗,1
𝜈2

= (0, 1∕𝜈2) × (0, 1) and Γ∗,2
𝑖,𝜈1

, Γ∗,2
𝑖,𝜈2

, 𝑖 = 1, 2, 3, 4 are the corresponding boundaries of 
the extended domain Ω∗,2

𝜈1
and Ω∗,2

𝜈2
, respectively.

Using a similar methodology that in [4,28], we can get the bounds for the corner layer component p∗
𝑟𝑡. Therefore, in the original 

variables, the required result follows. □

3. The spatial discretization

In this section we construct the spatial mesh and we define the spatial discretization of the continuous problem (1) and we prove 
its uniform convergence, showing that the semidiscrete scheme, obtained with our discretization, converges uniformly to the exact 
solution with almost first order.

The first step to discretize in space the continuous problem (1) consists of constructing a rectangular mesh, which is the tensor 
product of one dimensional piecewise uniform meshes of Shishkin type, i.e., Ω

𝑁
= 𝐼

𝑁

𝑥 × 𝐼
𝑁

𝑦 , with 𝐼
𝑁

𝑥 = {0 = 𝑥0 < 𝑥1 <… , < 𝑥𝑁 =

1}, 𝐼
𝑁

𝑦 = {0 = 𝑦0 < 𝑦1 <… , < 𝑦𝑁 = 1}. For simplicity in the analysis, we have taken the same number of grid points, 𝑁 +1, for both 
spatial directions.

From the previous section, we know that the exact solution has overlapping regular boundary layers of widths (𝜀1) and (𝜀2), 
respectively, which appear on the outflow domain of Ω. Then, we define 𝐼

𝑁

𝑥 (and similarly we can proceed for 𝐼
𝑁

𝑦 ) as follows (see 
[30]). Let 𝑁 be multiple of 3; then, the grid points of 𝐼𝑁

𝑥 are given by

𝑥𝑖 =
⎧⎪⎨⎪⎩
𝑖𝐻, 𝑖 = 0,… ,𝑁∕3,
𝑥𝑁∕3 + (𝑖−𝑁∕3)ℎ1, 𝑖 =𝑁∕3 + 1,… ,2𝑁∕3,
𝑥2𝑁∕3 + (𝑖− 2𝑁∕3)ℎ2, 𝑖 = 2𝑁∕3 + 1,… ,𝑁,

(20)

where 𝐻 = 3(1 − 𝜎2)∕𝑁, ℎ1 = 3(𝜎2 − 𝜎1)∕𝑁, ℎ2 = 3𝜎1∕𝑁 , and the transition parameters 𝜎1, 𝜎2 are defined by

𝜎2 = min
{
2∕3, 𝜎0𝜀2 ln𝑁

}
, 𝜎1 = min

{
𝜎2∕2, 𝜎0𝜀1 ln𝑁

}
, (21)

being 𝜎0 a constant which will be precise later on. We denote ℎ𝑥,𝑖 = 𝑥𝑖 − 𝑥𝑖−1, ℎ𝑦,𝑗 = 𝑦𝑗 − 𝑦𝑗−1, 𝑖, 𝑗 = 1, … , 𝑁 , ℎ𝑥,𝑖 = (ℎ𝑥,𝑖 + ℎ𝑥,𝑖+1)∕2
and ℎ𝑦,𝑗 = (ℎ𝑦,𝑗 + ℎ𝑦,𝑗+1)∕2, 𝑖, 𝑗 = 1, … , 𝑁 − 1.

Following to the notation used for the continuous problem, the boundaries of the domain Ω
𝑁

are denoted by

Γ𝑁
1 =

{
(0, 𝑦𝑗 )

|||0 ≤ 𝑗 ≤𝑁

}
,Γ𝑁

2 =
{
(𝑥𝑖,0)

|||0 ≤ 𝑖 ≤𝑁

}
,

Γ𝑁
3 =

{
(1, 𝑦𝑗 )

|||0 ≤ 𝑗 ≤𝑁

}
,Γ𝑁

4 =
{
(𝑥𝑖,1)

|||0 ≤ 𝑖 ≤𝑁

}
,
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and 𝜕Ω𝑁 = Γ𝑁
1 ∪ Γ𝑁

2 ∪ Γ𝑁
3 ∪ Γ𝑁

4 .
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Let us denote by Ω𝑁 the subgrid of Ω
𝑁

composed only by the interior points of it, i.e., by Ω
𝑁 ⋂

Ω, 𝜕Ω𝑁 ≡ Ω
𝑁
∖Ω𝑁 , by [𝐯]Ω𝑁

(analogously [𝑣]Ω𝑁 for scalar functions) the restriction operators, applied to vector functions defined in Ω, to the mesh Ω𝑁 , and by 
[𝐯]𝜕Ω𝑁 (analogously [𝑣]𝜕Ω𝑁 for scalar functions) the restriction operators, applied to vector functions defined in 𝜕Ω, to the mesh 
𝜕Ω𝑁 . For all (𝑥𝑖, 𝑦𝑗 ) ∈ Ω𝑁 we define the semidiscrete approach 𝐔𝑁 (𝑡) ≡ 𝐔𝑁

𝑖𝑗
(𝑡), 𝑖, 𝑗 = 1, … , 𝑁 − 1, with 𝐔𝑁

𝑖𝑗
(𝑡) ≈ 𝐮(𝑥𝑖, 𝑦𝑗 , 𝑡), as the 

solution of the Initial Value Problem

⎧⎪⎨⎪⎩
̃𝑁

𝜀 (𝑡)𝐔
𝑁
(𝑡) ≡ 𝑑𝐔𝑁 (𝑡)

𝑑𝑡
+𝑁

𝜀 (𝑡)𝐔
𝑁
(𝑡) = [𝐟(𝐱, 𝑡)]Ω𝑁 , in Ω𝑁 × [0, 𝑇 ],

𝐔
𝑁
(𝑡) = [𝐠(𝐱, 𝑡)]Γ𝑁 , in 𝜕Ω𝑁 × [0, 𝑇 ],

𝐔𝑁 (0) = [𝝋(𝐱)]Ω𝑁 ,

(22)

being 𝐔
𝑁
(𝑡) the natural extension of the semidiscrete functions 𝐔𝑁 (𝑡), defined in Ω𝑁 × [0, 𝑇 ], to Ω

𝑁
× [0, 𝑇 ] by adding the Dirichlet 

boundary values of 𝐠 in 𝜕Ω𝑁 ×[0, 𝑇 ] and being 𝑁
𝜀 (𝑡) the discretization, via the classical upwind scheme differences, of the convection-

diffusion operator 𝐱,𝜀(𝑡), i.e.,

(𝑁
𝜀 (𝑡)𝐔

𝑁
(𝑡))𝑖𝑗,1 = 𝑐𝑖𝑗,𝑙1𝑈

𝑁
𝑖−1𝑗,1 + 𝑐𝑖𝑗,𝑟1𝑈

𝑁
𝑖+1𝑗,1 + 𝑐𝑖𝑗,𝑑1𝑈

𝑁
𝑖𝑗−1,1 + 𝑐𝑖𝑗,𝑢1𝑈

𝑁
𝑖𝑗+1,1+

𝑐𝑖𝑗,𝑐1𝑈
𝑁
𝑖𝑗,1 + 𝑎11(𝑡)𝑈𝑁

𝑖𝑗,1 + 𝑎12(𝑡)𝑈𝑁
𝑖𝑗,2,

(23)

where the coefficients 𝑐𝑖𝑗 are given by

𝑐𝑖𝑗,𝑙1 =
−𝜀1

ℎ𝑥,𝑖ℎ𝑥,𝑖

−
𝑏11(𝑥𝑖, 𝑦𝑗 )

ℎ𝑥,𝑖

, 𝑐𝑖𝑗,𝑟1 =
−𝜀1

ℎ𝑥,𝑖+1ℎ𝑥,𝑖

, 𝑐𝑖𝑗,𝑑1 =
−𝜀1

ℎ𝑦,𝑗ℎ𝑦,𝑗

−
𝑏21(𝑥𝑖, 𝑦𝑗 )

ℎ𝑦,𝑗

,

𝑐𝑖𝑗,𝑢1 =
−𝜀1

ℎ𝑦,𝑗+1ℎ𝑦,𝑗

, 𝑐𝑖𝑗,𝑐1 = −(𝑐𝑖𝑗,𝑙1 + 𝑐𝑖𝑗,𝑟1 + 𝑐𝑖𝑗,𝑑1 + 𝑐𝑖𝑗,𝑢1 ),
(24)

and

(𝑁
𝜀 (𝑡)𝐔

𝑁
(𝑡))𝑖𝑗,2 = 𝑐𝑖𝑗,𝑙2𝑈

𝑁
𝑖−1𝑗,2 + 𝑐𝑖𝑗,𝑟2𝑈

𝑁
𝑖+1𝑗,2 + 𝑐𝑖𝑗,𝑑2𝑈

𝑁
𝑖𝑗−1,2 + 𝑐𝑖𝑗,𝑢2𝑈

𝑁
𝑖𝑗+1,2+

𝑐𝑖𝑗,𝑐2𝑈
𝑁
𝑖𝑗,2 + 𝑎21(𝑡)𝑈𝑁

𝑖𝑗,1 + 𝑎22(𝑡)𝑈𝑁
𝑖𝑗,2,

(25)

and now the coefficients 𝑐𝑖𝑗 are given by

𝑐𝑖𝑗,𝑙2 =
−𝜀2

ℎ𝑥,𝑖ℎ𝑥,𝑖

−
𝑏12(𝑥𝑖, 𝑦𝑗 )

ℎ𝑥,𝑖

, 𝑐𝑖𝑗,𝑟2 =
−𝜀2

ℎ𝑥,𝑖+1ℎ𝑥,𝑖

, 𝑐𝑖𝑗,𝑑2 =
−𝜀2

ℎ𝑦,𝑗ℎ𝑦,𝑗

−
𝑏22(𝑥𝑖, 𝑦𝑗 )

ℎ𝑦,𝑗

,

𝑐𝑖𝑗,𝑢2 =
−𝜀2

ℎ𝑦,𝑗+1ℎ𝑦,𝑗

, 𝑐𝑖𝑗,𝑐2 = −(𝑐𝑖𝑗,𝑙2 + 𝑐𝑖𝑗,𝑟2 + 𝑐𝑖𝑗,𝑑2 + 𝑐𝑖𝑗,𝑢2 ),
(26)

for 𝑖, 𝑗 = 1, … , 𝑁 − 1.

Lemma 7 (Semidiscrete maximum principle). Let (̃𝑁
𝜀 (𝑡)𝐔

𝑁
(𝑡))𝑖𝑗,𝑘, 𝑘 = 1, 2, be the semidiscrete operator given in (22)-(26) and let be ΨΨΨ(𝑡)

a semidiscrete grid function. If ΨΨΨ(𝑥𝑖, 𝑦𝑗 , 𝑡) ≥ 000 on Γ𝑁 × [0, 𝑇 ] and (̃𝑁
𝜀 (𝑡)ΨΨΨ(𝑥𝑖, 𝑦𝑗 , 𝑡))𝑖𝑗,𝑘 ≥ 000, 𝑘 = 1, 2, ∀(𝑥𝑖, 𝑦𝑗 , 𝑡) ∈Ω𝑁 × [0, 𝑇 ], then it holds 

ΨΨΨ(𝑥𝑖, 𝑦𝑗 , 𝑡) ≥ 000, ∀(𝑥𝑖, 𝑦𝑗 , 𝑡) ∈Ω
𝑁
× [0, 𝑇 ].

Proof. The proof follows literately the ideas given in [8,16], and therefore we think that it is not necessary to include the details. □

Lemma 8 (Discrete stability result). Let 𝐔𝑁 (𝑡) be the solution of (22). Then, it holds

‖𝐔𝑁 (𝑡)‖
Ω
𝑁
×[0,𝑇 ]

≤
1
𝛽
‖𝑑𝐔𝑁

𝑑𝑡
(𝑡) +𝑁

𝜀 (𝑡)𝐔
𝑁
(𝑡)‖Ω𝑁×[0,𝑇 ] + ‖𝐔𝑁 (𝑡)‖Γ𝑁×[0,𝑇 ].

Proof. To prove the stability, we consider the barrier functions ΨΨΨ±(𝑡), which are defined by

ΨΨΨ𝑘,±(𝑥𝑖, 𝑦𝑗 , 𝑡) =
𝑥𝑖

𝛽
‖𝑑𝐔𝑁

𝑑𝑡
(𝑡) +𝑁

𝜀 (𝑡)𝐔
𝑁
(𝑡)‖Ω𝑁×[0,𝑇 ] + ‖𝐔𝑁 (𝑡)‖Γ𝑁×[0,𝑇 ] ±𝐔𝑁

𝑖𝑗,𝑘
(𝑡).

Then, clearly it holds ΨΨΨ𝑘,±(𝑥𝑖, 𝑦𝑗 , 𝑡) ≥ 000 on Γ𝑁 × [0, 𝑇 ] and (̃𝑁
𝜀 (𝑡)ΨΨΨ±(𝑡))𝑖𝑗,𝑘 ≥ 000, 𝑘 = 1, 2, ∀(𝑥𝑖, 𝑦𝑗 , 𝑡) ∈ Ω𝑁 × [0, 𝑇 ]; applying now 

Lemma 7, the result immediately follows. □

To prove the uniform convergence of the method, following to the continuous problem, we decompose the numerical solution in 
the form

𝐔𝑁 (𝑡) =𝐕𝑁 (𝑡) +𝐖𝑁
𝑟 (𝑡) +𝐖𝑁

𝑡 (𝑡) + 𝐏𝑁
𝑟𝑡 (𝑡), (27)
181

where the regular component is the solution of the semidiscrete problem
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⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

̃𝑁
𝜀 (𝑡)𝐕

𝑁
(𝑡) = [𝐟(𝐱, 𝑡)]Ω𝑁 , in Ω𝑁 × [0, 𝑇 ],

𝐕
𝑁
(𝑡) = 𝜓1(𝑦), ∀(𝑥, 𝑦, 𝑡) ∈ Γ𝑁

1 × [0, 𝑇 ],
𝐕

𝑁
(𝑡) = 𝜓2(𝑥), ∀(𝑥, 𝑦, 𝑡) ∈ Γ𝑁

2 × [0, 𝑇 ],
𝐕

𝑁
(𝑡) = 𝜓3(𝑦), ∀(𝑥, 𝑦, 𝑡) ∈ Γ𝑁

3 × [0, 𝑇 ],
𝐕

𝑁
(𝑡) = 𝜓4(𝑥), ∀(𝑥, 𝑦, 𝑡) ∈ Γ𝑁

4 × [0, 𝑇 ],
𝐕𝑁 (0) = [𝝋(𝐱)]Ω𝑁 ,

(28)

the boundary layer component is the solution of the semidiscrete problem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

̃𝑁
𝜀 (𝑡)𝐖

𝑁

𝑘 (𝑡) = 𝟎, in Ω𝑁 × [0, 𝑇 ], 𝑘 = 𝑟, 𝑡,

𝐖
𝑁

𝑟 (𝑡) = (𝐔
𝑁
(𝑡) −𝐕

𝑁
(𝑡)), ∀(𝑥, 𝑦) ∈ Γ𝑁

3 ,

𝐖
𝑁

𝑟 (𝑡) = 0, ∀(𝑥, 𝑦) ∈ Γ𝑁
1 ∪ Γ𝑁

2 ∪ Γ𝑁
4 ,

𝐖
𝑁

𝑡 (𝑡) = (𝐔
𝑁
(𝑡) −𝐕

𝑁
(𝑡)), ∀(𝑥, 𝑦) ∈ Γ𝑁

4 ,

𝐖
𝑁

𝑡 (𝑡) = 0, ∀(𝑥, 𝑦) ∈ Γ𝑁
1 ∪ Γ𝑁

2 ∪ Γ𝑁
3 ,

𝐖𝑁
𝑘
(0) = 𝟎, in Ω𝑁, 𝑘 = 𝑟, 𝑡,

(29)

and finally, the corner layer component is the solution of the semidiscrete problem

⎧⎪⎪⎪⎨⎪⎪⎪⎩

̃𝑁
𝜀 (𝑡)𝐏

𝑁

𝑟𝑡 (𝑡) = 𝟎, in Ω𝑁 × [0, 𝑇 ],
𝐏
𝑁

𝑟𝑡 (𝑡) = −𝐖
𝑁

𝑟 (𝑡), ∀(𝑥, 𝑦) ∈ Γ𝑁
3 ,

𝐏
𝑁

𝑟𝑡 (𝑡) = −𝐖
𝑁

𝑡 (𝑡), ∀(𝑥, 𝑦) ∈ Γ𝑁
4 ,

𝐏
𝑁

𝑟𝑡 (𝑡) = 𝟎, ∀(𝑥, 𝑦) ∈ Γ𝑁
1 ∪ Γ𝑁

2 ,

𝐏𝑁
𝑟𝑡 (0) = 𝟎, in Ω𝑁.

(30)

Theorem 1. The global error 𝑒𝑁 (𝑥𝑖, 𝑦𝑗 , 𝑡) = 𝑢(𝑥𝑖, 𝑦𝑗 , 𝑡) − 𝑈𝑁 (𝑥𝑖, 𝑦𝑗 )(𝑡), associated to the spatial discretization (22)-(26), defined on the 
adequate Shishkin mesh given by (20), satisfies

‖𝑒𝑁 (𝑥𝑖, 𝑦𝑗 , 𝑡)‖Ω𝑁
≤ 𝐶𝑁−1 ln𝑁, ∀ 𝑡 ∈ [0, 𝑇 ]. (31)

Therefore, the solution of the spatial semidiscrete problem (22) converges uniformly to the solution of (1) with almost first order of convergence.

Proof. We follow the technique used in [14], where an elliptic coupled system of convection-diffusion type with different diffusion 
parameters and also a parameter in the convection term, was analyzed. Here, we include the minimum details to understand the 
proof.

Based on the previous decompositions for the exact and the numerical solutions, to bound the error, we must study the error 
associated to each component separately. Note that the local error of the numerical scheme depends only of the spatial discretization.

First, for the regular component, using standard Taylor expansions, the local error satisfies

|||𝑁
𝜀 (𝑡)

(
𝐕𝑁 (𝑡) − [𝐯]Ω𝑁

)||| ≤
𝐶

[
(ℎ𝑥,𝑖 + ℎ𝑥,𝑖+1)

(
𝜀
‖‖‖‖ 𝜕3𝐯
𝜕𝑥3

‖‖‖‖+ ‖‖‖‖ 𝜕2𝐯
𝜕𝑥2

‖‖‖‖
)
+ (ℎ𝑦,𝑗 + ℎ𝑦,𝑗+1)

(
𝜀
‖‖‖‖ 𝜕

3𝐯
𝜕𝑦3

‖‖‖‖+ ‖‖‖‖ 𝜕
2𝐯

𝜕𝑦2

‖‖‖‖
)]

,
(32)

and therefore, it is straightforward to prove that it holds

|||𝑁
𝜀 (𝑡)

(
𝐕𝑁 (𝑡) − [𝐯]Ω𝑁

)||| ≤ 𝐶𝑁−1.

Using Lemma 7, we can deduce

|𝐯(𝑥𝑖, 𝑦𝑗 , 𝑡) −𝐕𝑁 (𝑥𝑖, 𝑦𝑗 )(𝑡)| ≤ 𝐶𝑁−1. (33)

In second place we study the error associated to the layer components; we only show the details for 𝐰𝑟 and similarly we can 
proceed for 𝐰𝑡. As it is usual, we use the barrier functions technique. To do that, we define the functions


𝑟,𝑁
1 (𝑥𝑖) =

𝑁∏
𝑙=𝑖+1

(
1 +

𝛽ℎ𝑙

2𝜀1

)−1
, 

𝑟,𝑁
2 (𝑥𝑖) =

𝑁∏
𝑙=𝑖+1

(
1 +

𝛽ℎ𝑙

2𝜀2

)−1
,

182

with 𝑟,𝑁
1 (𝑥𝑁 ) =

𝑟,𝑁
2 (𝑥𝑁 ) = 1, and also
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
𝑡,𝑁
1 (𝑦𝑗 ) =

𝑁∏
𝑙=𝑗+1

(
1 +

𝛽ℎ𝑙

2𝜀1

)−1
, 

𝑡,𝑁
2 (𝑦𝑗 ) =

𝑁∏
𝑙=𝑗+1

(
1 +

𝛽ℎ𝑙

2𝜀2

)−1
,

with 𝑡,𝑁
1 (𝑥𝑁 ) =

𝑡,𝑁
2 (𝑥𝑁 ) = 1. Then, it is well known that it holds

|𝑊 𝑁
𝑟1
(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶

𝑟,𝑁
2 (𝑥𝑖), |𝑊 𝑁

𝑟2
(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶

𝑟,𝑁
2 (𝑥𝑖),

and also that

|𝑊 𝑁
𝑡1
(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶

𝑡,𝑁
2 (𝑦𝑗 ), |𝑊 𝑁

𝑡2
(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶

𝑡,𝑁
2 (𝑦𝑗 ).

To bound the local error we use (32) changing 𝐯 by 𝐰𝑟. Then, we distinguish several cases. First, when the mesh is uniform, a 
detailed analysis (see [14]), permits us to obtain that it holds

|(𝐖𝑁
𝑟 −𝐰𝑟)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1

(
𝜀−11 + 𝜀−12

𝜀−11

)
,

and taking into account that if the mesh is uniform, then it holds 𝜀𝑘 ln𝑁 ≥ 𝐶, 𝑘 = 1, 2, i.e., 𝜀−1
𝑘

≤ 𝐶 ln𝑁, 𝑘 = 1, 2 and it follows

|(𝐖𝑁
𝑟 −𝐰𝑟)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁.

On the other hand, when 𝜎2 = 𝜎0𝜀2 ln𝑁 , for 0 ≤ 𝑗 ≤𝑁, 0 ≤ 𝑖 ≤ 3𝑁∕4, we can obtain

|(𝑊 𝑁
𝑟1

−𝑤𝑟1
)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ |𝑊 𝑁

𝑟1
(𝑥𝑖, 𝑦𝑗 , 𝑡)|+ |𝑤𝑟1

(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶
𝑟,𝑁
2 (𝑥𝑖) +𝐶

𝑟,𝑁
2 (𝑥𝑖)

≤ 𝐶
𝑟,𝑁
2 (1 − 𝜎2) +𝐶

𝑟,𝑁
2 (1 − 𝜎2) ≤ 𝐶𝑁−1,

and analogously we can obtain

|(𝑊 𝑁
𝑟2

−𝑤𝑟2
)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1.

In the other case, i.e., for 0 ≤ 𝑗 ≤𝑁, 3𝑁∕4 ≤ 𝑖 ≤𝑁 , it can be proved that

|(𝑊 𝑁
𝑟𝑘

−𝑤𝑟𝑘
)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁, 𝑘 = 1,2.

The last case is when 𝜎2 = 1∕4 and 𝜎1 = 𝜎0𝜀1 ln𝑁 ; then, following to [14], again it can be proved that

|(𝑊 𝑁
𝑟𝑘

−𝑤𝑟𝑘
)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁, 𝑘 = 1,2.

Finally, we study the error associated to the corner layer component. Again, we use (32) changing 𝐯 by 𝐩𝑟𝑡 and we distinguish 
several cases. First, when the mesh is uniform, we have

|(𝐏𝑁
𝑟𝑡 − 𝐩𝑟)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1

(
𝜀−11 + 𝜀−12

𝜀−11

)
,

and taking into account that if the mesh is uniform, then it holds 𝜀𝑘 ln𝑁 ≥ 𝐶, 𝑘 = 1, 2, i.e., 𝜀−1
𝑘

≤ 𝐶 ln𝑁, 𝑘 = 1, 2 and it follows

|(𝐏𝑁
𝑟𝑡 − 𝐩𝑟𝑡)(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁.

Next, when 𝜎2 = 𝜎0𝜀2 ln𝑁 , for the grid points {(𝑥𝑖, 𝑦𝑗 ), | 0 ≤ 𝑖, 𝑗 < 3𝑁∕4}, it holds

|(𝑃𝑁
𝑟𝑡1

− 𝑝𝑟𝑡1 )(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ |𝑃𝑁
𝑟𝑡1
(𝑥𝑖, 𝑦𝑗 , 𝑡)|+ |𝑝𝑟𝑡1 (𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶

𝑟,𝑁
2 (𝑥𝑖) +𝐶

𝑡,𝑁
2 (𝑦𝑗 )

≤ 𝐶
𝑟,𝑁
2 (1 − 𝜎2) +𝐶

𝑡,𝑁
2 (1 − 𝜎2) ≤ 𝐶𝑁−1,

and analogously we can prove

|(𝑃𝑁
𝑟𝑡2

− 𝑝𝑟𝑡2 )(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1.

In the other case, i.e., for 3𝑁∕4 ≤ 𝑖, 𝑗 ≤𝑁 , it can be proved that

|(𝑃𝑁
𝑟𝑡𝑘

− 𝑝𝑟𝑡𝑘 )(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁, 𝑘 = 1,2.

The last case is when 𝜎2 = 1∕4 and 𝜎1 = 𝜎0𝜀1 ln𝑁 ; then, following to [14], again it can be proved that

|(𝑃𝑁
𝑟𝑡𝑘

− 𝑝𝑟𝑡𝑘 )(𝑥𝑖, 𝑦𝑗 , 𝑡)| ≤ 𝐶𝑁−1 ln𝑁, 𝑘 = 1,2.

From all previous estimates for the errors associated to the regular, boundary layer and corner components, respectively, the required 
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result follows. □
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4. The fully discrete scheme: uniform convergence

In this section we construct the fully discrete scheme which we propose to solve the continuous (1). To complete the discretization 
process, we apply an adequate time integrator to the semidiscrete problems (22). This process follows the same ideas as the developed 
ones in [11], where two dimensional parabolic reaction-diffusion systems were considered.

To simplify the notations of the algorithm, it is usual structure the semidiscrete solution by blocks in the form 𝐔(𝑡𝑚)𝑁 ≡

((𝑈𝑖𝑗,1(𝑡𝑚)), (𝑈𝑖𝑗,2(𝑡𝑚))); also, it is very common in the literature introduce the three point difference operators

𝑁
1,𝑥(𝑡)𝑣

𝑁 ≡ −𝜀1𝜕𝑥𝑥𝑣𝑁 + 𝑏11𝜕𝑥̄𝑣
𝑁 + 𝑎11,𝑥(𝑡)𝑣𝑁 ,

𝑁
1,𝑦(𝑡)𝑣

𝑁 ≡ −𝜀1𝜕𝑦𝑦𝑣𝑁 + 𝑏12𝜕𝑦̄𝑣
𝑁 + 𝑎11,𝑦(𝑡)𝑣𝑁 ,

𝑁
2,𝑥(𝑡)𝑣

𝑁 ≡ −𝜀2𝜕𝑥𝑥𝑣𝑁 + 𝑏21𝜕𝑥̄𝑣
𝑁 + 𝑎22,𝑥(𝑡)𝑣𝑁 ,

𝑁
2,𝑦(𝑡)𝑣

𝑁 ≡ −𝜀2𝜕𝑦𝑦𝑣𝑁 + 𝑏22𝜕𝑦̄𝑣
𝑁 + 𝑎22,𝑦(𝑡)𝑣𝑁 ,

(34)

being 𝜕𝑥𝑥 and 𝜕𝑦𝑦 the classical second order central difference operator and 𝜕𝑥̄, 𝜕𝑦̄ are the discretization via backward differences of 
the first derivatives in (1), on the rectangular Shishkin mesh introduced in previous section. As well, we consider here a splitting of 
the diagonal reaction coefficients in the form 𝑎𝑟𝑟,𝑥(𝑥, 𝑦, 𝑡) + 𝑎𝑟𝑟,𝑦(𝑥, 𝑦, 𝑡) = 𝑎𝑟𝑟(𝑥, 𝑦, 𝑡), 𝑟 = 1, 2 preserving the positivity of their addends, 
i.e. 𝑎𝑟𝑟,𝑧(𝑥, 𝑦, 𝑡) ≥ 0, 𝑟 = 1, 2, 𝑧 = 𝑥, 𝑦. To include the contribution of the non diagonal reaction coefficients, which are responsible of 
the coupling of the system, we extend the three point difference operators of (34) to

𝐿𝑁
𝜀,1(𝑡𝑚+1) ≡

(
𝑁
1,𝑥(𝑡𝑚+1) 𝑎12,𝑥(𝑡𝑚+1)

0 0

)
, 𝐿𝑁

𝜀,2(𝑡𝑚+1) ≡
(

0 0
𝑎21,𝑥(𝑡𝑚+1) 𝑁

2,𝑥(𝑡𝑚+1)

)
,

𝐿𝑁
𝜀,3(𝑡𝑚+1) ≡

(
0 0

𝑎21,𝑦(𝑡𝑚+1) 𝑁
2,𝑦(𝑡𝑚+1)

)
, 𝐿𝑁

𝜀,4(𝑡𝑚+1) ≡
(
𝑁
1,𝑦(𝑡𝑚+1) 𝑎12,𝑦(𝑡𝑚+1)

0 0

)
.

Notation 𝑎𝑟𝑝,𝑧(𝑡)𝑣𝑁 must be understood as follows: (𝑎𝑟𝑝,𝑧(𝑡)𝑣𝑁 )𝑖𝑗 ≡ 𝑎𝑟𝑝,𝑧(𝑥𝑖, 𝑦𝑗 , 𝑡)𝑣𝑁𝑖𝑗 . Analogously to the diagonal terms, here we have 
split the non diagonal coefficients of the reaction matrix in the form 𝑎𝑟𝑝,𝑥(𝑥, 𝑦, 𝑡) + 𝑎𝑟𝑝,𝑦(𝑥, 𝑦, 𝑡) = 𝑎𝑟𝑝(𝑥, 𝑦, 𝑡), 𝑟, 𝑝 = 1, 2, 𝑟 ≠ 𝑝; the only 

restrictions to this partition are 𝑎𝑟𝑝,𝑧(𝑥, 𝑦, 𝑡) ≤ 0, 𝑟, 𝑝 = 1, 2, 𝑟 ≠ 𝑝, 𝑧 = 𝑥, 𝑦, and 
2∑

𝑝=1
𝑎𝑟𝑝,𝑧(𝑥, 𝑦, 𝑡) ≥ 0, 𝑟 = 1, 2, 𝑧 = 𝑥, 𝑦.

Moreover, we decompose the source term 𝐟(𝐱, 𝑡) ≡ (𝑓1, 𝑓2)𝑇 , in the form 𝐟𝑥 + 𝐟𝑦 ≡ (𝑓1,𝑥, 𝑓2,𝑥)𝑇 + (𝑓1,𝑦, 𝑓2,𝑦)𝑇 and we denote 
𝐹𝑁
1,𝑥, 𝐹

𝑁
2,𝑥, 𝐹

𝑁
1,𝑦, 𝐹

𝑁
2,𝑥 to the vectors which contain the evaluations of these terms at the grid points. As any of these four source terms 

are involved only in one block of the system, we extend such terms to the whole dimension of the system by adding a block of zeros 
in the corresponding place as follows:

𝐅𝑁,𝑚+1∕4 ≡

(
𝐹𝑁
1,𝑥(𝑡𝑚+1)

0

)
,𝐅𝑁,𝑚+2∕4 ≡

(
0

𝐹𝑁
2,𝑥(𝑡𝑚+1)

)
,

𝐅𝑁,𝑚+3∕4 ≡

(
0

𝐹𝑁
2,𝑦(𝑡𝑚+1)

)
, 𝐅𝑁,𝑚+1 ≡

(
𝐹𝑁
1,𝑦(𝑡𝑚+1)

0,

)
.

Using the previous notations, we are in disposition of define our fully discrete method. Let 𝜏 ≡ 𝑇 ∕𝑀 be the time step, 𝑡𝑚 = 𝑚𝜏, 𝑚 =
0, … , 𝑀 are the intermediate times where the semidiscrete solution 𝐔

𝑁
(𝑡𝑚) is going to be approached by 𝐔𝑁,𝑚. Let us denote 

Ω𝑁
1 ≡ Ω𝑁

3 ≡ 𝐼𝑁
𝑥 × 𝐼

𝑁

𝑦 , Ω𝑁
2 ≡ Ω𝑁

4 ≡ 𝐼
𝑁

𝑥 × 𝐼𝑁
𝑦 , 𝜕Ω𝑁

1 ≡ 𝜕Ω𝑁
2 ≡ Γ𝑁

1
⋃

Γ𝑁
3 , 𝜕Ω𝑁

3 ≡ 𝜕Ω𝑁
4 ≡ Γ𝑁

2
⋃

Γ𝑁
4 . Then, the fully discrete scheme is 

given by

(initialize) 𝐔𝑁,0 = [𝝋]
Ω
𝑁 ,

⎧⎪⎪⎪⎨⎪⎪⎪⎩

⎧⎪⎪⎨⎪⎪⎩

(calculus of 𝐔𝑁,𝑚+1),
(𝐼 + 𝜏𝐿𝑁

𝜀,𝑙
(𝑡𝑚+1))𝐔𝑁,𝑚+𝑙∕4 =𝐔𝑁,𝑚+(𝑙−1)∕4 + 𝜏𝐅𝑁,𝑚+𝑙∕4, in Ω𝑁

𝑙
,

𝐔𝑁,𝑚+𝑙∕4 =𝐆𝑁,𝑚+𝑙∕4, in 𝜕Ω𝑁
𝑙
,

𝑙 = 1,2,3,4,

𝑚 = 0,… ,𝑀 − 1,

(35)

where the boundary data are given by

𝐆𝑁,𝑚+1∕4 =
(
[(𝐼 + 𝜏𝑁

1,𝑦(𝑡𝑚+1))[𝑔1(𝐱, 𝑡𝑚+1)]Ω𝑁
]𝜕Ω𝑁

1
− 𝜏[𝑓1,𝑦(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁

1
+

[𝜏𝑎12,𝑦(𝐱, 𝑡𝑚+1)𝑔2(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁
1
, [𝑈𝑁,𝑚

2 ]𝜕Ω𝑁
1

)
𝐆𝑁,𝑚+1∕2 =

(
[𝑈𝑁,𝑚+1∕4

1 ]𝜕Ω𝑁
2
, [(𝐼 + 𝜏𝑁

2,𝑦(𝑡𝑚+1))[𝑔2(𝐱, 𝑡𝑚+1)]Ω𝑁
]𝜕Ω𝑁

2
−

𝜏[𝑓2,𝑦(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁
2
+ [𝜏𝑎21,𝑦(𝐱, 𝑡𝑚+1)𝑔1(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁

2

)
𝐆𝑁,𝑚+3∕4 = ([𝑈𝑁,𝑚+1∕2

1 ]𝜕Ω𝑁
3
, [𝑔2(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁

3
) and

(36)
184

𝐆𝑁,𝑚+1 = ([𝑔1(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁
4
, [𝑈𝑁,𝑚+3∕4

2 ]𝜕Ω𝑁
4
).
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Let us remark that in the calculus of the fractional stages 𝐔𝑁,𝑚+1∕4, 𝐔𝑁,𝑚+1 of (35), their second blocks of unknowns remain 
unchanged with respect to the second block of the previous fractional step, while the first blocks of unknowns are computed by 
solving only tridiagonal linear systems; The opposite happens with respect to the blocks in the second and third fractional steps. 
Because of this, the computational cost of advancing one step in time with our algorithm is similar to the cost of any one step explicit 
method. If the implicit Euler method was chosen to integrate in time, for example, then a complicated block tridiagonal system should 
be solved at each time step to advance in time. Thus, we obtain a remarkable cost reduction with our method when we compare it 
with the uniformly convergent methods considered in previous papers.

In regard to the boundary data, we want to emphasize that our proposal improves the accuracy given by the following simpler 
and apparently natural choice

𝐆𝑁,𝑚+𝑙∕4 = [𝐠(𝐱, 𝑡𝑚+1)]𝜕Ω𝑁
𝑙
, 𝑙 = 1,2,3,4. (37)

In [11], both theoretical and practical reasons were given in a system of diffusion-reaction type to state that our choice for the 
boundary data is better than (37). This idea, to discretize the boundary conditions associated to singularly perturbed problems in 
that form, was first used in [6].

Let us state next the main theoretical properties of our algorithm. For the sake of shortness, we omit the proofs of the next 
assertions in this section because they are similar to their corresponding ones which we proved in [11].

Lemma 9. (Inverse positivity of (35)). If all of the data (𝐆𝑁,𝑚+𝑙∕4, 𝐅𝑁,𝑚+𝑙∕4, [𝝋]Ω𝑁 ), which take part of (35), have non-negative components, 
then the solution 𝐔𝑁,𝑚, 𝑚 = 1, … , 𝑀 of (35) has non-negative components.

The proof of this result can be done, for example, by taking into account that the linear systems involved in (35) have inverse 
positive M-matrices where, besides, the sum of the coefficients of all of their rows is always ≥ 1. From this fact, it is not difficult to 
prove the next result.

Corollary 1. (Contractivity of (35)). Two solutions 𝐔𝑁,𝑚+1 and 𝐔̃𝑁,𝑚+1 obtained with (35) from two different initial conditions [𝝋]
Ω
𝑁 and 

[𝝋̃]
Ω
𝑁 respectively satisfy

‖𝐔𝑁,𝑚+1 − 𝐔̃𝑁,𝑚+1‖Ω𝑁
≤ ‖𝐔𝑁,𝑚 − 𝐔̃𝑁,𝑚‖Ω𝑁

, 𝑚 = 0,1,… ,𝑀 − 1. (38)

This contractivity result ensures the numerical stability of our proposal; to complete the numerical analysis of it, we now focus 
our attention on its uniform consistency. Thus, the concept of local error in time at time 𝑡𝑚+1, 𝑚 = 0, … , 𝑀 −1, is introduced as usual

𝐞𝑁,𝑚+1 ≡𝐔
𝑁
(𝑡𝑚+1) − 𝐔̂𝑁,𝑚+1, (39)

being 𝐔̂𝑁,𝑚+1 the result given by the step 𝑚 of scheme (35) if we change 𝐔𝑁,𝑚 by 𝐔
𝑁
(𝑡𝑚).

Theorem 2. (Uniform consistency of the time integrator). Under the assumptions (3)-(5), it holds

‖𝐞𝑁,𝑚+1‖Ω𝑁
≤ 𝐶𝑀−2, ∀ 𝜏 ∈ (0, 𝜏0] and ∀ 𝑚 = 0,1,… ,𝑀 − 1. (40)

Proof. The proof of this theorem follows the same scheme as our proof of Theorem 6 in [11]. □

The final step is to prove the uniform and the unconditional convergence of the time integration process. Then, we introduce the 
global error at time 𝑡𝑚, for 𝑚 = 1, … , 𝑀 , as

𝐔
𝑁
(𝑡𝑚) −𝐔𝑁,𝑚,

and a classical and standard reasoning “consistency + stability ⇒ convergence” permits us to prove that the time integration process is 
uniformly convergent of first order, i.e.,

‖𝐔𝑁
(𝑡𝑚) −𝐔𝑁,𝑚‖

Ω
𝑁 ≤ 𝐶𝑀−1, (41)

being 𝐶 independent of 𝑁 , 𝑀 , 𝜀1 and 𝜀2.

Finally, combining the results given in (31) and (41), it is straightforward to state and prove the main result of the paper.

Theorem 3. (Uniform convergence). Assuming that (3)-(5) hold, the global error associated to the numerical method defined by (35) on the 
Shishkin mesh given in (20), satisfies

max
0≤𝑚≤𝑀

‖[𝐮(𝐱, 𝑡𝑚)]Ω𝑁 −𝐔𝑁,𝑚‖
Ω
𝑁 ≤ 𝐶

(
𝑁−1 ln𝑁 +𝑀−1) (42)

being 𝐶 independent of 𝑁 , 𝑀 𝜀1 and 𝜀2; therefore, the numerical scheme (35) is uniformly convergent of first order in time and of almost 
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first order in space.
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Fig. 1. Components 𝑢1 (left) and 𝑢2 (right) at 𝑡 = 1 for 𝜀1 = 10−4, 𝜀2 = 10−2 with 𝑁 = 36, 𝑀 = 32 for problem (43). (For interpretation of the colors in the figure(s), 
the reader is referred to the web version of this article.)

5. Numerical results

In this section, the numerical results obtained with our algorithm for some test problems of type (1) are shown; all of these 
computations have been performed in a PC with an Intel(R) Core(TM) i7-10700 running at @ 2.90 GH, using only one core, and 
programming in GNU Fortran with optimization-O2. The tridiagonal linear systems which are required to compute the numerical 
approximations at each time level, have been solved by using our own implementation of the classical Thomas’s algorithm.

In all of the examples of this section, the constant 𝜎0 which appears in the definition of the transition parameters given in (21)

and (49), has been chosen as 𝜎0 = 1.2.

The data of the first test problem are the following:

𝑇 = 1,
𝑏11(𝑥, 𝑦) = 𝑏12(𝑥, 𝑦) = 𝑏21(𝑥, 𝑦) = 𝑏22(𝑥, 𝑦) = 1,
𝑎11(𝑥, 𝑦, 𝑡) = 10, 𝑎12(𝑥, 𝑦, 𝑡) = −10(216)𝑥4(1 − 𝑥)4𝑦4(1 − 𝑦)4,
𝑎21(𝑥, 𝑦, 𝑡) = −20(216)𝑥4(1 − 𝑥)4𝑦4(1 − 𝑦)4,0, 𝑎22(𝑥, 𝑦, 𝑡) = 20,
𝑓1(𝑥, 𝑦, 𝑡) = (1 − 𝑒−5𝑡)(𝑥+ 𝑦) + 5𝑥𝑦, 𝑓2(𝑥, 𝑦, 𝑡) = (1 − 𝑒−10𝑡)(𝑥+ 𝑦) + 10𝑥𝑦,
𝝋(𝑥) = (0,0)𝑇 ,
𝐠(𝐱, 𝑡) = ((1 − 𝑒−5𝑡)𝑥𝑦, (1 − 𝑒−10𝑡)𝑥𝑦)𝑇 , (𝐱, 𝑡) ∈ 𝜕Ω× [0,1].

(43)

Fig. 1 displays the numerical solution at 𝑡 = 1 with 𝑁 = 36, 𝑀 = 32, 𝜀1 = 10−4 and 𝜀2 = 10−2. From it, we clearly see the boundary 
layers at the outflow boundary of the spatial domain. As the exact solution of this problem is unknown, to approximate the maximum 
errors for each component 𝑢𝑘, 𝑘 = 1, 2, we use the double-mesh principle (see [18]), which permits to estimate the maximum errors 
as follows:

𝑑𝑁,𝑀
𝜺,𝑘

= max
0≤𝑚≤𝑀

max
0≤𝑖,𝑗≤𝑁

|𝑈𝑚
𝑁,𝑖,𝑗,𝑘

−𝑈2𝑚
2𝑁,2𝑖,2𝑗,𝑘|, 𝑑𝑁,𝑀

𝑘
=max

𝜀
𝑑𝑁,𝑀
𝜺,𝑘

, 𝑘 = 1,2. (44)

Here, {𝐔̂𝑚
2𝑁,𝑖,𝑗

} is the numerical solution obtained using a finer mesh {(𝑥̂𝑖 , 𝑦̂𝑗 , ̂𝑡𝑚)} which has the mesh points of the coarse meshes 

𝐼
𝑁

𝑥 , 𝐼
𝑁

𝑦 and their midpoints and halving the size of the time steps. From these approximated errors we obtain in a usual way the 
corresponding approximated orders of convergence; then, the approximated orders of convergence are obtained by

𝑝𝑘
𝑁,𝑀 = log(𝑑𝑁,𝑀

𝜺,𝑘
∕𝑑2𝑁,2𝑀

𝜺,𝑘
)∕ log2, 𝑝𝑢𝑛𝑖

𝑘
= log(𝑑𝑁,𝑀

𝑘
∕𝑑2𝑁,2𝑀

𝑘
)∕ log2, 𝑘 = 1,2. (45)

Tables 1 and 2 show the maximum errors and their corresponding orders of convergence for first and second component respec-

tively, for some values of diffusion parameter 𝜀2, when 𝜀1 vary in the range 𝑅 = {𝜀1; 𝜀1 = 𝜀2, 2−2𝜀2, … , 2−26} and for different values 
of the discretization parameters 𝑁 and 𝑀 . From them, we clearly observe the almost first order of uniform convergence in agreement 
with the theoretical results.

In this first example, we have chosen a problem according to the model (1) where the coefficients of the convection matrices 
depend only of the spatial variables; in this model problem we have omitted the time dependence in these coefficients in order to 
simplify the details associated to the asymptotic behavior of the exact solution of the continuous problem and the uniform convergence 
analysis of the numerical method. Nevertheless, the same results hold in the cases where the convective coefficients depend also on 
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the time variable. To corroborate this fact in practice, we consider a second test problem whose data are given by
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Table 1

Estimated maximum and uniform errors and orders of convergence for the compo-

nent 𝑢1 in problem (43).

𝜀2 N=18 N=36 N=72 N=144 N=288

M=8 M=16 M=32 M=64 M=128

2−6 5.0906E-2 3.9533E-2 3.0491E-2 2.0298E-2 1.2158E-2

0.3648 0.3747 0.5870 0.7395

2−8 5.3188E-2 4.4270E-2 3.2233E-2 2.2105E-2 1.3564E-2

0.2648 0.4578 0.5441 0.7046

2−10 5.3299E-2 4.4819E-2 3.3043E-2 2.2642E-2 1.3948E-2

0.2500 0.4398 0.5453 0.6990

2−12 5.3280E-2 4.4897E-2 3.3202E-2 2.2778E-2 1.4052E-2

0.2470 0.4353 0.5437 0.6969

2−14 5.3273E-2 4.4912E-2 3.3238E-2 2.2808E-2 1.4079E-2

0.2463 0.4343 0.5433 0.6960

2−16 5.3271E-2 4.4916E-2 3.3247E-2 2.2816E-2 1.4086E-2

0.2461 0.4340 0.5432 0.6958

2−18 5.3271E-2 4.4917E-2 3.3249E-2 2.2817E-2 1.4087E-2

0.2461 0.4340 0.5432 0.6957

2−20 5.3270E-2 4.4917E-2 3.3249E-2 2.2818E-2 1.4088E-2

0.2461 0.4339 0.5432 0.6957

𝑑𝑁,𝑀

1 5.3299E-2 4.4917E-2 3.3249E-2 2.2818E-2 1.4088E-2

𝑝𝑢𝑛𝑖1 0.2461 0.4339 0.5432 0.6957

Table 2

Estimated maximum and uniform errors and orders of convergence for the compo-

nent 𝑢2 in problem (43).

𝜀2 N=18 N=36 N=72 N=144 N=288

M=8 M=16 M=32 M=64 M=128

2−6 4.8747E-2 3.6599E-2 2.5012E-2 1.5684E-2 9.1488E-3

0.4135 0.5492 0.6733 0.7777

2−8 4.9374E-2 3.9760E-2 2.8761E-2 1.8736E-2 1.1405E-2

0.3124 0.4672 0.6183 0.7162

2−10 4.8930E-2 4.0087E-2 2.9642E-2 1.9817E-2 1.2118E-2

0.2876 0.4355 0.5809 0.7097

2−12 4.8859E-2 4.0118E-2 2.9891E-2 2.0074E-2 1.2290E-2

0.2844 0.4245 0.5744 0.7079

2−14 4.8839E-2 4.0122E-2 2.9950E-2 2.0136E-2 1.2338E-2

0.2836 0.4218 0.5728 0.7067

2−16 4.8833E-2 4.0123E-2 2.9965E-2 2.0152E-2 1.2352E-2

0.2835 0.4212 0.5724 0.7062

2−18 4.8832E-2 4.0123E-2 2.9968E-2 2.0155E-2 1.2355E-2

0.2834 0.4210 0.5723 0.7061

2−20 4.8832E-2 4.0123E-2 2.9969E-2 2.0156E-2 1.2356E-2

0.2834 0.4209 0.5722 0.7060

𝑑𝑁,𝑀

2 4.9374E-2 4.0123E-2 2.9969E-2 2.0156E-2 1.2356E-2

𝑝𝑢𝑛𝑖2 0.2993 0.4209 0.5722 0.7060

𝑇 = 1,
𝑏11(𝑥, 𝑦, 𝑡) = (1 + 𝑥2𝑦2)(1 + 𝑡), 𝑏12(𝑥, 𝑦, 𝑡) = (3 − 𝑥− 𝑥𝑦) sin(𝑡+ 1),
𝑏21(𝑥, 𝑦, 𝑡) = (3 + 𝑥𝑦) sin(𝑡+ 1), 𝑏22(𝑥, 𝑦, 𝑡) = (2 − 𝑥𝑦)(1 + 𝑡),
𝑎11(𝑥, 𝑦, 𝑡) = (1 + 𝑡)(𝑥+ 𝑦+ 1), 𝑎12(𝑥, 𝑦, 𝑡) = −(1 + 𝑡)(𝑥+ 𝑦),
𝑎21(𝑥, 𝑦, 𝑡) = −(1 − 𝑒−𝑡)(𝑥2 + 𝑦2), 𝑎22(𝑥, 𝑦, 𝑡) = (1 − 𝑒−𝑡)(𝑥2 + 𝑦2 + 2),
𝑓1(𝑥, 𝑦, 𝑡) = 10𝑡2(1 − 5𝑡 sin(𝑥+ 𝑦)), 𝑓2(𝑥, 𝑦, 𝑡) = 10𝑡(1 − 𝑒−𝑡) cos(𝑥𝑦),
𝝋(𝑥) = (0,0)𝑇 ,
𝐠(𝐱, 𝑡) = (0,0)𝑇 , (𝐱, 𝑡) ∈ 𝜕Ω× [0,1].

(46)

Fig. 2 displays the numerical solution at 𝑡 = 1 with 𝑁 = 36, 𝑀 = 32, 𝜀1 = 10−3 and 𝜀2 = 5 × 10−2. From it, we can observe again 
187

boundary layers at the outflow boundary of the spatial domain. Tables 3 and 4 show the maximum errors and their corresponding 
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Fig. 2. Components 𝑢1 (left) and 𝑢2 (right) at 𝑡 = 1 for 𝜀1 = 10−3, 𝜀2 = 5 × 10−2 with 𝑁 = 36,𝑀 = 32 for problem (46).

Table 3

Estimated maximum and uniform errors and orders of convergence for component 
𝑢1 in problem (46).

𝜀2 N=18 N=36 N=72 N=144 N=288

M=8 M=16 M=32 M=64 M=128

2−6 3.9209E-1 2.7300E-1 1.7901E-1 1.2064E-1 7.5908E-2

0.5223 0.6089 0.5693 0.6684

2−8 4.0527E-1 2.7800E-1 1.7840E-1 1.2023E-1 7.4883E-2

0.5438 0.6400 0.5693 0.6831

2−10 4.0915E-1 2.7960E-1 1.7903E-1 1.2012E-1 7.4446E-2

0.5493 0.6432 0.5757 0.6903

2−12 4.1016E-1 2.8002E-1 1.7921E-1 1.2017E-1 7.4328E-2

0.5506 0.6439 0.5766 0.6931

2−14 4.1041E-1 2.8013E-1 1.7926E-1 1.2018E-1 7.4299E-2

0.5510 0.6441 0.5768 0.6938

2−16 4.1048E-1 2.8016E-1 1.7927E-1 1.2019E-1 7.4293E-2

0.5510 0.6441 0.5768 0.6938

2−18 4.1049E-1 2.8017E-1 1.7927E-1 1.2019E-1 7.4291E-2

0.5511 0.6441 0.5769 0.6940

2−20 4.1050E-1 2.8017E-1 1.7927E-1 1.2019E-1 7.4290E-2

0.5511 0.6441 0.5769 0.6940

𝑑𝑁,𝑀

1 4.1050E-1 2.8017E-1 1.7927E-1 1.2064E-1 7.5908E-2

𝑝𝑢𝑛𝑖1 0.5511 0.6441 0.5714 0.6684

orders of convergence for first and second component respectively, for the same values of 𝜀1 , 𝜀2, 𝑁 and 𝑀 as in the first example. 
From them, the almost first order of uniform convergence appears again.

To show that our technique can be extended to larger systems, we consider a system with three components; in this case the data 
are given by

 =
⎛⎜⎜⎝
(1 + 𝑡)𝑒𝑥+𝑦 −𝑡(𝑥+ 𝑦) −𝑡𝑥
−(𝑥+ 𝑦) (1 + 𝑡)(3 + 𝑥+ 𝑦) −𝑡 sin(𝑦)
−𝑥𝑦2 −𝑡(sin(𝑥) + sin(𝑦)) 𝑒𝑡(2 + cos(𝑥+ 𝑦))

⎞⎟⎟⎠ ,
1 =

⎛⎜⎜⎝
1 + 𝑥𝑦∕2 0 0

0 5 + 𝑥2𝑦 0
0 0 3 − 𝑥𝑦

⎞⎟⎟⎠ ,
2 =

⎛⎜⎜⎝
𝑒𝑥

2𝑦 0 0
0 3 + sin(𝑥+ 𝑦)𝑦 0
0 0 1 + 𝑥+ 𝑦

⎞⎟⎟⎠ ,
𝐟(𝐱, 𝑡) = (−10(1 − 𝑒−𝑡)(𝑥+ 𝑦),5𝑡 sin(𝑥𝑦),4(−1 + 𝑒𝑡) cos(𝑥+ 𝑦))𝑇 ,
𝐠(𝐱, 𝑡) ≡ (𝑔1, 𝑔2, 𝑔3)𝑇 = 𝟎, 𝝋(𝐱) = 𝟎,

(47)

and 𝑇 = 1, for which again the exact solution is unknown. We solve this problem by using similar ideas to the used ones in the 
problem with only two components.

Firstly, to construct the appropriate piecewise uniform Shishkin mesh, we follow similar ideas to those ones in [30]. Now, we 
𝑁 𝑁
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define 𝐼𝑥 (and similarly for 𝐼𝑦 ) as follows. Let 𝑁 be multiple of 4; then, the grid points of 𝐼𝑁
𝑥 are given by
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Table 4

Estimated maximum and uniform errors and orders of convergence for component 
𝑢2 in problem (46).

𝜀2 N=18 N=36 N=72 N=144 N=288

M=8 M=16 M=32 M=64 M=128

2−6 1.4902E-1 1.1213E-1 7.9493E-2 5.2001E-2 3.2477E-2

0.4104 0.4962 0.6123 0.6791

2−8 1.5025E-1 1.1504E-1 8.1818E-2 5.4322E-2 3.4701E-2

0.3852 0.4917 0.5909 0.6466

2−10 1.5115E-1 1.1576E-1 8.2476E-2 5.4947E-2 3.5489E-2

0.3848 0.4891 0.5859 0.6307

2−12 1.5138E-1 1.1594E-1 8.2682E-2 5.5104E-2 3.5703E-2

0.3848 0.4877 0.5854 0.6261

2−14 1.5142E-1 1.1596E-1 8.2721E-2 5.5130E-2 3.5753E-2

0.3849 0.4873 0.5854 0.6248

2−16 1.5137E-1 1.1583E-1 8.2678E-2 5.5082E-2 3.5746E-2

0.3861 0.4865 0.5859 0.6238

2−18 1.5114E-1 1.1530E-1 8.2423E-2 5.4825E-2 3.5633E-2

0.3905 0.4843 0.5882 0.6216

2−20 1.5014E-1 1.1342E-1 8.1002E-2 5.3902E-2 3.4877E-2

0.4046 0.4857 0.5876 0.6281

𝑑𝑁,𝑀

2 1.5142E-1 1.1596E-1 8.2721E-2 5.5130E-2 3.5753E-2

𝑝𝑢𝑛𝑖2 0.3849 0.4873 0.5854 0.6248

𝑥𝑖 =
⎧⎪⎨⎪⎩
𝑖𝐻, 𝑖 = 0,… ,𝑁∕4,
𝑥𝑁∕4 + (𝑖−𝑁∕4)ℎ1, 𝑖 =𝑁∕4 + 1,… ,𝑁∕2,
𝑥𝑁∕2 + (𝑖−𝑁∕2)ℎ2, 𝑖 =𝑁∕2 + 1,… ,3𝑁∕4,
𝑥3𝑁∕4 + (𝑖− 3𝑁∕4)ℎ3, 𝑖 = 3𝑁∕4 + 1,… ,𝑁∕,

(48)

where 𝐻 = 4(1 − 𝜎3)∕𝑁, ℎ1 = 4(𝜎3 − 𝜎2)∕𝑁, ℎ2 = 4(𝜎2 − 𝜎1)∕𝑁, ℎ3 = 4𝜎1∕𝑁 , and the transition parameters 𝜎1, 𝜎2, 𝜎3 are defined 
by

𝜎3 = min
{
3∕4, 𝜎0𝜀3 ln𝑁

}
, 𝜎2 = min

{
2𝜎3∕3, 𝜎0𝜀2 ln𝑁

}
,

𝜎1 = min
{
𝜎2∕2, 𝜎0𝜀1 ln𝑁

}
.

(49)

On this mesh, we use again the simple upwind scheme to discretize in space; to integrate in time, we use also the idea of multi-

splitting, combining the fractional implicit Euler method which has six implicit stages with a splitting of the space differential operator 
in directions and components; in this way, tridiagonal systems must be solved to advance in time.

Fig. 3 displays the numerical approximation for the three components, showing the overlapping boundary layers at 𝑥 = 1 and 𝑦 = 1. 
In this case, the exact solution of (47) is unknown too and we use the same double mesh principle to approximate the maximum 
global errors. Tables 5, 6 and 7 show such maximum errors and their corresponding orders of convergence for some values of diffusion 
parameter 𝜀3, when 𝜀2 covers the range 𝑅2 = {𝜀2; 𝜀2 = 𝜀3, 2−2𝜀3, … , 2−18} and 𝜀1 covers the range 𝑅1 = {𝜀1; 𝜀1 = 𝜀2, 2−2𝜀2, … , 2−22}
and for different values of the discretization parameters 𝑁 and 𝑀 , for first, second and third component, respectively. From them, 
we again observe the almost first order of uniform convergence as it was expected. With this example, it is easy to realize that our 
technique can be applied to systems which have an arbitrary number of components.

In addition to the robustness of our algorithm, due to the uniform convergence of it, its main advantage is focused on its computa-

tional efficiency associated to the special time integrator which we have designed. This technique decouples the components and the 
spatial directions of the system, in such way that only tridiagonal linear systems must be solved to advance in time. This advantage is 
clearly showed in [10] for linear one dimensional parabolic systems and in [9,12] for semilinear one dimensional parabolic systems, 
in comparison with classical implicit methods as the Euler method. In the two dimensional model problems considered in this work, 
our technique is considerably more efficient because the use of classical implicit methods to discretize in time leads to solve block 
banded linear systems, via iterative methods. Moreover, as in the case of one dimensional problems, the efficiency of our proposal 
becomes more remarkable when the number of components in the coupled system increases, because, in these cases, classical implicit 
methods require to solve more complicated linear systems.

6. Conclusions

In this work, we have dealt with the efficient numerical solution of two dimensional parabolic singularly perturbed systems of 
convection–diffusion type, when the diffusion parameters at each equation are distinct and they can have different order of magnitude. 
For this type of problems, in general, for sufficiently small values of the diffusion parameters, overlapping regular boundary layers 
use to appear at the outflow boundary of the spatial domain. The numerical method that we have constructed combines the classical 
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upwind finite difference scheme, defined on a mesh of Shishkin type, to discretize in space, and the fractional implicit Euler method 
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Table 5

Estimated maximum and uniform errors and orders of convergence for the compo-

nent 𝑢1 in problem (47).

𝜀3 N=16 N=32 N=64 N=128 N=256

M=8 M=16 M=32 M=64 M=128

2−6 1.0554E-1 7.3250E-2 5.3194E-2 3.4430E-2 2.1570E-2

0.5269 0.4616 0.6276 0.6747

2−8 1.0769E-1 7.4179E-2 5.4323E-2 3.5086E-2 2.1712E-2

0.5379 0.4494 0.6307 0.6924

2−10 1.0833E-1 7.4466E-2 5.4650E-2 3.5282E-2 2.1786E-2

0.5407 0.4464 0.6313 0.6955

2−12 1.0849E-1 7.4546E-2 5.4740E-2 3.5337E-2 2.1818E-2

0.5413 0.4455 0.6314 0.6957

2−14 1.0852E-1 7.4568E-2 5.4764E-2 3.5352E-2 2.1826E-2

0.5413 0.4453 0.6314 0.6958

𝑑𝑁,𝑀

1 1.0852E-1 7.4568E-2 5.4764E-2 3.5352E-2 2.1826E-2

𝑝𝑢𝑛𝑖1 0.5413 0.4453 0.6314 0.6958

Table 6

Estimated maximum and uniform errors and orders of convergence for the compo-

nent 𝑢2 in problem (47).

𝜀3 N=16 N=32 N=64 N=128 N=256

M=8 M=16 M=32 M=64 M=128

2−6 3.1242E-2 2.7356E-2 2.0003E-2 1.2492E-2 7.0736E-3

0.1917 0.4516 0.6792 0.8205

2−8 3.1522E-2 2.7264E-2 1.9960E-2 1.2481E-2 7.0709E-3

0.2094 0.4499 0.6774 0.8197

2−10 3.1586E-2 2.7239E-2 1.9945E-2 1.2475E-2 7.0695E-3

0.2136 0.4496 0.6770 0.8194

2−12 3.1590E-2 2.7241E-2 1.9943E-2 1.2475E-2 7.0700E-3

0.2137 0.4499 0.6768 0.8193

2−14 3.1390E-2 2.7098E-2 1.9860E-2 1.2437E-2 7.0553E-3

0.2121 0.4483 0.6752 0.8179

𝑑𝑁,𝑀

2 3.1590E-2 2.7356E-2 2.0003E-2 1.2492E-2 7.0736E-3

𝑝𝑢𝑛𝑖2 0.2077 0.4516 0.6792 0.8205

Table 7

Estimated maximum and uniform errors and orders of convergence for the compo-

nent 𝑢3 in problem (47).

𝜀3 N=16 N=32 N=64 N=128 N=256

M=8 M=16 M=32 M=64 M=128

2−6 7.5266E-2 5.7034E-2 3.9945E-2 2.6087E-2 1.5802E-2

0.4002 0.5138 0.6147 0.7232

2−8 7.8389E-2 6.1268E-2 4.5489E-2 3.1746E-2 2.1186E-2

0.3555 0.4296 0.5189 0.5835

2−10 7.9144E-2 6.2509E-2 4.7018E-2 3.3582E-2 2.3405E-2

0.3404 0.4109 0.4855 0.5208

2−12 7.9332E-2 6.2820E-2 4.7409E-2 3.4074E-2 2.4082E-2

0.3367 0.4061 0.4765 0.5007

2−14 7.9379E-2 6.2898E-2 4.7508E-2 3.4216E-2 2.4260E-2

0.3357 0.4049 0.4735 0.4961

𝑑𝑁,𝑀

3 7.9379E-2 6.2898E-2 4.7508E-2 3.4216E-2 2.4260E-2

𝑝𝑢𝑛𝑖 0.3357 0.4049 0.4735 0.4961
190
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Fig. 3. Components of problem (47) for 𝜀1 = 10−6, 𝜀2 = 10−4, 𝜀3 = 10−2 , with 𝑁 =𝑀 = 32 (left up 𝑢1 , right up 𝑢2 , bottom 𝑢3).

together with a splitting by directions and components to discretize in time. Then, the numerical algorithm is uniformly convergent 
with respect to both diffusion parameters, having first order in time and almost first order in space. The most important quality of 
the constructed method is that it permits to calculate the numerical solution by solving only tridiagonal linear systems; this feature 
provides an important reduction in the computational cost of the method with respect to classical methods used for the same type 
of problems. We have shown the numerical results obtained for different test problems, which corroborate in practice the uniform 
convergence of the method. As well, we explain and check that the algorithm can be easily extended to coupled systems with a larger 
number of equations with different diffusion parameters at each equation of the system; from the numerical results obtained for this 
last example, we see that the efficiency of the algorithm increases with the number of equations in the coupled system.
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