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The voltage is a sensitive quantity to quantum interference in coherent electronic transport. We
study the voltage fluctuations in disordered graphene nanoribbons with zigzag and armchair edge
terminations in a four-terminal configuration. We show that the average and standard deviation of
the voltage oscillates with the separation of the attached voltage probes and depend on the coupling
strength of the probes. The voltage fluctuations can be large enough to observe negative voltages
for weakly coupled probes. As we numerically verified, the voltage fluctuations are described within
a random matrix approach for weakly disordered nanoribbons at energies away from the Fermi
energy. However, near the Fermi energy, zigzag nanoribbons exhibit Anderson localization, whereas
electrons are anomalously localized in armchair nanoribbons. This distinction leads to different
voltage statistics for zigzag and armchair nanoribbons.

I. INTRODUCTION

Quantum interference effects on the electronic trans-
port at the mesoscopic and nanoscopic scales have been
extensively investigated for decades since the first fab-
ricated electronic devices in which the wave nature of
electrons was manifested in quantities such as the con-
ductance and the voltage [1].

Two-terminal configurations, where samples have a
lead connected to electron reservoirs with fixed electro-
chemical potentials on each side have been helpful in un-
derstanding several interference effects on quantum elec-
tronic transport. For instance, it was recognized that in-
terference processes in ordinary disordered metals lead to
the exponential localization in real space of the wavefunc-
tion of electrons, namely, the Anderson localization [2],
and that the complexity of the scattering processes in
disorder leads to universal transport properties such as
the celebrated universal conductance fluctuations [3–6].

Four-terminal configurations, however, are standard
setups for measuring transport quantities, such as the
resistance of materials. One of the advantages of these
configurations over the simpler two-terminal setups is
that the contact resistance is avoided. Additionally, four-
terminal configurations can be used to measure the volt-
age drop by adjusting the electrochemical potentials of
two of the terminals acting as voltage probes until cur-
rents in these terminals vanish [7, 8]. Four-terminal
configurations have shown surprising nonlocal effects on
the voltage since pioneering quantum transport experi-
ments [9, 10], and, similarly to the conductance, voltage
fluctuations in disordered media have been studied since
the ’80s [1, 4, 11–16].

Recent experimental progress in the fabrication of
mesoscopic and nanoscopic circuits and scanning tunnel-
ing microscopy advances have opened the possibility of
spatially resolve electronic transport at the nanoscale by
performing transport measurements between probes with
a few nanometers of separation in four-terminal configu-
rations. See, for instance, Ref. [17, 18] for a review.

The electronic transport in graphene-based structures

has been under intensive research since the first produc-
tion of graphene samples by exfoliation of graphite [19,
20]. The electronic properties of graphene near the Fermi
energy have been particularly interesting from practi-
cal and fundamental points of view because electrons
behave like relativistic particles with a linear disper-
sion relation. Nowadays, the peculiar properties of the
honeycomb lattice of graphene have inspired investiga-
tions beyond electron wave transport, including investi-
gations of microwave transport and flexural edge states
in graphene-like structures [21, 22].

As previously mentioned, four-terminal setups are
commonly used to investigate electronic transport in dif-
ferent materials, and graphene is no exception. For
example, graphene nanoribbons can be contacted with
probes made of normal metals, single-carbon nanotubes,
or graphene [23–25]. Also, prior to the first fabrication
of graphene samples, the resistance and voltage of car-
bon nanotubes were experimentally studied. Among the
different quantum interference effects on the resistance
and the voltage investigated, it was shown that nega-
tive resistances can be measured in carbon nanotubes
in four-terminal configurations with noninvasive voltage
probes [26–28].

It is known that the termination graphene-
nanoribbon’s edges play a crucial role in their electronic
properties. Additionally, graphene-based devices show
particular transport properties in the presence of sources
of disorder, such as lattice deformations or impurities
in the lattices. For instance, in disordered armchair
nanoribbons near the Fermi energy, electrons are weakly
localized compared to the exponential localization seen
in the widely known Anderson localization phenomenon.
In contrast, electronic edge states in zigzag nanoribbons
are exponentially localized in the presence of disorder.
This is an example of the crucial role of nanoribbons’
edges on the electronic properties. See Refs. [29–32] and
references therein for a review of the topic.

In this paper, we studied the random fluctuations of
the voltage in disordered nanoribbons with zigzag and
armchair edge terminations in a four-terminal setup.
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Two of the four terminals acting as voltage probes are
attached to the ends of the nanoribbons, as shown in
Fig. 1. Thus, the voltage fluctuations are investigated as
a function of the distance between the voltage probes and
the strength of the probes’ coupling to the nanoribbons
using the scattering approach to quantum transport and
random-matrix theory [7, 33, 34, 37, 38].

Random-matrix models have described several statis-
tical transport properties of disordered conductors in the
presence of Anderson localization [33, 34]. For example,
it has been found that the average logarithmic conduc-
tance is a linear function of the system length:⟨− lnG⟩ =
L/ℓ (the conductance G is in units of the conductance
quantum 2e2/h). In contrast, a power-law dependence of
the average logarithmic conductance with the length L:
⟨− lnG⟩ ∼ Lα was found in armchair nanoribbons due
to presence of anomalous localization, near the Fermi
energy [39]. As shown below, standard Anderson and
anomalous localizations have distinct and strong effects
on voltage fluctuations.

We perform numerical simulations using the tight-
binding model to calculate the voltage and conductance
of metallic armchairs and zigzag nanoribbons away and
near the Fermi energy. The statistical properties of
the voltage obtained from the numerical results are con-
trasted with those of random matrix theory (RMT). Ad-
ditionally, we conduct numerical simulations of 1D disor-
der systems to obtain the voltage statistics and show that
the effects of the disorder on the voltage fluctuations pre-
sented here are not restricted to graphene nanoribbons
but, as we show below, the voltage statistics are essen-
tially consequences of the general phenomenon of electron
localization.

II. SCATTERING APPROACH TO THE
VOLTAGE IN A FOUR-TERMINAL SETUP

Let us consider a nanoribbon with four terminals at-
tached, as shown in Fig. 1. A current flow from termi-
nals 1 and 2, while terminals 3 and 4 are used as volt-
age probes. Within the Landauer-Büttiker approach to
electronic transport, it is assumed that a current I flows
between the contacts on the left and right side of the
sample, which are at electrochemical potentials µ1 and
µ2, respectively. The chemical potentials, or voltages
Vi = µi/e, where e is the electron charge, in terminals 3
and 4 are fixed by the condition that no current flows in
these two terminals. Thus, the voltage V between the ter-
minals 3 and 4 is defined by the ratio of the difference of
the electrochemical potentials: V = (µ3 − µ4)/(µ1 − µ2),
and is given in terms of the transmission between the ter-
minals as [7]

V =
T31T42 − T32T41

(T31 + T32 + T34) (T41 + T42 + T43)− T34T43
, (1)

where Tij is the transmission coefficient between the ter-
minals j and i.

We now introduce a model of the scattering matrix
S of the four-terminal setup, see Fig. 1, whose elements
provide the transmission coefficients Tij that we need to
calculate the voltage, according to Eq. (1). We first as-
sume that the incoming (a, a′) and outgoing (b, b′) wave
amplitudes at both sides of the graphene nanoribbon are
related by the scattering matrix:

SG =

(
r t′

t r′

)
, (2)

where r and r′ are the reflection amplitudes, while t and
t′ are the transmission amplitudes of incoming and out-
going waves to the nanoribbon. We will assume time-
reversal symmetry in the following, thus t = t′. On the
other hand, it is convenient to express the scattering ma-
trix SG in terms of the transfer matrix MG, that relates
the wave amplitudes on the left (a, b) and on right side
(a′, b′) of the nanoribbon:(

a′

b′

)
= MG

(
a
b

)
with MG =

(
α β
β∗ α∗

)
, (3)

where α and β are complex numbers that satisfy |α|2 −
|β|2 = 1. In terms of MG, the elements of SG in Eq (2)
are given by r = −β∗/α∗, t = 1/α∗, and r′ = β/α∗.
We note that SG, and MG, as introduced in Eqs. (2)

and (3), are 2 × 2 matrices. We made this assumption
because we are interested in energies in the vecinity of
the Fermi energy for both metallic armchair and zigzag
graphene nanoribbons where a single channel contributes
to the transport.
For the scattering matrices of the nodes S1 and S2

(see Fig. 1), we introduce a model [7] that depends on the
parameter ε, which is interpreted as the strength coupling
of the voltage probes attached to the nanoribbon

S1 = S2 =

 a b
√
ε

b a
√
ε√

ε
√
ε −

√
1− 2ε

 , (4)

where a,b, and ε are real numbers with 0 ≤ ε ≤ 1/2.
From the unitary property of the scattering matrices
S1 and S2, the elements a and b are given by a =
−
(
1−

√
1− 2ε

)
/2, b =

(
1 +

√
1− 2ε

)
/2.

Finally, the scattering matrix S of the complete four-
terminal configuration that relates incoming and outgo-
ing waves of the four-terminal configuration, i.e.,b1

b2
b3
b4

 = S

a1
a2
a3
a4

 , (5)

is given by the combination of the scattering matrices of
the nodes and the nanoribbon: S = S1 ⊗ SG ⊗ S2. The
transmission coefficients Tij in Eq (1) are given by the
elements sij of the S-matrix: Tij = |sij |2.
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FIG. 1. Schematic of a four-terminal configuration. A cur-
rent flows between the perfect leads attached along the entire
width of the nanoribbon and to electron reservoirs with elec-
trochemical potentials µ1 and µ2, while two terminal acting as
voltage probes are attached to reservoirs with electrochemical
potentials µ3 and µ4. The scattering matrix SG relates the
amplitudes (a, b) and (a′, b′) at each side of the nanoribbon
as given in Eq. (2).

Thus, combining the scattering matrices SG, S1, and
S2, the transmission coefficients are given by [35, 36]

Tij =
ε

|α|4|∆|2
|cij |2, (6)

where ∆ = (r∗ − a) (r′∗ − a) − t∗2, and according to
Eq. (1), we need the following coefficients:

c31 = (aβ + β∗)αe−ikFL − |α|2e−2ikFL − aα2,

c42 = (β + aβ∗)αe−ikFL + |α|2e−2ikFL + aα2,

c41 = c32 = b|α|,
c43 =

√
ε|α|, (7)

where k is the wave vector and L is the distance between
the voltage probes. We can verify that for a perfect con-
ducting sample (α = 1, β = 0) with vanishing coupling
ε = 0, there is no voltage drop, Vα=1,β=0 = 0. However,
for non-zero coupling, the voltage oscillates with the dis-
tance between the voltage probes: using Eqs. (6) and (7)
with α = 1 and β = 0, we have

T31 = T42 =
ε

|∆|2
∣∣a+ e−2ikFL

∣∣2
T32 = T41 =

ε

|∆|2
b2

T34 = T43 =
ε

|∆|2
ε (8)

Substituting these expressions, Eq. (8), in Eq. (1), we
obtain for a perfect conductor that

Vα=1,β=0 =

∣∣a+ e−2ikFL
∣∣2 − b2

|a+ e−2ikFL|2 + b2 + 2ε

=

(
1−

√
1− 2ε

)
(1− cos(2kFL))

2 + ε−
(
1−

√
1− 2ε

)
cos(2kFL)

. (9)

Note that the oscillatory behavior of the voltage with the
distance between the voltage probes in Eq. (9) illustrates
an interference effect in the voltage in the four-terminal

setup. For future reference, we define V0,max and V0,min

as the maximum and minimum, respectively, of the os-
cillations of Vα=1,β=0 as described by Eq. (9), at their
respective kFL values.

III. RMT ANALYSIS OF THE AVERAGE AND
VARIANCE OF VOLTAGE

So far, we have not considered any source of disorder,
such as impurities or distortions in the lattice structure
of the nanoribbons. The presence of disorder leads to
complex scattering processes of electrons with observ-
able effects at the level of transport quantities, such as
random fluctuations of the conductance and the voltage.
From Eq. (1), we notice that the voltage fluctuations will
be determined by the statistics of the transmission coef-
ficients between the different terminals when disorder is
introduced in the nanoribbons.
Several electronic transport properties in disorder me-

dia have been successfully studied within RMT, although
most of these properties have been investigated in two-
terminal setups. See Refs. [33, 34] for a review of
the topic. Statistical properties of the voltage in three
and four-terminal setups have been studied within the
so-called maximum entropy approach [35, 36]; see also
[37]. Within this approach, it has been derived an evolu-
tion equation for the expectation of functions of elements
of the transfer matrices ⟨f(α, α∗, β, β∗)⟩ with the sys-
tem length L in the so-called weak scattering limit. For
1D systems, the evolution diferential equation is given
by [34, 38]:

∂⟨f⟩
∂s

=〈{
(αα∗ + ββ∗)

[
∂2

∂α∂α∗ +
∂2

∂β∂β∗

]
+

{
2αβ∗ ∂2

∂α∂β∗

− 1

2

[
α2 ∂2

∂α2
+ 2αβ

∂2

∂α∂β
+ β2 ∂2

∂β2

]}
+ {c.c.}

}
f

〉
,

(10)

where s = L/ℓ, and ℓ is the mean free path. {c.c.}
stands for the complex conjugate of the terms in
the inner curly brackets. Notice that the voltage in
Eq. (1) can be written as a function of the elements
α, α∗, β, β∗ using Eqs. (1), (6), and (7). Thus, we can
set f(α, α∗, β, β∗) = V (α, α∗, β, β∗) to obtain ⟨V ⟩ or
f(α, α∗, β, β∗) = V 2(α, α∗, β, β∗) and solve Eq. (10) to
calculate the second moment ⟨V 2⟩. One of the main re-
sults of this approach is that all the statistical properties
of functions of the transfer matrices are determined by
the single parameter s.
The general expression of V (α, α∗, β, β∗) as given by

Eq. (1) is very involved and an analytical solution of
Eq. (10) for arbitrary degree of disorder and coupling
ε is not possible. However, in the ballistic limit, L ≪
ℓ, Eq. (10) is simplified by expanding V (α, α∗, β, β∗)
around a perfect conductor: α = 1, β = 0. In this case,
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FIG. 2. Theoretical (red lines and shaded regions) and numerical (black dots and error bars) results of ⟨V ⟩ and δV , for ϵ = 0
(a,d), 0.1 (b,e) and 0.5 (c,f). Top panels (a,b,c) show the results for zigzag nanoribbons for ka = π/2, l/a = 719.5 and W = 0.17.
Bottom panels (d,e,f) show the results for armchair nanoribbons for ka = 0.289, l/a = 3698.0 and W = 0.09. Numerical results
are obtained averaging over 5000 samples.

it is found that the average voltage ⟨V ⟩ and the variance
voltage Var(V ) = ⟨(V − ⟨V ⟩)2⟩ are given by, up to the
first order in L/ℓ [36]:

⟨V ⟩ = Vα=1,β=0

+
L

ℓ

[
∂2V

∂α∂α∗ +
∂2V

∂β∂β∗ − 1

2

∂2V

∂α2
− 1

2

∂2V

∂α∗2

]
α=1,β=0

(11)

and

Var(V ) =
L

ℓ

[
2

(
∂V

∂α

∂V

∂α∗ +
∂V

∂β

∂V

∂β∗

)
−

(
∂V

∂α

)2

−
(

∂V

∂α∗

)2
]
α=1,β=0

, (12)

respectively. For vanishing coupling, the above expres-
sions, Eqs. (11) and (12) , are further reduced to:

⟨V ⟩ =
1

2

L

ℓ
, (13)

Var(V ) =
1

4

L

ℓ
sin2 (kL) . (14)

Thus, the average voltage is a linear function of the probe
separation, while the variance oscillates with the sep-
aration. Also, we notice that the standard deviation
δV =

√
Var(V ) can be larger than ⟨V ⟩, which opens

the possibility of observing negative voltages. For arbi-
trary coupling strength, we can use the expressions in
Eqs. (11) and (12).

In the next section, we show the results from the nu-
merical evaluation of the expressions for ⟨V ⟩ and the vari-
ance Var(V ), as given by Eqs. (11) and (12), respectively,
for finite values of the coupling ε. We thus compare these
theoretical results with those from numerical simulations
of graphene nanoribbons.

IV. VOLTAGE FLUCTUATIONS IN
ARMCHAIR AND ZIGZAG NANORIBBONS

We use the standard tight binding model to obtain the
scattering matrix SG or, equivalently, the transfer ma-
trix MG. The single-particle tight-binding Hamiltonian
is given by

H =
∑
⟨i,j⟩

τij

(
n†
inj + n†

jni

)
(15)

where the sum is over nearest neighbors i, j, and n†
i (ni) is

the creation (annihilation) operator for spinless fermions
and τij is the hopping that connects the two graphene
sublattices. For pristine graphene τ0 = 2.74eV. The
numerical simulations were performed using the Kwant
code [46] for metallic nanoribbons. We recall that the
width of the nanoribbons determines the band struc-
ture [47]. We have set the width of zigzag nanoribbons

to 13a/
√
12, which corresponds to 5 zigzag chains, while

for metallic armchair nanoribbons, the width is fixed to
7a/2, where a = 2.46Å is the graphene lattice constant.
The disorder is introduced via random hopping elements
τi,j sampled from the uniform distribution in the interval
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[τ0 −W, τ0 +W ]. Thus, by changing the strength of the
disorder W , we can control the transport regime of the
nanoribbons. This type of disorder, namely off-diagonal
disorder, preserves the symmetry of the graphene lattice
and can be interpreted as a model describing the presence
of random distortions in the graphene lattice. Different
realizations of the disorder are generated to obtain the
average ⟨V ⟩ and the variance Var(V ), as well as the com-
plete distribution of the voltage P (V ).
We divide the analysis of the voltage fluctuations in

two different scenarios; those that occur near the Fermi
energy and those that occur far from it. As we mentioned
in the introductory part, graphene nanoribbons behave
like conventional conductors away from the Fermi en-
ergy, whereas near the Fermi energy, graphene nanorib-
bons exhibit their peculiar electronic properties [47]. In
both energy regimes, we restrict to energies where a sin-
gle channel contributes to the transport.

Voltage fluctuations away from the Fermi energy

In order to compare with the previous results of RMT
in Section III, numerical simulations are conducted in
the ballistic transport regime. The voltage probes are
connected to the disordered nanoribbons and are sepa-
rated by a distance L following the model in Section II
(see Fig. 1).

In Fig. 2, we show the results of the average ⟨V ⟩ and

the standard deviation δV =
√
Var(V ) for zigzag (up-

per panels) and armchair (lower panels) nanoribbons for
three different values of the voltage-probes coupling ε.
The theoretical predictions for ⟨V ⟩ and δV , Eqs. (11) and
(12), are represented by red lines and shaded regions, re-
spectively, while the numerical results are shown in black
dots and error bars. Notice that we use the dimensionless
quantity kL on the x-axis for convenience.
Specifically, for negligible coupling strength ε, as illus-

trated in Fig. 2 (a) and (d), ⟨V ⟩ is a linear function of
L, consistent with Eq. (13), and the standard deviation
oscillates according to Eq. (14). When there is a finite
coupling of the voltage probes to the nanoribbons, both
⟨V ⟩ and δV oscillates with the distance separation of the
probes and the size of the fluctuations δV are reduced
with coupling ε. We also noted that the minimum values
of ⟨V ⟩ are practically unaffected by the coupling ε, in
contrast to the maximums of ⟨V ⟩, which increase as the
coupling value is raised.

Overall, we can observe from Fig. 2 that the RMT
model captures the trend of the average and vari-
ance voltage, although the voltage standard deviation is
slightly overestimated by the theoretical model for small
values ε, whereas for the maximum coupling ε = 1/2, δV
is underestimated.

We remark that the amount of disorder in zigzag and
armchair nanoribbons has been chosen to ensure that
they have the same mean free path ℓ (kℓ ≈ 1100). Con-
sequently, both nanoribbons have the same ratio L/ℓ for

a given separation L,. In this manner, as shown in Fig. 2,
the results for zigzag and armchair nanoribbons coincide.
This reveals that the voltage statistics are determined
solely by the ratio L/ℓ, in agreement with RMT.

Voltage fluctuations near the Fermi energy

Graphene nanoribbons show their distinct properties
at low energies. For instance, in pristine zigzag nanorib-
bons, the electron wave function is located along the
edges of the nanoribbons and becomes exponentially lo-
calized in the presence of disorder. On the other hand, in
armchair nanoribbons, there are no electronic edge states
but electrons become weakly or anomalous localized in
the presence of disorder, rather than exhibiting the expo-
nential decay typical of Anderson localization [39]. Thus,
graphene nanoribbons allow studying the effects of both
types of localizations on voltage fluctuations.
In this section, we obtain numerically the complete dis-

tribution of the random fluctuations of the voltage. At
low energies, k can be very small. This means that sim-
ulating long nanoribbons would be necessary to observe
the structure of the voltage oscillations, as those shown
in Fig. 2, especially for armchair nanoribbons. Thus,
instead of that, we obtain the distribution of V for dif-
ferent values of ⟨lnG⟩, at two different kL values. As we
have seen previously, V oscillates as a function of the dis-
tance probes, see Eq. (9) and Fig 2. Therefore, we have
chosen to calculate the voltage distribution at the kL val-
ues where the voltage reaches a maximum, V0,max, and
a minimum, V0,min, in disorder-free zigzag and armchair
nanoribbons. Also, in the presence of Anderson local-
ization, ⟨− lnG⟩ = L/ℓ and therefore, it determines the
transport regime: In the ballistic regime ⟨− lnG⟩ < 1,
whereas in the insulating regime, ⟨− lnG⟩ > 1. Thus,
we use ⟨− lnG⟩ as a parameter to indicate the amount of
disorder.

Zigzag nanoribbons

In Fig. 3, we show how the voltage distribution P (V )
changes for two values of the coupling of the voltage
probes: ε = 0 (red histograms) and 1/2 (blue his-
tograms), and three different values of ⟨lnG⟩. The upper
panels (Fig. 3(a), 3(b), and 3(c)), display the results for
P (V ) calculated at a kL value where the voltage reaches
a minimum in a pristine zigzag nanoribbon, V0,min. Con-
versely, in the lower panels (Fig. 3(d), 3(e), and 3(f)),
show P (V ) obtained at the value of kL at which the volt-
age reaches a maximum in a disorder-free zigzag nanorib-
bon.

Various observations can be made regarding the results
in Fig. 3. Firstly, it is seen that the landscape of P (V )
for a fixed value of ⟨lnG⟩ in the upper panels is much
less affected by the strength coupling ε than in the lower
panels, especially when the disorder is not too strong
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FIG. 3. Voltage distribution P (V ) for zigzag nanoribbons at the Fermi energy for three different values of ⟨− lnG⟩ and two
different values of the coupling: ε = 0 (red histograms) and ε = 0.5 (blue histograms). Top panels are obtained for a fixed ka =
3.09 and kL = 74.2, where the voltage reaches its minimum value in abscence of disorder, V0,min, and W = 0.223, 0.504, 1.021 for
(a), (b), and (c), respectively. Bottom panels are obtained for a fixed ka = 3.09 and kL = 358.4, where the voltage reaches its
maximum value in absence of disorder, V0,max, and W = 0.504, 1.179, 2.236 for (d), (e), and (f), respectively. All distributions
are obtained from 5000 disorder realizations.

(⟨− lnG⟩ < 2). For example, we can observe that the
peak of the voltage distributions shifts to higher values
of V , and the width of the distributions decreases as the
strength of voltage probes coupling is increased in the
lower panels Fig. 3(d), 3(e). This effect of the coupling
strength has also been seen at energies far from Fermi
energy: as we mentioned earlier, the results in Fig. 2
show that the average voltage values at the minimums
in the oscillatory behavior remain small when increasing
the coupling strength, whereas the maximum values of
the average voltage increase with the coupling strength
and the deviation standard decreases, thereby reducing
the probability of observing negative voltages.

Additionally, we observe that all the distributions co-
incide as the disorder amount increases even further, see
Fig. 3(c) and 3(f). This means that for strong disorder,
electronic localization overcomes the effects of the probe
coupling.

Armchair nanoribbons

We now present the results for armchair nanoribbons.
As we have pointed out previously, electrons are weakly
localized in armchair nanoribbons near the Fermi energy

in relation to the exponential localization in the standard
Anderson phenomenon. As shown below, anomalous lo-
calization also strongly affects the voltage fluctuations.
In Fig. 4, we present the voltage distributions for two

different coupling probes ε = 0 and ε = 1/2 and three
values of the disorder where ⟨lnG⟩ take the values 0.1,
0.5, and 2.0. The distributions of the upper panels are
calculated at a kL value at which the voltage reaches a
minimum in a pristine armchair nanoribbon. It is ob-
served that the landscape of the voltage distributions re-
mains largely unaffected by the coupling of the voltage
probes for a fixed value of ⟨lnG⟩.
On the other hand, the lower panels of Fig. 4 show the

voltage distributions calculated at a kL value at which
the voltage reaches a maximum in disorder-free armchair
nanoribbons. In contrast to the upper panels, it is noted
that the voltage distributions are significantly affected by
the coupling strength. As the coupling increases, the en-
tire voltage distributions shift to higher values of voltages
and become narrower. Consequently, the probability of
negative voltages becomes zero, unlike the case of zigzag
nanoribbons, as seen in the lower panels of Fig. 3.
When comparing the results in Figs. 3 and 4, we no-

tice that the probability of negative voltages in arm-
chair nanoribbons is negligible, in contrast to the case
of zigzag nanoribbons with broader voltage distributions
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FIG. 4. Voltage distribution P (V ) for armchair nanoribbons at the Fermi energy for three different values of ⟨− lnG⟩ and two
different values of the coupling: ϵ = 0 (red histograms) and ϵ = 0.5 (blue histograms). Top panels are obtained for a fixed
ka = 1.02× 10−5, kL = 2.55× 10−4, and W = 0.268, 0.628, 1.471 for (a), (b), and (c), respectively, where the voltage reaches
its minimum value in abscence of disorder. Bottom panels are obtained for a fixed ka = 7.19 × 10−6, kL = 1.79 × 10−4, and
W = 0.268, 0.628, 1.47 for (d), (e), and (f), respectively, where the voltage reaches its maximum value in abscence of disorder.
All the distributions are obtained by generating 5000 different realizations of the disorder.

whose tails extend into negative voltage values.
The results above unveil that the statistics of the volt-

age fluctuations differ in zigzag and armchair nanorib-
bons near the Fermi energy, where standard Ander-
son and nonconventional localizations, respectively, take
place. This suggests that the properties of voltage statis-
tics are a result of a more fundamental and general phe-
nomenon, namely, wave localization, rather than partic-
ular properties of the graphene nanoribbons. To support
this statement, we compared the voltage distribution of
1D disordered systems in the presence of Anderson and
anomalous localizations with the corresponding zigzag
and armchair nanoribbons results in the next section.

V. VOLTAGE FLUCTUATIONS: STANDARD
AND ANOMALOUS LOCALIZATIONS

Anderson and anomalous localizations in 1D disor-
dered wires can be studied using 1D tight-binding Hamil-
tonian models with off-diagonal disorder. In particular,
anomalous localization emerges near the center of the
band [40–42]. Thus, we perform simulations of 1D disor-
dered wires in a four-terminal setup with two of the four
attached leads separated by a distance L, which acts as

voltage probes, using the standard tight-binding Hamil-
tonian with random nearest-neighbor hopping.

We first verify the presence of Anderson and anomalous
localization in the 1D systems by obtaining the average
of the logarithmic conductance as a function of the wire
length. As expected, far from the band center, ⟨lnG⟩
depends linearly with L, whereas near the band center
⟨lnG⟩ follows a power-law: ⟨lnG⟩ ∝ Lα with α = 0.73.
Both dependencies are shown in Fig. 5(a). For the case
of 1D wires, we have adjusted the energy to match the
power α = 0.73 found previously for armchair nanorib-
bons. Additionally, we plotted ⟨lnG⟩ for zigzag and arm-
chair nanoribbons near the Fermi energy in Fig. 5(a).
Our results indicate that Anderson and anomalous local-
izations are present in zigzag and armchair nanoribbons,
and 1D disordered wires. As shown in Fig. 5(a), the re-
sults for 1D wires and graphene nanoribbons coincide.

Before presenting the results for the voltage distribu-
tions, a more straightforward quantity, the voltage aver-
age, can first signify the effects of both types of localiza-
tions in the voltage fluctuations.

In Fig. 5(b), we have plotted the average ⟨V ⟩ against
the degree of disorder, quantified by ⟨lnG⟩, for 1D dis-
ordered wires in the presence of Anderson and anoma-
lous localizations. In the same figure, ⟨V ⟩ is plotted for
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FIG. 5. (a) The average ⟨− lnG⟩ is plotted against the system
length L for both Anderson and anomalous localizations. For
Anderson localization there is a linear dependence with L,
while for anomalous localization, there is a power-law depen-
dence, with power α = 0.73. (b) The average voltage plotted
against ⟨− lnG⟩ for ε = 0 for zigzag and armchair nanorib-
bons near the Fermi energy, as well as for 1D wires in the
presence of Anderson and anomalous localization. The disor-
der strength W varies from 0.156 to 1.596 for zigzag nanorib-
bons and 0.094 to 1.678 for armchair nanoribbons.

zigzag and armchair nanoribbons near the Fermi energy.
As shown, the average voltage of 1D wires in the pres-
ence of Anderson localizations matches ⟨V ⟩ for zigzag
nanoribbons. Similarly, the results of ⟨V ⟩ for 1D wires
with anomalous localizations agree with the results for
armchair nanoribbons. Additionally, from Fig. 5(b), it is
seen that in the presence of Anderson localization, the
average voltage approaches its limit value ⟨V ⟩ = 1 more
rapidly than in the presence of anomalous localization.

We now consider the complete distribution of the volt-
age fluctuations. In the presence of Anderson localiza-
tion, the voltage distributions for 1D wires and zigzag
nanoribbons are shown in Fig. 6, upper panels, for two
different degrees of disorder characterized by ⟨− lnG⟩ =
0.1 and 2.0, and two coupling values ε = 0 and 0.5.
The voltage distributions are calculated at kL values
where the maximum and minimum voltages, V0,min and
V0,max, as previously defined, are reached. As we can
observe, the voltage distribution for zigzag nanoribbons
and 1D wires are approximately the same for low disor-
der (⟨− lnG⟩ = 0.1), and they are indistinguishable for a
higher amount of the disorder (⟨− lnG⟩ = 2).

In the lower panels of Fig. 6, the voltage distributions
in the presence of anomalous localization are shown for
armchair nanoribbons and 1D wires near the center of the
band. As in the upper panels, the voltage distributions
are obtained at two values of kL at which the voltage
reaches a maximum and minimum, V0,min and V0,max, in
pristine armchair nanoribbons. As we can see, the volt-
age distributions for 1D wires and armchair nanoribbons
coincide.

Therefore, Fig. 6 demonstrates that the type of local-
ization, Anderson and anomalous, plays a crucial role in
the statistics of the random fluctuations of the voltage.
Furthermore, it shows that the obtained voltage statistics
are not a consequence of the nanoribbons’ lattices, but
of the more general phenomenon of electron localization.

VI. SUMMARY AND CONCLUSIONS

We have studied the voltage fluctuations in disordered
zigzag and armchair nanoribbons in a four-terminal con-
figuration as a function of the distance between the volt-
age probes. The two terminals that act as voltage probes
are coupled to the ends of the nanoribbons with cou-
pling strength parameter ε. The presence of disorder in
the nanoribbon’s lattices and multiple coherent scatter-
ing processes of electrons lead to random voltage fluctua-
tions. These voltage fluctuations are strongly dependent
on the nanoribbon edges. The singular electronic prop-
erties of graphene lattices near the Fermi energy allow
us to study the effects of standard Anderson localization
and anomalously localized electrons on the voltage fluc-
tuations.
Away from the Fermi energy, the nanoribbons behave

like ordinary metals, and we describe the voltage fluc-
tuations using random matrix theory. In the ballistic
regimen, the theoretical description is simplified, which
allow us to provide analytical results for the average and
variance of the voltage. We show that the average and
variance of the voltage oscillate with the distance between
the voltage probes, and the voltage fluctuations can be so
large that there is a non-zero probability of negative volt-
ages. These results are confirmed by numerical simula-
tions using the standard tight-binding model. We remark
that negative resistances have been measured in single-
wall carbon nanotubes in a four-configuration setup with
a separation between voltage probes of the order of the
mean free path [26].
Near the Fermi energy, electrons in disordered arm-

chair nanoribbons are weakly localized in relation to the
exponential localization in the standard Anderson phe-
nomenon. In contrast, in zigzag nanoribbons, the elec-
tron wavefunctions are concentrated at the edge and are
exponentially localized in the presence of disorder. The
power-law dependence of the average of the logarithmic
conductance with the system length reveals the presence
of anomalous localization. For anomalous localization in
armchair nanoribbons ⟨lnG⟩ ∼ Lα with α ≈ 0.7, whereas
in zigzag nanoribbons, ⟨lnG⟩ is a linear function of L, as
in the standard Anderson localization phenomenon.
When studying the effects of these two types of local-

izations on the voltage, it was found that, in general, the
voltage fluctuations are larger in zigzag nanoribbons than
in armchair nanoribbons. Thus, the tails of the broader
voltage distributions in zigzag nanoribbons are extended
until negative voltage values. As a result, the proba-
bility of measuring negative voltages is finite in zigzag
nanoribbons. Instead, the support of the voltage proba-
bility distributions of armchair nanoribbons is restricted
to positive voltage values. However, the coupling of the
voltage probes reduces the voltage fluctuations in both
types of nanoribbons. The most significant effects of the
coupling of voltage probes are observed when the volt-
ages are obtained at the value of the distance between
probes at which the voltage reaches a maximum in its
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FIG. 6. Comparison of voltage distributions P (V ) obtained for 1D wires and nanoribbons, for two values of ⟨− lnG⟩ (0.1 and
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oscillatory behavior in pristine nanoribbons.
The voltage fluctuations studied here are the result of

the general phenomenon of localization in quantum co-
herent transport. Thus, our results are not restricted to
zigzag and armchair nanoribbons but are also applicable
to disorder media where electrons are either Anderson
localized or anomalously localized. As verification of this
statement, we have shown that the average voltage of
zigzag and armchair nanoribbons match the average volt-
age in 1D disordered systems in the presence of Anderson
and nonstandard localizations.

While the singular properties of nanoribbons are shown
at low energies where a single channel contributes to the
transport, it would be of interest to extend our analysis
to the multichannel case and more general setup geome-

tries, such as voltage probes attached to any point along
the nanoribbons. Additionally, it would be interesting
to study the impact of different sources of disorder, such
as vacancies or imperfections on the nanoribbon’s edges,
on voltage fluctuations. Despite these potential exten-
sions of our study, the four-terminal setup we considered
is enough to demonstrate essential coherent interference
effects on the voltage.
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