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Abstract

In this MasterThesis, we propose a physically-based method to render the atmosphere
of Earth in real time from any arbitrary viewpoint. Atmosphere rendering is a
difficult problem to solve due to its inherent complexity. The physics equations that
describe the scattering of light feature multiple nested integrals that must be computed
numerically or approximated. Moreover, the atmospheric medium is strongly
dependent on the wavelength of incoming light, which makes spectral rendering a
requirement to faithfully represent the colors of sky. Our main contribution relies
on an approximation to spectral rendering, where instead of computing dozens of
spectral samples, only four carefully chosen samples are used to evaluate the final
color. This makes our method exceptionally cheap and accurate, as it is able to
produce images that are perceptually indistinguishable from those generated by a
fully-fledged spectral renderer, at a fraction of the computational cost. We also
propose an approximation to multiple light scattering that significantly reduces the
computational cost of evaluating the light transport equations. We tackle the issue of
developing an atmospheric model that is highly configurable and able to represent a
wide variety of atmospheric conditions, while still being physically-based and suitable
for real-time applications. Finally, we implement our method on Shadertoy to prove
its high portability and ease of implementation, and we demonstrate how the results
compare to a ground truth path tracing simulation.
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1
Introduction

Figure 1.1: Renders obtained using our method.

The atmosphere is one of the most salient features of realistic and believable
outdoor scenes. Applications such as films, games and flight simulators make use
of these realistic environments to provide a successful and meaningful experience.
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Unfortunately, simulating the atmosphere is no trivial task, which explains why
rendering the sky is an ongoing problem in computer graphics and new techniques
are still being researched today.

The complex interactions that occur within the atmospheric medium are responsible
for the blue color of the sky, as well as the golden-red sunrises and sunsets. The physics
behind these interactions is well understood, hence it is possible to simulate them
using light scattering theory. Given infinite computational power, we are only limited
by the quality of the available data, so obtaining accurate measurements is key to
developing a successful atmospheric model. For example, in the case of the Earth’s
atmosphere, research in the field of atmospheric sciences is a great source for this
kind of data. It is also helpful that the field is thriving nowadays due to the prevailing
necessity of monitoring our atmosphere as closely as possible to study and prevent
climate change.

In the real world we do not have unlimited computational power though. Light
scattering physics can be solved offline given enough time and resources, but not at
interactive framerates. Light scattering within the atmosphere requires several nested
integrals to solve, especially if we allow light to scatter multiple times. Any integral
is numerically tough to solve, and much more difficult to solve in real-time.

In this work we propose a method to render the atmosphere of Earth in real-time
using a physically-based model. Our main contribution is a way to correctly take into
account the strong wavelength dependency of the atmospheric medium. Most state of
the art atmosphere rendering techniques entirely forgo spectral rendering in favour
of traditional RGB rendering, which yields incorrect results. Our method is able to
render images that are completely indistinguishable from offline spectral renders, at a
tiny fraction of their cost. We also propose a multiple scattering approximation that
takes advantage of the low density of the Earth’s atmosphere, as well as the relatively
simple reflectance response of the Earth’s surface.

In the end our model is able to dynamically render any state of the Earth’s atmosphere
at any time of day, from any point of view above the surface, including space views.
The atmospheric properties can be updated in real time, allowing us to simulate a wide
range of atmospheric conditions dynamically.

We contribute an implementation of our approach as a Shadertoy shader to showcase
its simplicity and portability. We have also developed a custom GPU-accelerated
volumetric path tracer to obtain ground truth data for our simulations.
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2
Related Work

In this section we review existing literature on atmosphere rendering. It is important
to note that we focus on the rendering aspect of atmospheric simulation, i.e. we
only take into consideration the literature that explicitly tackles the problem from
a computer graphics perspective. We will not be citing research in the domains of
physics and atmospheric sciences, except as sources for our atmospheric model data.
For an in-depth comparison of several atmospheric models, we refer to the work of
Bruneton [Bru16].

One of the first attempts in rendering the atmosphere involved ray marching the
atmosphere from the view point [Nis+93], which allowed Nishita et al. to render
both ground and space views. This model was limited to single scattering, but was
later revised to account for 2nd order scattering using precomputed tabulated values
[Nis+96]. To reduce the cost of ray-marching, Preetham et al. [PSS99] proposed an
analytical model fitted on real measurements. Similarly, Hosek and Wilkie [HW12]
improve upon this idea by building an analytical model that is fitted on the results
of a path tracer, fixing some of the issues with the Preeham model. These analytical
models are very fast to evaluate, making them ideal for real-time applications. They
have consequently gained a lot of popularity over the years, although they have some
glaring issues, the main one being that they are limited to ground views. Their
parametrization is also too straightforward and inflexible, making it impossible to
render more complex atmospheric conditions.

Considering the limitations of analytic approaches, O’Neil [ONe05], in an attempt
to make Nishita’s approach run on a GPU in real-time, proposed deferring as many
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calculations as possible to the vertex shader, as well as fitting the optical depth
along arbitrary rays to a function that is very fast to evaluate. Bruneton and Neyret
[BN08], instead of fitting to a function, use precomputed lookup tables to store
the transmittance and in-scattering. Elek [Ele09] proposed removing one of the
dimensions of the lookup tables to simplify the calculations, in exchange for the ability
to correctly reproduce the Earth’s shadow on the atmosphere in twilight conditions.

Schüler [Sch12] provided an alternative to precomputations by approximating the
light transport integrals to reach a closed-form solution. However, this approach
is quite complex to implement and generally performs worse than the precomputed
alternative. It is also limited to atmospheres with exponential fall-off, so it does not
scale to more complex atmospheric models.

More recently, Hillaire [Hil20] proposed a way to render the atmosphere in real time
using small lookup tables with low dimensionality, including multiple scattering.
The reduced size and dimensions greatly improve performance, as well as simplify
the resulting implementation. Guimera et al. [GGJ18] propose a physically-based
atmosphere with more parameters than previous models, using research from
atmospheric sciences. The model takes into account the time of the year and
the particular location of the observer by dynamically changing the atmospheric
properties, such as the ozone concentration and the type of aerosols present.

In the topic of spectral rendering, Elek [EK10] proposes a method to perform brute
force spectral rendering of the atmosphere in real time, essentially doing the same
thing that offline spectral renderers do but using ray marching and an approximation
similar to [BN08] formultiple scattering. Spectral renderers need to know the emission
spectra and the surface albedos at each wavelength, but this kind of information is
not usually available for common surface types. Peters [Pet+19] tackles this problem,
which is effectively the inverse of our problem (obtaining spectral samples from RGB
triplets).

We leverage some of the rendering techniques described in [BN08] and [Hil20],
and combine them with the atmosphere model described by [GGJ18]. Our own
contributions (multiple scattering and spectral rendering) complete our method.
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3
Participating Media Rendering

Rendering participating media is an important aspect of most modern renderers. The
atmosphere of Earth is a particular case of participating media, and is characterized
by its overall low density and predictable behaviour based on altitude. In this chapter
we will be providing an overview of the concepts required to understand volume
rendering, and how they can be applied to the atmosphere.

3.1. Volume Properties

A volume can be described as a collection of particles, ranging from atoms and
molecules to any particle size. As a photon travels through the volume, it may collide
with the particles that make up the volume. Therefore, it is common to describe
participating media with the collision coefficients, which represent the probability of
a photon colliding per unit distance traveled inside the volume. The physical unit of
a collision coefficient is inverse length (SI units𝑚−1). It is also important to note that
the collision coefficients are not only spatially varying, but they also depend on the
wavelength of the incoming photon. In this chapter we will not be expressing this
dependency explicitly in the equations to avoid overloading the notation.

We can define a volume using the absorption and scattering coefficients, together with
the phase function and emission:

Absorption. An absorption event occurs when a photon is absorbed by the volume,
i.e. the energy of the photon is added to the kinetic energy of the atoms in the
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volume. The probability of such event is given by the absorption coefficient 𝜇𝑎 .

Scattering. When a scattering collision occurs, the photon is absorbed by the volume
and then re-emitted into a different direction defined by the phase function. The
probability of this event is given by the scattering coefficient 𝜇𝑠 .

It is worth noting that we usually separate scattering events into two distinct
types: in-scattering and out-scattering. In-scattering accounts for the increased
radiance due to scattering from other directions, while out-scattering accounts
for the reduced radiance due to scattering into other directions.

Phase function. The phase function models the angular distribution of scattered
light. It is usually modeled as a function of the angle between the incoming and
outgoing light directions (before and after the scattering event).

Emission. Volumes can emit radiance by themselves, a classic example being fire.
However, we will not be discussing this property of volumes as it does not apply
to the atmospheric medium.

Another useful parametrization of the collision coefficients are the extinction
coefficient 𝜇𝑡 :

𝜇𝑡 = 𝜇𝑎 + 𝜇𝑠 (3.1)

and the single-scattering albedo 𝛼 :

𝛼 =
𝜇𝑠
𝜇𝑡

(3.2)

3.2. Radiative Transfer Equation

Thedistribution of radiance in participatingmedia is described by the radiative transfer
equation (RTE) [Cha60]. The RTE is a differential equation that models how as a
radiance beam travels, it loses energy to absorption and out-scattering, and gains
energy by emission and in-scattering. The differential form can be directly used in
finite element methods such as radiosity, but we are interested in its integral form,
also known as the volume rendering equation (VRE). For a given ray 𝑥𝑡 = 𝑥 − 𝑡𝜔 , we
define the radiance 𝐿 arriving at point 𝑥 from direction 𝜔 as:

𝐿(𝑥, 𝜔) = 𝑇 (𝑥, 𝑥𝑑) 𝐿𝑑 (𝑥𝑑 , 𝜔) +
∫ 𝑑

𝑡=0
𝑇 (𝑥, 𝑥𝑡 ) 𝜎𝑡 (𝑥𝑡 ) 𝐿𝑠 (𝑥𝑡 , 𝜔) 𝑑𝑡 (3.3)

where 𝑥𝑑 = 𝑥 − 𝑑𝜔 is the position where the ray ends at a surface, 𝐿𝑑 is the incident
radiance at the end of the ray, 𝜎𝑡 is the extinction coefficient, 𝑇 is the transmittance,
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and 𝐿𝑠 is the in-scattering. Note how there is no emission term as it does not apply to
the atmospheric medium.

Figure 3.1: Visualization of the volume rendering equation (VRE).

The transmittance𝑇 is the fraction of radiance at point 𝑥𝑏 reaching point 𝑥𝑎 , and gives
the probability of a free flight. It is given by the Beer-Lambert law:

𝑇 (𝑥𝑎, 𝑥𝑏) = exp

(
−
∫ 𝑥𝑏

𝑥𝑎

𝜎𝑡 (𝑥) ∥𝑑𝑥 ∥
)

(3.4)

The in-scattering 𝐿𝑠 is the contribution from the out-scattering of all other directions
𝜔′ at 𝑥 , into direction 𝜔 :

𝐿𝑠 (𝑥, 𝜔) =
∫
𝑆2
𝛼 (𝑥) 𝑓𝑝 (𝑥, 𝜔,𝜔′) 𝐿(𝑥, 𝜔′) 𝑑𝜔′ (3.5)

where 𝑆2 denotes the spherical domain around position 𝑥 (4𝜋 steradians), 𝑓𝑝 denotes
the phase function, 𝛼 is the single-scattering albedo, and 𝐿 is the radiance described
in the VRE (equation 3.3), making the formula recursive.

Two important concepts wewill be using all throughout this work are single scattering
and multiple scattering. Single scattering, as its name implies, represents light that is
scattered exactly one time on its path from a surface to the eye. Multiple scattering,
on the other hand, represents light that undergoes multiple scatter events. In later
chapters we will see how separating the in-scattered radiance into these two parts
will become very useful.

The VRE integrals can be evaluated using a Monte Carlo estimator, leading to what is
known as volumetric path tracing. Due to the high computational cost, this solution
is usually favored by offline renderers only. In Chapter 5 we will be discussing some
approximations that allow solving the VRE in real time.
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3.3. Volumetric Path Tracing

Figure 3.2: Complete path from an emitter to the sensor, interacting with multiple
surfaces and participating media. [Nov+18]

Even though in this work we concentrate on real-time applications, we need to study
offline rendering to obtain a ground truth to compare against. As we mentioned in
the previous section, we can use Monte Carlo methods to solve the VRE. It is not fast,
especially for highly scattering media like the atmosphere, but it gives the correct
solution for complex cases like ours. In our case, volumetric path tracing is used to
provide a ground truth solution to the rendering equation.

3.4. Ray Marching

An alternative way to solve the VRE integrals is through ray marching, also known as
volumetric ray casting or volumetric ray tracing. To integrate incoming light along a
ray due to in-scattering, we break down the volume that the ray passes through into
small volume elements, and later combine the contribution of each individual element
to arrive at a final solution.

Mathematically, we are approximating the integral by doing a Riemann sum of a finite
number of volume segments. The size of each segment, which we call the step size,
will determine the quality of the approximation. As the step size gets smaller and
smaller, the approximation approaches its real value. This is an advantageous trait for
our use-case, as we can choose a bigger or smaller step size depending on the device
where we are going to be rendering the atmosphere, hopefully reaching a good balance
between quality and performance.

The most problematic issue with ray marching is evaluating the in-scattering integral.
Since we are evaluating the integrals numerically, and the VRE is inherently recursive,
we would need to evaluate an infinite number of in-scattering integrals to arrive
at a final radiance value. This is obviously not possible in practice, so most ray
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Figure 3.3: Ray marching along a ray in small, regular steps.

marching solutions settle for evaluating the in-scattering integral just once, which
effectively yields the single scattering contribution. In our case, we only calculate the
single scattering using ray marching, and approximate the recursive integral with a
closed-form solution, as we will see in Chapter 4.
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4
Physically-Based Atmosphere Model

The atmospheric model described in this section is very similar to the Guimera model
[GGJ18]. We simulate a perfectly spherical planet of radius 𝑅𝑒𝑎𝑟𝑡ℎ = 6360 km, with
an atmosphere that extends to the Kármán line, 100 km above sea level. The Earth
surface is considered to be purely diffuse, with a varying albedo 𝜌 depending on
the type of surface around the observer. Using spheres to model the Earth and its
atmosphere allows us to simulate the phenomenonwhere the Earth itself casts a visible
shadow on the atmosphere. This would not be possible in simpler models such as the
plane-parallel model commonly used in atmospheric sciences.

To model the atmosphere of Earth, or any participating media in general, we need to
specify the sources for the absorption and scattering coefficients mentioned in section
3.1:

Rayleigh scattering from molecular oxygen (O2) and nitrogen (N2). They are
responsible for the blue color of the sky.

Absorption due to ozone (O3).

Scattering and absorption due to aerosols. Aerosols are relatively large
suspended particles from different sources (dust, condensed water, human-made
pollution…), that vary significantly depending on the position in the planet.

There exist other sources for absorption and scattering within the atmosphere, such
as carbon dioxide (CO2), water vapour, or nitrogen dioxide (NO2). However, we find
that these constituents do not improve image fidelity enough to justify their inclusion
in a computer graphics context. For the same reason, we also choose to ignore other
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phenomena such as polarization.

4.1. Rayleigh Scattering

Rayleigh scattering explains the scattering of light by particles much smaller than the
wavelength of the incoming radiation. In the case of the Earth’s atmosphere, the main
molecules responsible for this type of scattering are (O2) and nitrogen (N2). This type of
scattering gives the sky its characteristic blue color at daytime, as well as the yellowish
to reddish hue when the Sun is close to the horizon.

The distribution of these molecules is fairly constant across the globe, i.e. it is not
very dependent on the latitude and longitude of the observer. However, it is strongly
dependent on the altitude of the observer, as the concentration of molecules decreases
exponentially with altitude.

The molecular scattering coefficient 𝜇𝑚𝑠 is given by:

𝜇𝑚𝑠 (𝜆, ℎ) = 𝑁 (ℎ) 𝜎𝑚𝑠 (𝜆) (4.1)

where 𝑁 is the molecular number density at a given pressure and temperature, or
altitude, ℎ, and 𝜎𝑚𝑠 is the total Rayleigh scattering cross section per molecule. 𝑁 can
be obtained from different sources, but we use data from the U.S. Standard Atmosphere
model [Uni76]. For 𝜎𝑚𝑠 , we use the formulation proposed by Bucholtz [Buc95]:

𝜎𝑚𝑠 (𝜆) = 24𝜋3(𝑛2𝑠 − 1)2

𝜆4𝑁 2
𝑠 (𝑛2𝑠 + 2)2

(
6 + 3𝜌𝑛
6 − 7𝜌𝑛

)
(4.2)

where 𝜆 is the wavelength, 𝑛𝑠 is the index of refraction for standard air, 𝑁𝑠 is the
molecular number density (2.54743 × 1019 cm−3) for standard air, and 𝜌𝑛 is the
depolarization factor, a term that accounts for the anisotropy of the air molecule and
varies with wavelength.

Although 𝑁 (ℎ) can be stored on a lookup table and queried at runtime, we chose
to fit the data to a function. We found absolutely no decline in image fidelity, and
performance is improved due to the removal of memory fetches on the GPU. To
simplify even further, we store themolecular scattering coefficient at sea level 𝜇𝑚𝑠 (𝜆, 0),
and multiply by a fitted function:

𝜇𝑚𝑠 (𝜆, ℎ) = 𝜇𝑚𝑠 (𝜆, 0) 𝑒−𝑎ℎ
𝑏 (4.3)

where 𝑎 = 0.07771971 and 𝑏 = 1.16364243 for an ℎ expressed in kilometers.
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For the phase function, we use the classic Rayleigh phase function:

𝑓𝑝 (𝜔,𝜔′) = 3

16𝜋
(1 + cos2 𝜃 ) (4.4)

where 𝜃 is the dot product between 𝜔 and 𝜔′. There exists a more precise form
proposed by Chandrasekhar [Cha60] which accounts for the effect of depolarization
anisotropy, but the improvement is imperceptible.

4.2. Ozone

Ozone (O3) is responsible for absorbing most of the Sun’s ultraviolet radiation. It
concentrates at the ozone layer, a region of the Earth’s stratosphere, although is also
present in lower quantities in the rest of the atmosphere. Since ozone only absorbs
light, we define the following absorption coefficient:

𝜇𝑜𝑎 (𝜆,ℎ) = 𝐶𝑜
𝑎 (ℎ) 𝜎𝑜𝑎 (𝜆) (4.5)

where 𝜎𝑜𝑎 (𝜆) is the cross section obtained from the work by Gorshelev et al. [Gor+14],
and 𝐶𝑜

𝑎 (ℎ) is the concentration measured by Ramanathan and Kulkarni [RK53] and
Dütsch [Düt74]. The measurements by Dütsch change with the time of the year, so we
introduce the month as another parameter to our atmospheric model.

4.3. Aerosols

Aerosols are fine solid particles or liquid droplets suspended in air. They can be
natural, like fog and dust, or artificial, like smoke, soot and pollution. The wide
variety of aerosols present in the atmosphere makes it difficult to categorize them
and study their optical properties. However, we can attempt to categorize them based
on geographical location. Based on Zimmermann et al. [Zim+89] and Jaenicke [Jae93],
we model the following geographical environments: Background, Desert-Dust,
Maritime-Clean, Maritime-Mineral, Polar-Antarctic, Polar-Artic, Remote-Continental,
Rural and Urban.

We assume that aerosols are solid and spherical, with optical properties defined
by their index of refraction 𝜂 and radius. Using Lorentz-Mie theory [Hul57], we
can calculate the optical properties of a single aerosol, namely their scattering and
absorption cross sections (𝜎𝑎𝑠 and 𝜎𝑎𝑎 ). The required parameters to apply Mie theory
were obtained from the work of D’Almeida et al. [DKS91]. We could also calculate
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their phase function, but we chose to use the simpler Henyey-Greenstein phase
function [HG41]:

𝑓𝑝 (𝜔,𝜔′) = 1 − 𝑔2

4𝜋 (1 + 𝑔 cos𝜃 )2 𝑔 ∈ [−1, 1] (4.6)

where 𝜃 is the dot product between 𝜔 and 𝜔′, and 𝑔 is an asymmetry parameter that
controls the amount of forward and backward scattering.

The same process can be used to obtain the scattering and absorption cross sections
of all aerosol types. For a more in-depth explanation, we again refer to the work by
Guimera et al. [GGJ18].

The concentration of aerosols is not constant along the vertical axis, so following
[AIA99] we define the vertical distribution of aerosols 𝐶𝑎

𝑡 as

𝐶𝑎
𝑡 (ℎ) = 𝐶𝑎

𝑡 (0)
(
exp

(
−ℎ
𝐻𝑝

)
+ 𝐶𝑏

𝐶𝑎
𝑡 (0)

)
(4.7)

where 𝐶𝑎
𝑡 (0) is the concentration at ground level, and both 𝐻𝑝 and 𝐶𝑏 are parameters

specific for each type of aerosol, also obtained from [AIA99].

Finally, with the cross sections and the vertical distribution of the aerosols defined, we
can express the scattering 𝜇𝑎𝑠 and absorption 𝜇𝑎𝑎 coefficients as

𝜇𝑎𝑠 (𝜆,ℎ) = 𝜎𝑎𝑠 (𝜆)𝐶𝑎
𝑡 (ℎ) (4.8)

𝜇𝑎𝑎 (𝜆,ℎ) = 𝜎𝑎𝑎 (𝜆)𝐶𝑎
𝑡 (ℎ) (4.9)
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5
Our Approach

In this chapter we describe how we solve the volume rendering equation (VRE) in
real-time, as well as how we apply the atmospheric model described in Chapter 4 to
the generic participating media framework from Chapter 3.

5.1. Transmittance LUT

The first step towards a real-time solution to the VRE is to find a way to compute
the transmittance 𝑇 in equation 3.4 along any arbitrary ray inside the atmosphere.
A real-time application must be able to do this in O(1). Unfortunately, there is no
general, trivial solution to this equation applied to the atmospheric medium, since the
air density decreases exponentially with altitude, and the altitude above a spherical
planet varies non-linearly along straight paths.

If we assume that we are dealing with a perfectly spherical atmosphere, we notice that
the transmittance only depends on two parameters due to spherical symmetry: the
altitude ℎ of the observer and the zenith angle 𝜃 (angle between the vertical direction
and the Sun direction) [ONe05]. The transmittance can thus be pre-computed and
stored in a lookup table.

If we also assume that the air density decreases exponentially with altitude, an
alternative approach would be to solve the transmittance integral analytically. Such
integral is known in the physics community as the Chapman function. However,
this analytical formulation breaks down in non-exponential atmospheres, has some
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numerical instabilities, and can be quite complex to implement. We also found that
the lookup table works faster and is easier to implement in practice, so we opted for
the lookup table approach.

We implement the table as a small 2D texture. When the atmospheric properties
change (a change in the Sun’s direction does not count), we run a shader that
numerically integrates equation 3.4 by raymarching through the atmosphere for every
pair of ℎ and cos𝜃 values. This procedure is identical to [BN08].

5.2. Single Scattering

The VRE is a recursive integral that accumulates radiance across multiple scattering
events. As we mentioned before in Section 3.4, if we consider the demanding
constraints of real-time rendering, it is useful to split the VRE into two parts: one that
is responsible for the first scattering event inside the atmosphere, and another for the
rest of the scattering events. To render the first scattering event (or single scattering),
we change the in-scattering term of the VRE (equation 3.5) to the following:

𝐿𝑠 (𝑥, 𝜔) = 𝛼 (𝑥) 𝑓𝑝 (𝑥, 𝜔,𝜔𝑠) 𝐸𝑠 (5.1)

where 𝐸𝑠 is the spectral solar irradiance, and 𝜔𝑠 is the Sun’s direction. This effectively
removes the recursion and allows the integral from equation 3.3 to be solved, again,
using raymarching. For every pixel in the final image, we take the corresponding view
direction 𝜔𝑐 and we traverse a ray originating from the camera position 𝑥𝑐 , obtaining
the radiance value 𝐿(𝑥𝑐, 𝜔𝑐 ) for that pixel.

The overall low frequency of the participating media constituting the atmosphere can
be taken advantage of by rendering to a texture instead of directly to the screen.
This texture can then be upscaled without a significant loss in detail, considerably
reducing the computational cost of ray marching, especially if the screen has a very
high resolution. This approach, as described by Hillaire [Hil20], renders the sky to
a texture using an equirectangular projection from the point of view of the camera,
so that the horizon is always an horizontal line within the texture. The same paper
also proposes using a non-linear mapping of the texture coordinates to dedicate more
texels to the horizon, where most of the high frequency detail is present. We opted to
just increase the height of the texture instead.
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5.3. Multiple Scattering

The rest of the scattering events are much more difficult to simulate in real time. As
we mentioned multiple times, the problem is inherently recursive, so the complexity
of the algorithm will always be O(𝑛) unless we make some approximations. Ideally,
our multiple scattering approximation has to be cheaper and have O(1) complexity,
while still maintaining image fidelity.

One contributor to multiple scattering, especially around daytime, is the diffuse
response from the ground. We find that the second order scattered radiance is enough
to approximate the total contribution from a purely diffuse surface with albedo 𝜌 , and
that further scattering orders have minimal impact. We also notice that when light
scatters around in a medium, the distribution of scattering directions quickly becomes
isotropic [Jen+01; Yan97], prompting us to use the isotropic phase function 𝑓𝑝 = 1

4𝜋

to simplify even further. Applying the in-scattering equation 3.5, we define 𝐿𝑔 as the
second order scattered radiance from the ground towards point 𝑥 :

𝐿𝑔 (𝑥) =
∫
Ω

𝛼 (𝑥)
4𝜋

𝐿′(𝑥,−𝜔) 𝑑𝜔 (5.2)

𝐿′(𝑥, 𝜔) = 𝑇 (𝑥, 𝑝) 𝐿diff(𝑝,𝜔) (5.3)

𝐿diff(𝑥, 𝜔) = 𝑇 (𝑥, 𝑥𝑠)
𝜌

𝜋
𝐸𝑠 (𝑛 · 𝜔𝑠) 𝑥𝑠 = 𝑥 − 𝑡𝜔𝑠 (5.4)

where Ω denotes the portion of the spherical domain around 𝑥 subtended by the
Earth, 𝑝 is the intersection ground surface point corresponding to each direction in
the integral, 𝑛 is the surface normal at 𝑝 , 𝑡 is the ray parameter for the atmospheric
boundary or nearest intersection, 𝐸𝑠 is the solar spectral irradiance, and𝜔𝑠 is the Sun’s
direction.

We still have to integrate over the sphere around 𝑥 to take into account all possible
directions that the ground radiation could be coming from. We could solve this
numerically, but wemake another approximation to arrive at a completely closed-form
solution. If the camera is sufficiently close to the ground, which is always the case for
views inside the atmosphere, we can assume that 𝐿′ will be very close to constant
across all directions. Since 𝐿′ no longer depends on direction, and the rest of the terms
are constant as well, we are left with:

𝐿𝑔 (𝑥) =
𝛼 (𝑥)𝑇 (𝑥, 𝑝)𝑇 (𝑝, 𝑥𝑠) 𝜌 𝐸𝑠 (𝑛 · 𝜔𝑠) Ω(𝑥)

4𝜋2
𝑥𝑠 = 𝑥 − 𝑡𝜔𝑠 (5.5)

Ω is the solid angle subtended by the Earth at point 𝑥 , which is a distance 𝑑 from the
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Earth’s center:

Ω(𝑥) = 2𝜋
©­­«1 −

√
𝑑2 − 𝑅2

𝑔

𝑑

ª®®¬ 𝑑 ≥ 𝑅𝑔 (5.6)

where 𝑅𝑔 is the radius of the Earth.

Even though the ground albedo is a major contributor to multiple scattering, we also
have to take into account the scattering coming from the atmosphere itself. This
type of scattering is specially important during twilight conditions, where the longer
average ray length is responsible for more scattering events. This value is also the
hardest to obtain in real time as we cannot make many simplifying assumptions as in
the case of ground albedo.

We opt to make an aggressive approximation by establishing that the multiple
scattering coming from the atmosphere at any point within it is directly proportional
to the inverse fourth power of the wavelength. We theorize that, since the distribution
of scattering directions becomes isotropic very quickly, Rayleigh scattering is going
to play a key role in the color of multiple scattering.
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Figure 5.1: Multiple scattering contribution plotted against the dot product of the
Sun’s direction and the zenith, for points at different altitudes above sea level. The red
dashed line corresponds to our fit.
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The contribution from multiple scattering is also proportional to the dot product
between the zenith direction and the Sun’s direction cos𝜃𝑠 , due to the fact that points
that are close to being occluded by the Earth are less likely to receive light from
surrounding points. We found that a simple linear relationship is not enough to
represent this behaviour, as can be seen on Figure 5.1, so a logistic function is used
instead.

The entire approximation is formally defined as follows:

𝐿𝑚𝑠 (𝜃𝑠, 𝜆) = 𝐸𝑠 𝜆
−4

(
𝑘

1 + 𝑎𝑒−𝑏 cos𝜃𝑠

)
(5.7)

where 𝑘 , 𝑎 and 𝑏 are constant values obtained by fitting this function to the plot of
the ground truth multiple scattering contribution for all possible cos𝜃𝑠 values at an
altitude of 10 kilometers above sea level. From the plot in Figure 5.1 we can tell that
any other altitude would have worked just as well, except near sea level or the top
of the atmosphere. A point near the surface receives significantly less in-scattering,
because there is less air below compared to higher altitudes, so light does not scatter as
much below it. Same reasoning can be applied to points near the top of the atmosphere,
but above instead of below.

It is important to note that this approximation breaks down with higher density
atmospheres, as multiple scattering becomes more and more relevant and its
contribution starts to play a key role in the final appearance of the sky. Luckily for us,
in the case of the Earth’s atmosphere, single scattering carries most of the weight.

In general, the approximation is good enough to maintain image fidelity with a
negligible performance impact, especially when compared to evaluating the recursive
radiance integral multiple times. We get the following final expression for the
rendering equation:

𝐿(𝑥, 𝜔) = 𝑇 (𝑥, 𝑥𝑑) 𝐿𝑑 (𝑥𝑑 , 𝜔) +
∫ 𝑑

𝑡=0
(𝑇 (𝑥, 𝑥𝑡 ) 𝜎𝑠 (𝑥𝑡 ) 𝑓𝑝 (𝑥, 𝜔,𝜔𝑠) 𝐸𝑠 +𝐿𝑔 (𝑥) +𝐿𝑚𝑠 (𝑛 ·𝜔𝑠))𝑑𝑡

(5.8)

The equation we have just derived is very dependent on the wavelength of the
incoming radiation, as we mentioned in Chapter 3. In the next section we will take a
look at our solution for taking this dependency into account.
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5.4. Spectral Rendering

An often ignored aspect of sky and atmosphere rendering is the strong wavelength
dependency of the atmospheric medium. This is caused by the optical properties
of both molecular scatterers and ozone being highly variable depending on the
wavelength of light interacting with them, as we have seen on Chapter 4. To take
this relationship into account in a light transport simulation, offline renderers usually
resort to uniform spectral sampling or more elaborated spectral sampling methods
like Hero Wavelength Sampling [Wil+14], while real-time renderers often choose to
completely ignore this behaviour and perform traditional RGB rendering.

In uniform spectral sampling, we pick 𝑛𝜆 uniformly distributed samples in a portion
of the electromagnetic spectrum (usually the visible spectrum). For each pixel in the
rendered image,𝑛𝜆 rays are fired from the camera, eachwith an associatedwavelength,
making all the interactions between the rays and the scene wavelength-dependent.
Consequently, compared to traditional RGB rendering, spectral rendering requires
substantially more data to represent the optical properties of the scene, which can be
challenging to obtain in most cases. Luckily, in the case of the atmosphere of Earth,
there is plenty of available data thanks to atmospheric sciences research.

Spectral rendering can sometimes offer more accurate results since it is able to capture
optical phenomena that would otherwise be impossible to recreate, like iridescence.
However, spectral rendering is quite sensitive to which portion of the electromagnetic
spectrum is used to perform the simulation. For example, if we have a scene that
contains a single light source that does not emit any electromagnetic radiation in the
near-UV range, and we simulate light transport for the near-UV range in an attempt to
improve image fidelity, we are not going to observe any improvements. Due to cases
like this, widening the range of simulated wavelengths or increasing the number of
sampled wavelengths will usually, but not always, yield a better final result.

The prohibitively high computational cost of offline spectral rendering techniques
remains the most significant problem though, making them unsuitable for real-time
applications. We propose a method to greatly decrease the overall computational cost
while still offering similar results to a fully-fledged spectral renderer.

22



5.4.1. Tristimulus Color from Spectral Data

For a given spectral power distribution (SPD), 𝐿(𝜆), the XYZ tristimulus values can be
computed as:

𝑋 =
∫
𝜆

𝑥 (𝜆)𝐿(𝜆)𝑑𝜆

𝑌 =
∫
𝜆

𝑦 (𝜆)𝐿(𝜆)𝑑𝜆

𝑍 =
∫
𝜆

𝑧 (𝜆)𝐿(𝜆)𝑑𝜆

(5.9)

where 𝑥 (𝜆), 𝑦 (𝜆), 𝑧 (𝜆) are the CIE standard observer functions, also known as the CIE
color matching functions (CMFs). [CIE32] The integrals are computed over the visible
spectrum. If it has not been specified otherwise, we will consider the visible spectrum
to range from 390nm to 780nm.

As discussed in previous sections, 𝐿(𝜆) does not have a closed form analytical
expression that represents it. Instead, the function exists as discrete samples.
Numerical integration must then used to solve the integrals in equation 5.9. It is
important to note that the spans and spacings of the standard observer functions must
match those of the spectral power distribution. Resampling and interpolation is used
to accomplish this.

Now it is clear why 𝑛𝜆 needs to be sufficiently high to correctly approximate 𝐿(𝜆).
If too few samples are selected, the result of the numerical integration will not be
accurate. We are looking for a successful approximation which uses the least amount
of spectral samples while still maintaining visual fidelity. We also take advantage of
the fact that we are integrating the product of 𝐿(𝜆) and the CMF, thus some samples
of 𝐿(𝜆) will be weighted down significantly by the CMF, making their impact on the
final image unimportant.

5.4.2. Numerical Integration

We can perform numerical integration of the integrals in equation 5.9 using a Riemann
sum. For clarity purposes, we will use the tristimulus value X, although the same
criteria also applies to Y and Z. The visible spectrum is divided into 𝑛𝜆 rectangular
partitions that together form a region that is similar to the region below the function
inside the integral. The height of each rectangle corresponds to the value of 𝐿(𝜆) ·𝑥 (𝜆)
at any 𝜆 belonging to the partition, while the width corresponds to the wavelength
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interval covered by the partition. The sum of the areas of the partitions approximates
the integral we are trying to compute. This idea is shown in Figure 5.2.

400 450 500 550 600 650 700 750
Wavelength  (nm)

w1 w2 w3 w4

1 2 3 4

L( ) x( )

Figure 5.2: Riemann sum of four partitions, each described by 𝜆𝑖 and 𝑤𝑖 . The sum of
the areas of all four partitions approximates the integral of 𝐿(𝜆) · 𝑥 (𝜆). The same idea
can be applied to the Y and Z values.

The Riemann sum for each tristimulus value can be expressed as:

𝑋 =
𝑛𝜆∑
𝑖=1

𝑥𝑖𝐿𝑖𝑤𝑖

𝑌 =
𝑛𝜆∑
𝑖=1

𝑦𝑖𝐿𝑖𝑤𝑖

𝑍 =
𝑛𝜆∑
𝑖=1

𝑧𝑖𝐿𝑖𝑤𝑖

(5.10)

where 𝑤𝑖 is the wavelength interval Δ𝜆 covered by each partition, which we will call
the weight of the partition. Going back to uniform spectral sampling, 𝑤𝑖 is constant
in this case as the interval covered by each partition remains constant. In our solution
we allow the intervals to change, giving us four more degrees of freedom.

These summations of products can also be written as a matrix multiplication, which is
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specially useful in order to perform the computations efficiently on the GPU:


𝑋

𝑌

𝑍

 =

𝑥1𝑤1 𝑥2𝑤2 . . . 𝑥𝑛𝑤𝑛

𝑦1𝑤1 𝑦2𝑤2 . . . 𝑦𝑛𝑤𝑛

𝑧1𝑤1 𝑧2𝑤2 . . . 𝑧𝑛𝑤𝑛



𝐿1

𝐿2
...

𝐿𝑛


(5.11)

5.4.3. Optimization

We have seen how using more spectral samples tends to yield a more accurate image,
but due to limitations inherent to real-time rendering, we cannot sample dozens
of wavelengths like offline renderers do. First, we have to settle for a number of
wavelengths to sample.

We have chosen four (𝑛𝜆 = 4) to take advantage of the SIMD instructions available
in most modern hardware. The data paths and registers supporting SIMD operations
are usually at least 128-bits wide in both CPUs and GPUs, corresponding to four full
32-bit floats. Our algorithm greatly benefits from SIMD vectorization since the light
transport simulation is identical for each wavelength; only the data varies.

Four wavelengths might not seem sufficient, but we found that if we choose the best
four wavelengths for which to sample 𝐿(𝜆), and the correct weight for each partition
𝑤𝑖 , we are able to have all the perks of a spectral renderer with just a single SIMD
instruction.

We are left with four partitions, each with a representative wavelength 𝜆, and a weight
𝑤 , totalling eight parameters. The resulting spectrum to tristimulus conversion is:


𝑋

𝑌

𝑍

 =

𝑥1𝑤1 𝑥2𝑤2 𝑥3𝑤3 𝑥4𝑤4

𝑦1𝑤1 𝑦2𝑤2 𝑦3𝑤3 𝑦4𝑤4

𝑧1𝑤1 𝑧2𝑤2 𝑧3𝑤3 𝑧4𝑤4



𝐿(𝜆1)
𝐿(𝜆2)
𝐿(𝜆3)
𝐿(𝜆4)


(5.12)

To find the values of the eight parameters that offer the best results when compared
to a ground-truth offline simulation, we pose an optimization problem. Mean squared
error (MSE) is used as the loss function due its simplicity and adequate results, and is
defined as follows:

L =
1

𝑛

∑
𝜙,𝜃𝑣,𝜃𝑠

(𝐿𝜙,𝜃𝑣,𝜃𝑠 − 𝐿𝜙,𝜃𝑣,𝜃𝑠 )2 (5.13)
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where 𝐿𝜙,𝜃𝑣,𝜃𝑠 , 𝐿𝜙,𝜃𝑣,𝜃𝑠 , are the ground truth and approximated radiance values at a
given view direction (𝜙, 𝜃𝑣 ) and Sun elevation angle 𝜃𝑠 , and 𝑛 is the total number of
combinations of 𝜙 , 𝜃𝑣 , 𝜃𝑠 .

This pixel-wise loss function asserts that all view directions and Sun elevation angles
are equally important, thus it is important to note that their distribution will affect
the optimization. We have deliberately skipped higher Sun elevation angles to put
more emphasis on sunrise/sunset conditions, in order to avoid overfitting to the clearly
dominant blue color present in daylight. We can observe how the relative value of each
wavelength changes with Sun elevation in figure 5.3.

400 450 500 550 600 650 700 750 800
Wavelength  (nm)

-2°
0°
2°
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10°
30°
90°

Figure 5.3: Normalized spectral radiance for several Sun elevations at sea level.
The values are averaged across many view directions. Note how long wavelengths
(yellows, oranges, reds) become more relevant the lower the Sun elevation angle
(sunrise and sunset).

For the optimization process itself, first we performed a brute force grid search of the
eight parameters (𝜆1, 𝜆2, 𝜆3, 𝜆4,𝑤1,𝑤2,𝑤3,𝑤4), and then we refined the results using
the Nelder–Mead method [NM65].

It is important to note that this optimization only works for a particular atmospheric
model. If we optimize for a model, but attempt to use the resulting optimized
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parameters with another model, the end result will not be correct. In our case, we
use the Rayleigh scattering and ozone absorption parts of our atmospheric model, and
ignore the aerosols. Aerosols can vary dramatically with the viewer’s position, making
them unsuitable for obtaining a general solution to the eight optimization parameters.
Luckily for us, they are not as dependent on wavelength as molecules due to their
relatively large size, so we found no practical difference between optimizing with and
without aerosols.

5.4.4. Rendering

During actual real-time rendering we compute the spectral radiance 𝐿(𝜆) as seen in
Chapters 3 and 5 for each of the optimized wavelengths (𝜆1, 𝜆2, 𝜆3, 𝜆4), and then
apply equation 5.12. The optimization process we described in the previous section
has been performed offline, which means that, at runtime, our method solely requires
four spectral samples and a matrix multiplication. Now it is clear why we chose
four spectral samples instead of any other number. We can compute 𝐿(𝜆) for the
four samples at the same time thanks to SIMD, which makes our method as cheap as
traditional RGB rendering.

The end result is a highly accurate render comparable to fully-fledged spectral
renderers that require dozens of spectral samples. The image fidelity is also greatly
improved in contrast to state to the art algorithms that incorrectly use three spectral
radiance values directly as an RGB triplet, as we will see in Chapter 6.
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6
Results

The correctness of our approach is validated by comparing it against the results from
a volumetric path tracer. The path tracer uses delta tracking for sampling vertices in
the path, and next-event estimation for connecting path’s vertices with the Sun. The
transmittance has been estimated with ratio tracking [NSJ14]. Our first version of the
path tracer was based on an OpenGL shader to make the rendering times as painless as
possible. Later versions moved to CUDA to be able to render offscreen, but ultimately
the code was moved to the CPU to leverage the multithreading capabilities of servers
with many cores. Path tracing is an inherently incoherent operation because each ray
can go a different direction or collide with different parts of the atmosphere, which
degrades GPU performance very severely. This makes CPU rendering a very attractive
option, and the one we went for in our final renders. For rapid iteration we still used
the GPU version though.

We present fisheye renderings of our volumetric path tracer and our real-time
approach, together with the relative square error (RSE) in Figure 6.1. We observe
that our approach is very successful at approximating the unbiased results from the
path tracer, only failing at very low Sun elevation angles where our multiple scattering
approximation starts to break down. Still, the error is very small and only noticeable
if we pay very close attention.

We can also observe how our model correctly simulates the projected shadow of
the Earth onto the atmosphere at lower Sun elevation angles. The specially tricky
gold/redish tones present at sunset and sunrise are also correctly simulated, and
practically indistinguishible from the path traced ground truth.
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Figure 6.1: Fisheye skydome rendering of the final radiance value obtained with the
ground truth path tracer (1st row), our approach (2nd row), and the Relative Squared
Error (RSE) between the 1st and 2nd rows (3rd row). The models output a linear sRGB
value, which is then tonemapped with 1 − 𝑒−𝑘𝐿 and gamma corrected. From left to
right: Sun elevation of 90º, 30º, 10º, 5º, 2º, 0º, -2º.

To quantitatively evaluate the physical accuracy of our model, we have also compared
the absolute luminances of our approach and the volumetric path tracer in Figure 6.2.
We can observe some differences in the luminance around the horizon, especially
during daylight, whereas the halo around the Sun and the horizon during twilight
conditions have correct photometric values.

Figure 6.2: The absolute luminance in 𝑐𝑑 ·𝑚−2 of each model. First row: ground truth
path tracer. Second row: our approach. From left to right: Sun elevation of 90º, 30º,
10º, 5º, 2º, 0º, -2º.

Since our main contribution in this work is a method to faithfully take into account the
strong wavelength dependency of the atmospheric medium, we show how traditional
RGB rendering would fare under identical atmospheric conditions in Figure 6.3. In
RGB rendering we take three spectral samples at 680nm for red, 550nm for green,
and 440nm for blue. These samples are used directly as a linear sRGB color, which is
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then tonemapped and gamma corrected. This approach is incorrect, as noted by other
works [Bru16], although quite popular in the state of the art. Our approach provides
much more realistic results with the same computational cost. Also note that in the
traditional RGB rendering case we multiply the final radiance value by an arbitrary
factor to match the absolute luminance. They do not match by default because the
theoretically correct RGB color is the result of integrating with the CIE color matching
functions as described in Section 5.4.1, but in RGB rendering we use the three spectral
samples directly as an RGB value, bypassing the color matching integral entirely.

Figure 6.3: Traditional RGB rendering with 3 wavelengths (680nm, 550nm, 440nm)
(left), compared to our spectral rendering method (right). To highlight the differences
between both approaches we have removed aerosols as they do not depend on
wavelength as much as other constituents.

To show our atmospheric model in action, we render two different atmospheres, each
with one of the aerosol types we described in Section 4.3. The results can be seen in
Figure 6.4. It is clear that aerosols have a huge impact on the overall appearance of
the atmosphere, that is why we consider Guimera’s atmospheric model to be superior
than other real-time atmospheric models.

Lastly, we would like to evaluate if our model is able to represent the atmosphere of
Earth from any arbitrary viewpoint. Ground or near-ground viewpoints have already
been tested in the figures above, so we show a space view in Figure 6.5.
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Figure 6.4: Impact of aerosols on the atmosphere. Left: Urban type aerosols. Right:
Maritime Clean aerosols. Top to bottom: Sun elevation of 10º, 5º and 0º.

6.1. Performance

Since the implementation of our method is Shadertoy-based, and profiling WebGL
applications is not very well supported, we run the shaders locally and profile them
using the graphical debugging tool RenderDoc. We establish the threshold to consider
an algorithm real-time in 16 ms, which equates to around 60 frames per second.

The hardware used for testing is a Nvidia GeForce GTX 1060 6GB GPU and an AMD
Ryzen 5 1600 CPU with 16GB of RAM. Both pieces of hardware were released in 2017.

There are two distinct processes that make up the entirety of the computing time
per frame: rendering the transmittance lookup table described in Section 5.1, and
rendering the sky texture described in Sections 5.2 and 5.3. The transmittance texture
takes 0.05 ms to render, while the sky texture takes 0.16 ms. Together they add up
to 0.21 ms in total, leaving plenty of frame time for other processes. This confirms
that our approach is indeed real-time, as its computing time is much lower than the
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Figure 6.5: Space view of the atmosphere 80km above the surface.

established threshold of 16 ms.

The main parameter that we can adjust to vary the performance of our algorithm is
the number of ray marching steps for both textures. For our results we have used 32
steps for the sky texture and 64 for the transmittance texture. If we would like our
method to run on a mobile device, we can lower the sky texture ray marching steps to
8. This would lower the quality of the final result though.

It is also important to note that both textures have to be recomputed only if the
atmospheric conditions have changed, or if the Sun’s direction has changed in the case
of the sky texture. This means that the actual performance impact on a real application
would be much lower if we do not recompute both textures every frame.

The memory requirements of our approach are also quite low. The size of the
transmittance texture is 256x64, while the size of the sky texture is 256x256. The
format of both textures is RGBA32F (4 channels, 32-bits each) in order to have as much
precision as possible, which equates to a total memory consumption of 1.25 MiB.

To put things into perspective, our path tracer would take around 10 minutes to
render a 256x256 image of the sky with sufficiently low noise. The improvement in
performance with respect to offline methods is clear.
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7
Conclusions

In summary, our method is able to successfully render the Earth’s atmosphere from
any arbitrary viewpoint in real-time. We have shown how our results compare to
those from a path tracer, demonstrating our method’s ability to maintain its accuracy
even in tough atmospheric conditions. Furthermore, we have implemented this work
on a public Shadertoy so that it is hopefully iterated upon by other people. The source
code for the spectral path tracer that has been used to generate the reference ground
truth images is also provided.

7.1. Future Work

We believe that atmosphere rendering is still an unsolved problem in computer
graphics. Multiple scattering is still not as accurate as it could be, and our method
relies on certain assumptions about our atmosphere which quickly break down when
dealing with other planets or environments.

The phase function used for aerosols could be improved, as the Henyey-Greenstein
phase function fails to capture the complex shape and appearance of the real one
obtained through Mie theory. This intricate phase function could be fitted to a simple
function or stored into a lookup table to make it viable in real-time.

Lastly, we think that our spectral rendering framework is applicable to other use-cases
and is not limited to the atmosphere. Any participating media which has optical
properties that are strongly dependent on wavelength can benefit from our approach,
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such as human skin and hair, which feature prominent subsurface scattering. All of
the techniques and the general workflow described in Section 5.4 can be applied to
these volumetric media.
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