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ABSTRACT. A classical inequality by Griinbaum provides a sharp lower bound for
the ratio vol(K ™) /vol(K), where K~ denotes the intersection of a convex body with
non-empty interior K C R™ with a halfspace bounded by a hyperplane H passing
through the centroid g(K) of K.

In this paper we extend this result to the case in which the hyperplane H passes
by any of the points lying in a whole uniparametric family of r-powered centroids
associated to K (depending on a real parameter r > 0), by proving a more general
functional result on concave functions.

The latter result further connects (and allows one to recover) various inequalities
involving the centroid, such as a classical inequality (due to Minkowski and Radon)
that relates the distance of g(K) to a supporting hyperplane of K, or a result for
volume sections of convex bodies proven independently by Makai Jr. & Martini and
Fradelizi.

1. INTRODUCTION

Let K C R™ be a compact set with positive volume vol(K), i.e., with positive n-
dimensional Lebesgue measure (along the paper, the k-dimensional Lebesgue measure
of M, provided that M is measurable, is denoted by volg(M) and we will omit the
index k when it is equal to the dimension n of the ambient space; furthermore, when
integrating dz will stand for dvol(x)). The centroid of K is the affine-covariant point

1
g(K):= VOI(K)/dex'

According to a classical result by Griinbaum [9], if K is convex (from now on a
compact convex set with non-empty interior will be referred to as a convex body) with
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centroid at the origin, then
— n
(1) vol(K ™) > n ’
vol(K) n+1
where K~ = KN{z € R": (x,u) <0} and KT = KN{z € R": (x,u) > 0} represent

the parts of K which are split by the (vector) hyperplane H = {x € R" : (x,u) = 0},
for any given u € S*~!. Here, (-,-) denotes the standard scalar product.

There exists a classical inequality similar in spirit to Grinbaum’s result, attributed
to Minkowski for n = 2,3 and Radon for general n, which bounds the distance from
g(K) to a supporting hyperplane of the convex body K (see [I p. 57-58]). This result
asserts that when K has centroid at the origin then K C —nK, a fact that is equivalent
to the following statement (here M|E denotes the orthogonal projection of the subset
M C R™ onto a vector subspace E of R” and E* is the orthogonal complement of E):

Theorem A. Let K C R" be a convex body with non-empty interior and let H be a
hyperplane. If K has centroid at the origin then

voly (K~ |H*t) 1
voly (K|HY) —n+1

(1.2)

Another inequality of this type, but now involving volume sections instead of pro-
jections, is the following inequality (1.3)). It was shown (independently) by [11], and
later by [6], who further proved this result when considering sections by planes of
arbitrary dimension.

Theorem B ([0, 11]). Let K C R"™ be a convex body with non-empty interior,
let H be a hyperplane and let f : [a,b] — R>o be the function given by f(t) =
voln_l(K N (tu + H)), for some a < 0 < b. If K has centroid at the origin then

(1.3) 1(0) >( n >n_1.

Hf”oo “\n+1l

Griinbaum’s result was extended to the case of sections [7, [I5] and projections
[I7] of compact convex sets, and generalized to the analytic setting of log-concave
functions [I4] (see also [4, Lemma 2.2.6]) and p-concave functions [15], for p > 0.
Other Griinbaum type inequalities involving volumes of sections of compact convex
sets through their centroid, later generalized to the case of classical and dual quer-
massintegrals in [16], can be found in [6l [LT].

Exploiting the original proof of Griinbaum in [9], the following extension of Griinba-
um’s inequality to the case of compact sets with some concavity for the func-
tion which gives the volumes of cross-sections parallel to a given hyperplane (having
Griinbaum’s inequality as the particular case p = 1/(n — 1)) was shown in [12]. We
point out that this concavity condition on compact sets yields some additional restric-
tion on their mass distribution, since the set {x : f(x) > 0} is an interval for any given
p-concave function f.
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Theorem C ([12]). Let K C R" be a compact set with non-empty interior and with
centroid at the origin. Let H be a hyperplane such that the function f : H+ — R>o
given by f(x) = vol,_1 (K N(x+ H)) is p-concave, for some p € (0,00). Then

vol(K™) _ (p+ 1\
vol(K) — \2p+1 '

(1.4)

The inequality is sharp.

Following the idea of the proof of the previous result, we will first show that an
analogous statement holds true when one replaces the centroid by the midpoint in a
direction u € S*™!, namely, the point [(a +b)/ 2] -u, where [a, b] is the support of the
function f : R — R>( given by

f(t) =vol,—1 (K N (tu+ H))
(see Proposition [2.1]).

In view of these results (Theorem |C| and Proposition , here we ask about the
possibility of finding other particular points that ensure a large enough amount of
mass in both subsets that are obtained when cutting the given compact set K C R"
by a hyperplane passing through them. To figure out such a possible family of points
we notice that, fixed a unit direction u € S*!, the corresponding components w.r.t.
u of both the centroid and the midpoint have a similar nature. Indeed, the component

of g(K) w.r.t. u is given by (see (2.2))

/ LE(D) f tf(t) dt
Jo fe)rae’
whereas the corresponding component of the midpoint is
at+b  [ltf(t)0dt
= = .
2 [ f(®)0adt
Thus, with the above-mentioned aim in mind, it seems reasonable to consider the
points g, - u, where

K =
[g(K)|1 vol

[Peptyr at
[P r@tyr at

for any r > 0. Here we show that such a uniparametric class of points allows us to

extend Griinbaum’s inequality (or more generally Theorem to the case in which
one replaces the classical centroid by any of them.

(1.5) g 1=

Theorem 1.1. Let r € [0,00) and let K C R™ be a compact set with non-empty
interior having the point g, - u, with respect to some direction u € S*™1, at the origin.
Let H = {x € R" : (x,u) = 0} be the hyperplane with normal vector u and assume
that the function f : H- — Rsq given by f(x) = vol,_1 (K N (z+ H)) is p-concave,
for some p € (0,00). If r > 1 then

vol(K ™) o (pt1 (p+1)/p
vol(K) 2p +r

9
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whereas if 0 < r <1 then

VOI(K_)> p+r (p+1)/p
vol(K) — \2p+r '

Notice that the cases r = 1 and r = 0 correspond to Theorem [C| and Proposition
2.1] respectively.

Taking into account that, once a unit direction u € S"~! is fixed, the above geomet-
ric results are reduced to the study of one variable functions with certain concavity,
here we deal with the corresponding functional counterpart of these statements (from
which the latter result will be obtained as a consequence of such an equivalent func-
tional one). To this aim, first we need to define the notion of functional a-centroid:
given a non-negative function h : [a,b] — [0, 00) with positive integral, for any o > 0
we will write

_ [Pehe(t)dt
(1.6) gdm"_]fﬁ@;ﬁ'

Now, the statement of our main result reads as follows.

Theorem 1.2. Let h : [a,b] — [0,00) be a non-negative concave function, and let
a,8>0. If B <« then

(1.7) fgba(h) hA(t) dt - <5 + 1>B+1
| [Proyat — \a+2 ,

whereas if a < B then

b
18 Jooiy M0 A <cx+—1>5+1
ﬁhﬁﬂ@ —\a+2

Remark 1.1. We observe that Theorem[I.1) is directly obtained from the previous re-
sult by just taking h = fP, B =1/p and o = rf (where the case r = 0 is derived when
doing o — 07 ). Moreover, Theorem can be shown from Theorem by just consid-
ering the set of revolution K associated to the radius function r = (1/kp_1)fY/ =1,
where kn_1 is the (n — 1)-dimensional volume of the Euclidean unit ball in R"!,

f =0 p=1/B and r = a/B. Therefore, in fact, both results (Theorems and
are equivalent.

We would also like to point out that, apart from the already mentioned Theorem
and thus in particular Theorem [C] and Griinbaum’s inequality, both Theorems [A]
and [B] can be derived as direct applications of Theorem [1.2

Indeed, on the one hand, applying Theorem with A = f/=1_ which is con-
cave because of Brunn’s concavity principle (see e.g. [4, Section 1.2.1] and also [I3]
Theorem 12.2.1]), and taking « =n — 1 and 8 — 0T, one gets b/(b—a) > 1/(n+ 1),

which is exactly (1.2]).
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On the other hand, applying Theorem with h = f/("=1 and & = n — 1, and
then raising both sides of ([1.8]) to the power 1/ and taking 8 — oo, one has

(maxte[o,b} f(t) ) Yp=1) S
[l f oo “n+1

Since we may assume without loss of generality that || f|lec > max,cjoy) f(t) (consid-
ering otherwise the function t +— f(—t)), we then get max,c(oy f(t) = f(0) (since f is
(1/(n —1))-concave and thus quasi-concave), and therefore ((1.9) is nothing but (|1.3)).

The paper is organized as follows. In Section [2] we collect some preliminaries and
background, and we show some first results, such as Propositions [2.1] and 2.2 The
remaining section of the paper, Section [3] is devoted to the proof of Theorem [I.2]
which is also divided into another two subsections, one for each of both cases that are
distinguished in Theorem (namely, 8 < o and o < 3).

(1.9)

2. PRELIMINARIES AND FIRST RESULTS

We recall that a function ¢ : R — R>q is p-concave, for p € RU {£oo}, if

e((1 =Nz +Ay) > (1= Np(z)P + )\Sa(y)p)l/l’

for all z,y € R™ such that ¢(x)p(y) > 0 and any A € (0,1), where the cases p = 0,
p = 0o and p = —oo must be understood as the corresponding expressions that are
obtained by continuity, namely, the geometric mean, the maximum and the minimum
(of ¢(x) and ¢(y)), respectively. Note that if p > 0, then ¢ is p-concave if and only if
©P is concave on its support {z € R™ : p(z) > 0} and thus, in particular, 1-concave
is just concave (on its support) in the usual sense. A 0O-concave function is usually
called log-concave whereas a (—oo)-concave function is referred to as quasi-concave.
Moreover, Jensen’s inequality for means (see e.g. [10, Section 2.9] and [5, Theorem 1
p. 203]) implies that a g-concave function is also p-concave, whenever ¢ > p.

For the sake of simplicity, in the following we consider H = {x € R" : (z,u) = 0},
for a given direction u € S*~! that we extend to an orthonormal basis (u1, usg, . . ., uy)
of R", with u; = u. Given a set M C R", and a real number ¢ € R, we will write
M~ (u,e) = MNn{z € R" : (z,u) < ¢} and M T (u,c) = M N{z € R": (z,u) > c}.
When dealing with the above-mentioned prescribed hyperplane H we will just write
H~ and HT for the corresponding halfspaces determined by H. Moreover, for a
compact set with non-empty interior K C R", we denote by K(t) = K N (tu + H)
for any ¢t € R. We notice that, if K|H L c [au, bu], Fubini’s theorem applied to the
function f : R — R>¢ given by

f(t) =vol,—1 (K N (tu+ H))
yields (provided that a < 0)

(2.1) vol(K / Ft)dt and vol(K / [0,

where, as usual, we are identifying the linear subspace spanned by u with R. Since
the set {t € R: f(t) > 0} is convex whenever f is quasi-concave, from now on we will
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assume, without loss of generality, that f(¢) > 0 for all ¢ € (a,b). Furthermore, by
Fubini’s theorem, we get

(2.2) (K] = / H ()

Vol

and thus, in particular, a < [g(K)]1 < b (cf.

It seems natural to wonder about the p0581b111ty of getting an analogue of Theorem
[C] by considering the midpoint in the direction u of K instead its centroid, that is, the
point [(a+b)/2] - u. This is the content of the following result.

Proposition 2.1. Let K C R" be a compact set with non-empty interior and with
midpoint, with respect to some direction u € S*"', at the origin. Let H = {x € R" :
(x,u) = 0} be the hyperplane with normal vector u and assume that the function f :
Ht — Ry given by f(x) = vol,—1 (K N (z+ H)) is p-concave, for some p € (0,00).

Then
vol(K ™) 1 (p+1)/p
i oA (e .
vol(K) — (2)
Proof. In the proof of [I2, Theorem 1.1] it is shown that there exists a p-affine function

gp : [=7,0] — R>o given by g,(t) = c(t + )P, for some v,8,¢ > 0, such that
9p(0) = £(0),

/_igp(t)dt:/aof(t)dt and /Oégp(t)dt:/obf(t)dt

and further that —y <a <0< d <b.
Here, since K has its midpoint (w.r.t. u) at the origin, we have that a = —b and
then we get —y + § < 0. Thus

vol(K=) [0, gp(t) dt N JED2 g0y a ) (1>(p+1)/p

== > . _ (1 |
vol(K) [P gtydt — [° g(t)dt >

as desired. -

We collect here the following result, originally proved in [2] and [3] (see also [§] for
a detailed presentation), which can be regarded as the functional counterpart of the
Brunn-Minkowski inequality.

Theorem D (The Borell-Brascamp-Lieb inequality). Let A € (0,1). Let —1/n <p <
oo and let f,g,h : R" — R>o be measurable functions with positive integrals such
that

A((1 =Nz +Ay) = (1= N f(@)” + Agly)?) "
for all z,y € R™ with f(x)g(y) > 0. Then

(2.3) / h(z) do > [(1 ) < [t dx)q i\ (/ o) dx) 1 v

where ¢ = p/(np+1).



A GENERAL FUNCTIONAL VERSION OF GRUNBAUM’S INEQUALITY 7

Now, considering the points g, - u, for any r > 0, where g, is given by ([1.5)), and
following the same idea as in [0, Theorem 3], we can get a first result concerning this
family of points. The statement reads as follows.

Corollary 2.1. Let r € (0,00) and let K C R™ be a compact set with non-empty
interior having the point g, - u, with respect to some direction v € S*™1, at the origin.
Let H = {x € R" : (x,u) = 0} be the hyperplane with normal vector u and assume
that the function f : R — Rxq given by f(t) = voln,l(K N (tu + H)) s p-concave,
for some p € (0,00). Then

VOl(Kf) p (»+1)/p
(24) vol(K) = <2p + r) '

We will derive Corollary as a simple application of the following (slightly more
general) functional result.

Proposition 2.2. Let K C R" be a convex body. Let g : K — R>q be a concave
Junction and let f : K — R>q be a p-concave function, with p > 0. Then

o (L) o (Yl
fo(a:)dx “\(n+1p+1 oo
Proof. Let u be the probability measure whose density function is given by
f(x)
dp(z) = —————dx.
(=) S fz)dz

Since g is concave, using Jensen’s integral inequality (see e.g. [5, Theorem 1 p. 370])
we get that

g<fm> :g(/deu(x)> Z/Kg(x)dﬂ(ﬂf)

llglloo
= /0 ! p({z € K : g(z) > t}) dt,

where in the last identity we have used Fubini’s theorem. Now, since the density of
1, with respect to the Lebesgue measure, is p-concave, from the Borell-Brascamp-
Lieb inequality we have that the function ¢(t) = p({z € K : g(z) > t}) is
(p/ (np + 1))—concave. Indeed, it is enough to apply Theorem @ with the functions

[ XiceK : g(z)>t} [ X{ceK : g(z)>ts} and [ X{zek : g(x)>(1—A)t; + Ao}
fo(a:)dx ’ fo(x)da; fo(a:)d:c

for any t1,t2 € R, where x,, denotes the characteristic function of the set M, to check
that ¢ satisfies such a concavity. Hence, and taking into account that ¢(0) = 1 and
¢(|lgllsc) > 0, we may assure that o(¢)P/("P+D > (1 —t/||g||s0) for all t € [0, [|g]oo)-
So, by integrating we obtain that

/glloo w(a € K g(e) > ) di > /||9<>0(1 — t/||g]loo) "PHV/P 4t
0 0

~ (gt ) ol
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from where the result immediately follows. ]

We conclude this section by showing Corollary

Proof of Corollary[2-1. Denoting by [a,b] the support of f, let f,g: [a,b] — R>q be
the functions given by

p/(p+1)
g(t) = vol(K N (tu+ H™)) p/pﬂ (/f >

and
f(t) =vol,_1 (K N (tu+ H))" = f(t)".

By hypothesis, it is clear that f is (p/r)-concave, whereas from the Borell-Brascamp-
Lieb inequality (2.3) we have that g is concave on [a,b]. So, from Proposition
applied to the functions f and g, and taking into account that g, = 0, we get that

by FH) dt (p+1)/p (p+1)/p
(i) =g (L52O%) T ()T g
[ ft)dt 2p+r

P (p+1)/p
= <2p+r> vol(K),

as desired. n

In the following section, the tighter inequalities collected in Theorem [1.1, which
improve the one that was obtained in Corollary [2.1] will be shown. More premsely, we

will prove that one may replace the constant given by , namely, (p / (2p+7“)) (P+1)/p ,
with two bigger constants (depending on whether r is either less than one or greater
than one). Furthermore, these new constants do fit well with , since, in fact, they
all coincide when r = 1, that is, when one considers the centroid of the set.

3. PROOF OF THEOREM

Here we are going to slightly modify the approach followed in [17, Theorem §]
(which yields our case 8 = n — 1) to cover all the cases for a general concave function
h, which will allow us to show Theorem To this aim, we split the proof into
two steps, depending on whether 5 < a or a < . Note also that the case a =
is equivalent to the statement of Theorem |C| (by just taking p := 1/a = 1/ and
f = h® = hP). Before distinguishing whether 5 < a or o < 3, we make some general
considerations.

We may assume, without loss of generality, that a = 0 (namely, we deal with a
concave function A : [0,b] — [0,00)). Now, let L C R? be the convex body

L::{(:E,y)E]R2 :0<2<b0<y<h(z)}
and notice that, from Fubini’s theorem, we have

CJthdt [ en)(x, )t da
(3.1) ga(h) = R T
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Let p15 be the measure on (0,00)? given by dug(z) = (v,e2)’~!dz. Then

s en) (@, e2) P dps(x)
ga(h) = fL<$’62>a_5 d,ug(ﬁ)

and
b —
fga(h) h(t)ﬂ dt - f{xeL : <m,el>2ga(h)}<xv 62>’B Lda

Jo h(t)? dt [, e2)P T dw
_mpl{w el : (we1) > ga(h)}
(L)

Next, we will compare the concave function h : [0,b] — [0,00) with an auxiliary
affine function g passing through the point ¢t = g, which further encloses areas on its
support and to the right side of ¢t = g, given by the values of the integrals of h on [0, b]
and [g,, b], respectively (cf. Figure . More precisely, we may assure that there exist
v < ¢ and ¢ > 0 in such a way that the affine decreasing function g : [y, d] — [0, 00)
given by

g(t) = c(6 — 1)
satisfies
(i) g(ga(h)) = h(ga(h)),
(3.2) (i) [2g(t)?dt = [y h(t)?dt, and

1 b
(iii) fga(h) g(t)Pdt = fga(h) h(t)? dt.
Indeed, taking
B+1

=T
h(ga(h))”

b h(ga(h))
8 .
/ga(h) S

and
1/(6+1)

_ BH1 " 5
7_5< : /Oh(t) dt> ,

elementary computations show ([3.2]).

Then, denoting by L, C R? the triangle (see Figure|l)) given by
Ly:={(z,y) R’ : y <2 <5,0<y < g(a)},

from (ii) and (iii) in (3.2)) (by using Fubini’s theorem), and the relative position of h
and g, given by the concavity of h and the relation g(ga(h)) = h(ga(h)) (see Figure
2)), we have that

(i) pa(L) = ps(Lg),
(3-3) (i) Hp ({x €L:(z,er) > ga(h)}) =Hp ({x €Lg: (z,e1) > ga(h)})y
(i) 0 < vy < go(h) < b <4
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0 y a b 1)

FIGURE 1. Sets L and L.

Y 8o b 1)

[ Y S

FIGURE 2. Relative position of the functions h and g.

Moreover, defining g(t) := 0 for all ¢ € [0,~] and h(t) := 0 for any ¢ € [b, d], there
exists zg € (ga(h), b] such that h(t) > g(t) for all t € [0,7]U[ga(h), o] and h(t) < g(t)
otherwise (see Figure [2|-there, observe that xy coincides with b). Hence, on the one
hand, for every s € [go(h), o] (the case of s > zp immediately follows) we get that

b b s
/ h(t)? dt :/ h(t)? dt —/ h(t)? dt
S a(h) a(h)

d s é
<[ gwla- [ gwtar= [ g
o(h) o (h) s
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On the other hand, for every s € [y,g4(h)] (again, the case of s < 7 immediately
follows) we have that

b b ga(h)
/ h(t)ﬁdt:/ h(t)ﬁdt+/ h(t)? dt
S o (h) s
5 ga(h) 5
g/ g(t)ﬁdt+/ g(t)ﬁdt:/ g(t)? dt.
a(h) S S

Therefore,

b
pa(Lt(e1,5)) = pg({zr € L : (z,e1) > s}) :/ h(t)? dt
(3.4) 5

)
< [ oy dt=mallz € Ly s Goen) 2 5) = s (L (er.5)

for every s € [0,4], where we are using the notation L (u,c) to represent the set

(Lg)+(u, c), for a given direction u € S"~! and a real number ¢ € R.

3.1. The case of § < a. We devote this section to proving the first part of Theorem
namely, we show ([1.7)) provided that § < a.

We will first prove that there exists a non-negative and concave function ¢ :
[7,0] — [0, ||]|oc] such that

ng <$>el>90(<$761>)a7'3 dpg(z)
Ju, o, e dug(x)
To this aim, we consider the function W : [0, ||h|ls] — [0, ng(L)] given by
W(s) = ps({z € L : (z,e2) > s}),

which is clearly both strictly decreasing and surjective. We may then define the non-
negative function w : [0, ||h||s] — [7, 9] that satisfies

W(s) =pg({z € Ly : (z,e1) > w(s)})
for any s € [0, ||h]|co]. Indeed, since

(3.5) ga(h) <

(6 w(s)
W) = =36+

we get that

w(s) =06 — (WW(S)
Notice that, from the Borell-Brascamp-Lieb inequality , we have that the function
WY B+ is concave (since the density of pg, with respect to the Lebesgue measure, is
(1/(B — 1))-concave). Therefore, w is strictly increasing, surjective and convex, and
then there exists the function ¢ = w™! : [y,d] — [0, ||h||c), Which is further (strictly
increasing and) concave.

>1/(B+1)
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Now, we will start by bounding from above the right-hand side of (3.1)). By using
Fubini’s theorem, (iii) in (3.3) and (3.4)), we have

a—p
Q_B/L<xvel><$’62> dps(x)

(z,e1) (x,e2) .

_/ / dsl/ 5377 dsy dpg(a)
”h”oo B

/ / (L+(e]_)8]_)ﬂL (62752)) d52 dS]_

lI1Allo ap1 N

S/0 /o %2 min {/15(L" (e1, 1)), s (LT (e2, 52)) } dsads

b rliblles b1 N X
S/0 /O 52 i {M'B(Lg (el’sl))"u’ﬁ(L (62782))} d52 dSl

5 rlhllso
</0 /o s min {5 (Ly (e1,51)), ua(LT (e2,52)) } ds2dsi.
So, on the one hand, from (3.6) we get

/ (1) (e, e2)28 dug(x)
L

(3.6)

1
a—p
5ol
S/0 /o %2 min {115(Ly (e1,51)), pg (LT (e2,52)) } ds2ds
5 rlhlles
(3.7) :/ / 83’5*1 min {H,B (L;(el, $1)), 1B (L; (e1, w(52)))} dsy dsy
0o Jo
5ol
:/0 /0 Sg %] (L;(ehsﬁ ﬂL;(el,w(SQ))) dso dsy

: (z,e1)p((x,e1))* 7 dpg(x),

_ 1

=a"7
where in the last equality above we have used that (x,e;) > w(sz) if and only if
o((z,e1)) > s

On the other hand, since a — 8 > 0, from Fubini’s theorem we have that

[[Aloo
/(:U,e2>a_’3 dpg(x) :/ sa_ﬁ_lug({:n €L : (z,e) >s})ds
L

[I72]lo

a—pf
s2 A1 pa({z € Ly : (z,e1) > w(s)}) ds

IIhHoo

b\%ho

({x €Ly : o((z,er)) > s}) ds

p((w,e1))* 7 dpg ().

g
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Hence, from (3.7) and (3.8]) (and using (3.1))) we obtain (3.5)), as desired.

Now we will prove that for any concave function ¢ : [y, ] — [0, 00) we have that
I, (@, 61>s0(<ﬂf )P @) _ (o) () =) dpso)

fL (z,e1))* Bdug(x) ~ fL x,er) )a_’B dpg(z)
To this aim, let C; > 0 be such that

(3.10) /L (Cr((,er) —1))° ™ dup(z) = / (2, e1))P dup(a).

g9

(3.9)

Since the latter identity is equivalent (by Fubini’s theorem) to

6 (Crt =) = o(t)*7) g(t) at = 0,
/

we may assert, taking into account that ¢ is concave, that there exists tg € (v, d) such
that

(i) C1(t — ) < o(t) for every v <t <tp, and
(3.11)
(i) C1(t — ) > @(t) for every tog <t < 0.

Then, from (3.10) and (3.11) (and using Fubini’s theorem), we get

/3( / gl n))* ) [ e @ilteen) =) duﬂ<x>)

Ly

= [(o(etr = (=) )gte) o
’Yto

= [t = (ot =)ot
:

+f (0% = (Cate - )" gl

to

<to [ (w0~ (@ute =)™ o) at

~

—to [ (ellee))? = (Calfaer) = )" duala) 0.

Lg

Thus, we have

/L (1o ({2, e1))* " dpus () < / (1) (Cr((z, 1) — 7)) du(a),

g9 Lg
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which, together with (3.10f), yields (3.9).
Now, we will compute the right-hand side of (3.9 . On the one hand,

x,e -8 _ B
/Lg<<,1> 198 duga 5/ 0 dt
atl —s)7ds
ﬁ«s w/o 8(1- 5)°d
o aT(a—B+1)T(B+1)
B A e

whereas, on the other hand, we obtain

Ao
/L ) (@en) =" o) = / Ht—7) B — 1) dt

B 1 B 1
= 'yﬁ(é — y)tt / s* A1 —s)ds+ E(é — 7)°‘+2/ s A1 —5)P ds
0 0

#? ap1T(@a=B+1)T(B+1) a—-B+1
e e e}

Hence, we have

Sy, (@ e1) (@ e1) =)™ dpg(a) a-B+1
fL z, el )a—ﬁ dﬂﬁ(x) _7+(5_7)047+2

and therefore, this together with (3.5 and (3.9) yields

Y

Finally, the latter relation jointly with (ii) and (iii) in (3.2)) gives us

MO [ 004t Jg o)t ()™

[P h(t)s at 29 /3dt fg ﬁdt 5=

(e BT (BT
N o+ 2 C\a+2 ’

as desired. This finishes the proof of (|1.7]).

3.2. The case of a < . Now we show the second part of Theorem namely,
provided that o < . We point out that here we use an approach similar to
the one followed in Subsection but with the main difference that we need to
truncate the sets L and L, due to certain integrability issues, since now the exponent
of some functions under the integral sign (vanishing at some points of the domains of

integration) is o — 3 < 0.
We start by considering the function Wi : [0, ||h||ss] — [0, s(L)] given by

Wi(s) = ,uﬂ({:c €L : (r,e0) < s}),
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which is clearly both strictly increasing and surjective. We may then define the func-
tion wy : [0, ||h]|ec] — [7, 9] that satisfies

Wi(s) = ps({z € Ly : (z,e1) > wi(s)})
for any s € [0, ||h]|co]. Indeed, since
(6 - wl(s))ﬂ+1

Wi(s) = BB+1) )

we get that

wn(o) =5 - (5w

Note that, from the Borell-Brascamp-Lieb inequality (2.3), we have that the function
Wll/ (B+1)

>1/(ﬁ+1)

is concave (since the density of pg, with respect to the Lebesgue measure,
is (1/(8 — 1))-concave). Therefore, w; is strictly decreasing, surjective and convex,
and then there exists the function 1 = w;' : [y,6] — [0, ||h]lso], Which is further
(strictly decreasing and) concave.

Now, for any 0 < € < ||h[[oc we define the sets
L.:={x €L :(x,e) >¢}

and
Lyc:={x €Ly :(x,e1) <wi(e)}.

FIGURE 3. Sets L. and L.

Notice that, from the definition of W and w; (jointly with (i) in (3.3)) we have
that

(i) pp(Le) = ps(Lge), and
(3.12) (i) ps({z € L : (w,e2) < s})=pg({z € Lge : (x,e1) > wi(s)}),

for all € < s < ||A]|oo-
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We will first prove that, for any 0 < e < ||h||0, we have

Jp (e en) (@, e2)*F dug () < Ju,. (@ en)er((@, e0)* 7 dug ()
Jr (2 e2)F dpug(x) Jr,. e1((z,en))*F dug ()

n boe®
fLs (r,ex)rdz’

To this aim, we will observe that, denoting by b. = max{ac eER: (z,y) € Ls}, for
any 0 < s < b, we have that

(3.14) ps({z € Le : (w,e1) > s}) < pg({z € Lye = (w,e1) > s}) + Wi(e).
Indeed, taking into account that if s < wj(e) then

pp({r € Ly = (w,01) > 5}) = pp({x € Lye = (w,01) > 5)) + Wale),

and if s > wj () then

(3.13)

ps({a € Ly : (@er) = s}) < Wile),
we get, from , that
pa({z € Lo« (z,e1) > s}) <pg({z € L : (z,e1) > s})

<ua({z € Ly ¢ (wer) > 5))
<pg({w € Lye : (z,e1) > s}) + Wile)

for all 0 < s < b., which shows (3.14]). This, together with

< /Ob/:yﬁ—ldydx: geﬁ
and (ii) in (3.12)), implies that
min {5 (L (e1,51)), s (L2 (e2,1/52)) }
< min{uﬁ(L c(e1,51)) + Wi(e), ps (L (61,w1(1/32))>}
< Wi(g) + min {Mﬁ (Lgeler,s1)), us (L;g (el7w1(1/82)))}

< 255 + min {,uﬁ (Lg-(e1,81)), up (L;_,é‘ (e1, wl(l/sz))>}

for all 0 < s3 < b, and all 0 < 1/s2 < ||h||eo, Where again the notations L7 (u,c)
and L} _(u,c) represent the sets (LE)+(u, ¢) and (Lg,g)Jr(u, ¢), respectively, for a given
direction u € S*~! and a real number ¢ € R.

So, defining w(s) := v if s > ||h|«, and taking into account that b < b < § (by
(iii) in (3.3)), from the fact that o < 5 and using Fubini’s theorem we have on the
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one hand that

51 /<x er)(z, e2)® %mﬁ()

b 1/e
</0 85‘“‘ min {pg (LT (e1,51)), ua(LZ (e2,1/s2)) } dsads

& rl/e b
< / / sgfafl —P dso dsy
o Jo B

0 o, [V par (14 +

— 57046 + / 85 13 (Lgﬁ(el, s1) N Ly, (el,wl(l/SQ))> dso dsg
- o Jo
bd 1

et g [ medea((een) ™ duso)

g,
where in the last equality above we have also used that (x,e;) > wi(1/s2) if and only
if 1/p1((x,e1)) > s2 (since i is decreasing).

On the other hand, since a < 3, from Fubini’s theorem (jointly with (ii) in (3.12))
we have that

1 s 1/{z,e2) ﬁ ol
o | e o ds djug (o)

1/5
_/0 P05 (L= (e2,1/5)) ds

1/e
= / sPo 7y, (L;E(el, wl(l/s))) ds
0
1
= a=hq
g ) ety )
where in the last equality above we have used again that (z,e;) > wi(1/s) if and only
if 1/¢1((x,e1)) > s. Hence, from (3.15) and (3.16]), we obtain (3.13)), as desired.

Now we will prove that for any concave function ¢y : ['y, d] — [0, 00) we have that

Jr, (@ en)er((z,e1))* " dpg(x) fL e1) (8= (w,01))* 7 dug(x)
Jr, . er((zen))*Pdpg(z)  — ng’E (6 — <:c e P dus(z)

To this aim, let C7 > 0 be such that

(3.18) / (@6~ ee) duse) = [ erllaen)® dpg(o)

9,€ Lg,s

(3.16)

(3.17)
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Since the latter identity is equivalent (by Fubini’s theorem) to

wi (g)
[ (@E@6-0)" = e ) P ar=o
i

we may assert, taking into account that ¢ is concave, that there exists to(g) € (v, d)
such that

(i) C1(e)(0 — t) > p1(t) for every v <t < tp(e), and
(3.19)
(ii) C1(e)(d — t) < ¢1(t) for every to(e) <t < wiq(e).

Then, from (3.18) and (3.19) (taking into account that o < /3), and using Fubini’s
theorem, we obtain

[ tweer(twen® dusle) - / (e (C1E)E = (@ 1)) dps(a)
L L

; L ", (1(0°77 = (Cale)0 - )" 7)o (1)
_;L © (wl() (@6 -1)") e () ar
vl /:“E) o107 — (€16~ 1)) (1) d
Stog) /;0(5) (1) = (Ca(e)6 = 1)) (1)
#9006 - 0)" ) 0
B toég) /7%) (10" = (@6 -0)" ") P ()t

~tale) [ (sl = (€6~ (aen)))™) ds(o) = 0.
Thus, we have

| weal@e) @ < [ @e)(@E6 - @e) " duso),
Lg.e Ly

which, together with (3.18]), yields (3.17)).
Hence, from (3.13]) and (3.17)), for every 0 < e < ||hHoo we get

Jy. (e ea)(w ea)* P dpg(a)  Jy, (@ ea) (6 — (,e1)™" dpp(a)
Jp.fw €2} dpus(z) e <x,e1>>a—ﬂ dug()
boe®
+

Jp (z e2)>da
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Now, taking limits as ¢ — 07 in the above inequality, we have that the left-hand

side, namely,

Jr (@ en) (@, e2)* % dpg () _ S (@ e (@, e0)* da
fLs <.’E,62>047:8 d,U,ﬂ(I) fLE <$,62>a71 dz )

tends to
Jo(z er)(w,e0)* ! da
fL<x,eg>0‘—1 dzx

as € — 01 (see (3.1))). Furthermore, the first term in the right-hand side,

Ju, (woer) (0= (woe))* ™ dpg(e) & [O 45— ) dt

— Y

Ju,. 6= (@en)*™” dug(a) gL —tyedr

= ga(h)

tends to

e -tdt (et 1)(6—)
2al0) = (6 =ty _<5_ a+2 )

for e — 0T, whereas the second term in the right-hand side,

o
Jp (@, e2)>da’

clearly tends to
v
Jr(x,e2) dx

for e — 07. Therefore, we have that

ga(h) < galg)-

Finally, the latter relation jointly with (ii) and (iii) in (3.2]) gives us

=0

Jon®iat — [PgwEde T [Pg(t)fat

:<a+2> ’

4 0
Jau 7t Jy iy 907t fy, 907t <5 - ga(g))ﬁ o

d—r

as desired. This finishes the proof of ([1.8)), and hence also that of Theorem
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