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We introduce a machine-learning approach (denoted Symmetry Seeker Neural Network) capable of
automatically discovering discrete symmetry groups in physical systems. This method identifies the
finite set of parameter transformations that preserve the system’s physical properties. Remarkably,
the method accomplishes this without prior knowledge of the system’s symmetry or the mathemat-
ical relationships between parameters and properties. Demonstrating its versatility, we showcase
examples from mathematics, nanophotonics, and quantum chemistry.

Symmetries play an essential role in the understanding
of physical theories. For example, continuous symme-
tries lead to conservation laws [I], and discrete symme-
tries (such as parity or time reversal) are key in studying
spectral degeneracies in quantum mechanical systems [2].

Unveiling hidden symmetries is thus of immense inter-
est in many fields of physics. Until recently, this task
relied solely on human intuition. However, recent ad-
vances in Machine Learning (ML), and especially in Neu-
ral Networks (NN) [BH7], have opened up new and effi-
cient ways of analyzing data. NNs have already been suc-
cessfully employed in problems such as learning conserva-
tion laws and physically relevant parameters of dynam-
ical systems [8HI6]; finding coordinate transformations
that reveal hidden symmetries [I7, [I8]; learning Lie al-
gebras [I9H23]; discovering transformations that preserve
the statistical distribution of data sets [22] [24]; recogniz-
ing symmetries from NN embedding layers [21] [25] and
classifying whether pairs of events are related by symme-
try or not [12] [26].

A common scenario not addressed in prior studies
arises when the physical magnitudes of a system de-
pend on parameters possessing a discrete set of symmetry
transformations that leave these magnitudes invariant.
To find these transformations, we introduce the Symme-
try Seeker Neural Network (SSNN), an NN architecture
capable of discovering the matrix representation of all
symmetry group elements solely from a dataset of physi-
cal parameters and their corresponding measurable mag-
nitudes. Importantly, our approach demands no prior
knowledge of the symmetry group or the mathematical
relationships between parameters and physical proper-
ties. Additionally, the SSNN can tackle inverse design
problems with symmetry-related multivalued solutions.

The text is structured as follows: we first introduce the
SSNN algorithm and showcase its effectiveness on a sim-
ple mathematical problem. Then, we apply this method
to examples in nanophotonics and quantum chemistry.

To define the problem in general terms, we consider
a function 7(Z), where the “magnitudes” ¥ € R™ de-
pend on the “parameters” ¥ € R”. The “system” may
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FIG. 1: Schematic representation of the SSNN: Magnitudes
i enter a standard NN, which yields a vector JE'I(\?IZI This NN
is complemented with a set of M branches. The a-th branch
performs a linear transformation Wafg\?%, providing a predic-
tion ff\?]\)r for the physical parameters. Without the branches,
the presence of symmetries would lead to incorrect predic-
tions. In contrast, the SSNN, trained with the customized
loss function given by Eq. (2), predicts parameters accurately

from available data. After training, the branches W, provide
a representation of the system’s symmetry group.

present discrete symmetries, so symmetry-related param-
eters lead to the same magnitudes. If so, the symmetry
transformations form a finite group G = {dy,...,dx} of
order K with a n x n matrix representation {Ds, ..., D}
that satisfies:

37(52:) = :lj(f)af)v VT, . (1)

We assume that all information about the system is
represented by N training samples {(7;, %)}, (where
¥; = §(Z;)). The goal is to find an accurate prediction
{DNNVE_ - 6f the unknown ground truth symmetry ma-
trices {Dq Y5,
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FIG. 2: Tterative SSNN algorithm for w = 23. (a) Learn-
ing curve with grey arrows indicating the epoch of branch
removal. (b) Loss jump dependence with the number of
branches. (c) Aq for a =1,...,M at M =5 (above), M =4
(middle), and M = 3 (below), with the black dashed line rep-
resenting 1/K = 1/3. Grey panels at M = 4,3 indicate re-
moved branches. (d) Predictions of the training data set from
SSNN with M = 3. Three points highlighted by black crosses
represent predictions fl(\lal\)l (%) from a single input data related
by bSN (e) Group metrics showing dciosea (red curves) and
dinverse (blue curves) for all branches (solid lines) and active
branches (dashed lines). (f) Evolution of the distance be-
tween the DYN and the ground truth matrix Dy during the
first training stage (M = 7). (g) Same as (f) for Ds.

For that, we introduce the SSNN architecture. It is de-
signed to find the inverse function (%) which, if a sym-
metry relation presented in Eq. (1) holds, will be K-fold
multivalued. This NN depicted in Fig. 1, takes i as

input and outputs M predictions, denoted as {fl(\lal\)I M
(where 7 indexes training samples, « indexes symmetry
matrices and M is an hyperparameter). It comprises two
parts. The first part is a neural network producing an
n-dimensional vector 51(\?121’ with its last layer termed the
“latent” layer. The second part consists of M trainable
linear transformations Wa, referred to as branches, which

. . (o) 13- =(0)
generate M n-dimensional vectors Zyy = WaZyy-

The SSNN’s performance is guided by the loss func-

tion, given by:
1 S min £
L= N 2 min L™, (2)

where the loss associated to the a-th branch is LZ(-O‘) =

1Z; — 28 (4|2, i.e., the mean square error between the

branch prediction fl(\?ﬁ(yz) and the training sample ;.
For each training data point i, only the branch with the
lowest LEO‘) (termed the “winner” branch for point ) con-
tributes to the loss L. To evaluate how each branch con-
tributes, we introduce the branch activity 4, = N, /N,
where N, counts the number of times branch « produced

winning predictions across the entire training dataset.

Multibranched NNs have already been used in the
past to tackle multivalued inverse designs [27]. How-
ever, the SSNN incorporates two modifications: first, the
latent layer matches the parameter space’s dimension,
and second, branches are defined by linear transforma-
tions. These changes are crucial for establishing a link
between branches and symmetry representation matrices,
as shown in the subsequent analysis.

To find the symmetry group, we employ an iterative
training method, where the least active branch is sequen-
tially eliminated. The process is as follows: we begin by
initializing the SSNN with a sufficiently large number
of branches, denoted as My (which should exceed the
group order K). The SSNN is then trained until the loss
L converges. At this point we compute the branch ac-
tivities and remove the branch with the lowest A,. This
training and pruning cycle repeats until the network re-
tains only one branch. Each cycle is termed a training
stage, and we record the converged loss L.(M) at each
stage.

In a postprocessing stage, we use L.(M) and other
measures (that will be defined later on) to extract both
the group order and the group representation. Notice
that although this paper emphasizes finding the discrete
symmetry group, the SSNN also solves the inverse prob-
lem. When M = K, the branches of the trained SSNN
provide all possible parameters T, each one satisfying the
multivalued equation #(#). Since all parameters T are
mathematically related by the group symmetry identi-
fied by the SSNN, our method operates without the need
for direct feed-forward networks to validate the results,
differing from the approach in Ref. [27].

For a practical demonstration, we apply our method
to a mathematical example: the complex cube root w =
23, where z and w are complex numbers. This problem
exhibits a symmetry group of rotations of order K = 3 in
the complex plane, as 2% = (e27/32)3 = (e47/32)3, V.
Using the habitual terminology in Machine Learning, we
associate ¥ = (Re(z),Im(2))” and ¢ = (Re(w), Im(w))7,
where T states for transposition. The 2 x 2 symmetry



matrices are:

- cosf, sinb,
Da = (— sinf, cos Ga) ’ (3)

with 0, = 2m(a — 1)/3, with a = 1,2, 3.

In order to find the symmetry relations using the
SSNN, we train the model by randomly selecting 6000
values of z with |z| < 10. The main results are presented
here, while the details of the training/validation data set
generation, SSNN hyperparameters, and other examples
for different root powers can be found in Appendix A.

The training process is illustrated in Fig. 2. In Fig.
2(a), we show the evolution of L as M decreases dur-
ing the training epochs, starting from an initial value
of Myax = 7. Figure 2(b) shows the jump in the con-
verged loss at consecutive stages, defined as AL.(M) =
L.(M)— L.(M+1). These plots indicate the presence of
a symmetry group of order K = 3. If (7)™ ! is a K-fold
symmetry-multivalued function, M > K predictions are
required to fit all possible (%)~ solutions and achieve
L. ~ 0. However, when M < K, there are not enough
branches to predict all possible solutions, leading to in-
correct parameter predictions for certain data points, re-
sulting in a significantly higher L.. This is apparent in
Fig. 2(b), where AL.(M) leaps from 1075 (for M > 3)
to 1071 (for M < 3), indicating that the group order is
K =3.

The branch activities further confirm this observation.
In Fig. 2(c) we depict {A,}M , at the end of stages
M =5,4,3. In all cases, at the end of each training stage,
precisely K active branches exhibit A, ~ 1/3 = 1/K,
while the remaining M — K branches are inactive and
have A, ~ 0. This occurs because, during the train-
ing process, the activity of K branches is sufficient to
provide all solutions to (7)~!. In contrast, the remain-
ing branches become less active, contributing less often
to the loss and ultimately becoming detached from the
training refinement.

Let’s examine the active branches. Fig. 2(d) shows the
SSNN predictions x1(\1a1\)1(yz) (o =1,..., M) for every train-
ing sample g; at the end of the stage M = 3. Each branch
offers predictions within a distinct, non-overlapping irre-
ducible region of the symmetry group, collectively cov-
ering the entire parameter space. Additional plots of
predictions from inactive branches for M > K, and a
visualization of activities A, are provided in Appendix
A.

Notably, we observe that 3-fold rotations transform
each irreducible region into another, indicating a rela-
tionship between symmetry transformations and branch
predictions. In fact, we can extract the predicted sym-
metry matrices DgN from the active branches W,,. How-
ever, a degeneracy issue arises: any invertible matrix A
fulfills D% = (DaA=1)(AZY)), and thus there are
infinite sets of {W,} that yield the same loss. To re-
solve this, we exploit the fact that any symmetry group

includes the identity as an element. Hence, among the
branches identified by the SSNN, we choose a reference
matrix Wier (for definiteness, we choose Wiet = Wl) and
compute the predicted symmetry matrices as:
ﬁSN W Wref (4)
Apart from including the identity, a group must sat-
isfy two other fundamental properties [28]: closure un-
der multiplication (‘v’Da,DB € G, HDAY € G such that
D Dg =D ), and the inverse of every group element
must also be a group element (VD, € G, 3D, € G such
that D D = D D 1) Since these two properties
are not enforced in our calculation, we can employ them
to validate the found symmetry matrices. For this pur-
pose, we define two group metrics as functions of {DSN}
that quantify how well these matrices satisfy the group
properties. For that, we first define a distance measure
between two arbitrary matrices A and B:

Z |akt — bral, ()

where k and [ index the matrix elements and n is the
dimension of the matrices. The metric for determining
whether the set {DNN} is closed under multiplication
(“closed metric”) is defined as,

d(A,B) =

~ 1 . ~ ~ ~
dclosed({DSN}) = W ZH};Hd(DSNDgN,DyN), (6)
af

Similarly, the “inverse metric” quantifies whether the set
DXN has an inverse belonging to the set:

Z mln d( {DNN}

-1

1nverqe({DNN} ﬁ}jN) (7)

The matrices {DEN} form a group if and only if d¢jogeq =
dinverse =0.

In Fig. 2(e), we evaluate the existence of a symmetry
group using two different approaches.

In the first approach, we compute the group metrics
by considering all predicted matrices, both from active
and inactive branches. For M = K = 3, both closed and
inverse metrics approach zero, confirming that these ma-
trices indeed form a group. However, when M < K, the
predicted matrices do not fulfill the group properties af-
ter multiplication or inversion, causing an increase in the
group metrics. Similarly, for M > K, inactive branches
are not sufficiently optimized, yielding matrices that do
not form a group representation, causing a rise in the
group metrics.

In the second approach, even for M > K, we only con-
sider predicted matrices from the active branches, exclud-
ing the inactive branches. The closed and inverse metrics
remain small indicating that, even when M exceeds the
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FIG. 3: Optical transmittance spectra symmetries in a mul-
tilayer stack: (a) Schematic representation of the considered
photonic system. (b) Loss jump variation with the number
of branches. The inset displays A, for a = 1,..., M at three
different stages: M = 4,3,2. The black dashed line repre-
sents 1/K = 1/2. The grey regions at M = 3,2 indicate the
removed branches. (c¢) Group metrics depicted as a function
of M. (d) SSNN predictions as a function of the true values
of €1, €2, and e3.

group order, the subset of active branches accurately pre-
dict the group representation.

In this simple example of the cubic root, where we
know the ground truth symmetry matrices { D, }, we can
monitor the optimization progress of the predicted DSN
during the initial training stage. Figure 2(f) displays the
distances between each predicted ﬁNN and Dy (see Eq.
@), while Figure 2(g) does the same for Ds (we omit the
curve for the identity transformation since Dy = DN by
design). In each panel, one of the curves (correspondmg
to a particular active branch) reaches a value significantly
smaller than that of the other curves. This confirms that
the set { DNN from active branches provide an excellent
approximation to the exact {f)a}

To show the generality of the method, let us now ap-
ply the SSNN to two physical examples. The first one
involves a dielectric three-layer stack (Fig. 3(a)), each
layer having a width d = 250 nm, and dielectric con-
stants e; (¢ = 1,2,3) ranging from 2 to 5. An electro-
magnetic plane wave with wavelength A impinges the
stack at normal incidence. By solving Maxwell’s equa-
tions, we compute the transmittance spectrum 7'(\) for
a given set {&;} (see Appendix B for details). The map-
ping here relates the parameters ¥ = (e1,£2,e3)7 to
a transmittance spectrum evaluated at discrete wave-
lengths 7 = [T(A1), ..., T(Ak), oo T(A)]". We use m =
100 \’s, evenly distributed between 500 nm and 900 nm.

Time reversal symmetry implies that the transmittance
remains invariant when the stack order is inverted [29].
Thus, the problem presents a symmetry group consisting
of the identity (D1) and the inversion in the ordering of
{ei} (D2).

Figure 3(b) shows AL.(M), with an initial SSNN setup
of Myax = 7 branches. The substantial jump of AL.(M)
by several orders of magnitude for M < 2 strongly in-
dicates that the group order is K = 2. Further evi-
dence is seen in the inset of that panel, showing that,
even for M > 2, there are two active branches with
A, ~ 1/2. The closed and inverse metrics, as depicted in
Fig. 3(c) affirm that the matrices corresponding to the
active branches indeed form a group (Appendix B shows
that DYN converges to Ds).

Finally, we showcase the potential of the proposed
method in inverse design. To achieve this, we employ
the SSNN prediction from the winner branch denoted as
(eXN, DN IN) for each data point.

Figure 3(d) displays the comparison between the
ground truth € and the corresponding 51,:IN for all multi-
layer stacks in the validation set. The results show an ex-
cellent agreement, confirming the method’s effectiveness
in providing inverse design solutions for all symmetry-
related cases.

Lastly, we apply our method to molecular systems in
which discrete symmetry groups play an important role.
We analyze two different scenarios of increasing complex-
ity. In both cases, molecules are described by a tight-
binding model with one orbital per atom.

In the first scenario, we consider molecules with 4
atoms, each one of them with an orbital energy e;
(i = 1,..,4). We assume electron hopping only be-
tween nearest-neighbor atoms, with a hopping param-
eter J = 1, serving as our energy unit. The molecule’s
geometry defines the hopping terms (see Appendix C for
details). The molecular electronic energies are denoted
as E;, for i = 1,...,4. Here, the mapping i relates a
tuple of atomic energies, ¥ = (e1,e2,e3,e4)T, to a tu-
ple of molecular eigenvalues, i = (Ey, Bz, E3, E4)T. We
explore three different molecular geometries: rectangu-
lar, square, and tetrahedral [see insets in Figs. 4(a,c,e)].
For each geometry, we generate 100,000 “molecules” by
randomly selecting values for {e;} (ranging from 1 to 6)
and solving the Schrédinger equation to determine {E; }.
The symmetry transformations of each molecule preserve
the set of eigenvalues and include rotations, reflections,
and improper rotations. The group orders are K = 4
for the rectangle, K = 8 for the square, and K = 24
for the tetrahedron. These transformations imply that
certain permutations of the atomic energies {e;} result
in the same {e;}. For instance, in the square molecule, a
7r/ 2 rotation is given by the transformatlon D such that
D(€1,€2,€3764) = (eq,€1,6€2,e3)T.

For each molecular geometry, we train a different
SSNN. The corresponding AL.(M) is presented in Fig-
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FIG. 4: Applying SSNN to discover symmetries in a 4-atom
molecular spectra. For each molecular geometry (rectangle,
square, tetrahedron), we present the dependence with the
number of branches of both the loss jump and the group met-
rics (circles: all branches are considered; triangles: only active
branches are included in the calculation). Figures (a-b), (c-d),
and (e-f) correspond to the rectangular, square, and tetrahe-
dral molecules, respectively.

ures 4(a,c,e), while Figures 4(b,d,f) display the corre-
sponding closed and inverse group metrics, considering
either all branches or only the active ones. The pres-
ence of jumps in AL.(M) and the behavior of the group
metrics as M changes clearly indicate that the SSNIN
consistently identifies the correct group order and sym-
metry matrices. This conclusion is further supported by
the convergence of the predicted matrices to the ground
truth matrices, as shown in Appendix C.

Notably, for each molecular geometry, deep minima
appear in both dejesed (M) and dinverse (M) at values M <
K. These minima correspond to the set {DEN} forming a
subgroup. For instance, for the tetrahedron, for M = 12
the set {DNN} represents the subgroup consisting of the
identity, 3 Cy rotations, and the 8 C'5 rotations.

In the second scenario, we consider a more complex
system, where the parameter space has more degrees of
freedom, and the symmetry group exhibits a more com-
plicated structure. The molecular geometry is depicted
in the inset to Fig. 5(a). The 5 atoms represented in
red have an atomic energy g, while the energy of the 8

atoms in blue is taken randomly. Only nearest-neighbor
hoppings are considered; in all cases, its value is J, ex-
cept for the 4 blue atoms forming the central ring (atoms
3-6) where the hopping is J’. For definiteness, in this
example, we have taken the arbitrary values p = —1,
J =3, J =0.5. As in the previous example, we generate
100,000 ”molecules” by randomly selecting values for {e; }
within the interval [1,6]. In this case, & = (ey,...,es)T
and the magnitudes are the 13 molecular eigenvalues,
g = (Elv s E13)T'

We implement the SSNN’s training procedure starting
with Myax = 80 branches (further details of the SSNN
architecture can be found in Appendix C). Figure 5(a)
shows the loss jump AL.(M) and Figure 5(b) shows the
group metrics, both as a function of the decreasing M.
The jump in AL, and the simultaneous minimum of the
group metrics when all branches are considered that oc-
cur at M = 64 strongly indicate that the system presents
a symmetry group of order K = 64. An analysis of the
branch activities reinforces this result; there are always
64 active branches for M > K (see Appendix C). Notice
that the combination of all considered metrics allows the
unambiguous detection of the underlying symmetry, even
when the group order is larger than in the previously con-
sidered examples and, thus, the relative variation of the
metrics is smaller when one branch is removed away from
the optimum architecture M = K.

In this study, we introduced the SSNN, a neural net-
work architecture that can uncover discrete symmetries
in parameter space that leaves the system invariant, pro-
viding both the group order and the group representa-
tion.

Importantly, the SSNN method relies solely on a train-
ing dataset without requiring prior knowledge of either
the system symmetry, the function %(Z), or an oracle ap-
proximation of ¢. Additionally to the unveiling of sym-
metries, the SSNN can be used to perform inverse design
in symmetric systems, identifying all sets of symmetry-
related parameters that yield specific magnitudes in the
target physical system.

We acknowledge Project PID2020-115221GB-C41, fi-
nanced by MCIN/AEI/10.13039/501100011033, and the
Aragon Government through Project Q-MAD. The code
for this paper can be found online at [30].

Appendix A: n-th root problem

In this section, we present the technical details of the
SSNN training algorithm and data generation for the n-
th complex root problem w = 2. We extend our explo-
ration to various root problems, including the complex
third root (shown in the main text), the real second root,
and the complex fourth and fifth roots. Additionally,
we provide visual representations to enhance the under-
standing of the obtained activity values.
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FIG. 5: Application of SSNN to discover symmetries in spec-
tra of a complex chain-like molecule with randomly coupled
atoms. The inset to (a) shows a schematic representation
of the molecule geometry. The atoms in blue have random
atomic energy ¢; € [1,—6], while those in red have energy
p = —1. Only nearest-neighbor hoppings are considered; in
all cases, its value is J = 3, except for the 4 blue atoms
forming the central ring (atoms 3-6) where the hopping is
J’ = 0.5. (a) Loss jump as a function of the decreasing
number of branches. (g) Group metrics vs. the number of
branches, when either all branches or only the active ones are
included in the calculation.

SSNN training

For all the NN calculations in this paper, we utilized
Tensorflow [31] and Keras [32] libraries, with Adam [33]
as the gradient-descent optimizer for the loss function.
Each n-th root problem was trained with 5000 training
samples and 1000 validation samples. The z values were
randomly generated from a uniform distribution within
the region V.= {z € C | |z|] < 10} (R for the sec-
ond root). Data was normalized as z!°™ = z;/10 and
wie™ = z; /10",

The standard NN architecture consisted of an input
layer (2 neurons for the third, fourth, and fifth roots, and
1 neuron for the second), followed by two dense hidden
layers with 10 neurons each using a sigmoid activation
function. The latent layer had no activation function,
only weights and biases. A learning rate of 0.01 and a
mini-batch size of 128 samples were used. The SSNN
was trained for 8000 epochs at each M-stage to ensure
loss convergence. The maximum number of branches was

Mpax = 7 for each n-th root problem. Supplementary
results for the second, fourth, and fifth roots can be ob-
served in Fig. 6.

Branch activities

We now show the visual representation of predic-
tions and activities from active and inactive branches.
Fig. 7 corresponds to the second root prob-
lem. We represent, as function of the training in-
put samples {g;}, the predictions of each branch:

3'3'1(\?121@;)}, . {fl(\lal\)l(gj;)}, . {fl(\%) (g;)}. Three different
M-stages are shown: M = K (Fig. 7a), M = K + 1
(Fig. 7b) and M = K + 2 (Fig. 7c). The inset dis-
plays the activities of the branches with the same color
as the curves. Active branches accurately fit the func-
tion = £,/y throughout the full range of the parameter
space V', used in the training, while inactive branches do
not provide a correct approximation, consistent with the
A, values. This is in accordance with what is expected
from the A, values.

Figs. 8, 9 and 10 correspond to the third, fourth and
fifth root, respectively. In these figures, we only repre-
sent the parameter space (complex plane z). Two types
of scatter plots are shown for each training stage M = K,
M = K+1and M = K+2. The first type (upper row in
the figures) displays {:E’l(\?;\)I (i)} for a = 1,..., M. As ex-
pected, the active branches cover the irreducible regions
maximally. However, small regions in V, particularly
near the boundaries between irreducible regions, are not
fully covered by the active branches. Notice that, close to
boundaries, two branches provide predictions with sim-
ilar losses. This makes the inactive branches specialize
in covering these small regions, explaining why A, is not
exactly zero for the inactive branches. The second type
(lower row) plots the output samples {Z;} from the train-
ing data set (uniformly distributed). The color of each
point represents the branch with the minimum MSE pre-
diction for that sample, indicating the area of the param-
eter space covered by each branch, directly related to its
activity. The corresponding activities are shown in the
insets.

Appendix B: Optical transmission in multilayer
stack

In this section, we outline the calculation details of
the optical transmission problem discussed in the main
text. First, we show how to calculate the transmission
spectrum from a given set of dielectric materials. Sub-
sequently, we present the SSNN training specifics, along
with the convergence of the predicted symmetry matrices
to the ground truth matrices.
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FIG. 6: Symmetries in w = 2™: For each n-th root problem, we present three results: the loss variation as a function of the
number of branches, the group metrics (for all branches and the active ones), and the distances between the predicted and
ground truth symmetry matrices. Specifically, we show the real second root in (a-c), the complex fourth root in (d-f), and the
complex fifth root in (g-i).
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FIG. 7: Visualization of predictions made by the active/inactive branches in the second root problem. The plots display the
branch predictions as a function of the training data {y;}, with each branch represented by a different color. The activities
Aq for a = 1,..., M are shown in an inset using the same colors as the curves. (a) M = 2 branches. (b) M = 3 branches. (c)
M = 4 branches.

Transmission spectrum calculation medium as follows:

E. = ikz —ikz B1
We study a photonic system described in the third o= e ’ (B1)
section of the main text. The system consists of three " g " g
stacked layers (labeled as 1, 2, and 3) with the same E; = Aje i(z=(-1) )—l-Bje_Z (=G -1d) (B2)
width d and dielectric constants €1, €3, and €3 (see Fig.
11). In our calculations, we set d = 250 nm, and ¢; Ey = tetk(z=3d) (B3)

varies within the range [2,5]. Media 0 and 0’ are treated

as vacuum (g9 = eor = 1).

An incident electromagnetic wave incident, with wave-
length A, impinging normally into the system. This inci-
dent wave is transmitted and reflected at each interface.
We express the magnitude of the electric field in each

In the expressions above, A; and B; are the complex am-
plitudes of upgoing and downgoing waves, respectively, at
each medium 7, while ¢t and r are are the complex trans-
mission and reflection coefficients of the whole system.
Besides, k = 27/) is the wavevector at the vacuum and
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kj = /gjk is the wavevector at the medium j. Addition-

ally, & = 2m/\ denotes the wavevector in vacuum, and
k; = /g;k is the wavevector in medium j. Using these

electric field magnitudes, we can calculate the magnetic
field modules H; by applying the following relations de-

rived from Maxwell’s equations:

—ﬁz X I‘Tj = :l:yjfij,

(B4)

In the expressions above, @, represents the unitary vector
in the 2z direction, and y; = ,/€; is the modal admittance.

The positive sign is used for the transmitted modes, and
the negative sign is used for the reflected modes. Once we
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FIG. 11: Schematic representation of the dielectric multilayer
stack. The direction of light propagation is along the z-axis.
The amplitudes of the transmitted modes are denoted as A;,
while the amplitudes of the reflected modes are denoted as
B;. The transmission coeflicient is represented by ¢, and the
reflection coefficient by 7.

have obtained the electric and magnetic fields, we apply
the boundary conditions at each interface:

E;(jd) = Ejy1(jd), (B5)

H;(jd) = Hj41(5d), (B6)

for j = 0,1,2,3. We then obtain a linear system of 8
equations with 8 unknowns, r, A1, By, As, Bs, A3, Bs and

r—A;— B =-1

—r—yid1 +y1 By = —1

Ajetkrd 4 Bie~ihid _ A, — B, =0

yre™ A —yre 9By — ya Ay + Yo By =0
ek2d Ay + e *20By — A3 — B3 =0
Yyoe*20 Ay — yoe 2By — yg Az + Y3 By = 0
—t + et Ay e By =

—t+ ygeideAg — y36_ik3ng =0.

(B7)

To calculate the transmission coefficient ¢ for a given
wavelength A, we solve this linear system. After this,
the transmittance is obtained as denoted as T'(\) = [t|?.
For the SSNN training data set, we calculate transmit-
tance spectra by considering a discretized set of m = 100
equidistant wavelengths between Ay, = 500 nm and
Amax = 900 nm. An illustrative example is presented
in Fig. 12.

SSNN training

We have trained the SSNN with 9000 training sam-
ples and 1000 validation samples. For the SSNN, we
have normalized the input samples &; and output samples

T, as follows: gnorm . — (57 — (2,2,2)T) /3 and ﬁnorm _

(T’; - (Tminv "'7Tmin)T) /(Tmax
Tinin the highest and lowest transmission values in the
training data set, respectively. The standard section of
the SSNN architecture consists of an input layer with

— Thin), being Tiax and
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FIG. 12: Example of the transmittance spectrum. The cor-
responding dielectric constants of the materials are e1 = 2.5,
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FIG. 13: Evolution of the distance between the predicted
matrices and the ground truth matrix D, during the first
training stage (M = 7) in the optical transmission problem.

m = 100 neurons and two non-linear hidden layers, each
with 200 neurons and sigmoid activation function. The
latent layer is linear (i.e., we have not used an activation
function). During training, we used a learning rate of
0.01 and a mini-batch size of 100 samples. The SSNN
was trained for 2000 epochs for each M-stage, and the
maximum number of branches was set to M. = 7.

In Fig. 13, we present the evolution of matrix dis-
tances between each learned matrix DNN and the inver-
sion transformation in the order of the dielectric con-
stants Do (a symmetry in parameter space originating
from the time reversal ) during the first training stage
(M = 7). Interestingly, only one curve decays to 102

Appendix C: Energy spectrum in molecules

In this final section, we provide the calculation details
of the molecule eigenspectrum problems as discussed in

10

the main text. Firstly, we outline the method to calcu-
late the eigenenergies of each molecular system (first and
second scenario). Subsequently, we present the SSNNs
training details, including the network hyperparameters
and the branch activities at different M-stages. For the
first scenario, we further demonstrate the convergence
of the predicted symmetry matrices to the ground truth
ones for each molecular geometry.

Figenvalues calculation

In the first scenario, we consider the three types of
4-atom molecules introduced in the main text: rectan-
gular, squared, and tetrahedral. We describe these sys-
tems with a tight-binding model with one atomic level
per atom. Hopping is assumed to occur only between
nearest neighbors. The Hamiltonians of each system are:

(] Jz 0 Jy
NI [P A
He=\"0 g, e 2. | (1)
Jy 0 Jm €4
es J 0 J
2~ J €92 J 0
HS = 0 J es J ) (02)
J 0 J €q
er J J J
- J e J J
HT - J J es J ) (03)
J J J ey

where {e;} are the atomic-energies and J, J,, J, are the
hopping terms. The eigenvalues F; are obtained by di-
agonalizing these matrices. For the training data set,
we generate random uniform atomic energies within the
range [1, 6], while fixing the values of the hopping terms
(J =Jy =1and J, =0.75). The data set of atomic en-
ergies is the same for each molecule, while the eigenvalues
are different on each case.

In the second scenario, we consider the molecule intro-
duced in the final part of the main text. Similarly, the
system is described with a tight-binding model with one
atomic level per atom. The Hamiltonian of the system is
given by:



e1r 0J 00 0
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H=|0 000 JJ
0000JO0
0000.JJ
0000J 0
000000
0 0000O
000000

where {e;} are the orbital-energies of the ”free” atoms,
1 is the orbital-energy of the ”fixed” atoms and J, J’ are
the hopping terms. The eigenvalues F; are obtained by
diagonalizing these matrices. For the training data set,
we generate random uniform atomic energies within the
range [1, 6], while fixing the values of the hopping terms
and the fixed atoms energy (J =3, J' = 0.5 and u = —1).

SSNN training

For each molecule in the first scenario, we have trained
the SSNN with 70000 training samples and 30000 val-
idation samples. The standard section of the SSNN is
composed by an input layer with m = 4 neurons and 2
non-linear hidden layers with 100 neurons each, using sig-
moid activation functions. The latent layer is linear. The
learning rate was set to 1072, and a mini-batch size of 200
samples was used. We trained the SSNN for 4000 epochs
for each M-stage. The maximum number of branches
was set to M.y = 8 for the rectangle, M. = 12 for
the square, and M.« = 30 for the tetrahedron.

Fig. 14 displays the branch activities for each molec-
ular system at three different stages: M = K + 2,
M =K +1and M = K. In all cases, the values A,
indicate the presence of K active branches and M — K
inactive branches.

Figs. 15, 16 and 17 depict the evolution of the dis-
tance between each learned matrix DN and each ground
truth transformation Dg during the first training stage
M = M. As expected, these plots demonstrate that
each ground truth symmetry matrix is discovered by a
different active branch.

In the second scenario, we have also used 70000 train-
ing samples and 30000 validation samples. The standard
section of the SSNN is composed by an input layer with
m = 13 neurons and 2 non-linear hidden layers with 300
neurons each, using sigmoid activation functions. The la-
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tent layer is linear. A mini-batch size of 512 samples was
used. In the first training stage, we trained the SSNN
with Myax = 80 branches during 30000 epochs (in or-
der to ensure loss convergence) using a learning rate of
1073, In the remaining stages M = 79, ...,1, the SSNN
was trained with a learning rate of 10~° with 150 epochs
per stage.

Fig. 18 displays the branch activities in the latest
molecular system at three different stages: M = K + 2,
M =K +1and M = K. In all cases, the values A,
indicate the presence of K active branches and M — K
inactive branches.
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FIG. 14: Branch activities A, for a = 1,..., M at three different stages: M = K +2, M = K +1 and M = K. Each row
corresponds to a different molecule: the upper row corresponds to the rectangular molecule, the middle row to the square
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(M = 30) for the tetrahedral molecule. Each panel corresponds to a specific ground truth symmetry Dq.

FIG. 18: Branch activities Ao for a =1, ...,

M =K.
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