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Abstract. We show that the composition hyperbolic group in the unit disc,
once transferred to act on sequence spaces, is bounded on ¢? if and only if p = 2.
We introduce some integral operators subordinated to that group which are natu-
ral generalizations of classical operators on sequences. For the description of such
operators, we use some combinatorial identities which look interesting in their
own.

Introduction

Let D = {z € C: |z| < 1} be the unit disc in the complex plane C and let
O(D) denote the space of holomorphic functions on D. In [1], the spectral
study of integral operators defined by

1
(TN = sy g aypss [, (1= 1+€"(€=2" He) de, =€,
and
oy 1 L-gr(+ey
D = s apsn | g H€ds z€D,
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for suitable f € O(D), p,v,d € R, has been approached on the basis of a
detailed analysis of the spectra of weighted hyperbolic composition groups
on D (and their infinitesimal generators). Recall, the (canonical) hyperbolic
group (¢¢)ter of self-analytic mappings on D is given by

(et+1)z+e —1

, eD, teR.
(el —1)z+et+1 -

pi(z) =

One can build weighted composition operators S, (t) acting continuously
on Banach subspaces X of O(D), such as Hardy spaces, Bergman spaces,
Dirichlet spaces and others, by putting

SuOF) =" (Fop), FeX teR,

for appropriate weights w so that the family ((wo ¢;)w™!)cr becomes a
cocycle for (¢y)icr.

The integrals defining J/*"f and H5"§ can be represented as Bochner-
convergent vector-valued integrals subordinated to groups (S, (t)):cr in the
following way. For a, 8 € R, put w, (2) := (1 — 2)%(1 + 2)?, 2 € D. Then,
for suitable u,v,0 € R,

D) T = 37 06(t)Sw,in, s (DF dt, f € X, with ¢5(t) := 270 (1 —e 1)1,
t>0.

2) Hé’yf = f_oooo w&(t)swu7(5+1,u+l (t)fdt7 f€X7 z GD, With wé(t) = (12i8t1)6 b
teR.

Through the above representations, one can transfer information from
the spectra of S, ,.,(t) and S,,,_,,, ., (t) to the spectra of J{"* and H;",
respectively; see [1] for details.

It sounds sensible to investigate if the above facts also hold in a setting
of sequence Banach spaces and for operator groups defined by transference
of (S,(t))ter to such a setting. Thus, using the standard isometry between
the usual Hardy space H?(D) and the Hilbert space ¢? of square sumable
sequences, one defines operator groups (T}, (t))cr on £2 obtained as isometric
copies of (S, ,(t))ier. Then one obtains automatically the bounded integral
operators on ¢? given by

Sg’yf ::/0 ¢5(t)Twu+1,u+a(t)fdt7 *65’Vf ::/0 wu(t)Tw;ﬁ5+1,u+1(t)fdt7

f € %2, which in particular enjoy the same spectral picture as the one de-
scribed in [1] for J" and HE™".

However, it turns out that T, ,(¢), for t € R\ {0} and o, 8 € R, is not a
bounded operator on ¢ for every p # 2. This is proven in Section 2 below,
see Theorem 2.4. Thus the question on the boundedness of operators J 5’”,
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HYPERBOLIC GROUP ON SEQUENCE SPACES

95" on £P, p # 2, has not an obvious answer. Then we focus the paper on the
Hilbertian case, looking for presenting the above operators directly acting on
sequences, in order to get a precise idea of the difficulties which arise in the
study of boundedness in the non-Hilbertian case. In this way, our discussion
involves combinatorial identities and special functions. Section 3 is devoted
to prove such identities. Section 4 gives the integral operators in terms of
sequences, for which in particular we use estimates of the hyperbolic group
and subordinate integrals on Hardy spaces shown in the first section.

1. Estimates on Hardy spaces

For 1 <p < o0, let HP(D) be the Hardy space on D formed by all func-
tions f in O(D) such that

2 0 do 1/p
Il i= s ([ leery)) <.
o<r<1 \Jo ™

Let o, 8 € R and put wa g(z) = (1 — 2)%(1 + 2)?, for 2 € D. Define the
family (S, 5(t))tcr of weighted composition operators on O(D) given, for

7

teR, fe OD) and z € D, by

Sas®fl(2) = ©22 P ooy

Wa,5(%)

_ B 2 a+6f (el +1)z+et—1
N (et —1)z+et+1 (et —1)z+et+1
)’

_ (1 —tanh(¢/2))*(1 + tanh(t/2) z + tanh(t/2)
B (1 + 2z tanh(¢/2))o+h <1 - ztanh(t/2)>

This family (S, 5(t))ier is a Co-group of bounded operators on HP(ID)
(and on quite a number of other Banach spaces X continuously contained in
O(D)) for suitable values of a and 3, see [1]. Note that S, 5(t) = €*'Sa150(t)
for all a, 5 € R and t € R. Thus in the sequel we will deal with the group

Sa(t) == Sa0(t), teR,

for simplicity. Here we give the exact estimate of the norm of operators
Sa(t), t € R, on spaces HP(D) by transferring functions on D to functions
on Ct:={z € C:Rez > 0}.

Let H?(C™) be the Hardy space of all holomorphic functions F' on C*
such that

1/p
|Fllp := sup ( [+ ip dy) <o, 1<p<no
x>0 R
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Let V: HP(Ct) — HP(D) denote the isometric isomorphism given by

1+2

(VF)(z) = 21/P(1 — z)—2/PF(1 i

), 2 eD, F e HP(CH),

whose inverse V—!: HP(D) — HP(C™) is

w—1

(V) = 204 ) 2lep (V]

), w e C*t, fe HP(D);
see [9, pp. 130-131]. For a,t € R, define S, (t) := V"15,(t)V. A straight-
forward computation gives us

1+w )a—2/p ( "

(1.1)  (Sa(t)F)(w) = (1 o F(e'w), weC*, Fe HP(CH).

PROPOSITION 1.1. Let 1 <p < oo, o € R and let (So(t))ier be defined
on HP(D) by

Wa.0 ©
Sa(t)f = O’jo%(fo%), teR.

Then (Sa(t))ier is a Co-group of bounded operators on HP(D) with
ISa(D)ly = eV e

PROOF. Let w € CT and t € R. It is readily seen that

1 1
et <[ PV < ift>0, and 1<| Y [ <et it <o,
1+ etw 14 etw
Hence
1
(1.2) min{1,e”'} < ‘1 _:_eiuw‘ <max{l,e”"}, teR, weC".

Let S, (t) be as prior to the proposition. By (1.1) and (1.2),
|(Sa(t)F)(w)] < K| F(e'w)l, F e HP(CY), teR,

where K; := max{1,e"(—*+2/P)} Hence,

- 00 1/p
15a(OFl, < Ki sup { / \F(etxmety)\pdy}

0<x<oco —00

00 1/p
Kt o { / |F<x+z'y>|pdy} _ K7\,

0<zr<oco —00
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HYPERBOLIC GROUP ON SEQUENCE SPACES

and so, through the isometry V', we have ||S, (1), < emax{—t/p.t(—a+1/p)} for
teR.

On the other hand, it has been shown in [1] that the spectrum of S, (t),
teR,is

o(Sa(t) = {z€C: emind=t/pi(—atl/p)} < 15| < emax{—t/pyt(—aﬂ/p)}}’

so that the spectral radius r(Sq(t)) of So(t) is r(Sa(t)) = emax{—t/p,t(—a+1/p)}

Hence one gets em®{=t/pl=etl/p)} < |5 (1)[,. All in all, [|Sa(t)], =
emax{=t/pt(—a+1/p)} a5 claimed.

That (Sa(t))ter is a Cy-group of (bounded) operators on HP (D) is proved
n [13]. O

REMARK 1.2. Asymptotic estimates of ||S,(t)|, t € R, for weights w
fairly more general than the former w, g, are given for so called (Banach)

~-spaces in [1], but this is not necessary here. The class of y-spaces contains
the Hardy spaces HP(D), for v =1/p.

Next, we give upper and lower estimates of norms of integral operators
on H?(ID) subordinated to (Su(t))ter. For 1 <p < oo, t € R, let Q) denote
the vertical strip given by

Qap = {A € C:min{—1/p,—a+(1/p)} <RX < max{—1/p,—a+(1/p)}}
and put
Map(t) = max{—t/p,t(—a+1/p)}.

Let ¢: R — C be a measurable function such that [*_|¢(t)[eM- (1) dt
< 00. Set O(¢)f to denote the Bochner convergent mtegral deﬁned by

0= [ o®Su0id, fe D).
ProrosiTION 1.3. For a, p and ¢: R — C as above we have

[~ owea <ol < [ o0

sup
AEQa,p

Moreover, if ¢ is nonnegative then

xe{—-1/p,1/p—a} J_

1o, >  max /¢<t>ewt.

PRrROOF. The upper estimate holds by the definition of ©(¢) and Propo-

sition 1.1. For the lower estimate, set qu f #(t)eMdt, which is abso-
lutely convergent for all A € Q, . The subset Q ap is in fact the spectrum
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o(Aq,p) of the infinitesimal generator A, ), on HP(D), see [1, Theorem 6.8].
Assume the spectral inclusion ¢(o0(Anp)) € o(O(¢)) holds. In this case,

19() | e e > 7(O(0)) > supyeq, , [¢(A)] from which we get the lower es-
timate. ’

Let us prove such a spectral inclusion. Assume first &« = 2/p. Then
(e/PSq(t))ser is a uniformly bounded Cp-group by Proposition 1.1, and
the claim follows by the spectral mapping theorem for uniformly bounded
Co-groups, see [12, Theorem 3.1] for a slightly more general result.

Assume now « < 2/p. By [1, Theorem 6.8], all the points in the interior

of Qg lie in the point spectrum of A, ,, and have the function fy(z) =

(fiji)im z € D, as eigenvector. By [5, Corollary IV.3.8], it follows that fy

is an eigenvector of S, (t) associated to the eigenvalue e for all t € R. As
a consequence, one has

h—/1¢ fwtlﬁ/ S(6)eN dt = G0 frs A € Tnt(Qup),

S0 a(Int(Q%p)) C 0point(O(¢)). Since o(O(¢)) is a closed subset of C and ¢

is continuous on Qq , = 0(Aqp), one gets ¢(Qqp) € d(Int(Qap)) € 0 (O(9)),
as we wanted to prove.

Finally, assume a > 2/p. Again by [1, Theorem 6.8], all the points A of
the interior of €1, lie in the residual spectrum of A, ;, and satisfy that the
range space Ry := Ran(\A — A, ;) is closed and its codimension is equal to 1.
Also, Ran(eM — S, (1)) C Ry, for all t € R, see for instance [5, Eq. (IV.3.14)].
Fix A € Int(§2,,p). Since R is closed, we have

@m—ewvzszmw—&mﬁaem,femwy

Thus, we conclude Ran(¢(\) —O(¢)) C Ry, 50 ¢(A) € 0(6(¢)). Reasoning as

in the end of the proof for the case a < 2/p, we have g(Qmp) C a(Int(Qa,p)) C
(©(¢)), as we wanted to prove.
Now, for nonnegative ¢, it is clear that

/OO p(t)eM dt‘ = sup /OO o(t)eM dt.
—00 AERNQq p J —00

Then, since the latter integral is convex in the variable A, it reaches its
maximum value at the extreme points of the interval RN, ,, namely —1/p
or 1/p — a. Then our claim follows from what we have already proven. [

sup
AEQa .,

Let supp(¢) denote the support of ¢ in R.

Analysis Mathematica



HYPERBOLIC GROUP ON SEQUENCE SPACES

COROLLARY 1.4. Let o, p and ¢: R — [0,00) be as above. Suppose that
supp(¢) C (=00, 0] or supp(¢) C [0,00). Then

1o up—/ o(t) Mo g

PROOF. Under the assumption on ¢ it is clear that

max - te)‘tdt:/oo t) eM
xe{-1/p,1/p—a} /—oo o(t) —c0 o(t)

and the result follows from Proposition 1.3. [

REMARK 1.5. Using similar type of arguments as above, one can show
that analogous bounds to the ones given in Proposition 1.3 and Corollary
1.4 also hold for Bergman spaces and little Korenblum spaces.

2. Non-boundedness of the hyperbolic group

Since H%(D) is isometric to the space £? of complex square-summable
sequences, one obtains automatically the above estimates for the transferred
operators Ty (t) of So(t), t € R, on £2. The case p # 2 is very different. In
fact, we show that T,(¢) is not bounded on spaces P, p # 2, in this section.

Set Ng :=NU{0}. For § € R and 1 < p < o0, let £ denote the Banach
space of sequences (f(n)),>0 such that

1/p
IIpra—(ZIf |pn+125> < oo,

Put ¢ := ¢ and || f]|, := ||f]|p,0- Let ® denote the correspondence between
¢¢ and O(D) given by

= Zf(n)z”, zeD, fel.

It is well known that ® defines an isometry from the Hilbert space Eg
onto:

— The hilbertian Hardy space H?(D) when § = 0,
— the hilbertian Bergman space A%(D) when 6§ = —1/2,
— the classical Dirichlet space D when § = 1/2.

The family (Sq(t))ier is a Co-group of bounded operators on H?(D),
A%(D) and D, see [1]. Hence, the isometric copy (Tw(t))ier of (Sa(t))ier
through the isometry @, that is,

To(t) == ®71S,(1)®, teR,

Analysis Mathematica
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is a Cp-group of bounded operators on Eg for 6 =0,—1/2,1/2 respectively
(and on the interpolated Banach spaces in between). Here we restrict our-
selves to consider the group 7T, (t)):cr acting on ¢?. It will be enough to
show the key points of the matter. Then automatically we have the follow-
ing consequence of Proposition 1.1.

COROLLARY 2.1. The family (Ty(t))ter is a Cy-group of bounded oper-
ators on (% with

||Ta(t)H2 _ emax{—t/2,(—a+1/2)t}’ teR.

Now, we express the group (7, (t))ier acting on sequences.

PROPOSITION 2.2. Let a« € R, f € £? and t € R. We have

(2.1) (Ta(0) ) (n) =Y an () f(k), neN,
k=0
where
o (o) o 2 tan(t/2)) e Y (=) (] twannieyzy
n,k T (et + 1)a = n — j j
_ g “‘hf’“ (—k - a) (k) (e =1k
o n—j j (et + 1)n+k+a—2j’ n, 0-

Jj=0

PROOF. Let z € D, t € R and f € ¢2. Then

o0

Y (Ta(t)f)(n)=" = (STa(t) f)(2)

n=0
with

@006 = Suene) = (| ) @n ()

(2 + tanh(t/2))*

=(1- tanh(t/Q))akZ:Of(k) (1+ ztanh(t/2))kta

k

= (1 —tanh(t/2))* > f(k) > <i> Z"(tanh(t/2))k"
k=0

n=0
X gjo <_kj_ O‘) ( tanh(t/2))’

Analysis Mathematica
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min{n,k}

_ — tan «@ . Zn > —k‘—Oé k‘ an ntk—2;
SURCCUCIDIEDWITEDS () (5) wanmieyzpy,

— j=0
whence the statement follows. [

REMARK 2.3. For fixed k € Ny, taking the function f(z) := 2* in the
above proposition one directly gets

(2.2)
X w nm [ 1—tanh(t/2) \*/ z+ tanh(t/2) \*
;:%a””“(t)z - <1+ztanh(t/2)> <1+ztanh(t/2)> , #2€D, ateR

By Corollary 2.1, T,(t) is bounded on ¢? and its norm can be exactly
computed. These facts are not simple to prove directly from formula (2.1).

Since /P and HP(D) are not isomorphic for p # 2, the above argument
is useless when we wonder whether or not 7, defines a Cy group on /(7.
Actually, the next result gives a negative answer for all p # 2.

THEOREM 2.4. Let 1 < p < oo with p# 2, and let a,t € R, t £ 0. Then
T, (t) does not define a bounded operator on ¢P.

ProOF. Fix t # 0 throughout all the proof. Let 5 € R and set gg(z) :=
(1+ ztanh(¢/2))™? for z € D. Then g is a holomorphic function in the
open disc of radius |1/tanh(t/2)| > 1 centered at z = 0 and therefore the
sequence of its Taylor coefficients gz(n) = ago, n € Ny, belongs to ¢! for all
€ R. Since 1/g3 = g_g3, the convolution operator Kz defined by Kgf :=
@‘1(95 ®(f)), f € P, is an invertible bounded operator on ¢ for all p €
1, 00].
| O]n the other hand, from the definition of T, (¢) prior to Corollary 2.1 it
follows readily that

(Va, B ER)  To(t) = (1 — tanh(t/2))* P _sT5(1).

Hence, given a fixed a € R, one has that T, (t) is a bounded operator on (P
if and only if T(t) is a bounded operator on ¢ for all € R. Next, we
proceed differently depending on p.

(1) Case p = 1. It is known that a composition mapping
fre® o (®(f)og)

is bounded on ¢! if and only if g(z) = cz, with |¢| = 1, see [11, p. 38]. Then,
it follows that Ty(t) is not a bounded operator on /!,

Analysis Mathematica
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(2) Case 1 <p<2. If Ty(t) were a bounded operator on P, then its
adjoint operator Ty(t)*, which is given by

(To(8)* f)(k) = > af x(t)f(n), k€ No,
n=0

would be a bounded operator on ¢’ (where 1/p+1/p’ = 1), with norm
| To(t)* |l = | To(t)]|p < oo. For k € Ny, let evy, denote the evaluation map-
ping evi f = f(k). It is readily seen that

00 1/p
levkTo(®)* e = (Z |a27k<t>|”> o
n=0

50 Ckp < ||To(t)*||p for all k € Ny. But, we also have by (2.2) and [14, Theo-
rem 1] that Cj, , ~ k2/P)=1 — o0 as k — oo, whence one gets a contradiction.

(3) Case 2 < p < co. Assume T} is a bounded operator on /. Then we
have

0 1/p
levn Ty (t)|ler—c = (Z ‘avlm,k(t)‘p> =: Doy

k=0
s0 Dy < [|T1(t)]|p for all n € Ny. It is readily seen that
ap i (t) = (=1)"Fay, (1)
for all n,k € No, s0 Dy = (2232 lag,, (1) p/)l/p/
ginning of the proof and using (2.2), one obtains

[e'] 1/p/ o0
4y (Z o ()P ) < (Z a1 (8)
k=0 k=0

ng/<Z

k=0

. Reasoning as at the be-

N P
‘)

0 ) 1/p’
|ak,n<t>|f’>  neN,

for some constants A/, B,y > 0 independent of n. By [14, Theorem 1] again,
Dy, ~ C, py — 00 as n — 0o, which is a contradiction. [J

3. Some identities of sums of binomial coefficients
In this section we give results about finite series involving binomial coef-
ficients which seem to be unknown and will be useful to describe the integral

operators subordinated to the group (7, (t)ier presented in Section 4.
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The following proposition can be proved by a combinatorial argument
based on induction on k € Ny. Instead, we have chosen to give a complex
variable proof.

LEMMA 3.1. LetveR and k €Ny, AeR such that A #0,—1,-2,...,—k.
Then

o SO

PRrROOF. Let v, k, A be as in the statement. It is readily seen that

U G)er =7 ) 6ly) wra=oten

so that proving (3.1) is equivalent to prove
(3.2)

k
Atk —v—1 v 1 V—A
(k+)<k+1>jz:0< j ><k—j>A+y‘ <l<: ) SOk

The two members, on the left and on the right, of equality (3.2) are poyno-
mials in A (also in v) of degree k. Thus, in order to prove (3.2), it is enough
to show that (3.2) holds for k + 1 different A in R. In fact, we are going to
show that (3.2) is fulfilled by every A € N.

So let N be a natural number. Note that

(k+1)<JZ:f> _ (k+NIZ(-]-\})(k+1)'
Define
= 53 () () * TS T e

kO]O

We see below that indeed Fiv(z) is an absolutely convergent series in D.
Clearly, (3.2) for A = N is equivalent to the equality Fi(z) = (14 2)*~,
z € D. The claim of the proposition will be established as soon as we prove
the latter equality.
Let Gy be in O(D) given by

O e T A R

k=0 7=0

Analysis Mathematica
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so that Fiy(z) = F&V) Gg\],v)(z), for every z € D. Without loss of generality

we can assume v < 0 since (3.1) is polynomial in v.
For z € D we have

a0 =3 G v

k=0 j=0

~(ZEDE )

IS (‘”_1> LN (14 2 ha(2),

2\ ok N+k~
with
/ (2:) _ i —v—1 k+N—1 ZN_l(l +z)—u—1
N k
k=0
=(1+z-DN 142!
-1
N -1
=> ( >(1 + ) (=D)N (1 4 )]
m=0
N—1
N -1
— < >( 1)N—1—m(1 +z)m—u—1
m
m=0
Hence,

—1 m—v
hn(z) =3 <N_ 1)(—1)N—1—m(1+z) +COx(v), ze€D,

where Cy(v) is constant in z.
Thus we have, for z € D,

m m —v

N-1 m—v
ont) = 3 (Vo vy,

m=0
and therefore

1
I'(N)

Analysis Mathematica
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Moreover, since hy(0) = 0, we get

m=0 N m-=v
whence
Cn(v) = (—1)N::) <Nn: 1>( 1)’“/01 g1 gy
— (_1)N/01 S (Nn; 1>(—t)mt—”—1dt ( 1)N/0 (1—t)yN "t lat

As a consequence,

(=N T(N)I(-v)

NG =Ty v - o)

veor(r=N+1)(142)"V=1+2)"7",

as desired.The proof is finished. [

LEMMA 3.2. Let n,k € Ng and A € R such that " K 20 —1,..
—min{n, k}. Then

min{zn,k} ntk—i i (_1)Z

g k i)n+k—2i+ A

_ (_1)min{n,k} n—i—l;—)\ n+§+>\
2(min{n, k} 4+ 1) \min{n, £}/ \min{n, k} + 1

PRrROOF. First of all, note that (”+,f_i) (k) = (”+k_i) (). Thus we have

(2 n

()0 = Gapa)(7)

Applying the change of index j = min{n, k} — i, one has

-1

— mi%k} n+k—i\ (min{n, k} (=1)
7= g min{n, k} i n+k—2i+ A

Analysis Mathematica
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_ (—1ymintn) “““i”“} <max{n, k) +j> <min{n, k}) (~1)
2 = min{n, k} J J+ |n—/;’\+>\'

Now, by Lemma 3.1,

(—l)mm{”’k} max{n,k} — |n_§‘+)‘ In—I;H-)\ + min{n, k} !
2(min{n, k} + 1) min{n, k} min{n, k} +1

L (—pymin{uiy ( nk-A > ( kA >
2(min{n, k} + 1) \min{n, £}/ \min{n, k} +1
The proof is finished. [
LEMMA 3.3. Let n, k € Nyg. We have

g =

-1

min{n,k}

3 n+k—i\(k (—1) _ (—1ymin{nk}
— k i)n+k—2i+1 n+k+1 "
PRrROOF. Applying Lemma 3.2 with A = 1 one obtains
”‘”i":”“} nk—i\ (k)  (=1)
— k i/n+k—20141
(_1)min{n,k} n+12€—1 n+12<:+1 -1
- 2(min{n,k} + 1) <min{n, k}) <min{n, k} + 1>
(_1)min{n,k} 1 B (_1)min{n,k}
B 2 nthL T b k41

as we wanted to show. [

4. Integrals subordinated to the hyperbolic group

Let o, 8, 4 > 0. Here we deal with the operators formally given by

o
J =2 / (1= e ) 1T, 5 () dt,
0

5 o0 90—1 .
5" = / (1 ety @ Tuu-spa(t)di.

Versions of the above operators have been treated in [1] (with Su(t) in-
stead Ty (¢) in I and H5”) or in [6] (with S,(t) instead T, (¢) in J5*). We
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next discuss the boundedness of the above operators on the space ¢2, and
give their expressions in terms of sequences.

Let B denote the Beta function and oF} the gaussian hypergeometric
function of integral representation

c 1
2F1(CL, b; c; Z) = F(ci(b))r(b) /0 sb_l(l—S)c_b_l(l—ZS)_a ds,

z € C\[1,+00), for a,b,c € C with Rec > Re b > 0; see for example [7, For-
mula 9.111].

4.1. Siskakis type operators on sequences. For all p >0, v € R,
let M, , be given by

o0 . ;
. v+7\ 2
M,, = 1 E
YT Dozt 4 0( j >p+j’
]:

where the series converges absolutely for all z € D. By [7, Formula 9.102],
one has

<) an, =3 (V1)

)
o\ J Pt
with absolute convergence if v < 0, and non-absolute otherwise.

PROPOSITION 4.1. Let > —1/2, 6 >0, v+ 6 <1/2. Then 35" is a
bounded operator on * with

138l sz = 270 B(8,1/2 + min{p, v — 5})

such that, for all n € Ng and f € (2,

(@) = fj (m{z} (T () B ) 100

where, for k € Ng and 0 < j < min{n, k},

E(n, k. j,p,v,0) == B(n+k+6—2j,n+1)
X oF i (—v,n+k+06—2jin+k+p+0—25+1;-1).

PROOF. The boundedness of J§ on % for > —1/2, § >0, v+0 <
1/2 and the exact value of its norm are direct application of Corollary 1.4,
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with p = 2 and ¢(t) = 279(1 — e*)0~ e+ ¢ € R, since S, ,14+1(t) and
Ty4v+5+1(t) are unitarily equivalent for every t € R. In effect,

[e.e]
195 e = T4 oo =270 [ (1= eyt mintonv=0) gy
0

_ g0 /oo(l _ )l 2emin{n—v—}-1 g,
0
=279B(6,1/2 + min{p, —v — 6}).

Now, by Proposition 2.2 we have, for f € 2 and n € Ny,

Y P () 9= - T (1 — ety g0t bS]
(35 F)(n) = 2 ];0(/0 (1) a <>dt)f<k:>,

where
00
/0 (1 - e—t)é—le(u-i-&)taz:i,;u-i-&-i-l (t) dt
oo Min{n,k}
2,u+1/+5+1/ Z < k— M—V—5—1><k>
J J
(et — 1)”+k_29 1- e—t)a—le(wré)t dt
(et 4 1)nthtutvo+1-2)
min{n,k}
_ oqutvtetl Z <—k‘ —p—v—0- 1> <k>
=0 n—=17 J
} 0 " (1 — e~tyn+h+s—2j-1 Y
o (1 + e—t)nthtputvtotl—2j
min{n,k}
:2N+V+5+1 Z <—k—M—V—5—1><k>
=0 n—=7 J
1 +k+6—-25-1
1— )" j
x/g;“ ( m)k 54125 47,
0 (1 —I—:l?)”"' +ptrv+0+1-=2;
with

1 o\ntke—2j—1
aH (1—2)" ’ . dx
0 (1 4 @)nthtutv+o+1-2j
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=27" "V IBn+ k40— 2j,u+1)
X oFi(—v,n+k+d—25;n+k+pu+6—25+1;,-1),
by [7, Formula 3.197(8)] and [7, Formula 9.131(1)]. O
We now take a closer look at the case =0, v = —9.
COROLLARY 4.2. Let § >0, f € ¢?, n € Ny, and set J5 := 32’_5. Then

0 (_1)min{n,k}+n

(35f)(n) = s Q(mln{n, k‘} + 1)0(7’1,, k)f(k)a
where
S [(0-145\ (ke =0—5)/2\ ((n+k+d+5)/2\
e(n, k) := Dalzlg—lz < J >< min{n, k} >< min{n, k} +1 > -

Moreover, the series in j converges absolutely for all z € D. The limit
in z can be intertwined with the series in j for 6 < 2, and in this case the
series in j converges absolutely for § < 1.

PROOF. Let dj be the term multiplying f(k) in Proposition 4.1. First
we notice

E(n,k,i,0,—0,0) = B(n+k+ 9 — 2i,1)
X o1 (6n+k+6—2imn+k+6—2i+1;,-1)= Ms 1 nykt5-2i»
see [7, Subsection 9.10]. Then

min{n,k}

k- 1\ [k _
dk: Z <n—z><z>E(n’k’Z’O’_5’5)
=0
S e () (B 3 (1 7
= : k 1) Doz——14 7 n+k+6—2i+j
=0 =0
0 . min{n,k} ) )
_ 0—1+j .y n+k—i\ (k (—1)¢
_D91;§—1;< J >( b ; ( k ><i>n+k+(5—2i+j
> y min{n n n+k—30—j n i -1
— lim Z 6—14j i (—1) {n,k}+ +k’25 J +k;—6+y
]D)Bz—>—1j:0 j 2(min{n, k}+1) \min{n, k} ) \min{n,k}+1/ ~’

where we have applied Lemma 3.2 in the latter equality. The convergence
criterion as z — —1 is derived from the definition of M, , prior to Proposi-
tion 4.1. O
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REMARK 4.3. The above operators J5" are bounded on £? since they are
subordinated, through L'-functions, to the group (7),4,+s+1(t))icr which is
formed by bounded operators on £2. However, operators 7, ptv4s+1(t), t € R,
are not bounded on P, for p # 2 according to Theorem 2.4. Thus the fol-
lowing question is in order.

QUESTION. Are operators 5" bounded on (P for 1 <p < oo?

This question does not seem to be simple in view of the formulae in
Proposition 4.1 or Corollary 4.2.

We further illustrate this question with the case u =0, =1, v = —1.
For these values in J 5’” one obtains the operator 3(1)’_1 which, up to a con-
stant, corresponds to the Siskakis operator J given by

THe e L O[O

= d D.
1—2z 1 1+§ 57 #€

on HP(D); see [1] and [13]. By using the Taylor series of (14 ¢)~! in the
integral, then integrating and then dividing by (1 — z) one gets that, in terms
of sequences, the operator J corresponding to J is J: (ay) — (b,) where

o) k
1 .
k+1 ,
by = kE:n(—l) 1 jgzo(—l)]aj, n > 0.

Thus, since J is bounded on H?(D) [13], or by Proposition 4.1 above, we

have
2 1/2 o 1/2
)" of )

n=0

2 (—1)k+1 k

> E+1 >_(=Da;

k=n §=0

(>

n=0

We wonder if the inequality remains true if one changes exponents 2 and 1/2
by p and 1/p respectively, p # 2, in it, and replaces the (best) constant 2
with a suitable constant C,.

4.2. Hilbert matrix type operators on sequences. For u,v,0 € R,
let 57V be the weighted Hilbert type operator given by

v 00 51 e(u—i—l)t
57_]6 = 2 (1 4 et)5 TH+V_5+2 (t) dt.

PROPOSITION 4.4. Let min{p,v} > —1/2, min{é —pu,0 —v} > 1/2. Then
9" is a bounded operator on * with

max_ 207 'B(A+1/2,6 — A —1/2) < |95 |00,
Ae{p,v}
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<91 <2F1(57’7;::+ 1;-1) N 2F1(5,7;';+ 1;—1)> ’

where y =min{pu+1/2,0 —v—1/2} andy = min{v+1/2,6 —pu—1/2}, such
that

(4.1) (H5sf)(n)

for all n € Ny where, for k € Ny and 0 < j < min{n, k},

D(n,k,j, u,v,8) = (=1)"*B(n +k —2j +1,v+ 1)
X oFf(n+k+p+v—2j+2,v+1lin+k+v—2j+2;,-1)
+Bn+k—2j+1,u+1)
X oFin+k+p+v—2j+2,u+Lin+k+p—2j+2;—1).

PROOF. As regard the estimates for the norm of 535’”, note first that,
by Corollary 1.4, one has

() e(u—i—l)t
Myv—s542,1/2(t) dt

B e g < 26_1/
195 o252 < . (1+et)6€

5 0 p—tmax{—v—1/2,u—0+1/2} o0 otmax{r+1/2,6—p—1/2}
= 2071 / dt+/ dt
oo (1+ef) 0 (1+ef)
oo .0—7—1 00 0—y—1
([ e
(L Gt [ e
_ 5ol <2F1(57’Y5’Y +1-1) L 2R3 + —1)>
gl gl ’

where 7 and 7 are as in the statement and we have applied [7, Formula
3.194(2)] in the last step. So we conclude that the integral

[ ) T st d

converges in the Bochner sense for p, v, as in the statement, and obtain the
claimed upper bound for |95 ||;z_,¢2. For the lower bound of the norm we
just apply directly Proposition 1.3.
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As for the action of $5" on sequences we have, for f € ¢? and n € Ny,

00 min{n,k}
CATIORE A SRS D R [
k=0 =0 n=J J

y 00 e(l/—i—l)t (et _ 1)n+k—2j it
- (1 + et)nthtptr+2-25 70

with
0o e(z/+1)t(et _ 1)n+k—2j p
- (1 + et)n+k+u+u+2—2j ¢
1 _ o \ntk—2j
_ n+k v (1 il?)
_/0 ((=1) +at) (1 4 g)ntHhtutv+2-2) dx.
Then the formula of the statement follows by [7, Formula 3.197(8)]. O

REMARK 4.5. Take p=v =0 and § = 1 in the formula of $H5" on se-
quences. Since oFy(a,m;a,z) = oF1(m,a;a,2) = (1—2)~™, see [7, Formula
9.121(1)]), we have

1 ( )n+k+1

k,7,0,0,1
D(n, k. j. )= ok

Then by Proposition 4.4 we obtain

mln{n k}

00 > k )™t 41
(5177 l;)f 2 ( ><j>n+k—2]+1
0o mln{nk}
B e n+k—] k "R 41
_z;)f = (=1) J< ><j>n+k‘—2]+1
00 . mm{nk} _j j
XCICRTRIDY > ("0
B o . L (_1)min{n,k} B o 1_|_(_1)n+k
2 CICRC LI CUREED DR ()

where we have used Lemma 3.3 in the last-but-one equality. That is, the
operator 5’)?’0 is the so called reduced Hilbert matrix operator [1,2], whose
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corresponding integral formula on functions f in O(D) is

00: . [T F©)
Hy f(z).—/_ll_zgdg, z € D.

Thus we have by Proposition 4.4 that Jﬁ(l]’o is bounded on ¢?. Nonethe-
less, a better result is known: let H = $) be the Hilbert matrix operator
given by

1
(H5)(2) = /0 @) g Lep,

1—zw

or, alternatively, by

> 1
(ﬁf)(n)zgwrk“f(k) n € Ny,

for f € O(D) with Taylor coeficients (f(n))s2, (provide the integral con-
verges), see [3,4,10]. The Hilbert inequality tells us that $ is a bounded
operator on P for every 1 < p < oo, see [8]. Define the operator 2: O(D)
— O(D) given by (Qf)(z2) := f(—2). Then (®71Q®f)(n) = (—1)"f(n), for
n €Ny and f € ¢?> where ® is as in Section 2. It is readily seen that
7-[(1)’0 =H + QHS, whence it follows that

(BT F)(n) = (@' HYP D f)(n)

© _1\n+k
= (v + @ ama@oa)pm =Y 1O s,
k=0

for all n € Ny. In consequence, 5,)(1),0 extends from ¢ N /P to a bounded op-
erator from /? into itself.

Let us call the operator $5" given in (4.1) the generalized reduced
Hilbert matrix operator of indexes u, v, 4.

QUESTION. Is the operator Jﬁé’y bounded on (P for 1 <p < oo ¢

In other words, we wonder if there is a multiparameterized extension
of the classical Hilbert inequality for sequences which would apply to $ 5’”
in (4.1).
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