A REVERSE ROGERS-SHEPHARD INEQUALITY FOR
LOG-CONCAVE FUNCTIONS

DAVID ALONSO-GUTIERREZ

ABSTRACT. We will prove a reverse Rogers-Shephard inequality for log-concave
functions. In some particular cases, the method used for general log-concave
functions can be slightly improved, allowing us to prove volume estimates for
polars of ¢;,-diferences of convex bodies under the condition that their polar
bodies have opposite barycenters.

1. INTRODUCTION AND NOTATION

A convex body is a subset K C R™ which is convex, compact, and has non-empty
interior. The Minkowski sum of two convex bodies K, L C R" is the convex body
defined by

K+L:={z+yeR":ze K,ye L}.

Brunn-Minkowski inequality states that for any two convex bodies K, L C R", if
| - | denotes the volume (Lebesgue measure) of a measurable set in R",

|K + L W+ L],

"> |K

with equality if and only if K and L are homothetic. As a consequence, for any
convex body K C R", the difference body K — K := K + (—K) verifies that

with equality if and only if K is centrally symmetric. A reverse inequality was
proved by Rogers and Shephard (see [RS]). Rogers-Shephard inequality states that
for any convex body K C R",

2
K - K| < ( ”)KL
n

with equality if and only if K is a simplex. This inequality was extended to any
pair of convex bodies in [RS2], where it was proved that for any pair of convex
bodies K, L C R™ and any zg € R”

2n
) Ko+ Dl - 21 < () K2l
with equality if and only if K = z¢ 4+ L is a simplex (see [AJV] for the character-
ization of equality). A reverse inequality was proved by Milman and Pajor [MP].
For any pair of convex bodies K, L C R™ with the same centroid,

(2) IK||IL| < |K - LI|K N L]
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For any convex body K C R”™ such that 0 € intK, its polar body is the convex
body defined by
K°:={zeR": (z,y) <1,Vy e K},
where (-, ) denotes the usual scalar product in R™.
It was proved in [AGJV] (see also [AEFO]) that for any two convex bodies
K,L CR" with 0 € intK NintL

(3) (KN L)*|[(K = L)°] < [K°[|L°].

This inequality strengthens another inequality proved by Rogers and Shephard,
which states that for any two convex bodies K, L C R™, containing the origin

(4) |K 0 Lijeonv{ K, —L}| < 2"|K]|L|

and allowed to prove that there is equality in (4) if and only if K = L is a simplex
and the origin is one of its vertices.

In [F], Firey proved a dual Brunn-Minkowski theorem. As a particular case, one
obtains the following volume inequality for the volume of the polar of the difference
body of a convex body, which improves (3) when L = K. For any convex body K
with 0 € intK,

5) ( — K| < 5K,

The aforementioned dual Brunn-Minkowski theorem was extended to other quer-
maBintegrals in [F2]. The dual Brunn-Minkowski inequality for quermafintegrals
was extended in [HY] for £,-sums of convex bodies (see definition of the £,-sum
K +, L of K and L below). As a particular case, the authors proved the following
volume inequality for the volume of the polar of the p-difference body of a convex
body. For any convex body K with 0 € intK,

©) (K 5 (<K < S|

Rogers-Shephard inequality (1) was extended to the setting of log-concave func-
tion in [AGJV]. A function f : R® — R is said to be log-concave if f(z) = e~*(®)
with v : R" — (—o00,00] a convex function. Given two log-concave functions
f,g: R™ = R, their Asplund product is defined by

frglx) = sup f(z1)g(z2) = sup f(y)g(z —y).

T14+To=x yeR”

and their convolution is defined by

[rg(@)= [ [f(y)g(z—y)dy.

Rn
Notice that if f = yx and g = x are the characteristic functions of two convex
bodies then f x g(x) = xx+r(z) and f * g(z) = |[K N (x — L)|. The functional
version of inequality (1) states that for any two integrable log-concave functions
g R*" =R

@ A sale [ fro@ie< (2)islalols [ f@de [ o,

flx) _ g(==)
Ifllec — Nl

with equality if and only if is the characteristic function of an n-

dimensional simplex.
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The purpose of this paper is to give a reverse inequality to (7) in the same
spirit as (2) reverses Rogers-Shephard inequality. Given an integrable log-concave
function the entropy of f is defined by

Ent(f) = — fR“f logf (z)dx
Rn

We will prove

Theorem 1.1. Let f,g : R" — R be two integrable log-concave functions with

opposite barycenters (i.e., % = %} and such that || f|lc = f(0)
R™ R7

and ||g]lcc = g(0). Then

sl | s@yto [ gy < 0D D paggo) [ pugcya:

Remark. Notice that if f = yx and ¢ = x_p, where K and L have the same
barycenter we obtain

|K||L| < e| KN L|IK = L],
which is an inequality like (2) with a slightly worse constant. If f(z) = g(z) =
e "¢ () with K a centered convex body we obtain

[K°| < (K - K)°),
with a constant of the order ¢™, which is the right order as (5) shows. Nevertheless,

for these particular cases we will obtain sharper constants.

Let us introduce some more notation. For any convex body K with 0 € intK
hyi and || - ||k denote the support function and the Minkowski gauge associated to
K, which are defined as

hi(x) :rnea%(x,y), |z||x = inf{A > 0:2 € AK}.
y

If K is centrally symmetric || - ||k is a norm. Besides, for every z € R", hx(x) =
lz|lxe and hg4r(x) = hg(x) + hr(z) for any pair of convex bodies K,L C R".
The ¢,-sum of the convex bodies K and L, K +, L, is the convex body defined by
its support function

o iy, r(x) = (W () + Wi (z))
o hit r(x):=max{hg(z), hr(z)}.
Notice that K +1 L = K + L and K +. L = conv{K, L}. Besides, if L = K we
have that K +, K = 25 K
The /,,-intersection of K and L is the convex body defined by
o (@) = ify sy (R(1) + 1 (22))
o hin ro(x) :=1infy, 44— max{hx(z1), hr(z2)}.
Notice that KNy L = KNL and K Noo L = (K° + L°)°. Besides, if L = K we have
that K N, K =27 K.
Following the idea of the proof of (2) we will prove the following

Theorem 1.2. Let K, L C R" be convex bodies such that K° and L° have opposite
barycenters. Then for any p > 1

=

2
r(i+z)
(K Ny L)°[|(K +p (—L1))°] > ———|K°||L°].

T (1 + 277,)
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In particular, taking p = 1 we obtain the following reverse inequality to (3).

Corollary 1.3. Let K, L C R™ be convex bodies such that K° and L° have opposite
barycenters. Then

-1
el - o= (1) el

In particular, taking L = K,
-1
o 2n [e]
- w0yl = () 1.

Taking p = oo in Theorem 1.2 and taking into account that (K +. (—L))° =
(conv{K,—L})° = K°N(—L°) and (K Ny L)° = K° + L°, changing K by K° and
L by —L° we recover inequality (2).

Remark. In [HY], it was shown that an inequality like the one in Corollary 1.3
cannot be obtained. The reason is that no restriction on the barycenter of K or
K° was imposed and then the volume of K° can be arbitrarily large.

The following reverse inequality will also be proved

Theorem 1.4. Let K, L C R" be convez bodies with 0 € intK N intL. Then for
any p > 1

2
o\ T (1+2)
0 0 270 4 (-0 < (1) 2
)T (1 + 2—")
)
In particular, taking p = 1 we recover inequality (3) and taking p = oo we recover
Rogers-Shephard inequality (1).
In order to prove Theorem 1.2, we will work in the context of log-concave func-
tions for some particular functions, for which we can use a slightly different approach
than in the proof of Theorem 1.1, working with level sets of log-concave functions

instead of the epigraphs of the opposite of their logarithms. Let us recall here that
the epigraph of a function v : R* — R is the set in R**!

epi(v) := {(x,t) € R"" : v(z) < t}.
For any log-concave function f, its polar function is defined by
inf (‘M) )
verr \ f(y)
where £ denotes the Legendre transform

L(u)(z) = ysélﬁi (z,y) —u(y).

fo(x) =

Since the Legendre transform of a convex function is convex, f° is log-concave.

Besides, for any log-concave upper semi-continuous function f°° = f. Notice that
1 1

for any 1 < p < oo if f(z) = e »l7lk then fo(z) = e all”llke | where %—!— % =1

and x%(z) = e~ llzllxe  Besides, if f and g are two log-concave functions then

(f*9)°"=[g".
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Remark. Considering f(z) = e~ "™ and gly) = e~ "W we see that, on the

one hand,
frgl) = sup flor)glaa) = sup e pPi(m)thi()
x1+xo=x x1+To=x

e—%(inf11+12:z he (z1)+h? (v2)) _ e*%hfkﬁpL)(:r)'

and, on the other hand
o _o\o —1ng ° —1p? ()
[ () = (f29°)°(x) = (e "R ) () = e » orarore ),
and then K N, L = (K° 4+, L°)°.

The paper is organized as follows. In Section 2 we will give the proof of some
technical lemmas that will be needed in order to prove the results. In Section 3 we
will prove Theorem 1.1 and in Section 4 we will prove Theorems 1.2 and 1.4.

2. TECHNICAL LEMMAS

In this section we will collect the technical lemmas that we will use to prove our
results. The following lemma can be found in [MP] (see also [AGM, Lemma 4.1.21])
and is crucial in the proof of (2). Since the proof of our results heavily rely on it,
we reproduce the proof here for the sake of completeness.

Lemma 2.1. Let p be a probability measure on R™ and let ¥ : R® — R be a
non-negative log-concave function with finite, positive integral. Then

v(z)
[ vtonto) <o ([ o) ).

Proof. The function f(t) : (0,00) — R given by f(t) = tlogt is convex. Thus, by
Jensen’s inequality,

vleogv@dn(o) > ([ wtauto))oe ([ vadnta))

Equivalently,

[ toguta mdu(m)zbg<ww(w>du(m)>~

Since log v is concave on {z € R™ : ¢(x) > 0} we have, using Jensen’s inequality
with respect to the probability measure T dp, that
-

log {w ( . xmdu(@)] A

log ¥(x
[ roevtor
which is the assertion of the lemma. O

R

v

du(ﬂf)

v

10g</Rn1/de

Given an integrable log-concave function f with f(0) > 0 and p > 0, the set
K, (f) is defined as

K,(f) = {x eR" : /Ooo Flra)yrP~tdr > f;O)}
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These bodies were first considered by K. Ball in [B], who also established their
convexity. Notice that when f = xg is the characteristic function of a convex
body, ||z||f = ||z||x. We will consider the particular case of p = n. Let K be the
unit ball of the norm given by

b = (i /ooo"”‘lf(m)dQ’Iﬁ

The following well-known lemma relates the volume of K; and the integral of f.
The proof can be found, for instance, in [BGVV, Lemma 2.5.6]. Nevertheless, we
include it here for the sake of completeness.

Lemma 2.2. Let [ be an integrable log-concave function with f(0) > 0. Then

1
K51 = 757 .. fahi.

Proof. Integrating in polar coordinates we have that

px ()
K¢ = / dx:n|B§L|/ / " Ydrdo(u)
Ky Sn=1.J0

= B[ oot

= |Blg|/5“ m/o " f(ra)drdo (u)
= m . f(z)dx

O

The following proposition gives an inclusion between the level sets of a log-
concave function and its associated convex body K. We will denote, for any
t € (0,1]

Ki={zeR": f(z) = t]fll}-

Proposition 2.3. Let f : R™ — R be an integrable log-concave function with
| fllooc = f(0). Then, for any t € (0,1] we have that

tn K, C K.
Proof. Let t € (0,1]. Then for any u € S"~*
n n > n—
PKy (U) = ||f|| / r 1f(1"u)d7‘
oo Jo
1 /pw) 'f(ru)d
> ™= f(ru)dr
[ £l Jo
prc; (w)
> nt/ " Ldr
0
= tpk, (u)".
Consequently
1
P (u) = t7 pre, (u)
and so

K; D tn K.
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Given an integrable log-concave function f we compute the barycenter of the
epigraph of the convex function — log W with respect to the measure with density

e t.

Lemma 2.4. Let f: R™ — R be an integrable log-concave function and let

L:={(x,t) e R" x [0,00) : f(x) > e[| fllo}-
Then i
Jyze tdtde _ fao opffde
f L e~ tdtdx fRn lff(r

J; te tdtdx
= =1+ Ent .
[; e~tdtdx +

Proof. Notice that
/ tdide = / e~ {z € R™ : f(z) > e~ flloo Hdt
L 0
1
_ / {z €R™: £(z) > 5| flloo}lds
0

[ @
‘/ 7l

I
S
S—

S
o
jsW

Similarly
o0
/me‘tdtdx = / e_t/ xdxdt
L {zeR™:f(z)>e | flleo }
= // zdxds
{aceR" f(w )>sllflloo}
||f”oc> f(z)
= dx,
/n / / Tl
and

/ tetdide - / T etz € R : f(2) 2 el dt
L

0

= /O (—logs){z € R™: f(x) > s flloo}|ds

Tl
/ / ~ (= log s)dsda
nJo

o) @) S
/Rn 17T / 17T B 17 ™

(]

Lemma 2.5. Let K CR"™ be a convex body such that 0 € intK and p > 1. Then

/ e k@ gy =T (1 + ") IK°).

n D

/ (@) g / / e~ tdtda —/ |ty K°le~tdt
R m Jhh () 0

Proof.
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- |K°\/ thetdt = (1+"> IK°|.
p

Lemma 2.6. Let p > 1 and let K,L C R™ be convez bodies with 0 € int(K N L)
such that K° and L° have opposite barycenters (i.e., ﬁ fKo xdr = _ITl"I fLo xdx).

Define f(z) = e @) g(y) = e "W). Then for every t € (0,1] the level sets
1
K :={xeR": f(z) >t} = (—logt)r K°,

Li={y eR": g(y) >t} = (—logt) s L°,

ct|/ Lots] |ct/y’K

where Cy = {(z,y) € R*" : f(z)g(—y) > t}.
Proof. Notice that by the definition of K; we have that for every ¢t € (0, 1]

(]

and

dy =0,

Ky: = {xeRn~f()>t}={xeR";e—h’z’<<x>zt}
= {zeR":hg(z) < (~logt)” v} ={z eR": |aflke < (—logt)r}
= (- logt) » K°.

This also gives the identity for L;. Then for every x € K;
= | (~logt — [l2llf-)7 L°
= (—logt — [[z|fxe)> |L°].

'L#
f(=x)

r
IEIT

Thus, by Fubini’s theorem and using the latter identity we obtain that the volume
of C} equals

Gl = [ K@) f@a(=y) > ] dyds

/ ‘—L , _/ ‘L ,
K, fz) K, fz)

= |17 (—logt —||z|}.) 7 do

dzx

1
(—logt)p K°

2n ° ﬂ
- (- logtmL\/ (1~ |lyl) ¥ da

= (—logt)» \Lo\/ / 175 “tdsdy
Ke J||

ylbo P

<—1ogtmL°|/<1fs>r / dyds
0 1 sp Ko°

(—1ogt)%"\K°||L°|/ s¥(1—s)% 'ds
0

TVIITII

and

&
8
I

/ x ’L t
K, F(x)

|L°\/ L a(—logt— |e]%) b de
(—logt)r K°

2ntl o n
(—log )™ |L \/K y(L — [lylEe) % dy
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= (- logt |L°\/ / 1—8) Ydsdy
° iyl p

= 2(—log |/ (1—23) /1 ydyds
p sp K°
n
= —(—logt) |/5P (1—s)> ds/ ydy.
p o
Consequently,
! L_. |dv=(—logt)? i <1 Ml / d
IVl € Q ogi)r yay,
C ‘ f(=) n ﬂ K°
‘ t| K ,8 (1 + ) p | ‘
and, similarly
n+l n
1 (14 m)
il y’K% (—logt)» L ] ydy.
tl JL, 15} (1 + 2, p) Lo
Since K° and L° have opposite barycenters we obtain the result. [

Lemma 2.7. Letp > 1 and let K,L C R"™ be convex bodies such that 0 € intK N
intL. Let f(x) = e @) g(y) = e "W). Then for every x € R™

o fxg(x)= e_hfk%L)(r),
o f@)g(—a) = e R0,

Proof. Both identities follow from the definitions. On the one hand, from the
definition of the Asplund product

sup  f(z1)g(x2) = sup e~ M @) =hE (22) — o= (infay4ay=e P (21)+h (22))
T1txe=T T1+xo=x
_ e_hfzmpm(x).

On the other hand,

Wiy, (—py(@) = Wi () + WY (2) = W () + B (= ).

3. REVERSE FUNCTIONAL ROGERS-SHEPHARD INEQUALITY

In this section we will prove Theorem 1.1. In order to prove it we will consider
a log-concave function F' : R?” — R and define a probability measure p on the
projection of the epigraph of F' on a linear subspace H and a log-concave function
1, which will be the volume of the intersection of the epigraph of F with the
translates of H+. F will be defined in such a way that an orthogonal change of
variables will allow us to compute the integral of ¥ and, using Lemma 2.1, we will
estimate it by the volume of a section of the epigraph of F. This section is a level
set of a log-concave function and then, using the inclusion provided by Proposition
2.3 and the volume estimate in Lemma 2.2, it will be estimated by the integral of
such function.
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Proof of Theorem 1.1. Let F : R?® — R be the log-concave function F(u,v) =

f (“j;) g (”\;5“) and let L C R?"*! be the convex set

L={(u,v,t) € R F(u,v) > e[| fllollglloc}-

We will call H = span{e,41,-..,€2n,€ant+1} and let M = Py (L) be the projection
of L onto the subspace H. Taking into account that for any u,v € R?, ¥£¥ 4 v=u —

V2 V2
\/ﬁv, we have that

M = {(vt)eR"": Sup. F(u,v) = e[ fllollglloc }

{(v,t) € R™1 2 fag(vV20) = e[| f ocllglloo}-

Notice that, by Brunn-Minkowski inequality, the function (v, t) supported on M
and defined by
w(v,t) = [LN((0,0,1) + H)
= HueR": F(u,v) > e[| flloollglloo}]

is log-concave. Besides, calling p the probability measure on M defined by

xu (v, t)e"tdtdv
Ao t) = = Sy

. . utv U—v
we have, changing variables r = 72 and y = T that

B f ~tdtdvdu
f)dtdp = L&
/M ¢ dj( ) f M e~ tdtdv

S et [{mo e ®om s f (22) o (22) = eI lolgll }
fM e~tdtdv
ot (35 (5
fR” fxg(v/22)dz
V2)" [pn f(@)dz [5. 9(y)dy
Jon > 9(2)dz '

Taking into account that f and g have opposite barycenters, changing again vari-

ables x = “\JF’ and y = \/5 we have

Jor W, ) (v, t)dp(v, t) _ S, t)e (v, t)dtdv
Sy (v, t)dp(v, t) N S e t(v, t)dvdt
[, (v, t)e~tdtdudv Jo f{(umeRQn:f(“;’) & “)>e*t|\f\|m\g|\m}(

fL e~ tdtdudv fRn Hflw) dx fR" |g( dy

= (o () e () -

Consequently, by Lemma 2.1 we have that

V2)" [on F(@)da [, 9(y)dy
Jgn f*9(2)dz

/wmwwmw
M

v, t)e~tdtdudv
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is bounded above by the volume of

{u ER": f (\2) g (;;f) > ¢~ (1+Ent (i )+Ent(gm))f||oo||g||oo} ,

Since ||f|lec = f(0) and ||g||cc = ¢g(0), we have, by Proposition 2.3, that the latter
set is contained in

en F (1 Ent (s ) +Ent (o ))K}“
where denoting g_(z) = g(—z), h(x) is defined by h(z) = fg_ (%) Taking

volumes and using Lemma 2.2 we obtain

V2)" fon F@)d2 fo 9@y (1rmnt( ) B ))/ I ()0 (%) "

Jn I x9(2)dz - 1fllocllglloo
Thus,
fllales | S(@yto [ gy < 0Pt o)
< [ reaas [ o
which completes the proof. O

4. VOLUME ESTIMATES FOR POLARS OF fp—DIFFERENCES OF CONVEX BODIES

In this section we will prove Theorems 1.2 and 1.4. The proof of Theorem 1.2
follows the same lines as the one in the previous section for general log-concave
functions. The main difference lies in the fact that we will consider functions with
homothetic level sets and then we will have that not only our functions will be
centered but every level set will be centered. This will allow us to work with every
level set separately instead of with the whole epigraph.

Proof of Theorem 1.2. Let us consider the log-concave functions f : R” — [0,00)
given by f(z) = e "), g(y) = e~M50). Notice that ||flle = £(0) = 1, llgloc =
9(0) = 1 and that, by Lemma 2.5, || f|; = T (1 + g) |K°|and ||g|l; =T (1 + g) IL°].
Let F : R>® — R be the function given by
U+ v v —u
F(u,v) = .
=1 ("7)s (")
Observe that | F||ec = F(0,0) = 1 and that, changing variables z = “\E’, y="*7

/R Flu,v)dvdu = /R f (“”Lﬁ”) g <“\;§“> dudu= [ f)o(~y)dyda

2
- T (1 + ”) IK°||L°).
p

Let us call, for every t € (0, 1],
Fy = {(u,v) € R*" : F(u,v) >t}

and let M; be the projection of F; onto the subspace H = span{e,ni1,...,€n},
which we identify with R™. Thus,

Mt:{veR":m%xF(u v) >t}
weR"




12 DAVID ALONSO-GUTIERREZ

Then, the function ;(v) := |L; N (0,v) + H*| is log-concave and has support M;.
Calling p; the uniform probability measure on M; we have that

1 | F|
v)du(v) = —— v)dv = ,
Mt,l/]t( ) /u‘t( ) |Mt‘ M, wt( ) ‘Mt|
and, changing variables x = %, y= “\7;,
Y (v) 1 1
v——————du(v) = — vip(v)dv = — [ wvdv
M, fMt Y (w)dp (w) ' || S, ' |E| Jr,
1 r—y
= — dydzx,
[Fil Jo, V2

where C; is the level set C; := {(z,y) € R*" : f(x)g(—y) > t}. Since, by Lemma
2.6 and using the notation in such lemma,

/ (r —y)dydx = / zdydz —/ ydydz
Ct Ct, Ct,
- L(tx|Lffm|dx/Lty|Kg,<"w|

= / x|L#|dx—|—/ y|K_t_|
K, f (=) L, 9(y)

)

we have that for every ¢ € (0, 1]

; Pi(v)
M, Jag, Y(w0)dp(w)

Consequently, by Lemma 2.1, for every t € (0, 1]

e (o)

®) o <0 =|FRNHY =
Equivalently, the volume of F; is bounded above by

| M|
o e ) e e300

Integrating in ¢ € (0, 1] and using Fubini’s theorem we obtain that

dpg(v) = 0.

r (1 + Z>2 |K°||L°] :/R F(um)dv_du
e S (5) (e () e

Notice that for every #,v € R® ﬂ\'/g’ + ”J; = /2v and then for every v € R?"

max f (T;;) 9 (%) = max  f(a)g(e) = f+g9(v2v).

Thus, by Lemma 2.7 and Lemma 2.5

r<1+;f)2|K°||L° < [ g o) Sw)g(-0)}dvdu
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— P P
/ o M e oo 10k 90 } gy
R2n

P
= e”(“’”)”«mpw"x<K+p<fL>>°dvdu
RZn

2n o o
r (1 n p) (K 0y D |5 4, (~L))°),
which finishes the proof. O

The proof of Theorem 1.4 follows the same idea, but now we use the inequality,
due to Rogers and Shephard (see [RS2, Theorem 1]), instead of inequality (8).

on\ !
11> () IPa(EOIF = 0
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