REVERSE LOOMIS-WHITNEY INEQUALITIES VIA
ISOTROPICITY
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ABSTRACT. Given a centered convex body K C R™, we study the optimal value
of the constant A(K) such that there exists an orthonormal basis {w;}?_, for
which the following reverse dual Loomis-Whitney inequality holds:
n
K" < AK) T IK nwl].

i=1
We prove that A(K) < (CLg)™ for some absolute C' > 1 and that this estimate
in terms of L i, the isotropic constant of K, is asymptotically sharp in the sense
that there exists another absolute constant ¢ > 1 and a convex body K such
that (cLx)" < A(K) < (CLg)™. We also prove more general reverse dual
Loomis-Whitney inequalities as well as reverse restricted versions of Loomis-
Whitney and dual Loomis-Whitney inequalities.

1. INTRODUCTION AND NOTATION

The classical Loomis-Whitney inequality [11] states that given a fixed orthonor-
mal basis {e;}}_;, for any open set K C R™ we have that

n

1
(L1) K| < ] 1P K7,
i=1
where | - | denotes the volume (i.e., the Lebesgue measure) in the corresponding

subspace and, for any k-dimensional linear subspace H € G, i, Py denotes the
orthogonal projection onto H. As a consequence, one has the same inequality
whenever K C R"” is a convex body. A Convex body is a compact convex set with
non-empty interior and the set of all convex bodies K C R"™ will be denoted by ™.
The barycentre of a convex body K € R" is the vector

1
bar(K) = ﬁ/Kmda:

We call K centered if bar(K) = 0 and the set of all centered convex bodies will be
denoted by K. Finally, the set of all centrally symmetric convex bodies will be
denoted by Kf.

In [12], Meyer proved the following dual inequality: For any convex body K C R"™

nn

_1_n
(nt)=— ety
(1.2) |K| > THU(HQ =
i=1
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In [5], Campi, Gritzmann and Gronchi considered the following problem. Given
any convex body K C R", find the largest constant A(K) such that there exists an
orthonormal basis {w; }_, for which the following inequality, reverse to the classical
Loomis-Whitney inequality (1.1), holds:

n
(1.3) K"t > AGK) [] 1P K-

i=1
In the aforementioned paper the authors were interested in finding the value of
A(n) := infgexen A(K). They found the exact value of this constant in the planar
case and gave a lower bound for its value in any dimension. Subsequently, in [10],
Koldobsky, Saroglou and Zvavitch gave the right asymptotic estimate for the value
of the constant, of the order A(n)% ~n-3. Here, and through the whole text, the
notation a ~ b is used to denote the existence of two absolute constants c¢1,co > 0
such that ¢;b < a < eb.

In [6], Feng, Huang and Li considered the dual problem. Given any centered
convex body K C R", find the best constant A(K ) such that there exists an or-
thonormal basis {w;}? ; for which the following inequality, reverse to the dual
Loomis-Whitney inequality (1.2) holds:

n
(1.4) K" < ME) I nwytl.
i=1
They proved that if K is a centrally symmetric convex body in R” then A(K) <
((n—1)1)™. In other words, given a centered convex body K C R", we are interested
in the value of

. R
15 AK)=min —

where the minimum is taken over all the orthogonal bases {w; }?_; of R™. Moreover,
we define
A(n) = sup A(K) and Ag(n)= sup A(K),
Kekr Kekp

where the supremum is taken over all centered convex bodies K in R™ and over all
centrally symmetric convex bodies respectively.

In this note, we describe the exact asymptotic behavior of ]X(n) given by the
following theorem. The precise definition of Ly, the isotropic constant of K, will
be given in Section 2.

n
c’

Theorem 1.1. For every centered convex body K € K, we have that

MK) < (2v3L) "
Furthermore,
(V2L.)" < Am) < (2v3L.)
where L, = maxgcxn Ly, is the mazimal isotropic constant.

Remark. Notice that the best known general upper bound for the isotropic constant
(see section 2) gives an estimate A(n) < (Cn)™, improving the estimate A(n) <
((n — D)Y™. Moreover, if we assume that the hyperplane conjecture (or slicing
problem, see [4]) is true, we have that A(n)% ~ 1.
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As a consequence we obtain that for every centrally symmetric planar convex
body K € K2, we have that A(K) < 1. This inequality was proved in [6], where
the equality cases were claimed to be characterized. Unfortunately, such character-
ization is not correct and, while it is true that AO(Z) = 1, the equality cannot be
attained for any convex body (see Section 4).

Moreover, we prove the following general reverse inequality for sections of ar-
bitrary dimension. Before stating the theorem, we need a more general definition
for A(K) and A(n). Let m > 1 and let S = (S4,...,S,,) be a uniform cover of
[n] == {1,...,n} with weights (p1,...,pm), that is S; C [n] for every 1 < j < m
and for every 1 < i< n

m
ZPjXSj (1) =1

For any basis {w;}}_; of R™, let H = span{wy, : k € S;}, d; = dimH; = |S;|, and
p= Z]:l p] .
For every S, we are interested in the value of
; R
As(K) = min -
H_?:l ‘K N Hf|p'77

where the minimum is taken over all the orthogonal bases {w; }?_; of R™. Moreover,
let

As(n) = Sup As(K),

where the supremum is taken over all centered convex bodies K in R™. Then, we
have the following

Theorem 1.2. There exists an absolute constant C > 0, such that for every cen-
tered conver body K € KI' for any uniform cover S = (S1,...,Sm) of [n] with
weights (p1,...,Pm), we have that

As(K) < (CLg)™.
Furthermore, there exist absolute constants ¢, C' such that

(CLn)n < ]\S(n) < (CLn)n,

m pjdj ~
Hj:l Ld]‘
where Lq = maxycxa L is the mazimal isotropic constant in RY.

Remark. Notice that Theorem 1.1 is the particular case of Theorem 1.2 (in which
the value of the absolute constants is explicitly given) which corresponds to the
choice m =n and S; = {j} for 1 < j < n.

Remark. Again, if we assume that the hyperplane conjecture is true we have
AS( )ﬂ ~ 1.

In [3], the following restricted Loomis-Whitney inequality was obtained; if T C
[n] has cardinality |T| = d and (Si,...,S,) form a uniform cover of T with the
same weights ( e k) where m > k, then for every convex body K C R"™ and
any orthogonal bablb {ei},

n—kd\E
| Py K[JK|%71 < G i)_ H | Py K|

(@
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where H; = span{e; : k € S;} and H = span{e; : k € T'}. In particular, for every
convex body K C R™ and any d-dimensional subspace H € G,, 4, we have that for
any orthogonal basis {e;}¢ | of H

n—1\% d
(1.6) | Py K| K97 < ("1721 [T1P. Kl
(d) j=1
Dual restricted inequalities were also proved in [3]. We will also consider the prob-

lem of finding reverse restricted Loomis-Whitney inequalities and restricted dual
Loomis-Whitney inequalities. We will prove the following two results:

Theorem 1.3. Let K € K™ be a convex body and let 2 < d < n— 1. For any
H € Gy,q there exists an orthonormal basis {wj}?zl of H such that if we denote
H = span{ws,...,wq} then we have that

4 (n+d) d
Py K||K|*7t > o P, K]|.
Remark. Notice that if d = 2 then the constant in Theorem 1.3 and the constant
in equation (1.6) are of the same order.

Theorem 1.4. There exists an absolute constant C such that for every centered
convez body K € K and every H € G, 4 there exists an orthonormal basis {w; }?:1
of H such that

d
|K|[K 0 H < odDas TT 1K 0 (H: & (w)))]-
j=1
The paper is organized as follows: In Section 2 we provide the preliminary
definitions and results that we use in order to prove our results. In Section 3
we prove the reverse dual Loomis-Whitney inequalities given by Theorem 1.1 and
Theorem 1.2. In Section 4 we study the situation in the centrally symmetric planar

case. Finally, in Section 5 we prove the restricted versions provided in Theorems
1.3 and 1.4.

2. PRELIMINARIES

A convex body K € K™ is called isotropic if |[K| = 1, K is centered, and for
every § € S"1

/ (z,0)%dx = L%,
K

where Ly is a constant depending on K, but not on 6, which is called the isotropic
constant of K. Given any convex body K C R" there exists an affine map a + T,
with @ € R™ and T' € GL(n) (unique up to orthogonal transformations), such that
a + TK is isotropic. The isotropic constant of K is then defined as the isotropic
constant of any of its isotropic images. Such an affine map is the solution of a
minimization problem, which allows to alternatively define Lk in the following way

1
n Ja+

It is well known that the Euclidean ball B% is the n-dimensional convex body
with the smallest isotropic constant and, as a consequence, there exists an absolute
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constant ¢ > 0 such that Lx > ¢ for every convex body K C R™ and any n € N (see,
for instance, [4, Proposition 3.3.1]. However, it is still a major open problem (known
as the slicing problem) whether there exists an absolute constant C' > 0 such that
L, := maxgexn Lg < C. This question was posed by Bourgain, who proved the
upper bound L, < Cni logn in [2]. This was improved to L, < Cni by Klartag
in [9] and it is the currently best known bound. In the planar case, it is known (see
[4, Theorem 3.5.7] and the results in [15]) that Ly = La2 = ﬁ If we restrict
ourselves to centrally symmetric convex bodies and denote Ly, o := maxgexy L,
then Loog = Lp2 = \/% Here A™ denotes the n-dimensional regular simplex and
B denotes the n-dimensional cube. These (and their affine images) are the only
convex bodies on which the maximums in K™ (and in Kf) are attained.

Given a centered convex body K € K7 with |K| =1 and p > 1, its L,-centroid
body Z,(K) is defined by

th(m@):( / |<x,y>|pda:) . yeR",

where for any convex body L € K", hy(y) = max{(x,y) : € L} is the support
function of L. Notice that, by Hoélder’s inequality, if 1 < p < ¢ then Z,(K) C
Z4(K). Moreover, for any linear map 7' € SL(n), with |detT| = 1, Z,(TK) =
TZ,(K), and that K is isotropic if and only if Z»(K) = Lix By. If K is not isotropic
and |K| =1 then Z2(K) is an ellipsoid whose volume is |Z2(K)| = L% |B%| (see, for
instance [4, Proposition 3.1.7]). In [8], Hensley proved that there exist two absolute
constants ¢, co such that for every centered convex body K € K with |K| =1
and every § € S"1

(&1

(2'1) m < hZZ(K)(a)

<2
S K NneL”

The value of these two constants are known to be (see [13, Corollaries 2.5 and 2.7]

and [7, Theorem 3]) ¢; = ﬁ and ca(n) = m < % Furthermore, there

is equality in the left-hand side inequality if and only if K is cylindrical in the
direction 6 (i.e., K = K N0+ + [z, x] for some z € R") and there is equality in
the right hand-side inequality if and only if K is a double cone in the direction 6.

The latter equation shows that for any isotropic convex body and any 6 € S™~!

1
KnNnot| ~ —.
Ko =

More generally, in [13, Proposition 3.11] (see also [4, Proposition 5.1.15]) it was
proved that for any isotropic convex body K and any d-dimensional linear subspace
H € G, 4, there exists a d-dimensional convex body B(K, H) such that

Lpk,m)

(2.2) KN HY|7 ~
Ly

It was proved by Paouris (see [4, Theorem 5.1.14]) that there exist two absolute
constants c1,ce such that for every centered convex body K € K™ with |K| =1
and every d-dimensional linear subspace H € G,, 4

(2.3) o1 <|KNHY1|PrZy(K)|1 < co.
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Given a convex body K € K", its polar projection body II* K is the closed unit
ball of the norm given by

K = |x||PzJ-K|’

which is a centrally symmetric convex body. Equivalently, its radial function is

given by pr-x(6) = \PiiKl’ where for every convex body L € K" containing the
0

|

origin in its interior, its radial function is defined for every # € S"~! by pr(0) =
max{A > 0 : M € L}. Tt is well known that for any convex body K € K", the
affinely invariant quantity |K|"~!|IT* K| is maximized when K is an ellipsoid and
minimized when K is a simplex, as proved by Petty [14] and Zhang [16], respectively.
Thus, for every convex body K C R™

2n n

BTL
n |By |

In [1, Proposition 5.2], it was proved that for any convex body K € K™ and any

d-dimensional linear subspace H € G, 4

n+d)
2.4 K|*YIT*K N H| > #_
(2.4) | K] | | Py K|

3. PROOF OF THE REVERSE DUAL LOOMIS WHITNEY INEQUALITY
We begin this section by proving Theorem 1.1

Proof of Theorem 1.1. Let K be a centered convex body. We can assume without
loss of generality that |K| = 1. Let us considered the ellipsoid Z5(K) C R™, which
has volume |Z2(K)| = L% |B%|. Taking {w;}~, the orthonormal basis given by the
principal axes of the ellipsoid Z;(K) we have, by (2.1), that there exists an absolute
constant ¢; = % such that
- 41831 _ ot
|K n ’LUZL| > i 1 = 1 ==
il;[l [l hzo)(wi) [ Z(K)] L

which proves that

A(K) < (CLg)"
with C' = é = 2v/3. To conclude the proof of Theorem 1.1 we first notice that
from the above R
A(n) < (2V3L,)".
On the other hand, if we consider an isotropic convex body with isotropic constant
Ly = L, we have that for every orthonormal basis {w;} of R"
cr ﬁ 1 cy
— < || IKnwj| < —,
Ly =4 T Ly
where ¢y = % and, since L = L,

A(n) > (cLy)",
with ¢ = é = /2. This concludes the proof. O

Remark. The latter proof shows that for every isotropic convex body, A(K)

We now move to the general case.
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Proof of Theorem 1.2. Let m > 1 and let S = (51,...,5,) be a uniform cover of
[n] with weights (p1,...,pm). Let K be a centered convex body. We can assume
without loss of generality that |K| = 1. Let {w;}7_; be the orthonormal basis given
by the principal axes of the ellipsoid Z2(K). Let T' € GL(n) be the diagonal map
with respect to the orthonormal basis {w;}?_; given by T(w;) = Aw; such that
TK is isotropic. By (2.2), there exists an abbolute constant ¢; such that for any
1 < j < m there exists a d;-dimensional convex body B(K, H;), depending on K
and H; = span{wy : k € S}, verifying

1
1 -1 1y L
KnHf| = [T7'T(KnH) =[] )\—k|TKﬂHj |
kes
L .
S (61 i(KﬂJ)) H 1
K k&S,
Note that ijdj =n, if we call S = [n] \ S; for every 1 <j < m and p = Zpl
j=1 =1
then the m-tuple (S%,. .., S5, ) forms a uniform cover of [n] with weights (pf, ..., p),),
where p; = P4, and [Ti; A = |T| = 1 since |K| = |TK| = 1. Combining the

above we get

|KOH+|pJ><> B(KH) = ;
fiosr s (2) Tl

Jj=1

n m d;
(e \" 1L (Esacny))™™
Lg >t PjXs¢(i)

IT= A
m d
_ (Cl>n I (Epacny))™™

Lk H?:l )‘fil
n 7™ jd;
AT (L))
= T
This means that
% (Lg)"

As(K) < o
A Ty (L ) )P %
Taking now the supremum over all orthonormal bases, and taking into account that
there exists a universal constant ¢ > 0 bounding from below the isotropic constant
of any convex body in any dimension, we get that
% (Lr)"
AS (K) < max d.
e T2y (L ay) )P %

with C' = Ei

If K is isotropic then, by (2.2), there exists a universal constant co such that for
any orthonormal basis {w;}*; and any uniform cover S = (S1,...,Sy) of [n] with
weights (p1,...,Dm), we have that for every 1 < j < m the d;-dimensional convex
bodies B(K, H;) associated to K and H; = span{wy, : k € S;} verifies

C2LB<K,HJ))dj

KNH;| <
K] < (20
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and then for any orthonormal basis {w; }?_; and any uniform cover § = (S1,...,Sm)
of [n] with weights (p1,...,pm)

_ (L) ﬁ |K N H-|Ps.
Cy Hj:1(LB(K,Hj))pjdj j=1 ’

1=|K[P~! >

Therefore, taking ¢ = +

Cc2

As(K) > min (cLw)" > (L)
121 (L mj) )P I, LZ;dj 7

where the minimum is taken over all the orthogonal basis {w;}?_; in R™. Taking
the convex body with maximal isotropic constant in R™, we get the reverse bound
for As(n). O

Remark. Notice that if K is isotropic then one has that for any orthonormal basis
{witis,
(cLg)" o K[! o (CLk)"
H;ﬁzl(LB(Kij))pjdj H;n:l KN Hjl|pj HT:1(LB(K,H_7»))pJ'dj ’

where ¢, C' are absolute constants and so

Lk
m p;d; 0
Hj:l(LB(Kij)) "

where the minimum is taken over all orthonormal bases {w;}}_; in R™.

4. THE CENTRALLY SYMMETRIC PLANAR CASE

In this section we will study the centrally symmetric planar case and prove the
following:

Proposition 4.1. The value of Ag(2) is

Ao(2) = 1.
However, there exists no centrally symmetric planar convez body K € K3 such that
AK) =1.

In order to prove the proposition we will make use of the following lemma, which
shows that when K is a centrally symmetric planar box, one of the two orthogonal
vectors for which we obtain the minimum defining A(K) has to be the direction of
one of the diagonals.

Lemma 4.1. Let K € K2 be a centrally symmetric rectangle whose sides have
lengths Iy <ly. Then

N |K Nwi||K Nw;y| P43

<1,

where wy is the direction of a diagonal of K and wsy is orthogonal to wy and 1 > 1.

Remark. If we assume |K| = 1, then A(K) =
largest side of K.

%, where [ is is the length of the
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Proof. We can assume without loss of generality that |K| = 1 and that the sides of
K are parallel to the coordinate axes. Let [ denote the length of the vertical side
of the box, which we can assume to be the longest one. Then [ > 1 and

1 1 1 1 1 l 1 l
K = conv — ), -=,= ), (= -], |-—=,—= )
{<21 2> ( 21 2> (2[ 2) ( 21 2>}

Let us take wy = {(z,y) € R? : y = az,a € R} a generic straight line through the
origin and w; an orthogonal vector to wy. Thus, wi = {(a:,y) ER?:y= —éx}
Notice that if a € [12, oo) then wy intersects with the boundary of K, 0K, in the
horizontal sides at the points P, = (;—a, %) and —P; and wi in the vertical sides
at the points P, = (%, —ﬁ) and —P,, while if a € [l%,lz} both wi-, wsy intersect
OK in the vertical sides, being w3 N K the points P{ = (3, %) and —P{, and
wi N OK the points P = (37, —5;) and —P}.
Therefore, if a € [12, oo), we have that

1
|mef\|me2l|:1+ﬁ

and if a € [lim lz]

1 1
|K Nwi||K Nwy | = 2 <a+ a)

we have that |K Nwi||K Nwy | is maximized in a € [#,00) for the values a = [?
and a = l%, which correspond to the cases in which either wy or wi passes through
one of the vertices of the box. If this is the case,
41

4
Since K is symmetric with respect to the coordinate axes, we have that for any
a € (foo, l%) there exists another pair of orthogonal lines w1, w5 described as

before by a parameter a; € [l%, oo) for which

K Nwi||K Nwy| = |K Nat||K Ny .

\Kﬂwf‘HKﬁw%‘\ =

Since in the case where wy, w; are the coordinate vectors we have | KNwi- || KNwy | =
1, it follows that

*+1

i 1
max |[K Nwi || K Nwsy | = i
where the maximum is taken over all the pairs of orthogonal vectors in R2, and it
is attained when one of the two vectors is the direction of the diagonal of K. [

Let us now prove Proposition 4.1:

Proof of Proposition 4.1. We argue like in the proof of Theorem 1.1. For any K €
K3 with |K| = 1, if wy,ws are the principal axes of the inertia ellipsoid Z3(K) of
K, and taking into account that Ly ¢ = \/%, we have

X K|

4.1 AK) <
(4.1) (K) |K Nwi||K Nw; |

Besides, by Lemma 4.1, we have that

<120% < 1.

l4
Ao(2) > lim —— =
0(2) > lim 7
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Therefore, Ag(2) = 1. If there exists a convex body K (we can assume that | K| = 1)
such that A(K) = 1 then for such K all the inequalities in (4.1) are equalities.
In particular, if we have equality in the second inequality, K is cylindrical both
with respect to w; and ws, which means that there exist x1,22 € R™ such that
K = KUwi + [~z1,71] = K Uws + [~x9,72). This one implies that K is a
rectangle. But in this case, the Lemma 4.1 gives A(K) < 1. O

Remark. In [6], the authors claimed that if K € K2, then A(K) = 1 if and only
if K is a parallelogram with one of its diagonals perpendicular to the edges. The
following example shows that such characterization was not correct. Let

wevn{(01),08)-(02) (2D}

which is a symmetric parallelogram with the diagonal from (0,1) to (0,—1) per-
pendicular to the edge from (0, %) to (1, %) Notice that |K| =1 and if we take w
in the direction of the diagonal from (1, %) to (71, f%), we have that wi inter-
sects the boundary of K at the points P = (fé, %) and —P and then, taking ws

orthogonal to w; we have that
K| 3

=-<1
|IK Nwi||K Nwy| 5

Thus, it is not true that A(K) = 1.

5. RESTRICTED VERSIONS

In this section we will prove reverse versions of restricted Loomis-Whitney and
restricted dual Loomis-Whitney inequalities. We start proving Theorem 1.3.

Proof of Theorem 1.5. Let K € K™, H € Gy, 4 and let II* K be the polar projection
body of K. Since II* K is a centrally symmetric convex body, II* KN H is a centrally
symmetric convex body in H, using [5, Lemma 5.5], there exists a rectangular cross-
polytope C contained in II* K N H such that

K N H| < d|C|.
That is, there exist d orthogonal vectors {w;}¢ ; € S"~! N H such that
C = conv{j:pn*K(7,01-)11114};1:1 CII'KNH

and
d 2d
K nH| < d|C| =[] 20 k(wi) = —=g————.
i=1 Hi:l |Pw7.%K|

Since, by (2.4), we have

(ner)
K NH| > n ,
| | nd|K|4=1|Py. K|

we obtain

n+d\ d
i=1
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Let us now prove the restricted dual Loomis-Whitney inequality given in Theo-
rem 1.4.

Proof of Theorem 1.4. Let K € K? be a centered convex body. We can assume,
without loss of generality, that |K| = 1. If H € G4, by the reverse Loomis-
Whitney inequality (1.3) applied to the convex body Py (Z4(K)), with the value of
the constant estimated in [10], there exists an absolute constant ¢ and an orthonor-
mal basis {w;}_, of H such that

d—1
P2 KD > ]

1 d
TT 1Prrs Za(E).
j=1

Using (2.3), we get that there exist two absolute constants ¢y, ¢ such that

¢ <|KNHY|PyZy(K)| < .

Therefore, for every 1 < j < d

7 <K N (HT @ ()P Za1 ()] < 57

Combining the above with the fact that Zg_1(K) C Zg(K), it follows that

(a1 cdld=1) 1

= )
(KN HA ™ (ed) TT0, KN (HE @ (w))))|

which gives the result. d

(1]
2]

(10]
(11]

(12]
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