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Abstract

In this paper we focus on the interplay between the behaviour of the Frolicher spectral
sequence and the existence of special Hermitian metrics on the manifold, such as balanced,
SKT or generalized Gauduchon. The study of balanced metrics on nilmanifolds endowed with
strongly non-nilpotent complex structures allows us to provide infinite families of compact
balanced manifolds with Frolicher spectral sequence not degenerating at the second page.
Moreover, this result is extended to non-degeneration at any arbitrary page. Similar results are
obtained for the Frolicher spectral sequence of compact generalized Gauduchon manifolds.
We also find a compact SKT manifold whose Frolicher spectral sequence does not degenerate
at the second page, thus providing a counterexample to a conjecture by Popovici.

Keywords Complex manifold - Frolicher spectral sequence - Balanced metric - Pluriclosed
metric
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1 Introduction

Let X be a complex manifold. Frolicher introduced in [15] a spectral sequence {E;"*(X)} r>1
associated to the double complex (Q2**(X), 9, 9), where 3 + 8 = d. We will refer to it as
the Frolicher spectral sequence (FSS for short) of X. This sequence is also known as the
Hodge-de Rham spectral sequence, as its first page is given by the Dolbeault cohomology
Hg "*(X) of X and it converges to the de Rham cohomology H, 7r(X, C). Hence, the spaces

E}*(X) provide (possibly new) complex invariants of the manifold.
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Animportant question is to understand the interplay between the behaviour of the Frolicher
spectral sequence and the existence of special Hermitian metrics on the manifold. It is well-
known that the FSS of any compact Kihler manifold degenerates at the first page. In the
context of non-Kéhler Hermitian geometry, well-known relevant classes of metrics arise, as
for instance balanced or generalized Gauduchon (in particular, pluriclosed) metrics. The
aim of this paper is to construct compact complex manifolds endowed with these types of
metrics and having Frolicher spectral sequence not degenerating at different pages.

Recall that a Hermitian metric ' on a compact complex manifold X with dim¢c X = n is
called balanced if the form F"~! is closed [29]. The Iwasawa manifold is an example of a
compact balanced manifold with FSS degenerating at the second page, with E; # E>. More
generally, any compact quotient X of a nilpotent complex Lie group G by a lattice is balanced
(indeed, any left-invariant Hermitian metric on G is balanced) and satisfies E2(X) = Eqo(X)
[39].

The Iwasawa manifold, as well as the compact quotients of nilpotent complex Lie groups,
are special concrete examples of nilmanifolds. There are some balanced nilmanifolds in the
literature with FSS satisfying E» # E . Forinstance, Cordero, Fernandez and Gray obtained
in [6] a 6-dimensional complex nilmanifold with FSS not degenerating at the third page (for
the existence of balanced metrics on it, see Sect.3 below). Furthermore, for every k > 2,
Bigalke and Rollenske constructed in [4] a (4k — 2)-dimensional complex nilmanifold with
Eyx # E~, which turns out to be balanced by a recent result by Sferruzza and Tardini [42].

Each of the nilmanifolds above occurs as a concrete example in a certain complex dimen-
sion. In fact, as far as we know, there are no infinite families of manifolds in the literature,
in the sense of having infinitely many different complex homotopy types, all living in the
same complex dimension with E; # E for some k. The main goal of this paper is to
construct such families. The starting point of our construction will be the so-called strongly
non-nilpotent complex structures on nilmanifolds, recently studied in [25] and classified in
[27] in four complex dimensions.

Apart from the important role played by nilmanifolds in non-Kihler Hermitian geometry,
there are some other reasons motivating the study of complex nilmanifolds in relation to
the FSS. For instance, Kasuya proves in [22] that, in the larger class of solvmanifolds, if
one considers those constructed from a semi-direct product of C" by a nilpotent Lie group,
then the page at which their FSS degenerates cannot be greater than that of the nilmanifold.
So, in this sense, nilmanifolds constitute a preferred class to search for compact complex
manifolds with non-degenerate FSS. In addition, complex nilmanifolds, and in particular
strongly non-nilpotent complex structures in four dimensions, have a remarkable role in
relation to the problem of finding manifolds realizing certain generators of the universal ring
of cohomological invariants recently studied by Stelzig in [44].

We recall that the FSS of any complex nilmanifold X with dim¢ X = 3 is studied in
[5]; in particular, it is proved that the existence of a balanced metric on X implies that
E>(X) = Ex(X). Note that this is indeed a restriction, as there exist complex 3-dimensional
nilmanifolds X with E5(X) # E3(X) (see [5, Theorem 4.1]). Therefore, complex dimension
four is the lowest possible dimension for a balanced nilmanifold to have FSS not degenerating
at the second page. In Theorem 3.4 we prove that there are infinitely many nilmanifolds
satisfying these properties and with different complex (hence, real or rational) homotopy
types. Moreover, this result is extended in Theorem 3.8 to non-degeneration at any arbitrary
page.

In this paper we also deal with compact generalized Gauduchon manifolds, which were
introduced and studied by Fu, Wang and Wu in [16]. We recall that a Hermitian metric F
on a compact complex manifold X with dim¢c X = n is called k-th Gauduchon, for some
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1 < k < n — 1, if it satisfies the condition 33 F¥ A F"~¥=1 = 0. Observe that the value
k = n — 1 corresponds to the standard (also known as Gauduchon) metrics [18]. Note also
that any pluriclosed (or SKT) metric is in particular 1-st Gauduchon, as 89 F = 0.

We prove in Theorem 4.4 that there are infinitely many generalized Gauduchon nil-
manifolds with different complex homotopy type whose Frolicher spectral sequence can
be arbitrarily non-degenerate. Regarding pluriclosed metrics, Popovici proved in [34, 35]
that the existence of a Hermitian metric on X with ‘small torsion” implies E(X) = Eqo(X),
and furthermore, he conjectured that any compact complex manifold X admitting an SKT
metric has FSS degenerating at the second page [34, Conjecture 1.3].

In Proposition 4.5 we give a counterexample to this conjecture, based on the complex
geometry of compact Lie groups. More concretely, we consider the compact semisimple Lie
group SO(9) equipped with a left-invariant complex structure J found by Pittie in [32, 33],
which is compatible with a bi-invariant metric g. Recall that any such compact Lie group is
Bismut flat and its fundamental form F is dd°-harmonic, as stated by Alexandrov and Ivanov
in [1].

The paper is structured as follows. In Sect.2 we study the Frolicher spectral sequence
of 8-dimensional nilmanifolds endowed with strongly non-nilpotent complex structures. A
general study of the existence of balanced metrics on such complex nilmanifolds is given in
Sect. 3, from which we arrive at the results in Theorems 3.4 and 3.8 mentioned above. Finally,
Sect. 4 is devoted to the FSS of compact pluriclosed and generalized Gauduchon manifolds.

2 Complex nilmanifolds with 1-dimensional center and
non-degenerate Frolicher spectral sequence

In this section we study the FSS on 8-dimensional nilmanifolds with one-dimensional center
endowed with invariant complex structures. Infinite families of complex nilmanifolds with
E, # E are obtained in complex dimension 4.

Let X be acompact complex manifold with dim¢ X = n. We recall that the Frolicher spec-
tral sequence of X is the spectral sequence associated to the double complex (Q**(X), 8, 9),
where 3 4+ 8 = d is the usual decomposition of the exterior differential d on X. This spectral
sequence was first introduced in [15], in terms of a certain filtration, and it can be described
as a collection of complexes

o preratr=lxy ey grdxy S prmartl xS

that are canonically associated with the complex structure of X, for every r > 1. The 1-st
page consists of the Dolbeault cohomology groups of X, i.e. E]"?(X) = Hz-’p *9(X), while the

differentials d; are induced by 9 as d; ([«]) = [d«], for every Dolbeault class [«] € HP9(X).
For an arbitrary r, the differentials d, on the r-th page are of type (r, —r + 1) but they are still
induced by 9 acting on a certain (p +r — 1, ¢ —r + 1)-form associated to any representative
of every class in E”?(X) (see the description below). It turns out that d, o d, = 0, and the
(r 4+ 1)-th page is induced from the previous r-th page as the kernel of d, over the image of
the incoming differential d,..

There exists a positive integer » from which all the differentials vanish identically, namely,
ds = 0 for all s > r. This is equivalent to having Ef?(X) = E};(X) for every k > 1 and
any 0 < p,gq < n. This space EP"9(X) is denoted by EZ9(X) and the FSS is said to be
degenerated at the r-th page, then writing E, (X) = Exo(X).
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The Frolicher spectral sequence gives a link between the complex structure of X and its
differential structure. Indeed, it converges to the de Rham cohomology of X in the sense
that there are isomorphisms ng‘R(X, C) ~ &P EL9(X), for every k € {0,...,2n).

+q=k
It is worthy to recall that a Hodge theory isl;ngroduced in [36] through the construction
of elliptic pseudo-differential operators, associated with any given Hermitian metric on X,
whose kernels are isomorphic to the spaces £/ (X) in every bidegree (p, q). This extended
to any arbitrary positive integer r a previous construction in [34] for » = 2. We also remind
that Serre duality for EF*? is proved by Stelzig in [43] and by Milivojevié in [30]. This duality
is also obtained as a consequence of Hodge theory (see [36] for more details).

The following general description of the terms in the Frolicher spectral sequence was
given in [7] and it will be useful for our purposes. For every r > 1 and any 0 < p,q < n,
the space EP*?(X) is isomorphic to the quotient C-vector space

xP9(x
gragn =5 % M
Ve (X)
where
XPUX) = {opg € QPUX) | dap g =0}, YII(X) =d(QM71 (X)),
and for every r > 2
xPNX) = {apg € QP4(X) | datp g =0, and there exist r — 1 forms otpi1,g—1, - .-
s Optr=2,g—r+2, Uptr—1,g—r+l1 satisf_ying 2)
0= aolp,q"‘f‘ 8Olp+l,q—1 == aap+r—2,q—r+2 + aap+l‘—l,q—r+l}a
and
P4 (X)) = {éﬂp,q,1 + 0Bp—1,4 € 2P9(X) | there exist r — 2 forms ﬂf’fz»qﬂ’
ooy Bp—r+2,g+r—3, Bp—r+1,qg+r—2 satisfying 3)

0= 5/3p—1,q+a,3[_1—2,q+1 == éﬂp—r+2,q+r—3+aﬂp—r+l,q+r—2
= 0Bp—r+1,g+r—2}-

Furthermore, the differentials d,: EP*9(X) — EF trogortl (X) are explicitly given by
dr([ap,q]) = [0aptr—1,g-r+1]s 4

for any [a) 41 € EF9(X).

Let G be a simply connected real Lie group endowed with a left-invariant complex struc-
ture J, and suppose that G admits a discrete subgroup I' so that the quotient space I'\G
is compact. Let us denote by X the latter manifold endowed with the (naturally induced)
complex structure J.

Consider g, the Lie algebra of G, endowed with the (linear integrable) complex structure
J. Then, we can define the corresponding sequence E, (g, J) associated to the pair (g, J).
The description (1) together with (2) and (3), and so the homomorphisms (4), apply to this
sequence.

Proposition 2.1 Let X = (I'\G, J) be a compact quotient of a simply connected Lie group
G by a lattice T, endowed with a complex structure naturally induced by a left-invariant
complex structure J on G. Let g be the Lie algebra of G. Fix an integer r > 1, and suppose
that the homomorphism d,: EF'9(g, J) — Ef'w’q_rﬂ(g, J) is non-zero for some p, q.
Then, the Frolicher spectral sequence of X does not degenerate at the r-th page.
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Proof Let [, 4] be an elementin £/ (g, J) such that d, ([erp4]) # 0in EPTT (g ).
Since o, € X (g, J) and there is a natural inclusion ¢: X/ (g, J) < X79(X), the
form ), , defines an element [, 4] in E 24X, Notice that we can choose the r — 1 forms
Apilg—1s --» Upir—2.g—r+2, Aptr—1,q—r+1 i (2) to be left-invariant.

Suppose that the FSS of X degenerates at the r-th page. Then, dr([ozpyq]) = 0in

Ef'H’q_rH(X). By (2) and (4), together with (1), this means that dapi,—14-r11 €

4 trgor (X). From the description (3), there exist r forms

ﬂp+r,q7ra ,817+r71,qfr+1s ﬂp+r72,q7r+2s CERE] ﬂp+2,q72» ﬂp+l,q71

on the complex manifold X satisfying

0 ptr—1,g—r+1 = 0Bptr.qg—r + Bptr—1,g—r+1,

and

éﬂerrfl,qfrJrl + algp+r72,q*r+2 =0, ...,
8,Bp-Q—Z,q—Z + 8/3])+1,q—1 =0, 8ﬂp-&—l,q—l =0.

As the Lie group G has a lattice, G is unimodular. In particular, G admits a bi-invariant
volume form, so we can apply the well-known symmetrization process (see for instance [5]
and the references therein for details). Given any form 8 on X, we denote by B the left-
invariant form on G given by the symmetrization of 8. Recall that J being left-invariant, the
bidegree of the forms is preserved, and one has 573 = 9B and 38 = 3.

Note that det)y,—1,4—r+1 coincides with its symmetrization because it is left-invariant.
Therefore, from the equalities above, we get r left-invariant forms

Berr,qfra Bp+r71,qfr+la /§p+r72,q7r+2a ER) Bp+2,q72» Berl,qfl
satisfying
00 ptr—1,g—r+1 = é,gp+r,qfr + 8:ép+r71,q7r+1,
and
5,gp+r—l,q—r+1 + 3l§p+r—2,q—r+2 =0, ...,
5/§p+2,q72 + 3Bp+1,q,1 =0, é/§p+1,q71 =0.
But this implies dapqr—1,g—r41 € 4=+l g 1), which is a contradiction to the

hypothesis that d, ([cxp,q]) 1S non-zero in E57+r,q—r+1 (g, J).

In conclusion, d; ([ap41) # 0 in EPT47" (X)), and the FSS of X does not degenerate
at the r-th page. O

From now on in this section we will consider that G is a nilpotent Lie group, and thus
X = (I'\G, J) is a complex nilmanifold. It should be noticed that if the natural map
t: A**(g, J) — Q*(X) induces an isomorphism in Dolbeault cohomology, then one
has also an isomorphism Ef?(X) = E}l"9(g, J) forevery k > landany 0 < p,q < n
(see [43] for general results about E,-isomorphisms of bounded double complexes). This
is indeed the case in complex dimension three [14, 37], or in arbitrary dimension for any
nilpotent complex structure [38].

However, the complex structures J on the nilmanifolds X that we will study in this
section are (strongly) non-nilpotent, so Proposition 2.1 will be applied to derive the non-
degeneration of the FSS of X by means of the non-degeneration of the sequence E, (g, J).
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Observe that the proof of Proposition 2.1 implies that the natural inclusion ¢ induces an
injection EP4(g, J) — EP9(X) that commutes with the differentials d, .

Let g be a nilpotent Lie algebra (NLA for short) endowed with a complex structure J.
Since g is nilpotent, its center is always non-trivial. If we now assume that the center has
dimension 1, then the only J-invariant subspace in it is the trivial one. Complex structures
having the latter property are known as strongly non-nilpotent (SnN for short), and they are
studied in [25]. We recall that, up to real dimension 8, the conditions “J being SnN” and “g
having 1-dimensional center” are equivalent. Furthermore, it is proved in [27, Proposition
3.1] that when g has dimension 8 and J is of the previous type, the dimension of the space
E ?’1 (g, J) is either 2 or 3. This provides a partition of the space of SnN complex structures
J into two families.

Definition 2.2 Let g be an 8-dimensional NLA endowed with an SnN complex structure J.
We say that J belongs to Family I (resp. Family II) if E?’l(g, J) has maximal dimension
(resp. minimal dimension).

The following classification of SnN complex structures is available in [27]:

Proposition 2.3 [27, Theorem 3.3] Let J be a complex structure on an 8-dimensional NLA
g with one dimensional center. Then, there exists a basis of (1, 0)-forms {&* }2:1 in terms of
which the complex structure equations of (g, J) are one (and only one) of the following:

(i) if J belongs to Family I, then

do' =0,
do? = swli,
)

dw’ :a)m~|—a)]z‘~|—aw2T —I—iéebw]i,
do* =iva)11 —}—ba)2i +i6(w1§ —wﬂ),

where § = =1, (a,b) € R — {(0,0)} with a = 0, and (e, v, a, b) being one of
the following: (0, 0,0, 1), (0,0, 1,0), (0,0, 1, 1), (0, 1,0, £1), (0,1, 1, b), (1,0,0, 1),
(1,0,1,|b]) or (1, 1, a, b).

(ii) if J belongs to Family 11, then

do' =0,

do? = o' + o'

- S . ©)
do® =ao'l +5(@2 4+ 02 —®) +ip (@ + 0™,
dw4:ivwli—uw2§+ib(a)li—w21)+i(w13—w31 )

where a, b € R, and the tuple (e, u, v, a, b) takes the following values: (1, 1,0, a, b),
(1,0,1,a,b), (1,0,0,0,b), (1,0,0, 1, b), (0, 1,0,0,0) or (0, 1,0, 1, 0).

Our first goal is to provide (the first known) examples of nilmanifolds endowed with SnN
complex structures such that the differential d» # 0. We recall that up to real dimension 6
all such complex nilmanifolds have FSS degenerating at the second page (see [5, Theorem
4.1] for the NLAs b7y and h3y).

Next we will study the spaces E? ’z(g, J) for every SnN J on any 8-dimensional NLA
g. One reason for focusing on the bidegree (p, ¢) = (0, 2) is motivated by the recent paper
by Stelzig [44], where this bidegree plays an important role in complex dimension 4 in
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relation to the problem of finding manifolds realizing certain generators of the universal ring
of cohomological invariants in degree 4 (see [44, Problem 11.2]).

Moreover, note that one can take advantage of the explicit description (1-4) when partic-
ularized to any bidegree (p, g) with p = 0, since then yf”q = {Z_iﬁo,q,l} foreveryr > 1.In
particular, for ¢ = 2 the corresponding terms for the pair (g, J) can be described as follows:

0,2
X" (g.J)
E‘O’2 N J = _V77 7
P00 = i) ™)
where Xlo’z(g,J) ={app € AO'Z(g,J) | 50{0,2 =0}, and
X%j(g,f) = {ao,zexg’z(g,l) | darg 2+, 1 =0 for some ary 1},
X37(g,J) = {ap2€X]"7(9,J) | dap,2+030ry ] =0da) 1 +0a2,0=0
for some o1 1 and a o},
®

whereas X,O’Z(g,.l) = Xf’z(g,l) for any r > 4, with

X2 (9,0) = {a02 € X)(9.) | B 2 +dar,1 = 01,1 + dorz,0=02,0=0
for some «1,1 and a2 o}

r,3—r

Moreover,d, = Oforr > 4,andfor1 < r < 3wehavethatd, : E?’z(g, J)— E, (g,J)
is defined by

dr ([@0.2]) = [00r—1,3-r],

for any [op2] € E?'z(g, J). Note that E?_fl (g, J) = kerd, because the incoming d, is
identically zero by bidegree reasons.

In the following result we study in detail the terms E?’z in the FSS of an interesting
subclass of complex structures in the Family I.

Proposition 2.4 Let J be an SnN complex structure in Family I defined by ¢ = 1 and ab # 0.
Let ©(8,v,a,b) = ((a — b)*> — 28vb)((a + b)> — 28vb). Then,

Eg’z(g, J) # E?’z(g, J) & ©O(,v,a,b) #0.

Moreover, in this case we have:

EY (8. )) = Ey*(g. 1) = ([0"], [0"]. [0™], [0™),

E)?* (g, ) = ([0, [0], [0™*), forr=3.
Proof We use the description given in (7) and (8) to compute t_he terms E,(.) ’2(9, J). From the
complex structure equations (5) it follows that the space of d-closed (0, 2)-forms is given
by A2 (g, J) = (02, 0P, 0!, 0, ©™). Since § (A%!(g,J)) = ('*), we obtain the
space E ?’Z(g, J) given in the statement above.

Note that w!? is a d-closed form, so [a)lz] € E?’z(g, J) for every r > 2. Moreover, the

classes [wig] and [a)i‘i] also belong to E? ’z(g, J) for every r > 2, due to the following
relations:

dol3 + 3(a w2?) =0, dwt +9Qiv wZ? + a)z‘it - a)4?) =0,
3@ w®?) + I(—o'?) =0, 3(2i v + o* — ) + §(0*) = 0,
A(—w'3) =0; 3 (@*) = 0.

@ Springer



14 Page8of28 Annals of Global Analysis and Geometry (2024) 66:14

Let us now focus on the (0, 2)-form w3*. Since ab # 0, one can verify that dwt +3y =0
for the (1, 1)-form y given by
i8(—a® + b* +26vb) S a?—b*+28vb 3
= b
v 2 2y (b +aat

o022 , _

_lS(a +b 28vb)w34_w43.

2ab

Therefore, [0**] € ES*(g, J), and E%(g, J) = ES*(g, J).

Notice that any (1, 1)-form o1 satisfying the condition dwt + o 1,1 = 0 can be written
asay) =y +o,witho € Xll’l(g,J), i.e._a is any d-closed (1,1)-form. Since we have to
study the solutions of the equation dotj 1 + 2,0 = 0, for some form a2 ¢ of bidegree (2, 0),
it is enough to consider the (1,1)-forms o in the quotient space

V(g,J) = X" (g,J)/{d-closed (1, 1)-forms}.

Using (5) it is not difficult to see that V(g,J) = (a)13 + a)z‘_‘, a)]4), SO We can express o as

o =c (a)13 + a)24) +cy 0, where ¢, ¢y € C.

Then, we get
i ida(a®—b>—28vb) +2b? ; 3
Ay +0)=i (v —8b)cy w121+l a@ b vb) + @ o' —isci0'?
a? (b +8v) —b(b —28v)(b —8v) —2i8abcy 37 a®+b>—28vh 33
+ 0 ®
2ab 2ab
ey T 4 a® +b> —28vb R i8(a® + b* — 25vb) e
2a 2ab
T i8(a® +b* —28vb 5 i8(a® 4+ b —28vb) 47
ise o™ 4! (a +2 v )w232_l (a +2b v )wz41.
a

Now, observe that any (2, 0)-form a2 o can be written as a2 o = Zl<,<s<4 Ars @™, with
Ars € C. A direct calculation shows

50&2,0 = (—aiiz+iv )\24)(1)12i —b(Ag—1id )\23)61)12i +ié )\246()123 + A3 a)1241

i (8 A4 i oz + v As)e!] +15,\34w 3 s =i 8b Az

144 231 241

—A3qw T i 8 Apw” + b k34w —alyw

We have to study the equation 0 = 3(y +0)—daz0 = Y. Ao sk, where the coefficients
A, can be directly obtained from the previous expressions. In particular, we will obtain
some relations among c1, ¢2, A,s and the parameters defining the complex structure J that
ensure A, = O forall r, s, k. First, observe that from A,,; = A4, = A;4;3 = 0 one gets

i8@?+b2-268vb)
2ab ’

These values force most of the coefficients A, ; to vanish, with the exception of A ,1, A|y3
and A ;7. From the vanishing of the first and second aforementioned coefficients, one obtains

A3 =0, Ay=-—c, Au=

ic1 (8b—2v) ida(a? —b2—28vb)+2b2cz
My=——————  hu=-— 5
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This immediately gives that A;;7 = 0 if and only if
((a — b)* — 28vb)((a + b)* — 26vb) = 0.

Consequently, if ©(8,v,a,b) # 0 then [0**] € ES(g, J), but [0**] ¢ ET*(g, J).

However, if ©(8, v, a, b) = 0 then [0**] € E>*(g, J) for every r > 3, because Az3 = 0
implies that darz 9 = 0. This completes the proof of the proposition. O

In the following result an interesting subclass of structures in the Family II is studied.

Proposition 2.5 Let J be an SnN complex structure in Family Il defined by e = = 1 (hence
v =0). Then, Ey*(g, J) # ES*(g, J). Moreover,

EY(g.0) = EY*(g. ) = (li 0= 0], [0 — i ™)),
E®(g, J) = (li 02— &™), for r > 3.

Proof We use again the description given in (7) and (8) to compute the desired terms of
the FSS. From the complex structure equatlons (6) it follows that the space of d-closed
(0, 2)-forms is given by X 29, )) = (0! a)14, 24 w13 _ i w3, Since 3 (A%N(g,))) =

(w]4 a)12 24)

Now, since

, we obtain the space EY 1 (g, J) in the statement.
3 0'? — )+ 5 0*2=0,

we conclude that the (0, 2)-form i w2 — w?* defines a non-zero class in E?’z(g, J) for every
r. - - N o
Let us now consider the form w!3 — i 3*. One can check that 8(w!3 — i ©3*) + dy =0,
where
RIZZN TR ST SO U L ¥ SNE
=—ow —w —w —w iw™,
2 + 2 + 2 + 2 +

therefore Eg’z(g, J) = E?’z(g, J). To finish the proof we will show that the form w'? —i w3
does not belong to the space X30 2 (g, J). As in the proof of Proposition 2.4, this is equivalent
to proving that 3(y + o) ¢ 8 (A*°(g,J)) for every (1, 1)-form o representing a class in the
quotient space

V(g,J) = &"'(g,J)/{d-closed (1, 1)-forms).

In other words, next we will prove that d(y + o) + E_)az,o # 0 for every such o and every
form a3 o of bidegree (2, 0).

Using (6) one can see that V(g,J) = (wl‘_‘, wz‘—*), SO We can express o as o = ¢ o' +
c2 w**, where ¢, ¢ € C. A direct computation shows that

- = i _
— (1 + ibcz)wlzz— icy o'B 4+ 5&)124

142

Ay +0)=(1— ibe))ow'?!
131

b 5 1 3 ia 11
i T g 2132 L35 1 el

2 2 2 2
i b+2 1 i 5 1 1 24
143 b+ 102w231 + Lw232 . sz41 _ L4

teo 2 2 2 2

Now, writing any (2,0)-form a2 as az 0 = Zl<r<s<4 Ars @™, with A,y € C, from (6)
we get
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50[2,0 = (A3 +ibrga + ak23)w121 + (Mg + A3 + ibk24)w122 +1i Kz4a)123 —1i A13w124
g 4 iAo' 4 idaw!® — a3 — e — dye!®
—)\3460144 +i(Aog — bk34)w231 — )»34(0232 + )L34a)241 — ik34w244.

Let us study the condition 0 = d(y + o) — E_)az,o =y Ao sk where the coefficients
A, are obtained directly from the previous expressions. From A ;7 = A3;3 = 0 one gets
A4 = —cy and A3 = 0. Hence, A|,7 = 0 is equivalent to 113 = 1. However, A, = 0
gives A3 = —%, which is a contradiction. O

We recall that, by the classification obtained in [27, Theorem 1.1], an 8-dimensional NLA
g with one dimensional center admits a complex structure if and only if it is isomorphic to
one (and only one) in the following list:

gl = (0%, 13+ 15+24, 14 — 23 +25, 16 +27 + y-34), where y € {0, 1},

95 = (0%, 12, 134+ 15+ 24, 14 — 23 + 25, 16 + 27 + «-34), where o € R,

gg = (0% 12, 134+ y-15 425, 15424 4 y-25, 16 +27), where y € {0, 1},

g0 P = (0%, 12, 15+ (@+1)-24, (a—1)-14 — 23 4 (B—1)-25, 16+ 27 + 34 — 2.45),
where (o, ) € R* x RT or Rt x {0},

gs = (0%, 2-12, 14 — 23, 13 + 24, 16 + 27 + 35),

g6 = (0%, 2-12, 14 4+ 15 — 23, 13424 + 25, 16 + 27 + 35),

g7 = (0°, 15, 25, 16 + 27 + 34),

gg = (0%, 12, 15, 25, 16 4 27 + 34),

g, = (0%, 13, 23, 35, y-12 — 34, 16 + 27 +45), where y € {0, 1},

gl, = (0%, 13, 23, 14425, 15+ 24, 16 + y-25 +27), where y € {0, 1},

g‘f’f = (0%, 13,23, 14 +25—35, - 12+ 15+ 24 + 34, 16 4+ 27 — 45 — B(2:25 + 35)),
where (a, 8) = (0, 0), (1,0) or (¢, 1) with @ € [0, +00),

g)fz = (0%, 12, 13, 23, 14425, 15424, 16 +27 + y-25), where y € {0, 1}.

In the description of the nilpotent Lie algebras above we are using the standard abbreviated
notation, where the i-th component of the tuple contains the differential of the i-th element
of the basis. We recall that complex structures on the NLAs gjl/, ..., gg belong to Family I,

whereas those on gg , gﬁ/o, g‘lxiﬂ and g%’z belong to Family II. Moreover, the previous list is
ordered according to the dimensions of the ascending central series of the algebras.

Werecall that the precise relation between these 8-dimensional NLAs and the classification
of complex structures showed in Proposition 2.3 can be found in [27]. Nevertheless, the
essential information is gathered in the Tables 1 and 2 (columns 1, 2 and 5), where we also
sum up the behaviour of the sequence E 9 2 (g,J) for any complex structure J in the Families
I and 1I, respectively (columns 3 and 4). Note that this completes the results obtained in
Propositions 2.4 and 2.5. We omit the details here.

In both tables we denote by e(,)’ 2 the dimension of the term E?’ 2(9, J) in the spectral
sequence. In Table 1, the parameter s stands for the sign of b—24v.

Remark 2.6 In [44, Problem 11.2] Stelzig asks for the construction, for every n > 3, of a
compact complex manifold X with dim¢ X = n and with non-vanishing differential on page
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E,_1(X) starting in bidegree (0, n—1) or (0, n—2). Forn = 3, any complex nilmanifold X =
(I'\G, J) has differential d>: Eg'l X) — E%’O(X ) identically zero (see [44, Proposition
8.11]or [5, Theorem 4.1]). From the Tables 1 and 2 we get thatds : Eg’z(g, J) — Eg‘o(g, J)
vanishes for any SnN complex structure J on an 8-dimensional NLA g. One may then ask
whether the differential d,_; : E*" E" LN E," always vanishes on complex nilmanifolds.

We can finally apply the previous results (namely, Propositions 2.1, 2.4 and 2.5) to obtain
new compact complex manifolds with d, # 0. To our knowledge, no compact complex
manifold of complex dimension 4 with d3 # 0 is known. Let G be the simply-connected
nilpotent Lie group associated to g, where g is isomorphic to any one of the NLAs in the
list above. Since y € {0, 1}, all the Lie algebras are rational except for possibly g5, gi’ﬂ and

g‘fiﬂ . For these algebras, it follows from their structure equations that they are also rational
algebras whenever «, B € Q. Hence, the existence of a lattice I for the associated nilpotent
Lie groups is guaranteed by the well-known Mal’cev theorem [28]. Therefore, many compact
complex nilmanifolds X = (I'\G, J) with dimc X = 4 can be defined in this way.

Theorem 2.7 Let T'\G be a nilmanifold endowed with a complex structure J in any of the
following cases:

o J in Family I defined by (e, v, a, b) = (1,0, 1, b) withb € QT — {1}, or (1, 1, a, b) with
(a,b) € QT x Q* satisfying ©(8,1,a,b) #0;

e J in Family II defined by (e, u, v,a,b) = (1,1,0,0,0), (1, 1,0, a, 0) with a € R*, or
(1.1,0,a.b) with (a, b) € R x R* sarisfying 221 € Q.

Then, the compact complex manifold X = (I'\G, J) has Frolicher spectral sequence not
degenerating at the second page.

Proof Let J be a complex structure in Family I defined by (e, v, a, b) = (1,0, 1, b), with
beQt —{1},or(1,1,a,b), with (a,b) € QT x Q* satlsfylng ©(,1,a,b) # 0. In view
of Table 1, in the first case the underlying Lie algebra is g7 4 and in the second one we have

sa |b—28]
g/  “ , where s denotes the sign of b — 23. Since § = +1, we always get rational Lie

algebras. Note also that
0@, 1,a,b) = (a*> — b*)? — 45b(a> + b*) + 4b°,

hence, given any b € Q* we can choose § so that §b < 0 and thus ©(8, 1, a, b) # 0.
Now, let J be a complex structure in Family II defined by (¢, u, v, a,b) = (1, 1,0, 0, 0),

(1,1,0,a,0) witha € R*, or (1, 1,0, a, b) with (4, b) € R x R* satisfying 234l € . In

Ib]
view of Table 2, the underlying NLAs are g“ , g“ or g“ ,withg = 2“[17"“' € Qandg >0,

depending on the case, which are always rational. Note that for the last two NLAs there are
one-parameter families of (non-isomorphic) complex structures.

To get the desired result it suffices to observe that for any lattice I" in the Lie group G
associated to any of these rational Lie algebras, the FSS satisfies E»(I'\G, J) # E3(I'\G, J)
by Propositions 2.1, 2.4 and 2.5. O

3 The Frolicher spectral sequence of balanced manifolds

In this section we study the existence of balanced metrics on 8-dimensional nilmanifolds
M endowed with an SnN complex structure J. As an application, we get infinitely many
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compact balanced manifolds with complex dimension 4 and different homotopy types whose
FSS does not degenerate at the second page. This is also extended to non-degeneration at any
arbitrary page.

A compact complex manifold X of complex dimension 7 is said to be balanced if there
is a Hermitian metric F on X satisfying d F"~! = 0. These metrics were first studied in [29]
and play an important role in geometry and many aspects of theoretical and mathematical
physics. Notice that for any n > 3 one has

dF" ' =m—1DdFAF"?=@m—1)(dF AF" 24+ 3F A F"7?).

Since F is a real form, the two summands in the last expression above are conjugate to each
other, and the balanced condition is equivalent to

aF A F'2 = 0. 9)

We recall that when X = (M, J) is a nilmanifold M endowed with an invariant complex
structure J, by the symmetrization process the existence of balanced metric on X implies
the existence of an invariant one, i.e. a balanced metric on the underlying Lie algebra (g, J).

Let us consider a basis of invariant (1, 0)-forms {a)k};:: | on a complex nilmanifold X =
(M, J), where M is 8-dimensional. Then, in terms of this basis, any invariant Hermitian
metric F on X is given by

4
ki 1k
=Zz Xt + Z xklw —xkl-a) ), (10)
k=1 I<k<i<4
for some coefficients x;; € R and x;; € C. Associated to F, we consider the 4 x 4 matrix
Xy —iXgy —ixgy —ixg
H = [X3 Xp5 —iXp3 —iXy ] (11)

X3 103 X33 —ixy

X3 107 1X33 Xy
Let us denote by H, the determinant of the 3 x 3 submatrix obtained by removing the r-th
row and the s-th column from H. Note that H;, = H,;. The metric F being positive implies,
in particular, H,, > O forevery 1 <r < 4.

Lemma 3.1 Let M be an 8-dimensional nilmanifold endowed with an SnN complex struc-
ture J. Let F be any Hermitian metric on (M, J) defined by (10) in a (1, 0)-frame {a)k};::]
satisfying the Egs. (5) or (6). We have:

(i) If J belongs to Family I, then F is balanced if and only if
e=v=0, aHo+Has=0, bHy—28ImH;3) =0.
(ii) If J belongs to Family II, then F is balanced if and only if
v=0, Hi4=0, 2eIm(Hy) — pu Hoy —ia Hyy =0,
w Hyy —2bJIm(Hy2) +20m(H3) = 0.

Proof To prove (i) we calculate (9) for n = 4 taking into account the complex equations (5).
We get

1 - — —
0= iaF A F2 = A; a)1234123 + B, a)]234]24 +Cy a)]234]34,
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where

A =—vHy —ibHxn+2i§Im(Hp),

By =—8ebHip—iaHp—iHu,

C;=—i¢eHi.
Since Hy1 > 0, the condition C; = 0 implies ¢ = 0. Similarly, since Re (A;) = —v H;; =0
we getv = 0. Now, taking ¢ = v = 0, the remaining conditions are Jm (A;) = Oand B; = 0,

and the statement in the part (i) of the lemma follows.
For the proof of (ii) we use the complex equations (6) to compute (9) for n = 4. One has

1 — - -
0= E OF A F2 = Ay 0)1234]23 + By w1234124 +Cy wl234134’

where

App = —vHy +i (1 Hy = 2bIm(Hi2) +2Im(H)),

By = —2&Jm(H) + pn Hos +ia Hyy,

Cy =i Hyu.
From$Re (A;;) = —v Hy1 = 0and Hyp > 0, it follows that v = 0. The remaining conditions
in the statement come directly from Jm (Ay;) =0, By = 0and Cy; = 0. ]

The following result provides a classification of the SnN complex structures J in eight
dimensions admitting balanced metrics.

Proposition 3.2 Let M be an §8-dimensional nilmanifold endowed with an SnN complex struc-
ture J. Then, (M, J) admits a balanced metric if and only if J is equivalent to a complex
structure defined by, either (5) with the tuple (e, v, a, b) being one of the following

0,0,0, 1), (0,0,1,0), (0,0, 1, 1),
or (6) with tuple (g, u, v, a, b) one of the following

(1,1,0,a,b), (1,0,0,0,b), (0,1,0,0,0), (0, 1,0,1,0).

Proof When J belongs to Family I, it follows from Lemma 3.1 (i) that the possible values
for the tuple (¢, v, a, b) are (0, 0,0, 1), (0,0, 1,0) or (0,0, 1, 1). We will find a balanced
metric F for each case. Observe that a, b € {0, 1}. We distinguish two cases according to
the value of b:

e If b = 0, then a = 1 and the equations in Lemma 3.1 (i) reduce to Hy + Hjs =0and
Jm(H;3) = 0. To obtain a solution it suffices to consider the metric F' defined by taking
H in (11) as the identity matrix.

e If b = 1, we consider the metric F' defined by

xlI:x35:x4g‘:1, x22:4, X553 =1, xlﬁlea:)@[l:o,
*3=5. M =ta

It can be checked that this choice indeed defines a positive-definite metric for which one
has Hip = 1, Hiz = %’, Hi4 = —a, and Hy; = 1. Since § = =1, all the conditions in
Lemma 3.1 (i) are satisfied and the metric F is balanced.
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Suppose now that J belongs to Family II. Lemma 3.1 (ii) implies that the possible values
for the tuple (e, u, v, a, b) are (1, 1,0, a, b), (1,0,0,0, b), (1,0,0, 1, b), (0,1,0,0, 0) or
0,1,0,1,0).

Let us distinguish two cases depending on the value of the parameter u:

e If u = 0, then we have (¢, u,v,a,b) = (1,0,0,0,b) or (1,0, 0, 1, ). Observe that
one of the equations in Lemma 3.1 (ii) becomes 2 Jm(H2) — i a H;; = 0, which is
equivalent to Jm(H12) = 0 and a Hy; = 0. Since Hy; > 0, we conclude that a = 0 in
order that J admits a balanced metric. Therefore, there are no balanced metrics for the
tuple (1, 0, 0, 1, b). However, for the case (1, 0, 0, 0, b) one can check that the metric F'
defined by taking H in (11) as the identity matrix is balanced.

e If u =1, we take F defined by

It can be checked that it defines a positive -definite metric. Moreover, Hj| = i, Hp, =
0, H3 = =3, Hyy = 0, Hp = 3,
Lemma 3.1 (ii) are satisfied, the metric F is balanced.

and Hyy = 3 Z” Since all the conditions in

[m}

The following result is a consequence of Proposition 3.2 and the values given in the second
and fifth columns of Tables 1 and 2. Here we are also using that the existence of a balanced
metric implies the existence of an invariant one.

Theorem 3.3 Ifan 8-dimensional nilmanifold endowed with an SnN complex structure admits
a balanced metric, then its underlying Lie algebra is isomorphic to g%’, a7, g’g’ , 9)1/0 or g?iﬁ .

This result has a certain converse which is useful in the construction of balanced nilman-
ifolds satisfying additional properties. Indeed, by a similar argument as in Sect. 2, starting
with the rational Lie algebras g’f, g7 or gg we get compact balanced nilmanifolds. Simi-
larly, when we start with 9}1/0 endowed with any complex structure corresponding to a tuple
(e, m,v,a,b) = (1,0,0,0, b). Finally, compact balanced nilmanifolds can also be con-
structed starting with g‘f’lﬂ for («, B) = (0,0), (1,0) or (g, 1) with rational ¢ > 0, since
from Table 2 in the latter case we can always choose complex structures defined by tuples
(e, . v,a,b) = (1,1,0, a, b), with b # 0, such that Zﬂ“‘

We observe that all the compact balanced nilmanifolds X with underlymg Lie algebra iso-
morphic to g; 1 satlsfy E>(X) # Exo(X), due to Proposition 2.5. Moreover, non-isomorphic
Lie algebras g‘f’lﬂ and g‘f;’ﬂ / give rise to nilmanifolds X and X’ with different minimal model
by Hasegawa theorem [20], hence with different real homotopy type (see [3, 8, 10, 19, 45] for
results in homotopy theory). Furthermore, their complex homotopy types are also different:

Theorem 3.4 There are infinitely many complex (hence, real or rational) homotopy types of
compact balanced manifolds of complex dimension 4 with Frolicher spectral sequence not
degenerating at the second page.

Proof By the discussion above, it is enough to consider a family of compact balanced nil-
manifolds YO‘} with underlying Lie algebra isomorphic to g‘lxiﬁ witha =¢q¢ >0,q € Q, and
B = 1. To complete the proof it only remains to prove that the Lie algebras g‘f’ll and g‘fl’l are
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not isomorphic over C whenever & # «’. Indeed, this means that the C-minimal models of
Y;ét and Yé, are not isomorphic for & # «’. The proof of this fact is quite long and technical,
and we give the details in the Appendix A. O

Our next goal is to extend this result to get non-degeneration in arbitrary high pages. For
this we first consider the nilmanifolds constructed by Bigalke and Rollenske in [4, Theorem
1]. For every n > 2, they provide a complex nilmanifold X*"~2 of complex dimension
4n — 2 with Frolicher spectral sequence not degenerating at the E,, term, i.e., d, # 0. More
concretely, the nilmanifold X**~2 has a basis of invariant (1,0)-forms given by

n

dxi,...,dx,—1,dy1,...,dy,, dz1, ...,dz,,,l,a)l, W
and satisfying the complex structure equations

d(dx;) =d(dz;) =0, i=1,...,n—1,
d(dyj) =0, j=1,....n,
do' = —dj' Adzy,

dof =dxy_1 Adyp +dyv-1 AdZ—1, k=2,....n

(12)

Let us consider the (1,0)-frame {t’} definedas 7/ = dx; (1 <i <n—1), v/ = dyi_nt1 (n <
i<2n—1), t' =dzi—gpp1 Cn<i <3n-2),t' =3 Bn—1<i<4n-3),and
=2 _ 1

The complex structure equations (12) are expressed in this frame as

dtl =di?> =...=dt" ! =0,

dt" =dt"t = ... =dr 2n—-2 dr2n | —"

d.L.Zn — dT2n+1 — ... :d‘[3” -2 _ 0

de3n=t =gl aemtl p o A g2 (13)

dr4n73 — rnfl A .L,anl + .L,2n72 A 'L'3n_2,
dr¥=2 = T2 A T,

Note that the complex structure J on the (2-step) nilmanifold X*"~? is of nilpotent type.
Bigalke and Rollenske prove the following result:

Proposition 3.5 [4, Lemma 2] The differential form g = 12" A .. . AT31=2 AT42 defines
a class [B] € EX""N(X) such that d,([B]) = [t' A ... ATV A 2271 £ 0 in EFO(X).

As shown by Sferruzza and Tardini in [42], the nilmanifold X 41-2 s balanced. Indeed,
many balanced metrics exist on X*=2 For any p = (p1,..., Pan—2) € (RH2 let F, be
the “diagonal” (with respect to the above basis) invariant Hermitian metric defined as

i J— [EE—
Fp:E(Plfl/\Tl+---+,04n72f4"72/\f4"’2)-

Hence,

4n—-2 A~
IF 3 = Zh" ((‘L']/\‘L’l)/\---/\(‘Ck/\‘Ck)/\--~/\(‘l,'4”_2/\‘1:4”*2)>, (14)

where h,‘: =i (‘;’ln 33) 01+ Pk + -+ Pan—2. Here, o means that we are removing oy from the

~

expression, and a similar meaning is given to the notation 7% and z¥. Using (13) one has
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At/ Atiy=0for1 < j <3n—2, and

NN ATy = ¢l A gntl AT g2 AT A g3l

3(‘[4n_3 A r4n—3) — .L.n—l A .L,2n—l A T3 + .L_3n—2 A T2 A .L_4n—3’

(T2 A T2y = AT A T2,
These equalities clearly imply that § A ) ATi) = 0 for every £ € /\3"73(rl A
th ..., 32 At37=2) and forany 1 < j < 4n — 2, so (14) vanishes. Thus, any diagonal

metric F), is balanced.
Proposition 3.6 [42, Theorem 3.3] For every n > 2, the nilmanifold X**~? is balanced.

In a recent paper Stelzig proves that the Kiinneth formula is compatible with the Hodge
filtration and its conjugate, so the well-known Kiinneth formula for the Dolbeault cohomology
implies a Kiinneth formula for all higher pages of the Frolicher spectral sequence (see [44,
Section 6] and the proof of [44, Proposition 4.8] for more details).

Proposition 3.7 [44] Let X and Y be compact complex manifolds, and let Z = X x Y. For
everyr > 1 and every (p, q) withQ < p, q < dim¢ Z, the following equality holds

U= T L)),
pitp2=p

q1+q2=q
where e’ () denotes the dimension of EF*? (), i.e. e£"1(-) = dim EP*9(.).
We will apply this formula together with the results above to prove the following

Theorem 3.8 For every integer n > 3, there exist infinitely many compact balanced man-
ifolds Z with dim¢c Z = 4n + 2 and different complex (hence, real or rational) homotopy
types such that d, # 0 (hence, the Frolicher spectral sequence E,(Z) does not degenerate
at the n-th page).

Similar results hold for di # 0 and d» # 0 when complex dimensions 7 and 4 are
respectively considered.

Proof First, we prove the theorem for each n > 3. Let X*'~2 be the nilmanifold in the
Bigalke-Rollenske family, which is balanced by Proposition 3.5. Let us also consider any of
the complex balanced manifolds ¥ in the infinite family given in Theorem 3.4. Then, by
[29, Proposition 1.9] the compact complex manifold Z"+2 = X#=2 x y2 is balanced too.

Now observe that both X#"~2 and Y[f are nilmanifolds, and recall that YD‘} is constructed
from a nilpotent Lie algebra g‘fil, with @ > 0 and @ € Q. By [20] the (Q-)minimal model
of Z#*2 is isomorphic to the commutative differential graded algebra (CDGA) defined
by the exterior algebra of the rational Lie algebra b @ g‘f’ll, where h) denotes the nilpotent
Lie algebra underlying the Bigalke-Rollenske nilmanifold X*"~2. Hence, for every non-
negative o, o’ € Q with o # o/, the minimal models of Z#**+2 and Zif’” are isomorphic to

¢ =ha g‘f’ll and g% = h® g‘f; n respectively. Let us denote their complexifications by g

and gg/. By [41, Lemma 1], if a finite-dimensional Lie algebra over C is decomposed as a
direct sum of indecomposable ideals, then the isomorphism classes of these ideals are unique.

Hence, if we assume that b, @ (g‘i"ll)C =g = gg/ =h.® (97;’1)@ then (g‘ifil)c >~ (97;71%
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and the nilpotent Lie algebras g‘f’ll and g‘f;’] would be isomorphic over C. However, this is
a contradiction (see the proof of Theorem 3.4). Consequently, the (nil)manifolds Zin"'z and
ng’ *2 have different complex homotopy type for @ # «’, thus also different real or rational
homotopy type.

Let us now apply the Kiinneth formula in Proposition 3.7 to Z4"*2 = X#'=2 x v with
p=0,g=n—1andr € {n,n+ 1}. Then, we get:

0,n—1 0,n—1 - 0,0 4 0,n—1-1 - 0,
en" T (Z) = e (XM ey (Y + e (X e (Yg)
0.n=1ydn-2y 0.0 4 4 0n=1=l ydn—2y 0l (yd4
> €t X ) en+l(Ya) + Zl:l Cn+1 X ) en+l(Ya)

_ 0n—1 An+2
=e, (Z").

Here we have used that eg’"fl (X2 > e?l’_ff ! (X*=2) by Proposition 3.5, together with
the well-known Frélicher inequalities e/ (-) > effl (+), valid for every compact complex
manifold and any r, p, g. In conclusion, for every integer n > 2, the infinite family of
compact balanced manifolds Zi”” have differential d,, # 0.

The result for the second page comes directly from Theorem 3.4. Therefore, we next
focus on the non-degeneration at the first page. Note that we can no longer make use of the
Bigalke-Rollenske nilmanifolds since they satisfy d,, # 0 with n > 2. Moreover, we do not
know if the nilmanifolds YO‘} have non-zero differential d;. So, we will proceed as follows.

Let X3 be any compact balanced nilmanifold with Frélicher spectral sequence not degen-
erating at the first page. We can consider, for instance, the Iwasawa manifold or any of those
studied in [5]. Let ZZ =X3xY 0‘[‘ ,witha > 0and @ € Q. A similar argument as above allows
us to conclude that ZZ[ and ZZ/ have different complex homotopy type whenever @ # o/,
they are balanced and their Frolicher spectral sequence {E,(Z])},>1 is not degenerating at
the 1-st page (neither at the 2-nd page). O

It is worthy to remark that, in the result concerning the second page, the dimension of Z
is optimal in the class of complex nilmanifolds; indeed, Bazzoni and Mufioz prove in [3] that
the number of real homotopy types of 6-dimensional nilmanifolds is finite.

However, for other pages the dimension of the balanced manifolds Z in the infinite families
seems to be far from being optimal, even in the class of complex nilmanifolds. For instance,
for the third page we can consider the (3-step) nilmanifold of real dimension 12 endowed with
a nilpotent complex structure given in [6]. Let us denote by X© this complex nilmanifold,
whose complex structure equations are

do' =do? = dw’ = 0, do® = 0% + wlz, do® = —a)zl, do® = o' + o'

Itis proved in [6] that E3(X6) 3 E4(X6). Forany p = (p1,..., ps) € (R+)6, one can check
that the “diagonal” invariant Hermitian metrics on X® defined by F, = ’5 Zg=1 ok ot are
balanced. Now, a similar argument as the one given in the proof of Theorem 3.8 shows that
the infinite family of balanced manifolds Z(}ZO = X% x Yo‘} satisfies the required properties
for n = 3 in complex dimension 10.

Finally, it is still unclear whether there are obstructions in the Frolicher spectral sequence
under the existence of a balanced metric on a compact complex manifold. We recall that in
the class of balanced nilmanifolds of complex dimension 3 the Frolicher spectral sequence
always degenerates at the second page [5]. We believe that the following general question
could have a positive answer:

Question. Let X be a compact balanced manifold with dimc X = n. Does the Frolicher
spectral sequence of X degenerate at a k-th page for some k <n — 1?
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4 Frolicher spectral sequence of SKT and generalized Gauduchon
manifolds

In this section we construct compact complex manifolds endowed with SKT and, more gen-
erally, generalized Gauduchon metrics having non-degenerate Frolicher spectral sequence.

Let us first recall the definition of generalized Gauduchon metrics, introduced and studied
by Fu, Wang and Wu in [16].

Definition 4.1 [16] Let X be a compact complex manifold with dim¢ X = n, and let 1 <
k < n — 1 be an integer. A Hermitian metric F on X is called k-th Gauduchon if it satisfies
the condition

daFk A PRl — 0,

From the definition, it is clear that the value k = n— 1 corresponds to the classical standard
(also known as Gauduchon) metrics [18]. Moreover, observe that any SKT metric ( 90F = 0)
is in particular 1-st Gauduchon.

We recall that by [11, Theorem 2.5], any conformally balanced 1-st Gauduchon metric
F on a compact complex manifold X with dim¢ X = n > 3 whose Bismut connection
has (restricted) holonomy contained in SU(n) is necessarily Kihler. In [21] Ivanov and
Papadopoulos extend this result to any generalized k-th Gauduchon metric, for any k # n—1.

Very little is known about the relation between the existence of k-th Gauduchon metrics,
for some 1 < k < n — 2, on a compact complex manifold X and the degeneration of its FSS.
A first consequence of the results in the preceding sections is the following one:

Proposition 4.2 There are infinitely many complex homotopy types of compact 1-st Gaudu-
chon manifolds Z with dimc Z = 4 and Frolicher spectral sequence not degenerating at the
second page.

Proof 1t is enough to consider the nilmanifolds Yo‘l‘ with underlying Lie algebra isomorphic

to g‘f’ll with g > 0 and g € Q, given in the proof of Theorem 3.4. In fact, these nilmanifolds
admit generalized Gauduchon metrics by [26, Theorem 5.2]. O

Next, we extend this result to obtain non-degeneration at an arbitrarily large page. Let X
be a complex nilmanifold with dim¢c X = n > 2. For any invariant Hermitian metric F on
X, the real (n, n)-form 5 99F A F n=2 js proportional to the volume form F”. Therefore,

%BE_JF/\F”*Z:Q(F) P (15)

for some constant ¢;(F) € R. By [16, Proposition 11] the sign of the constant c{(F) is
an invariant of the conformal class of F. Observe that F is 1-st Gauduchon if and only
if ¢; (F) = 0. Note that when n = 2 the constant ¢ (F) = 0 because any invariant metric is
standard.

Proposition 4.3 [24, Proposition 2.3 and Corollary 2.4] Let X and X' be complex nilmanifolds
endowed with invariant Hermitian metrics F and F’, respectively.

(i) For any real positive number 1. > 0, we have c1(A F) = A~ ¢ (F).

(ii) The product Hermitian metric F + F' on the nilmanifold X x X' satisfies

, nn—1) W — 1) ,
a(F+F') = c1(F) + c1(F'),
m+n)Yn+n —1) m+n)Yn+n —1)
where n = dime¢ X and n' = dimc X'. In particular, if c1(F) > 0 and ¢{(F') < 0, then
X x X’ has a 1-st Gauduchon metric.
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It is worth to recall that for complex nilmanifolds of complex dimension 3, the existence
of an invariant Hermitian metric F' with ¢1 (F) < 0implies the existence of a 1-st Gauduchon
metric (possibly non-invariant and non-SKT) on the nilmanifold (see [11, Theorem 3.6] for
details). In [24, Proposition 2.9] a classification of complex structures admitting Hermitian
metrics with ¢; < 0 is given. Using such classification together with [5, Theorem 4.1], one
has that the FSS of a complex nilmanifold X of complex dimension 3 degenerates at the
second page whenever an invariant Hermitian metric with ¢; < 0 exists on X.

We use the results obtained in Sect.3 together with the proposition above to extend
Proposition 4.2 to arbitrarily high pages.

Theorem 4.4 For every integer n > 3, there exist infinitely many compact 1-st Gauduchon
manifolds W withdimc W = 4n+5 and different complex (hence, real or rational) homotopy
types such that d, # O (hence, the Frolicher spectral sequence E.(W) is not degenerating
at the n-th page).

Similar results hold for di # 0 and d» # 0 when complex dimensions 7 and 4 are
respectively considered.

Furthermore, all the previous compact complex manifolds are k-th Gauduchon for every k.

Proof First, we prove the theorem for every n > 3. Foreacha > Oand o € Q, let Zg” *2bea
compact balanced manifold in the family given in Theorem 3.8. Recall that Z, is a complex
nilmanifold and it has a (invariant) balanced metric F. By [21, Lemma 3.7], one has that the
constant ¢ (F) > 0.

Let us now consider any complex nilmanifold X’ of complex dimension 3 endowed with
an invariant Hermitian metric F’ with c; (F’) < 0. Note that these nilmanifolds are classified
in [24, Proposition 2.9], and three is the lowest possible dimension where this can occur.

Let Wy = Z, x X'. It follows from Proposition 4.3 that W,, has a 1-st Gauduchon metric.
Furthermore, a similar argument as in the proof of Theorem 3.8 implies that for any non-
negative o, ' € Q with @ # o, the (nil)manifolds W, = Z, x X' and Wy = Zy x X’
have different complex homotopy types because their minimal models are not isomorphic
(over C). Applying the Kiinneth formula to W,, = Z, x X’ we conclude that d,, # 0 for all
the manifolds W, . This gives the first part of the statement.

The result for the second page comes directly from Proposition 4.2, so we focus on the non-
degeneration at the first page. Let X’ be a 3-dimensional complex nilmanifold with Frolicher
spectral sequence not degenerating at the first page and having an invariant Hermitian metric
F with ¢;(F) < 0. For example, one can consider X’ defined by the following complex
structure equations

do' =do? = 0, dw® = a)lI + 1+ i)wzz,

and then the Hermitian metric F = %(a)” + @*? + ) satisfies %aéF ANF = T—; F3,
for instance. Let Z; = X' x Y&‘ ,witha > 0 and @ € QQ, where Yo‘} is any of the complex
balanced manifolds in the infinite family given in Theorem 3.4. A similar argument as above
allows us to conclude the result for the first page in seven complex dimensions.

For the final statement, we just apply [23, Proposition 2.2], where it is proved that if an
invariant Hermitian metric F' on a complex nilmanifold W of complex dimension n > 4 is
ko-th Gauduchon for some kg with 1 < kg < n — 2, then F is k-th Gauduchon for every k
with 1 < k < n — 1. Alternatively, one can also apply [31, Proposition 3.1]. O

Observe that the generalized Gauduchon metrics on the manifolds given in the previous
result are not SKT. Indeed, Arroyo and Nicolini prove in [2, Theorem 1.2] that any complex
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nilmanifold admitting an invariant SKT metric is either a torus or 2-step nilpotent. Since any
nilmanifold with SnN complex structure has nilpotency step s > 3 (see [25, Corollary 3.6]),
in particular the manifolds constructed in Theorems 3.8 and 4.4 do not admit any SKT metric.
Note also that the Bigalke-Rollenske nilmanifolds X are 2-step but they do not admit any
SKT metric by [42, Proposition 3.5]. The latter also follows from the fact that the equations
(13) for X imply that the underlying Lie algebra g satisfies that [g, g]+ J[g, g] is abelian and,
under this condition, Fino and Vezzoni proved (see [12, Theorem 1.1] and [13, Theorem A])
that if X carries an SKT metric and a balanced metric, then X is necessarily a complex torus.

In [34, Conjecture 1.3], it is conjectured that any compact complex manifold X admitting
an SKT metric has Frolicher spectral sequence degenerating at the second page. Some
evidence for this conjecture is provided in [34, 35], where Popovici obtains sufficient metric
conditions for the E» degeneration of the Frolicher spectral sequence. The main idea is that
the existence of a Hermitian metric on X with small torsion (in the sense that we recall below)
implies that E3(X) = Ex(X).

Let F be any Hermitian metric on a compact complex manifold X. Recall that the torsion
operator of order zero and bidegree (1, 0) associated with F (see [9, VII §1]) is given by
T :=[A,dF A -], where A is the formal adjoint of the Lefschetz operator L := F A - with
respect to the L2-inner product (-, -)) induced by F on differential forms. Define C fé’q =
sup,cara(x), (ul=1 ([T, T T+ [dF A+, (QF A -)*Du, u). Now, let A, A”: QP9(X) —>
QP-9(X) be the usual Laplace-Beltrami operators, i.e. A’ = 88* +9*9 and A” = §9* + 9*d.
The non-negative self-adjoint differential operator A’+ A" is elliptic and, since X is compact,
it has a discrete spectrum contained in [0, +00) with 400 as its only accumulation point.
Denote by pfé’q := min(Spec(A’+ A”)P-4N (0, +00)) its smallest positive eigenvalue. Thus,
pp? is the size of the spectral gap of A’ + A” acting on (p, ¢)-forms.

Popovici proves in [34, Theorem 5.4] that if a compact complex n-dimensional manifold
X carries an SKT metric F whose torsion satisfies the condition 57 < %pf,’q forall p,q €
{0, ..., n}, then the Frolicher spectral sequence of X degenerates at E2(X). Furthermore,
in [35, Theorem 1.2] it is proved that the degeneration at E, occurs whenever the manifold
admits a Hermitian metric F satisfying ker A” C ker [7, t*], that is, the torsion operator and
its adjoint vanish on A”-harmonic forms.

We next provide a counterexample to the previous conjecture, so the torsion of SKT
metrics may not be small in general. The construction is based on the complex geometry of
compact Lie groups.!

Let G be a connected Lie group with Lie algebra g, and denote by g.. the complexification
of g. Giving a left-invariant almost complex structure J on G is equivalent to the choice of
a subspace 5 C g such that

sNg=1{0}, g.=5Ds.

Hence s is the subspace of (1, 0)-elements. Now, J is integrable if and only if s is a subalgebra
of g, i.e. [s,5] Cs.

For an even-dimensional compact Lie group G, Samelson provided in [40] a construction
of left-invariant complex structures on G that we briefly recall here. Let 7 be a maximal
torus in G with Lie algebra t, and suppose that o1, . . ., a, € t*is a set of positive roots. Here
2r is the rank of G. Then we have the ad(T")-invariant decomposition

! We were informed by Jonas Stelzig of the existence of SKT nilmanifolds with arbitrarily non-degenerate
FSS.
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r r
R 39T i
j=1 j=1

where t is the complexification of t, and s, is given by
s¢ ={Z €gc | [x,Z] =2mia(x)Z Vx e t}.

So, if we choose a subspace a C t. such thata Nt = {0} and a @ @ = t, then we get a
left-invariant complex structure J on G defined by

,
5= aEBZsaj.
j=1

Now, let g be a bi-invariant metric on G, and denote by ( ) its C-linear extension. The
compatibility of the complex structure J with g is equivalent to s being isotropic, i.e. (s, §) =
0. Alexandrov and Ivanov state in [1] that any compact Lie group equipped with a bi-
invariant metric g and a left-invariant complex structure J compatible with g is Bismut
flat and its fundamental form F is dd“-harmonic. The latter condition means that F is SKT
(since dd“F = 0) and standard (since (dd°)*F = 0 is equivalent to 99 F"! = 0, where
2n = dimg G). This result is used in [1] to compute the Hodge numbers 2%7 of compact Lie
groups with such a Hermitian structure.

Bismut flat manifolds play arelevantrole in relation to the pluriclosed flow. In [17], Garcia-
Fernandez, Jordan and Streets prove global existence and convergence of the pluriclosed flow
and the generalized Kihler Ricci flow on compact Bismut flat manifolds. Note that by [47]
it turns out that, up to taking universal covers, all such manifolds are given by the above
Samelson spaces.

In what follows, we consider the compact semisimple Lie group SO(9) equipped with
the bi-invariant metric g given by minus the Killing form and with a left-invariant complex
structure J compatible with g found by Pittie in [32, 33], as we next recall. The Lie group
G = SO(9) has rank four, so we choose a maximal 4-torus 7 and a basis for its Lie algebra
t given by

t=(e1,e2,e3,€4)
so that {ek}zzl is orthonormal for the metric g. Consider the subspace a C t. defined by
a={e;+e +i\f2e3, e| — e +i\f2€4).

Itis clear that a N t = {0} and a @ a = t., then one has a left-invariant complex structure J
on G. Moreover, a is isotropic, so also is s, and thus J is compatible with the metric g.

Proposition 4.5 The 18-dimensional compact complex manifold X = (SO(9), J) satisfies
E>(X) # Exo(X) and it has an SKT metric, which is in addition k-th Gauduchon for every
1<k<17.

Proof Let us consider the space
AV = A(wa,1, w43, we s, ws,7) @ A(v, v2) ® Aluy, uz),

where the generators w’s have the bidegree indicated by the subindices, vy, v, have bidegree
(1, 1) and uy, up have bidegree (0, 1). Recall that, since the total degree of v; is even, the
space A(vy, vp) is a polynomial algebra.
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Let us consider d defined on generators by
dup = dupy = 0vy = 0vy = Jwy,1 =0, dwg3 = f2 dwes = fg, dws7 = g%,
where f = v]2 + v% and g = v%v%, and let d be given by
oup = vy, Jdup =vy, 0v] =0vy = dwz | = dw4 3 = dwe5 = dwg 7 = 0.

Pittie proved (see also [46]) that (AV, 9) is the Dolbeault minimal model of X, and used it
to show that the FSS of X does not degenerate at E,. For the sake of completeness, we show
here that the map

dy: ES® — ES7

is not identically zero. Let & := ujv; + uzv2 ancln = ulvlv%. We have 06 = f, dn = g.
The element f&n has bidegree (6, 8), it is clearly d-closed and 3( f&n) = f2n— fg&. Since

A(fEN) + d(wes&E —wazn) =0,

by the description (1-4) we have that f&n e ES*S and

dr(fEN) = d(wesE —wa3n) = wss g —wes f € Ex.

Using (3), it is a direct calculation to check that wy3 g — we 5 f ¢ )728’7, S0 dj is non-zero
and ES’S #* Eg’g.

Alternatively, Tanré showed that w4 3 g — we 5 f is a non-zero Dolbeault-Massey product
and, by [46, Théoreme 9], the degeneration of the FSS at E; is equivalent to the Dolbeault
formality, for every even-dimensional compact connected Lie group G suchthat 7 — G —
G/T is a principal holomorphic fiber bundle, where T is a maximal torus in G.

Finally, by [1] the fundamental form F is dd“-harmonic, so it is SKT and Gauduchon. The
last assertion in the proposition follows from [23, Corollary 2.3] because F is left-invariant.

[m]

Note that £, (X) = Ex(X) forevery r > 3, so the FSS of X degenerates at the third page
(see [32, 33] for details).

Appendix A. The nilmanifolds Yg have pairwise non-isomorphic C-
minimal models

In this section we complete the proof of Theorem 3.4 by showing that the Lie algebras g‘f’ll,
a € [0, 400), underlying Y, ;‘ are pairwise non-isomorphic over C. Recall that the structure
equations of g‘l"il are

dv' = dv? = dv3 =0, dv* = v13, dv’ = v?3, dv® = v+ — v35,

(16)
dvT = av'2 415 2 ¥ gy = 16 _ 025 2T 35 45,

We will prove that if f: g‘fil — g‘;‘;’l is an isomorphism of Lie algebras, then o = «’.
Note that the dual map f*: (g5,")* —> (g3;")* extends to a map F: A*(gf;")* —>
/\*(g‘f’ll)* that commutes with the differentials, i.e. Fod =d o F.
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Let {v"}}z:1 (resp. {v’k}le) be a basis for (g‘f’ll)* (resp. (g‘fi’l)*) satisfying the
equations (16) for a (resp. «’). In terms of these bases, F is determined by

8
F'* = ZA’; v, k=1,...,8,

Jj=1

g belongs to GL(8, C), and the condition F od =d o F

,,,,,

where the matrix A = ()J]‘.)k, j=1
reads as

F(dv*) —d(F('*)) =0, foreachl <k <8. (17)

In [26] the isomorphism problem for this family of algebras was studied in the case of the
field of real numbers. We notice that [26, Lemma 3.4] is still valid over C, as it is the first
part of the proof of [26, Lemma 3.5]. Thus, one arrives at a complex matrix A = (A’;)k, j of
the form
N
A Ay

; (18)

>

— v

>

wi

>

!

>

.

>

!

o
TTSao oo oo
coocoocoo

T a7 17 37 17 77
MRS
A8 a8 a8 a8 a8 ad a8l

where A{A% — A;A% #0, )»?, Ag # 0, together with
=23 ad=aa3 ai=a2A3 a2=a3A
A8 =230D% A8 =23 D2 Al = - 0DHE AT =4 0D
and
0P+ =33 =0, AMoi+22hH =0 (19)

We distinguish two cases depending on the vanishing of the complex coefficient ké.

Let us first suppose that A% = 0. Note that in this case the second part of the proof of [26,
Lemma 3.5] and [26, Lemma 3.6] are still valid for C. Hence, for @ # o', any F with A% =0
is not an isomorphism over C.

Consequently, we will now assume that A% # 0. Then, the second expression in (19) gives
kg =-2 A%, and replacing it in the first one, we get

() +3(13)% = (20)

On the other hand, the coefficients of v1* and v!° in the condition (17) for k = 7 are,
respectively, 2 )\i )L% + )Lé Ag and )\% )L% + k{ (A% - A%), SO using again )Lg =-2 A% we get

Mad—aas =0, aMai+3alii=o Q1)

The Egs. (20 and 21) can be solved explicitly in terms of Az Notice that (A; h2 - ()»2)2

There are four solutions:

WMoad =20l wEe (1)

l
M=eM, d=v—
52 2 \/g \/g

)\.1 = 7}&_ \/g)\,z,

(22)
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We will use these solutions below, after taking into account first other equations coming
from the conditions (17) for k = 6, 7, 8 (note that (17) is already fullfilled for 1 < k <'5).

The coefficients of v!3 and v2? in the condition (17) for k = 6,7 give the following
equations:

A=ald 300+ 4343, A8 =aad 305 + 4343,
M=t ad a0y, Al = —a3a% + a3 + A0A3.

Using this, from the coefficients of v13, v14 v1% 23 and v34 in the condition (17)fork =8
we have the following equalities:

A= 03 +2DA — @247 +ADA3 + Mg + 4705,

23 = 03+ ADA3 — 233 + AR + 2948 + A3h],

2= 20003 - 22830 + (D2 + 0D g +2a1a3a] +2a0a2,
23 = =203 = AR + (a3,

A =das —alahodr

Now, considering these equalities together with the solutions (22), the conditions (17) for all
1 < k < 8 are equivalent to the following system:

M —V3ivEN +V3i0 A —E25 = —4E AL,

3 —VBivEM +V3ivA] — 360 = —4Ea (M),

3V3i0EAT +343 + 38 0] +3V3i 0] = —4a) (V3iv — 264,
i

V3i9at —3803 430 —V3ivENS = —4E0l (o — N

9 ard), (23)

3V3i0EA] 4+ 384 = —4a) (VBiv + £,
48 (W) +2i V39 Ea (11)20 — 2i V39 230 — 3a3AT + 65 AAA3
+ 30103 + 28 @ (WD) + 3008 — i VB0 £ LS + i VB AlA] — 38 alA] = 0.

We focus our attention on the first five equations in (23) and consider them as a system
of five linear equations in A‘l‘, )»3, )L? and )Lg. Applying Gaussian elimination, one reaches the
matrix

1 —V3ivEJ3iv —¢ —4 2}

0 1 —& 0 —%mé@—ax;)

0 0 1 V3ivgE| 30eaoerl —VBi(l—alr)
0 0 0 0 |[=50Er (V30 +2i(3-2ak))
0 0 0 0 | —49A(2verl+V3i@2—aird)

By hypothesis k% # 0, so the system can be solved if and only if

V39a +2i(3—2airl) =0,
29EM +/3i(2—arb)=0.

If « = 0, then o’ would be an imaginary number, which is not possible. Otherwise, A; can
be solved from the first equation and substituting its value in the second one, we get

2V3i(w—&d) =30 (aa/ —4£) =0.
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Since a, o’ € (0, 00), the imaginary part of this equation gives a’ = «.
/
Hence, we have proved that given o, a’ € [0, +00), the algebras g‘f’ll and g‘fl’l are
isomorphic over C if and only if @ = &'.
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