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Abstract. Cold dark matter axions produced in the post-inflationary Peccei-Quinn symmetry
breaking scenario serve as clear targets for their experimental detection, since it is in principle
possible to give a sharp prediction for their mass once we understand precisely how they are
produced from the decay of global cosmic strings in the early Universe. In this paper, we
perform a dedicated analysis of the spectrum of axions radiated from strings based on large
scale numerical simulations of the cosmological evolution of the Peccei-Quinn field on a static
lattice. Making full use of the massively parallel code and computing resources, we executed
the simulations with up to 112643 lattice sites, which allows us to improve our understanding
of the dependence on the parameter controlling the string tension and thus give a more
accurate extrapolation of the numerical results. We found that there are several systematic
effects that have been overlooked in previous works, such as the dependence on the initial
conditions, contaminations due to oscillations in the spectrum, and discretisation effects,
some of which could explain the discrepancy in the literature. We confirmed the trend that
the spectral index of the axion emission spectrum increases with the string tension, but did
not find a clear evidence of whether it continues to increase or saturates to a constant at larger
values of the string tension due to the severe discretisation effects. Taking this uncertainty
into account and performing the extrapolation with a simple power law assumption on the
spectrum, we find that the dark matter mass is predicted in the range of ma ≈ 95–450µeV.
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1 Introduction

A network of global cosmic strings forms in the early Universe by the Kibble mechanism [1]
when a global continuous symmetry is spontaneously broken [2]. Explicit breaking of the
symmetry may eventually lead to the formation of domain walls, which triggers the destruc-
tion of the network [2], a domain wall problem [3] or interesting late Universe phenomenology,
e.g. [4, 5]. In any case, the networks can have very spectacular consequences in cosmology.
Global string networks can trigger structure formation [2], explain the baryon asymmetry
through leptogenesis [6, 7], lead to the formation of primordial black holes [8–12], and, per-
haps most importantly, produce the cold dark matter (CDM) [13, 14].

The axion appears as a pseudo Nambu-Goldstone boson of the breaking of the Peccei-
Quinn (PQ) symmetry invoked to solve the strong CP problem [15–18]. The main parameter
of the axion theory is the decay constant, which suppresses its couplings to matter and its
mass as ∼ 1/fa. Laboratory experiments and astrophysics have excluded values fa ≲ 108

GeV (corresponding to ma < 0.1 eV) and a band around ma ∈ 10−12 ∼ 10−11 eV. See the
recent Particle Data Group (PDG) review [19] and recent ones about axion models [20] and
experimental searches [21]. In the unexplored parameter space, the axion is an excellent
candidate for the CDM of the Universe.

The most remarkable aspect of axions as CDM is that despite their minute couplings to
the Standard Model particles, there are feasible experimental techniques to detect them in al-
most all remaining parameter space. See for instance,1 oscillating EDMs with CASPER [25],
DM radio [26], cavity haloscopes such as ADMX [27] and CAPP [28], dielectric haloscopes
as MADMAX [29], plasma haloscopes as ALPHA [30], and dish antennas as BRASS [31]
or BREAD [32]. But most of these techniques heavily rely on coupling a resonator to the
very coherent local dark matter axion field, which would today oscillate in a frequency band
δω/ω ∼ 10−6 with ω ∼ ma. Since we do not know the axion mass, we need to tune our devices
to different resonance frequencies until the axion signal is picked. In practice, this scanning
process slows down current axion experimental search prospects to an octave (a factor ∼ 2)
in frequency a year. In this sense, it would be extremely advantageous if we could guide the
experimental search with theoretical arguments to accelerate a discovery or simply obtain
the most information in the shortest time. Another strong point of axion CDM is that it
has very interesting peculiarities that distinguish it from other CDM candidates by purely
cosmological or astrophysical probes like: the production of axion miniclusters [33, 34] (and
stars [35–37]), which could act as gravitational lenses [38–43], some interplay with inflation-
ary models [44, 45], or large isocurvature fluctuations in the cosmic microwave background
(CMB) [46–48].

If the PQ symmetry is broken after inflation (often referred to as the post-inflationary
scenario), it is possible to predict the axion mass from the calculation of the CDM yield from
the Big Bang, ρa,c = ρa,c(ma), and focus the experimental search. Moreover, a sizable fraction
of the axion CDM is in axion miniclusters [49, 50] (but not all [51]!). Here, the axion appears
as an effective degree of freedom after a phase transition where the PQ symmetry becomes
spontaneously broken. The vacuum expectation value of the axion field is uncorrelated at
distances longer than the causal horizon so that the uncertainty in the initial conditions
disappears after an average over relatively small scales (L ≫ mpc). The most important
uncertainty, which has jeopardised attempts to pinpoint exactly the axion CDM mass, is the

1Purely laboratory experiments as: solar axion searches with IAXO [22], long range forces with ARI-
ADNE [23], or flavour violating decays [24] can be very powerful just at the meV frontier.
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radiation of axions from the network of strings and walls. In this paper, we will perform
extensive numerical simulations of global string networks to understand as much as possible
the radiation of axions from strings with its main systematics and estimate the axion CDM
mass with sensible uncertainties.

Many studies have already endeavoured the calculation of ρa,c(ma) and the axion CDM
mass [13, 52–74], but still the uncertainties span more than one order of magnitude, see Fig.
1. The main source of uncertainty is the (differential) spectrum of axions radiated by the
network, which is described by a function F of the wavenumber k of radiated axions [see
Eq. (2.11) for definition]. In the literature, it is often characterised by a simple power law
function F ∝ k−q for the relevant momentum range, and in such a parameterisation the
value of q is crucial to determine the axion CDM yield. In short, one can have many axions
of small energy for q > 1, few of high energy for q < 1, or a scale invariant (q = 1) for the
intermediate case. When by the redshift, they become non-relativistic, all the axion quanta
eventually have the same energy given by the axion mass, and hence ρa,c is a growing function
of q. Considerations based on the Nambu-Goto effective theory coupled to a Kalb-Ramond
field supported q > 1 [13, 53, 56, 58, 59, 75] but a set of different arguments point to a scale
invariant radiation spectrum (q = 1) [52, 54, 62].

Other important uncertainties are the precise location of the infrared cutoff of the
spectrum and the total density of strings. The former can be used to estimate a typical
momentum of radiated axions, and the latter defines the total energy density of the radiation
source. It was argued that the density of strings for the network of global strings can be
smaller than that of local strings [61, 77, 78], but the estimation of its precise value remains
somewhat controversial [66–73, 79–83].

In principle, numerical simulations of the dynamics of global strings can determine
precisely these parameters. However, they suffer from a huge dynamical range issue. The
smallest distances to resolve, the string cores, have typical sizes f−1

a , but the typical distance
between strings is associated with the causal horizon H−1. The ratio at the latest times is
fa/H ∼ 1030, much beyond anything that we will be able to simulate even in a futuristic
setup. We are thus doomed to simulate at unphysical values of the ratio and consider the
extrapolation over a huge range. Fortunately, the string energies depends only logarithmically
on the ratio,

ℓ ≡ ln
󰀓mr

H

󰀔
∝ ln

󰀕
fa
H

󰀖
, (1.1)

where mr is the mass of the heavier field degree of freedom [see below Eq. (2.2)], and the
extrapolation in ℓ appears much more feasible, if still very ambitious. Interestingly, it has
been recently explained how using mixed local-global strings one can simulate at realistic
values of the ℓ parameter (∼ 70) in an “effective”2 manner [84].

In this paper, we aim at describing the spectrum of relativistic Goldstone modes (axions)
from pure global string networks with unprecedented accuracy. To that effect, we perform
numerical simulations of the simplest system presenting a spontaneously broken U(1) sym-
metry, a complex scalar field with a “Mexican hat” potential [85]. We perform simulations
in up to 112643 lattices in the supercomputers of the Max Planck Computing and Data

2Here the effective tension parameter κ is defined as the ratio of the full string tension normalised to the
axionic contribution to the core κ = µ/(πf2

a ) (which is ℓ for pure global strings), and the trick is to make fa
small, instead of increasing µ.
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Figure 1. Estimates on the axion dark matter mass in the post-inflationary radiation dominated Uni-
verse obtained in the previous works [13, 52–54, 57, 58, 60–68, 70–72], confronted with constraints and
current/future experimental sensitivities on the dimensionless axion-photon coupling Caγ (adapted
from [76]).

Facility (MPCDF, Garching) and Cybermedia Center (CMC, Osaka) to reach the most pre-
cise spectra up to date. Our results confirm the presence of an attractor [68] and a scaling
solution but with logarithmic (ℓ) corrections to the parameters, previously found by some
studies [66–73, 79, 81] albeit challenged by some others [80, 82]. Our study builds on the
recent studies [68, 71] by refining the definition of the attractor, and a more careful estimate
of discretisation and systematic effects, made possible by conducting many simulations and
utilising larger grids. Finally, we perform the extrapolation to physical values of ℓ by con-
sidering carefully the discretisation effects and compute the axion dark matter mass to be in
the range

ma ∈ (95–450)µeV, (1.2)

given the uncertainties. Unfortunately, we cannot assess whether q = 1 or q > 1 with the
current simulation power.
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Recently, the use of adaptive-mesh-refinement (AMR) in simulations [72, 86–88] has
allowed to reach better dynamical range. The AMR simulation of the global string networks
performed in Ref. [72] found q = 1 while previous studies [68, 71] showed q < 1 with a growing
trend with ℓ that points to q > 1 once extrapolated. Thanks to our extensive simulation
suite, we discuss why discretisation and systematic effects such as the role of initial conditions
or the procedure to calculate q from data can explain this difference. Unfortunately, more
AMR simulations will be needed to fully exploit the extended dynamical range.

The rest of this paper is organised as follows. In Sec. 2, we review theoretical basics
for the calculation of the spectrum of axions produced by strings and introduce relevant
quantities to characterise it. After that, in Sec. 3 we start by presenting our numerical results
on the evolution of the string density and refine the notion of the attractor to establish a
baseline for the rest of the analysis and extrapolation. We show that the attractor behaviour
of the string networks can be described by a model inspired by Ref. [81], which allows us
to interpret the attractor solution as a “tracking” solution that lags behind the perfect
scaling solution found in the system with a constant string tension. The subsequent two
sections are devoted to the discussion on systematic effects that can bias the results of
the analysis: One is the existence of the oscillations in the spectrum (Sec. 4), which is
an inevitable consequence of the dynamics of the axion field in the system. The other is
the effect of discretisation errors (Sec. 5), which distorts the spectrum and can lead to a
misinterpretation of the value of the spectral index that is the most important quantity for
the estimation of the dark matter relic abundance. In Sec. 6, we present further results on the
quantities characterising the axion production efficiency, and give estimates for the axion relic
abundance by extrapolating the results obtained from the simulations. We summarise our
results and conclude in Sec. 7. Some technical details and further results of the simulations
are described in the appendices. We describe details on our simulation method, including
the scheme to solve the equation of motion and choice of parameters in Appendix A. In
Appendix B, the method to prepare the initial conditions for the simulation is discussed.
In Appendix C, we explain our method to mask the contribution of the data around the
string core and discuss systematics associated with it. We also describe technical details
on the method to calculate the axion emission spectrum, energy density emission rate, and
the spectral index in Appendix D. Appendix E is devoted to discussions on systematics
not thoroughly mentioned in the main text. Furthermore, in Appendix F we perform an
analytical estimate on the evolution of the axion field, which helps to interpret some of the
numerical results. Finally, we summarise the differences with recent simulations by other
groups in Appendix G.

2 String network and spectrum

We simulate a complex scalar field φ with the Lagrangian,

L =
1

2
|∂µφ|2 − V (φ), V (φ) =

λ

4

󰀃
|φ|2 − f2

a

󰀄2
, (2.1)

where fa defines the scale of symmetry breaking. Expanding the field around the potential
minima |φ| = fa,

φ(x) = (fa + r(x)) eiθ(x), (2.2)
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we identify a(x) = θ(x)fa as the massless Goldstone boson (the axion) and the radial field
r(x) as a particle with mass mr =

√
2λfa (saxion).3

The field described by the Lagrangian (2.1) has vortex configurations, referred to as
global strings, around which its phase wraps around θ ∈ [0, 2π). They feature a core of size
m−1

r where the saxion field transitions smoothly from the energy minimum r = 0 to the
unbroken PQ symmetry value r = −fa at the vortex center. The tension of the string (i. e.
energy per unit length) is4 µ ∼ πf2

a (c1 + c2ℓ). The dominant logarithmic piece comes from
the axion gradient energy density |∇a|2/2 outside the core. It is regularised by ultraviolet
(UV) cutoffs and infrared (IR) scales given by m−1

r and the string radius or distance to closest
strings, respectively [89].

Throughout this paper, we consider only the evolution of the network during the radi-
ation domination with constant degrees of freedom, most relevant for the axion dark matter
case. The evolution of the string network exhibits a pseudo-scaling regime in which the length
of strings ls in a causal volume V = t3 is of the order of the horizon t ∼ H−1 itself. The
latter becomes the typical string inter-distance and the IR cut-off. Thus, for cosmological
simulations we define ℓ = ln(mr/H), which increases with time because of the time evolution
of the Hubble parameter H(t).

Defining the O(1) string density parameter as,

ξ =
ls
V t2, (2.3)

the energy density of strings can be defined as

ρstr = ξ
µth

t2
, (2.4)

where µth is an network average string tension,

µth = πf2
a ln

󰀕
mrη

H
√
ξ

󰀖
. (2.5)

The denominator 1/(H
√
ξ) captures an expectation that the average distance between long

strings is given by ∼ H−1/
√
ξ [62], and η parametrises the non-trivial average shape.5 The

string network must then release energy at a rate [68],6

Γth =
ξµth

t2

󰀥
2H − ξ̇

ξ
− πf2

a

µth

󰀣
H +

η̇

η
− 1

2

ξ̇

ξ

󰀤󰀦
× fL, (2.6)

≃ 8πfLξℓf
2
aH

3 for ℓ ≫ 1, (2.7)

to satisfy Eqs. (2.4) and (2.5). We introduce the extra factor fL, to be determined by
simulations, because of several reasons. First, only the “long” strings (l ≫ H−1) are separated
by the assumed 1/(H

√
ξ) distances. The IR cutoff of small loops (l ≪ H−1) is their radius,

and thus their ℓ is smaller. Since small loops only account for ∼ 20% of the string length [68]

3Note that the use of the term “saxion” in this paper is different from the commonly used terminology that
it refers to the scalar partner of the axion in supersymmetric models. Here we call the radial field “saxion”
just for convenience, even though the model does not necessarily have to be supersymmetric.

4The c′s are O(1) constants which depend on the geometry of the string.
5 For straight parallel strings, η = 1/

√
4π [68].

6Dots represent derivatives with respect to t.
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and their ℓ has a lower IR scale, we neglect them in Γth and expect ξ → ξL ≈ 0.8ξ, where ξL
is the contribution of long strings. Furthermore, Eq. (2.5) is a static result and the energy
per unit length increases because of transverse motion, so we expect that string velocities
contribute an extra multiplicative factor γ = 1/

√
1− v2, where γ and v are suitably averaged

boost factors and transverse velocities, respectively.7

The evolution of the massless axion field outside the string cores is given by ψττ−∇2ψ =
0, where ψ = τθ, τ is the conformal time, dτ = dt/R, R is the scale factor of the Universe,
and the subscript τ denotes the derivative with respect to τ . Axion particle solutions are
plane waves, ψ(x) =

󰁕
d3k
(2π)3

󰁨ψ(k)eik·x (x and k are comoving coordinates and wavenumbers),

with conserved8 occupation number, N (k) = (|∂τ 󰁨ψ(k)|2 + k2| 󰁨ψ(k)|2)/(2kV ), where k = |k|
and V is the comoving volume. The energy density in massless axion waves is,

ρa = (faH)2
󰁝

dk
k3

2π2
N (k), (2.8)

and should increase with a rate Γa = R−4 d
dt(R

4ρa) approximately equal to the rate at which
the string network releases energy according to Eq. (2.6). We denote N (k) as the angle
average version of N (k). The relation Γa ≈ Γth is only approximate because it neglects
saxion radiation from the network and because we have neglected small loops, both of which
are good approximations.9

In order to calculate the axion CDM yield we need to study the distribution of axions
radiated as a function of energy. We thus define the spectral production rate,

∂Γa(k)

∂k
= (faH)2

k3

2π2

dN (k)

dt
, (2.9)

or its dimensionless variant,10

F(x, y) ≡ 1

(faH)2
∂Γa

∂(k/R)

=
1

(faH)2
1

R3

∂

∂t

󰀕
R4∂ρa

∂k

󰀖
, (2.11)

which characterises the spectrum through x = k/(RH) and the time evolution through
y = mr/H. Hereafter we call F(x, y) the instantaneous emission spectrum.

7In other words, if the string length ls in Eq. (2.3) is measured in the comoving coordinate (we actually
do so in our simulations), ξ is suppressed by the Lorentz contraction, and we can convert it into the proper
length by multiplying γ. Hence we can interpret γlsµth as the mass energy in the rest frame of the string.

8In the absence of interactions, i.e. far from the cores, N is conserved in time but only after the wave has
entered the horizon, i.e. kτ ≫ 2π.

9We will see in Sec. 5.3.1 how saxion radiation becomes negligible at large ℓ. The fact that small loops
are negligible is supported by the analysis of Refs. [68, 71, 90], but Ref. [90] mentions a caveat. If small loops
at large ℓ would become extremely long lived, the estimate of the axion abundance would be significantly
altered [58, 91]. However, there is no sign of this in simulations up to date.

10Note that F(x, y) defined in Eq. (2.11) is different from F (x, y) introduced in Ref. [68]. The latter is
accompanied by the normalization condition

󰁕
dxF (x, y) = 1 and is related to F(x, y) as

F (x, y) =
f2
aH

3

Γa
F(x, y). (2.10)

In the numerical study, we prefer to use F(x, y) rather than F (x, y), since Γa is not reliably calculated at late
times due to severe discretisation effects (see Sec. 5).
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Integrating in time we can calculate the axion number as,

na

f2
aH

=
1

f2
aH

󰁝
dk

1

ω

∂ρa
∂k

(with ω = k/R)

=

󰁝 τ dτ ′

τ

󰁝
dx′

x′
F(x′, y′), (2.12)

and get an estimate of the variance of θ,

〈θ2〉 = R2

f2
a

󰁝
dk

k2
∂ρa
∂k

=

󰁝 τ τ ′dτ ′

τ2

󰁝
dx′

x′2
F(x′, y′). (2.13)

Note that these quantities can be written as

na

f2
aH

=

󰁝 τ dτ ′

τ

Γ′
a

f2
aH

′3 〈x
−1〉(y′), (2.14)

〈θ2〉 =
󰁝 τ τ ′dτ ′

τ2
Γ′
a

f2
aH

′3 〈x
−2〉(y′), (2.15)

where we define the mean inverse momenta,

〈x−1〉(y) ≡
󰁕

dx
x F(x, y)󰁕
dxF(x, y)

, 〈x−2〉(y) ≡
󰁕

dx
x2F(x, y)󰁕
dxF(x, y)

. (2.16)

The instantaneous emission spectrum has been studied numerically in Refs. [68, 71, 72]
and seems to be well approximated by a power law dN/dt ∼ 1/k3+q (or F ∝ 1/xq) with IR
and UV cutoffs at comoving momenta k ∼ HR ∝ R−1 and k ∼ mrR ∝ R, respectively.

Consider the following simple power law model,

F =

󰀫
F0x

−q (x0 < x < y),

0 (otherwise),
(2.17)

where F0 and x0 are independent of x but may depend on y. We can evaluate Eq. (2.16)
analytically and calculate na and 〈θ2〉 through Eqs. (2.14) and (2.15). In Fig. 2 we show the
results assuming Γa = Γth(ℓ ≫ 1) [Eq. (2.7)] with constant (or log-varying) ξ, fL, and x0. In
this approximation, the non-trivial parameters are q and the final value of y/x0 while ξ, x0,
and fL enter only through a multiplicative factor. The most important parameter appears
to be q. For q > 1, the spectrum is dominated by the IR cut-off, so na and 〈θ2〉 become
the largest and also relatively insensitive to both q and the UV cut-off parameter y/x0. For
q < 1, the emission is dominated by the UV and thus, it strongly depends on q and y/x0,
growing with the former and decreasing with the latter. In the scale-invariant case, q = 1,
the y-dependence of the shown curves na, 〈θ2〉 is a mild logarithmic suppression 1/ℓ, which
cancels the multiplicative enhancement factor ℓ.

Note that the axion field becomes highly nonlinear (
󰁳

〈θ2〉 ≫ π) for q > 1 and ℓ ≫ 1
(as long as x0 is not too large). This non-linearity reduces the axion number around the
epoch of the QCD phase transition [71]. We will take this into account in our estimates of
the axion CDM relic abundance in Sec. 6.3.

The shape of F as well as the parameters ξ, q, x0, and fL can be computed through
numerical simulations, though only for a limited range of values of ℓ ≲ 8–9. Most of them
turn out to have a small dependence on ℓ but full consensus on the ℓ dependence of these
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Figure 2. Axion number and angle variance in the simplest radiation model (2.17), normalized by
the multiplicative factor in the square bracket.

quantities has not been reached in the literature. There remains a serious discrepancy in the
prediction for the axion dark matter mass obtained from the extrapolation of the numerical
results to ℓ ≫ 1. In this paper, we study these dependencies with precision so that this
extrapolation can be adequately improved.

3 Attractor, radial field emission, and network density

The extrapolation of the parameters of the string network, ξ, q, x0, and fL to the relevant
values of ℓ depends to some extent on the way we initialise the network in our simulations.
It is therefore crucial to note that the system exhibits an attractor behaviour [68] around
which differences in initial conditions become less significant at late times. Our extrapolation
would be based on the properties of the attractor solution, in the hope to be insensitive to
properties of the transient behaviours. In this section, we characterise the properties of the
attractor by initialising networks with different densities and studying the evolution of ξ and
the radiation spectra. Dependence on other parameters for initial conditions is discussed in
Appendix B.

Figure 3 shows the evolution of the ξ parameter for different initial string densities.
Although ξ seems to converge, the convergence seems rather slow, particularly at small values
of ξ. In the spirit of Ref. [81], we can model the evolution of the string network density ξ as,

dξ

dt
=

C

t
(ξc(ℓ(t))− ξ(t)) , (3.1)

where ξc(ℓ) is the equilibrium density of the network of conformal strings [81] at a given value
of ℓ and t/C is the characteristic time scale of the restoration of the network. The right-hand
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side is expected to vanish in the limit ξ → ξc, and for a small difference it may be modeled
by a function linear in ξc − ξ. Assuming a constant C yields a poor fit to the evolution. The
main reasons are: 1) that ξ = 0 must be a fixed point (string length is hardly created if
there are no strings to begin with) and 2) that over-dense networks should have a relaxation
scale parametrically smaller because the distance between strings is smaller. We model these
effects with C(x) = x/(1+

√
x/c0), where x = ξ/ξc, to have C(x → 0) → ξ in the small ξ ≪ ξc

limit (which corresponds to a frozen network, ξ ∝ 1/t ∝ 1/R2) and C(x ≫ 1) ∼ c0
󰁳

ξ/ξc, i.e.
a 1/

√
ξ-suppressed restoration time scale corresponding to a 1/

√
ξ-suppressed interdistance.

We interpolate the ξc data from Ref. [81] and find that c0 in the range c0 ∼ 1.5+0.8
−0.4 gives

reasonable fits to the data.
The density parameter ξ(t) of physical strings shown in Fig. 3 is approaching the per-

fect scaling solution ξc(ℓ) but it is chasing a moving target because ξc(ℓ) increases in time.
Moreover, the values of C are relatively small, particularly at small ξℓ=3. This explains
that the lowest curves show almost no convergence. Rather than reaching the perfect-
scaling solution, the evolutions approach a “tracking” solution that lags behind. In the
case where ξc = ξc(ℓ) is a linear function of ℓ and C is constant, the tracking solution is
ξt(ℓ) = ξc(ℓ)− (dξc/dℓ)/C [81]. The delay clearly increases with the speed at which ξc moves
and with the smallness of the “restoring force” C. Perturbations around this solution decrease
exponentially as ∆ξ(ℓ) = ∆ξ(ℓ0) exp(−C(ℓ− ℓ0)). We use the simple linear tracking formula
to iteratively find the tracking solution of the system with C = C(x), which we identify with
the initial condition ξℓ=3 = 0.3(1). Naturally, we identify this to the true attractor solution
of the system of physical strings and show it in Fig. 3 as a dashed black line. Deviations from
ξℓ=3 = 0.3 will decrease, although not with a simple exponential form due to the fact that C
depends on the trajectory through the ratio ξ/ξc and possibly on ℓ. From the C dependence
we expect that over-dense networks approach the attractor faster than under-dense ones, and
this trend is clearly visible from Fig. 3. We have to be thus very careful with under-dense
networks.

We also studied the attractor using the energy spectrum of axions and saxions based
on twice of their kinetic energy densities, ρa = 2ρa,kin = 〈ȧ2〉 and ρr = 2ρr,kin = 〈ṙ2〉, see
Appendices C and D. They both tend to evolve into a uniform shape at late times, but we
find the saxion spectrum more helpful to define the attractor. In Fig. 4 we plot a proxy for
the saxion occupation number,

1

f2
aH

2

k/R

ω(k)

∂ρr
∂ log k

, (3.2)

at a late time ℓ = 7. Here k is the comoving wavenumber (momentum) and ω(k) =󰁳
m2

r + k2/R2. The most relevant feature happens at momenta around the saxion mass,
k/R ∼ mr, where most saxions are produced. We see how spectra with different initial
conditions approach a common flat value ∼ 1.

To examine this feature in detail, we study the amplitude of the saxion spectrum at
k = mrR as a function of ξℓ=3 in Fig. 5 (top panel). The slope of the plotted line becomes
flatter with time, implying that the amplitude at k = mrR becomes less sensitive to the
initial conditions, i.e. a convergence to the attractor, and takes a similar value at late times.
The values with the smallest derivative must be associated to the attractor. Indeed, in Fig. 5
(bottom panel) we observe that the logarithmic derivative has a minimum at ξℓ=3 ≃ 0.3, if
we neglect the data at large ℓ, where the data exhibits larger statistical fluctuations.11 The

11We computed the derivative with respect to ξℓ=3 via finite differences and estimated uncertainties in
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Figure 3. Evolution of the string density parameter ξ for different initial string densities (simulations
with 20483 boxes). The coloured bands represent statistical uncertainties. The black dashed line
corresponding to ξℓ=3 ≃ 0.3 is identified as the attractor/tracking solution.
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Figure 4. Proxy for the saxion occupation number in networks with different initial string densities
at time ln(mr/H) = 7. Colours as in Fig. 3. The black dashed line corresponds to the attrac-
tor/tracking solution with ξℓ=3 = 0.3.
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Figure 5. Amplitude of the saxion energy spectrum at k = mrR (top panel) and its derivative with
respect to the initial string density ξℓ=3 (bottom panel) plotted as functions of ξℓ=3. Errors plotted
are explained in footnote 11.

value of the attractor ξℓ=3 = 0.3 agrees very well with the previous analysis of the evolution
of ξ. Moreover, it does not rely on the artificial modelling of the evolution of ξ. Both results
therefore complement each other supporting the attractive behaviour of the string network
and the estimate ξattractor(ℓ = 3) = 0.3. Therefore, we use ξℓ=3 ≃ 0.3 as a fiducial initial
condition for simulations with larger box sizes.

this procedure by using the jackknife method. Namely, we took the finite difference by using the average of
29 simulations (all the data except one) and iterated it for 30 different ways of the resampling. After that
we estimated the derivative and its error by using the average and variance of 30 results of the resampling,
respectively.
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From the data of the evolution of the axion spectra, we also computed the instantaneous
emission spectra defined by Eq. (2.11) and estimated their slope q (see Appendix D for
technical details of the computation). Figure 6 shows the comparison of the evolution of q
between different initial string densities. We see that the value of q becomes large (small)
for under-dense (over-dense) initial conditions. This trend can be understood as follows. For
the under-dense case, the interactions between strings are less efficient, and there is little
structure at small scales. As a consequence, axions are dominantly produced at IR scales
corresponding to the size of long strings, which makes the spectrum more red-tilted. On the
other hand, for the over-dense case, there are a lot of small scale fluctuations that produce
axions with higher momenta, leading to a smaller values of q. As we see in Fig. 6, such a
difference due to the initial string density becomes less important at late times, and q also
exhibits the attractor behaviour. However, the convergence is slow again, and one should
keep in mind that a small difference in the initial string density could change the value of
q measured at small ℓ and affect the extrapolation to large ℓ. Moreover, we also see some
oscillatory features in the plots shown in Fig. 6. Those features can be regarded as another
systematics biasing the estimate of q and will be elaborated in Sec. 4.
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Figure 6. Evolution of the spectral index q of the instantaneous emission spectrum for various
different values of the initial string density ξℓ=3. The black dashed line corresponds to the attractor
with ξℓ=3 ≃ 0.3. The coloured bands represent the error induced by changing the parameter σfilter for
the filtering procedure to calculate F [Eq. (D.5)] in addition to statistical uncertainties. The results
are obtained from simulations of physical strings with 20483 lattice sites.

After identifying the initial conditions of the attractor, we used it for simulations with
larger number of lattice sites to investigate the ℓ dependence of the quantities such as ξ and
q. In particular, we performed simulations with 112643 lattice sites that can reach ℓ ≈ 9.
Figure 7 shows the evolution of the ξ parameter computed at simulations with the largest
box, together with the results from smaller simulations with different initial string densities.
The result indicates that ξ continues to grow with ℓ at the attractor, supporting the findings
of Refs. [66–73, 79, 81]. They also support the interpretation as a “tracking” solution [81]
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chasing the ℓ-increasing conformal perfect-scaling solution ξc = ξc(ℓ) (also shown in Fig. 7).
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Figure 7. Evolution of the string density parameter ξ for physical strings, obtained from simulations
with 112643 lattice sites started from the initial string density closest to the attractor (blue line)
and that obtained from 20483 simulations started from 30 different values of the initial string density
(colours as in Fig. 3). The coloured bands represent statistical uncertainties. The black dashed
line represents our best estimate of the attractor or tracking solution. The data of conformal string
simulations from Ref. [81] are also shown as gray dots with error bars. The gray dash-dotted and
dotted lines represent the fits to the linear function (3.3) and saturating function (3.4), respectively.

We have several options for the extrapolation. On the one hand, we can take the tracking
interpretation [81] seriously, extrapolate ξc and C and solve the differential equation until
reaching physically meaningful values. On the other hand, we can take an agnostic point of
view, perform global fits of the ξ-data with sensible fitting functions and extrapolate within
them as [68, 71, 83]. At the end both extrapolations are as good as the functional guesses.
Since the second approach has already been explored and uses less insight we will focus on
the first.

We take two models for ξc = ξc(ℓ) that give satisfactory fits to the conformal data [81]:

ξlinc = −0.19(3) + 0.205(7)ℓ, (3.3)

ξsatc =
−0.25(15) + 0.23(6)ℓ

1 + 0.02(4)ℓ
, (3.4)

a linear function capturing the main visible trend, and one that eventually saturates,12 which
reflects a slightly visible flattening of the growth at large ℓ, see Fig. 7. Using the C = C(x)
function previously described fitted to each model, we evolve the attractor solution and find

ξlin(ℓ = 70) ∼ 13.8(5), (3.5)

ξsat(ℓ = 70) ∼ 7(3). (3.6)

12The errors of this fit are strongly correlated.
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Figure 8. Evolution of the string density for different values of the string core width for PRS strings
(constant mra) with 81923 lattice sites (left) and physical strings (mra ∝ R) with one set of 112643

simulations and four sets of 30723 simulations. The coupling parameter λ̄ is defined by Eq. (A.4).
The coloured bands represent statistical uncertainties.

We will take these values as brackets from our uncertainty in the extrapolation.

The interpretation of the logarithmic growth of the string density parameter ξ has been
challenged by Refs. [80, 82, 83], where it is claimed that the growth in ξ can be interpreted as
the slow approach to the “scaling” solution with a constant ξ ∼ 1.2(2). Our 112643 box data
reaches this density without signs of levelling off and strongly disfavours an early saturation.
However, as evident from Eq. (3.6), a “late” saturation at ξ ≳ 4 cannot be excluded.

In Refs. [66, 68, 69, 71, 81], simulations were also performed with the Press-Ryden-
Spergel (PRS) trick,13 where the parameter corresponding to the saxion mass is replaced by
mr → (R1/R)mr (with R1 being the scale factor at some reference time) by hand, such that
the ratio between the string core radius m−1

r and the physical lattice spacing a = RL/N
remains constant.14 Although such an artificial growth in the string core is unphysical, this
method has an advantage that the system converges into the attractor faster than the physical
case. This is evident when we write the evolution of ξ as a function of ℓ rather than time,
as Eq. (3.1) becomes dξ/dℓ = (C/f)(ξc(ℓ)− ξ) with a factor f = dℓ/d log t, which is 1 in the
physical case and 1/2 for PRS strings (mr/H ∝ t/R ∝

√
t in this case).

In the left panel of Fig. 8, we show the results on the evolution of the string density
parameter ξ in our simulations with PRS strings for several different values ofmra. The initial
conditions were taken to have similar ξ to the attractor solution for PRS string simulations
of Ref. [68]. The evolution of ξ that is increasing as expected from the growth of ξc(ℓ) and,
indeed, the simulations agree very well with the numerical solution of Eq. (3.1) with the
same linear ξc and C-function that fitted the evolution of physical strings after we rescale
C → 2C according to the prediction. Indeed we expected and found that the PRS attractor
solution should be approximately twice as close to ξc than the physical case. This gives
greater credibility to our results and interpretation.

We take the opportunity to study discretisation errors in ξ induced by a poor resolution

13This method is inspired by the work by Press, Ryden and Spergel [92] in which a similar trick was used
for the simulation of domain wall networks.

14Sometimes this is also called the fat string trick, since in this scheme the string core radius grows with
time (m−1

r ∝ R).
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of the string core (see also Sec. 5). The resolution is parametrised by the value of mra, which
measures how many lattice points fit in the core. Figure 8 shows that these errors do not
significantly affect the evolution of ξ in PRS and physical strings close to the attractors (see
Table 4 in Appendix A for the summary of our simulation parameters). The situation will
be very different when we study the spectra of radiated axions and saxions in Sec. 5.

4 Oscillations in the spectrum

The instantaneous emission spectrum F(x, y) defined by Eq. (2.11) is calculated by taking
the time derivative of R4∂ρa/∂k for each comoving momentum k. In order to adequately
evaluate the time derivative, we need to keep track of the evolution of each mode in the
simulation. However, it turns out that these modes typically oscillate with time, which gives
rise to contamination of F(x, y), and hence of q. In this section, we elaborate on the nature of
oscillations in the spectrum and their impact on the estimation of the instantaneous spectrum
F(x, y) and spectral index q.

In the top panel of Fig. 9, we show the time evolution of a few modes of the comoving box.
The evolution of different modes is apparently the same outside the horizon (kτ ≲ π),15 but
they get a different kick at horizon crossing (kτ ≳ π) and have slightly different subsequent
evolution. In particular, we find oscillatory features in the mode evolution after the horizon
crossing.

Oscillations are expected on physical grounds. The equation of motion of the free axion
field admits solutions ψ̃(k) ∝ e±ikτ for the Fourier component k. We can call these mis-
alignment axions, inhomogeneities in the axion field originated from the finite correlation
length at the PQ phase transition unrelated to strings. Since we estimate ρa from the ki-

netic energy alone ∝ a2τ , the solution of the free field equation naturally predicts that d3ρa
dk3

oscillates coherently with a frequency 2k (in conformal time). When we bin modes with
the same frequency k and random phases, the oscillations should decrease in amplitude as
(number of modes in the bin)−1 and ∂ρa

∂ log k converges to the average power. Thus, if there is
some coherence between modes or simply when we bin a finite number of modes we shall have
oscillations. In the expanding Universe, all the modes start in phase as ψ̃(k) ∝ sin(kτ) [93]
(see Appendix F for details). However, axions in our simulations are not free. The string
network slowly decays/radiates somewhat incoherently into axion waves making the ψ̃(k)
amplitudes grow and phases drift. Moreover, string motion also contributes to aτ . Thus, we
expect that misalignment axions enter the horizon oscillating more or less in phase, and the
coherence decreases with time as the network pumps the axion field incoherently. Moreover,
the amplitude of oscillations should be larger for smaller values of k, for which we sum less
modes in each bin. These are the trends obtained from simulations and shown in Fig. 9.

It is clear that the oscillations can affect the extraction of the time derivative of the
mode’s average power, thus implying a systematic error. To deal with the oscillatory com-
ponent, we extract the overall trend in the evolution by fitting the following function to the
data of time evolution of 1

f2
aH

2
∂ρa

∂ log k for each k,

󰀕
1

f2
aH

2

∂ρa
∂ log k

󰀖

fit

=
ea0xa1

1 + (a2x)a3+a4 lnx+a5(lnx)2
, (4.1)

15It is possible to derive these features analytically by considering the evolution of the Fourier components
of the free axion field across the horizon crossing. See Appendix F.
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where x = kτ , ai (i = 0, 1, 2, 3, 4, 5) are constants to be determined by the fit, and terms of
a4 and a5 are added to model the evolution at subhorizon.16 The bottom panel of Fig. 9
shows the evolution of the residue obtained by subtracting the fit from the data. We see
that each mode actually oscillates with a frequency approximately given by ∼ 2k, as one
period of the oscillation roughly corresponds to the change in kτ by π.17 As expected, the
oscillation is not a pure sinusoidal function, but we note that amplitudes and phases do not
change significantly. Unfortunately, the fact that it is not straightforward to separate the
misalignment component from string-induced ones turns out to be a hurdle for the calculation
of the axion production rate, as we will see below.

In addition to the oscillations in the low frequency modes, we also observe oscillations
when the physical wavenumber of a mode crosses the value k/R = mr/2. A parametric
resonance exchanges energy between axions and saxions coherently [71], and thus creates 2k
oscillations, see Fig. 10.18 Note that this effect is less problematic in simulations with the
PRS method, since in that case mrR is constant, and the resonant production of axions is
relevant only for a certain mode whose comoving momentum is given by k = mrR/2.

As the 2k-oscillations start at a determined time, such as the horizon crossing or saxion
mass crossing, it is in principle not possible to eliminate them by performing simulations
many times and averaging the results. For instance, see Figs. 26, 33, and 44, which explicitly
show that the oscillations remain even after averaging over many realisations. Some tricks
could help to average out the oscillations. For instance, one can shift the misalignment phase
by using different initial string densities, one could change the phase of the saxion field at
the beginning of the simulations, or one can simply bin more modes together. For this paper,
we applied a filter that suppresses high-frequency components in the time series data of the
residue of the mode evolution. To minimise the systematic error due to our choice of the fit
function when we compute F , we computed the time derivative of the filtered residue and
added it to the time derivative of the fit (see Appendix D.1 for technical details).

In Fig. 11, we compare the instantaneous spectrum F obtained by our procedure to a
calculation that evaluates the time derivative with finite differences. To ease the discussion,
we model

1

(faH)2
∂ρa

∂ log k
= xf0 + f1 cos(2kτ + α), (4.2)

where f0,1 ∼ O(1) and α are smooth functions of k, see Fig. 9. The instantaneous spectrum
calculated with finite differences with an interval ∆τ is thus

Ffinite-diff. = f0 − 2f1 sin(2kτ + α)sinc(2k∆τ)

+O(f ′
0, f

′
1,α

′)-terms, (4.3)

16Although we have included these terms to allow the possibility that the evolution at subhorizon is not
given by an exact power law in x, the detailed form of these terms should not be important, if we properly
add the residue when we calculate F(x, y). For instance, we confirmed that the results on q do not change
much when we use other polynomials of lnx instead of a4 lnx+ a5(lnx)

2.
17 In Fig. 9, we also observe tiny oscillations with a frequency much faster than∼ 2k. They can be interpreted

as the oscillation in the radial direction of the PQ field, which can be associated with an imperfectness in the
initial condition. This issue is elaborated in Appendix B.

18The frequency of oscillations shown in Fig. 10 does not look like 2k. This is just because the frequency of
the measurements of axion spectra in our simulations is not high enough to resolve fast oscillations of these
high-k modes. In that case, the oscillations show up as a spurious feature with a lower frequency, which can
be predicted from the genuine frequency (2k) and the frequency of measurements (see Appendix D.1).
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Figure 9. Top panel: Time evolution of the energy density of one Fourier mode of the axion field
for various different comoving wavenumbers. These modes cross the horizon kτ ∼ O(1) during the
simulation and show a change in the rate of growth around that time. After that they oscillate with
a frequency ∼ 2k. Bottom panel: Time evolution of the residue obtained by subtracting the fit result
given by Eq. (4.1) from the data of one mode (shown in the top panel) for various different comoving
wavenumbers. These plots are obtained from one simulation (not the average) of physical strings with
112643 lattice sites.
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Figure 10. Time evolution of the energy density of one Fourier mode of the axion field for higher
comoving wavenumbers, obtained from one simulation (not the average) of physical strings with
112643 lattice sites. Times at which the physical momenta of the modes become equal to the half of
the saxion mass are marked by dashed lines.

where the prime represents the derivative with respect to τ . The finite difference version of
F features the same 2k (here 2x) oscillations than ∂ρa/∂k. The envelope sinc(2x∆τ/τ) can
also be clearly seen in Fig. 11. It acts as a low-pass filter suppressing the oscillations above
a critical value

x1z =
π

2

τ

∆τ
, (4.4)

(chosen arbitrarily to be the first zero of the sync function), which depends on the time-
interval. For the values of ∆τ shown in Fig. 11 in increasing order, we find x1z ≃ 110, 55, 28.
It is clearly visible that all the envelopes become zero at 110, as follows from the fact that
the intervals are multiples of 2. Below the smallest x1z ∼ 25, all the finite difference curves
agree very well, as all the different filter values are ∼ 1 here. The relative amplitude 2f1/f0
can be estimated from the curve of the finest discretisation and reaches more than a factor
of ∼ 2 (!).

Increasing the time interval in the finite difference estimate of the derivative is a very
convenient way of calculating F , as one decreases the oscillating features automatically and
one needs less evaluations of the spectrum during the simulation (which are very time-
consuming). This seems to be well suited for our problem because the main growing trend
in (faH)−2∂ρa/∂ log k is a linear growth ∝ x and calculating the derivative with finite dif-
ferences does not bias the result, even with relatively long time-intervals. However, the finite
difference estimate has its limitations. First, it does not remove the oscillations below x1z,
and above x1z, only by a factor ∼ x1z/x. Second, the finite difference method picks up the
derivative of the non-oscillating part xf0 exactly as long as f0 does not depend on x. If
there is a small, for instance logarithmic, extra dependence, finite differences will produce a
bias in the estimator which grows with ∆τ . For instance, when f0 ∝ ln(x/xc) with xc some
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Figure 11. Instantaneous emission spectrum at ln(mr/H) = 6, obtained by using the finite difference
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fit and time derivative of the filtered residue (black dashed line). Each line represents the average of
20 simulations of physical strings with 112643 lattice sites.

constant,

Ffinite-diff.

F − 1 ∼
−1

6 (∆τ/τ)2

1 + ln(x/xc)
. (4.5)

Thus, we would need to find a compromise between the minimisation of this bias with a small
∆τ and the oscillation amplitude with a large ∆τ . Our fitting procedure nicely overcomes
these limitations.

The oscillations in the spectrum will affect the determination of q. The estimation of q is
based on fitting a power law F ∝ x−q to the F data within the range cIRHR < k < cUVmrR
(cIR < x < cUVe

ℓ) with some fixed values of coefficients cIR and cUV. Since the fit model
does not include oscillations, it will produce a bias in the estimation of q. We expect this
bias to oscillate in time, i.e. with ℓ, but not necessarily around the true value. As long as
oscillations average over the data, the bias should be small. However, since we cut the fitting
range at high and low values of k, we can have only partially cancelled oscillations there.
These uncanceled oscillations can contribute significantly for instance if the data range is
small (which happens at low ℓ, early times, when the UV and IR cutoffs are closer), if the
weights in the fit favour the extremes of the fit range, etc. [72]. In such a case, one expects
that the bias will depend on cIR and cUV as well.19

The effect of oscillations will be maximum when the phases are less random. In par-
ticular, since the k-modes are discrete in our finite-volume simulation, 2kτ = 2x = 4πnτ/L

19In what follows we discuss how the bias due to the oscillations in the spectrum appears according to the
choices of cIR and cUV. Even if we minimise the bias by removing oscillations from F (e.g. by using the
filtering method), there remains another systematics associated with cIR and cUV due to the fact that F(x)
does not exhibit a perfect power law behaviour around the momentum ranges close to the IR and UV cutoffs.
The errors associated with the latter effect are discussed in Appendix E.2.
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with n an integer. Thus, when τ = L/2, 2x becomes a multiple of 2π and independent of the
mode,20 leaving only the smoother dependence with α.

We note that when the time intervals used for calculating the derivative are logarith-
mically distributed, for instance the popular ∆ℓ = 0.25 used in Refs. [68, 71, 72], the critical
value of the filter is constant in time, x1z ≃ (π/2)(4/∆ℓ), which is x1z ≃ 25.1 for ∆ℓ = 0.25.
Then, by choosing cIR = x1z, we can ensure that the amplitude of the oscillations is minimum
at the lower end of the fit and is always suppressed in the fit region. Coincidentally, the work
of Ref. [72] chose approximately cIR ≃ 2x1z for their results without a discussion of the os-
cillations presented here. The main results of Refs. [68, 71] were obtained by using cIR = 30,
which is slightly larger than x1z, and hence the effect of oscillations were not minimised.

We can evaluate directly how the oscillation affect the extraction of q by considering
the simple toy model given by Eq. (4.2). Here we build a synthetic spectrum with f0 ∼ 1/kqs

and introduce oscillations with f1/f0 = 2.5. Based on this synthetic spectrum, we build the
time derivative with logarithmically spaced ∆ℓ = 0.25 and fit the result to a simple power
law ∝ 1/kq without oscillations. The mr/H ratio and mode discretisation are the same as
we have in our 112643 simulations. In Fig. 12, we show that the value of q extracted in this
way contains itself oscillations of order σq ∼ 0.1 with slowly shifting frequency. We also see
a sizable bias at small ℓ when cIR is not a multiple of x1z (case cIR = 36 here). Note that the
errors are larger too, even though the fitting range for cIR = 50 is smaller. In the ℓ ∼ 8–9
interval, the period is approximately 0.1. As mentioned before, we expect the phases between
the oscillations of the different Fourier modes to be less random at τ = L/2. This leads to
the increase of amplitude at ℓ = 8.5–9 where this condition is met in our simulations. This
can explain the offset of the ℓ = 8.5 point in the results of Ref. [72].

In reality one would calculate the spectrum at ∆ℓ = 0.25 intervals, such that only a
few points of the lines shown in Fig. 12 would be sampled. Oscillations contribute then as a
systematic error, which would reveal itself with less sparse data. If we try to fit a linear trend
to, for instance a function q = q0 + q1(ℓ− 8), the effects of oscillations in the extraction of q0
and q1 will be somehow suppressed. When we fit our mock data, we find good fits but small
systematic biases, which decrease with the fitting range. Assuming flat errors for the modes
in the fit, this bias is of order 0.02 for the typical values of current simulations, while if errors
in the spectra are taken to be proportional to it (∼ 1/kqs) the bias becomes negative at small
cUV ∼ 1/16. An example of the latter is Fig. 13, where we show the results for q0 and q1 as
functions of cIR and cUV for a synthetic spectrum with a spectral index qs = 0.8 constant in
time. We observe a positive bias of the order 0.01 in q0 accompanying a negative slope bias.
We note that these are results from synthetic spectra using Fourier modes equal to the model,
without the further dispersion expected in simulations, due to statistical fluctuations caused
by a finite number of modes added per bin, for instance. Adding statistical fluctuations will
amplify the oscillation effects. Averaging over simulations and extrapolating to the infinite-
volume limit will decrease the effects discussed here.

We can look at our data to search for effects of the oscillations through the time discreti-
sation of the derivative. In Fig. 14, we compare q(ℓ) extracted from the 40963 data with finite
differences and our filtering method for three different values of cUV using cIR = 50. The
finite difference results follow the filter results within errors except when the fitting range is
small, where results diverge significantly. For smaller values of cUV, the relative importance
of the IR part of the spectrum becomes more pronounced in the fit, and the bias due to

20Same happens for multiples of τ = L/2 but in practice, we seldom exceed τ = L/2 in our simulations to
avoid unphysical effects from the periodic boundary conditions and never reach τ = L.
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the oscillation in the IR modes contributes to the larger fluctuations in q. In the figure we
also see that the amplitude of the oscillation of q is larger at early times, see also Fig. 12.
This is because the range for the comoving wavenumber cIRHR < k < cUVmrR is narrow
at early times, and hence the value of q is more likely to be affected by a local feature in
F(x). Furthermore, the range for the fit becomes even narrower for smaller values of cUV,
and for that case the measurement of q becomes possible only at late times when the number
of k-bins satisfying the condition cIRHR < k < cUVmrR becomes sufficiently large.21
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Figure 14. Evolution of the spectral index q for three different choices of cUV, obtained from simu-
lations of physical strings with 40962 lattice sites and the parameter λ̄ = 25890.8. Markers with error
bars represent the results of the finite difference method, and dashed lines represent those obtained
by the filtering method. The coloured bands represent the error induced by changing the parameter
σfilter for the filtering procedure to calculate F [Eq. (D.5)] in addition to statistical uncertainties.

In Ref. [72], it was reported that q does not exhibit a logarithmic growth for cUV = 1/16,
which is taken as a fiducial value in that work, while it shows a growing trend for cUV = 1/4,
which was adopted in the analysis of Ref. [71]. Contrary to those results, our simulation
results shown in Fig. 14 exhibit a trend that the value of q increases with ℓ irrespective of the
value of cUV for both the filter and the finite difference case. The bias of shifting the values
of q and its slope for a smaller value of cUV caused by the oscillations could contribute to the
difference, but the systematics due to these effects is not so dramatic, typically σq ∼ O(0.01)
as shown in Fig. 13. A caveat is that only one simulation was performed in Ref. [72], and we
cannot exclude the possibility that the effects were amplified by statistical fluctuations.

5 Discretisation effects

In addition to the contamination from oscillations in the spectrum, there is a bias due to the
discretisation of the lattice, which turns out to be the most serious issue for the measure-

21When we perform the fit, we re-bin the data of F(x) such that the number of bins in the interval remains
the same at all times (see Appendix D.3).
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ment of q. This section is devoted to the problem of discretisation effects observed in our
simulations. The effects can be categorized into two types: the discretisation of Laplacian
and the choice of the lattice spacing compared to the string core radius. The latter effect is
particularly hard to control. In the following, we first describe the effects associated to the
Laplacian and to the lattice spacing in Sec. 5.1 and Sec. 5.2, respectively. After discussing
how these effects show up in the numerical results, we perform analytical fits to get rid of
them in Sec. 5.3. We will see that the corrected values of q at large ℓ become smaller than
what is measured from the numerical results.

5.1 Laplacian

In our code, discretisation of the Laplacian in the equation of motion for the PQ field is imple-
mented with Ng neighbouring points, where Ng can take either 1, 2, 3, or 4 (see Appendix A).
For a larger value of Ng, the field associated to a lattice point can react to incoming waves
in advance, and hence there is an improvement in the propagation speed of perturbations.
Such an improvement is expected to provide a more accurate result for the spectrum. To
investigate the systematics associated with the discretisation scheme of the Laplacian, we
performed simulations of physical strings with 40963 lattice sites for four different values of
Ng. In Fig. 15, we show the axion spectrum and F(x) for each choice of Ng. We see that
the spectrum at intermediate momenta is underestimated for smaller values of Ng. Further-
more, there is a peak-like feature at a very high momentum, and the height of the peak is
pronounced for smaller Ng. These features can be regarded as unphysical effects caused by
the discretisation error in the Laplacian, which can be alleviated by choosing a larger value
of Ng.

The discretisation effects distort the spectrum such that the slope at the intermediate
momenta becomes steeper for a smaller Ng, as shown in Fig. 15. This implies that the value
of q can be overestimated for smaller Ng. Such a bias is clearly shown in Fig. 16, where
we plot the evolution of q for different choices of Ng. From this figure we can also see that
Ng ≥ 3 is sufficient to suppress the effect.

The effect of the Laplacian could partially explain the difference in q in the literature.
We observe that the values of q obtained for our fiducial choice Ng = 4 is slightly smaller than
Ref. [71], which used the Laplacian with Ng = 2 (see Appendix G for an explicit comparison).
Furthermore, Ng = 1 was adopted in Ref. [72], where systematically larger values of q were
reported. These facts are consistent with the trend shown in Fig. 16.

5.2 Lattice spacing

The effect of the lattice spacing compared to the string core radius can be parameterised
by the quantity mra, where a = RL/N is the physical size of the lattice spacing. The
simulation with PRS strings is useful to monitor this effect, since in that case mr ∝ R−1

and mra remains constant. In Fig. 17, we compare the axion spectrum and F obtained from
PRS-type simulations among different values of mra. We can see features similar to Fig. 15:
The amplitude is underestimated at intermediate momenta, and there is a peak at very high
momenta. The effect is pronounced for larger values of mra, where the resolution of the
string core becomes worse.

The discretisation effect is also manifested in the energy density emission rates for axions
and saxions,

Γa = R−4 d

dt
(R4ρa), Γr = R−〈z〉 d

dt
(R〈z〉ρr), (5.1)
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Figure 15. The axion energy density spectrum (top left) and instantaneous emission spectrum
(bottom left) at ln(mr/H) = 7 obtained from simulations of physical strings with 40963 lattice sites
for 4 different choices on the neighbouring points Ng used in the discretisation of the Laplacian.
The ratio of the energy density spectrum (instantaneous emission spectrum) for each choice of Ng to
that for Ng = 4 is also shown in the top right (bottom right) panel. The coloured bands represent
statistical uncertainties, and the momentum corresponding to k/R = mr/2 is marked with dark blue
ticks.

where 〈z〉 is a suitably averaged redshift exponent [see Eq. (D.8)]. We computed Γa and
Γr for both physical and PRS simulations (see Appendix D.2 for more technical details).
Figure 18 shows the plots of Γa and Γr obtained from PRS-type simulations. We see that
the discretisation effects make the axion emission less efficient, and lead to the production
of large amounts of saxions. Note that the effect is more pronounced for larger values of ℓ.
Namely, the effect does not only depend on mra but also on ℓ. The fact that the effect is less
manifest at small ℓ may explain why the systematics associated with this effect have been
overlooked previously.

For simulations with physical strings, the effect becomes more intricate than the PRS
case, since mra increases with time (∝ R) so that the resolution gets worse at late times.
When considered in conjunction with the possible ℓ-dependence observed in the PRS case,
we expect that the discretisation effects rapidly come into play at the latest times in the
physical case.
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Figure 16. Evolution of the spectral index q of the instantaneous emission spectrum obtained from
simulations of physical strings with 40963 lattice sites for 4 different choices on the neighbouring
points Ng used in the discretisation of the Laplacian. The coloured bands represent the error induced
by changing the parameter σfilter for the filtering procedure to calculate F [Eq. (D.5)] in addition to
statistical uncertainties.

Figure 19 shows the evolution of the spectrum of axions (top panel) and saxions (bottom
panel) in the simulations of physical strings with 112643 lattice sites. Overall, the axion
spectrum exhibits the expected behaviour: There are cutoffs at k/R ∼ H and k/R ∼ mr,
which means that the location of the IR cutoff remains constant while the UV cutoff moves
right when the spectrum is plotted in terms of k/(RH). The growth in the amplitude of the
axion spectrum can be attributed to the logarithmic growth in the production rate, which
originates from the increase in the string tension µth and density ξ [see Eq. (2.6)]. However,
we also see a peak-like feature at very high momenta, which starts to appear at ℓ ≈ 7 and
grows rapidly. A similar feature is seen in the plot of the saxion spectrum. These features
can be regarded as a signal that the system is affected by the unphysical discretisation effects
at late times of the simulations. In that regime, instead of radiating axions and saxions with
proper momenta (k/R ≲ mr), strings dissipate their energy by producing a huge amount of
high frequency modes.

Figure 20 shows the evolution of the instantaneous emission spectrum in the simulations
of physical strings with 112643 lattice sites. Comparing the instantaneous emission spectrum
at ℓ = 9 with those at earlier times, we see that F is considerably distorted at the latest
times, as there is a suppression in the amplitude at intermediate momenta and a peak-like
feature appears at very high momenta. The distortion of F can bias q towards larger values.
We have seen a similar effect in Fig. 16 for the case of the discretisation of the Laplacian, and
we expect that the effect of the Laplacian can be suppressed by taking a sufficiently larger
value of Ng. On the other hand, the effect we see in Fig. 20 is attributed to the large value of
mra, which is not possible to suppress unless we perform simulations with higher resolutions
that realise a smaller value of mra at the same value of ℓ.
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Figure 17. The axion energy density spectrum (top left) and instantaneous emission spectrum
(bottom left) at ln(mr/H) = 6 obtained from simulations of PRS strings with 81923 lattice sites for 5
different choices of mra. The ratio of the energy density spectrum (instantaneous emission spectrum)
for each choice of mra to that for mra = 0.3 is also shown in the top right (bottom right) panel. The
coloured bands represent statistical uncertainties. The momentum corresponding to k/R = mr/2 is
marked with dark blue ticks. Here we do not show the results from simulations with mra = 0.2, since
they are consistent with those with mra = 0.3 but have larger statistical uncertainties.

In order to investigate the effect of mra on the instantaneous spectrum and q for simu-
lations with physical strings, we performed additional simulations with 30723 lattice sites for
three different choices of the self coupling of the PQ field that lead to different values of mra
at the end of the simulation (see Fig. 31 for the value of mra as a function of ℓ for each choice
of the simulation parameters). Figure 21 shows the evolution of the energy density emission
rates of axions and saxions obtained from physical string simulations including those with
30723 and 112643 lattice sites. Similarly to the case of PRS strings shown in Fig. 18, we see
that Γa ceases to increase and Γr blows up at large ℓ, and that the effect is more pronounced
for simulations that lead to the larger value of mra at late times. Compared to the PRS
case, the effect shows up rapidly at large logs, due to the exponential dependence on ℓ, i.e.
mra ∝ R ∝ exp(12ℓ).

Figure 22 shows the evolution of q for simulations with PRS (top panel) and physical
strings (bottom panel). In both cases, we see that the value of q converges at small ℓ, but
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Figure 18. Evolution of the energy density emission rate of axions (top panel) and that of saxions
(bottom panel) for PRS strings with different values of mra. The coloured bands represent statistical
uncertainties.

takes larger values at larger ℓ and mra.
22 We also observe that the effect increases more

22For the PRS case, the convergence at small ℓ is less clear since the data with small mra contains large
oscillations at late times of the simulations. As discussed in Sec. 4, the largest oscillation is expected to occur
at around τ = L/2, which corresponds to ℓ ≃ 6.7, 7.1, 7.6, 8.0, 8.3, 8.7 for mra = 0.2, 0.3, 0.5, 0.7, 1.0, 1.5. It
turns out that these oscillations cannot be eliminated even if we use the filtering method rather than the finite
difference method to compute F . Furthermore, for smaller mra, these oscillatory features could be amplified
due to the effect of the finite volume (see Appendix E.1). The feature due to the maximum oscillation at
τ ≃ L/2 is also seen in the results of physical strings. For instance, the plot of N = 11264 data shown in
the bottom panel of Fig. 22 exhibits the oscillatory feature at ℓ = 8.5–9, in accord with what was shown in

– 28 –



100 101 102 103 104

k/(RH)

10°3

10°2

10°1

100

101

1
f

2 a
H

2
@
Ω a

@
lo

g
k

physical

ln(mr/H) = 5.0

ln(mr/H) = 6.0

ln(mr/H) = 7.0

ln(mr/H) = 8.0

ln(mr/H) = 9.0

10°3 10°2 10°1 100 101

k/(Rmr)

10°3

10°2

10°1

100

101

102

1
f

2 a
H

2
@
Ω r

@
lo

g
k

physical

ln(mr/H) = 5.0

ln(mr/H) = 6.0

ln(mr/H) = 7.0

ln(mr/H) = 8.0

ln(mr/H) = 9.0

Figure 19. Energy density spectrum of axions (top panel) and that of saxions (bottom panel)
obtained from simulations of physical strings with 112643 lattice sites. Different lines correspond to
the spectra measured at different values of ln(mr/H).

rapidly for the physical case compared to the PRS case.

The rapid increase in the discretisation effect can be understood by considering the fact
that the horizon-sized string loops acquire a large velocity when they collapse. To illustrate
this, let us consider the motion of a circular loop in the Nambu-Goto effective theory [94],
where the string is described by spacetime coordinates Xµ(τ,σ), and τ and σ are parameters
of the world sheet swept by the string.23 Here we choose the time-like parameter as the

Fig. 12.
23For simplicity, here we ignore the effect of back-reaction on the loop due to the radiation of axions. It

was confirmed that including the effect of the axion radiation does not significantly alter the motion of the
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Figure 20. Instantaneous emission spectrum of axions obtained from simulations of physical strings
with 112643 lattice sites. Different lines correspond to the emission spectra measured at different
values of ln(mr/H), and the coloured bands represent statistical uncertainties. For the calculation of
F(x, y) shown in this figure, we used the filtering method introduced in Sec. 4 and described in detail
in Appendix D.1, rather than the finite difference method.

conformal time τ . After imposing the gauge condition Xτ ·X ′ = 0, where the prime denotes
the derivative with respect to σ, the equations of motion for the Nambu-Goto string in a flat
Friedmann-Robertson-Walker (FRW) background [94, 95] read,

Xττ + 2
Rτ

R
(1−X2

τ )Xτ = 󰂃−1(󰂃−1X ′)′, (5.2)

󰂃τ = −2
Rτ

R
󰂃X2

τ , (5.3)

where 󰂃 = [X ′2/(1−X2
τ )]

1/2. For a circular loop represented byXµ(τ,σ) = (τ, l(τ) cosσ, l(τ) sinσ, 0)
with −π ≤ σ < π, Eq. (5.2) reduces to

lττ + 2
Rτ

R
(1− l2τ )lτ +

1− l2τ
l

= 0, (5.4)

and 󰂃 = [l2/(1−l2τ )]
1/2. The second term in the left-hand side of the above equation represents

the effect of damping due to the cosmic expansion. When l is larger than the horizon size,
the velocity of the string is suppressed due to the damping term. In fact, by ignoring the
terms with lττ and with higher orders in lτ , we see from the above equation that the string
velocity is of order lτ ∼ R/(Rτ l) ∼ τ/l, which is very small for τ/l ≪ 1.

The effect of the Hubble damping becomes irrelevant when the loop size becomes smaller
than the horizon size, and after that it starts to collapse. The motion of the string loop in
this regime may be approximated by dropping the terms proportional to Rτ/R in Eqs. (5.2)

loop described by the Nambu-Goto solution even if ℓ is as small as ℓ ≈ 5 [68].
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Figure 21. Evolution of the energy density emission rate of axions (top panel) and that of saxions
(bottom panel) for physical strings with different values of the self coupling parameter λ̄ defined
by Eq. (A.4). The results are obtained from one set of 112643 simulations and four sets of 30723

simulations of physical strings, where mra evolves with time and its value at the end of the simulation
is also shown in the legend for each choice of λ̄. The coloured bands represent statistical uncertainties.
In the bottom panel, the continuum extrapolation of the saxion energy density emission rate is also
shown by the dashed line.
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Figure 22. Evolution of the spectral index q of the instantaneous emission spectrum for different
choices of the coupling parameter of the PQ field that controls the string core width. Top panel shows
the results of simulations of PRS strings with 81923 lattice sites. Bottom panel shows the results of
one set of 112643 simulations and three sets of 30723 simulations of physical strings. The coloured
bands represent the error induced by changing the parameter σfilter for the filtering procedure to
calculate F [Eq. (D.5)] in addition to statistical uncertainties.
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and (5.3),

lττ +
1− l2τ

l
≈ 0, 󰂃τ ≈ 0, (5.5)

whose solution is given by l ≈ l0 cos(τ/󰂃) with 󰂃 ≈ constant, and l0 is the radius of the loop
when it starts to collapse. Using the fact that 󰂃 remains constant, we can estimate the loop
velocity and the corresponding Lorentz factor γ at the time when the loop size becomes of
the order of the string core radius, l ≈ m−1

r :

γ =
󰁫
1− (l2τ )l≈m−1

r

󰁬−1/2
≈ l0mr, (5.6)

which implies γ ≈ eℓ for l0 ∼ H−1.
Based on the above result, we expect that the collapsing strings can have an exponen-

tially large Lorentz factor in the comoving coordinates at large ℓ. This implies that the size of
the string core is suppressed by the Lorentz contraction, and the mra parameter is effectively
modified as

mra → γmra ≈ eℓmra. (5.7)

Therefore, the discretisation effect occurring at large mra can be further pronounced at large
ℓ. Note that, for simulations of physical strings mra also grows as eℓ/2, and hence the effect
arises more dramatically than for the case of PRS strings.

5.3 Continuum extrapolation

5.3.1 Energy density emission rate

There is a huge unphysical effect that distorts the instantaneous emission spectrum at large
ℓ and large mra. We have seen that it also changes the net emission rates for axions (Γa)
and saxions (Γr), see Fig. 21. However, we find that the total emission rate Γa + Γr does
not depend much on mra. This is true for both the PRS case and physical case, as shown
in Fig. 23.24 Comparing Figs. 18 and 21 to Fig. 23, we see that the diminishing trend of Γa

and increasing trend of Γr compensate each other, such that the total emission rate becomes
almost insensitive to the discretisation effect. The fact that the total emission rate is almost
independent of mra is consistent with the behaviour of the string density parameter ξ. We
have seen that ξ is also less sensitive to mra (see Fig. 8), which is naturally expected as the
total emission rate is tied to the string density through Eq. (2.6).

Assuming that the discretisation effect is less harmful for the total emission rate Γa+Γr,
we may indirectly estimate the axion emission rate in the continuum limit as

Γ̄a = (Γa + Γr)data − (Γr)mra→0, (5.8)

where (Γa + Γr)data represents the data obtained from simulations (shown in Fig. 23), and
(Γr)mra→0 is the continuum extrapolation of Γr. We expect that this indirect method to
estimate Γa is better under control than taking the continuum extrapolation of Γa directly,

24The exceptional case is N = 3072 and λ̄ = 114178, where Γa +Γr deviates from other lines at ℓ ≳ 7.5. In
that case the discretisation effect turns out to be so large that the convergence in Γa + Γr is not guaranteed.
However, it shows a good agreement with others for ℓ ≲ 7 (corresponding to mra ≲ 1.5), and we use the data
in that region to estimate (Γr)mra→0 appearing in Eq (5.8).
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Figure 23. Evolution of the sum of the energy density emission rate of axions and that of saxions for
different choices of the coupling parameter of the PQ field that controls the string core width. Top
panel shows the results of simulations of PRS strings with 81923 lattice sites. Bottom panel shows
the results of one set of 112643 simulations and four sets of 30723 simulations of physical strings. The
coloured bands represent statistical uncertainties.
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since the error in the continuum extrapolation of Γr in Eq. (5.8) should be negligible at large
ℓ, where the value of (Γr)mra→0 itself becomes much smaller than (Γa + Γr)data, as shown
below.

We perform the continuum extrapolation of Γr by using the data from four sets of 30723

simulations with different values of λ̄ and one set of 112643 simulations, shown in the bottom
panel of Fig. 21. At each value of ℓ within the interval 4 ≤ ℓ ≤ 7, we fit the five data points
to a quadratic function of mra and perform the extrapolation to mra = 0. We observe that
the result of the extrapolation still exhibits a trend of slightly increasing Γr/(f

2
aH

3) with ℓ,
and we model it by a simple function in the form Γr/(f

2
aH

3) = c0+c1ℓ with O(1) coefficients
c0 and c1. The estimate of Γr obtained based on this procedure is shown in the bottom panel
of Fig. 21 as a dashed line. Within the range of 4 ≤ ℓ ≤ 9, the value of Γr/(f

2
aH

3) slightly
increases from Γr/(f

2
aH

3) ≈ 1 (at ℓ = 4) to Γr/(f
2
aH

3) ≈ 3.6 (at ℓ = 9). In the following, we
use this estimate based on the linear function up to ℓ ∼ 9, where the mra → 0 extrapolation
cannot be performed adequately.

Figure 24 shows the evolution of axion, saxion, and total emission rates together with
the continuum extrapolation of Γr and indirect estimate of Γa [Eq. (5.8)], obtained for the
simulations with 112643 lattice sites. The result of the extrapolation of Γr implies that Γ̄a

continues to grow, and the change in Γr is small compared to the growth in Γ̄a. Therefore
we expect that the energy stored in the string network is dominantly transferred into axions
at large ℓ. By looking at the difference between the plots of Γa and Γ̄a, we can also see
that about 40% of the axion radiation power is lost into unphysical high-frequency saxions
at around the end of simulations due to the discretisation effects.
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Figure 24. Evolution of the energy density emission rate of axions (blue line), saxions (orange line),
and the sum of them (green line) obtained from simulations of physical strings with 112643 lattice
sites. The coloured bands represent statistical uncertainties. The axion energy density emission rate
in the continuum limit defined by Eq. (5.8) and the continuum extrapolation of Γr/(f

2
aH

3) are also
shown as red dashed line and purple dashed line, respectively. The dash-dotted line represents the
theoretical expectation given by Eq. (2.6) with parameters [Eqs. (6.1) and (6.2)] determined by the
fit.
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5.3.2 Spectral index

We have seen that the discretisation effects due to finite values of 1/(mra) distort the spec-
trum and can lead to the overestimation of q. Here we try to model this effect in terms of
the following function,

q = qmodel(ℓ) + qdisc(ℓ,mra), (5.9)

where qmodel(ℓ) represents the genuine behaviour given by some function of ℓ, and qdisc(ℓ,mra)
represents the bias due to the discretisation effects that depends not only on ℓ but also on
mra. We expect that qdisc(ℓ,mra) monotonically increases with ℓ and mra, and vanishes
in the limit mra → 0. The argument of collapsing Nambu-Goto string loops that led to
Eq. (5.7) inspires us to think of the form qdisc ∼ αeβℓ, where α and β are coefficients that
do not depend on ℓ. We found that such a ℓ-dependence nicely reproduces the behaviour of
q for the PRS strings for each mra (shown in the top panel of Fig. 22), and also observed a
trend that the coefficient α increases while β decreases for larger values of mra. Taking into
account such a trend, we introduce the following function to model the effects for physical
strings,

qdisc(ℓ,mra) = d0(mra)
d1 exp

󰀗
d2ℓ

1 + (mra)d3

󰀘
, (5.10)

where d0, d1, d2, and d3 are constant parameters.
With the ansatz (5.10) for the discretisation effects, we performed the global fits of the

data of q measured in the simulations of physical strings to the function given by Eq. (5.9).
We assume that the model part qmodel should be given by a simple function of ℓ, and consider
the following possibilities:

Model A : q = q0 + q1ℓ (q1 > 0),

Model B : q = q0 + q1ℓ
2 (q1 > 0),

Model C : q = q0 + q1/ℓ (q1 < 0),

Model D : q = q0 + q1/ℓ
2 (q1 < 0).

(5.11)

In the fits, we use three sets of 30723 simulations with different values of λ̄ and one set of
112643 simulations, shown in the bottom panel of Fig. 22.25 For each data set, we sampled
the value of q with an interval of ∆ℓ = 0.25 starting from ℓ = 5.5, and the contribution of
each data is weighted by the error interval including the statistical errors and systematics
due to the filtering procedure to calculate F(x, y) (see Appendix D.1). In order to make sure
that the fit parameters end up within a reasonable interval, we performed the fits in three
steps: First we fitted the model part qmodel only by using data with mra < 0.7, and then
fitted the full data to the function given by Eq. (5.9) with the parameters in qmodel fixed to
values obtained in the first step. After that, we fitted full data again to the function given
by Eq. (5.9) by allowing all the parameters in qmodel and qdisc to change. In this third step,
we specified the boundaries for the parameters d0, d1, d2, d3 to ranges corresponding to one
sigma intervals obtained in the second step.

25In this analysis, we do not include the data from 30723 simulations with λ̄ = 114178 (mra = 2.8 at τ/L
= 0.5), since in that case the spectrum is too distorted at late times to be accurately modeled by a simple
function of q(ℓ,mra).

– 36 –



Table 1. Best fit parameters and χ2/d.o.f. for the models characterising the ℓ-dependence of q.

Model χ2/d.o.f. q0 q1
(A) q0 + q1ℓ 0.89 0.19(3) 0.093(5)
(B) q0 + q1ℓ

2 1.02 0.50(2) 0.0069(4)
(C) q0 + q1/ℓ 0.82 1.39(4) −3.9(3)
(D) q0 + q1/ℓ

2 0.81 1.09(2) −12.4(8)

The result of the fit for each model, including the value of χ2/d.o.f. and those for the
best fit parameters, is summarised in table 1. Values of the parameters d0, d1, d2, and d3 in
qdisc also differ according to the model, which are not shown in the table as their precise values
become irrelevant after taking the continuum limit (mra → 0). We find that the simple two-
parameter models enumerated in Eq. (5.11) yield almost equally good fits.26 Model C and
D are slightly more preferred than A and B, but the latter (especially model A) also shows
a good fit. The evolution of q predicted by three preferred models and the data set used for
the fits are shown in Fig. 25. The data is consistent with qmodel at ℓ ≲ 7, which implies that
the discretisation error is not important at that range. On the other hand, the discrepancy
between different models as well as differences between the models and data stand out at
large ℓ, which indicates that the discretisation error is quite serious in that range.

The fact that different models are almost equally preferred by the data implies that the
value of q at large ℓ remains quite uncertain. We can basically consider two possibilities:
one is that q grows linearly with ℓ (model A, which was also claimed in Ref. [71]), and the
other is that q continues to grow but asymptotes to a constant value with the ℓ dependence
suppressed as 1/ℓ (model C) or 1/ℓ2 (model D). Although differences between these models
are marginal at small ℓ simulated so far, it leads to a big impact on the calculation of the
axion dark matter abundance when extrapolated to large ℓ. Implications for the estimation
of the axion relic abundance and dark matter mass will be discussed in Sec. 6.3.

6 Results: Extrapolation

In this section, we estimate the axion relic abundance obtained by extrapolating numerical
results to large ℓ. In order to perform such an extrapolation, we need several quantities that
characterise the axion emission spectrum. Among them, we have investigated the systematics
on the string density parameter ξ in Sec. 3, and the spectral index q of the instantaneous
axion emission spectrum in Secs. 4 and 5. In the following two subsections, we present further
results on the total energy density emission rate (Sec. 6.1) and IR peak of the instantaneous
emission spectrum (Sec. 6.2). All these results are combined to calculate the axion dark
matter abundance and its uncertainty in Sec. 6.3.

6.1 Energy density emission rate

As shown in Fig. 23, the total energy density emission rate (Γa + Γr)/(f
2
aH

3) increases with
ℓ. This trend is expected to be captured by the analytical expression shown in Eq. (2.6),

26We also considered a set of three-parameter models such as q0 + q1ℓ + q2ℓ
2, q0 + q1/ℓ + q2/ℓ

2, and
q0 + q1ℓ + q2/ℓ, and found that they can also fit the data very well. However, in those cases the values of
the coefficients q0,q1,q2 become much more uncertain. This result signals that any of these coefficients could
be potentially important, and explains why different two-parameter models (model A, C and D) are almost
equally preferred.
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Figure 25. Comparison of the data on the evolution of the spectral index q of the instantaneous
emission spectrum obtained from simulations of physical strings (markers with error bars) and their
continuum extrapolations given by Model A (gray dashed line), Model C (brown dotted line), and
Model D (black dash-dotted line) in Eq. (5.11) with coefficients given by Table 1, which show good fits
to the data when the additional term [Eq. (5.10)] characterising the discretisation effect is included.
The error bars include systematics induced by changing the parameter σfilter for the filtering procedure
to calculate F [Eq. (D.5)] in addition to statistical uncertainties.

which can be used for the extrapolation. We utilise the orthogonal distance regression (ODR)
algorithm [96] to fit the data and determine the values of the parameters fL and η appearing
in Eq. (2.6). In this procedure, we treat Eq. (2.6) as a model function f(x;β) that depends
on three explanatory variables x = (ξ, dξ/dℓ, ℓ) and two parameters β = (fL, η), and we
use the data of (Γa + Γr)/(f

2
aH

3), ξ, and dξ/dℓ obtained from the simulations with 112643

lattice sites.27 The data is sampled with an interval of ∆ℓ = 0.25, while the value of dξ/dℓ
is evaluated by the simple finite difference between the nearest neighbour (much closer than
∆ℓ = 0.25) at each sample point. The data of the response variable, (Γa + Γr)/(f

2
aH

3), are
summed with weights given by the reciprocal of their statistical uncertainties. For the data
of ξ and dξ/dℓ, we evaluate their covariance matrix at each sample point, and use it as a
weight matrix in ODR in order to take account of the possible correlation between them.
On the other hand, the data of ℓ for each sample point is just introduced as an auxiliary
variable, and we set its weight values to 1 with no correlation with ξ and dξ/dℓ.

As a result of the fitting procedure described above, the parameters are determined as

fL = 0.83(1), (6.1)

η = 0.27(2). (6.2)

With these values of parameters, the behaviour of (Γa + Γr)/(f
2
aH

3) is well reproduced by
Eq. (2.6), as shown in Fig. 24. It is notable that the value of fL agrees with our expectation of

27Here we treat η as a constant, since its time-dependence is expected to be subdominant, suppressed by
1/ℓ [see Eq. (2.6)].
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∼ 80% reduction due to the abundance of long strings discussed in Sec. 2. Furthermore, the
value of η matches the theoretical estimate η = 1/

√
4π ≃ 0.28 remarkably well. The above

results for the system of physical strings are also compatible with fL ≈ 0.84 and η ≈ 0.27
found in Ref. [90] for PRS strings.

6.2 IR peak

The IR cutoff x0 of the instantaneous emission spectrum has some impact on the estimation
of the axion number radiated from strings (see Fig. 2). A non-trivial question is whether
the value of x0 depends on ℓ. One might expect that the location of the IR cutoff should be
proportional to

√
ξ [62, 71, 72, 79, 97], since the increase in the string density leads to the

shortening of the typical distance of neighbouring strings. Given the logarithmic growth of
ξ, this expectation implies that the IR cutoff would shift to higher momenta at large ℓ. The
actual spectrum does not have a sharp cutoff but has a peak-like feature in the IR, and we
can have an idea on how x0 evolves by looking at the behaviour of the IR peak of F(x).

The existence of the IR peak in the instantaneous emission spectrum F(x) implies
that, when we keep track of the time evolution of F for a fixed value of the comoving
momentum k, there is a point at which F becomes maximum: Before that time (outside
the horizon, k ≲ RH) it monotonically increases, and after that time (inside the horizon,
k ≳ RH) it decreases and oscillates. Such a time of turnaround τt.a. can be different according
to the comoving wavenumber, but we expect that the product xt.a. = kτt.a. should take
a similar value, as it should happen around the time of the horizon crossing, where k−1

becomes comparable to τ = 1/(RH). Nevertheless, the exact value of xt.a. could be slightly
different according to the value of the string density parameter ξ or ln(mr/H) at the time of
turnaround, from which we can infer the relation between ξ and the location of the IR peak.
The identification of the peak location in terms of the turnaround of the mode evolution is
advantageous in the numerical study, since it is hard to identify the IR peak directly from
the spectrum (k-dependence) of F(x) due to the fact that the number of modes in the IR
are very few, which prevents us from extracting the feature of the IR peak precisely.

Figure 26 shows the time evolution28 of F for two fixed values of comoving momenta,
kL/(2π) = 2.41 (top panel) and kL/(2π) = 3.43 (bottom panel).29 In this figure we compare
the results from simulations with different values for the initial string density (the same data
sets as Sec. 3). We see that the turnaround happens at kτ ∼ 3.5 for the attractor (simulations
with the initial string density ξℓ=3 = 0.3), while there is a trend that it happens earlier (later)
for under-dense (over-dense) cases. This trend agrees with our intuition that the location of
the IR peak shifts towards larger values of x = kτ for dense string networks.

Note that in this analysis we can only use the data with two comoving momenta, the
second-lowest mode [kL/(2π) = 2.41] and the third-lowest mode [kL/(2π) = 3.43]. This
limitation comes from the fact that we have to monitor the evolution of the modes that cross

28Here we change two independent variables of F from (x, y) to (k, τ), and study the dependence on τ for
fixed k. In this context, the change in x = kτ should be regarded as the time evolution rather than the
momentum dependence.

29Note that for the computation of F used in this subsection, we do not use the filtering method described
in Appendix D.1, which was used in Sec. 4 to obtain the smooth spectrum of F . Such a method is beneficial
for removing the 2k-oscillation that acts as a contamination in characterising the emission spectrum at the
intermediate momenta, but here we are interested in the turnaround behaviour of a mode with a very low
momentum, which is a part of the 2k-oscillation. Instead of applying such a filtering procedure, here we
compute the time derivative in F by taking the finite difference and applying another Gaussian filter to
remove fluctuations that show up in a period much shorter than the oscillation frequency ∼ 2k.
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Figure 26. Time evolution of the spectral energy density production rate F of one Fourier mode
specified by kL/(2π) = 2.41 (top panel) and kL/(2π) = 3.43 (bottom panel) for various different
values of the initial strings density ξℓ=3. The coloured bands represent statistical uncertainties, and
the black dashed line corresponds to the attractor with ξℓ=3 = 0.3. The locations of first turnaround
are marked by black dots. The results are obtained from simulations of physical strings with 20483

lattice sites.
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the horizon within the simulated time scale in order to observe the turnaround. For instance,
the lowest mode [kL/(2π) ∼ 1] is not suitable, since it does not enter well inside the horizon
before the end of the simulations. Furthermore, the modes with higher momenta kL/(2π) ≳ 4
are also inappropriate for the identification of the turnaround, since they are already inside
the horizon at the beginning of the simulations in most cases. This constraint also affects
the identification of the turnaround for the third-lowest mode [kL/(2π) = 3.43] shown in the
bottom panel of Fig. 26. In that figure, we see that in some of the simulations with under-
dense strings the mode is already inside the horizon at the beginning of the simulations, and
hence it is not possible to identify the time of the turnaround accurately for such data sets.

It should also be noted that the turnaround behaviour can be observed even in the
absence of strings (ξ → 0). In that case the mode evolution can be described as a simple
misalignment oscillation of the free axion field, and the location of the turnaround corresponds
to the time at which F reaches the first oscillation maximum. It is possible to calculate
the evolution due to such misalignment oscillations analytically, and we find x ≃ 1.87 at
turnaround (see Appendix F).

The relation between the string density ξ and the value of x at turnaround for 30 sets
of simulations with different initial string densities is summarised in Fig. 27. Note that the
values of ξ shown in that figure do not represent the initial string densities (evaluated at
ℓ = 3) but the values of ξ evaluated at the time of the turnaround. The figure clearly shows
the trend that the value of x at turnaround increases with ξ. The error bars represent the
statistical uncertainties, which become larger for large ξ, since in that case the mode starts
to oscillate at late times of the simulation, where there are not many Hubble patches in the
simulation box and the value of F becomes more uncertain.

Now let us model the relation between ξ and x at turnaround in terms of the following
function,

xt.a. = 1.87 + b1ξ
b0 , (6.3)

where the value of the constant term is chosen such that xt.a. approaches to the value inferred
from the misalignment oscillation of the free axion field in the limit ξ → 0. We fit the data of
x and ξ at turnaround to the above model by utilising the ODR algorithm, where statistical
errors of both x and ξ are taken into account as weights for the evaluation of the squared
distance. When we use the data of kL/(2π) = 3.43, we omit six data points from the lowest
string density (gray cross markers in the bottom panel of Fig. 27), since in those cases the
first maximum in F appears at around the initial time of the simulation, which could bias
the location of the turnaround. With this procedure, the best-fit parameters are found to be

b0 = 0.53(6), b1 = 2.3(1) for kL/(2π) = 2.41,

b0 = 0.54(4), b1 = 2.44(7) for kL/(2π) = 3.43.
(6.4)

The function (6.3) with the above best-fit parameters is plotted in Fig. 27 as dashed lines.
Remarkably, the value of the exponent b0 is consistent with the naive expectation xt.a. ∝

√
ξ.

Combined with the expectation that ξ increases linearly with ℓ, the result implies that the
location of the IR cutoff can be as large as x0 ∼ xt.a. ≈ 10–15 at ln(mr/H) = 70. We will
use this extrapolation for the estimation of the axion relic abundance in the next subsection.

6.3 Axion relic abundance

For the calculation of the axion abundance, the evolution of the axion field has to be treated
with caution if the emission spectrum is completely dominated by IR (q ≫ 1). In Ref. [71], it
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Figure 27. The relation between the string density parameter ξ and the value of x = kτ
at turnaround, obtained from the data of the evolution of F of one Fourier mode specified by
kL/(2π) = 2.41 (top panel) and kL/(2π) = 3.43 (bottom panel) for various different values of the
initial strings density. The results are obtained from simulations of physical strings with 20483 lattice
sites. Dashed lines represent the fits to a function given by Eq. (6.3). The data points marked by
gray crosses are not used for the fit, since in those cases the first maximum of F appears at around
the initial time of the simulation.
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was argued that for such an IR dominated spectrum the axion field becomes highly non-linear,
which could lead to a transient regime of axion number non-conserving processes around the
epoch of the QCD phase transition and result in an alleviation of the enhancement of the
axion abundance due to the large value of ξ ln(mr/H).

To check the relevance of the possible non-linear effect, it is instructive to calculate󰁳
〈θ2〉, the average square amplitude of the axion field given by Eq. (2.15). Here we compute

it as

〈θ2〉 =
󰁝 ℓ

ℓsim

dℓ′

2

eℓ
′

eℓ
Γ′
a

f2
aH

′3 〈x
−2〉(y′) + eℓsim

eℓ
〈θ2〉ℓsim , (6.5)

where 〈θ2〉ℓsim is obtained by directly integrating (1/k2)∂ρa/∂k [see Eq. (2.13)] from the
simulation result at ℓsim = 7. With this initial value, we perform the integration from ℓsim to
ℓ. For Γa in the integrand, we use Γth given by Eq. (2.6) with parameters given by Eqs. (6.1)
and (6.2). The approximation Γa ≈ Γth is guaranteed if we assume Γa ≫ Γr at large ℓ
(see Fig. 24). For 〈x−2〉(y) in the integrand, we use a simple power law approximation
for F(x) given by Eq. (2.17). Here we adopt x0 = xt.a. with xt.a. given by Eq. (6.3) and
coefficients given by Eq. (6.4). Furthermore, we extrapolate the string density parameter ξ
by numerically solving Eq. (3.1) for two models of ξc [Eqs. (3.3) and (3.4)], and estimate the
uncertainty associated with the modeling of ξc.

Figure 28 shows the estimates of
󰁳

〈θ2〉 for different assumptions on q. Here we consider
three models that give good fits to the simulation results (Model A, C, and D in Table 1).
We see that the system indeed becomes highly non-linear (

󰁳
〈θ2〉 ≫ π) at large ℓ for qmodel =

q0 + q1ℓ, while it stays linear for qmodel = q0 + q1/ℓ
2. For qmodel = q0 + q1/ℓ, the average

square amplitude takes a value around the boundary between the linear and non-linear regime
(
󰁳

〈θ2〉 ∼ π) at ℓ = 70.
If the system remains in the linear regime, the axion number at around the QCD phase

transition can be estimated by using Eq. (2.14). In that case we can compute it in a similar
manner as the average square amplitude,

na

f2
aH

=

󰁝 ℓ

ℓsim

dℓ′

2

eℓ
′/2

eℓ/2
Γ′
a

f2
aH

′3 〈x
−1〉(y′)

+
eℓsim/2

eℓ/2
na

f2
aH

󰀏󰀏󰀏󰀏
ℓsim

, (6.6)

where na/(f
2
aH)|ℓsim is obtained by directly integrating (1/k)∂ρa/∂k [see Eq. (2.12)] from

the simulation result at ℓsim = 7. For 〈x−1〉(y) in the integrand, we use a simple power law
approximation for F(x) given by Eq. (2.17). Other setups are the same as the calculation of
the average square amplitude described below Eq. (6.5). After obtaining the axion number
in this way, we can straightforwardly obtain the relic axion abundance at the present time
by applying the appropriate red-shift factor.

The above estimate of the axion abundance could be modified if the system becomes
non-linear. In that case, the axion number is given by [71]

na(tℓ) = cncV zma(T1)f
2
a

󰀕
R(t1)

R(tℓ)

󰀖3

, (6.7)

where

ma(T )
2 =

χ(T )

f2
a

, (6.8)
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is the axion mass at high temperatures defined by the topological susceptibility χ(T ), and in
the relevant temperature range, we adopt a power law approximation parameterised by an
exponent nQCD,

χ(T ) ∝ T−nQCD . (6.9)

Recent lattice QCD simulations have found a value around nQCD ≃ 8 [98]. The quantity z
in Eq. (6.7) is defined as

z ≡
󰀕
m(Tℓ)

H1

󰀖1+ 6
nQCD

, (6.10)

which represents the duration of the non-linear transient. t1 and tℓ correspond to the time
defined by H1 = ma(T1) and that at the end of the non-linear transient, respectively. cn and
cV are coefficients that can be determined numerically.

From the requirement that the non-linear transient is terminated when the gradient
energy of the IR modes becomes comparable to the potential energy from the axion mass,
the value of z can be fixed and given in terms of infinitely nested logarithms [71],

z =

󰀗
4πfLξ1ℓ1

cV

󰀗
1− 2

nQCD + 4

󰀘

× ln

󰀳

󰁃4πfLξ1ℓ1
cV

󰀗
1− 2

nQCD + 4

󰀘 󰀗
cm
x0

󰀘2
󰀕
1+ 2

nQCD+2

󰀖

ln(. . . )

󰀴

󰁄

󰀶

󰀸

1
2

󰀕
1+ 2

nQCD+4

󰀖

, (6.11)

where ξ1 and ℓ1 are values of ξ and ℓ evaluated at H = H1. cm is another O(1) coefficient
that can also be determined from the numerical simulations. In Ref. [71], it was shown that
the above analytical estimates show a good agreement with the numerical results for the
following values,

cn = 1.35, cV = 0.13, cm = 2.08, (6.12)

which we adopt in our analysis.

Some comments are in order. First, in Eq. (6.11) we have applied the replacement
ξ1 → fLξ1 to Eq. (34) of Ref. [71], taking into account that the emission rate (2.6) is
accompanied by the overall factor of fL. Second, the analytical expressions [Eqs. (6.7), (6.10),
and (6.11)] and parameters [Eq. (6.12)] are obtained based on the assumption of q ≫ 1.30

In that limit, the dependence on q disappears in Eq. (6.11), while the result substantially
depends on q when it is not so large (see Fig. 26 of Ref. [71]). Hence, those analytical formulae
cannot be used reliably in the case where q is not much larger than one (e.g. q ≲ 2). Finally,
though Eqs. (6.7) and (6.11) were derived based on the assumption that x0 is constant, they
can be used in a good approximation even if we include the possible (slow) evolution of
x0 ≈ xt.a. [cf. Eq. (6.3)]. Since the dependence on x0 is only logarithmic, the change in this
quantity just gives rise to subdominant effects, which are negligible for ln(mr/H1) ≫ 1.

After the non-linear transient (t > tℓ), the comoving axion number density is conserved,
and the axion abundance at the present time can be estimated by using Eq. (6.7). Note that

30In Ref. [71], q = 5 was used for simulations of the axion field evolution at the non-linear regime.
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the axion number density at the present time t0 is given by

na(t0) =

󰀕
Rℓ

R0

󰀖3

na(tℓ)

=

󰀕
Rℓ

R0

󰀖3

cncV zma(T1)f
2
a

󰀕
R1

Rℓ

󰀖3

= cncV zH1f
2
a

󰀕
R1

R0

󰀖3

. (6.13)

Hence, we can think of cncV z as an enhancement factor compared to the naive estimate
H1f

2
a (R1/R0)

3.
In order to quantify the effect of strings on the estimation of the dark matter abundance,

let us define the production efficiency from strings compared to the usual misalignment
estimate,

K ≡ nstr
a (t0)

nmis
a (t0)

, (6.14)

where nmis
a (t0) = cmisH1f

2
a (R1/R0)

3 with cmis = 2.31 is the fiducial axion number represent-
ing a typical result from angle-average misalignment estimation.31 In terms of K, the axion
CDM abundance can be estimated as

Ωah
2 = KΩmis

a h2, (6.15)

31The coefficient is motivated by the averaging of the initial misalignment angle θi, cmis = 〈θ2i 〉/2 with󰁳
〈θ2i 〉 ≈ 2.15, which was obtained numerically by including anharmonicities in the QCD potential [98, 99].
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where

Ωmis
a h2 =

man
mis
a (t0)

ρcrit/h2
= cmis

󰁵
20

π
g∗s(T0)

󰁳
g∗ρ(T1)

g∗s(T1)
Ωγh

2 maf
2
a

T1T0MP
, (6.16)

g∗ρ(T ) and g∗s(T ) are the effective degrees of freedom for the energy density and entropy
density, respectively, ρcrit is the critical density of the Universe today, g∗s(T0) ≃ 3.931 are
the effective degrees of freedom for the entropy density today [100], Ωγh

2 ≃ 2.473× 10−5 is
the photon density parameter, T0 ≃ 2.349× 10−4 eV is the photon temperature today [101],
and MP ≃ 1.221× 1019GeV is the Planck mass.

For a given value of K, one can determine the axion mass ma satisfying the condition
Ωah

2 = ΩCDMh2 = 0.12 [102], as shown in Fig. 29. To produce this relation between K and
ma, we used tabulated data of g∗ρ(T ) and g∗s(T ) obtained in Ref. [100]. As shown in the
figure, the result slightly depends on the exponent nQCD characterising the temperature de-
pendence of the axion mass. A smaller value of nQCD makes the axion massive at earlier time,
shifting T1 to a higher value. This results in a suppression Ωmis

a h2 ∝ 1/T1 [see Eq. (6.16)],
and requires a higher value of fa to explain the observed dark matter abundance. Therefore,
a smaller mass is predicted for a smaller nQCD. We also note that the uncertainty due to the
equation of state g∗ρ(T ) and g∗s(T ) quantified in Ref. [100] is negligibly small compared to
the effect of nQCD, since a small variation in the Hubble parameter due to g∗ρ(T ) does not
have a big impact on the determination of T1 for a fast temperature dependence of ma(T ).
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Figure 29. The relation between the axion production efficiency defined by Eq. (6.14) and the axion
mass explaining the observed CDM abundance. Different lines correspond to different values of the
exponent nQCD characterising the temperature dependence of the topological susceptibility [Eq. (6.9)].

Now we can compute the axion relic abundance relative to the fiducial estimate,

K =

󰀻
󰁁󰁁󰀿

󰁁󰁁󰀽

1

cmis

na(t1)

f2
aH1

(linear),

cncV z

cmis
(non-linear),

(6.17)
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where Eq. (6.6) can be used for the linear case, while Eq. (6.11) should be used for the non-
linear case. Once we obtain K for a given value of ℓ, we can translate it to the prediction for
the dark matter mass by using the K-ma relation shown in Fig. 29.

In order to perform the extrapolation to large ℓ, we need to fix the assumption on how
the values of q and ξ change with ℓ. For the value of q, among three different possibilities
considered in Fig. 28, the linear estimate can be used for the case with q = q0 + q1/ℓ

2, while
the non-linear estimate should be used for that with q = q0 + q1ℓ. Hereafter we estimate the
axion relic abundance and the dark matter mass prediction for these two cases, and call the
scenario with q = q0 + q1/ℓ

2 the plateau extrapolation and that with q = q0 + q1ℓ the linear
extrapolation. It might also be possible to consider yet another type of extrapolation by using
the model with q = q0 + q1/ℓ, but in that case both the formulae shown in Eq. (6.17) would
not hold to a good approximation, since the system lies in the boundary between linear and
non-linear regime at ℓ ∼ 70 (see Fig. 28), which requires some additional numerical study to
obtain quantitative results. For this technical reason, in the following we do not perform the
extrapolation based on the model with q = q0 + q1/ℓ. Nevertheless, it is certainly true that
the result of the extrapolation with q = q0 + q1/ℓ would lie between the value predicted in
the case with q = q0 + q1/ℓ

2 and that with q = q0 + q1ℓ.

For the value of ξ, we use the extrapolation based on two models of ξc given by Eqs. (3.3)
and (3.4). Here we adopt two models of ξc for each of the two possible extrapolations of q,
so that we consider four different possibilities for the values of q and ξ in total, and quantify
their impact on the estimation of the axion abundance and the dark matter mass prediction.

In Fig. 30, we show the results of the calculation of K (left panel) and the corresponding
axion dark matter mass prediction (right panel) for different possibilities on the extrapolation
of q and ξ. In these plots, we also show the uncertainties due to the change in the values
of parameters used for the calculation. The uncertainty due to q is derived from the fit
parameters q0 and q1 (see Table 1). The uncertainty due to ξ is derived from the fit parameters
of ξc shown in Eqs. (3.3) and (3.4). The uncertainty due to x0 is derived from the fit
parameters b0 and b1 shown in Eq. (6.4), where we use the results obtained from data with
kL/(2π) = 2.41 as the fiducial values. As for the uncertainty due to nQCD, we change the
value of nQCD from 7 to 8.16 (estimate based on the dilute instanton gas approximation [98]),
where nQCD = 8 is used as the fiducial value.32 Note that the error in nQCD is irrelevant for
the calculation of K in the plateau extrapolation, and the corresponding lines (blue or black
dotted lines) are not shown in the left panel of Fig. 30. Furthermore, the error in q (would
be orange or gray solid lines) is irrelevant for the linear extrapolation, since we have used
the formula given by Eq. (6.11), which is derived under the assumption of q ≫ 1 and does
not depend on the detailed values of q. It turns out that, for the plateau extrapolation the
largest uncertainty comes from the error in the value of q (for ξc = ξlinc ) or ξ (for ξc = ξsatc ).

32In our analysis, the dependence on nQCD appears only through the determination of T1 in Eq. (6.16) for
the linear case. It should be noted that there can be additional effect of nQCD through the modification of
the axion field evolution around the epoch of the QCD phase transition, which we have not included in our
analysis. Simulations with toy models performed in Ref. [103] suggest that the axion production efficiency
is significantly higher than the misalignment estimate for nQCD = 0 compared to nQCD = 7. A similar
trend was also found in the simulations performed in Ref. [73], showing that the nQCD = 0 case predicts
25% higher dark matter abundance than the misalignment estimate. Such an enhancement at small values of
nQCD could compensate the reduction due to the change in T1 and modify the error estimation for the linear
case. On the other hand, in the non-linear case the effect may not be so significant as the linear case, since
the gradient energy dominates over the potential energy during the non-linear transient, and the effect of the
QCD potential on the axion field dynamics is expected to be subdominant in that regime.
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Table 2. Axion dark matter mass predicted at ln(mr/H) = 70 and its error budget. For each
extrapolation of q (plateau extrapolation with q = q0 + q1/ℓ

2 and linear extrapolation with q =
q0 + q1ℓ), we consider two models of ξc.

Parameter
ma [µeV] (Plateau extrapolation) ma [µeV] (Linear extrapolation)

ξlinc ξsatc ξlinc ξsatc

q 141–198 102–144 439 311
ξ 167–173 95–151 431–447 237–381
x0 149–197 111–137 429–450 305–316
fL 168–172 122–125 435–443 308–313
nQCD 138–175 101–127 379–449 268–317

On the other hand, for the linear extrapolation with ξc = ξlinc the dominant source of the
uncertainty is the value of nQCD, which affects the timescale of the dynamics of the system,33

though the error in ξ dominates if instead we adopt ξc = ξsatc .

20 30 40 50 60 70

ln(mr/H)

0

25

50

75

100

125

150

175

200

K
=

n
st

r
a

(t
0)

/n
m

is
a

(t
0) q = q0 + q1` (ªlin)

q = q0 + q1` (ªsat)

q = q0 + q1/`2 (ªlin)

q = q0 + q1/`2 (ªsat)

Uncertainty in q

Uncertainty in ª
Uncertainty in x0

Uncertainty in nQCD

20 30 40 50 60 70

ln(mr/H)

0

100

200

300

400

500
m

a
[µ

eV
]

q = q0 + q1` (ªlin)

q = q0 + q1` (ªsat)

q = q0 + q1/`2 (ªlin)
q = q0 + q1/`2 (ªsat)

Uncertainty in q

Uncertainty in ª
Uncertainty in x0

Uncertainty in nQCD

Figure 30. The axion production efficiency K (left) and corresponding dark matter mass (right)
obtained by extrapolating numerical results to larger values of ln(mr/H). Different colours represent
four different assumptions on the extrapolation of q and ξ: q = q0 + q1/ℓ

2 with ξc = ξlinc (blue),
q = q0 + q1ℓ with ξc = ξlinc (orange), q = q0 + q1/ℓ

2 with ξc = ξsatc (black), and q = q0 + q1ℓ with
ξc = ξsatc (gray). For each type of extrapolation, uncertainties due to the change in the parameters of q,
ξ, x0, and nQCD (see text for details) are shown by the region enclosed by solid, dashed, dash-dotted,
and dotted lines, respectively.

Finally, in Table 2 we summarise the values of the predicted axion dark matter mass
at ln(mr/H) = 70 and its uncertainty due to the change in the parameters within the range
described above for four assumptions on the extrapolation of q and ξ. In addition to the
errors due to q, ξ, x0, and nQCD, here we also show the effect of the change in fL within
the range shown in Eq. (6.1), though it is subdominant compared to other uncertainties.
Taking the maximum and minimum values from Table 2 (including the difference between
two models of ξc), we end up with the following estimate for the axion dark matter mass for

33Since Eq. (6.11) implies that K ∝ (ξ1ℓ1)
1
2
+ 1

nQCD+4 , the production efficiency becomes larger for smaller
values of nQCD. We can see this trend in the left panel of Fig. 30, where the upper dotted lines correspond
to the case with nQCD = 7. However, this enhancement is overwhelmed by the shift in T1, and the resulting
dark matter mass becomes smaller for nQCD = 7, as shown by the lower orange or gray dotted line in the
right panel of Fig. 30.
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the plateau extrapolation of q:

ma = 95–198µeV, (6.18)

which corresponds to the value of the axion decay constant, fa ≈ (2.9–6.0) × 1010GeV. On
the other hand, if we take the extrapolation along the linear increase model of q, the predicted
mass reads

ma = 237–450µeV, (6.19)

which corresponds to fa ≈ (1.3–2.4)× 1010GeV.

7 Conclusions

In this paper, we have performed large scale simulations of global string networks and anal-
ysed the spectrum of axions radiated from them. Our main findings are summarised as
follows.

1. We have shown that the attractor behaviour of the system can be described by a simple
differential equation (3.1) with an appropriate choice of the coefficient function C(x).
This interpretation is complemented by looking at how the system radiates saxions. It
is also found that the spectral index q of the instantaneous axion emission spectrum can
be over/under estimated when the string density is lower/higher than the attractor.

2. The instantaneous emission spectrum is largely contaminated by the oscillations in the
axion energy density spectrum. These oscillations are expected on physical grounds
due to the misalignment oscillation of the Fourier mode of the axion field after the
corresponding mode enters the horizon, or the production of high momentum modes
due to the parametric resonance effect induced by the oscillating radial field when the
momentum of the corresponding mode becomes comparable to mr/2. The estimates of
q can be biased unless such oscillations are properly handled.

3. We have observed that the spectra of axions and saxions are distorted by discretisation
effects, which bias q toward larger values. The effects blow up rapidly at large ℓ =
ln(mr/H). We have performed the global fits to extract those effects and characterised
the evolution of q in the continuum limit in terms of some simple functions of ℓ. It
turns out that several possibilities on the ℓ dependence of q can fit the data, including
the scenario where q approaches q ≈ 1 as 1/ℓ2 at large ℓ (plateau model),34 and the
scenario where q increases linearly with ℓ (linear increase model).

4. We have found that the turnaround in the evolution of F around the horizon crossing
depends on the string density parameter ξ, which is well described by the function given
by Eq. (6.3) with parameters determined as Eq. (6.4). This dependence on ξ remarkably
agrees with our expectation on the behaviour of the IR peak of the spectrum, x0 ∝

√
ξ.

34We note that there are several heuristic arguments that show a preference for q ≲ 1 in the literature.
The scenario with q = 1 was indeed claimed a few decades ago in Refs. [52, 54, 62]. More recently, Ref. [97]
provided intuitive explanation on why we should expect q ≤ 1. The authors of Ref. [72] also suggested an
interpretation to have q = 1 by focusing on the distribution of string loops. Our result that the plateau model
shows a good fit to the data could be compatible with these arguments, but we cannot exclude the other
possibility that q becomes greater than 1 at large ℓ in the current analysis.
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By combining the numerical results, we have performed the extrapolation to large ℓ and
estimated the prediction for the axion dark matter mass. The prediction basically differs
according to the assumption on how q depends on ℓ: For the plateau model it is given by
Eq. (6.18), while for the linear increase model it is given by Eq. (6.19). Since both models
fit the data almost equally well, we expect that yet other models which lead to a value of q
in-between two models could also be allowed.35 Therefore, we assess the uncertainty in the
dark matter mass prediction at the difference between the results of two different ways of
extrapolation:

95µeV ≲ ma ≲ 450µeV. (7.1)

The lower part of the mass range obtained by the extrapolation with q ≈ 1 will be probed by
future haloscope experiments, including MADMAX [104], ALPHA [105], and ORGAN [106].36

On the other hand, accessing the higher end of the mass range ma ∼ 450µeV obtained by
the extrapolation with q > 1 would remain a challenge even for future experiments.

Note that the axion dark matter mass (7.1) obtained by extrapolating our simulation
results to large ℓ does not agree with the value ma = 26.2 ± 3.4µeV obtained in Ref. [67],
which made use of a different method to simulate high-tension strings directly by introducing
extra field degrees of freedom [84]. Understanding the origin of such a discrepancy should be
a crucial step to improve the robustness of our indirect method to predict the dark matter
mass, or to find any unaccounted systematics (if exists) in the extrapolation. In this regard,
it would be interesting to calculate the axion emission spectrum precisely in the simulation
framework of Refs. [67, 84] to make a close comparison between two methods.37

The main source of the uncertainty in the axion dark matter mass shown in Eq. (7.1)
is the different scenario on the value of q at large ℓ. In order to reduce the uncertainty, it is
thus important to see if q actually continues to increase or saturates to q ≈ 1 when we further
increase the value of ℓ with suppressing the discretisation effects. To this end, a dedicated
study by using some advanced numerical scheme that allows for even larger dynamical ranges
[such as the AMR framework [108, 109]] is warranted. We leave it as the subject of our future
work.
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A Code and simulation setups

In this work, we utilise the Jaxions code,38 which is a massively parallel code to study
the evolution of the PQ field in a FRW background, originally developed in Ref. [69]. This
appendix is devoted to the description of some details of the code and simulation setups.

For the study of the axion production from strings, one has to solve the following
classical equation of motion derived from the Lagrangian (2.1),

φ̈+ 3Hφ̇− 1

R2
∇2φ+ λφ

󰀃
|φ|2 − f2

a

󰀄
= 0. (A.1)

In the numerical study, it is convenient to define the rescaled variables as

φ → φ

fa

R

R1
, xi → R1H1x

i, τ → R1H1τ, (A.2)

where xi are comoving spatial coordinates, τ is the conformal time, H1 is the Hubble param-
eter characterising a reference timescale of the system [see Eq. (A.5)], and R1 is the scale
factor at that time. If we assume the radiation dominated Universe (R ∝ τ) and use the
rescaled variables defined above, we can simplify the equation of motion as

φττ −∇2φ+ λ̄φ(|φ|2 − τ2) = 0, (A.3)

which is used in the numerical scheme implemented in the Jaxions code. Note that the
equation of motion can be characterised by only one free parameter,

λ̄ ≡ λf2
a

H2
1

=
m2

r

2H2
1

. (A.4)

A natural choice for the typical timescale of the system is the time at which the axion
mass starts to be relevant due to the QCD effects, H1 = ma(T1). This amounts to [69]

H1 ≃ 3.45× 10−3 µeV

󰀕
ma

50µeV

󰀖0.338

, (A.5)

where the exponent is found numerically by using the lattice QCD output of Ref. [98].
Substituting Eq. (A.5) into Eq. (A.4), we find that the realistic value of the λ̄-parameter
should be

λ̄ ≃ 1.1× 1057 λ

󰀕
ma

50µeV

󰀖−2.676

. (A.6)

38https://github.com/veintemillas/jaxions
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Table 3. Coefficients for Laplacian stencils

Ng C1 C2 C3 C4

1 1 0 0 0
2 16/12 −1/12 0 0
3 3/2 −3/20 1/90 0
4 8/5 −1/5 8/135 −1/560

It is not possible to perform simulations for such a large value of λ̄, since the ratio of the
lattice spacing, which is at most of order the string core radius ∼ m−1

r , to the size of the
simulation box, which is at least of the order of the Hubble radius ∼ H−1

1 , is limited by the
computing resources. This fact requires an adequate treatment to extrapolate the numerical
results to extremely large values of λ̄.

The equation of motion (A.3) is solved numerically by defining the PQ field on a static
cubic lattice with periodic boundary conditions. The simulation box is given by a constant
comoving volume with size L3, which means that the physical size of the lattice spacing
a ≡ R(t)L/N increases proportionally to the scale factor R(t), where N is the number
of lattice sites per dimension. Since the width of the string core ∼ m−1

r ∝ (
√
λfa)

−1 is
constant, the ratio of the physical lattice spacing to the string core width, mra, increases
with time, which leads to serious discretisation effects as described in Sec. 5. The effects may
be alleviated by artificially replacing λ̄ by (R/R1)

−2λ̄ such that mra remains constant (the
PRS method). In this work, we perform both types of simulations: the physical type, where
λ̄ is constant throughout the simulation, and the PRS type, where λ̄ decreases as ∝ R(t)−2.

The Laplacian is reproduced by building the stencil involving Ng neighbouring points
around a given grid point labeled by indices i = (ix, iy, iz),

(∇2φ)i =
1

δ2

󰁛

u=x,y,z

Ng󰁛

n=1

Cn(φi+nnu + φi−nnu − 2φi), (A.7)

where δ = L/N and nu (u = x, y, z) are unit vectors representing displacements of one lattice
spacing in u-direction. In Jaxions, the above discretisation scheme is implemented up to
Ng = 4, whose coefficients are summarised in Table 3. The effect of different choices of Ng is
discussed in Sec. 5.1.

The time evolution of the PQ field φ is computed by converting the second-order differ-
ential equations (A.3) into a couple of first-order equations for φ and φτ . For the time prop-
agation we adopt the fourth-order McLachlan-Atela (Runge-Kutta-Nyström) method [110],
which is a highly accurate, explicit method optimized for the system described by sepa-
rable Hamiltonian with quadratic kinetic energy. For the size of the time step, we use
Rdτ = 1.5/ωmax, where ωmax =

󰁳
m2

r + k2∗/R
2 with k2∗ = 12/δ2 is the characteristic fre-

quency of the fastest mode.39 This amounts to dτ = 1.5δ/
󰁳

(mra)2 + 12 < 0.433δ for any
value of mra > 0 and satisfies the Courant condition. For the update of the field variables
at each time step, we use advanced vector extensions (AVX512), which can process multiple
sets of data simultaneously, in addition to the standard MPI/OpenMP parallelization. Fur-
thermore, the loops for the field update are broken up into sub-blocks, whose size is adjusted

39Strictly speaking, k2
∗ = 12/δ2 corresponds to the maximum momentum for the Laplacian with Ng = 1.

For general Ng, the maximum momentum takes a larger value given by k2
∗ = 12

󰁓Ng

n=1 Cn/δ
2. Nevertheless,

we use the same criterion (k2
∗ = 12/δ2) to determine dτ even for the case with larger Ng in the code.
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to the cache size of the processor. Since the cache size differs according to the hardware,
the program executes a function that tunes the block size to find an optimal loop tiling at
the beginning of the simulation. With these functionalities in Jaxions, we can achieve a
substantial speed-up in the calculation of the field evolution.

Parameters used in the simulations performed in this work and the number of simula-
tions executed for each choice of the parameters are summarised in Table 4. For each set of
parameters, simulations are performed up to a conformal time τf shown in the fourth col-
umn of the table (in terms of the ratio τf/L). For physical-type simulations, we performed
four sets of 40963 simulations to study discretisation effects due to the Laplacian, and four
sets of 30723 simulations with different values of λ̄ to study discretisation effects due to the
resolution of the string core width, in addition to the largest 112643 simulations, which reach
ln(mr/H) = 9.08 at the final time. Furthermore, we also performed 30 sets of 20483 simu-
lations with different initial string densities to study the attractor behaviour of the system.
Other relatively small scale simulations (from 10243 to 30723) are performed for the studies
of the initial conditions (Appendix B) and the finite volume effects (Appendix E.1). Except
for the simulations with N = 2048 and λ̄ = 6400, all physical-type simulations begin with the
initial string density corresponding to the attractor, ξℓ=3 = 0.3 (see Sec. 3 for identification
of the attractor).

As mentioned above, the quantity mra, which can be regarded as a measure of the string
core resolution, increases with time for physical-type simulations. In terms of the simulation
parameters, it is given (in rescaled units) by,

mra =
(2λ̄)1/2L

N
τ =

(2λ̄)1/4L

N
eℓ/2. (A.8)

Figure 31 shows the evolution of mra for parameters of the physical-type simulations used
in the main analysis. As explicitly shown in Eq. (A.8), the dependence on ℓ = ln(mr/H)
is exponential, and the resolution gets worse rapidly at large ℓ. Obviously, the best case
is the simulation with N = 11264, though the value of mra reaches 1.25 at the end of the
simulation.

For PRS-type simulations the value of mra remains constant. Hence for such cases we
use mra as an input parameter instead of λ̄. As shown in Table 4, we performed PRS-type
simulations with 81923 lattice sites for 6 different choices of mra. In addition, we performed
three sets of simulations (10243, 20483, and 40963 lattice sites) with mra = 1 for the study
of the finite volume effects (Appendix E.1) and one 20483 simulation with mra = 1 for the
check of the systematics associated with the masking procedure (Appendix C.3). For smaller
values of mra the resolution of the string core improves, but the maximum reachable value
of ln(mr/H) decreases.

For PRS-type simulations, the initial conditions are produced as random fluctuations
obeying Gaussian distribution in the Fourier space such that the string density parameter at
the initial time (ℓ = 0) becomes ξℓ=0 ≃ 0.011, a value found by extrapolating the curve of
“attractor” in Ref. [68] into ℓ = 0. Since the convergence to the attractor in the PRS case
is faster than the physical case, we expect that this choice for the initial condition is enough
for the study of the attractor in the PRS-type simulations. For physical-type simulations,
the initial condition should be chosen much more carefully, and we will discuss this issue in
details in Appendix B.
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Table 4. Parameters used in the simulations and the number of simulations executed for each choice
of them. The list of the number of figures in which the results are used is also shown in the last
column.
Typea Grid size Laplacian Final time ln(mr/H) Parameter Number of List of figures

(N3) (τf/L) at τf simulations

Physical 112643 4-neighbours 0.625 9.08 λ̄ = 195799 20 7,8,9,10,11,19,20,21,22,23,24,25,43,46
Physical 40963 1-neighbour 0.625 8.07 λ̄ = 25890.8 30 15,16
Physical 40963 2-neighbours 0.625 8.07 λ̄ = 25890.8 30 15,16
Physical 40963 3-neighbours 0.625 8.07 λ̄ = 25890.8 30 15,16
Physical 40963 4-neighbours 0.625 8.07 λ̄ = 25890.8 30 14,15,16,37,38
Physical 30723 4-neighbours 0.5 7.34 λ̄ = 14563.6 30 8,21,22,23,25,36
Physical 30723 4-neighbours 0.5 7.74 λ̄ = 32768 30 8,21,22,23,25
Physical 30723 4-neighbours 0.5 8.08 λ̄ = 64225.3 30 8,21,22,23,25
Physical 30723 4-neighbours 0.5 8.37 λ̄ = 114178 30 8,21,23
Physical 20483 4-neighbours 0.55 7.12 λ̄ = 6400 30×30b 3,4,5,6,7,26,27,44
Physical 10243 4-neighbours 0.5 6.23 λ̄ = 1600 30×4c 32,33,34,35
Physical 30723 4-neighbours 0.458367 7.5 λ̄ = 28571.2 30 40
Physical 25603 4-neighbours 0.550042 7.5 λ̄ = 13778.5 30 40
Physical 20483 4-neighbours 0.687552 7.5 λ̄ = 5643.68 30 40
Physical 15363 4-neighbours 0.916735 7.5 λ̄ = 1785.69 30 40
Physical 10243 4-neighbours 1.3751 7.5 λ̄ = 352.73 30 40
PRS 81923 4-neighbours 0.55 6.80 mra = 0.2 20 8,18,22,23
PRS 81923 4-neighbours 0.55 7.21 mra = 0.3 20 8,17,18,22,23
PRS 81923 4-neighbours 0.55 7.72 mra = 0.5 20 8,17,18,22,23
PRS 81923 4-neighbours 0.55 8.06 mra = 0.7 20 8,17,18,22,23
PRS 81923 4-neighbours 0.55 8.41 mra = 1.0 20 8,17,18,22,23,41,42
PRS 81923 4-neighbours 0.55 8.82 mra = 1.5 20 8,17,18,22,23
PRS 40963 4-neighbours 0.55 7.72 mra = 1.0 30 41
PRS 20483 4-neighbours 0.55 7.03 mra = 1.0 30 41
PRS 10243 4-neighbours 0.55 6.33 mra = 1.0 30 41
PRS 20483 4-neighbours 0.5 6.93 mra = 1.0 1 39

aFor all physical-type simulations (except for N = 1024, see footnote c) we set the initial time τi such that
the simulation starts from ln(mr/H) = 3, and for all PRS-type simulations we set τi such that the simulation
starts from ln(mr/H) = 0.

bFor simulations of physical strings with N = 2048, we chose 30 different initial string densities ranging
from ξℓ=3 ≃ 0.022 to 0.828 as shown in Fig. 3. For each value of the initial string density, we executed 30
simulations with randomly generated initial field configurations.

cSimulations of physical strings with N = 1024 are performed for the check of initial conditions. For these
simulations we used 4 different ways to generate initial conditions, including a case where the simulation
starts from ln(mr/H) = 1. See Appendix B for details. For each type of the initial condition, we executed 30
simulations with randomly generated initial field configurations.

B Initial conditions

The choice of the initial condition is a tricky part of the simulation, since it is impossible
to produce strings in a physically correct way. Ideally, one should simulate the process
of the PQ phase transition to produce strings, but assuming that it happens thermally at
the temperature TPQ ∼ fa (corresponding to the Hubble parameter HPQ) in the radiation
dominated epoch, a huge scale separation ln(mr/HPQ) ∼ 19 (for mr ∼ fa ∼ 1010GeV)
is required. It is still possible to mimic such a thermal initial condition with artificially
small ln(mr/HPQ) [as done in some earlier works [61, 63–65, 70, 72, 79]], but it is not
straightforward to confirm if the unphysical nature of “thermal” fluctuations can settle down
within the limited dynamical range of the simulation. In this work, we instead follow a
perspective initiated by Ref. [68], which is to start the simulation from the condition closest
to the attractor rather than including the dynamics at the PQ phase transition, since the
latter may be irrelevant at the epoch of the QCD phase transition in which we are mostly

– 54 –



3 4 5 6 7 8 9

ln(mr/H)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

m
ra

N = 11264, ∏̄ = 195799.0

N = 4096, ∏̄ = 25890.8

N = 3072, ∏̄ = 14563.6

N = 3072, ∏̄ = 32768.0

N = 3072, ∏̄ = 64225.3

N = 3072, ∏̄ = 114178.0

N = 2048, ∏̄ = 6400.0

Figure 31. Value of mra as a function of ln(mr/H) for different sets of parameters used in the
simulations of physical strings.

interested.

In Sec. 3, we have identified the initial string density that can be regarded as the
attractor. However, just tuning the initial string density is not enough to get an accurate
result. The problem is associated with the systematics induced by the oscillation in the
spectrum discussed in Sec. 4. There we have seen that the oscillation in the spectrum is
produced through physical processes, the misalignment oscillation after the horizon crossing
and the parametric resonance effect after the saxion mass crossing. On the other hand, these
oscillations can also be produced by some unphysical effects, as we will see below. One has to
choose the initial condition that minimises such unphysical oscillations as much as possible.

To produce an appropriate initial condition, it may be convenient to prepropagate the
field configuration before the beginning of the (physical) simulation. Namely, we let the
fields evolve with some modified (unphysical) equation of motion at the early stage of the
simulation, and switch to the physical evolution at some point. During the prepropagation
phase, we modify the equation of motion such that the PQ field quickly settles down into
the minimum of the potential, suppressing unphysical field fluctuations. One possible choice
for the prepropagation is to use the PRS-type evolution: At the early times we make a
replacement λ̄ → (Ri/R)2λ̄, such that the value of λ̄ is matched to the input value at the
beginning of the physical evolution (R = Ri). In addition, we can also prepropagate by only
allowing for an evolution in the radial direction ρ of the PQ field φ = ρeθ, while the angular
direction θ is kept frozen (hereafter we call it the ρ-only prepropagation).40 In this way, we
expect to reduce the fluctuations in the radial direction in the prepropagation phase.

To see how different choices of the initial condition affect the simulation results, we
performed simulations of physical strings with 10243 lattice sites and the parameter λ̄ = 1600.

40The equation of motion for the ρ-only evolution can be implemented by projecting the equation of motion
of φ into the radial direction. This can be done by translating the complex space of φ = ρeiθ into cylindrical
coordinates (ρ, θ), and artificially setting the components in the θ direction to zero.
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In this study, we use 4 different ways to produce the initial condition: the prepropagation
with the PRS-type evolution, ρ-only prepropagation, no prepropagation with the simulation
starting from ℓ = 1, and no prepropagation with the simulation starting from ℓ = 3. For
the case with the PRS-type prepropagation, we let the prepropagation start from ℓ = 2 and
the physical evolution from ℓ = 3. For the case with the ρ-only prepropagation, we let the
prepropagation start from ℓ = 1 and the physical evolution from ℓ = 3. In all cases, the field
configurations at the very beginning of the simulation (including the prepropagation phase)
are produced as random fluctuations obeying a Gaussian distribution in Fourier space, with
tuning the cutoff in the distribution such that the string density parameter at ℓ = 3 becomes
ξℓ=3 ≃ 0.3. For each choice of the initial condition, we executed 30 simulations with randomly
generated initial field configurations and averaged them.

The top panel of Fig. 32 shows the evolution of the string density parameter ξ for
different choices of the initial condition. We see that ξ becomes larger for the cases with
the ρ-only prepropagation and without prepropagation starting from ℓ = 3 compared to
those with the PRS-type prepropagation and without prepropagation starting from ℓ = 1.
This difference can be easily understood by looking at the evolution of the number Nplaq of
plaquettes pierced by strings,41 which is shown in the bottom panel of Fig. 32. For the case
with the ρ-only prepropagation, the angular mode is frozen, and hence Nplaq remains almost
constant during the prepropagation phase. Since the physical evolution starts from such a
frozen configuration at ℓ = 3, it takes some time for the system to reduce Nplaq and reach
the attractor. Such a delay in the annihilation of strings results in higher string densities
after the prepropagation phase. It is not surprising that the simulations starting from ℓ = 3
without prepropagation show a similar behaviour, since in that case we just put strings in
the simulation box with the appropriate number of Nplaq but do not allow them to have a
velocity to annihilate quickly enough to follow the attractor. On the other hand, for the
case with the PRS-type prepropagation, strings acquire an appropriate velocity to annihilate
during the prepropagation phase, and exhibit a smooth transition to the physical evolution.

The unphysical nature of the initial conditions is most noticeable in the time evolution of
one Fourier mode of the axion field, which is shown in Fig. 33. From the figure we see that the
results of the simulations with the ρ-only prepropagation and those without prepropagation
starting from ℓ = 3 exhibit low frequency oscillations with relatively large amplitudes. These
features can be associated with the misalignment oscillations of the free axion field after
the horizon crossing, as their frequency roughly corresponds to 2k in conformal time. In
these simulations, the field configurations are frozen at the initial time and gradually start
to move at ℓ ≳ 3. During such a process, the angular component of the PQ field tries
to realign itself, acquiring large kinetic and gradient energies that enhance the amplitude
of the misalignment oscillation. The appearance of such low frequency oscillations can be
regarded as unphysical effect, since they originate from the initial conditions where the field
configuration is artificially frozen.

In addition to the aforementioned low frequency oscillations, there are high frequency
oscillations in all cases plotted in Fig. 33. We find that these oscillatory features have

41We use the statistical method to calculate ξ [66], where the number of plaquettes pierced by strings is
related to ξ as

ξ =
δ

6
Nplaq

τ2

L3
. (B.1)

We confirmed that the output of this algorithm reproduces the result of the method of directly computing the
string length by connecting points pierced by a string in a cube, which was used in Refs. [63–65, 111, 112].
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Figure 32. Evolution of the string density parameter ξ (top panel) and the ratio of the number Nplaq

of plaquettes pierced by strings to the total number of lattice sites N3 = 10243 in the simulation box
(bottom panel) for different choices of the initial conditions. Blue and orange thick lines correspond to
the cases with the PRS-type prepropagation and ρ-only prepropagation, respectively. The thin black
line and gray dot-dashed line correspond to the cases without prepropagation starting from ℓ = 1 and
ℓ = 3, respectively. The coloured bands represent statistical uncertainties, and the evolutions during
the prepropagation phase are represented by dotted lines.

– 57 –



2 4 6 8 10 12 14

kø

0

1

2

3

4

5

6

7

1
f

2 a
H

2
@
Ω a

@
lo

g
k

kL/(2º) = 4.44

Prep. (PRS)

Prep. (Ω only)

No prep. (`i = 1)

No prep. (`i = 3)

Figure 33. Evolution of the energy density of one Fourier mode of the axion field specified by
kL/(2π) = 4.44 for different choices of the initial conditions.

a constant frequency mr in cosmic time, as one period of oscillation looks comparable to
the change in mrt by 2π when plotted as a function of mrt rather than kτ . Such high
frequency oscillations can be attributed to the oscillation in the background PQ field around
the minimum of the potential. During the simulation, the background PQ field may have
a residual oscillation with frequency mr. This background oscillation shakes the effective
amplitude of the “axion decay constant” |φ|, and hence induces oscillations in the overall
amplitude of the axion energy density. In fact, we have confirmed that the phase of the high
frequency oscillations in the axion mode evolution shown in Fig. 33 is aligned with that of
the oscillation in the spatial average of the absolute value of the PQ field around |φ| = fa,
which is shown in Fig. 34.

Looking at Figs. 33 and 34, we see that the amplitude of the high frequency oscillation
is particularly large in the case where simulations start from ℓ = 1 without prepropagation.
This can be understood as follows. In the case of no prepropagation with ℓi = 1, ξ takes
a larger value at early times and relaxes into the attractor until ℓ ≲ 3 (see top panel of
Fig. 32). The annihilation of such dense string networks leads to larger fluctuations in the
radial component of the PQ field, and hence gives rise to a larger amplitude for the residual
oscillation of its averaged value.

Finally, we compare the energy density spectrum of axions among different choices of
the initial conditions in Fig. 35. We see that the spectra obtained from the simulations with
the ρ-only prepropagation and those starting from ℓ = 3 without prepropagation exhibit
relatively large oscillatory features at lower momenta. These can be regarded as artificial
features caused by the process of the realignment of frozen initial configurations. We can also
see that the spectrum is weighted towards lower momenta in those cases. On the other hand,
such oscillations at lower momenta are less pronounced than in the other two cases. In the
case where simulations start from ℓ = 1 without prepropagation, there are large oscillatory
features at higher momenta. They can be interpreted as the consequence of the parametric
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resonance effect induced by the saxion field oscillating with a larger amplitude due to the
imperfect initial condition of over-dense strings.
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Figure 35. Energy density spectrum of axions measured at ln(mr/H) = 5 for different choices of the
initial conditions.

In summary, we have found that there are two kinds of unphysical effects that can be
caused by improper choices of initial conditions. One is the enhancement in the amplitude
of the 2k-oscillation of the axion field, which occurs when the field configurations are frozen
(or strings do not have appropriate velocities) at the initial time. The other is the oscillation

– 59 –



with the frequency mr, which can be associated with a large amplitude oscillation of the
saxion field induced by an over-dense initial condition. These artificial features appear to be
minimised when we produce the initial condition with the PRS-type prepropagation, and we
adopt it (PRS-type prepropagation from ℓ = 2) for all physical-type simulations performed
in this work, except for those presented in this appendix.

C Masking method

In the numerical analysis, we calculate the spectra of axions and saxions by using the Fourier
transform of the time derivative of the corresponding field components. Typically, we use
twice their kinetic energy densities, ρa = 2ρa,kin = 〈ȧ2〉 and ρr = 2ρr,kin = 〈ṙ2〉, because the
gradients of the axion field are strongly contaminated from the intrinsic gradients surrounding
the strings. Moreover, it is much more economical than evaluating gradients. In terms of
their kinetic energy densities, the spectra of axions and saxions are given by

∂ρa
∂ log k

=
k3

2π2L3

󰁝
dΩk

4π
|˜̇a(k)|2, (C.1)

∂ρr
∂ log k

=
k3

2π2L3

󰁝
dΩk

4π
|˜̇r(k)|2, (C.2)

where ˜̇a(k) and ˜̇r(k) are the Fourier transform of ȧ(x) and ṙ(x), respectively, L3 is the
comoving volume of the simulation box, and

󰁕
dΩk is the integration over the solid angle in

the Fourier space.
These kinetic energies can be overestimated around the region close to the string core,

and it was argued that the inclusion of the axion field around such a region can contaminate
the spectrum of radiated axions [61, 63]. In this appendix, we revisit this issue and study
how different methods to remove the data around the string core affect the calculation of
energy densities and spectra of radiated fields.

C.1 Mask field

To mitigate the contamination from the string core, we may replace the time derivative of
the axion or saxion field with the masked field,

Ẋmask(x) = M(x)Ẋ(x), (C.3)

where X(x) = a(x), r(x) denotes either the axion field or the saxion field, and the mask
field M(x) vanishes around the string core and becomes unity outside. Different choice of
M(x) would affect the shape of the resulting spectrum of the field. Here we describe some
possible choices of the mask field implemented in our simulation code.

A simple choice is to use the fact that the value of the radial field |φ| approaches to zero
inside the string core:

M(x) =

󰀕
|φ(x)|
fa

󰀖k

, (C.4)

where k is a positive number. This function is inspired by Ref. [68], in which k = 1 was used.
One could choose other values of k, which affects the profile of the masked region. A larger
value of k would effectively increase the radius of the masked region and make the mask more
abrupt.
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Another possible choice of M(x) is the top-hat mask, which is obtained as follows. We
select all four corners of a plaquette pierced by a string. These points are closer to the string
core center than the lattice spacing δ = L/N . We create an anti-mask field, W0(x), where
all the points of a plaquette are valued as W0 = 1, and the rest as W0 = 0. This would be
a pretty sharp top-hat distribution corresponding to a masking length ∼ δ (in the comoving
coordinate). We now apply a Gaussian filter to this distribution, with a smoothing length l̃,

W1(x) =

󰁝
d3p

(2π)3
e−ip·xe−|p|2 l̃2/2

󰁝
d3x′W0(x

′)eip·x
′
. (C.5)

Applied to W0(x) = δ3 · δ(3)(x−x0) for a point x0 pierced by a string in a continuum limit,
it gives,

W point
1 (x) = δ3

󰁝
d3p

(2π)3
e−|p|2 l̃2/2eip·(x0−x)

=

󰀕
δ√
2πl̃

󰀖3

e−
|x0−x|2

2l̃2 , (C.6)

effectively distributing the value of W0(x ∼ x0) = 1 in a region of radius ∼ l̃.
A collection of plaquette vertices along a string forms a sort of one dimensional distri-

bution of points, that will be smoothed to a cylinder of radius ∼ l̃ when applying the same
filter. One can compute the effective value of W1 at the desired distance as a function of l̃.

Assuming δ ≪ l̃, we can use the continuum description, and we only have to inte-
grate (C.6) with x0 along a line with a point number per unit length pL (or points per lattice
spacing δ, pδ). As a function of the comoving distance to the center of the string core rc, we
have

W string
1 ≃ pL

󰁝
dL

󰀕
δ√
2πl̃

󰀖3

e−
L2+r2c

2l̃2

= pδ

󰀕
δ√
2πl̃

󰀖2

e−
r2c
2l̃2 . (C.7)

Therefore, choosing a filter with l̃ = rc, the points satisfying

W1(x) > pδ

󰀕
a√

2πrmask

󰀖2

e−
1
2 (C.8)

are closer than rmask to the string core, where rmask = Rrc is the physical radius.
In the discrete case, rather than computing it, we can calibrate it by direct calculation.

We build the mask by choosing the points where W1 has values above a critical value, which
was calibrated to be:

(W1)c = pc

󰀕
1√
2πlc

󰀖2

e
− n2

2l2c , lc = cn/2, (C.9)

with pc = 2.5 and c = 1.25, where n is a distance from the string core (in lattice units) which
we want to mask. The top-hat mask is thus defined as

M(x) =

󰀫
0 (inside) for W1 > (W1)c,

1 (outside) for W1 < (W1)c.
(C.10)

The algorithm to build the top-hat mask based on the above procedure is implemented in
Jaxions, which enables us to mask the fields for arbitrary values of rmask.
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C.2 Energy density and spectrum

From the data of the spatial distribution of the PQ scalar φ(x) and φ̇(x) in the simulation
box, we can compute the energy densities of axions and saxions. Substituting the decompo-
sition (2.2) into the kinetic energy density of the PQ field, we have 1

2 |φ̇|
2 = 1

2 ṙ
2 + 1

2 |φ|
2θ̇2,

and hence it is natural to define the kinetic energy densities of radial and angular fields as

ρr,kin =
1

2
ṙ2, ρa,kin =

1

2
|φ|2θ̇2 (C.11)

After obtaining the top-hat mask, we can compute the masked energy density as an average
over all masked points,

ρmask
i =

2

N3 −Nmask

󰀣
󰁛

x

ρi,kin(x)−
󰁛

inside

ρi,kin(x)

󰀤
, (C.12)

for i = r, a, where Nmask is the number of masked points,
󰁓

inside denotes the sum over the
points inside the masked region (i.e. points on which M(x) = 0), and the overall factor 2
represents the fact that we estimate the energy density based on twice of the kinetic energy
density in order to avoid including the long range gradient energy, which should be regarded
as a part of the energy density of strings.

Figure 36 shows the ratio of the masked energy density ρmask
i to that without the mask

ρi,0 for different choices of the radius rmask of the top-hat mask, obtained from simulations
of physical strings. Here we computed energy densities with 20 different choices of the mask
radius, ranging from rmask = m−1

r to rmask = 20m−1
r . We see that the overall suppression

due to the mask becomes weaker for larger values of ln(mr/H) both for the axion and saxion
energy densities. This is simply because the fraction of the masked points (or the number
of grid points pierced by strings) in the simulation box gets smaller at late times. From
the figure we can also see that there is a noticeable difference between the energy density
of axions and that of saxions. For axions, the ratio ρmask

a /ρa,0 continues to decrease with
increasing rmask, while for saxions the suppression becomes milder for rmask ≳ 5m−1

r . This
fact implies that there is a rather clear distinction between the kinetic energy of the moving
string core and that of radiations for the radial field, while it is hard to find such a distinction
for the angular field.

We can also compute the masked energy spectrum as

∂ρmask

∂ log k
=

k3

2π2L3

󰁝
dΩk

4π
| ˜̇Xmask(k)|2, (C.13)

where ˜̇Xmask(k) is the Fourier transform of the masked field (C.3). Figure 37 shows a
comparison between different choices of the mask field. We see that the difference is most
pronounced at higher momenta, and the energy density spectrum (top panel of Fig. 37) is
more suppressed for larger rmask of the top-hat mask or larger k of the |φ|k mask. For the
top-hat mask with rmask = 4m−1

r , there is a substantial suppression even at lower momenta,
k/R ≲ mr/2. Such a suppression leads to an underestimate of the axion energy density, and
is compatible with the trend observed in the top panel of Fig. 36. We also observe that the
amplitude of the instantaneous emission spectrum F(x) increases at intermediate momenta
for larger values of rrmask. This can be understood by noting that the effect of the mask gets
weaker at late times as shown in Fig. 36, which can result in a relative increase in the energy
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Figure 36. The ratio of the masked energy density to that without the mask for axions (top panel)
and saxions (bottom panel) plotted as functions of the radius rmask of the masked region (in the
unit of mr). The different colours and markers correspond to the different values of ln(mr/H). The
results are obtained from simulations of physical strings with 30723 lattice sites and the parameter
λ̄ = 14563.6. Each marker represents the average of 30 simulations, where the statistical uncertainty
is negligibly small.
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Figure 37. The axion energy density spectrum (top left) and instantaneous emission spectrum
(bottom left) at ln(mr/H) = 7 obtained from simulations of physical strings with 40963 lattice sites
for different choices of the mask method. The results without the mask [M(x) = 1 for all x] are
shown by black dashed lines, those with the |φ|k mask [Eq. (C.4)] for k = 1 and k = 2 are shown by
blue solid lines and orange dotted lines, respectively, and those with the top-hat mask [Eq. (C.10)]
for three different choices of rmask are shown by coloured dash-dotted lines. The ratio of the energy
density spectrum (instantaneous emission spectrum) for each choice of the mask to that for the |φ|
mask is also shown in the top right (bottom right) panel. The coloured bands represent statistical
uncertainties, and the momentum corresponding to k/R = mr/2 is marked with dark blue ticks.

density for certain modes. Such an artificial increase due to the mask is more pronounced
for larger values of rrmask, leading to higher values of F(x).

The impact of the different choices of the masking method on the estimation of the
spectral index q is shown in Fig. 38. We see that q takes larger values for results without
the mask, and smaller values when we increase the radius of the masked region. This trend
is consistent with the above observation that the amplitude of F(x) becomes larger at inter-
mediate momenta when we increase the value of rmask. We can also see that the difference
in q becomes less pronounced at larger values of ln(mr/H). This implies that the effect of
the masking of the spectrum is relevant only at higher momenta, whose relative importance
becomes diminished as the IR and UV parts of the spectrum are sufficiently separated at
large ln(mr/H).
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Figure 38. Evolution of the spectral index q of the instantaneous emission spectrum for different
choices of the mask method, obtained from simulations of physical strings with 40963 lattice sites.
The coloured bands represent the error induced by changing the parameter σfilter for the filtering
procedure to calculate F [Eq. (D.5)] in addition to statistical uncertainties.

Since the different choice of rmask is likely to modify the axion spectrum at intermediate
momenta, the applicability of the top-hat mask to the estimation of the axion spectrum seems
obscure. In the main analysis of this paper, we use the |φ| mask [Eq. (C.4) with k = 1] as
our fiducial choice for the calculation of the energy density and spectrum of axions, since it
is equivalent to the |φ|2 factor in Eq. (C.11), being the natural normalization factor for the
energy density of the angular field. On the other hand, for the case of saxions, it is clear from
the bottom panel of Fig. 36 that most of the contribution of the string core can be screened
for rmask ≳ 5m−1

r , and we use the top-hat mask with rmask = 5m−1
r for the calculation of the

energy density and spectrum of saxions in our main analysis.

C.3 Comment on the correction matrix method

The spectrum built from the masked field Ẋmask(x) may still be imperfect as it contains
“defects” at the masked points. It was argued that they can be corrected by using the
Pseudo Power Spectrum Estimator (PPSE) [63, 113]. Here we investigate its effect on the
spectrum and show that the correction does not play an important role in the large scale
simulations.

For a spectrum of a masked field Pmask
X (k) ≡

󰁕
dΩk
4π | ˜̇Xmask(k)|2, its PPSE is given

by [113]

PX(k) =

󰁝
dk′k′2

2π2
M−1(k, k′)〈Pmask

X (k′)〉, (C.14)

where 〈. . . 〉 denotes an ensemble average over many realisations, M−1(k, k′) satisfies
󰁝

dk′k′2

2π2
M−1(k, k′)M(k′, k′′) = (2π2/k2)δ(k − k′′),
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and the matrix M(k, k′) can be built from the Fourier transform of the mask field M̃(k),

M(k, k′) =
1

L3

󰁝
dk′′k′′2

2π2

󰁝
dΩk′′

4π
〈|M̃(k′′)|2〉J(k, k′, k′′), (C.15)

J(k, k′, k′′) =

󰁝
dΩk

4π

󰁝
dΩk′

4π
(2π)3δ(3)(k + k′ + k′′). (C.16)

In practice, we may calculate M(k, k′) without taking the ensemble average of |M̃(k′′)|2, and
expect that Eq. (C.14) holds as an approximation.

An important feature of the correction matrix M−1 is that it compensates the sup-
pression of the masked spectrum at lower k. Let us consider the k → 0 limit of the

masked field ˜̇Xmask(k). Introducing the new anti-mask field W2(x) ≡ 1 − M(x), which

becomes unity inside the masked region and vanishes outside it, we have ˜̇Xmask(k → 0) =󰁕
d3x(1−W2(x))Ẋ(x). Since W2(x) is relevant only inside the masked region, the amplitude

of the lower modes is of order ˜̇Xmask(k → 0) ∼ (1−Nmask/N
3) ˜̇X(k → 0). Hence we expect

that the lower modes are suppressed compared to the bare ones by a factor given by the
masked volume,

Pmask
X (k → 0) ∼

󰀕
1− 2Nmask

N3

󰀖
PX(k → 0).

Since Eq. (C.16) gives J(k, k′, k′′) = π2/(kk′k′′) for |k′ − k′′| ≤ k ≤ k′ + k′′, which im-
plies that the contributions from higher k are suppressed by some inverse power of k, the
dominant contribution to the k → 0 mode is M(0, 0) ∼ L−6〈|M(k′′)|2〉k′′→0J(0, 0, 0) ∼
L−3(1 − 2Nmask/N

3). Therefore, by evaluating the corrected spectrum as Eq. (C.14), we
expect a cancellation of the suppression effect on the masked spectrum.

Figure 39 shows a comparison between the axion spectrum built from the top-hat mask
and that corrected by the matrix M−1(k, k′). As expected, there is a suppression in the un-
corrected spectrum at low k, and the amount of the suppression scales according toNmask/N

3.
If we take a larger value of rmask, the value of Nmask increases, and the spectrum becomes
more suppressed. However, the difference between the corrected spectrum and the uncor-
rected spectrum decreases with time, since the number of plaquettes pierced by strings, which
determines the number of masked points Nmask, becomes smaller at late times.

From the above arguments, we expect that the “imperfectness” of the masked spectrum
Pmask
X (k) is of order 2Nmask/N

3. Since we are interested in measuring the axion spectrum
at late times of the simulation where the string length becomes comparable to the size of
the simulation box, a reasonable estimate is that Nmask ∼ O(N), and hence 2Nmask/N

3 ∼
O(N−2) in the relevant time period. Therefore, we expect that this effect is negligibly small
in the simulations with large N . For instance, the bottom panel of Fig. 39 tells us that the
correction is already as small as O(0.01–0.1)% for N = 2048, which can become even smaller
for larger values of N , though the computation of the correction matrix becomes much more
expensive. From this reason, we do not apply the correction matrix and simply use the
masked spectrum Pmask

X (k) in our main analysis.

D Calculation of F(x, y), Γ, and q

In this appendix, we describe technical details on the calculations of the instantaneous emis-
sion spectrum F(x, y), energy density emission rate Γ, and spectral index q.
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Figure 39. Ratio of the axion spectrum built with the top-hat mask to that corrected by the matrix
via Eq. (C.14). Top panel shows a comparison among different choices of rmask at the same conformal
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r . For each line, the ratio of the number of the masked points Nmask to the total
number of lattice sites N3 in the simulation box is also shown in the legend. The results are obtained
from simulations of PRS strings with 20483 lattice sites and mra = 1.
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D.1 Instantaneous emission spectrum

We compute F(x, y) by analysing the time evolution of the energy density spectrum for each
Fourier component of the axion field specified by a fixed value of the comoving momentum
k. Let us introduce the following notation to describe such a time evolution of one Fourier
mode,

E(x) ≡ 1

f2
aH

2

∂ρa
∂ log k

, (D.1)

where x = kτ should be regarded as a time variable for given k.42 Writing the derivative
with respect to the conformal time as ∂/∂τ = k∂/∂x and using H2 ∝ R−4 for the radiation
dominated background, the definition of F [Eq. (2.11)] takes a simple form,

F =
∂E
∂x

. (D.2)

As shown in Sec. 4, just computing the derivative in the right-hand side of Eq. (D.2) via
a finite difference method gives rise to a problem because of the existence of oscillations in
the spectrum. In order to suppress the contamination from the oscillations, we compute the
time derivative in the following way. First, we fit the analytical function given by Eq. (4.1)
to the data of the time evolution E(x) for each k, and subtract it from the data to obtain
the residue,

R(x) ≡ Edata(x)− Efit(x). (D.3)

Furthermore, we subtract a linear function from the residue,

R(x) = R(x)− (αx+ β), (D.4)

where α and β are determined such that R(xini) = R(xfin) = 0, and xini and xfin represent
the initial time and final time of the data used for the fit, respectively. In the main analysis,
we choose xini as a time corresponding to ln(mr/H) = 4, and xfin as the final time of the
simulation. The residue R(x) [or R(x)] may contain oscillating components, whose dominant
angular frequency is given by ∼ 2k in the conformal time, as shown in the bottom panel of
Fig. 9. To remove those oscillations, we apply the type-I discrete sine transform (DST) to
the data of R(x),43 and multiply it by a Gaussian filter,

exp

󰀕
−(f/fosc)

2

2σ2
filter

󰀖
, (D.5)

42Note that here we use x as a time variable. This is different from the parametrization of F(x, y) defined in
Eq. (2.11), where y = mr/H represents the time evolution, and x = k/(RH) = kτ represents the momentum
dependence for given τ . Nevertheless, in the absence of strings, the energy density spectrum could actually be
described in terms of a single variable function, where x represents both the time and momentum dependencies
(see Appendix F).

43 We arrange R(x) such that R(xini) = R(xfin) = 0 because otherwise some unnecessary high frequency
components can arise due to the discontinuity at the boundary. With this preparation, the type-I DST, which
assumes the odd extension on both sides of the boundary, reproduces a non-vanishing value of dR/dx at the
boundary that can correct any bias caused by dEfit/dx in Eq. (D.6).
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Table 5. The maximum value of the comoving momentum kres of the Fourier component of the axion
field whose oscillations can be resolved by Nmeas measurements for each choice of the simulation
parameters used in the main analysis. The ratio of kres/R to the Hubble parameter and that to the
saxion mass at the final time of the simulations are also shown.
Type Grid size Final time Parameter Nmeas kresL/(2π) kres/(RH) kres/(Rmr)

(N3) (τf/L) at τf at τf
Physical 112643 0.625 λ̄ = 195799 300 130.260 511.531 0.0581285
Physical 40963 0.625 λ̄ = 25890.8 250 115.025 451.701 0.141156
Physical 30723 0.5 λ̄ = 14563.6 250 154.042 483.939 0.315064
Physical 30723 0.5 λ̄ = 32768 250 147.743 464.150 0.201454
Physical 30723 0.5 λ̄ = 64225.3 250 143.695 451.431 0.139953
Physical 30723 0.5 λ̄ = 114178 250 140.872 442.563 0.102903
Physical 20483 0.55 λ̄ = 6400 250 143.936 497.408 0.403720
PRS 81923 0.55 mra = 0.2 250 120.966 418.027 0.463897
PRS 81923 0.55 mra = 0.3 250 118.420 409.229 0.302756
PRS 81923 0.55 mra = 0.5 250 116.459 402.453 0.178646
PRS 81923 0.55 mra = 0.7 250 115.638 399.617 0.126705
PRS 81923 0.55 mra = 1.0 250 115.030 397.516 0.0882271
PRS 81923 0.55 mra = 1.5 250 114.562 395.897 0.0585786

where f is the frequency of DST components, fosc = k/π the frequency of 2k-oscillations,
and σfilter the parameter to be adjusted appropriately. After that, we perform the inverse
DST to obtain the filtered residue Rfiltered(x), and calculate F as

F =
dEfit
dx

+ α+
dRfiltered

dx
, (D.6)

where dEfit/dx can be computed analytically by differentiating Eq. (4.1). Expecting that
Rfiltered(x) becomes smooth enough, we compute dRfiltered/dx just by using the finite differ-
ence method.

In order to deal with the 2k-oscillations properly, it is important to measure the spec-
trum with a rate faster than the oscillation frequencies. In the simulations performed in this
work, the axion energy density spectrum is measured 300 times from ln(mr/H) = 4 to the
final time in a linear interval in the conformal time for the simulations with 112643 lattice
sites and 250 times for others.44 The maximum value of the comoving momentum that can
be resolved by these measurements is given by kres = (π/2)fs = (πNmeas/2)/(τfin − τini),
where fs = Nmeas/(τfin − τini) is the sampling frequency, and Nmeas = 300 or 250 is the
number of measurements. In Table 5, we summarise the value of kres, its ratio to the Hubble
parameter, and that to the saxion mass at the final time of the simulations. We see that the
oscillations for the modes with kL/(2π) ≲ 100 are well resolved with those measurements,
and hence the 2k-oscillations can be properly filtered through the above procedure for these
lower momentum modes.

Table 5 also shows that kres/R is smaller than mr/2 at the final time of the simulations
in all cases. Hence, in such simulations the oscillations at the UV part of the spectrum are not
adequately resolved by the measurements. This is not an issue for the PRS-type simulations,

44The measurements are executed in a linear interval in τ , since we need to resolve the oscillations whose
frequencies are constant in the conformal time. This means that more measurements are done at larger
ln(mr/H).
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since the amplitude of the oscillations induced by the horizon crossing are expected to be
smaller at higher momenta (see Sec. 4), and those induced by the parametric resonance effect
are relevant only at the comoving momentum given by k = mrR/2. On the other hand, for the
physical-type simulations, the 2k-oscillations can be produced by the parametric resonance
effect over a broad range of momenta satisfying k ≲ mrR/2. In order to monitor such
oscillations at higher momenta, one needs to increase the number of measurements at the
cost of more time complexity, which is practically unfeasible.

We note that it is still possible to grasp the oscillations at higher momenta even if
k > kres. It is known that when the actual oscillation frequency f of the data exceeds the
Nyquist frequency fs/2 = (Nmeas/2)/(τfin − τini), it shows up as a spurious low frequency
oscillation (called alias), whose frequency is given by fal = |f − nfs|, where n is an integer
that gives fal < fs/2. We actually confirmed that the frequencies of the oscillations for higher
momentum modes in our data agree with those predicted by fal. Based on this observation,
we replace fosc in Eq. (D.5) with max(|fosc − nfs|, fmin) for the modes with k > kres when
calculating the instantaneous emission spectrum for physical-type simulations. Here we have
introduced a minimum frequency fmin, since otherwise some artificial features arise in F(x)
for the modes whose aliasing frequencies |fosc − nfs| become close to zero. In the main
analysis, we take fminL = 60 to reduce artificial features at the corresponding momenta.

Finally, let us comment on the choice of the parameter σfilter in Eq. (D.5). Obviously,
taking a too large value of σfilter does not help to remove the oscillations, while taking a
too small value of σfilter leads to Rfiltered(x) → 0, which can bias the result.45 We found
that the results are not too biased and at the same time the fluctuations in q are adequately
suppressed if we take σfilter = 0.02–0.05. Changing σfilter in this range slightly modifies the
final results on q, and we add this variation in q to the statistical uncertainty when we refer
to the errors in q in the main analysis.

D.2 Energy density emission rate

We compute the energy density emission rate in a similar way to the instantaneous emission
spectrum. From Eq. (5.1), we have

Γa

f2
aH

3
= τ

dρa
dτ

,
Γr

f2
aH

3
= τ5−〈z〉 d

dτ

󰀓
τ 〈z〉−4ρr

󰀔
, (D.7)

where ρa = ρa/(f
2
aH

2), ρr = ρr/(f
2
aH

2), and

〈z〉 =

󰀻
󰀿

󰀽

1

ρr

󰁝
dkz[k]

∂ρr
∂k

(physical),

4 (PRS).
(D.8)

Here the mean redshift exponent 〈z〉 takes account of the non-trivial redshift of massive
modes, and is different according to whether mr is constant (physical) or mr ∝ R−1 (PRS)
during simulations. For the physical case, z[k] is given by

z[k] = 3− d logω(k)

d logR
= 3 +

󰀓
k

mrR

󰀔2

1 +
󰀓

k
mrR

󰀔2 , (D.9)

45In the absence of the filtered residue, F is strongly biased by dEfit/dx in Eq. (D.6). For instance, we
observed that the result of q takes different values when we use some functions different from Eq. (4.1), if we
do not include the dRfiltered/dx term.
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where ω(k) =
󰁳

m2
r + k2/R2.

To compute the time derivatives on the right-hand side of Eq. (D.7), we fit the following
function to the data of ln ρa and ln(τ 〈z〉−4ρr),

Gfit(ln τ) = a0 + a1 ln τ + a2(ln τ)
2 + a3(ln τ)

3, (D.10)

where ai (i = 0, 1, 2, 3) are constants to be determined by the fit. After that, we calculate
the residue R = ρdata − ρfit, where ρ = ρa for axions and ρ = τ 〈z〉−4ρr for saxions. Then
we subtract the linear function, R = R − (ατ + β), where α and β are fixed such that
R(τini) = R(τfin) = 0, and τini and τfin correspond to the conformal time at ln(mr/H) = 4
and the final time of the simulation, respectively. After obtaining R, we apply the type-I
DST with a Gaussian filter to it. Here the filter is chosen as

exp

󰀕
−(f/fs)

2

2σ2
Γ

󰀖
, (D.11)

where fs = Nmeas/(τfin − τini), and σΓ is the parameter to be adjusted. Now the energy
density emission rate is calculated as

Γ

f2
aH

3
= τ 󰂃

󰀗
exp(Gfit)

τ

dGfit

d ln τ
+ α+

dRfiltered

dτ

󰀘
, (D.12)

where 󰂃 = 1 for axions, and 󰂃 = 5− 〈z〉 for saxions. In the main analysis, we use σΓ = 0.01,
which is sufficient to remove rapid fluctuations on the data.

D.3 Spectral index

Assuming that the instantaneous emission spectrum is actually given by a power law,

F(x) ∝ 1

xq
, (D.13)

between the comoving momenta related to the Hubble radius k ∼ HR, and the size of the
string core k ∼ mrR, we would like to determine the value of q from simulations and explore
how it depends on ℓ = ln(mr/H). To this end, we attempt to fit the power law to the
numerical results in the following manner.

The instantaneous emission spectrum computed from the output of the simulations is
given in discrete bins Fi, where the index i increases linearly with k. Since we are interested
in the behaviour at intermediate momenta, we first select the data points from a range defined
by

cIRHR < k < cUVmrR, (D.14)

where the coefficients cIR and cUV should be adjusted appropriately (see Sec. 4 and Ap-
pendix E.2). The selected data is rebinned such that a new set of bins are spaced homoge-
neously in ln k, which is more convenient when we fit a power law. If instead we perform the
fits in linear-spaced bins, results would be biased by data at higher k, since they are more
abundant in a logarithmic interval.

The rebinned data is simply obtained by averaging over data within an interval δl
defined by log-spacing,

Fn =
1

Nn

󰁛

ln ki∈(ln,ln+δl)

Fi with n = 1, 2, . . . , Nbin, (D.15)
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where Nn is the number of linear bins in the log-bin, and Nbin is the total number of log-bins.
Throughout the analysis in this work, we fix the number of the rebinned data as Nbin = 30.

From the rebinned data, we define the χ2 function in terms of logarithmic variables,

χ2 =
󰁛

n

(Ln −Mn)
2

σ2
, (D.16)

where

Ln = lnFn, Mn = m− lnq, and ln = lnx. (D.17)

The model Mn corresponds to F = em/xq described by two parameters, m and q. We define
σ2 from the residuals of the different bins at the best fit model,

σ2 ≡ 1

Nbin

󰁛

n

(Ln −Mn(mmin, qmin))
2, (D.18)

where mmin and qmin are the best fit values that minimise
󰁓

n(Ln − Mn)
2. It is possible

to estimate a confidence interval [qmin − σq, qmin + σq] as an interval of q satisfying ∆χ2 ≡
χ2(mq, q)− χ2

min = 1, where we have marginalized over the parameter m by using the value
mq that minimises χ2 for given q. However, we find that σq is typically smaller than the
statistical uncertainty from the simulations with different random initial field configurations.

E Other systematics

This appendix is devoted to discussions on a couple of effects that are not thoroughly elab-
orated on in the main text: One is the finite volume effect, and the other is the effect of the
momentum range for the fit of the instantaneous emission spectrum.

E.1 Finite volume

To check the finite volume effect, we performed additional simulations of physical strings
with 10243, 15363, 20483, 25603, and 30723 lattice sites, such that they have the same value
of mra = 1.0 but different values of the ratio of the physical box size RL to the Hubble
radius H−1 at ln(mr/H) = 7. We show the comparison of the results of those simulations
in Fig. 40. Although the spectrum can be largely distorted for HRL ≲ 1, we can see that
the results are convergent for HRL ≳ 1.4 (or τ/L ≲ 0.7). Since we terminate all simulations
used in the main analysis at τ/L ≤ 0.625 (see Table 4), we expect that the finite volume
effects on the spectrum is not an issue in this work.

Even if the effect of the finite volume does not significantly alter the shape of the
spectrum, it can have some impact on the estimation of q. To demonstrate it, in Fig. 41
we show the evolution of q obtained from simulations of PRS strings with the same value of
mra = 1 but different numbers (N3) of lattice sites. When we fix the value of mra, changing
the value of N corresponds to changing the ratio of the box size RL to the string core width
m−1

r , sincemrRL = (mra)N . From Fig. 41 we see that the results with smaller mrRL exhibit
more fluctuations in q. This can be understood as follows. For simulations with smallermrRL
(or smaller N), the number of momentum bins in the interval cIRHR < k < cUVmrR used
for the fit to determine q becomes smaller, which implies that less data points are available
at the IR part of the spectrum. As a result, oscillations in the IR part of the spectrum have
more impact on the result of the fit, which leads to larger fluctuations in q.
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Figure 40. The axion energy density spectrum (top left) and instantaneous emission spectrum
(bottom left) at ln(mr/H) = 7 obtained from simulations of physical strings with different values
of the ratio HRL (the physical box size to the Hubble radius). These simulations are performed on
different number of lattice sites, and for each of them we chose the value of the coupling parameter
λ̄ such that mra takes the same value (mra = 1) at ln(mr/H) = 7 (see Table 4). The ratio of
the energy density spectrum (instantaneous emission spectrum) for each value of HRL to that for
HRL = 2.80 is also shown in the top right (bottom right) panel. The coloured bands represent
statistical uncertainties.

Note that the limit of small mrRL can also be realised by taking mra to small values
with N fixed, though in that case the discretisation effects due to the different value of mra
are not disentangled. This is exactly what we plotted in the top panel of Fig. 22. There we
can see that q exhibits larger oscillations for smaller values of mra. These features can again
be attributed to the lack of the momentum bins at the IR part of the spectrum.

The above observations may pose a challenge to the precise estimation of q: We need to
make mra smaller to avoid discretisation effects, but at the same time keep mrRL sufficiently
large in order to have enough data at the IR part of the spectrum to avoid large fluctuations
in q. In the main analysis, these fluctuations are alleviated by having large values of mrRL
at the cost of discretisation effects.
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Figure 41. Evolution of the spectral index q of the instantaneous emission spectrum for different
values of mrRL in PRS-type simulations. Coloured lines correspond to the results of four sets of
simulations with the same value of mra = 1 but different numbers of lattice sites, for which mrRL
becomes equal to N . The coloured bands represent statistical uncertainties. In these plots, we used
σfilter = 0.2 (a larger value than the one used in the main analysis) for the filtering procedure to
calculate F [Eq. (D.5)] to enlarge the fluctuations for illustrative purposes.

E.2 IR and UV cutoffs

The result of the power law fit depends on the choice of the momentum interval shown in
Eq. (D.14). In Fig. 42, we show how the results of q for simulations of PRS strings change
when we use different values of cIR and cUV. From the top panel of Fig. 42, we see that for
smaller cIR the fit results are more affected by the feature around the IR peak, being biased
toward smaller values of q. This trend is diminished for cIR ≳ 30, as the lower end of the
interval is located sufficiently far from the IR peak. On the other hand, taking even larger
values (e.g. cIR = 80) appear to introduce another bias at smaller ln(mr/H), since in that
case the momentum interval becomes too short to have enough data points to extract the
global feature of the spectrum.

We see that the curve of q becomes jagged for smaller values of cIR. This feature is
merely due to the structure of the binning. Note that the lower end of the interval cIRHR
decreases with time. This implies that more IR bins are included in the interval at later
times. Since IR bins are sparse in log-spaced bins, the structure of the log-bin changes
suddenly when a bin with wavenumber k crosses the threshold value cIRHR and enters into
the interval. At that point the fit is biased by the lowest bin, which results in the sudden
decrease of the value of q. This feature is more pronounced for smaller cIR, as the data
interval contains the feature around the IR peak, where the spectrum becomes less steep.

By comparing the results for different values of the higher end of the interval cUV, we
also find that the values of q can be overestimated when we choose a value of cUV that is not
too far from the UV cutoff, as shown in the bottom panel of Fig. 42. This can be avoided
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Figure 42. Evolution of the spectral index q of the instantaneous emission spectrum for different
choices of the IR cutoff cIR (top panel) and the UV cutoff cUV (bottom panel) of the momentum
interval [Eq. (D.14)] used for the fit. In the top panel, we change the value of cIR with the fixed
UV cutoff cUV = 1/4. In the bottom panel, we instead change the value of cUV with the fixed IR
cutoff cUV = 50. The results are obtained from simulations of PRS strings with 81923 lattice sites
and mra = 1. The coloured bands represent the error induced by changing the parameter σfilter for
the filtering procedure to calculate F [Eq. (D.5)] in addition to statistical uncertainties.
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if we choose a sufficiently small value of cUV, but for such a small cUV we again observe a
bias due to the short interval of the data points. As discussed in Sec. 4, for smaller cUV the
impact of the oscillations in the IR part of the spectrum becomes more pronounced, which
leads to larger oscillatory features in the evolution of q.

The biases due to the choice of IR and UV cutoffs are also observed in the results of
physical-type simulations, as shown in Fig. 43. We see that the values of q are underestimated
for cIR as small as cIR = 10, while the results are compatible within uncertainties for 20 ≲
cIR ≲ 50. For cIR as large as cIR = 80, the result is again distorted particularly at smaller
ln(mr/H) due to the short momentum interval. The trend that q takes smaller values at
smaller ln(mr/H) for cIR = 80 can be attributed to the feature at the UV part of the
instantaneous emission spectrum for physical strings, which is described below.

From the bottom panel of Fig. 43, we see that q behaves somewhat differently than
the case of PRS strings when we change the UV cutoff cUV. For the physical case q takes
smaller values when cUV becomes larger, while for the PRS case it takes larger values. This
difference can be associated with the feature at the UV part of the instantaneous emission
spectrum: In the PRS case, we observed that F(x) just becomes steeper when we increase
x across the momentum corresponding to k/R = mr/2, which leads to larger values of q
for larger cUV. On the other hand, in the physical case F(x) appears to have a plateau-like
feature at around k/R = mr/2, and q tends to take smaller values when the data contains
such a feature in the UV. The occurrence of such a feature could be attributed to the fact
that some amount of axions are produced at k ≲ mrR/2 due to the parametric resonance
effect after the saxion mass crossing.

In order to avoid the biases due to the features in the IR and UV part of the spectrum,
we need to take a sufficiently larger value of cIR and smaller value of cUV, respectively,
but taking too small (large) value of cUV (cIR) can again lead to large contaminations from
oscillations due to the short interval available for the fit. In the main analysis in this paper,
we take cIR = 50 and cUV = 1/4 both for the PRS and physical cases as the fiducial choice.

F Evolution of the free axion field around the horizon crossing

In the following, we perform the analytical calculation on the evolution of the axion field in
the absence of string networks, aiming at estimating the location of the turnaround used in
Sec. 6.2.

We start from the equation of motion for the free massless axion field in a FRW back-
ground,

θ̈ + 3H θ̇ − 1

R2
∇2θ = 0. (F.1)

Introducing a new field variable ψ ≡ τθ and replacing the time derivative with the derivative
with respect to the conformal time τ , the above equation reduces to

ψττ −∇2ψ = 0. (F.2)

The solution in Fourier space reads 󰁨ψ(k) ∝ sin(kτ) or cos(kτ), and for the Fourier component
of the θ field,

󰁨θ(k) = Ak
sin(kτ)

kτ
+Bk

cos(kτ)

kτ
, (F.3)
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Figure 43. The same figure as Fig. 42 but the dependences on the IR and UV cutoffs are plotted for
physical strings, obtained from simulations with 112643 lattice sites.
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where k = |k|, and Ak and Bk are constant coefficients. It turns out that the Bk term must
be negligibly small, Bk ≲ TQCD/TPQ ≪ 1, where TQCD and TPQ are the critical temperature
of the QCD phase transition and that of the PQ phase transition, respectively, in order to
guarantee a finite field amplitude at the epoch of the PQ phase transition [93].

We assume that the spatial distribution of θ is given by a superposition of plane waves
with random amplitudes Ak:

θ(x, τ) =

󰁝
d3k

(2π)3
sin(kτ)

kτ
Ake

−ik·x. (F.4)

Furthermore, we assume a scale invariant spectrum for the mode amplitude [97],

〈AkA
∗
k′〉 =

C
k3

(2π)3δ(3)(k − k′), (F.5)

where 〈. . . 〉 represents an average over the random distribution of Ak, and C is a dimensionless
constant. Using Eqs. (F.4) and (F.5), we can compute the contributions to the axion energy
density from kinetic and gradient terms:

ρa,kin =
1

2
f2
a 〈θ̇2〉 =

C
4π2

f2
a

R2

󰁝
kdk

󰀕
cos kτ

kτ
− sin kτ

(kτ)2

󰀖2

, (F.6)

ρa,grad =
1

2
f2
a

1

R2
〈|∇θ|2〉 = C

4π2

f2
a

R2

󰁝
kdk

󰀕
sin kτ

kτ

󰀖2

. (F.7)

Note that the kinetic energy ρa,kin vanishes in the super-horizon limit kτ ≪ 1, while the
gradient energy acquires a non-vanishing contribution,

(ρa,grad)sup ≲ C
4π2

f2
a

R2

󰁝 τ−1

0
kdk =

C
8π2

f2
aH

2, (F.8)

where in the first inequality we have used the fact that only the modes with k ≪ τ−1

can contribute to the integral,
󰁕
kdk ≲

󰁕 τ−1

0 kdk. This result agrees with a naive estimate
ρa ∼ f2

a 〈|∇θ|2〉 ∼ f2
aH

2, which stems from an expectation that the misalignment angle θ
varies randomly on the scale corresponding to the Hubble radius.

We can also compute the contributions of subhorizon modes (kτ ≫ 1),

(ρa,kin)sub =
C
4π2

f2
a

R2

󰁝

k≫τ−1

kdk
cos2(kτ)

(kτ)2
,

(ρa,grad)sub =
C
4π2

f2
a

R2

󰁝

k≫τ−1

kdk
sin2(kτ)

(kτ)2
, (F.9)

from which the total energy density reads

(ρa)sub = (ρa,kin)sub + (ρa,grad)sub

=
C
4π2

f2
aH

2

󰁝
dk

k

≈ C
4π2

f2
aH

2 ln

󰀕
Λ

H

󰀖
. (F.10)
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This quantity is logarithmically divergent, and we have introduced the UV cutoff Λ. A natural
choice for the cutoff scale would be the saxion mass, Λ ≈ mr. Then, this result implies that
the energy density of misalignment axions ρa ∼ f2

aH
2 ln(mr/H) can be comparable to the

typical energy density of strings in the scaling regime [97].

Since we calculate the axion spectrum based on the kinetic energy in the numerical
study, let us focus on the (differential) spectrum for the kinetic term. It is straightforward
to obtain

E(x) = 2

(faH)2
dρa,kin
d log k

=
C
2π2

x2[j1(x)]
2, (F.11)

where we use the same notation as Eq. (D.1), and jn(x) are spherical Bessel function of the
first kind. Note that this quantity depends only on x = kτ . Namely, its time evolution is the
same for all k, when viewed as a function of kτ . This observation can explain the numerical
result shown in the top panel of Fig. 9 that the evolution is almost the same among different
modes when they are outside the horizon.

We also note that the asymptotic behaviour in the super-horizon limit reads

2

(faH)2
dρa,kin
d log k

kτ→0−−−→ C
2π2

1

9
(kτ)4. (F.12)

This implies that the IR part of the spectrum (or its evolution before the horizon crossing)
scales as ∝ (kτ)4 in the absence of strings. For a comparison, in Fig. 44 we show the evolution
of the mode with the fixed comoving momentum kL/(2π) = 2.41 obtained from simulations
with various different initial string densities. In those simulations the slope of E ∝ (kτ)p at
small kτ takes a value between 4 ≲ p ≲ 6 according to the value of the string density ξ,
indicating that the IR falloff of the spectrum becomes steeper in the presence of strings.46

Furthermore, there is a trend that the slope approaches to the free field value p → 4 with
decreasing ξ. We observed a similar trend when we plot the spectra as a function of k rather
than τ .

The fact that E(x) exhibits a non-trivial time dependence implies that there is a con-
tribution to the instantaneous emission spectrum even in the absence of strings:

F(x) =
∂E(x)
∂x

=
C
π2

xj1(x)[xj0(x)− j1(x)], (F.13)

where the relation F = ∂E/∂x follows from the definition of F [see Eq. (D.2)]. We can also
obtain its derivative with respect to x,

∂F(x)

∂x
=

C
π2

x
󰀃
x[j0(x)]

2 − j1(x)[j0(x) + xj1(x)− j2(x)]
󰀄
. (F.14)

Figure 45 shows the evolution of E , F , and ∂F/∂x given by Eqs. (F.11), (F.13), and (F.14).
The location of the first turnaround of F (∂F/∂x = 0) is found to be x = 1.86765, which is
shown as a black dot in Fig. 45.

46We may describe this effect by introducing a phase αk in the evolution of the mode [i.e. replacing sin(kτ)
with sin(kτ +αk) in Eq. (F.4)] and allowing a slow time variation in Ak and αk, though we do not pay much
attention to their precise time dependence here.
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Figure 44. Time evolution of the energy density of one Fourier mode of the axion field specified
by kL/(2π) = 2.41 for various different values of the initial strings density ξℓ=3. The coloured
bands represent statistical uncertainties, and the black dashed line corresponds to the attractor with
ξℓ=3 = 0.3. The results are obtained from simulations of physical strings with 20483 lattice sites.
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G Comparisons

Our results on ξ and q obtained from simulations with 112643 lattice sites are compared with
those from recent simulations performed by the authors of Refs. [71, 72] in Fig. 46. Here
we summarise differences in the simulation/analysis methods and discuss possible sources of
discrepancies.
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Figure 46. Comparisons of the main results of this work with those of Gorghetto et al. (2021) [71] and
Buschmann et al. (2022) [72]. Left panel: Comparison of the evolution of the string density parameter
ξ. The data is digitised from Fig. 1 of Ref. [71] and Supplementary Fig. 13 of Ref. [72]. For the results
of this work and Ref. [71], the coloured bands represent statistical uncertainties. The error bars for
the result of Ref. [72] do not represent the statistical uncertainties but an educated guess involving
the analytical modeling and fit. Right panel: Comparison of the evolution of the spectral index q of
the axion emission spectrum. The data is digitised from the right panel of Fig. 16 of Ref. [71] and
Supplementary Fig. 10 of Ref. [72]. For the results of this work, the error bars include systematics
induced by changing the parameter σfilter for the filtering procedure to calculate F [Eq. (D.5)] in
addition to statistical uncertainties. For the results of Ref. [71], the error bars represent statistical
uncertainties. The error bars for the result of Ref. [72] represent the error of the fit, rather than
statistical uncertainties. Three possible models for the continuum extrapolation of the results of this
work obtained in Sec. 5.3.2 are also shown by the dash-dotted line (qmodel = q0 + q1/ℓ

2), dashed line
(qmodel = q0 + q1ℓ), and dotted line (qmodel = q0 + q1/ℓ).

The authors of Ref. [71] performed simulations up to 45003 lattice sites. Among multiple
sets of simulations with different choices of parameters, they used the results from simulations
with mra = 1 at the final time in the main analysis, and we replot them in Fig. 46. From the
left panel of that figure, we see that the string density parameter at the attractor found in
Sec. 3 is very compatible with their result. On the other hand, the values of q obtained from
our analysis become systematically smaller than those obtained in Ref. [71]. One possible
origin of this discrepancy is attributed to the fact that we use the 4-neighbour discretisation
scheme of the Laplacian, while they used the 2-neighbour scheme. In Sec. 5.1, we have
shown that a lower level of discretisation of the Laplacian can distort the spectrum and lead
to larger values of q. We have also shown that the 2-neighbour Laplacian may not be enough
to suppress that effect.

Other than the effect of the Laplacian, there are a few effects that can cause the dif-
ference. The fact that the string core resolution mra = 1 at ln(mr/H) ≃ 7.9 in Ref. [71]
is lower than ours [mra ≃ 0.69 at ln(mr/H) = 7.9] can also result in larger values of q
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and explain the discrepancy at large ln(mr/H). Furthermore, the values of ξ in Ref. [71]
remains slightly smaller than our results (see left panel of Fig. 46) throughout the simulated
range of ln(mr/H), and such smaller values of ξ could lead to larger values of q (cf. Fig. 6),
though the effect would be small. The discrepancy in q appears to be more pronounced at
smaller ln(mr/H), but it is not straightforward to offer a simple explanation for that, since at
smaller ln(mr/H) the range of the momentum used for the fit of the instantaneous emission
spectrum becomes very short, which may lead to potentially larger systematic uncertainties.
In particular, they used the finite difference method to compute the instantaneous emission
spectrum, which could be more sensitive to the effect of the oscillations in the spectrum and
result in larger fluctuations in q as illustrated in Sec. 4. We also note that their fiducial
choice of the IR cutoff cIR = 30 for the fit deviates from the critical value x1z ≃ 25.1, which
could potentially amplify the effect of oscillations in the IR part of the spectrum (see Sec. 4).

The authors of Ref. [72] carried out a simulation based on the AMR technique rather
than the conventional method with the static lattice. The simulation was performed with a
uniform grid of 20483 cells and up to five levels of refinement around the string core, which
would effectively amount to static grid simulation with 655363 lattice sites. It should be
noted that only one large scale simulation was performed in Ref. [72], and it is not possible
to assign the statistical uncertainties to the results. The error bars for ξ shown in the left
panel of Fig. 46 were determined by treating them as a nuisance parameter in the fit of a
model of ξ given by a simple function of ℓ to the data. The error bars for q shown in the right
panel of Fig. 46 was obtained from the second partial derivatives of the Gaussian likelihood
used for the fit of a power law model to the data of the instantaneous emission spectrum.

There are several factors that could give rise to a different assessment of q in Ref. [72].
First, the simulation performed in Ref. [72] corresponds to under-dense strings compared to
ours as shown in the left panel of Fig. 46, and such an under-dense case is likely to give a
higher value of q, as shown in Fig. 6. Second, in Ref. [72] the 1-neighbour finite difference was
used for the discretisation of the Laplacian, while we use the Laplacian with 4-neighbours. As
shown in Fig. 16, the value of q computed in the 1-neighbour case becomes substantially larger
than other cases. Finally, in Ref. [72] the instantaneous emission spectrum was computed
based on the finite difference method with the interval ∆ℓ = 0.25, and a smaller value
cUV = 1/16 than ours (cUV = 1/4) was used for the UV cutoff of the momentum range used
in the fit to determine q. As discussed in Sec. 4, due to the existence of the 2k-oscillations in
the spectrum the values of q could be biased at smaller values of cUV when the instantaneous
emission spectrum is computed based on the finite difference method, and the effect could
be amplified by statistical fluctuations. The fact that they used a thermal initial condition
could also lead to some bias, since there might be a high frequency oscillation of the PQ field
that can also lead to contaminations in the spectrum, as discussed in Appendix B. Moreover,
the momentum range available for the fit becomes even shorter at smaller ln(mr/H), which
together with the existence of the 2k-oscillations makes the fit more uncertain at smaller
ln(mr/H). This can actually be seen in the right panel of Fig. 46, where the error bars of q
in the results of Ref. [72] become particularly large at smaller ln(mr/H). The trend of the
logarithmic increase of q observed in Ref. [71] and this work could become less apparent in
Ref. [72] because of these effects.

Compared to the results of Ref. [72], our results give rise to larger values of q at later
times of the simulation [ln(mr/H) ≳ 8.5]. This is attributed to the fact that the resolution
of the string core becomes worse at late times in our simulations [mra = 1.25 at the final
time corresponding to ln(mr/H) = 9.08], and q can be biased towards larger values due to
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the discretisation effect discussed in Sec. 5.2. This effect should not be a problem in the
simulation performed in Ref. [72], since the resolution of the string core is kept as good as
(mra)

−1 > 3 throughout the simulation by adding 5 refinement levels appropriately.

After the first version of this paper was submitted, the work [74] by yet another group
appeared. In Ref. [74], simulations were performed on a static lattice with 40963 sites.
Parameters were chosen such that mra = 1 and τ/L = 4−1/3 ≃ 0.63 at the end of the
simulations, which correspond to ln(mr/H) ≲ 7.86. Two different methods to produce initial
conditions (a PRS-type prepropagation and a thermal initial condition) were applied, and
it was confirmed that both cases lead to similar results except that the results from the
thermal initial condition give rise to more fluctuations in the axion radiation spectrum and
take more time to be relaxed to the regime close to the attractor. The initial string density
was set to ξ ≃ 0.2 at ln(mr/H) = 2, which makes the evolution of ξ quite similar to Ref. [72]
and hence corresponds to an under-dense network compared to the attractor [ξ ≃ 0.3 at
ln(mr/H) = 3] found in Sec. 3. The instantaneous emission spectrum was computed by
using the finite difference method with ∆ℓ = 0.25 as a default choice, but it was observed
that higher values of ∆ℓ make the spectrum smoother. This trend is consistent with what we
found in Fig. 11, and we provided some analytical understanding of this feature [see Eq. (4.3)
and the corresponding discussion]. We note that the value of cIR = 15 used to measure q in
the main analysis in Ref. [74] is smaller than the critical value x1z ≃ 25.1 for ∆ℓ = 0.25, and
hence the effect of the oscillations in the IR part of the spectrum might not be minimised.

We find that the values of q obtained in Ref. [74] are more or less consistent with our
results at small ℓ, showing the trend of the logarithmic increase. On the other hand, its
values at higher ln(mr/H) appear to be slightly larger than our results and those of Ref. [71].
This disagreement could be attributed to the smaller grid size, which leads to higher values
of mra and could pronounce the discretisation effects. The fact that the value of ξ in the
simulations in Ref. [74] remains smaller than the attractor could also make the value of q
slightly larger. Furthermore, although it is not clear how the Laplacian was computed in the
simulations in Ref. [74], the discretisation of the Laplacian could be an issue, as we discussed
in Sec. 5.1.
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