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Abstract

The attainment of accurate numerical solutions of ill-conditioned linear algebraic prob-
lems involving totally positive matrices has been gathering considerable attention among
researchers over the last years. In parallel, the interest of g-calculus has been steadily grow-
ing in the literature. In this work the g-analogue of the Abel polynomial basis is studied.
The total positivity of the matrix of change of basis between monomial and ¢-Abel bases
is characterized, providing its bidiagonal factorization. Moreover, well-known high relative
accuracy results of Vandermonde matrices corresponding to increasing positive nodes are
extended to the decreasing negative case. This further allows to solve with high relative accu-
racy several algebraic problems concerning collocation, Wronskian and Gramian matrices
of g-Abel polynomials. Finally, a series of numerical tests support the presented theoretical
results and illustrate the goodness of the method where standard approaches fail to deliver
accurate solutions.
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1 Introduction

A sequence (po, p1, - ..) of polynomials such that deg(p;) =i,i =0, 1, ... is said to be of
binomial type if it satisfies the following identities

k=0 k

RCEEDY (") Pe) pu—ik (), neN.

We can find a first example of this type of polynomials when considering the binomial
theorem (x + ' = ZZ:O (',:) xk y"’k, that shows that the sequence of monomials (m;) with
m;(x) := x' is of binomial type.

There are several generalizations of the binomial theorem. For the sequence (x), ; of
falling or rising factorials defined by

®op =1, Opp=x(x—h)---(x — (n—1h),
we also have

CERNTEDY <n) Ok Wn—khy 1 €N,

k=0 k

which implies that the sequence (x),_j is also of binomial type. Moreover, it is well-known
that the Touchard polynomials (also called the exponential polynomials):

Tox):=1, T,(x):= ZS(n,k)xk, neN, (1)
k=0

where S(n, k) are Stirling numbers of the second kind, constitute the only polynomial
sequence of binomial type with the coefficient of x equal to 1 in every polynomial.

Using umbral calculus (cf. [30, 31]), every polynomial sequence of binomial type may be
obtained from the sequence of Abel polynomials (AY)), defined as

x):=1, A%x):=x(x—an)"!, aecR, neN. 2)

They are named after Niels Henrik Abel who proved the following equalities

Ag(x—ka):Z(?>Af’(x)A3_i(a), @ecR, nel.

i=0

During last decades, g-calculus has been studied rigorously because of its implicit appli-
cation in Mathematics, Mechanics and Physics [1, 4, 12, 17, 18]. In fact, due to the intensive
generalizations of the g-calculus and their interesting applications, g-analogue to classical
operators have emerged in recent years. Interested readers can find in [6] a general introduc-
tion to the logarithmic g-analogue formulation of mathematical expressions with a special
focus on its use for matrix calculations. In this sense, the g-analogue umbral method proposed
in [5] is used to find g-analogues of significant matrices such as g-Cauchy matrices.

There are also commutative ¢g-binomial theorems, one of which is subsumed in a g-Abel
binomial theorem for the following g-analogue of the Abel polynomial sequence in (2):

n—1
AP ) =1, AT() :=x]](xg’ —alnl). neN, 3)
j=1
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where [n] is a g-integer. Let us observe that for ¢ = 1 the g-analogue of Abel polynomials
(3) coincide with the classical Abel polynomials (2).

In the literature, the total positivity of some bases formed by polynomials of binomial type
has been analyzed. It is well-known that the monomial basis (my, ..., m,) of the space P"
of polynomials of degree not greater than n is strictly totally positive on (0, co) (see Sect.3
of [15]). On the other hand, the total positivity of Touchard polynomial bases (7o, ..., T,)
defined from (1) has been recently proved in Sect. 6 of [22], where a procedure to get com-
putations to high relative accuracy with their collocation and Wronskian matrices has also
been provided.

In a given floating point arithmetic, high relative accuracy implies that the relative errors
on the computations have the order of the machine precision and are not drastically affected
by the dimension or conditioning of the considered problem. So, the design of algorithms to
high relative accuracy is an important trend in numerical linear algebra, which is attracting
the interest of many researchers [3, 15, 19-27].

In this paper the total positivity of polynomial bases (A¢“, ..., Al'®) formed by the
g-analogue Abel polynomials in (3) is going to be characterized in terms of the sign of
a. A bidiagonal factorization of the matrix of change of basis between monomial and g-
analogue Abel polynomial bases will be derived. This factorization will be used to solve to
high relative accuracy many algebraic problems with collocation, Wronskian and Gramian
matrices of g-analogue Abel polynomial bases and so, for the well known Abel bases.

The layout of the paper is as follows. Section2 provides notations and auxiliary results.
Section 3 focuses on the matrices of change of basis between monomial and g-analogue Abel
polynomial bases. Their bidiagonal decomposition is provided and their total positivity prop-
erty is deduced. In Sect. 4, well-known results on the strict total positivity of Vandermonde
matrices for increasing positive nodes are recovered for conveniently scaled Vandermonde
matrices for decreasing negative nodes. Then g-analogue Abel polynomials are considered
and the total positivity of their collocation, Wronskian and Gramian matrices is analyzed.
Finally, Sect.5 presents numerical experiments confirming the accuracy of the proposed
methods for the computation of eigenvalues, singular values, inverses or the solution of some
linear systems related to collocation, Wronskian and Gram matrices of g-analogue Abel
polynomial bases.

2 Notations and Auxiliary Results

Let us recall that a matrix is totally positive: TP (respectively, strictly totally positive: STP) if
all its minors are nonnegative (respectively, positive). Several applications of these matrices
can be found in [2, 7, 29].

The Neville elimination (NE) is an alternative procedure to Gaussian elimination (see [9—
11]). Given an (n + 1) x (n + 1), nonsingular matrix A = (a;,j)1<;,j<n+1, the NE process
calculates a sequence of matrices

AD = A 5 AD 5 o pOFD) )
so that the entries of A®*D below the main diagonal in the k first columns, 1 < k < n,

are zeros and so, A+ is upper triangular. In each step of the NE procedure, the matrix

@ Springer



56 Page4of22 Journal of Scientific Computing (2024) 101:56

AKTD = (g (k+ )1<z j<n+1 is computed from the matrix A®) = (a )]<l j<n+1as follows:

a’), ifl<i<k,
o
o= Yl - e, itk si s atlanda®) 20, )
a), if k+1<i<n+landa® ,=0.

The (i, j) pivot of the NE process of the matrix A is the elementa i forl <j<i<n+l,
and we say that p; ; is the i-th diagonal pivot. Let us observe that whenever all pivots are
nonzero, no row exchanges are needed in the NE procedure. The (i, j) multiplier of the NE
process of the matrix A is

o { (/)/al(/)1 o if al(/)l ; £0,
mi j = 0

1<j<i<n+1. 6
s 1fa()._0 / ©

Neville elimination is a nice tool to deduce that a given matrix is STP, as shown in this

characterization derived from Theorem 4.1, Corollary 5.5 of [9] and the arguments of p. 116
of [11].

Theorem 1 A given nonsingular matrix A is STP (resp., TP) if and only if the NE of A and
AT can be performed without row exchanges, all the multipliers of the NE of A and AT are
positive (resp., nonnegative), and the diagonal pivots of the Neville elimination of A are all
positive.

By Theorem 4.2 and the arguments of p.116 of [11], a nonsingular TP matrix A =
(@i, j)1<i, j<n+1 admits a factorization of the form

A:FnFn—]"'F]DG]GZ"'Gn, (7)
where F; and G;,i = 1, ..., n, are the TP, lower and upper triangular bidiagonal matrices
given by

1
01
0 1
F; = ,
! miy1 1
mit22 1
Mp1,n+1—i 1
1
01
0 1
GI= , 8
! mit1,1 1 ®)
mit22 1

Myt pti1—i 1
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and D = diag (pl,l, D22y pn+1,n+1) has positive diagonal entries. The diagonal entries
pi,i of D are the positive diagonal pivots of the NE of A and the nonnegative elements m;
and m;, ; are the multipliers of the NE of A and AT, respectively. If, in addition, the entries
mij, n~1,-j satisfy
m,-j=0 = mhj=0,\7’h>i and ﬁ,‘j:O = ﬁik=O,Vk>j, )
then the decomposition (7) is unique.
In [15], the bidiagonal factorization (7) of an (n + 1) x (n + 1) nonsingular and TP matrix
A is represented by defining a matrix BD(A) = (BD(A); j)1<i,j<n+1 such that
m,-,j, ifi > j,
BD(A);j ==\ pii, ifi=], (10
nAij’i, ifi < j
The transpose of A is also totally positive and, using the factorization (7), can be written
as follows

AT =GIGl | ...GIDFI'F] ---Fl. (11)

n

Let us also recall that a real value ¢ is computed with high relative accuracy (HRA)
whenever the computed value 7 satisfies

|t — 1]
[£]

< Ku,

where u is the unit round-off and K > 0 is a constant, which is independent of the arithmetic
precision. Clearly, HRA implies a great accuracy since the relative errors in the computations
have the same order as the machine precision. A sufficient condition to assure that an algorithm
can be computed to HRA is the no inaccurate cancellation condition, sometimes denoted as
NIC condition, which is satisfied if the algorithm only evaluates products, quotients, sums of
numbers of the same sign, subtractions of numbers of opposite sign or subtraction of initial
data (cf. [3, 15]).

If the bidiagonal factorization (7) of a nonsingular and TP matrix A can be computed to
HRA, the computation of its eigenvalues and singular values, the computation of A~! and
even the resolution of systems of linear equations Ax = b, for vectors b with alternating
signs, can be also computed to HRA using the algorithms provided in [14].

Let (ug, ..., un) be abasis of a space U of functions defined on / € R. Given a sequence
of parameters #; < --- < t,41 on I, the corresponding collocation matrix is defined by
M(tls”-stn-i-l) = (uj_l(ti))lgi,j§n+l' (12)

Many fundamental problems in interpolation and approximation require linear algebra com-
putations related to collocation matrices. In fact, they appear when imposing interpolation
conditions for a given basis.

Related to the Hermite interpolation problem, if the space U is formed by n-times con-
tinuously differentiable functions and ¢ € I, the Wronskian matrix at t is defined by:

W o, ... un) (@) = @7 ) 1<t j<ntn, (13)

where 4 (¢), i < n, denotes the i-th derivative of u at ¢. As usual, we shall use u'(¢) to
denote the first derivative of u at .
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Now, let us suppose that U is a Hilbert space of functions on the interval [0, T], T < +o0,
under a given inner product

T
(u, v) ::/ u(t)v(t) dre,
0

defined for any u, v € U. Then, given linearly independent functions vy, ..., v, in U, the
corresponding Gram or Gramian matrix is the symmetric matrix described by:

G(vo, ..., vp) = ((vi—h vj_l>)1§i,j§n+l .

3 Factorization of Matrix Conversion Between g-Abel and Monomial
Bases

Let P"* (1) be the (n+1)-dimensional vector space formed by all polynomials in the variable
x defined on a real interval / and whose degree is not greater than n, that is,
P*(I) :=span{l, x,...,x"}, xel.

Then, let us recall definition (3), for m € N U {0} and ¢ > 0 any positive real number, the
m-th degree g-Abel polynomial (see Sect. 3 of [13]) is given by

m—1
A(()q’a)(x) =1, A,(nq’a)(x) =X n(xqj —a[m]), aeR, meN,
j=1
where the g-integer [m] is defined as
m—1 1—g™
; T 4F1L
m) = f={ 1 14
[m] g;q {m il (14)

Observe that, for the particular case g = 1, the polynomials given by (3) are the well-known
Abel polynomials in (2) (cf. [30, 31]).
Note that, in analogy to the integer case, it is possible to define the g-factorial as

[m]!:= [m][m —1]---[1],

and, in the same way, to introduce a g-binomial coefficient, given by

|:mj|'_ [m]!
k|7 k) m = k)

In addition, let us introduce some useful properties that are verified by g-integers. First, the
subtraction of two g-integers satisfies

(1] = [s1=¢’lt —s]. 15)
Moreover, g-binomial coefficients, which are extensions of the integer case, maintain prop-
erties such as
m m—1
k = , 16
] =] w

and the following equivalents to Pascal’s identity,
m m—1 fm—1 m m—k|m—1 m—1
= , = . 17
A ) R o A R P (an
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Using formula (1.8) of [13], g-Abel polynomials (3) can also be written in terms of the
monomial basis as follows,

m—1 m—2

Al ) =x [T g/ —alm) = ¢"'x ] xg’ —aim))
j=1 i=0
m—1 m—1—k
_ m—1 m—1 (k) k+1 —@>
[ o (2

m—1

=2 [mk_ l]q("?l)xk“ (—may" ="
k=0

m

Z )m k|: k:lq(lé)[m]m—kam—kxk7 m e N.

Then, we can write
AL, AL )T = a0, (18)

where the matrix of change of basis is a nonsingular triangular matrix L4*) = (I; <i,j<n+1
with
-2

hi=1, Li1=0 i>2 l,-,j=(—a[i—11)"*f'q(j5‘>[’. :
11—

} 2<j<i<n+l1
(19)

and the binomial coefficient (Z) vanishes for any n < k. Then, L@® can be written as

1 0 0 0 0
0 1 0 0 0
0 —al2] q 0 - 0
L=1]0 (—a[snz —aqm[z] q° -0
. : 0

0 (—aln)™" (—alnly'2qln — 1] (~alnly' g’ 1] - g®

At this point, our objective is to obtain the expression of the pivots and multipliers of the NE
of the matrix L@ and, consequently, to deduce its bidiagonal factorization (7), analyzing
its total positivity property and the computation to HRA of its bidiagonal decomposition. To
this aim, it is convenient to introduce an auxiliary result involving the g-binomial coefficients.

Lemma1 Leti,k € N such thati > k. Then,

I+1 i—1
Sk :=Z< g )H[ L ]=1. (20)

1=0

Proof First, it is simple to verify that for k = 0,

i .
So.i = |:0:| =1, i[>k
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Now, by induction on k, we assume that S; ; = 1 and write Sy as
k+1
1+ [+ 1 l
Spyli = 1)/g(2) i > k+ 1.
k+1,i = 12(;( )q [1][]{4_} i>k+

Using the analogue of Pascal’s identity (17) on the first g-combinatorial number and shifting
one of the factors in the second one, we have

k+1 . .
(H—) lk i—1 [l—l_k]
sk+1,—2< /g2 ([ J*"H)[ L ]TH] ,

and, since ¢'[i — I — k] = [i — k] — [1],

k+1 .
1 141 k k k i—1
= N =D)lg(D) 1 — P k] —
Skr1i = 1] ZE: (—D'q ([l— 1}[1 [ —kl+ [1][1 k] [J[H)[ X ]

k+1

o
Ik 1] [k + 1] Z( D 1 k i—=1—kl—=[k=1+1),

where in the last step the second sum is one by hypothesis and in the third one the bottom
factor of the g-combinatorial number is shifted. Then, applying (15) and shifting the index
| — [ — 1, it follows that

S i-a, 1 %& DO F g — 2k 1
ST A0 T k1 O Y | O
[i — k] [k+1] — k] e[k fi-1=1 .
= 1 == l, > k 1,
k1l Z} Ve k rek
where in the last step the sum is 1 by hypothesis and so, (20) holds for k 4 1. O

Theorem 2 Let L'@® ¢ RUTDX0+D) pe the matrix defined in (19). Then,

LY® = F,...FD, 1)
where F;, i = 1,...,n, are the lower triangular bidiagonal matrices whose structure is
described by (8) and their off-diagonal entries are

. o (=1 o
mi1:=0 2<i<n+1, m,-,j::—qj T [ —jlo, 2<j<i<n+1,
i —
(22)
and D € ROHD>0+D o 4pe diagonal matrix D = diag (p1,1, D225, pnﬂ,,”]) with
i—1
pii=q(2), 1<i<n+l. (23)

Proof Let L®) = (ll.(kj)) 1<i,j<n+1 be the matrices obtained after k steps of the NE process of
LD = 1@ T begin with, by (6), the multipliers m; | = Osincel; ; = 0for2 <i <n+1
by definition (19). Then, let us show by induction on k that

k—2 —-2-1 :
19 = (—ay =i gD — 1y g( 1)’q<2>[ } }[ i ][z—l 071 (24)
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with2 <k < j <i <n+ 1. For k = 2, using the first step of NE (5) and (19), we have

i CTi=21 . .
ﬁ?:hﬁzen“mﬁﬁn—u“{f }wﬂ,25j<i5n+L
N i—
Assuming that claim (24) holds for &, let us obtain
o _m e w
+1) _ i,
L _Qj—lw L2 25
i—1k

First, we compute the quotient in the previous expression. Applying the induction hypothesis
(24), we have:

l(k) - i—k ;o A
ik _ — <[l 1]) [i — k]qk_2 [i —11P; (26)

ll.(]i)l ‘ [i —2] q* i —K1Pio1 i

where P; i is given by

k=2 . .
. B j(j)k—Z 1—2—]]____ _1
Pig: %;I)qz[j][k_z li—j—1]

We intend now to show that the quotient in (26) is 1, for2 < k < j <i < n + 1. Starting
by the numerator, using [i — 1] = ¢/[i — 1 — j] 4 [j] it follows that

k—2
C o k=2[i—2—j

j=0
- olk=21[i-2-71__Li
-1/ 5 - I LS — 27
+2 )qz[j][k—z]n—j—u e

In a similar fashion, q/‘_1 [{ —k] =1[i — 1] — [k — 1], and the denominator can be expressed
as

q“ 2l — kP =

:Si_W%QJQhJ]U—u _F—q U+u>r—3—q
= jodui—2=j1 L+i—2=1) k-2

Y Chyigh- (g (ARSI (S ARSI Gy
5 j [i —2—j] j+1—-2-]] k—2

—2 . . k=2 . . .
NG, k—2:||:z—3—]:| N (.i)|:k—2j||:z—2—]i| [j]
=J /gt [j s -+Zy Da®|" PP

(28)

where in the second step (17) has been used, followed in the last step by a shift of the summa-
tion index in the second summand. Finally, note that both numerator (27) and denominator
(28) share exactly its second sum, whereas the first one is equal by Lemma 1, as long as
i > k. As a consequence,

L -\
li(]i)l k = -« ([i — 2]) [i —klg"~. (29)

o~

j
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Now, we proceed with the computation of ll.(’ij) in (25). Assuming that (24) holds for k
we have

k=2
R , k—21[i-2—1 ,
1 = ()T -1y ([i—lllzo(_l)lq(é)[ ! ][lj—z ][i_l_l]k_j_l

k—1 .
k=27 _ 1(1*1) k—21[i—2-1 C k=)l
+q= 7l k];:l( Dg* 2 [1_1 -2 i—1-1] .

where in the second sum inside the parentheses we have shifted the index / — [ + 1. Then,

extending both sums from O to k — 1 and using qk_1 [i —k] =1[i — 1] — [k — 1], we arrive to

15D = (—ay 20— 17 x

k—1 .
. _ 1 (171)71 lk—Z k—2 1—2—l - _ k*l'fl
Qz HZ; /g2 (q[l 1, P e el
. lkfl 11 (151)_1 k—=21[i—2-17_. 1 lk_j_l
—[k—11) (-=D'q [,_1][,~_2][’— —1]

1=0
= (_a)i—jq(fgl)[,' 1Rk

k—1 .
([i —1] Z(—n’q(’?)-‘[k; 1][’ -2 l][i — -t

1=0 J
k—1 .
— =Dl [k R IM’ P l} i — 1 - 1¢7).
= l j—2

where properties (16) and (17) have been used in the second step. Then, regrouping terms
and using [i — 1] — [[] = ¢'[i — 1 —[], the result is

(k+1) -, (30 _ ik S GOk =T[i =
1Y = (=) g — 1Ry (= 1)/gl z .

1=0

2

—1 .
— 1 — 1,
_Z}U ]
and, as a consequence, (24) is verified for k + 1.
Finally, by (19), the first pivot p1,;; = [1,;1 = 1 and with the expression of li(’k; we can
compute the rest of the pivots p; ; as

o 0 s G2 -2 =1 R
O A e B I O e R | |
1=0

with 2 <i < n + 1, since only the first summand corresponding to / = 0 is non-zero. With
respect to the multipliers m; ;, by (29) and (6) they verify the expression givenin (22). O

The provided bidiagonal decomposition (21) of L% can be stored in a compact form
through BD(L@®) as

g(2, i=J,
: : i—j
(BD (L(q,a)))i . =1 —ag/™2 (H:H) i—jl, 2<j<i<n+1, (30)
0, otherwise.
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To illustrate the form of the bidiagonal factorization (7) of L@ et us write the particular
casen = 3,

1000\ (10 0 0\ /1 0 0 0\ /1000
Lo _ [0100] 0] 0 0lfo 1 o o|lo10o0
“loo10] |00 Lo Offo—e2z1 1 0]loogo0
3
0001 oo_a(ﬂ) 211)\0 0 —aglsl1/\oo00g?

The analysis of the sign of « in (30) will allow us to characterize the total positivity
property of L@ This fact is stated in the following result.

Corollary 1 Let L@ e RUTDX0+D) pe the matrix defined in (19) and J the diagonal
matrix J = diag((—l)‘_])15i§n+1.

a) The matrix L9 is totally positive if and only if o < 0.

b) The matrix L(Jq’a) = JL@Y J is totally positive if and only if & > 0.

Moreover, in both cases, the matrices L%, L(Jq’a) and their corresponding bidiagonal
Sactorizations (7) can be computed to HRA.

Proof Let L% = F, ... F| D be the bidiagonal factorization provided by Theorem 2.

a) The entries m; ; in (22) are nonnegative and p;; in (23) are positive if and only if
o < 0, and so, the diagonal matrix D and the bidiagonal matrices F;,i =1, ..., n, are
nonsingular TP matrices. Then, L% is a product of nonsingular TP matrices and, by
Theorem 3.1 of [2], is a nonsingular TP matrix.

b) By Theorem 2 presented in [22], L(Jq’a) is nonsingular totally positive if and only if the
multipliers m; ; in (22) are non-positive and the pivots p;; in (23) are positive—this
happens if and only if @ > 0.

Furthermore, taking into account BD(L(q’“)) given in (30) and formula (11) in [22], the

bidiagonal decomposition (7) of L(Jq'a) can be stored in a compact form through B D (L (Jq’a))
as

¢(2), i=j,
(q.0) o e\ .
(BDALY )i = Yagi 2({;_;}) li—jl, 2<j<i<n+1, 31)
0, otherwise.

Note that, as in the case of BD(L@®), there are not inaccurate subtractions and as a conse-
quence (30) and (31) can be computed to HRA. ]

4 Computations with g-Abel Polynomials to HRA

Let us recall that the monomial basis (mo, . .., my), with m; (x) = x' fori = 0,...,n,isa
strictly totally positive basis of P" (0, +00) and so, the collocation matrix

V= (tij_l)lfi,jgn+1 ’ (32)

is strictly totally positive for any increasing sequence of positive values 0 < 7] < -4
(see Sect.3 of [15]). In fact, V is the Vandermonde matrix at the considered nodes. Let us
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recall that Vandermonde matrices have relevant applications in Lagrange interpolation and
numerical quadrature (see for example [8, 28]). As for BD(V) we have

ti—ti—k b .
Hk Lty —ti—g—1’ ifi >j,

BD(V); ;=TI —n),  ifi = j, (33)
t, ifi < j,

and it can be easily checked that the computation of BD (V) does not require inaccurate
cancelations and can be performed to HRA. Using the representation (33) of Vandermonde
matrices at increasing sequences of nodes, algebraic problems with this matrices can be
solved to HRA.

Now, let us observe that these well-known results on Vandermonde matrices for increasing
positive nodes can be recovered from conveniently sign transformed Vandermonde matrices
for decreasing negative nodes as stated in the following result.

Proposition 1 Let J be the diagonal matrix J := diag((—l)i_l)]si§n+1 and V the Van-
dermonde matrix (32). Then, the matrix Vj := V J is strictly totally positive if and only if
0>t > - > ty+1. Moreover, its bidiagonal decomposition (7) can be computed to HRA.

Furthermore, for any negative decreasing sequence O > t| > - -+ > t,11, the computation
of the singular values, the inverse matrix V™', as well as the solution of linear systems
Ve = d, where the entries ofd = (d, ..., dys1)T have alternating signs, can be performed
to HRA.

Proof Let us consider the bidiagonal factorization V. = F,,--- F1DG --- G,. Since J =
J~ 1 then

Vi=F,---FIDG,---G,J =F,---Fi(DJ)Y(JGJ)---(JG,J)

= Fn---F1D61~-~Gn, (34)
with D := DJ and Gy := JGyJ, k=1,...,n

Taking into account (33), the bidiagonal decomposition (34) of V; can be stored in a
matrix form through BD(V;); ; as

m; j, ifi > j,
BD(Vy)i,j =\ pii» ifi=], (35)

I’ﬁj,,‘, ifi < j,

where
j—1 b — s i—1
i — hi— i—1 ~
mij =[] ——"— pi=CD" ]G -0, =t (36)
1] I!:[l 1171 _ [likil 1,1 ]l:[l 1 Jsl 1
By (36), for 0 > 11 > --- > t,41, we clearly have m; ; > 0, m; ; > O and p;; > 0,

which means that V; is a product of STP matrices and so, it is also STP. Conversely, if V;
is strictly totally positive then the entries m; ;, m; ; and p; ; in (36) take positive values and
we can deduce the admissible order of the nodes #;. Since py » = —(t2 — t1) > 0, we derive
t1 > tr. Now, from the expression of the multiplier m; » we can write

ti—tiog=mi2(ti-1 —ti2), i=3,...,n+1,
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and, by induction, t; —#;_1>0fori = 2, ..., n + 1. Finally, all ; must be non-positive since
rfzi, j="L = 0.

On the other hand, the subtractions in the computation of the entries m; ;, p; ; and m; ;
involve only initial data and, as a consequence, the matrix representation BD(Vy) in (35)
can be computed to HRA.

Finally, the resolution of the algebraic problems mentioned in the statement to HRA can
be achieved using the matrix representation (35) and the Matlab subroutines available in
Koev’s web page [14]. In this regard, since J is a unitary matrix, the singular values of V;
coincide with those of V. Similarly, taking into account that

vi=uv; !,
we can compute V! accurately. Finally, if we have a linear system of equations V¢ = d,
where the elements of d = (dy, ..., dy41 )T have alternating signs, we can solve to HRA the
system V;b = d and then obtain ¢ = Jb. O

Taking into account Corollary 1 and Proposition 1, we shall analyze the total positivity
of ¢g-Abel bases, as well as factorizations providing computations to HRA when considering
their collocation matrices.

Theorem 3 Given a sequence of parameters ty, ..., tyy1, witht; #t; fori # j. Let
AGCD = ATV @)1<i jents (37)

be the collocation matrix of the q-Abel basis (3) and J = diag((—l)i_1)15i5n+1. Then

a) If0<ty < <tyyranda <0, AW s STP,
b) IfO> 11> >ty anda > 0, A .= A€ J s STP

Furthermore, in both cases, the matrices A%, A(Jq’a) and their bidiagonal decompositions
(10) can be computed to HRA. Consequently, for 0 < t| < «-- < ty41 witha < 0 and
0>t >+ > tyy1 witha > 0, the eigenvalues (only for 0 < t; < -+ < tyy1 with
o < 0), the singular values and the inverse matrix of A%, as well as the solution of linear
systems A9 ¢ = d, where the entries of d = (d\, ..., dny1)T have alternating signs, can
be computed to HRA.

Proof Let (my, ..., m,) be the monomial basis of P" and L?-% be the change of basis matrix
such that (A", ..., A%y = (mo, ..., m,)(L@)T (see (18)). Then,

A =y (L@, (38)
where V is the Vandermonde matrix defined in (32).

a) If 0 < t; < --- < ty41, the Vandermonde matrix V is STP and its decomposition (33)
can be computed to HRA. Moreover, for @ < 0, by Corollary 1, L% is a nonsingular TP
matrix and can be computed to HRA. By formula (11), its transpose is also a nonsingular
TP matrix and can be computed to HRA. As a direct consequence of these facts and taking
into account that, by Theorem 3.1 of [2], the product of an STP matrix and a nonsingular
TP matrix is an STP matrix, we deduce that A% is STP. Furthermore, the bidiagonal
decomposition (7) of A9 can be obtained to HRA using Algorithm 5.1 [16], since it is
the product of two nonsingular TP matrices whose decompositions are known to HRA.
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b) If0 > # > --- > t,4+1, using Theorem 1, we deduce that V J is STP and its bidiagonal
factorization (34) can be obtained to HRA. Additionally, if « > 0, using Corollary 1, we
deduce that J L(9®) J is a nonsingular TP matrix and its bidiagonal factorization (7) can
be computed to HRA. Since J = J~ 1 from (38), we can write

AGD ] = (v (LN ), (39)

and deduce that A@® J is STP because it can be written as the product of STP and
nonsingular TP matrices. Analogously to the previous case, the bidiagonal decomposition
of A(Jq’a) can be computed to HRA, being the product of two bidiagonal factorizations
that are also computed to HRA.

With a similar reasoning as in Proposition 1 we can guarantee the resolution of the mentioned
algebraic problems with the matrices A?**) and A(Jq’a). O

As a direct consequence of the strict total positivity property of the collocation matrix
A0 (37) of the g-Abel basis for & < 0, the following results holds.

Corollary 2 For a given a < 0, the q-Abel basis (Aoq’a), R Aff’*“)) defined in (3) is an
STP basis of P"(0, +00).

Corollary 1 of [24] provides the factorization (7) of W := W (my, . .., my,)(x), the Wron-
skian matrix of the monomial basis (mo, ..., m,) at x € R. For the matrix representation
BD(W), we have

X, ifi < j,
BD(W); j:={G—DI, ifi=]j, (40)
0, ifi > j.

Taking into account the sign of the entries of BD(W) and Theorem 1, one can derive that
the Wronskian matrix of the monomial basis is nonsingular totally positive for any x > 0.
Moreover, the computation of (40) satisfies the NIC condition and W and its bidiagonal
decomposition BD (W) can be computed to high relative accuracy—in the case of W, this
is achieved through the TNExpand routine (see [14]) which recovers a matrix from its
bidiagonal decomposition, preserving high relative accuracy. Using (40), computations to
HRA when solving algebraic problems related to W have been achieved in [24] for x > 0.

Moreover, Corollary 6 of [22] provides the factorization (7) of W; := JW J, where J is
the diagonal matrix J = diag((—l)i -1y <i<n+1 and derives that W is nonsingular totally
positive for x < 0. For the matrix representation BD (W), we have

—X, ifi <j,
BDWp);j:=1G -1, ifi=j, 41)
0, ifi > j.

Furthermore, the computation of (41) satisfies the NIC condition and W and BD(W}) can
be computed to HRA [14]. Using formula (18), it can be checked that

WAL AT () = Wmg, ... mp) () (LT (42)
and then we can write

JWJ = (IW(mo, ..., mp) ) J)(J(LILNT . (43)

@ Springer



Journal of Scientific Computing (2024) 101:56 Page150f22 56

So, with the reasoning of the proof of Theorem 3 and taking into account Theorem 2
presented in [22], the next result follows and we can also guarantee computations to HRA
when solving algebraic problems related to Wronskian matrices of ¢-Abel polynomial bases.

Theorem 4 Let J := diag((—1)' V) 1<icps1 and W := W(AL?, ..., ALY (x) be the
Wronskian matrix of the q-Abel basis defined in (3). Then

a) Ifx >0and o < 0then W is TP.
b) Ifx <0anda >0 then Wy = JWJ is TP.

Furthermore, in both cases, the matrices W, W; and their bidiagonal decompositions (10)
can be computed to HRA. Consequently, for x > 0 witha < 0 and x < 0 with o > 0,
the eigenvalues, the singular values, and the inverse matrix of W, as well as the solution of
linear systems Wc = d, where the entries of d = (di, . .., dy11)T have alternating signs,
for the case x > 0 and a < 0 and the entries of d = (dy, ..., d,,_H)T have the same signs,
for the case x < 0 and o > 0, can be computed to HRA.

It is well known that the polynomial space P" ([0, 1]) is a Hilbert space under the inner
product

1
(p.q) == /0 P (x) dx. (44)

and the Gramian matrix of the monomial basis (my, . .., m,) with respect to (44) is:

1
. 1
H = (/ xiti=2 dx) = (7 - ) . (45)
0 I<i.j<n+1 i+j—=1/1<ij<ns1

The matrix Hy, is the (n + 1) x (n 4 1) Hilbert matrix which is a particular case of a Cauchy
matrix. In Numerical Linear Algebra, Hilbert matrices are well-known Hankel matrices. Their
inverses and determinants have explicit formulas; however, they are very ill-conditioned for
moderate values of their dimension. Then, they can be used to test numerical algorithms and
see how they perform on ill-conditioned or nearly singular matrices. It is well known that
Hilbert matrices are STP. In [15], the pivots and the multipliers of the NE of H are explicitly
derived. It can be checked that BD(H) = (BD(H); j)1<i,j<n+1 1S given by

(i—1)?

T ifti > j,

BD(H); j := #&1_2), ifi = j, (46)
U= e <
+i-Di+j-2)° J-

Clearly, the computation of the factorization (7) of H does not require inaccurate cancellations
and so, it can be computed to HRA.

Using formula (18), it can be checked that the (n 4+ 1) x (n + 1) Gramian matrix G-
with respect to the inner product (44), of the g-Abel basis (A(()q’a), e A;,q’a)) defined by
(3), can be written as follows,

G(q,a) — L(q,ﬂt)H(L(q,a))T’ (47)

where L@ is the (n 4+ 1) x (n + 1) matrix given by (19). According to the reasoning in
the proof of Theorem 3, the following result can be deduced.
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Theorem 5 [fa< 0, the Gramian matrix G- s STP. Moreover, G and its bidiagonal
decomposition (7) can be computed to HRA. Consequently, the eigenvalues, singular values
and the inverse matrix of G, as well as the solution of linear systems G9% ¢ = d, where
the entries of d = (d1, . .., dn+1)T have alternating signs, can be computed to HRA.

Finally, it is worth noting that the results of this Section, valid for any positive ¢, hold in
particular for ¢ = 1, which corresponds to the usual Abel polynomials. This implies, e.g.,
that, for « < 0 the basis of Abel polynomials is an STP basis of P"(0, +00). In the next
section, accurate computations are shown when solving algebraic problems with collocation,
Wronskian and Gram matrices of the q-Abel basis for different values of ¢, including g = 1.

5 Numerical Experiments

In order to illustrate the theoretical results obtained in previous sections, in what follows
some numerical tests are presented. Three different matrices related to g-Abel bases, for
g > 0, have been considered:

— Collocation matrices A¥-® (38) for parameters 0 < #; < -+- < t,4+1 with @ < 0, and
for parameters 0 > #| > --- > ft,41 witha > 0.

— Wronskian matrices W% (42) for x > 0 with @ < 0, and for x < 0 with « > 0.

— Gramian matrices G7-% (47) for o < 0.

To give an idea of the difficulties that arise when addressing these matrices with traditional
methods, its 2-norm condition number—i.e., the ratio between the largest and the smallest
singular values—was computed in Mathematica with 200-digit arithmetic and is presented in
Fig. 1. As can be seen, the conditioning rises severely with the size n and, as a consequence,
standard methods are vulnerable to inaccurate cancellations and ultimately fail to deliver
accurate solutions.

Nevertheless, for anonsingular TP matrix A, aslong as B D(A) (10) can be provided to high
relative accuracy, the above mentioned algebraic problems can be solved preserving HRA.
In order to do so, the functions TNSolve, TNEigenValues, TNSingularValues and
TNInverseExpand (see[26]), available in Koev’s software library TNToo1 [14], compute
the solution of each algebraic problem, taking as input B D (A). The function TNProduct is
also avaliable in the mentioned library. Let us recall that, given A = BD(F) and B = BD(G)
to high relative accuracy, TNProduct(A, B) computes B D (F G) to high relative accuracy.
The computational cost of TNSolve and TNInverseExpand is O (n?), being O (n) for
the other functions.

For solving the different algebraic problems carried out in the numerical experimentation,
it should be noted that the function TNProduct has been used to compute the bidiagonal
decompositions (10) necessary to achieve the solutions to HRA. In Table 1 the specific input
arguments to obtain the different bidiagonal decompositions are detailed, together with the
necessary theoretical results.

In order to numerically try the goodness of the algorithms presented in this work, in
each of the ensuing cases we have compared our proposal with the corresponding standard
routine given in MATLAB/Octave. Additionally, the exact solution is taken to be the one
provided by Wolfram Mathematica 13.3 with 200-digit arithmetic. Then, relative errors of
each approximation are computed as e := ||y — y||2/||y|l2, where y is the approximated
result and y the one provided by Mathematica. Note that ||y||> is the vector or matricial
2-norm, depending on the nature of y.
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Fig.1 The 2-norm conditioning of collocation matrices A4 (38) with equidistant nodes #; = i /(n + 1) for

i=1,...,n+ 1, Wronskian matrices W (4-®) (42) for x = 50 and Gramian matrices G- (47) of g-Abel
bases

It is also worth noting that the experiments have been run at different matrix sizes n, to
check its dependency, and with different values of the parameters ¢ and «, including ¢ = 1,
since in this case g-Abel polynomials are reduced to the classical Abel polynomials.

Resolution of linear systems To begin with we address, first for negative «, the collocation
matrix A% with n 4+ 1 equidistant nodes in increasing order ; = i/(n + 1) for i =
1,...,n+ 1, and the Wronskian matrix W@ for x = 50. In second place, the positive o
case is probed for the same systems but, for A@® with n + 1 equidistant negative nodes in
decreasing order t; = —i/(n + 1), and for the Wronskian matrix W@ with x = —20.

It is important to note that the system W@-®)y = b, in the case of nonpositive x and o > 0,
is guaranteed to be solved to HRA as long as all the components of b have the same sign; in
the rest of the systems considered, b with alternating signs is required to obtain HRA.

In all cases, the solutions of the systems A@®y = b and W@®y = b are determined
both with the proposed bidiagonal decomposition (see Table 1) as input to TNSolve and
with the standard \ MATLAB command. Results are presented for « = —1 in Table 2 and
for « = 1 in Table 3, in both cases for ¢ = 0.5, 1, 0.2. As can be seen in the relative errors
depicted in Tables 2 and 3, for every value of ¢ and n tested, the proposed method holds its
accuracy. This is in contrast with the approximation obtained by the standard \ command,
which looses precision rapidly as n increases.

Computation of eigenvalues and singular values In this case, since the Wronskian is
triangular, i.e., its eigenvalues are exact, and the eigenvalues of the Gramian coincide with its
singular values, the presented results only concern the collocation matrix A?*®) . In this case
the nodes are chosen to be t; = log(i + 1)/log(n +2) fori = 1,...,n + 1, the parameter
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Table 2 Relative errors of the approximations to the solution of the linear systems A(q*"‘)y =bforn+1
equidistantnodes t; = i/(n+1)fori =1,...,n+1and W(q"")y = b for x = 50. The vector b is composed

by uniform-distributed random integers in (0, 1000], with alternating signs. In all cases, the parameter o« = —1
ADy =p W@y =
q n A@O\p  TNSolve(BD(AW®) by W@ \p  TNSolve(BD(W@®) p)
0.5 5 5.1e — 09 1.7¢ — 16 1.7¢e — 15 5.6e — 17
0.5 10 1.0e + 00 3.3e —16 1.2¢ — 10 1.8¢ — 16
0.5 15 1.0e + 00 1.2e — 15 33e—17 1.2e — 15
0.5 20 1.0e + 00 2.4e — 16 4.7¢ — 02 5.0e — 16
1 5 1.8¢ — 11 5.8¢ — 16 3.8¢ —16 4.6e — 17
1 10 1.0e + 00 3.7¢ — 16 5.6e — 13 1.6e — 16
1 15 1.0e + 00 4.6¢ — 16 6.2¢ — 10 1.9¢ — 16
1 20 1.0e + 00 3.4e — 16 7.9¢ — 07 2.8¢ — 16
2 5 1.6e — 10 1.3e — 16 4.le — 15 1.0e — 16
2 10 1.0e + 00 3.6e — 16 1.3e — 11 6.9¢ — 17
2 15 1.0e + 00 1.8¢ — 16 4.6e — 02 3.5¢ —16
2 20 1.0e + 00 1.3e — 15 7.7e + 15 4.0e — 16

Table 3 Relative errors of the approximations to the solution of the linear systems Al @y = pforn+ 1
equidistant nodes ; = —i/(n + 1) fori = 1,...,n+ 1 and W(q’“)y = b for x = —20. The vector b is
composed by uniform-distributed random integers in (0, 1000], with alternating signs in the case Ala-2) y=>b
and with equal signs for w(a.@) y = b. In all cases, the parameter o« = 1

A@@y —p W@y =p
g n  A4D\p J.TNSolve(BDAYM) b)) W@ \b J.TNSolve(BD(W'\™), Ib)

05 5 S5.le—=09 14e—16 2.5¢ — 15 1.6e — 16
05 10 1.0e+00 23e—16 8.4e — 11 1.8¢ — 16
05 15 1.0e+00 I.le—15 1.7¢ — 08 1.2e — 15
05 20 1.0e+00 5.8e—16 2.0e — 06 3.4e — 16
1 5 1.9¢e —11 4.le—16 9.8¢ — 17 2.0e — 16
1 10 1.0e +00 23e—16 4.1e — 12 2.6e — 16
1 15 1.0e+00 53e—16 1.3¢e — 09 2.2e—16
1 20 1.0e+00 4.6e—16 5.6¢ — 07 4.8¢ — 16
2 5 1.6e —10 8.3e—17 22e—15 1.5¢ — 16
2 10 1.0e4+00 2.6e —16 2.3e — 10 1.7¢ — 16
2 15 1.0e4+00 1.3e—-16 2.8¢ + 00 22e—16
2 20 1.0e4+00 1.9e—15 4.8¢+19 4.2¢ — 16
o = —10 and again three values of ¢ are studied. As in the previous numerical experiment,

the bidiagonal decomposition of A4® (see Table 1) is used as an input to TNEigenvValues
and TNSingularValues routines, and compared with the standard MATLAB commands.

Relative errors of the smallest eigenvalues and singular values are shown in Table 4. In this
case it is clear that MATLAB commands eig and svd are not able to properly determine
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Table4 Relative errors of the approximations to the smallest eigenvalue and singular value of A @9 forp+1
nodes t; = log(i + 1)/log(n +2) fori =1,...,n+1landa = —10

q n eig(A¥®) TNEigenvalues(BD(AY®)) svd(A4®) TNSingValues(BD(A4:®))

05 5 39 —-04 4.1e — 16 7.1e — 04 2.7¢ — 16
0.5 10 3.3e+20 9.le — 16 3.5e+13 1.9¢ — 15
05 15 1.2e+437 2.7¢ — 15 5.8¢ + 36 2.8¢ — 15
0.5 20 4.2¢4 68 1.0e — 16 6.4e + 69 1.8¢ — 15
I 5 21e-05 3.8¢ — 16 8.0e — 03 1.0e — 15
1 10 2.1le+15 3.9¢ — 16 2.8¢ +09 7.3e —17
1 15 58e+23 23e—15 4.2¢ +27 2.7e — 15
1 20 2.0e+ 66 4.6¢ — 15 1.5¢ + 46 7.0e — 16
2 5 68e—05 l.le — 15 3.4e + 00 6.8¢ — 16
2 10 3.6e+27 l.4e — 16 6.1e + 16 1.7¢ — 16
2 15 13e+76 2.5¢ — 15 1.0e + 00 8.8¢ — 17
2 20 4.7e+449 3.6e — 15 1.0e + 00 5.0e — 17

Table 5 Relative errors of the approximations to the inverses of A@-9 for n + 1 nodes ti=1i 2 /(n+ 12 for
i=1,....,n+1and of G4 fora = —0.1 in both cases

q n inv(A@-9) TNInvExp(BD(AY-®)Y) inv(G@-®) TNInvExp(BD(G@®))
0.5 5 1.3e — 13 1.3e — 16 1.3¢ — 07 1.3¢e — 16
0.5 10 1.5¢ — 02 8.4e — 16 1.0e + 00 6.0e — 17
0.5 15 1.0e + 00 1.0e — 15 1.0e + 00 1.1e — 16
0.5 20 1.0e 4+ 00 2.6e — 16 1.0e + 00 2.4e — 16
1 5 1.1e — 13 1.7¢ — 16 1.5¢ — 09 1.4e — 16
1 10 3.2¢ — 07 5.6e — 16 1.0e + 00 3.4e — 16
1 15 9.0e — 01 8.2¢ — 16 1.0e + 00 7.6e — 16
1 20 1.0e + 00 1.3e — 15 1.0e 4 00 3.0e — 15
2 5 1.0e — 13 1.3e — 16 9.8¢ — 10 2.0e — 16
2 10 4.0e — 05 3.3e¢ — 16 1.0e + 00 1.0e — 16
2 15 1.0e 4 00 7.5¢ — 16 1.0e 4+ 00 5.9¢ — 16
2 20 1.0e 4 00 7.1e — 16 1.0e + 00 6.2¢ — 16

the smallest eigenvalue or singular value, even for small n, while the proposed bidiagonal
decomposition approach succeeds in maintaining HRA at every matrix size tested.

Computation of inverses Finally, we compare the computation of the inverses of both
the collocation matrix A@®| for nodes #; = i2/(n + D2 withi = 1,...,n + 1, and of
G@®_ The same three values for ¢ are analyzed, and @« = —0.1 is chosen in this case.
The comparison between the relative errors of the standard MATLAB routine inv and our
bidiagonal decompositions (see Table 1) together with TNInverseExpand is shown in
Table 5. Again, the theoretical results are heavily supported by the numerical evidence,
since contrary to the standard MATLAB approach, the bidiagonal factorization procedure
determines the inverses to HRA in all studied cases.
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6 Conclusions and Final Remarks

Abel polynomials, as was mentioned at the beginning of this work, can be used to obtain any
polynomial sequence of binomial type—a known result coming from umbral calculus. In this
paper we have considered the ¢ generalization of this polynomials: the g-Abel polynomials.
When addressing linear algebraic problems involving collocation, Wronskian and Gram
matrices of these polynomials, one may face very ill-conditioned matrices, as has been
shown in Sect.5. As a consequence, traditional numerical methods are usually not capable
of delivering an accurate solution.

Leaning on the theory of totally positive matrices, the bidiagonal factorization of the con-
sidered matrices has been obtained, allowing us to analyze in which cases the total positivity
condition is fulfilled. Moreover, due to the found expressions of the multipliers and pivots of
the Neville elimination process, we have been able to provide algorithms that solve several
algebraic problems with high relative accuracy.
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