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Abstract

In this paper, we combine the Carrera’s Unified Formulation CUF and a pseudospec-
tral technique for predicting the static deformations and free vibrations behaviour
of thin and thick cross-ply laminated shells. For the first time, the Reissner-Mixed
Variational Theorem is used together with pseudospectrals to achieve a highly ac-
curate technique. The accuracy and efficiency of this numerical technique for static
and vibration problems are demonstrated through numerical examples.

1 Introduction

The analysis of laminated shells should be performed with both an adequate
shear deformation theory and a accurate numerical scheme. Shear deforma-
tions theories can be classified as equivalent single layer (ESL), where all layers
are linked to the same set of degrees-of-freedom, and layerwise theories (LW)
where each layer or a group of layers are linked to independent (layer-wise)
degrees-of-feedom. ESL theories can be divided in first-order (such as the ex-
tension of Mindlin [1]| theories for plates), or higher-order theories, such as
those proposed by Pandya and Kant [2|, Reddy [3] or Touratier [4|. Layer-
wise theories can use translational and rotational degrees-of-freedom or just
translational [5].

Most of the theories use displacements as primary variables, with a post-
computation procedure to obtain stresses, in particular transverse shear stresses.
The Reissner-Mixed Variational Theorem (RMVT) linked with LW theories
allows the direct computation of the transverse shear stresses, with the in-
crease of computational cost, due to extra degrees-of-freedom at each layer
interface.



Most of the numerical approaches so far are based on analytical solutions or the
finite element solutions. More recently collocation with radial basis functions,
with the so-called unsymmetrical Kansa method [6] have been presented [7,8].

In this paper we propose to combine the RMVT with a spectral collocation
(also known as pseudospectral) using Chebyshev polynomials, to analyse static
deformations and free vibrations of laminated doubly-curved shells. Equations
of motion are in many theories time-consuming to obtain. The Unified Formu-
lation of Carrera (also known as CUF) [9] provides a systematic procedure to
derive the equations of motion and boundary conditions for laminated plates
and shells, including the use of RMVT [10,9,11,12| . The same CUF technol-
ogy could be applied for finite element formulation, which is not the case of
the present paper.

This is the first time this formulation is discretised with pseudospectrals.
Therefore, this paper contributes to fill the gap of knowledge in this research
area.

2 Unified Formulation for the RMVT theory

In this section we show how we can use the Carrera’s Unified formulation
to obtain the fundamental nuclei, which allows the derivation of the equa-
tions of motion and boundary conditions, in its strong form for the present
pseudospectral discretization.

2.1 Shell geometry

Shells are bi-dimensional structures in which one dimension (in general the
thickness in z direction) is negligible with respect to the other two in-plane
dimensions. Geometry and the reference system are indicated in the Figures 1
and 2. The square of an infinitesimal linear segment in the layer, the associated
infinitesimal area and volume are given by:

ds} = HF* do® + HY dp® + HY d2*
dQYy, = HEHE da dB (1)

dV = HE HY HY do df dz



Fig. 2. Through-the-thickness reference
Fig. 1. Curvilinear reference system. system.

where the metric coeflicients are defined as:
HE = A1+ 2/RE), HS = B*(1+2/RS), HE=1. @)

k denotes the k-layer of the multilayered shell; R* and Rg are the principal
radii of curvature along the coordinates o and 3 respectively. A¥ and B* are
the coefficients of the first fundamental form of €, (I'y is the Q4 boundary).
In this work, the attention has been restricted to shells with constant radii of
curvature (cylindrical, spherical, toroidal geometries) for which A* = B* = 1.

3 Strains

Stresses and strains are separated into in-plane and normal components, de-
noted respectively by the subscripts p and n. The mechanical strains in the
kth layer can be related to the displacement field u* = {uf, uf, uf} via the
geometrical relations:

EpG
(3)

The explicit form of the introduced arrays follows:
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4 Stresses

The expressions of the constitutive relations for a classical model, opportunely
separated in in-plane and out-plane components state:

—Ck (z) ek—l—C'}c L (2) Z
—Ck (%) €, +Ck a(2) € (6)
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In case of RMVT displacements w and transverse shear/normal stresses o,
are both a priori variables, so constitutive equations are rewritten as:

Ch(2) o
=k

C‘ + C,,.(2) 0

3 > :w

where the new coefficients are:

k

o (2) = Ch(2) - CE.(:)CE (2)Ch () € (2) = C* (2 YOk (2)
C,,(2) = —Ck. (2)Cp(2) .

In case of Layer Wise (LW) models, each layer k of the given multi-layered
structure is separately considered. According to the CUF, the three displace-
ment components u, v and w and their relative variations can be modelled
as:

(uF, 0% wh) = FF (uf oF wh) (6uk, 60", swh) = FF (5uF, 5vF, sw¥)  (9)

In the present formulation, we choose:

Fh = [1 —2/hy, (Z —25 (21 + 2k+1>) 1+ 2/hy (z —j (zr + zkﬂ))]

for displacements u, v, w. Note that 2y, zx41 correspond to the bottom and top
z-coordinates for each layer k.

In a similar way, the transverse shear/normal stresses o, = (042, 04;,0,.) can
also be modelled as

= ko, + Ko, = F.o; (10)

We then obtain all terms of the equations of motion by integrating through
the thickness direction.



5 Governing equations by RMVT

Taking into account the metric coefficients H, and Hg, the Reissner’s Mixed
Variational Theorem is defined as:

N Ny
> / / {56];GTUI;C + 5€ZGTU§M + 5UZMT(€£€LG - Gﬁc)} HoHg dydz =) 0L;
k=1, A, k=1
(11)
where the meaning of the subscripts is: M = modelled a-priori, G = derived
from geometrical relations and C = obtained via the constitutive equations.
Substituting the geometrical relations for the shell (3), the constitutive equa-
tions (7) and the CUF for both displacement components and transverse
stresses in Eq.(11) , and then performing the integration by parts, the govern-
ing equations in case of RMVT are:

kT
ou,

kT
oo

ks . .k krs _k __ k
Kuu U’T + Kua GnT - Pur

Ko ui + Koo, =0 (12)
with boundary conditions state:

kts , . k krs _k __ kts =k kts =k
Hu U’T + Ho anT - Hu uT + Ho O-'I'LT (1?))

In figure 3 it is shown the assembling procedure on layer k for the LW approach.
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Fig. 3. Assembling procedure for LW approach.

In figure 4 it is illustrated how the degrees of freedom are defined at each



interface. It is very clear that the RMVT formulation increases the compu-
tational cost significantly. As we will show later in the paper this cost also
brings excellent accuracy.

Layer kT
5
N INO
z 4 Degrees of freedom for Interface i
hs i (3) P
3 u' vt 't ol 00, 0%,
'RNC
2
1 0
1

Fig. 4. A 4-layer laminate; definition of degrees of freedom at interfaces

6 Fundamental nuclei

In order to obtain the explicit terms of the expanding kernel (denoted as
fundamental nuclei by Carrera), the following integrals are introduced. Such
J terms will be the multiplied by the materials terms for each layer, as in
equation (23).

H, Hs

(Jk™s, Jim Jim Jlm's JkTS’Ji‘Z;S) _ AkF " F,(1, Hy, Hg, —2 R H.Hj) dz
(Jszs Jszs Jszs Jk'rzs Jﬁrzsjjigzs) _ N 8;; F(l H,, Hg, ZB Zj H Hg) dz
(Jhrss, Jhrss | ghre: ngz’ Jgsz Jhrss) / F *(1, H,, Hﬁ’g Zﬁ H.Hp) d=
(kazszjjsrzsaj 7282 JszsZ JszSz Jkrzsz) _ N a;; 88}28(1 H,, Hj, —ZB Zi H,Hyg) dz
(14)

The expression of fundamental nuclei for the left-hand side is expressed as:

A K.’ K.
O (15)
K.’ Kg



where

Kb — / -D,+ A C: D, + Ap]}FSFTHaHB dz (16)
Ap -
Kb = / ~D,+A)C, , +[-Dyg+D,. - An]T] F,F,H,Hj dz
Ap -
(17)
KT — / Do+ D,. — A - €L [D, + Ap]} R HHydz,  (18)
Ap -
K= [ |- é’;gn}FsFTHaHﬂ d (19)
Ag )

and the nuclei for the boundary conditions are:

HZTS - / |:Igé]§'p€p [Dp + Ap]:| FSFTHOZH/B dZ ) <2O>
Ag

= | [I,?é';,an + | FFrHoH dz (21)
Ap

Using the notation given in equations (14), the nuclei components K ﬁ;s in

explicit form are given as:

Kkrs Kk'rs Kkv's

uuU1 uuU12 uu13
krs _ kTs kTs kTs
K“u - Kuvm KUU22 KUU23 <22>
kTs kTs kTs
Kuu:n KuU32 Kuu33
where
cr
ks __ T s vk TkTS T s vk TkTs T s Yk TkTS TAas 13 7kTS
Ky, = —030,C1Jg)0 — 050501677 — 050,ClgJ "™ + Gaaa@Jg/a+
T sCfBCiI’fG kTs T sCfSCé% kTs T SC;TGZ kTs T s Yk TkTs
005 =g "™ + G0 G I + B0 i g — O03CHa
(23)
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Kkrs pckrs  [ckTs _ G4 qkrs | Cis  7k7s 0
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7 Interpolation with pseudospectrals

We give now a short description of how we perfom computations in MATLAB,
inspited by Trefethen’s book [13]. First we define geometry of the square plate
from -1 to +1, as

% % definition of grid points

x = cos(pi*(0:N)/N)’;

y = x; [xx,yy] = meshgrid(x,y); xx = xx(:); yy = yy(:);
NN=(N+1)"2;I = eye(N+1);

points = [xx(:) yy(:)];

Then we call the routine cheb.m in [13] to create the Chebyshev differentiation
matrix and the derivatives using Kronecker products:

[D,x] = cheb(N); D2 = D"2;
Dy=kron(D, I) ;Dx=kron(I,D);
Dxx=kron(I,D2);
Dyy=kron(D2,I);

Dxy=Dx*Dy ;

At each equation of motion, we now replace analytical derivatives by differen-
tiation matrices. For example in equation (35)

k2

Ky, = —070501, ka 0705C16 " — 5O CY ™™ + L0, gl3 J’”S
33
T C C s T As C C s N Ck2 . iy
05— cr B+ 0505 — cr 56 7k 1 9305 036 J(lj/ﬁ D505Ck, Jk

(35)

such differential operators will be coded in MATLAB as
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Kuu(il:i2,3j1:j2) =Kuu(il:i2,j1:j2)-cl1*JBetalverAlpha(i, j)*Dxx. ..
~2%c16%J1 (41, j)*Dxy. . .
+c1372/c33*%JBetalverAlpha(i, j)*Dxx. ..
+2%c13%c36/c33%J1(i,j)*Dxy. ..
+c36°2/c33*%JAlphalverBeta(i, j)*Dyy. ..
-c66+JAlphaOverBeta(i, j)*Dyy;

Here, Dxx represents a (N + 1)? matrix containing the second derivatives to
a: 0705

8 Boundary conditions

The natural boundary conditions can be applied by computing firstly the
matrix

szTs HkJTS Hk:rs

uul1 uuU12 uuUl13

HZLS: Hkrs kas HkTs (36)

uu21 uu22 uu23

HkTs HkTs Hkrs

uuU3l TTUUZ2 T UUI3

c
7S, = nadaClIET: + maB3Cl "™ + nadClod'™ — nadi G-I
CkCk CckCk ck
a 13~36 Jkrs -n a; 13~36 JkTs O 36 Jcltc 1 ngds C CIMm—s
B Ck, B Ck, B 50 /8 T 0g /B
(37)
HkTs o a C JkTs asC JkTs + a C JkTs a O C(23 JkTs
wune = a0 TR 6/5/a T 1595 e
sC CSG kTs C 036 kTs sCi]’fg kTs S kTs
na0h= G T4 — nadh= g AT — mad o I+ nadi Gl
(38)
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1 CKCE 1 ChCk
ks __ k:Ts kTs 36 TkTs 36 TkTs
Huu13 = Rk?’LBC J RﬁnBC’ J/ﬁ Rkn[g C J anﬁ C’éf J/B+
1 1 cr 1 CkCk
ac JkTs aC JkTs — —n, 13 JkTs Ne, SJkTs
RE" Rk” RE"Cl, 7/ T REM T CH,
(39)
k
HkTs —-n asc« JkTS—}— 850 kTs ‘I‘n a C kTs as C1136(23 JkTs
uu21] B B3 ng 033
30{630?]?6 kTs 5053056 ks scéfg kTs kTs
(40)
ck
0575, = nadiCh LTS + nad3Clud"™ 4+ nadlCl '™ — nadly i Ji75 -
C C36 kTs C C36 kTs chg kTs s kTs
Ny 275 T S, et 25 0T = el i I Cls T
(41)
1 ckck 1 e
kts __ kTs kTs 23 rkTs kts
Huws_ Rknﬁo J Rknﬁo J/ﬁ Rk g 033 J Rk Bcvsgj/ﬂ+
1 kTs 1 kTs 1 C 036 kts 1 C 036 kTs
R naC J,B/a Rknac J _ﬁ a ng J/B/Oé_ﬁ a C J
(42)
kTs
., = 0
(43)
kTs
s, = 0
(44)
kTs
My, =0
(45)

In a similar way, we can impose boundary conditions in terms of the transverse
stresses as
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C C’
H(Ist — 0; Hl;rs — 0; HI;TS — 13 JkTs 36 (]Clsz
11 12 13 033 Ck
Ck C";
kTs . kts . ks __ 23 kTs 36 TkTs
Mo = 05 MG = 05 TG = ma o™ + oy
kts kTs. kTs kTs kts
I =na 5™ 100 =ngdy ;75 = 0 (46)

9 Extension to the dynamical problem

The dynamic problem is expressed as:

Z // 56PG Upc—|—56nG o oot (efLG—e )}H Hg dQydz =

Z //pkéukTuk H,Hg dQydz + Z SLF

k=1¢, A,
(47)

where p” is the mass density of the k-th layer and double dots denote acceler-
ation.

By substituting the geometrical relations, the constitutive equations and the
Unified Formulation, we obtain the following governing equations:

¥T |
S

fu K*s ub — Mk + PE (48)

In the case of free vibrations one has:

kT,
S

fu K*7e ub = MAsih (49)

where K*'7¢ — Khrs _ Khs[KFs]-1KF™s and it is obtained after a static
condensation procedure.

MP*7¢ is the fundamental nucleus for the inertial term. The explicit form of
that is:

MFEs = p*F_F,; MES=0; M =0 (50)
METs = 0; MYs = p"E.Fy; M7 =0 (51)
METs = 0; METS =0, M = pFF,F, (52)
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The boundary conditions are imposed by modification of the line j correspond-
ing to a degree-of-freedom j. For example to impose K, = 0 all around the
plate, we modify the K big matrix as:

b=find (abs (xx)==max (xx)) ;bb=size(b,1);
f(b+11%NN)=0.0;
Kuu(b, :)=zeros(bb,12*NN) ;

First we detect the nodes at the boundary using function find and then we
zero the right-hand side £, and the lines b. We then place the value 1 at the
main diagonal using eye.

10 Computation of stresses

Taking into account the large number of degrees of freedom per node, the
solution of the static problem is obtained after a static condensation procedure
as follows. Consider the global system of equations (after imposing boundary
conditions):

Kuu Kuo’ u f
= (53)
Ka’u Ka'o' o 0
The problem is reduced to
K*uuu = f (54)

where K*,, = Ky, — Kuo[Kyo] ' Kgy. After computation of the solution,
transverse stresses are readily computed at each interface by

o = Kool (~Kouu) (55)

11 The pseudospectral method

Pseudospectral (PS) methods ( [13]) are known as highly accurate solvers for
PDEs, where the spatial part of the approximate solution u" of a given PDE is
represented by a linear combination of some basis functions ¢;,7 =1,..., N,

14



ie.,
N

u(x) =) ¢oi(x), zeR (56)

J=1

Usually polynomial basis functions (such as Chebyshev polynomials) are used
in this type of approach which leads to the limitation of tensor-product grids
in higher spatial dimensions.

An important feature of pseudospectral methods is the fact that one usually
is content with obtaining an approximation to the solution on a discrete set of
grid points x;, ¢ = 1,..., N instead of at an arbitrary point z. One of several
ways to implement the pseudospectral method is via so-called differentiation
matrices, i.e., one finds a matrix D such that at the grid points x; we have

u’ = Du. Here u = {uh (r1),...,u" (xN)}T is the vector of values of u" at
the grid points. Consider the expansion (56) and let ¢;,7 = 1,..., N, be
an arbitrary linearly independent set of smooth functions that will serve as
our basis functions. To keep the discussion as simple as possible we limit the
following derivation to the univariate case. In order to obtain a formulation
for the differentiation matrix D of (57) we evaluate (56) at the grid points
;1 =1,..., N. This results in

N
Uh ([El) :ch¢j (ZL'Z), 1= 1,,N (57)
j=1
or in matrix-vector notation
u= Ac (58)
where ¢ = [¢q, ... ,CN]T is the coefficient vector, the evaluation matrix A has
entries A;; = ¢; (x;), and u is as before. By linearity we can also use the

expansion (56) to compute the derivative of u" by differentiating the basis
functions, i.e.,

d , . X d
L (z) —;dem%(l’) (59)

If we again evaluate at the grid points z; then we get in matrix-vector notation

u = A,c (60)

where u and c are as above, and the matrix A, has entries <L¢; (z;).

15



This univariate discrete first-order differential operator is used in Trefethen’s
book [13] to represent also univariate higher-order operators as well as mul-
tivariate operators (as long as the underlying rectangular grid is obtained as
a tensor-product of univariate grids). We follow this approach in some of our
numerical examples below, by using the standard polynomial differentiation
matrix based on Chebyshev polynomials.

12 Numerical examples
12.1 Spherical shell in bending

A laminated composite spherical shell is here considered, of side a and thick-
ness h, composed of equal thickness layers oriented at [0°/90°/90°/0°] and at
[0°/90°/0°]. The shell is subjected to a sinusoidal vertical pressure of the form

p, = Psin (m) sin (Wy>
a a

with the origin of the coordinate system located at the lower left corner on
the midplane and P the maximum load (at center of shell).

The orthotropic material properties for each layer are given by

E1 = 250E2 G12 = G13 == 05E2 G23 = 02E2 Vg = 0.25

10°W(ay2,0/2,00h* B2

The transverse displacements are presented in normalized form as w = o

The shell is simply-supported on all edges.

In table 1, an assessment of the present model is presented for the plate
case (R — o0). We compare the deflections obtained with the pseudospectral
method with the LW analytical solution given in [12| and the results obtained
with two different shell finite elements: MITC4 and MITC9. These elements
are based on CUF and they are described in details in [14]. Various thickness
ratios and laminations are considered. In all the cases, the table shows that
the present method is in good agreement with the FEM solution.

In table 2 we compare the static deflections for the present shell model with
results of Reddy shell formulation using first-order and third-order shear-
deformation theories [3] and the LW analytical solution given in [12]. We
consider nodal grids with 11 x 11, 13 x 13, 17 x 17 , and 21 x 21 points. We
consider various values of R/a and two values of a/h (10 and 100). Results

16



are in good agreement for various a/h ratios with the higher-order results of
Reddy and the LW analytical solution.

In figure 5 it is illustrated the deformed shape of the plate discretised with
21 x 21 points, before adimensionalisation.

Method a/h =10 a/h =100
[0°/90°/0°] LW [12] 7.4095 4.3400
present (13 x 13 7.3978 4.3062

)
present (17 x 17)  7.3978 4.3062
)

(

(

present (21 x 21)  7.3978 4.3062

MITC4 (13 x 13)  7.2955 42573

MITC4 (17 x 17)  7.3427  4.2915

MITC4 ( ) 73657 43082

MITCY (5 x 5) 74067  4.3375

MITC9 (9 x 9) 7.4092 4.3397
(

MITC9 (13 x 13)  7.4095 4.3399

21 x 21

[0°/90°/90°/0°] LW [12] 73148 4.3420
present (13 x 13) 7.3544 4.3054

present (17 x 17)  7.3544 4.3054
present (21 x 21)  7.3544  4.3054
MITC4 (13 x 13)  7.2011 4.2593
MITC4 (17 x 17) 7.2482 4.2935
MITC4 ( ) 72Tl 4.3102
MITCO (5% 5)  7.3120  4.3396
MITC9 (9 x 9) 7.3145 4.3418
(

MITC9 (13 x 13) 7.3147 4.3420

21 x 21

Table 1
Non-dimensional central deflection, w = w IOPEaih for [0°/90°/90°/0°] cross-ply lam-
inated plate.

In figure 6 it is illustrated the evolution of the transverse shear stresses 7.,
for a/h = 10, laminate [0/90/90]. As can be seen, the formulation does not
produce zero top and bottom shear stresses, for two reasons. First, the formu-
lation is not based on C! definition of transverse displacement, and second the

17
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with 21 x 21 points, before adimensionalisation
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load is not applied at the middle surface, but at the top surface. As can also
be seen, because of the mixed formulation, and consideration of transverse
stress variables at each interface, the transverse stresses are continuous at the
laminate interfaces.

In figure 7 it is illustrated the evolution of the normal stresses o, for a/h =
10, laminate [0/90/90]. In both figures, a Chebyschev 17 x 17 grid was con-
sidered.
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Fig. 6. Evolution of the transverse shear stresses 7., for a/h = 10, laminate

0/90/90].

12.2  Free vibration of spherical and cylindrical laminated shells

We consider nodal grids with 13 x 13, 17 x 17 , and 21 x 21 points. In ta-
bles 3 and 4 we compare the nondimensionalized natural frequencies from the
present layerwise theory for various cross-ply spherical shells, with analytical
solutions by Reddy and Liu 3] who considered both the first-order (FSDT') and
the third-order (HSDT) theories. The first-order theory overpredicts the fun-
damental natural frequencies of symmetric thick shells and symmetric shallow
thin shells. The present pseudospectral method is compared with analytical
results by Reddy [3] and shows excellent agreement.

Table 5 contain nondimensionalized natural frequencies obtained using the
the present layerwise theory for cross-ply cylindrical shells with lamination
schemes [0/90/0], [0/90/90/0]. Present results are compared with analytical
solutions by Reddy and Liu [3] who considered both the first-order (FSDT)
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Fig. 7. Evolution of the normal stresses o,,, for a/h = 10, laminate [0/90/90].

and the third-order (HSDT) theories. The present method is compared with
analytical results by Reddy [3] and shows excellent agreement, even with a
small number of points.

13 Concluding remarks

In this paper a Reissner Mixed Variational Theorem was implemented for the
first time for laminated orthotropic elastic shells through a pseudospectral dis-
cretization of equations of motion and boundary conditions. Results for static
deformations and natural frequencies were obtained and compared with other
sources. This meshless approach demonstrated that is very successful in the
static deformations and free vibration analysis of laminated composite shells.
Advantages of the pseudospectral interpolation are absence of mesh, ease of
discretization of boundary conditions and equations of equilibrium or motion
and very easy coding. We show that the static displacements and stresses
and the natural frequencies obtained from present method are in excellent
agreement with analytical or reference solutions.
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Method R/a
a/h 5 10 100 10°
[0°/90°/0°] 10 present (13 x 13) 7.0502 7.3025 7.3959 7.3978
10 present (17 x 17) 7.0502 7.3025 7.3959 7.3978
10 present (21 x 21) 7.0502 7.3025 7.3958 7.3978

10 HSDT |[3] 6.7688 7.0325 7.1240 7.125
10 FSDT [3] 6.4253 6.6247 6.6923 6.6939
10 LW [12] 7.0834 7.3252 7.4087 7.4095

100 present (13 x 13) 1.0312 2.4003 4.2722 4.3062
100 present (17 x 17) 1.0312 2.4003 4.2722 4.3062
100  present (21 x 21) 1.0312 2.4003 4.2722 4.3062

100 HSDT |3] 1.0321 2.4099 4.3074 4.3420
100 FSDT |3] 1.0337 24109 4.3026 4.3370
100 LW [12] 1.0340 2.4120 4.3055 4.3400

[0°/90°/90°/0°] 10  present (13 x 13) 7.0084 7.2597 7.3525 7.3544
10 present (17 x 17) 7.0084 7.2597 7.3525 7.3544
10 present (21 x 21) 7.0084 7.2597 7.3525 7.3544

10 HSDT |3] 6.7865 7.0536 7.1464 7.1474
10 FSDT [3] 6.3623 6.5595 6.6264 6.6280
10 LW [12] 6.9953 7.2322 7.3139 7.3148

100  present (13 x 13) 1.0255 2.3925 4.2712 4.3054
100 present (17 x 17) 1.0255 2.3925 4.2712 4.3054
100 present (21 x 21) 1.0255 2.3925 4.2713 4.3054

100 HSDT [3] 1.0264 2.4024 4.3082 4.3430
100 FSDT [3] 1.0279 2.4030 4.3021 4.3368
100 LW [12] 1.0284 2.4048 4.3073 4.3420
Table 2
103 Eoh3

Non-dimensional central deflection, w = w=p variation with various number of
grid points per unit length, IV for different R/a ratios, for R = Ry
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Method R/a
a/h 5 10 100 10?

10 present (13 x 13) 11.8122 11.6430 11.5863 11.5857
present (17 x 17) 11.8122 11.6430 11.5863 11.5857
present (21 x 21) 11.8122 11.6430 11.5863 11.5857
HSDT [3] 12.040 11.840  11.780  11.780

100 present (13 x 13) 31.1113 20.4229 15.2988 15.2381
present (17 x 17) 31.1113 20.4229 15.2988 15.2381
present (21 x 21) 31.1113 20.4229 15.2988 15.2381
HSDT |3] 31.100 20.380  15.230  15.170

Table 3

Nondimensionalized fundamental frequencies of cross-ply laminated spherical shells,

@ = w2 \/p/Es, laminate ([0°/90°/90°/0°))

Method R/a
a/h 5 10 100 10°
10 present (13 x 13) 11.7716 11.6030 11.5465 11.5459

present (17 x 17) 11.7716 11.6030 11.5465 11.5459
present (21 x 21) 11.7716 11.6030 11.5465 11.5459
HSDT|3] 12.060 11.860  11.790  11.790
100 present (13 x 13) 31.0280 20.3899 15.2970 15.2368
present (17 x 17) 31.0280 20.3899 15.2970 15.2368
present (21 x 21) 31.0280 20.3899 15.2970 15.2368
HSDT|3] 31.0398 20.350  15.240  15.170

Table 4
Nondimensionalized fundamental frequencies of cross-ply laminated spherical shells,

W= w“;\/p/Eg, laminate ([0°/90°/0°])
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0/90/0] [0/90/90/0]

R/a  Method a/h =100 a/h=10 a/h =100 a/h =10

5 present (13 x 13) 20.3373 11.5610  20.3747 11.6064
present (17 x 17) 20.3373 11.5610  20.3747 11.6064
present (21 x 21) 20.3373 11.5610  20.3747 11.6064
FSDT [3] 20.332 12.207 20.361 12.267
HSDT [3] 20.330 11.850 20.360 11.830

10 present (13 x 13) 16.6629 11.5497  16.6752 11.5909
present (17 x 17) 16.6629 11.5497  16.6752 11.5909
present (21 x 21) 16.6629 11.5497  16.6752 11.5909
FSDT [3] 16.625 12.173 16.634 12.236
HSDT [3] 16.620 11.800 16.630 11.790

100 present (13 x 13) 15.2517 11.5459  15.2532 11.5858
present (17 x 17) 15.2517 11.5459 15.2532 11.5858
present (21 x 21) 15.2517 11.5459 15.2532 11.5858
FSDT [3] 15.198 12.163 15.199 12.227
HSDT [3] 15.19 11.79 15.19 11.78

Plate present (13 x 13) 15.2368 11.5459  15.2382 11.5857
present (17 x 17) 15.2368 11.5459  15.2382 11.5857
present (21 x 21) 15.2368 11.5459 15.2382 11.5857
FSDT [3] 15.183 12.162 15.184 12.226
HSDT [3] 15.170 11.790 15.170 11.780

Table 5
Nondimensionalized fundamental frequencies of cross-ply cylindrical shells, w =
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