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The Immersed Boundary Method (IBM) is a popular numerical approach to impose boundary conditions
without relying on body-fitted grids, thus reducing the costly effort of mesh generation. To obtain enhanced
accuracy, IBM can be combined with high-order methods (e.g., discontinuous Galerkin). For this combination
to be effective, an analysis of the numerical errors is essential. In this work, we apply, for the first time, a
modified equation analysis to the combination of IBM (based on volume penalization) and high-order methods
(based on nodal discontinuous Galerkin methods) to analyze a priori numerical errors and obtain practical
guidelines on the selection of IBM parameters. The analysis is performed on a linear advection-diffusion
equation with Dirichlet boundary conditions. Three ways to penalize the immersed boundary are considered,
the first penalizes the solution inside the IBM region (classic approach), whilst the second and third penalize
the first and second derivatives of the solution. We find optimal combinations of the penalization parameters,
including the first and second penalizing derivatives, resulting in minimum errors. We validate the theoretical

analysis with numerical experiments for one- and two-dimensional advection-diffusion equations.

1. Introduction

Despite successful applications of Immersed Boundary Method
(IBM) in simulating complex flows [1,2] and fluid—structure interaction
problems [3-5], understanding and controlling numerical errors in
the IBM approach remains a challenge. IBM refers to a group of
numerical strategies that handle the boundary condition when the
solid is immersed in the computational domain, avoiding body-fitted
meshes and enabling the use of simple meshes (e.g., Cartesian or
Octree). The IBM approach originates from the idea of Peskin [6],
where singular forces represented by delta functions were positioned
at solid boundaries to mimic the effect of physical boundaries. Since
IBM reduces the complexity of mesh generation and handles moving
boundaries efficiently, it has received a lot of attention over the past
few decades. In general, IBM treatment can be achieved using the
cut-cell approach [7-10] or by introducing source terms, e.g., ghost
cell [11], projection method [12], direct forcing [13,14] or volume
penalization [15,16]. Although the cut-cell approach shows better
convergence properties, the extension to moving boundaries and the
treatment of different types of cut-cells remain challenging. A more
flexible approach is the IBM based on Volume Penalization (VP). The
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latter shows advantages in robustness, ease of implementation, and
theoretical convergence estimates [15,17].

Volume penalization is a classic IBM treatment based on modeling
the solid as a porous medium with low permeability [18,19]. The
method imposes the boundary condition by introducing a source term
(or penalty term) to the computational nodes located inside the solid.
This approach dates back to the work of Courant [20], where a penalty
method was used to transform constrained optimization problems into a
constraint-free problem. Volume penalization methods for the Navier—
Stokes equations were first proposed by Arquis and Caltagirone [17]
with a Brinkman-type penalization for the momentum equations. Af-
ter that, Angot et al. [15] and Carbou and Fabrie [21] proved the
convergence of volume penalization, showing that as the penalization
parameter n approaches 0, the model error converges if no-slip bound-
ary conditions are considered. Subsequently, the volume penalization
was extended to allow Neumann boundary conditions [18,19] and
Robin boundary conditions [22], as well as spatially varying Neumann
and Robin boundary conditions [23]. The volume penalization method
was extended to compressible flows by Liu and Vasilyev [24], Brown—
Dymkoski et al. [25], Abgrall et al. [26] and Abalakin et al. [27]. This
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method has been applied to a variety of problems, including flapping
wings [16], two-phase flows [28], aeroacoustics [29], fluid-structure
interactions [30] and thermal flows [31]. So far, IBM research for high-
order methods has been relatively unexplored, with efforts focused on
Poisson problems [32,33] and cut-cell approaches [9,34]. In the context
of volume penalization, we have recently extended this approach to
high-order flux reconstruction schemes [35,36], and now to the high-
order Discontinuous Galerkin Spectral Element Method (DGSEM) in this
work.

There have been several attempts to analyze the errors of the IBM
approach. Bever and Leveque [37] analyzed the error of traditional
IBM applied to one-dimensional problems, and highlighted the im-
portance of choosing appropriate discrete delta functions to maintain
optimal accuracy. Following a similar strategy, the immersed interface
method [38], which modifies the finite difference scheme with a jump
condition for the immersed boundary, was derived [39]. Tornberg
and Engquist [40] performed error analyses of traditional IBM with
regularization and found first-order convergence for the standard cen-
tral difference scheme with smoothing discrete delta functions. This
error analysis was then extended to Stokes flows by Mori [41], Chen
et al. [42], and Liu and Mori [43] where error estimates for velocity
and pressure were reported. Most analyses focus on the traditional IBM
method, where the numerical property is based on the selection of
the appropriate delta functions. Error analyses for the direct forcing
approach were also explored in [44,45], where the importance of
maintaining smoothness in the solution and the choice of a suitable
temporal and spatial resolution was highlighted. For these types of
approach, the discretization error from space-time discretization and
the modeling error from particular IBM treatment are coupled. In con-
trast, volume penalization has the advantage that the modeling error
and the numerical error can be handled separately. The convergence of
modeling errors was studied rigorously by Angot et al. [15] and Carbou
and Fabrie [21]. The modeling errors for the incompressible flow past
a cylinder and a sphere were analyzed by Zhang and Zheng [46].
Therefore, the main concern is the discretization error, which depends
on the numerical scheme used, and where a detailed error analysis is
lacking, especially in the context of high-order methods.

In the present work, we perform error analyses of the IBM based on
combination of volume penalization and nodal DGSEM, and propose
new penalties to cancel spatial errors to improve the accuracy of the
solution. In particular, we use the modified equation analysis [47,48],
which has been extensively used to analyze the stability and accu-
racy of low-order numerical discretization, and to obtain high-order
schemes [49,50]. The relationship between the errors introduced by
the IBM based on volume penalization and high-order schemes remains
unclear and motivates this work. First, using a modified equation
analysis for volume penalization using DGSEM, we determine the shape
and relationship of the dominant errors (i.e. dissipative/dispersive
character). Second, we design the volume penalization scheme by
including additional penalty terms that cancel the undesired numerical
errors. In recent work, we have attempted to damp the numerical
errors that arise from the volume penalization approach, using second-
order derivatives [51] or combining it with a frequency damping
technique [52]. These studies have tried to minimize errors, without
explicitly considering the causes of such errors, and therefore can be
considered a posteriori palliative treatment. In this work, we consider a
different perspective and analyze the source of these errors. By doing
so, we are able to cancel the errors at the source. This approach can be
considered an a priori error control. Note that we limit our analysis to
linear advection-diffusion equations. The results from our analysis can
thus be extended to linear systems (or linearized version of nonlinear
equations). Examples include acoustics [53] and stability analysis [54].

The article is organized as follows. In Section 2, the volume pe-
nalization method and the DGSEM technique are introduced for the
governing equation. Next, Section 3 introduces the principal errors
in a volume penalization approach to investigate the discretization
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error using the modified equation analysis in Section 4. The numerical
results are shown in Section 5, to validate the conclusions of the analy-
sis, where one and two-dimensional advection—diffusion equations are
investigated. Finally, conclusions are given in Section 6.

2. Motivation
2.1. The governing equation

Let us introduce the problem by considering the following time-
dependent 1D advection—diffusion equation for the transported solution
u=u(x,1),

Ju + du u

c— —

> o Vﬁ=0’ for x e (0,L), t> 0, (1a)

where the flow parameters are constant: velocity field ¢ and kinetic
viscosity v > vy, > 0. The PDE is completed with the set of initial and
boundary conditions,

u(x,0) = u'(x),
u(0,1) = uy(1),

0<x<1L, (1b)

u(L,t) = uy (1), t>0. (1o)

The transport problem (1) is discretized in space based on a high-order
DG method; in time, a Runge-Kutta method; and some of the solution
points would be penalized by additional source terms to impose the
IBM conditions.

2.2. The volume penalization approach

Motivated by the characteristic-based VP [25] and the inclusion
of local dissipation [51], we consider the governing equation with
penalization terms for the solution (classic volume penalization [15,18,
30,55]) and additional first-order and second-order penalization terms:

a—u+ca—u—v&+£(u—us)+i<£u>+a—2<£u>=0, (2a)
ot ox ox2 ox \ m ox2 \m3

The additional term in Eq. (2a) helps to impose the immersed boundary
condition on a given region of the domain 2 = [0, L]. In this work, we
consider a boundary condition of homogeneous Dirichlet type, namely
us = ug(x,1) = 0 (that is, a no-slip wall). The other two parameters are
penalized terms determined in the modified equation analysis section,
where we focus only on the spatial errors of the discretization. The
penalization parameters for variable, first and second order derivatives
are n;, n,, and 53 respectively. In the classic volume penalization
approach [15,18,30,55], the mask function y is sharp and discontin-
uous, which is 1 in the solid and O in the fluid. Here, to facilitate
the analysis, a continuous mask function represented by a hyperbolic
tangent function is used, defined as

r=x(x0= {[tanh(d/5)+ 1]/2, Ifxe

. 2b
[tanh (=d/6) + 1] /2, Otherwise @)

which distinguishes between the fluid, £, and the solid, €, regions
such that Q = ©Q; U ©,. The distance of any solution point from the
boundary interface is defined as d = d(x, 7). This smooth mask ensures
that spatial derivatives can be calculated. The width of the hyperbolic
tangent function is defined as §, which should be infinitely small to
reduce the modeling error and approximate the sharp mask function.
The mask function at different 6 is compared in Fig. 1, where the sharp
mask function can be well represented when 6 ~ 1073. Note that in the
figure, the mask function at 6 = 10~ almost overlaps with the sharp
mask function. Later in Section 5.1, we will also show that both sharp
and smooth masks result in similar behavior given a sufficiently small
5 (e.g., 6 <1072).
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Fig. 1. Comparison of sharp and smooth mask function at different 5. The interface
lies at x = 0, therefore d = |x|. The sharp mask function is well represented when
5 <1073,

2.3. The VP-DG discrete equation

Eq. (2a) is discretized using the DG spectral element method. We
group the terms in Eq. (2a) that leads to the penalized equation:

ou

a— + Lu= O (33)
where the second-order differential operator is represented by

_ 9 ()4 X
Lu= Ix (cu de) + " u, (3b)

where ¢ = and V are the VP velocity field and the VP viscosity,
respectively. Note that here we consider the element to be either a
fully solid or a fully fluid one. This implies that the solid boundary
aligns with the element interface, which is a natural choice for the DG
method when using the local r-refinement, e.g. [56].
The domain 2 is divided into multiple subdomains named elements
QK =[x,_1,x], k=1,2,...,K, as can be seen in Fig. 2, and mapped to
the reference interval & € [—1, 1]. The global solution is assumed to be
approximated by a piecewise polynomial defined as the direct sum &
of the K local polynomial solutions,
K
u(x, 1) = uy(x, 1) = @ uf(x(&), 1), Q)
k=1
also for the test function and the VP flux function. On each element,
we describe the local solution by the Legendre orthogonal interpolating
polynomial, which is written in the Lagrange form,

Wk = Z up (O1;(). 5

We select Gauss-Lobatto (GL) points, as they are becoming very pop-
ular in newly energy-stable and entropy-conserving schemes [57,58].
Using GL points, the nodal (grid point) values become u’};’j(t) = u’;(.f 1),
and /;(¢) is the Nth order Lagrange interpolating polynomial,

T e
;6 = =, (6)
! g 5 j 51‘

i#
which satisfies / (&) = 8i)» being 5 the Kronecker delta. After obtaining
weak forms of Eq. (3a) and applylng the Gaussian quadrature to the
inner product in the reference interval (see Appendix A for details),
the semi-discrete equation writes as follows:

_ ck
,j =S5, (7a)
fork=1,2,...,K and j =0,1,..., N where
k 2
Z; 2 g W 2
Dk =Ly =k ipey— [ —=— I'EN 7b
b=t a1 1,26 EN&. (b
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is the VP-DG derivative, and

ok k!t
PRUE()

w.

G2 Fr LD - FF 1) < 2 >2 U (=1 ~
J

J Ax, w;

d Axy

(7¢)

the numerical source. The weights of the GL quadrature are {w; },{1 o and
I’ represents the derivative of the Lagrange polynomial. In the previous
formula, we define the numerical fluxes as 7 and U (see Appendix A).
These fluxes are given by:

e ko kel ke
Fh=1 +fou no° Vi =8, u,, +gou hO’ (82)
P =fhuy, SH”I;.,JBI’ U = ghu,, + gt upl (8b)

A~ A

The weights f and g depend on ¢, Vv, and some numerical param-
eters that determine the advective/diffusive flux scheme used; see
Appendix A for details . To calculate the viscous flux, we have consid-
ered the Bassi-Rebay 1 (BR1) scheme [59] and the Local discontinuous
Galerkin (LDG) scheme [60].

3. Errors in volume penalization

Rigorous proofs of the convergence of modeling errors have been
provided in previous work [15,21], showing that the numerical error
introduced from the penalization term can be controlled a priori [25].
Analysis of volume penalization suggests that the two contributions to
total error are modeling and discretization errors [30]:

u

exact _ ui’lum‘ ” <

exact num.
u ty | + [y =

| , ©)

where 4®** is the exact solution of the governing equation, u, and
uy"™ are the exact and numerical solutions of the penalized equation,
respectively, and ||-|| is the L, norm used to quantify the error. The
modeling error depends on the penalization parameter [55]:

yexact _ u”” - "I?- (10)

This explains that the convergence of the solution to the exact
solution requires the error norm to approach zero for small penalization
parameter limit, i.e.,

lim
m—0

yexact _ u”” —0. a1

According to Angot et al. [15] and Carbou and Fabrie [21], the volume
penalization gives a = 1/2, indicating that the penalization error has a
decay rate of (9(\/;1_1 ) for Dirichlet boundary conditions. For the Neu-
mann boundary conditions, a decay rate of O(,) can be obtained [61].
It should be noted that the theory is based on the classical volume
penalization approach, where a sharp mask function is considered. In
the present theoretical analysis, the result holds when we consider §
in Eq. (2b) to be infinitely small approximating the sharp mask.

The second part of the overall error is the discretization error, which
refers to the error between the exact solution and the numerical solu-
tion of the penalized equation. As pointed out by Schneider et al. [18,
55], the discretization error is not only determined by the numerical
scheme, but also limited by the regularity of the penalized solution.
Regularity is characterized by the smoothness/continuity of the exact
penalized solution u, at the boundary of the penalized problem. The
order of convergence in the discretization error becomes the minimum
order between the numerical scheme and the regularity of the exact
penalized solution. In the modified equation analysis, we are interested
in the error of the numerical scheme. Details are given in the next
section.
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Fig. 2. Domain decomposition and reference interval in the DGSEM technique.

4. The modified equation analysis

When we discretize the penalized equation (3a) numerically, we
translate it into a semi-discrete system (7a) for each element. This
scheme is an approximation of our original equation. A different view
is that the discrete system is the solution of modified differential
equations but with some extra terms. This equation is named as the
modified equation (or reduced PDE):

0
=h 4 Lyu+ HOT = s(uf) a2)

and is obtained by expanding the solutions in Eq. (7a) with a Taylor
series around a point in the mesh x(¢;). We omit the superscript
k. HOT is the high-order term due to the Taylor series. £, is the
operator £ applied at x(¢;) and s(u;) is a function of uZ that is the
solution transported from the element QF at the interfaces; see Fig. 2.
The purpose of the modified equation is to obtain the local spatial
truncation error, TE;, which is defined as the difference between
the original equation and the modified equation. The overall: TE =
Y, TE;. With a consistent discretization and a stable numerical scheme,
the discretization error or the TE; term writes as follows:

TE; = Coh? + C\ P! + ChP*2 + C3hPP + - = O(hP), 13)

where & is a geometric discretization parameter representative of the
grid spacing, p the order of accuracy of the numerical scheme, and
Cy, Cy, C,, ... some constants that are independent of 4 and p. How-
ever, as discussed in the previous section, the discretization error is not
only determined by the numerical scheme, but is also limited by the
regularity of the penalized solution [18,55]. For high-order methods,
with good regularity of the penalized solution u, (see the previous
section) at the interface, the high-order convergence property can be
recovered, that is, @(AV*!). This has been shown in the recent work
of Kou et al. [36]. Here, we further analyze the spatial discretization
errors of the numerical scheme (the first source of the discretization
error) to control and reduce errors and improve accuracy.

Note that finite-volume/difference methods are local by nature. In
contrast, DGSEM is local within the whole domain but global within
the element. Due to the non-local character of DG within each element,
the solution depends on every point at the GL mesh. To perform the
analysis, we center the solution at the same point of the source for each
component of the discrete equation. Let us simplify the analysis to three
GL points (N = 2), which are located at &, = —1, §; =0 and &, = 1 with
weights w, = 1/3, w; = 4/3 and w, = 1/3 respectively. The Lagrange
polynomials are
=—(+DE-D,

h=eE-n 1, L=+, 14)

x
Tr+1
and the VP-DG matrix,
3% P~ [P
P P " —-=C —2c —C
D(;:o D]l{o Dio , X Ok 0 ) 12/\/{0 1 21 /2%
D21 D,lcl Dz] :rl_l 0 ,}’1 Ok _A_xk ECO 0 —562 -
Dy, Dy, Dy 0 0 xn Lo o 3
2 0 1 2 2
ok ok ok
) \2 ‘10 4y ‘12
ok ok ok
() |25 X
1% 4v; %
(15)

coming from Eq. (7b). Due to the non-local character of DG within
each element, the solution depends on every point at the GL mesh. To
perform the analysis, we center the solution at the same point of the
source for each component of the discrete equation. For example, the
discrete equation for the j = 0 component is

dk
+ Df uf 4+ DF

k k
? 00%h,0 + D, “hz Sp- (16a)

10“h 1

and the numerical source,

k2 |3pk 3 ko okq k
Sy = I, [3 ST A (U, + %, )] (16b)
Expanding uf!, , and uk 1o around “h o> We have
k 2 k 3k
Wi = b+ A Qi) Ae o Act 2 )
h.l %, = 2 (352 31 9¢3
k 2k 3k
uk o248 %4 27452 07wy 248 0, 18)
h2 = % |, 20 pg2 5 31 983
being Aé = ¢, — ¢ = ¢’2 —¢& =1, we get
au,’{tO k k k\ o,k
a T (D + Djy + D) Upot
k (19)
3 (m i <Dk . Lakgk» P -
10 20 29 0’
oy Axi m! 65"’ &
where the numerical source now reads:
k_ 2 k- 9Akk1 S 3 ok kel ket
Sy = Ax, [(3f2 ax, 0% JMha T 2 T %
(20)

3 ok ky ok
<3f0 (3"090 + "2%)) Upo | -

Neither ”l;l 2] nor u';l’Bl can be expanded using Taylor series due to the

discontinuous nature of DG. The terms in brackets of Eq. (19) simplify
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The reaction parameter and the coefficient 2K in the modified equations for a three-point GL grid.

j fj 7;( )K(/m)k
0 » 3¢ 48 - ¢ _4\/ s+ 40F + D) 2%k — 2‘_422-"10f+0§(1—3/zg§)
Ax,, Axi Ax ,'( Ax;‘(""
) . Rt DB R (1 30) + 58 (14 38)
Ax sz i sz—m
, ) o et -3 a0+ o (BTG (1) + 2
Ax Ax; Ax™ A
to we need to solve the system:
k  ask Lank _ sk ok 4 aok ook k
D160+D’f0+D’2‘O _ )(_0+ 3c0 +4c — ¢ _4\/0 +4V[ +V, _. I—O+r @1 DG =0,
I Ax Ax} m & —acek =0,
% (24)
L — ALV =
and J J
KM =0
A _ ym=27k i ’
1 ¢t —2"m4e
k m | pk 6 k) 22"k 1 2 o
Di,+2 <D20 + e v, 92> =3 s V,0, + 4—Axk - for j = 0,1,2 and m > 3. However, the problem is given by Eq. (24)
k k" . (22) has an infinite number of equations and a finite number of unknowns.
~ M2 n . .
16 Vi + 27 . < 2 > S mk In total, there are 10 unknowns, which are the 4 weights § and g,
= 0 - Ao ook _ ook _ _. A oko_ ok _ ok _ _.
Ax: Axy G =¢=¢=ctlfmp=Cand V5 =V =V =v-1/n3 = 7.

For the Taylor term of first order, ¢* }K(”k and the second order

term, VO = —}Kg)k /2. Finally, we fmd the rnodlfled equation at the

left-boundary element,

k
Pho 4 geet 2 2l g (20) 2
ot 0Ax, o0& Ax, ) o0&
o . o (23a)
Lk o+ HOTE =55
where
ok k k
Spao = =S, FoUp 00 (23b)
and
) m m, k
K _ 2 (e Ag™ 0"y
m=3 &
Additionally, the original PDE at the left-boundary element is
ok ou 2 g2,k £~
no | ok 2 ~ () S| w2k = (23d)
ot ax 9¢ |, Ax, ) o2 5 M

and, therefore, the truncation error at the left-boundary element be-
comes:

2 Bu
ax, 0f |,

2 2,k
o [ 2 0
(0% - a3) (2= ) .
Xk o o

We can proceed in a similar manner to obtain the modified equa-
tions and truncation errors for the inner point, j = 1, and the right-
boundary point, j =2.Forj=1, u’c and uf , are centered on u‘; ;; for
j=2, u and uk 11 Are centered on u* o Thelr formulae can be written
using Eqs (23), but with differences in the reactive parameter, 7, the
coefficient 2K and the numerical source, S" for j =0,1,2, see Tables 1
and 2. The source of the DG, SDG , arises from the discontinuous nature
of the DG approach (dlscontlnuous boundary values) and the selected
diffusive scheme.

TEf = DGO+ (e - acct

=]
~

(23e)

k
- HOTY.

Now suppose that an element, 2, belongs to a solid region, £, then

;(;‘ =1 for j = 0,1,2, and the truncation error still remains inside the

solid. If we want to eliminate all the error terms in T E}" for j =0,1,2,

The solution to the system is as follows:

'Iz=—1/f m=1/v

ko ck+l _
; —fo—f—f =0 (25a)
for allg ,go,g2 and gk“

This solution will be referred to as the trivial solution of the problem.
At this point, one may wonder if there is any other set, a nontrivial
family, that cleans up almost all the errors within the solid region. To
investigate this, a determined system should be formed. Ideal errors
remaining within the solid region should be:

TE/’.‘ ~ HOT/." ~ 04X, j=0,1,2, (26)

for m > 3 as a representation of high order. However, the investigation
of non-trivial solutions did not meet the previous requirement; see
more details in Appendix B. Table 3 summarizes both the trivial and
non-trivial solutions that have been found.

The trivial solution is the condition for DGSEM to compensate (or
kill) spatial truncation errors within the body region, but additional
insight can be obtained. If we substitute the values for #, and #; in our
penalized equation and isolate y, we get the following equation:

a_u.l,__ [(1—){) (cu—va—)] +lu=0. (27)

ot 7] m

Physical term

If we are in the solid region, y = 1, then the physical contribution of
the PDE is removed, so this region is modeled with only the reaction
penalization term, and therefore only time integration methods will
lead to errors within the solid. This result agrees with the use of
a typical characteristic-based volume penalization approach [25,27],
where the RHS term vanishes to smooth out the errors in the solid
region but without a theoretical explanation, which is provided here.
Cancellation of particular terms can reduce the error inside the solid,
thus improving the accuracy in the fluid region. To find the overall
accuracy in both the solid and the fluid regions, the present results
can be coupled with the classic modified equation analysis for the fluid
region [48]. The local error in both fluid and solid elements is coupled
across elements via the numerical fluxes. This topic is currently out of
scope and is worth investigating in future works.

5. Numerical results

In this section we introduce two numerical experiments to evaluate
and validate the trivial solution derived from the modified equation
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Table 2
Numerical source for the DG source, SDG =Sk _Fyk |
J J J " hij
J st
0 2 3t 1_79/( k1) e 3 kel g (3 (3"1( k4 okgh) ) ut
ax, ax, 092 he T Zx, agtuh 0 080 T V282) | Upo
6 ~
1 sz ngl;]k1+vgk+l kL (D gk + D gh) uk ]
2 3Akk1k1 il 9 ok ket ) et ko 3 (aok ok 4 okak) )k
2 _Txk [Ax Y093 + 3f114r + Ax, 290+ h; + 3f2"' Txk (3V 92+Vugn) Upo

Table 3

Summary of family of solutions for VP-IBM DGSEM, the trivial solution is the last row. * means equivalent to a continuous Galerkin (CG) method.

C=c+ — V=v—-— fs gs =CG * TE/“
M 3
n, free 15 free free gh=gf=2 O (4xY)
glz(fl = g€+| =0
n, free ny free = —fy =04 Aiv gf=gf=2 v O (4x?)
X
fk =l =0 9"71 = Bf;“ 0
0=y
e+ 2520 0 K=gt=2 O (4x0
it 9 =0 = (4x9)
g =gt =0
k — gk _ v/ 2
n, free 0 fo=-fs=¢ free 0 (4x2)
fo=H""=0
n, free 0 free free O (4xY) Boundary
O (Ax}) Inner
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analysis. The first group of cases is the one-dimensional advection—
diffusion equation, where the influence of penalization parameters is
studied in detail. The optimal parameters obtained from the numerical
experiments and the analysis of the modified equations are then applied
to the two-dimensional advection-diffusion equation.

5.1. One-dimensional advection—diffusion equation

We start from the one-dimensional advection equation, where a
no-slip wall is placed in the middle of the computational domain.
This problem has been formulated in previous works [51,52], which
is illustrated in Fig. 3. Periodic boundary conditions are imposed on
both sides of the computational domain, while a sinusoidal wave with a
given wavenumber is considered as the initial condition. The advection
speed is set to ¢ = 1 and the computational domain is defined in x €
[-1,1], discretized by K equispaced elements with mesh size Ax. The
solution points are selected according to the Gauss-Lobatto quadrature
rule, which is consistent with the previous analysis. An upwind flux for
the advection term is selected. The solid region is defined as a no-slip
wall, i.e., ug = 0. It lies in the middle of the computational domain and
starts from x = 0, whose width is defined as 4, leading to the solid
region 0 < x < A,.

For consistency with the analysis of the modified equations, we
consider 4; = Ax, which means that the solid boundaries lie exactly
at the interface between the elements (if we have an even number
of elements). This allows us to define the solid ratio r 1/K as
the ratio between the solid region and the computational domain. As
shown in Fig. 3, the initial wavelike solution passes through the no-
slip wall in the middle, and the damped solution moves to the right
as time evolves. Since periodic boundary conditions are considered,
the solution will eventually become 0. If the no-slip wall boundary
condition is exactly imposed, the solutions coming out of the wall
will be zero. However, in practice, the classic volume penalization

advection direction  =————p

wall Error region

Decreasing

Fig. 3. Schematic illustration of the advection problem with IBM.

(where only the solution is penalized) is unable to cancel out all waves,
when #, approaches zero, the modeling error still exists [51,52]. The
transported solution coming out of the wall (in the initial transient state
so that the solution passes through the wall only once) depends on
the damping provided by the volume penalization approach, where a
smaller #; makes the solution closer to zero. Therefore, the accuracy of
the IBM imposition can be evaluated by comparing the exact solution
(zero) and the damped solution in both the flow and solid regions
(e.g., within a short advection time 0 < x < 7).

We first perform the numerical experiment of a linear advection
equation with a wavelike initial condition. The initial condition is
defined as a sinusoidal wave with wavenumber w, which is nondimen-
sionalized by the mesh size Ax and the polynomial order N, defined
as wAx/(N + 1). Furthermore, due to the existence of a solid wall, the
actual fluid domain is shorter than the entire computational domain;
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Fig. 4. Mean squared error in the flow, between sharp and smooth mask function with
increasing mask width 4.

therefore, the effective wavenumber in the fluid region is greater than
. This effective wavenumber is rescaled by the solid ratio r, defined
as w = /(1 —r) [51]. We consider a spatial discretization with
K = 40 elements in the computational domain (4x = 0.05). Based
on this mesh, we set 4, = Ax with r = 1/40 and choose N = 3 as a
representative order for high-order methods. The initial condition with
wavenumber @wAx/(N + 1) = 0.3223 is considered, which lies in the
resolved wavenumber region of the scheme. The time integration is
based on the third-order Runge-Kutta scheme. To reduce the temporal
error, a sufficiently small time step is set to Ar = 1075. The final time is
set to 1.1 to obtain a sufficiently penalized solution in the right region
of the computational domain.

Different combinations of parameters (with and without the first-
order term) are considered. To evaluate accuracy, the error (in the
flow) is defined as the error in x € [4, 1] and the penalized value
ug, = 0. Defining the number of solution points inside the flow domain
of interest as N, = (N + 1)K, we have the L,-norm of the error as

Np
error = || 1 3 () —uE )P, x; € (A1) W =0, (28)
P i=1

and the L,-norm of the error in the solid is defined as

NP
€ITO0lg5)iq = NL Z[M(X;) —uexact(x)]2 | x; €10, 4], u*t =0, (29)
)

First, a numerical study is performed to justify the equivalence of
using sharp or smooth mask functions (given the small width é for the
smooth mask function to reduce the modeling error). The mask function
in Eq. (2b) is a smooth mask function, while a sharp mask function is
used in the classic volume penalization [15,18,30,55]:

) 1, ifxe
X, 1) = .
d 0, Otherwise

We run the simulation at different widths 6 with the penalization
parameter ; = 1073, until the final time 1.1, and compare the mean
squared error in the flow between the results from the sharp and the
smooth mask function. This error is compared in Fig. 4, where the
results based on the sharp or smooth mask are almost identical at
small §, and the difference becomes dominant when § is sufficiently
large, § > 0.01. Similar results are obtained when § < 0.01, which is
sufficient to guarantee the equivalence of the analysis for smooth and
sharp masks. As é further increases, the mask becomes too smooth and
the penalized region occupies the flow, resulting in additional modeling
errors due to the wrong representation of the interface. Therefore, since
the equivalence of sharp and smooth mask functions exists for a small
range of §, in the numerical tests, a sharp mask function for the classic
volume penalization [15,18,30,55] is used.
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A comparison of the solution at the final time is shown in Fig. 5.
Four cases are tested, where the first three cases contain only the
volume penalization term for the solution, while the first-order pe-
nalization term with #, = —1/c is added to the last case. The figure
shows that as the penalization parameter #, decreases, the solution ap-
proaches zero, indicating that the boundary condition is imposed more
accurately. Note that in the last case, a large penalization parameter
(i.e. weaker penalization) 7, = 1073 is used. In addition, when the first-
order term is added, improved accuracy is seen as the solution is closer
to zero. The errors in the fluid region of the four cases are 3.071- 1072,
5.385- 1073, 5.698 - 1074, and 1.022 - 10~*, respectively. This indicates
that by introducing the first-order term with a proper selection of the
penalization parameter, it is possible to improve the accuracy.

Furthermore, to study the effect of #,, we run additional simulations
for a range of #,, and show the errors in Fig. 6. The errors in the
flow and solid regions for »; = 1073, »; = 1074, and #, = 10~ are
shown in Figs. 6a, 6b, 6¢ and 6d, respectively. For consistency with the
analysis of modified equations, the first group of cases is performed in
polynomial order N = 2, and the second group of cases is performed
in polynomial order N = 3. Improved accuracy is seen when the
penalization parameter is decreased. In addition, there exists an optimal
n, that leads to minimal errors in both the flow and solid regions,
which is the same for all penalization parameters. This optimal value
is n, = —1/c, indicating that inside the solid the first-order penalization
term becomes —du/dx thus the physical advection is canceled out. From
Fig. 6b and 6d, this cancellation will lead to almost zero error inside
the solid, indicating that the boundary condition is satisfied exactly.
At a larger 7, this optimal value remains valid, but the optimal error
increases, as shown in Fig. 6¢ and 6e. Therefore, to reach the optimal
accuracy, we need to use a small penalization parameter #,, in combina-
tion with the optimal #,. These findings are consistent with the theory
that the modeling error of volume penalization converges with #;, — 0.
Furthermore, the conclusion of the modified equation analysis is also
validated, since choosing 7, = —1/c leads to improved accuracy and
almost satisfies the boundary conditions exactly. In addition, numerical
tests on the same problem, with non-body-fitted grid are given in
Appendix C, where the same conclusions as this example can be drawn.

To investigate the effect of the viscous term, the advection-diffusion
equation is investigated. Since the optimal #, in the advection equation
has been obtained, 7, = —1/c is selected for all cases. We proceed as for
the advection equation, by setting K = 40 elements, 4, = Ax, r = 1/40
and N = 3. The initial condition with wavenumber @wAx/(N + 1) =
0.3223 is used and marched in time to 7 = 1.5. Taking into account the
effect of diffusion, the error in the flow region is limited to x € [4;,0.7].

For the discretization of the viscous flux, either the BR1 or the LDG
scheme is considered. The results for two physical viscosities v = 0.001
and v = 0.01 are shown in Figs. 7 and Figs. 8, respectively. For both
cases, it is observed that the optimal second-order coefficient #; exists
and can lead to a minimal error within the solid (as shown in Fig. 7b
and 7d and Fig. 8b and 8d). This optimal value shows the relationship
1/n3 = v, which also indicates the cancelation of the viscous term inside
the solid. This agrees with the optimal #; derived from the modified
equation analysis. However, when looking at the error inside the flow,
the optimal second-order penalization term does not lead to the lowest
error when the BR1 scheme is used. This highlights the importance of
choosing appropriate Riemann solvers to maintain good accuracy in the
flow region. When the LDG scheme is selected, the optimal #; will reach
the lowest error in the flow region, indicating that this flux is more
suitable for the present problem. Therefore, when handling the viscous
term, the LDG scheme is preferred, which gives consistent results of
errors in the solid and in the fluid. In summary, the one-dimensional
test case shows that the optimal penalization parameters derived from
the modified equation analysis achieve minimal numerical errors in
imposing the boundary conditions.
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Fig. 5. Simulation under different penalization parameters (r = 1/40, N =3, initial wavenumber @wAx/(N + 1) = 0.3223, K =40) at ¢t = 1.1: (a) Global view; (b) Enlarged view.
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Fig. 6. Error comparison for the advection equation, vertical dashed line refers to 7, = —1/c, and horizontal dashed line refers to 1, - . (a) Error in the flow (N = 2). (b)

Error in the solid, the optimal solution is zero (N = 2). (c) Error in the flow (N = 3). (d) Error in the solid, the optimal solution is zero (N = 3). (e) Error in the flow (larger
penalization parameter, N = 3). (f) Error in the solid (larger penalization parameter, N = 3).

5.2. Two-dimensional advection—diffusion equation

In this section, a numerical experiment is performed for the two-
dimensional advection—diffusion equation, using the conclusions of
the modified equation analysis. The one-dimensional test case in the
previous section is extended to two space directions. Again, periodic
boundary conditions are imposed on both sides of the computational
domain, while a sinusoidal wave with a given wavenumber is consid-
ered as the initial condition. Therefore, the optimal parameters derived
from one-dimensional test cases are then dependent on each space
direction. Extensions for GL points can be found in [62]. The governing

equation is (the solid region is the no-slip wall):

0
1V Ry + Faire) + nlu +V - (ggw) +V - (HY (yu)) = 0,
1

5 (30)

where the advection flux is f,q, = (c,u, c,u)”, the diffusion flux is fg;e =
(=v,0u/ox,—v,oufop)’, g = (/myy1/m )T, and H =
diag (1/n .1 /;13‘y). The first-order and second-order penalization pa-
rameters in each direction is denoted by the second subscript. Here we
set ¢, = ¢, = 1 and v, = v, = 0.001, therefore, the optimal parameters
satisfy n,, = m,, and 73, = n3,. Note that, for the present linear
equation, the extension to different advection velocities and viscosities
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term). (a) Error in the flow (7, = —1/¢), BR1. (b) Error in the solid (7, = —1/¢), BR1. (c) Error in the flow (3, = —1/¢), LDG. (d) Error in the solid (1,

in each direction is straightforward, while the optimal penalization
parameter (i.e., trivial solution from modified equation analysis) also
varies in different directions. As in the one-dimensional test case, the
solid wall is considered in the middle of the computational domain. A
schematic illustration of the two-dimensional problem for the present
study is shown in Fig. 9. The solid no-slip region has an L shape,
which is centered in the middle of the square domain, making the
top right region amplified by the wall. If the advection direction is set
appropriately, the initial wave will move towards the wall. After that,
we can solve the equation until all the solutions in the top right region
have been penalized (which are then expected to be zero), and compute
the error in this region. The error is again the difference between the
numerical and exact solution (here set to zero).

=—1/c), LDG.

We consider a square computational domain in x € [-0.1,0.1]
and y € [-0.1,0.1], with periodic boundary conditions. The domain
is discretized into 20 equispaced elements in both the x and the y
directions, resulting in 400 square elements in total and uniform mesh
size Ax = Ay = 0.01. The penalization parameter and the explicit
time step is set to 7, = At = 107*. The polynomial order N = 3 is
selected. Due to the preset flow advection parameters, the advection
moves towards the top right direction. The width of the solid region is
set to the size of a uniform grid 4; = Ax, resulting in the solid ratio
r = 1/20. We use the wavelike initial condition u(x, y) = sin(wx + wy),
where a nondimensional wavelength wAx/(N + 1) = 0.3307 is selected.
Again, like the one-dimensional test case, we are only interested in the
initial transient state (i.e., t ~ 0.1) where the solution is damped by
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Table 4
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Error comparison (error region in Fig. 9) of the two-dimensional advection—diffusion equation with IBM wall under different
diffusive flux schemes and different combinations of penalization parameters.

Diffusive flux scheme =104 n =104 n =107*
m=-l n=-1
n; = 10°
BR1 1.6610 x 1074 1.3513x 1074 1.5874 x 1074
LDG 6.4091 x 1073 7.1993 x 10~° 22669 x 1077

Error
Region

advection

dy

Fig. 9. Schematic illustration of the advection problem with IBM.

the solid only once. We check the accuracy by comparing the solution
inside the error region (after it all gets damped by the wall) against the
expected solution in the solid (e.g., zero in the present example).

The first simulation for pure advection problem is performed when
only the first penalization term (5, for u) is included. Fig. 10 shows
three typical solution fields at different times. As shown in the figure,
the penalized solution will move towards the top right corner, and
finally dominate the entire domain due to the periodic boundary con-
ditions. To compare the accuracy of simulation, the final simulation
time is set to 0.11. Two solution fields, without and with the optimal
first-order penalization term, are shown in Fig. 11, where the values of
1, x and n,, y are set to —1 to match the physical advection speed. The
improved accuracy from adding the optimal first-order term is seen in
both the solution field and in the error. The error in the fluid region has
been greatly reduced from 0.0207 to 1.4616-1075. To test the proposed
analysis, a more challenging test case is included in Appendix D, where
different velocities and diffusivities are considered in each direction.
In this case, when penalizing with optimal parameters also leads to
minimal error. This numerical experiment extends and validates the
conclusions obtained from the modified equation analysis, where the
optimal first-order penalization term cancels the advection term and
leads to improved accuracy.

Additional numerical experiments are performed for the advection—
diffusion equation. The space and time discretizations remain the same
as in the advection case. The final time is set to + = 0.15. Three

0.1
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strategies are considered: (1) only volume penalization for the no-slip
wall boundary condition, (2) volume penalization for both the value
and the first-order term, and (3) volume penalization for all terms.
Two types of viscous fluxes with either the BR1 or the LDG scheme are
considered. The errors inside the fluid region are compared in Table 4,
where conclusions similar to one-dimensional advection can be drawn.
When the BR1 scheme is used, adding additional first-order and second-
order penalization terms improves the overall accuracy, compared with
the standard case (the first strategy). However, the addition of a second-
order term does not lead to improved accuracy in the flow region.
When the LDG scheme is used, adding first- and second-order terms
will lead to a greater reduction of the error. This is consistent with
the observations for the one-dimensional advection equation, where the
LDG scheme is shown to provide more accurate results than the BR1
scheme. This numerical experiment validates the proposed modified
equation analysis for the second-order derivative in two-dimensional
linear equations.

6. Conclusions

This study contributes to a better understanding of the numerical
errors for Immersed Boundary Methods based on volume penalization,
in combination with a high-order nodal discontinuous Galerkin scheme.
For this purpose, an analysis of the modified equation is provided.

The modified equation is a useful tool to analyze dissipative/
dispersive errors related to the numerical discretizations. In this paper,
we focus on the spatial errors introduced by the Immersed Boundary
Method. Nodal solutions are expanded as Taylor series, and by rear-
ranging the pseudo-differential equation new terms arise. These terms
allow us to obtain insight into the dissipative/dispersive characteristics
of the errors and guidelines for their minimization. For example, the
inclusion of extra penalization terms of the first and second derivatives,
in addition to the classic penalization of the variable, is considered.
Through this analysis, we provide optimal values for the first- and
second-order penalization parameters to cancel the advection/diffusive
errors inside the solid, which in turn lead to improved errors in the
flow.

Numerical experiments validate the theoretical findings obtained
from the analysis of modified equations, where optimal penalization
parameters can lead to minimal errors (with a sufficiently small penal-
ization parameter #;). When combined with an appropriate numerical
scheme (here, Local discontinuous Galerkin for viscous terms), minimal
errors in the flow region are reached.
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Fig. 10. Simulation under different parameters (r = 1/20, N = 3, initial wavenumber wAx/(N + 1) = 0.3307, K =20). (a) t = 0.01. (b) t = 0.04. (c) t = 0.08.
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Fig. 11. Simulation under different parameters (r = 1/20, N = 3, initial wavenumber @Ax/(N + 1) = 0.3307, K = 20). The difference lies in the upper right flow region. (a)

error = 0.0207, error,;q = 0.0552. (b) error = 1.4616 - 107, error,;q = 0.

Future work will extend these findings to systems of partial differen-
tial equations with non-linearities, and extend the theoretical analysis
to multi-dimensional systems.
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Appendix A. The DGSEM technique

We re-write Eq. (3) in its weak form:

+ =+ —u>y/dx=0, (A1)
where y = w(x,1) is a local smooth test function. Given that Q = [0, L]
is divided into K elements, the integral is split into the sum of element
integrals:

< & ( ou
) at
k=1 Xk-1 !
Each element, x = x(¢&), is transformed according to: x = x;_; + (£ +

1)Ax /2, where Ax; = x; — x;_; and —1 < & < 1. Then, dx = (4x, /2)d¢
and d/dx = (2/Ax;)d/0¢é. Thus the weak form becomes:

i Axy, Y ou
2 L \a”

k=1 -1

Assuming that global variables are represented by K local polynomial

variables and substituting the Lagrange interpolation of the test func-
tion into the Galerkin weak form, w = } y;/;, we get the following:

(A.2)

(A.3)

ax, [ 0w ' 0}71( Ax !
=k [ e+ [ 1 2Lde+ =£ | 1 Rukde =0,
2 /_lfar g /_lfaf: g 2m/_1f’”"’g

for k =1,2,...,K and j = 0,1,..., N. The first and third integrals are
evaluated as follows:

(A.4)

1 guk N1 duf
hge = 1de—
/_1 L= dg_gé/_l 1;1,d¢ T (A.5)
1 N1
/ i rhufde=y / 1 21;1;déuy (A.6)
- pr
whereas the second integral is integrated by parts,
! ()f;: K|t ! 1 Tk
/_1 1j¥d¢= IF (_l—/_l I flde, (A7)

being l; = dl;/d¢. The VP flux function in the first term is substituted
by a numerical flux, i.e.,

Pl i= Py g uptls+el), (A.8)
FE = Fluy o uy s —€h), (A.9)

depending on the normal at the boundary, ie‘;, and the solution at two
adjacent elements. We discuss the choice of the numerical flux later.
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The remaining integral is divided as follows:

1 N 1 N 1
1 7k _ ~kg gt k 7k
/1 I/ frde = 2/1 urdeul + 2/1 LIAE fee,
- =07~ i=0 <~

with fye = —Vou/ox the VP diffusive flux. Substituting the integrals
(A.5), (A.6), (A.7), and (A.10), we get the following:

N Ax Ax
Z{ me (Zﬁﬁmm—@mw> WMQM}

i=0

(A.10)

1
_ k
=-LF |—1’

(A11)

for k = 1,2,...,K and j = 0,1,..., N where the inner product of the
given functions a = a(¢) and b = b(¢) is defined as follows:

1
(a, b) :=/ abdé.
-1

Additionally, the VP diffusive flux involves the derivative of u and must
be discretized consistently with the rest of the scheme. If we write the
VP diffusive flux in weak form,

! 2 du
dé » =0.
Z /_] <fd1ff+" a§>v/ 5}

X {Axk
k=1 2
and repeat the interpolating and integration-by-part procedures, we
get:

(A.12)

(A.13)

N
Ax N 1

Z{ SE ) P, <vk/,.,1;>u’,;,,.} = 1,0 vr| (A14)

i=0

for k = 1,2,...,K and j = 0,1,..., N where U* is another numerical

flux for the solution, that is,

Uk = Uyt (A15)

UK = U k). (A.16)

The computation of the inner products is done via Gaussian quadrature:

N
ULy m Y w0l Gl (E) = w6, (A.17)
m=0
N
(Ii,l;.) = Z wmli(fm)l;.(é’m) = w,.l;.(f,.), (A.18)
Q%U~thwM@F-,w (A.19)
(WM~ZMW@WM—HAQ (A.20)
me~ZwJM@M@b=”g; (A.21)
m=0
where w,, are the Gauss-Lobatto weights (Z,’:f:o w, = 2) and y*¥ =

2K En ), T = &, = ¢+ xk/m, and V8 = VR, 0 = v — 1K /ns.
When all of them are combined, Egs. (7) are obtained.

Finally, the last stage of a DGSEM is the calculation of 7 and U to
reproduce the physics of advection and diffusion. A variety of fluxes
are available for DG, and most are summarized by Arnold et al. [63].
Here, we use a unifying function:

Wi(a,b; ) = {{ab}}k - %/1[[|a|b]]§, (A.22)

for 4 € R. If 1 = 0 the discretization becomes a central scheme; 4 = —1,
upwind; 4 = 1, downwind. The subscript “+” means the right boundary
element and “-” the left boundary element. We also denote {{-}} as the
averaging operator:

ok e+ 1 k
Gn T 10
{tah}t

=

k—1
h,N

{{ap* (A.23)
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and [[-] as the jump operator:
lal® :
Once these operators are defined, we divide the numerical flux into an

advective term and a diffusive term: F = F,4, + Fyir- The computation
of the advective numerical flux is as follows:

k ek _  k+l k-1 k
[al :=a a =N~ a0

N~ 90 (A.24)

Flaay = WE@u ), (A.25)
FE aay = WEG@ w0, (A.26)
and the diffusive numerical flux is:
F giee = WE Jaisss B, (A.27)
Pfl,diff = W_(]mfdiff; p). (A.28)
The values of fdiff at the boundary elements are computed with:
7k —wk (o 4 . fh=1 _ykf[o U
Taiteno = W= ("’ A_xk”) ’ Taistnn = Wi ("’ Axe ’7’> . (a29)
7k —_wk (o 4 . Ph+1 k(o .
Tasenn =Ws <V’ A_xk’y> o Jaiteno = W- ("’ e ’7’> : (A.30)
Finally, U is computed as

=Wk, u;0), (A.31)
Uk = wE(1L ;). (A.32)

BR1 is recovered by setting « = —1 and f = y = § = 0, while LDG is
obtained by setting « =y = —1 and f = —6 = —1. The weights f and g
of (8) are obtained by finding the us at x;_; and x; from the function
W described in Eq. (A.22).

Appendix B. Non-trivial solutions
In all the cases, the considered element is inside the solid region.
The first case is related to an inviscid problem without a second

derivative penalty term or a viscid problem with #; = 1/v. The second
case includes second derivatives and is therefore more general.

Case 1: Problem with V = 0

The parameters TE and HOT are listed in Tables B.5 and B.6. The
main findings include the following:

& =>Kj.”" =4 Vj=0,1,2 (B.1)
~ _ L@k _ .

v=—3KP =0, vj=012 (B.2)
KP* =0, peN (B.3)

In total, we have five unknowns (¢, f’z‘ 1 fo, fz, f"“) and, therefore,
a determined system would be:

3+ (-0, =0

h,0

k+1, k l
o Uy T (s +2)ut Uy, =0,
Kk =0, (B.4)
KD =0

| \
K =0

Dk =0

whose errors are TE/’.‘ ~ }K;4)k ~ O(sz) for j = 0,1,2 within Q,.
However, the unique solution of the system is the trivial one. If we
leave 5, free, the system that determines the numerical flux weights
becomes

{f’; kS (-2 uk =0,

B.5
fk+1 k+1 (f2+c)u =0, (B.5)

being TE" ~ )KG)k ~ O(Axi) for j = 0,1,2. A non-trivial solution
would be
=ft' =0, jy=-fs=6 (B.6)
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Table B.5
The reaction parameter and the coefficient >K in the modified equations for a
three-point GL grid and a problem with ¥ =0.

i =k (m)k
J fj T )KJ
2m _
0 -1 S rr-le
Ax,, Ax,‘c”"
- -1
1 0 0 —2’"’< ) ¢
Ax}"”’
6 1 -2
2 1 -2 (=1ym
Ax, AxL’m
Table B.6
Numerical source in the DG source, SDG = 3]" —7;°uhl
for a problem with ¥ = 0.
: «
J S;
6 (k-1 k-t
0 E(2 h2+f0110>
1 0
6 (skt1 bt
2 _Txk((’+ ht)"'f’ hz)

Alternatively, if the upwinding numerical flux is the solution, i.e.

fo=gt =0, pl=-ff=2 (B.7)

2

Then the system becomes:

o' —uty) =0, (B.8)
whose truncation error leads to:
k 2 P — k—l — k
{TEj ~0(4x2).Vj=0,1,2, If ! = uk ©.9)
k 0 k k 2 k l
TEy ~ O (4x)) . TE{,TE; ~ O (4x), Ifupl' #u) .

Setting “,;,_zl = u’; o s very similar to using a Continuous Galerkin (CG)
method. A downwind numerical flux mimics the results of upwinding,

but for the right-hand boundary element. Other numerical fluxes leave:

TES.TES ~0(4AX)), TEN~0(4x7). (B.10)

Case 2: Problem with V # 0

In this second case (with second derivatives) we consider #; free.
The parameters of TE and HOT are listed in Tables B.7 and B.8. Again,
we conclude that

3 —3/gk
o= K =o-a= 2y (8.11)
X
g5 — g
=K =43 227, (B.12)
1 1 Axk
3 -2/
F ==+ 4T°v, (B.13)
k
and
V= ;}K(Z)k - 3g4y0, (B.14)
w1 1 -
V= 2}K(2)k -7 (243 (af +05)) 0. (B.15)
W= - KD = 4= 3gh), (B.16)

Since ¢* # ¢ for j = 0, 1,2, the term & ¢ - A§ in the truncation error
should be suppressed since it is O(4x,"). The choice is of =g =2
However, 0;.“ - AfVJ’,‘ # 0 for j = 0,1,2 and therefore TE/’.‘ ~ O(Ax‘z).
If we want to find an optimal value of #; to increase the order of the
scheme, we come to the conclusion that v = 0, but this case was already

discussed previously. Keeping g5 = gf =2 and 7 free, gi™' = g;*' =0
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kills s¥

k ko _
pG.p O have s s =0,

DG,0’ "DG,2

4

k—1 k l k _» ol LS

+ —Cc - — =0,
hw <f0 ¢ Ax, V> “no

4 (B.17)
k+1, ket kA o) &
+ +c+ — =0.
0o Yo <f2 T ax, V> Upo
In this case, a solution of the system is as follows:
k=1 _ ekl _ k_ _ck_ny 4 o
fz 0+ =0, fO = —fz =c+ A—Xk\/, (B18)
Additionally, if upwind in such a way that
- ~, 4
B=f=0 RBl=-f=t+_—7 (B.19)
Xk

the second equation of the system is met, but the first one becomes:

<?+ Aix[(0> (u};;; - ul;n,()) =0.
To eliminate this term, a relation of 5s is obtained, ¢ + (4/4x;)V = 0,
since in a DG method u* ) L yk o Note that in a CG method, it is not
necessary to fill this relation, since the solution is continuous between
elements. In all cases described previously, TE;.‘ ~ O(4xY) for j =0,1,2.
A summary of all the conditions derived can be found in Table 3.

(B.20)

Appendix C. One-dimensional advection problem based on non-
body-fitted mesh

In this section, we perform numerical tests for the one-dimensional
advection problem on a non-body-fitted mesh. We consider a solid
region length 1.54x. The purpose of this case is twofold: (1) analyzing
the effect of a solid region that spans several Ax; (2) mimic the non-
body-fitted grid where the boundary interface lies within an element.
The solid domain spans from x = —0.754x to x = 0.754x. The total
number of element remains to be N = 40, leading to a solid ratio

= 3/80. The same initial condition with wAx/(N + 1) = 0.3142 is
selected and the final solution time is set to r = 1.1. The same simulation
is reproduced for the advection problem, considering a range of #; and
#,. The error comparison is shown in Fig. C.12.

From Fig. C.12, we can draw the same conclusions as the body-fitted
case. Firstly, as n; decreases, the error in both the fluid and the solid
regions decreases, since the modeling error is reduced. Secondly, the
optimal #, leads to the minimal error both in the fluid and the solid
regions at small ;. For different polynomial orders, when the optimal
parameter #, = —1/c is used, the boundary condition is satisfied almost
exactly.

Appendix D. Two-dimensional advection-diffusion problem with
different parameters

In this section, a more challenging two-dimensional problem is
studied. We simulate the two-dimensional advection—diffusion with
different parameters (velocities and diffusivities) in different directions.
We introduce two combinations of parameter. We fix the other problem
settings, while the time step is reduced to 107> to avoid numerical
instability. The LDG scheme is used for the viscous flux since it is
more accurate. The penalization parameter #, is set to 10~#, while the
other penalization parameters 5, and #; (if the corresponding terms are
imposed) are set to the optimal values. It should be noted that in these
cases, the optimal parameters #, and #; are different in each direction,
obtained from the corresponding velocity and diffusivity. Numerical
errors are compared in Table D.9, where different types of penalization
are included.

As shown in the table, we can observe the same trend as in Sec-
tion 5.2. The largest error can be seen for the classic volume pe-
nalization, where only the solution is penalized. In addition, adding
additional penalization on first-order and second-order terms (with
the optimal penalization parameters) can largely improve the overall
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Table B.7
The reaction parameter and the coefficient 2K in the modified equations for a three-point GL grid and a problem with ¥ # 0.
; ~ (mk
J ¢ 7 K
2o _ 221 4 | —3/rgk
0 -1 S o4l T ole gy %,
Ax; Ax} Ax ,';'" Ax;
N l"—l (=" (1+3g +]+3gA
1 0 285 W ED" =1 1o CD7 (1436) 2
Ax2 Axy™ Axim
_h2m 227 41 =3/
2 1 -Le-aS0 (71)m<1 " ,_m/g" )
Xy Ax; Ax,; Ax;
Table B.8
Numerical source in the DG source, s DG] SJ - ’1 ”h , for a problem with ¥ # 0.
J St
0 i3fk1k1+f > 3(gklkl+k+lk+l (3+) )Q
A, 04h0) T 2y, \P%2 a2 T8 Gy T 8;) U,
6 1t o
1 . [9 s+ af ) + (ab + ot g, |9
k
2 2 | k+luk+l) 3 (k1k1+3 kL (3K 4+ gt uk )Q
A, Sy, + 5 9y Uy, T8 9T 8y) U

T — +771 =1e-3
1
oL
10 !
= 1
8 e :
5 5102} !
) : :
1
4%
10 !
-10 -5
T e —0—171 =1e-3
: 100 [ Ny = 1e-4
: 3 0= 1e-5
S ! 3
S ' 51072}
1
S | 3
107 F
-10 -5 0 5 10 -10 -5
2
(c)
) 3 :—o——.—o—.\ £ |
= _.—.—H & *——"—-._—._
S 2 . -
§ 102t -7, > infinity 5 102k ] -7, > infinity
© 1, = 1e-1 % -1y = 1e-1
= n, = 5e-2
10-4 L = 5e-2 10_4 b 1 s
| s =102 | | =
-10 -5 0 5 10 -10 -5 0 5 10
2 7

Fig. C.12. Error comparison for the advection equation based on the non-body-fitted mesh, vertical dashed line refers to #, = —1/c, and horizontal dashed line refers to 1, — co.
(a) Error in the flow (N = 2). (b) Error in the solid, the optimal solution is zero (N = 2). (c) Error in the flow (N = 3). (d) Error in the solid, the optimal solution is zero (N = 3).
(e) Error in the flow (larger penalization parameter, N = 3). (f) Error in the solid (larger penalization parameter, N = 3).
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Table D.9

Computers and Fluids 257 (2023) 105869

Error comparison (error region in Fig. 9) of the two-dimensional advection-diffusion equation with IBM
wall under different flow parameters and different penalization terms.

Parameters n, term ny,1, terms 1y, 1,113 terms
¢=1¢ =15 1.7970 x 10~* 1.6067 x 107> 5.4686 x 1077
v, =0.0015, v, = 0.001

=1c¢ =2 4.4634 x 107 5.6013 x 10-° 6.8056 x 1077

v, =0.001, v, =0.002

accuracy, where the best performance is observed when all three types
of penalization are considered.
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