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Abstract
The development of inductive biases has been shown to be a very effective way to increase the accuracy and robustness
of neural networks, particularly when they are used to predict physical phenomena. These biases significantly increase the
certainty of predictions, decrease the error made and allow considerably smaller datasets to be used. There are a multitude
of methods in the literature to develop these biases. One of the most effective ways, when dealing with physical phenomena,
is to introduce physical principles of recognised validity into the network architecture. The problem becomes more complex
without knowledge of the physical principles governing the phenomena under study. A very interesting possibility then is to
turn to the principles of thermodynamics, which are universally valid, regardless of the level of abstraction of the description
sought for the phenomenon under study. To ensure compliance with the principles of thermodynamics, there are formulations
that have a long tradition in many branches of science. In the field of rheology, for example, two main types of formalisms
are used to ensure compliance with these principles: one-generator and two-generator formalisms. In this paper we study the
advantages and disadvantages of each, using classical problems with known solutions and synthetic data.

Keywords Thermodynamics-informed neural networks · Scientific machine learning · GENERIC · Single generator
formalism

1 Introduction

Since the recent re-emergence ofmachine learning after some
“artificial intelligence winters”, with neural networks and
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deep learning as major players, there has been a growing
interest in constraining or controlling such learning, mov-
ing from "black box" learning to "grey box" learning for
scientific machine learning purposes [1–3]. When learning
physical phenomena, the predictability and accuracy of the
results become a major requisite. The imposition of certain
mathematical or data structures, which allow us to establish
inductive biases on the learned systems, has given rise to the
development of different families of neural networks capable
of learning the physical evolution of a system from the data
to a great accuracy. Among them, Physics-Informed Neural
Networks (PINNs) stand out, in which the learning algorithm
tries to fit the solution to a known equation, defined by the
governing partial differential equation, from the data [4–8].
Taking advantage of the symmetries in the data, seen from a
thermodynamic perspective, and imposing a specific, well-
known structure on the evolution of its state variables of a
dynamic system, the Structure Preserving Neural Networks
(SPNN) and Hamiltonian Neural Networks (HNN), among
others, can be found in the literature [9–12]. The applica-
tion of structures or formalisms during the learning process
allows conservation laws (system symmetries) to be learned
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without direct supervision. These methods, which employ
inductive biases, have been shown not only to be able to learn
the dynamics of complex systems, ensuring the fulfillment of
basic laws of thermodynamics but also these constraints can
improve the robustness of the method during inference, lim-
iting the appearance of incoherent responses. A review of the
evolution of the integration of known physics—particularly,
thermodynamics—in neural networks can be found in [13].

These restrictions, however, do not always represent an
advantage during learning. There is a trade-off between
the expressiveness of a network, i.e., its ability to model
complex functions, and the learnability of a network, the
capability of a machine learning model to acquire knowl-
edge or improve its performance from data [14]. Completely
unrestricted (black box) networks represent the maximum
expressiveness of the network but are often unable to cap-
ture the underlying physics of the problem for previously
unseen situations, while by incorporating inductive biases,
the representativeness increases at the cost of compromising
the learning process.

From a physics perspective, different approaches have
been presented for the representation of the evolution of a
dynamical system out of equilibrium [15]. At the molecular
dynamics level, for instance, Newton’s laws (or their equiv-
alent Hamiltonian or Lagrangian alternatives) are sufficient
for the description of the system. At this scale, everything is
reversible or conservative. However, this entails the control
of position and momentum of a number of molecules of the
order of the Avogadro number at each instant of time, being
unfathomable except in very specific cases. Aswemove from
the microscopic to a meso and macroscopic description of
the system, tracking the state variables becomes intricate,
since unresolved variables play a role in the evolution of
the physics, thus introducing the dependence on history [16,
17]. This lack of information is generally associated with
a corrective term that allows us to go from an ideal system
(reversible) to a real system (irreversible) which is associated
with the generation of entropy of the system. In this sense,
the total energy of the system is conserved, as dictated by the
first law of thermodynamics.

Aconvenientway todefine thedynamics of non-equilibrium
systems is through a generalization of the Poisson bracket
with its extension for irreversible systems with the so-called
dissipative bracket [18–20]. This way of defining systems
compacts the main properties (invariants) by carefully defin-
ing the operators as well as considering Casimir invariants
as constraints in the system [21]. The choice of one set of
variables or another to represent the system can give rise to
different bracket formalisms derived from this generalization
of the Hamiltonian for non-conservative systems [22–24].

The level of compaction in the description of complex
dynamical systems together with the preservation of the
mathematical and thermodynamic properties of the system,

make these formalisms ideal for learning systems through
neural networks [12]. In this sense, structure-preserving
models have demonstrated better performance regarding the
use of black boxes, reinforcing the hypothesis of the benefit
of considering these structures to shape inductive biases in
data-driven models [7, 25, 26].

This paper analyzes the learning of different physical
phenomena through the imposition of two alternative for-
malisms, with a thermodynamically consistent structure,
widely used in the field of rheology, among other fields:
single generator bracket and double generator bracket [27].
Recently, more elaborated formalisms of this type have been
proposed that employ a 4-bracket formalism, but these, in
general, will hinder the learning process [28]. Both for-
malisms are mathematical structures for the description of
dynamics in non-equilibrium systems, in which reversible
mechanics is described by Hamilton’s principle of least
action and irreversible dynamics is a bilinear dissipation term
[22, 23]. The difference between the two structures analyzed
lies in the definition of the energy generator functionals.
While the single generator formalism defines a single genera-
tor,metriplectic systems, such asGENERIC, are definedwith
two generators, one associated with the reversible dynamics
and the otherwith the dissipative part [19, 29].Although there
are correlations between both formulations, and the trans-
formation from one formalism to another can be obtained
theoretically, the consideration of a generator or two estab-
lishes key differences that can be relevant during learning
processes. Thus, the objective of this paper is to examine
these differences and the advantages and limitations they
confer to develop structure-preserving Neural Network sys-
tems. The pros and cons of each of the formulations will be
analysed by considering two different problems, one discrete
and one continuous, after the appropriate discretisation by
means of finite elements. The different parameters affecting
the learningprocess are analysed in detail and conclusions are
drawn on the advantages and disadvantages of each method.

2 Methods

2.1 Single and double generator bracket formalisms

In 1984 different authors presented distinct, although very
similar in spirit, formulations for irreversible phenomena as
an extension of the classical Hamiltonian approach [18–20].
For instance, [21] starts by considering that equilibrium is
achieved by extremizing the energy at constant entropy,

Fλ = H + λS, (1)

being F the generalized free energy of the system, λ a
Lagrange multiplier, and where H and S, correspond to the
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Hamiltonian, and the entropy of the system, respectively. In
general, one form of introducing dissipation in the Hamil-
tonian description of a system is by adding a Casimir or
generalized entropy functional. Casimirs are functionals that
are conserved for all Hamiltonians. Therefore, by consider-
ing Casimirs, we can drop the Lagrange multiplier to arrive
at a very convenient description of the free energy of our
system in the form

F = H + S. (2)

Based on the generalized free energy, different descrip-
tions of the energy can be proposed which can be used to
define different bracket formalisms [11, 27, 30]. If we con-
sider a single energy potential, F , the free energy in the
system, the equations of motion for a set of state variables z
will be:

d z
dt

= {{z,F}}, (3)

where the double braces are employed to denote a dissipative
generalization of the Poisson bracket. Since any operator can
be split into the self-adjoint and anti-self-adjoint parts, we
arrive at

d z
dt

= {{z,F}} = {z,F} + [z,F]. (4)

By considering the description of the brackets [18], this
system can be written in the algebraic form with two opera-
tors, L and M as:

L : T ∗M → TM, M : T ∗M → TM, (5)

being T ∗M, and TM the cotangent and tangent bundles of
M, respectively. Equation (3) can thus be rewritten as [18]:

{{z,F}} = L
∂F
∂ z

+ M
∂F
∂ z

. (6)

The operator L is the symplectic or Poisson matrix—it
defines a Poisson bracket—, which is defined as a skew-
symmetric matrix. The operator M is the dissipative matrix,
defined as a positive semi-definite matrix [31].

By decomposing Eq. (6) into the Hamiltonian or conser-
vative energy,H, and the entropy, S, a two-generator bracket
can be defined as:

d z
dt

= {z, (H + S)} + [z, (H + S)], (7)

which also can be written as:

d z
dt

= L
∂(H + S)

∂ z
+ M

∂(H + S)

∂ z
. (8)

To ensure (i) conservation of the total energy dH/dt = 0,
and (ii) non-negative entropy production dS/dt ≥ 0, two
additional conditions must be fulfilled. Based on the defini-
tion of Casimir invariants C, [32]:

∂C
∂x

J
∂F
∂x

= 0,∀F , (9)

to ensure energy conservation we must impose that:

∂H
∂ z

M = 0, (10)

and, equivalently, to ensure non-negative entropy production,

∂S
∂ z

L = 0. (11)

In thisway, it is straightforward to prove that the conservation
of energy is obtained through

dH
dt

= ∂H
∂ z

(
L

∂H
∂ z

+ M
∂S
∂ z

)
= 0, (12)

provided that
∂H
∂ z

L
∂H
∂ z

= 0.

In turn, non-negative entropy production results from

dS
dt

= ∂S
∂ z

(
L

∂H
∂ z

+ M
∂S
∂ z

)
≥ 0, (13)

given that
∂S
∂ z

M
∂S
∂ z

≥ 0,

by the semi-positive definiteness of the matrix M.
By imposing these two degeneracy conditions on the dou-

ble generator formalismwe thus arrive at the so-called “Gen-
eral Equation for Non-Equilibrium Reversible-Irreversible
Coupling” formalism, GENERIC, as [31]:

∂ z
∂t

= {z,H} + [z,S]. (14)

Although the equivalence between the two formalisms is
demonstrated theoretically, the choice of one or the other
formalism has practical implications in the development of
methods that have to determine the particular structure of
the equations of motion of our system from data. In essence,
both formalisms will need to determine the particular form
of the matrices L and M, but one will also need to deter-
mine the form of a single potential, see Eq. (4), while the
second formalism uses two, see Eq. (14). In the latter case, it
will be necessary to explicitly require the fulfillment of the
degeneracy conditions by defining Casimirs of L, and M in
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their construction. This can be done due to the separation of
energy and entropy. While this can be done analytically in
both formalisms, due to themethodology of the training algo-
rithm, these Casimirs are not enforced in the single generator.
This is likely to result in a method with a more general struc-
ture, but subject to more constraints, and which will have
the undeniable advantage of the explicit imposition of the
two principles of thermodynamics (conservation of energy,
non-negative production of entropy) [22].

It is also well-known that a Poisson bracket must also
satisfy the so-called Jacobi identity [29]. While this is obvi-
ously true, this condition is in general extremely difficult to
guarantee a priori even for analytical developments. When
applied to neural networks architectures, on the contrary, it
may result in methods that have strong difficulties to learn.
In our previous works, we have demonstrated that it is very
often preferable to simple avoid an explicit imposition of this
condition [10, 31].

Our problem will then be defined as finding the precise
form of the evolution of the state variables of the system,
z, from experimental measurements on the system, given
predetermined initial conditions, z(0):

ż = d z
dt

= f (z, t), x ∈ � ∈ R
D, t ∈ I=(0, T ], z(0)= z0,

(15)

where x are the spatial coordinates on a domain �, and
f (x, z, t) being the function that describes the flow map
z0 → z(z0, T ) in a prescribed time horizon T . The use of
inductive biases will consist precisely in assuming that the
precise form of the function f sought will be either Eq. (4)
or Eq. (14).

For this purpose, both formalisms will be discretised in
time, so that

z(t + �t) = zt +
(
LS + MS

) ∂F
∂ z

�t, (16)

where S refers to the single generator bracket formalism, and:

z(t + �t) = zt +
(
LG ∂H

∂ z
+ MG ∂S

∂ z

)
�t, (17)

whereG stands for the double generator bracket orGENERIC,
for short, formalism. These will be omitted when there is no
risk of confusion. Note that the scheme in Eq. (16) resembles
closely the so-called OnsagerNet [11]. In that case, however,
the system is assumed to be close to equilibrium and matrix
M is assumed to be constant. It also includes an autoencoder
in its architecture so as to unveil the latent variables govern-
ing the problem. This approach is also present in [10], but
has not been considered here in order to keep the analysis as
simple as possible.

2.2 Thermodynamics-Informed Neural Networks

Neural networks are well known to satisfy the universal
approximation theorem, so the time evolution of the state
variables, assumed in the form given by Eq. (4) or by Eq.
(14), will be determined using feed-forward neural networks
(Fig. 1). The input of the network is formed by the state vector
of the system at each instant of time, z(x, t), while the output
of the net is taken as the parameters necessary for the recon-
struction of the integration formalisms, including L(x, t),
and M(x, t) operators, and the energy generators, F , in the
single generator formalism, and H and S, in the GENERIC
formlism. L, the symplectic matrix, is well-known to be
skew-symmetric. Therefore, it is more convenient to learn
a matrix l , such that L = l − lT . Conversely, M, the friction
matrix, is symmetric and positive semi-definite, so it is more
convenient to learn a matrix m such that M = mmT [31].
Moreover, the gradient of the potentials is computed from the
learned energy (scalar) by using the autograd function of
PyTorch.

The state of the variables of the system in the next time
step, zn+1 = z(x, t+�t) = z(x, (n+1)�t), is then obtained
by the integration with the reconstructed formalism, the cur-
rent state of variables, zn , and a fixed time step increment,
�t .

The loss function includes up to three contributions
depending on the integration formalism. The first term of
the loss function, the data loss,Ldata

n , enforces the agreement
of the predicted values of the variables to the reference val-
ues. The data loss, Ldata

n , compares the mean square error
between the predicted values, znetn , and the ground truth val-
ues, zGTn , throughout the time series, by employing the L2
norm.

Ldata
n =‖ zGTn+1 − znetn+1 ‖22 . (18)

A second term of the loss, the degeneracy loss Ldegen
n ,

enforces the fulfillment of the degeneracy conditions,

Ldegen
n =‖ L∇S ‖22 + ‖ M∇H ‖22, (19)

A third term of the loss, the regularization loss, Lreg, is
considered to avoid the overfitting of the network, which
is defined as the sum of the squared weight parameters of the
network.

Lreg =
L∑
l

n[l]∑
j

n[l+1]∑
i

(w
[l]
i, j )

2, (20)

where l is the index of the current network layer and w[l]
is the weight matrix of this same layer. n[l] represents the
number of neurons at layer l ∈ [1, L].
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Fig. 1 Configuration scheme of
the Structure Preserving Neural
Network (SPNN) employed to
learn single generator a and
GENERIC b formalisms. The
input parameters of the net are
the state of the system, z(x, t),
at each time step. The output of
the net includes the energy F ,
H, and S, as well as the m, and
l components needed to
reconstruct the formalism. The
integration of the formalism
gives the state of the system at
the next time step z(x, t + 1).
Then, the Data error and the
degeneracy conditions are
computed to define the loss of
the net

Then, the global loss function is the sum of the con-
tributions of the loss functions just considered. Due to
the differences in the magnitude of each term in the loss,
compensation weights were considered for the data and reg-
ularization losses,

L =
NT∑
n=1

(
λdLdata

n + Ldegen
n

)
+ λrLreg, (21)

where λd , and λr were the data, and the regularization weight
compensation hyperparameters, respectively. NT represents
the number of snapshots in each simulation.

Based on the loss thus obtained, the parameters of the
net (weights and biases) are updated through the backprop-
agation algorithm with the gradient descent technique. This
process is repeated for the fixed number of epochnepoch, with
a multistep learning rate scheduler with a decaying factor in
1/3nepoch, and 2/3nepoch.

The training database was composed of the time series
(t ∈ I(0, T ]) of a collection of different trajectories of
the dynamic systems. The trajectories of the database were
divided into training (Ntrain = 80% of the dataset) and test
data (Ntest = 20% of the dataset).

The performance of the network is evaluated based on the
predicted state of the variables of the system by comparing
them with the ground truth values by calculating the mean
square error (MSE) for all trajectories, and throughout all the
time series, for every variable in the problem,

MSEdata(z) = 1

NT

NT∑
n=1

(
zGTn − znetn

)2
. (22)

The pseudocode of the training and test methods for the sin-
gle generator bracket are presented in Algorithm 1 and 2,
respectively, while the pseudocode of the training and test
for the GENERIC formalism can be seen in Algorithm 3 and
4, respectively.

Algorithm 1 Pseudocode for the training algorithm of the
single generator bracket SPNN
Load train database: zGT(train partition), �t ;
Initialize wi , bi ;
for epoch ← 1 to nepoch do

for train case ← 1 to Ntrain do
Initialize state vector: znet0 is zGT0 ;
Initialize losses: Ldata = 0;
for snapshot ← 1 to NT do

Forward propagation: [l,m,F] ← Net(zGTt );
Take the Energy gradient (autograd of PyTorch): ∇F ←

∇zF ;
Formalism construction: L ← l − lT , M ← m.mT ;
Time integration znett+1 ← znett + �t(L + M)∇F ;
Update data loss Ldata ← Ldata + Ldata

n ;

Update degeneracy loss Ldegen ← Ldegen + Ldegen
n ;

end for
SSE loss function: L ← λdLdata + λrLreg

Backward propagation;
Optimizer step;

end for
Learning rate scheduler;

end for

Algorithm 2 Pseudocode for the test algorithm of the single
generator bracket SPNN
Load test database: zGT(test partition), �t ;
Load network parameters;
for test case ← 1 to Ntest do

Initialize state vector: znet0 is zGT0 ;
for snapshot ← 1 to NT do

Forward propagation [l,m,F] ← Net(zGTt );
Formalism construction: L ← l − lT , M ← m · mT ;
Take the Energy gradient (autograd of PyTorch): ∇F ← ∇zF ;
Time integration znett+1 ← znett + �t(L + M)∇F ;

end for
Compute MSE;

end for
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Algorithm 3 Pseudocode for the training algorithm of the
GENERIC SPNN
Load train database: zGT(train partition), �t ;
Initialize wi , bi ;
for epoch ← 1 to nepoch do

for train case ← 1 to Ntrain do
Initialize state vector: znet0 is zGT0 ;
Initialize losses: Ldata,Ldeg = 0;
for snapshot ← 1 to NT do

Forward propagation: [l,m,H,S] ← Net(zGTt );
Take the Energy gradient (autograd of PyTorch): ∇H ←

∇zH,∇S ← ∇zS;
Formalism construction: L ← l − lT , M ← m · mT ;
Time integration znett+1 ← znett + �t(L∇H + M∇S);
Update data loss Ldata ← Ldata + Ldata

n ;

Update degeneracy loss Ldegen ← Ldegen + Ldegen
n ;

end for
SSE loss function: L ← λdLdata + Ldegen + λrLreg

Backward propagation;
Optimizer step;

end for
Learning rate scheduler;

end for

Algorithm 4 Pseudocode for the test algorithm of the
GENERIC SPNN
Load test database: zGT(test partition), �t ;
Load network parameters;
for test case ← 1 to Ntest do

Initialize state vector: znet0 is zGT0 ;
for snapshot ← 1 to NT do

Forward propagation [l,m,H,S] ← Net(zGTt );
Formalism construction: L ← l − lT , M ← m · mT ;
Take the Energy gradient (autograd of PyTorch): ∇H ← ∇zH,

∇S ← ∇zS;
Time integration znett+1 ← znett + �t(L∇H + M∇S);

end for
Compute MSE;

end for

3 Numerical results

3.1 Double thermoelastic pendulum

3.1.1 System description

The first example considers a double thermoelastic pen-
dulum, which consists of two masses,m1 andm2, connected
by two springs with natural lengths λ01, and λ02 (Fig. 2) [33].
This model includes thermal effects due to the Gough-Joule
effects, including the heat flux between springs (dissipative
dynamics), andmovements ofmasses (Hamiltonianmechan-
ics). The set of variables which describe the system are:

S = {Z(x, t) = (q1, q2, p1, p2, s1, s2)

∈ (R2 × R
2 × R

2 × R
2 × R × R)}, (23)

Fig. 2 Double thermo-elastic pendulum system

being, qi , pi , and si the position, linear momentum, and
entropy of each mass of the system.

The total energy of the system is defined by the sum of
the kinetic energy of the masses, Ki , and the internal energy
of the springs, ei , as:

E(z) =
∑
i

(Ki (z) + ei (λi , si )) , (24)

being λi defined by the position of the masses as:

λ1 = √
q1.q1, λ2 = √

(q2 − q1) · (q2 − q1), (25)

and the kinetic energy, Ki , as:

Ki = 1

2mi
| pi |2. (26)

3.1.2 Net hyperparameters and database

A thermodynamically consistent algorithm following [33]
and implemented in MATLAB has been employed to gen-
erate the training database. The parameters associated with
the generation of the synthetic data include the weights of
the masses m1 = 1 kg and m2 = 2 kg, the natural lengths
of the springs, λ1 = 2 m and λ2 = 1 m, and the thermal
constant C1 = 0.02 J and, C2 = 0.2 J, of the first and sec-
ond pendulum, respectively (see Fig. 2). The conductivity is
κ = 300 and the simulation time is T = 60 s in time incre-
ments of �t = 0.3 s (Nt = 200 snapshots). The database,
state vector Z(x, t), Eq. (23), contains Nx = 50 different
trajectories, split randomly into 40 train and 10 test trajec-
tories. Each trajectory has been obtained with mean initial
conditions around the initial position of q1 = [4.5, 4.5]T
m, and q2 = [2.0, 4.5]T m, and initial momentum of
p1 = −0.5, 1.5]T kg.m/s, and p2 = [1.4,−0.2]T kg.m/s
(variations of 5% around the mean initial position of q1, and
p1 have been simulated for 20 s to take the initial positions).
The net is composed of an input layer, Nin = 10, and an

output layer, whose size depends on the chosen formalism,
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as NG
out = N 2

in + 2 = 102 and NS
out = N 2

in + 1 = 101, for
GENERIC and single generator bracket, respectively. The
number of hidden layers in both cases is Nhidden = 5 with
softplus function activation and with Nh = 2N 2

in = 200
units of neurons each. It is initialized according to the Kaim-
ing method [34], with normal distribution, and the optimizer
used is Adam [35], with a weight decay of λr = 10−5 and
data loss weight of λd = 102. A total number of epochs
of Nepoch = 12000, with a multistep learning rate sched-
uler, is used, starting in μ = 10−4 and decaying by a factor
of γ = 0.1 in epochs 4000, and 8000 (1/3.Nepoch, and
2/3.Nepoch, respectively). The evolution of the terms of data
loss, Ldata, and degeneracy loss, Ldegen, have been repre-
sented in Fig. 3.

3.1.3 Results

The state variables znetn , obtained at each time increment n,
from the reconstruction of the system with each formalism
show a good degree of coherence with the synthetic ground
truth data, zGTn (see Figs. 4, 5). In both cases, the entropy
variables show the highest error during the reconstruction.
The comparison between the errors obtained in the recon-
struction of the data does not show a significant difference
between both formalisms (Fig. 6a). In the ground truth case,
the error obtained in the train by the single generator formal-
ism is lower than that obtained by the GENERIC formalism.
However, GENERIC shows less error in the reconstruction
of the test, previously unseen trajectories.

To compare the thermodynamic consistency of both for-
malisms, the energy reconstructed with the predicted values
of the state variables,H(znetn ), with the GENERIC and single
generator formalisms are compared to the real energy calcu-
lated from the system variables, H(zGTn )) through Eq. (24).
The error for the theoretical energy of the system has been
represented in Fig. 6b.

3.2 Couette flow of an Oldroyd-B fluid

3.2.1 System description

The second example is anOldroyd-Bfluidwithin a shear flow
(Couette flow), which can be modeled as a viscoelastic fluid
composed of a series of linear elastic dumbbells (represent-
ing, for instance, the effect of polymer chains) immersed in a
solvent [36, 37]. The dynamics of this system can be obtained
from both, a macroscopic and microscopic perspective. The
chosen set of variables to describe the system are (Fig. 7):

D = {z(y, t) = (q, v, e, τ ) ∈ (R2 × R × R × R)}, (27)

being, q, and v, the position and velocity vectors, e, the
internal energy, and, τ the stress-shear component of the con-
formal tensor.

These parameters arise from the solution of the problem in
two different scales. The macroscopic solution of the prob-
lem can be obtained through the Fokker-Plank equation, by
applying the CONNFFESSIT technique, and by its transfor-
mation into the Itô stochastic differential equation as [38,
39]:

dqx =
(

∂v

∂ y
qy − 1

2We
qx

)
dt + 1√

We
dVt , (28)

dqy = − 1

2We
qydt + 1√

We
dWt , (29)

being v = [vx , vy]T , and q = [qx , qy]T , the velocity and
position vectors, We, the Weissenberg number, and Vt and
Wt are two independent one-dimensional Brownianmotions.
Under the assumption of the Couette Flow, the dependencies
of the positions are given by qx = qx (y, t) and qy = qy(t).
The solution of this equation can be obtained byMonte Carlo
techniques, considering the empirical mean to replace the
mathematical expectation.

In themicroscopic scale, the evolution of the conformation
tensor c = 〈r r〉, describes the state of the dumbbells through
the expected τxy component of this tensor. This acts as an
internal variable in the system and is given by:

τxy = ε

We

1

K

K∑
k=1

qxqy, (30)

being ε = νp
νs
, the ratio of the polymer to solvent viscosities,

and K the number of dumbbells in the simulation.
For its part, the viscoelastic behavior of the model can be

defined by themechanical model of the solvent (s), as a New-
tonian substrate, and polymer chains (p), as linear dumbbells
diluted in the substrate. Thus, the deviatoric part, T , of the
stress tensor, σ , is defined as:

T + λ1
∇
T= η0

(
γ̇ + λ2

∇
γ̇

)
, (31)

being, λ1, λ2, and, η0, parameters of themodel, γ̇ is the strain
rate tensor, given by γ̇ = (∇sv) = D, and where the triangle
denotes non-linear Oldroyd upper convected derivative [36].

Then, the total stress is given by the stress in the solvent
(s) and polymer (p), given by:

T = ηs γ̇ + τ , (32)

so that

τ + λ1
∇
τ= ηpγ̇ , (33)
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Fig. 3 Loss representation in training for GENERIC a and single generator b formalisms (Log scale). The loss function of the GENERIC includes
data loss, Ldata, and degeneracy loss Ldegen, while the only contribution on the single generator is the data loss, Ldata

Fig. 4 Results of the reconstruction of the double thermo-elastic pendulum system. Test trajectory (Ground Truth, GT) and the reconstruction of
the double thermo-elastic pendulum using time integration with GENERIC formalism
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Fig. 5 Results of the reconstruction of the double thermo-elastic pendulum system. Test trajectory (Ground Truth, GT) and the reconstruction of
the double thermo-elastic pendulum using time integration with single generator formalism

Fig. 6 Results of the Net. a
MSE error in the system
variables, obtained by the single
generator and GENERIC
formalisms. b Error in the
reconstruction of the energy (H)
of the train and test trajectories
calculated from the system
variables
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Fig. 7 Couette flow in an Oldroyd-B fluid

which is the constitutive equation of the elastic stress.

3.2.2 Net hyperparameters and database

A dimensionless multi-scale algorithm implemented in
MATLAB has been employed to generate the training
database. The parameters associated with the generation of
the synthetic data include the lid velocity, V = 1 m/s, the
number of dumbbells at each node of the model, Nd =
10000, the number of Reynolds, Re=0.1, and Weissenberg,
We= 1.0. The fluid vertical direction has been discretized
with Nx = 100 nodes, and the simulation time is T = 1 s
in time increments of �t = 0.0067 s (Nt = 150 snapshots).
At the node at h = H a condition of no-slip conditions has
been imposed (v = 0 m/s), therefore, it has been excluded
from the database. The database state vector z(y, t), Eq. (27),
contains Nz = 100 trajectories, split into 80 training and 20
test trajectories.

The net is composed of an input layer, Nin = 5, and
an output layer, depending on the training Formalism, of
NG
out = N 2

in + 2 = 27 and NS
out = N 2

in + 1 = 26, for
GENERIC and single generator formalisms, respectively.
The number of hidden layers in both cases is Nhidden = 5
with Softplus function activation and with Nh = 2N 2

in = 50
units of neurons each. It is initialized according to the Kaim-
ing method [34], with normal distribution, and the optimizer
used is Adam [35], with a weight decay of λr = 10−5 and
data loss weight of λd = 102. A total number of epochs of
Nepoch = 6000, with a multistep learning rate scheduler,
is used, starting in μ = 10−4 and decaying by a factor
of γ = 0.1 in epochs 2000 and 4000 (1/3.Nepoch, and
2/3.Nepoch, respectively). The evolution of the terms of data
loss,Ldata, and degeneracy loss,Ldegen, has been represented
in Fig. 8.

3.2.3 Results

The evolution of the state variables of the model, recon-
structed by the GENERIC, and single generator, has been

represented in Fig. 9a, b, respectively. Even though the capac-
ity of the net is lower than in the previous example, the
obtained reconstruction shows at least one order of mag-
nitude less error than in the previous system (Fig. 10). The
results show a lower error for the reconstruction of the state
variables in the single generator than in the GENERIC case.
Likewise, a lower error is observed in the test than in the
train, which can be attributed to specific trajectories close
to the limits (x = 0). The MSE error in the energy (inter-
nal energy of the system, e) shows better performance of the
single generator than in the GENERIC formalism (Fig. 10b).

4 Discussion

The inductive bias introduced when learning the different
systems through the enforcement of well-known physics for-
malisms introduces interesting characteristics that are worth
commenting on. We would like to point out that a compari-
son with a black box algorithm has not been made, since this
has already been done with the GENERIC formalism in [31].
In all the cases studied, GENERIC improved the results by
about an order of magnitude.

In the example of the thermo-elastic double pendulum,
both formalisms show very similar system reconstruction
errors, with less error obtained by GENERIC. On the con-
trary, in the Oldroyd-B fluid example, the single generator
formalism reports the best results. These differences can be
attributed to the differences between the two systems ana-
lyzed. Since the double pendulum is a chaotic system, the
trajectories within the database can be much more different
from each other than those observed in the Couette flow.

By comparing the energy of the system, computed from
the reconstructed variables of the system (H(znetn )), with the
ground truth energy (H(zGTn )), less error has been observed in
the single generator than in the GENERIC case, evenwithout
the conservation of energy being explicitly restricted, see
Fig. 6b.

For comparison and application of these formalisms in
learning the structure of a system through neural networks,
it is important to understand the advantages and limitations
they may present. The single generator structure, with fewer
restrictions than GENERIC, has therefore a higher expres-
siveness, while the GENERIC structure, by the separation
of the energy generators, is more representative, in the sense
that it allows for an explicit imposition of the laws of ther-
modynamics. However, this comes at the cost of including
a new hyperparameter in the loss function. This hyperpa-
rameter can increase the weight to one part of the problem
or another: reconstruction of the data, or imposition of ther-
modynamic correctness. In this sense, forcing a very strict
imposition of thermodynamics can make it difficult to find
the solution to the problem, which, in part, responds to the
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Fig. 8 Loss representation for
the Couette flow in the Oldroyd
Fluid system, for GENERIC a,
including data loss, Ldata, and
degeneracy loss Ldegen, and
single generator b whose only
contribution is the data loss,
Ldata (Log scale)

Fig. 9 Test trajectory
reconstruction of the Couette
flow in an Oldroyd fluid with
GENERIC a and single
generator bracket b formalisms
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Fig. 10 Box plots for the data
integration mean square error
(MSE) a, and the energy
(Hamiltonian) mean square
error b, for the Couette flow in
an Oldroyd fluid

observed advantage of the single generator over GENERIC.
On the contrary, the degeneracy conditions can be seen as
additional information available to the network to find the
solution space for the problem.

Due to the simple time integration scheme (forward
Euler), small errors obtained in the integration of the vari-
ables cause a magnification of the successive error. Thus,
by increasing the number of snapshots in the database, the
error of the reconstruction of the state variables increases,
see Figs. 11a and 12a. Besides, by increasing the number
of trajectories in the database, the generalization of the net
is improved which decreases the error of the reconstruction
of the state variables, see Figs. 11b and 12b. Moreover, we
observed that an increase in the number of train trajecto-
ries promotes thermodynamic consistency in GENERIC, see
Appendix 5 and Fig. 16.

For the case of the Couette flow in the Oldroyd-B fluid,
the variation of theRe andWe numbers have been studied. As
Re andWe change, the relative importance of the dissipative
and reversible dynamics of the example is varied. It has been
observed that the behavior of both formalisms differs, with
GENERIC showing better behavior for weakly dissipative
dynamics (Appendix 5, Fig. 17). Thus, GENERIC seems to
be more advisable with dynamics including low dissipative
content, while the single generator scheme shows a clear
advantage with higher dissipative dynamics.

The results obtained with both formalisms are dependent
on the hyperparameters of the network. The value of the
learning rate seems to be the most critical parameter for the
GENERIC formalism. With values of lr ≥ 1e − 3, for the
case of the double thermo-elastic pendulum, the network can
stagnate in a local minimum for which the dissipative com-
ponent is the trivial solution M = 0. For its part, the single
generator seems to show a higher dependence on the network
capacity and the training process, being unable to reconstruct
some trajectories (test, but also train) with a low capacity, and
a low number of training epochs. At the same time, its depen-
dence on the data to generalize the solution means that, as
the number of training trajectories in the database is reduced,
the single generator error increases and vice versa. Thus,

GENERIC showsmore stable behavior andhigher robustness
to the conditions of the database and the hyperparameters of
the network.

5 Conclusion

Both formalisms show high accuracy in the results, being
coherent with the laws of thermodynamics. Even when con-
sidering a single generator, where the imposition of these is
not explicit, the energy, computed by post-processing, shows
a good degree of conservation. Although the single genera-
tor formalism indeed seems to yield better results in general
terms, with lower computing costs (less training time), the
stability of the predictions depends largely on the adequate
adjustment of the network hyperparameters. Thus, the effect
of the different hyperparameters, including learning rate,
number of training epochs, and neurons in hidden layers,
as well as differences in the database have been compared in
the reconstruction of the systemwith both formalisms. In this
sense, decreasing the capacity of the network (fewer units per
hidden layer) limits the network’s ability to generalize and
prevents the reconstruction of some trajectories with the sin-
gle generator formalism. Besides, reducing the learning rate
to lr = 1e− 4 within the single generator paradigm requires
increasing the number of training epochs to be able to recon-
struct the solution. This is not observed in the GENERIC
formalism, which, maybe supported by the degeneracy con-
ditions, shows higher robustness in the reconstruction of the
trajectories in every tested example.

For its part, the structure in the GENERIC formalism
is more representative since it separates the dynamics into
two independent terms. This can be seen as an advantage
but also can imply some limitations. As the energy gener-
ators were defined separately, the thermodynamic laws can
be imposed explicitly by the degeneracy conditions. How-
ever, this implies the addition of an extra term on the loss
function, which needs to be compensated with the data loss
with an extra hyperparameter λd . An additional limitation
of the GENERIC formalism is derived from the separation
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Fig. 11 Box plots for the test
data integration mean square
error (MSE) for the double
thermo-elastic pendulum. a
Increasing the number of
snapshots (decrease in the step
time) increases data error which
is associated with the integration
method. b Increasing the
number of trajectories in the
database improves the
generalization of the network
which highly reduces the error

Fig. 12 Box plots for the test
data integration mean square
error (MSE) for the Couette
flow in an Oldroyd-B fluid. a By
increasing the number of
snapshots (300, 200, and 50
snapshots), the error obtained
increases. b By increasing the
number of points (400, 200, and
50 discretized points), the error
obtained significantly decreases

of energy generators. This separation into two independent
terms can guide the learning process to a solution in which
one of these energy potential generators is no longer relevant
(trivial solution with M∇S = 0) and the entire weight of the
dynamics of the problem is learned through the other term
of the formalism.

Some of these conclusions depend on the adjustment of
various hyperparameters of the network and the physics of
the particular example studied. In this work, we have tried
to simplify all this content to focus on a clear answer to the
main question: single generator or GENERIC for learning
physics? In this sense, there is no definitive winner with con-
clusive arguments. Both formalisms seem to be equivalent—
something already demonstrated in the literature—. The
addition of degeneracy conditions acts as an additional data
term to obtain the solution space of the system. Moreover,
the degeneracy conditions provide higher robustness to the
model, allowing for a better generalization and lower errors
with fewer data samples, in chaotic systems, and lower net-
work capacity (number of neurons). For its part, the single
generator formalism has shown to be capable of learning, to a
certain extent, these implicit restrictions in the system, report-
inggenerally less error in the systemvariables reconstruction,
with less computational cost, but with a high dependence on
the adjustment of the network’s hyperparameters. Thus, as
was exposed by B. Edwards et al. in their analysis of com-
plex fluids, even though both formalisms can reconstruct the
dynamics of different complex systems, the description of
the energy through the double generator with the GENERIC

structure (separated Hamiltonian and entropy) is more natu-
ral and reports some benefits in the description of dissipative
dynamics [22, 23].

Appendix A. Influence of hyperparameter
values

The effect of different hyperparameters in the reconstruc-
tion of the system with the GENERIC and single generator
formalisms has been analyzed. The single generator shows
a high sensibility on the hyperparameters of the net as

Fig. 13 Box plots for the data test integrationmean square error (MSE).
Effect of increasing the number of training epochs in GENERIC and
single generator bracket formalisms
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comparedwithGENERIC.Lowcapacity networks and insuf-
ficient training epochs make the single generator approach
to be unable to reconstruct the state variables of the double
thermo-elastic pendulum. For its part, the thermodynamic
consistency of GENERIC shows a stronger dependence on
the choice of an appropriate learning rate value. We detail
the effect of these values in the following sections.

Training epochs

Generally speaking, as the number of training epochs is
increased, the reported error of the net is reduced. This
tendency, on the limit, will contribute to the net overfit-
ting, which reduces the generalization of the forecasts and
increases the error in the test trajectories. We have compared
the effect of the increase of the maximum training epochs in
the double pendulum example, by training both formalisms

Fig. 14 Box plots for the data integration mean square error (MSE),
with initial learning rates of lr = 1e − 3, and lr = 1e − 4 for the
GENERIC and single generator bracket formalisms

Fig. 15 Box plots for the data test integration mean square error (MSE)
in the double thermo-elastic pendulumsystem.Effect of the net capacity,
number of neurons on hidden layers, forGENERIC and single generator
bracket formalisms. As the capacity of the net increases, the MSE on
the reconstructed trajectories is reduced

with Nepoch = 3000, Nepoch = 6000, and Nepoch = 12000.
As observed in Fig. 13, in general, for both formalisms, the
error on the state variables reconstruction is reduced as the
number of training epochs increases. However, for the max-
imum number of epochs considered in GENERIC, the error
is increased. As observed in detail in the reconstruction of
the model by Eq. (17), the increase of the maximum epoch
moves the solution to a local minimum (trivial solution with
M = 0) which reduces the generalization of the problem
and increases the test error. This seems to indicate that the
system solution encounters a “cliff” point, and the use of
a high learning rate causes it to systematically move away
from the solution. If we look at Fig. 3, we can see a first
region where the term associated with the data in the loss
function decreases continuously but fluctuates in the term
associated with the degeneracy conditions, which denotes
a complicated balance between these two contributions in
the Loss function. This problem is solved by decreasing the
learning rate to lr = 1e − 4.

Learning rate

The effect of different learning rates has been studied
in the reconstruction of the double pendulum system with
the GENERIC and single generator formalisms (Fig. 14).
The error in the variables reconstruction represented shows
a worsening in the error for both formalisms, much more
significant in GENERIC. Then, the single generator with
a learning rate of lr = 1e − 3 reports a lower error than
GENERIC. Additionally, for the same learning rate value,
GENERIC has reported falling into a local minimum (trivial
solution M = 0) that has no physical meaning which can-
not be considered valid from the perspective of this work.
However, for the different learning rates studied (1e − 2,
1e− 3, 1e− 4, and 1e− 5), single generator only was capa-
ble of reconstructing the test trajectories for the represented
learning rates and at the cost of an increase in the number of
training epoch in case of lr = 1e − 4 (from 6000 to 12000).
Thus, in terms of stability in the solution, the robustness of
the GENERIC formalism against the single generator must
also be assessed, the latter being much more susceptible to
failure.

Number of neurons per hidden layer

By increasing the number of neurons in hidden layers, both
formalisms reduce themean square error on the reconstructed
system variables (Fig. 15). However, a high dependency
on the network capacity has been observed for the single
generator formalism. While the GENERIC formalism can
reconstruct the trajectories even with 20 neurons in the hid-
den layer, the single generator is not able to reconstruct some
trajectories with less than 50 neurons. If the learning rate is
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decreased to 1e-4, the single generator reports an error in the
reconstruction of the variables with less than 200 neurons in
the hidden layer.

Appendix B. Influence of data in the learning
process

Amount of data

The training database plays a key role in the learning pro-
cess of the system. The quantity and diversity of the data
are crucial to allow adequate learning with sufficient gen-
eralization. Thus, we analyzed the effect of increasing the
database in both formalisms and for both examples (double
thermo-elastic pendulum and Couette flow in an Oldroyd-B
fluid).

By increasing the number of snapshots (decreasing the
time step increment) a data augmentation is obtained. More-
over, the increase in the number of snapshots increases the
number of integration points in the reconstruction of the
system. Thus, even though the increase of snapshots will

decrease the error of the net at each step of integration com-
paredwith the case of reference, the effect of the accumulated
errors at each integration step will increase the error obtained
(Fig. 11a, 12 a). However, in a detailed view of the learned
system, the increase in the number of snapshots benefits
the thermodynamic consistency of the learned system. Thus,
the learned energy generators, the Hamiltonian, H, and the
Entropy, S, in GENERIC, and, the free energy, F in the sin-
gle generator, have been represented in Fig. 16. The energy
conservation principle imposed in GENERIC implies that
Ḣ = 0, which is better fulfilled for smaller time increments,
as expected.As the number of snapshots increases, the results
for theGENERIC formalism tend to converge to this imposed
condition.

The double thermo-elastic is a chaotic system, thus
increasing the number of trajectories in the database will
introduce additional information on the solution space of the
system. In the case of the Oldroyd-B fluid Couette flow, the
increase in the trajectories is achieved by considering extra
points in the discretization in the vertical direction of the
model. In this sense, as the number of trajectories in the
database increases, the error of the reconstruction of the vari-

Fig. 16 Plot of the learned energy generators inGENERIC (H, andS) and single generator bracket (F) for different runs of the double thermo-elastic
pendulum. Increasing the number of snapshots improves thermodynamic consistency in GENERIC formalism
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Fig. 17 Box plots for the data
integration mean square error
(MSE). a Errors corresponding
to Re = 0.1 and increasing
values for We number
(We = 1.0, We = 1.5, and
We = 2.5). b Errors
corresponding toWe = 2.5 and
increasing values for Re number
(Re = 0.1, Re = 0.4, and
Re = 0.8)

ables of the system is reduced in both formalisms and for both
analyzed systems (Fig. 11b, 12 b).

Influence of the physics

Different Reynolds, Re and Weissenberg, We numbers have
been used in the generation of Couette flow databases in the
Oldroyd-B fluid, to analyze the contributions of dissipative
and conservative effects in the training of the two formalisms.
AsWe increases, the elasticity of the system increases, which
in turn decreases the relative importance of viscous effects
and the dissipative effects. On the contrary, asRe is increased,
the internal energy of the system increases which can be
associated with the increase in the Hamiltonian. The effect
of the variation of the We number is different in both mod-
els. Increasing We in GENERIC increases the error, while
a reduction in the error is observed in the single generator
formalism (Fig. 17a). However, for the minimum We value
studied, GENERIC reports a lower error than the single gen-
erator. On the other hand, as Re is increased, the errors of
both grow but not to the same extent, the effect on GENERIC
being smaller, Fig. 17b. The tendency of the errors for both
formalisms seems to imply that a higher increase in the Re
number will eventually cause GENERIC to equal or improve
the results of the single generator.

Whether due to the dissipative effect reduction or an
increase in the conservative effect, the relationship between
the conservative and dissipative effect seems to play a key
role in the differences in the behavior of both formalisms.
As the system becomes more dissipative the single gener-
ator seems to report better results. On the contrary, as the
system becomes conservatively dominated (reduced S/H)
the GENERIC reports better results. This can be justified by
the separation of both energy generators and the degeneracy
conditions in GENERIC, which gives support to learning the
dissipative dynamics of the system even when their contri-
bution is reduced. Besides, given that in single generator the
energy generators are not separated, a reduction in dynamics
can be diluted and lose relevance compared to the conser-
vative part, increasing the error to a greater extent than in
GENERIC in systems with a low dissipative component.
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