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ABSTRACT

The combination of large eddy simulation (LES) and probability density function (PDF) methods is a general framework to model turbulent reactive
flows. The coupled approach provides direct closures for the nonlinear subgrid source terms typical of chemically reacting flows. LES-PDF methods
have a wide range of applicability and they are started to be used in high-speed flows with strong compressibility effects. However, PDF formulations
are more complex in compressible flows, where mechanical and thermodynamic contributions are more coupled. The paper presents a novel PDF
framework that uses a full thermodynamic closure (scalar-energy-density-velocity) with the Eulerian Monte Carlo stochastic field approach. The
work uses simple closures for the subgrid terms using the advantages of the Eulerian formulation and recasts the stochastic equations in a pseudocon-
servative form. The resultant formulation is applied to three canonical compressible flows: turbulent shock-tubes, compressible homogeneous turbu-
lence, and a reactive free-moving premixed flame. All cases show large density and pressure fluctuations. The effects of underlying numerical
schemes and PDF closures to represent compressible effects are investigated along with the statistical convergence of the method.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0039038

I. INTRODUCTION

Probability density function (PDF) methods have been a part of
in turbulence modeling since the early 1980s.1,2 PDF methods provide
a framework to incorporate small-scale effects in fluid mechanics sim-
ulations. They are particularly advantageous when turbulent small-
scale interactions are present, such as in turbulent reactive flows, and
scale separation is difficult.

PDF methods have progressed since the pioneering work of the
late 1960s and early 1970s3–5 that formulated the single-point PDF trans-
port equation. PDF approaches started to be applied to turbulent reactive
flows,6,7 when stochastic methods were used to solve the PDF equations.
The most common approach was a hybrid Reynolds-averaged
Navier–Stokes (RANS)/PDFmodel where a computational fluid dynam-
ics (CFD) solver would characterize the turbulent flow and a Lagrangian
particle solver will be used to represent the PDF evolution. Most of the
research development was devoted to characterize the micromixing8 (or
scalar mixing), which represents how small-scale diffusion processes are
represented in the PDF equations. All micromixing models suffered lim-
itations under certain conditions (laminar flows, sharp discontinuities,

etc.) and the formulation of a general micromixing model is still an
unsolved problem. An overview of mixing models is available in
Haworth,8 with model comparison in the works of Subramanian and
Pope9 andMerci et al.,10 among others.

The natural evolution of RANS/PDF methods was the hybrid
large eddy simulation (LES) and PDF approach,11,12 also known as fil-
tered density function, where the PDF is an instantaneous subgrid (or
subfilter) distribution. LES removes part of the complexity associated
with micromixing, as subgrid PDFs are narrower and simpler models
could be used.

The biggest drawback of PDF methods is the cost, and variants
have been developed over the years to exploit certain features of the
flow to reduce the cost, including conditional moment closure
(CMC),13 multiple mapping condition (MMC),14,15 direct quadrature
method of moments (DQMOM),16,17 most of which use LES in their
recent implementations. However, these methods lose generality or
rely on complex closure models. Quoting Piomelli18 in his 2014 review
of LES prospects: “This (LES-PDF) may be, in this author’s opinion,
one area in which modeling efforts should be focused in the near
future.”
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There are two major stochastic implementations of PDF methods:
Lagrangian particles7 or Eulerian fields.19,20 In both implementations,
the stochastic solvers are often coupled with a more or less conven-
tional CFD solver. The evolution of the stochastic particles and/or fields
is discontinuous in time. If a low number of samples is used, due to
computational cost, the feedback from the stochastic solver to the CFD
has stochastic “noise” that can affect stability. This is particularly
important in LES and using Lagrangian methods. Low Mach number
solvers (often called incompressible) are usually pressure-based, where
the stochastic noise causes oscillations on the continuity constraint. As
Mach number increases, compressible effects become important, the
momentum and energy equations strongly couple, and explicit density-
based solvers become more attractive.

There are two large broad PDF approaches in turbulent reactive
flows: joint scalar (hereafter SPDF) and joint velocity-scalar
(Langevin-type models21 or VSPDF). Low-Mach number PDF formu-
lations are relative straightforward (with some exceptions) to derive.
However, in compressible flows the formulations are more varied.22–25

Lagrangian LES-SPDF applications at high-speed/compressible
are limited.26–28 The main difficulty is to ensure consistency between
the scalar/energy scale solved by the PDF and the CFD solver. This
involves either smoothing25 between the particle data transfer or a
careful selection of a double transport of energy to ensure consis-
tency.29 Lagrangian LES-VSPDF12 approaches are theoretically attrac-
tive as they effectively become mesh-less methods. However, their
application to compressible flow is still restricted to a few works.30

The use of Eulerian stochastic fields to solve a joint SPDF using a
compressible formulation was first proposed by Gong et al.31

Similarly, Fredrich et al.32 use a pressure-based compressible method
to model thermoacoustic instabilities. In these applications, the sample
space did not include an extra thermodynamic variable, such as den-
sity or pressure, and compressible effects on the source term were
neglected. Other high-speed applications with Eulerian stochastic
fields include the work of Pant et al.33 that introduces an improved
mixing model. VSPDF applications of stochastic fields in compressible
flows are still rare, both in RANS34 and LES.35,36

Despite the recent success, there are still several outstanding
issues in LES-PDF of turbulent compressible flows. First, in compress-
ible turbulent flows, advanced numerical methods are required to both
capture shock and minimize turbulence dissipation. This is well
known in conventional LES,37 but its effects in LES-PDF are less
understood even if numerical diffusion can have a large effect in stabil-
ity of the method. Moreover, the PDF formulation is not unique, with
several approaches reported that expand terms differently or neglect
particular contributions (such as subgrid pressure fluctuations).
Finally, if LES-PDF are to be successfully and routinely used, conver-
gence with low number of samples must be proved. This paper
addresses these points in an Eulerian VSPDF approach with a full clo-
sure of the thermodynamic state. The work addresses the effects of
numerical schemes and subgrid contributions on the LES-PDF, as well
its validation and convergence on several canonical turbulent and
high-speed flows.

II. PDF METHODOLOGY

In a system with M degrees of freedom, a fine-grained single-
point probability density function is

f ð/1;/2;…;/M ; x; tÞ ¼
YM
a¼1

dðwaðx; tÞ � /aÞ; (1)

where /a is the sample variable coordinate associated with the field
variable waðx; tÞ. In a simple single-phase system with C components,
without electrical work, the thermodynamic degrees of freedom are
Cþ 1 (Gibbs rule) plus 3 due to the components of the velocity:
M ¼ C þ 1þ 3. The selection of the intensive properties that defined
the sample space can have a strong influence on the behavior of the
model, but a priori any choice is valid as long as a closed set is selected.
In most LES-PDF applications, only the thermodynamic state is closed
and fluctuations in the velocity field are modeled elsewhere (SPDF
approaches). In some models, subgrid fluctuations of a particular vari-
able are neglected, in order to improve consistency and/or stability
between the CFD and PDF solvers, or because their relative impor-
tance is small in the considered system. Neglecting subgrid fluctua-
tions often simplifies the coupling and, hence, the PDF formulation.
However, it does not allow a full thermodynamic closure of the source
terms or the use of nonideal equations of state. Nik et al.30 first close
the thermodynamic state by using specific internal energy and pres-
sure.26 Unlike RANS-PDF,22 in LES-PDF does not select turbulence
quantities as possible sample variables, although exception exists.38 In
addition to including the reactive scalars, the sample space in LES-
PDF may include the specific enthalpy32 or sensible enthalpy.27,33

Following the previous work,35 the selected variables in this paper
are q, ui, et (density, velocity, specific total energy) and ðC � 1Þ mass-
fractions, Yk. The associated sample space variables are defined by a
caret: q̂; ûi; êt and Ŷ k, and the corresponding sample array is given
by / ¼ ðq̂; ûi; êt ; Ŷ kÞ to be consistent with Eq. (1). Derived quantities
are also defined in the same manner: specific internal (chemical and
sensible) energy, ê ¼ êt � 1=2û2

i , temperature, T̂ ¼ Tðq̂; ê; Ŷ kÞ, and
pressure, p̂ ¼ pðq̂; êi; Ŷ kÞ. As mentioned before, this is not the only
possible set of variables and the choice depends on the solver and clo-
sures. Other variables, such as specific momenta, qui, may be very
appealing to formulate the PDF equation.

In a generic formulation, the Navier–Stokes equations can be
written as

@w�a
@t
þ @uiw

�
a

@xi
þ @J

a
i

@xi
¼ SaðwÞ; (2)

where w�a ¼ qwa (except for density, where w�q ¼ q,) and Jai are the
corresponding diffusive flux (stress tensor in the momentum equa-
tion) and Sa is the one-point source term, such as chemical reaction or
radiation heat flux. Diffusive fluxes in fluid mechanics are generally
closed with a gradient-type approach as follows:

Jai ¼ �Da
@wa

@xi
; (3)

where the diffusion coefficient has an associated molecular scales. In
the interest of simplicity, cross-diffusion processes have been
neglected, but the above expression can be made general by summing
over the thermodynamic space. Similarly, the stress tensor is decom-
posed into a normal and viscous shear stress sij

rij ¼ �pdij þ sij: (4)

The LES-PDF formalism aims to solve the probability of finding
a particular state within a filter width D at a certain position and
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instant ðx; tÞ. The associated single point PDF is obtained by convolu-
tion of the fine-grained PDF with a spatial filter G

Fð/; x; tÞ ¼
ð

X
f ð/; x0; tÞGðx � x0; DÞdx0: (5)

The filter function Gðx � x0; DÞ is the same used in conventional LES.
However, it should satisfy the normalization condition and, for sim-
plicity, it will be considered that the filtering operation commutes with
spatial differentiation. The filter should be positive definite and, there-
fore, F � 0 everywhere and the probability is well defined.11 A filtered
variable is

�wðx; tÞ ¼
ð

X
wðx0; tÞGðx � x0; DÞdx0; (6)

and a conditionally filtered variables11,39 is

hwðx; tÞj/i ¼
ð

X
wðx0; tÞf ð/; x0; tÞGðx � x0; DÞdx0: (7)

The hyperbolic nature of the system of Eq. (2) can create discontinu-
ities to form even with smooth initial conditions and make F discon-
tinuous, which contradicts the underlying assumption of single-valued
continuous PDF. Nevertheless, the diffusive fluxes will “thicken” the
discontinuities, such that the original functions are continuous even if
they have a very thin transition, much smaller than D. This process is
analogous to the vanishing viscosity approach in numerical simula-
tions of the Euler equations.40 In this work, we assume that, even if
shocks can develop, the variables are continuous as D! 0 and, there-
fore, F is single valued.

The PDF equation can be obtained directly by multiplying (2) by
f and using the shift property of PDFs. The resultant expression can be
filtered to derived the unclosed LES-PDF equation

@F
@t
þ @ûiF

@xi
¼ � @

@/a
Sað/Þ þ

�
@Jai
@xi

����/�
 !

F

" #
; (8)

where the source term is closed but the conditional filtered diffusive
flux term is unclosed. If the velocity is not included in the selected set
(i.e., a SPDF formulation), the convective term will be unclosed uif .

LES-PDF models (and PDF models, in general) diverge on how
to approach the closure of the diffusive fluxes and several formulations
exist from the same definition of the PDF.41 As a first approximation,
the conditional gradients can be split into a large scale and a subgrid
contribution (hereafter, Model I)�

@Jai
@xi

����/� ¼ @�J a
i

@xi
þWa

i;sgs; (9)

where only the small scales, Wa
i;sgsð/Þ retain the dependence with the

sample space /. Alternatively, a Model II splits the conditional gradi-
ent into the gradient of the conditional filter and a conditional fluctua-
tion term �

@Jai
@xi

����/� ¼ @hJai j/i@xi
þWa

i;sgs þW00i;sgs; (10)

where W00i;sgs is an ad hoc term to ensure consistency of the subgird
terms between formulations (9) and (10). Subgrid contributions are
nearly always modeled in LES-PDF with a drift and diffusion term42

Wa
i;sgsF ¼ Aað/ÞF þ

@Babð/ÞF
@/b

: (11)

The above functional form is intentional in PDF methods to build a
final expression amenable for stochastic treatment. It is clear that the
first moment of the subgrid contribution should vanishðþ1

�1
Wa

i;sgsFð/Þd/ ¼ 0: (12)

The drift and the diffusion coefficient (Aa and Bab, respec-
tively) must preserve the linear properties of subgrid turbulent sca-
lar transport.43 In the context of conditional moments of passive
scalars, the functional form of A and B can be derived. The diffu-
sion term is analogous to the conditional scalar dissipation in con-
ditional moment closure and flamelet type turbulent combustion
models.44 In turbulent mixing, the drift term “narrows” the subgrid
PDF reducing fluctuations, while diffusion process “broadens” it.
These two terms control the PDF behavior and both contributions
require modeling.

The drift term is often represented in LES-PDF as an interaction
and exchange with a mean approach4,45

Aa ¼
Ca

ssgs
/a � �wa

� �
; (13)

where ssgs is a subgrid timescale. In RANS-context, assuming large
Reynolds, ssgs will be proportional to a turbulent timescale.
Similarly, the Langevin model,7,46 can also be written in this form
(see Sec. II B). The final general PDF expression (using Model I)
would be

@F
@t
þ @viF
@xi
¼ � @

@/a
Sa þ Aa þ

@�J a
i

@xi

� �
F

	 

� @2BabF
@/a@/b

; (14)

which is a Fokker–Planck equation and, therefore, an equivalent sto-
chastic system can be found. The above expression is general and sub-
grid diffusion terms can be different for each variable. In systems with
constant Prandtl/Schmidt numbers, the subgrid turbulent transport is
driven by velocity fluctuations only and, therefore, Be ¼ BY ¼ 0. In
the case of variable Prandtl, these terms would be nonzero and require
modeling (following Sec. II B ideas, for example). Similarly in the case
of differential diffusion, Bjk 6¼ 0, and additional modeling would be
needed. No attempt has been done to model these terms in this work
and the subgrid fluctuations of the Prandtl and Schmidt numbers are
assumed to be small. This assumption is probably moderate in the
case of turbulent flows at large Reynolds number or relatively fine
meshes.

A. Density weighting

From the PDF derivation point of view, a variable space based on
w� � qw would be preferable, as the convective term would be closed.
However, diffusive fluxes are function of gradients of w and cannot be
easily recast as gradients of w�. Alternatively, a new PDF is defined,
the filtered mass density function,47 F , such that

F � �qef ð/; x; tÞ ¼
ð

X
qf ð/; x0; tÞGðx � x0; DÞdx0: (15)

The new PDF transport equation will be the same as (8), but with an
extra drift term
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� @

@/q
��q

g� @ui
@xi

����/�F
" #

: (16)

This is the conditional dilation which, following previous ideas, could
be approximated with a Model I approach neglecting subgrid dilation,

�q
g� @ui
@xi

����/� � �q
@eui

@xi
; (17)

or a Model II approach

�q
g� @ui
@xi

����/� � q̂
@ ghuij/i
@xi

; (18)

that neglects conditional subgrid dilation fluctuations
�q ghr � uj/i � q̂r � ghuj/i. The inclusion of q̂ (sample variable for q)
instead of �q indirectly assumes q̂r � ghuj/i � q00r � eu. This change
will allow later to rewrite the stochastic transport equations in conser-
vative form. Both assumptions do not affect first moments, but this
contribution may be important in the immediate vicinity of shocks. In
RANS-PDF,23 dilatation effects were included in the Langevin model
(see Sec. II B) or as part of the variable space.22

B. Pressure and Langevin term

The conditional stress tensor needs to be modeled�
@rij

@xi

����/� ¼ � @p
@xi

����/� þ� @sij@xi

����/�: (19)

The viscous stress contribution will follow a Model I approach, viz.,�
@sij
@xi

����/� ¼ @�sij
@xi
þWl

sgs; (20)

whereWl
sgs follows a Langevin-type model,7 with drift coefficient,

Av ¼ Gijðûi � ujÞ; (21)

whereGij is the isotropic Langevin tensor defined as

Gij ¼ �
1

ssgs

1
2
þ 3
4
C0

� �
dij ¼ �

C1

ssgs
: (22)

The associated diffusion coefficient is

Bv ¼
C0

2
�sgs; (23)

where �sgs in the subgrid kinetic energy dissipation. Subgrid fluctu-
ations of viscosity have been neglected in this work. To the
authors’ knowledge, no PDF work has yet attempted to model
these fluctuations, but a priori it would be possible using Model II-
type closures.

In early works on compressible PDF, the pressure effects were
included in the Langevin model.23 In LES-PDF framework,30 the con-
ditional pressure gradient is often closed using a Model I-approach�

@p
@xi

����/� � @�p
@xi

; (24)

neglecting subgrid fluctuations. Alternatively, in a Model II-type, is
possible to split the terms as�

@p
@xi

����/� ¼ @hpj/i@xi
þ
@p00sgs
@xi

; (25)

where p00sgs is the conditional pressure fluctuations. The gradient of the
conditional fluctuations may not be negligible and scales with the
square of the Mach number. The pressure dilatation term (u00p00) in
the energy equation can also contribute significantly to subgrid kinetic
energy24 and depending how pressure is approximated, subgrid pres-
sure dilatation may have to be modeled in a similar manner.

C. Stochastic fields

The Favre-filtered PDF can be represented by Nf smooth
Eulerian stochastic fields

ef ðx; t; /Þ ¼ 1
N

XNf

n¼1

YM
a¼1

dð/a � nnaðx; tÞ; (26)

where nnaðx; tÞ is the stochastic field corresponding to the a-variable,
where the associated n-stochastic field variables are: .n;Un;Yn; Ent . A
system of stochastic partial differential equations equivalent to the
Fokker–Planck can be derived using stochastic characteristic techni-
ques34 and, in general, form is

dnna þ Un
i
@nna
@xi

dt ¼ 1
�q
@�J a

i

@xi
dt þ Aað�w

a � nnaÞdt þ BadW
n
i þ Sadt;

(27)

where dWn
i is a Wiener process with 0 mean and

ffiffiffiffi
dt
p

variance and is
different from each field. The choice of dilatation model (18) and (25)
allows to rewrite the stochastic field equations in conservative form
and the final equations are

d.n

dt
þ @.

nUn
i

@xi
¼ 0; (28a)

d.nUn
i

dt
þ
@.nUn

j Un
i

@xj
¼ � @P

n

@xi
�
@psgs
@xi
þ .n

�q

@esij
@xi

� C1

ssgs
.n Un

j � euj

� 

þ .n

ffiffiffiffiffiffiffiffiffiffiffi
C0�sgs

p dWn
i

dt
;

(28b)

d.nYn
a

dt
þ @.

nUn
i Yn

a

@xi
¼ .n

�q
@eJ a;i

@xi
þ .nSa Yn; T n;Pn� �

� CY

ssgs
.n Yn

a � eY a

� 

; (28c)

d.nEnt
dt
þ @.

nUn
iHn

t

@xi
¼ .n

�q
@eqi
@xi
þ .n

�q

@esijeuj

@xi
� Ce

ssgs
.n Ent � eet� �

; (28d)

where Ht ¼ Et þ P=. is the stochastic field total enthalpy. The final
equations ensure that each stochastic field conserves mass and has a
consistent thermodynamic state. Viscous and molecular transport
terms have been modeled using Model I, where a .n=�q contribution
appears. The continuity and momentum equations resemble the
expressions proposed by Azarnykh et al.48 The set of Eqs. (28) can be
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readily implemented in a density-based explicit code. Using conven-
tional compressible formulation,40 where U is the array of conservative
variables, the implemented equations are

dUn

dt
þrFðUnÞ ¼ .n

�q
rFvisð�U Þ þ SnðUnÞ þ An

sgsðUn; eU Þ
þ Bn

sgs
dWn

dt
; (29)

where F(U) is the Euler fluxes and Fvis is the viscous fluxes. The terms
Asgs and Bsgs represent the generic drift and stochastic contributions,
respectively, with

P
n A

n
sgs=Nf ¼ 0. The conservative form ensures that

the stochastic fields are well behaved, albeit this is not a necessary condi-
tion. If the pressure is represented using a Model I (24), the Euler fluxes
use the mean pressure �p, while in Model II the stochastic pressure Pn is
used instead. In Model II, the thermodynamic state is completely closed,
the pressure and temperature of the stochastic fields can be directly
obtained from stochastic variables using the relevant equations of state
Pn ¼ pð.n;Un

i ; Ent ;YnÞ and T n ¼ Tð.n;Un
i ; Ent ;YnÞ. Nonideal

equations of state, temperature dependence of the specific heats and
generic nonideal behavior are directly closed, without the need of
further models. The formulation (29) will be stable if the stochastic
field acoustic Courant–Friedrichs–Lewy (CFL) number (based on
the field velocity and speed of sound) is less than unity. Physical
boundary conditions are the same as �U and subgrid turbulent inflow
conditions can be easily implemented. Nonreflective boundary con-
ditions49 could be applied to each field separately, although it has
not been implemented in this work.

1. Subgrid modeling

To maintain consistency between the different LES closures, the
subgrid frequency timescale, is defined as the ratio between subgrid
kinetic energy and its dissipation

1
ssgs
¼

ksgs
�sgs

: (30)

Assuming local equilibrium between turbulent production and dissi-
pation at subgrid scales, �sgs is modeled as

�sgs ¼ C�k
3=2
sgs =D; (31)

where C� ¼ 1:05 and the micromixing constants CY and Ce are set to
2 and the Langevin constant C0 ¼ 2:1, following LES-PDF conven-
tion.50 The subgrid specific kinetic energy, ksgs, can be directly obtained
from the stochastic fields information

ksgs ¼
1
2

1
Nf

XNf

n¼1
ðUn

i � euiÞ2: (32)

The VSPDF formulation does not need any Smagorinsky-type closures
typical in LES, such as ssgs / jj�Sijjj�1, and only the model (31) is
required.

The filtered variables can be obtained from the average of the
Eulerian stochastic fields. For a variable wðx; tÞ, it is possible to recover
the filtered and the Favre-filtered values form the associated field
nnaðx; tÞ by

�wa ¼
1
Nf

XNf

n¼1
/n

a
ew ¼

XNf

n¼1
.n/n

a

XNf

n¼1
.n

: (33)

The stochastic equations (28) have been implemented in the
finite difference solver CompReal.35,51 The main numerical scheme
used is the fourth-order dispersion-relation-preserving (DRP)
scheme.52 The DRP scheme is a high-order, low-dispersive, and low-
dissipative explicit scheme.53 The convective terms are discretized
through a hybrid DRP/HLLC-TVD scheme, where the Harten-Lax-
van Leer-Contact (HLLC) Riemann solver54 is used to discretize the
Euler fluxes close to discontinuities with a second order total variation
diminishing (TVD) reconstruction. The coupling is performed using a
sensor similar to the one of Martinez Ferrer et al.55 using the pressure
jump between neighboring cells as discriminant. The remaining spatial
derivatives are discretized with a fourth-order classical central differ-
ences. The resultant scheme is formally second-order close to disconti-
nuities and fourth away from them.

III. RESULTS
A. Subgrid pressure: Riemann problem

The use of a Model-I type of closure makes the system unstable
in supersonic turbulent flows,35 as the Euler fluxes are not self-
consistent. Guillois et al.56 proposed a similar Model I closure for an
Eulerian Monte Carlo VPDF, which was stable in compressible flows,
using a Random Choice Method57 transport scheme.

To illustrate the effects of subgrid pressure, the one-dimensional
turbulent Riemann problem from Soulard and Sabelnikov20 is chosen,
which is a modification of classic Sod’s test case.40 The domain is ini-
tially divided into a left and right state with 0-mean velocity

left state ðx < 0:5mÞ
fu002 ¼ 50m2=s2

�q ¼ 0:729 kg=m3

�p ¼ 105 Pa

8>><>>:
right state ðx < 0:5mÞ

fu002 ¼ 0m2=s2

�q ¼ 0:456 kg=m3

�p ¼ 5	 104 Pa

:

8>><>>: (34)

The velocity distribution is chosen to reproduce a Gaussian distribu-
tion. For simplicity, a constant subgrid frequency of 1=ssgs ¼ 200 s�1

is used to be consistent with the original test.20 Zero-gradient bound-
ary conditions were selected with a uniform mesh of Nx ¼ 320 grid
points. Simulations with Nf ¼ 16 and 128 fields were employed. A
pure HLLC-TVD scheme is used and, under these conditions, Model I
is stable.

Figure 1 shows the evolution of the velocity with Nf ¼ 16. The
results of Model I are qualitatively and quantitatively very similar to
the results reported by Soulard and Sabelnikov.20 Velocity fluctuations
are not transported with the generated shock wave characteristics but
with the filtered flow field, �u, and do not cross the contact wave (at
x ¼ 0:55m). However, using Model II, each stochastic field has their
own pressure, the stochastic fields uncoupled and velocity fluctuations
follow separate shock characteristics, propagating at acoustic speeds,
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which is unrealistic. Moreover, the velocity variance is markedly
smaller within the moving wave (see Fig. 2 right). A similar effect was
previously reported in an early work.35 Nevertheless, the mean shock
structure is very similar in both cases and close to the exact solution as
velocity fluctuations are moderate.

Following Model II framework, in the stochastic field formula-
tion, the subgrid pressure fluctuation can be estimated by
psgs ¼ �p � Pn and a termrpsgs is added to the momentum equations
using central differences. The term adds a drift contribution that acts
as a subgrid force to reduce velocity. The results show that the velocity
follows the expected behavior (see Fig. 2). Subgrid velocity variance
also has similar levels to Model I and the variance increases close to
the contact wave.

There is no analytical solution to this problem, as subgrid fluctua-
tions exist independent of the mesh, and it is not clear which is the
correct turbulence level. Using a mean pressure gradient, Model I
uncouples the velocity fluctuation for the other variables quantities, as
all fields see the same pressure-dilatation, and associated temperature

fluctuations are very small (less than 0.02% compared to approxi-
mately 7% in velocity). The coupling is retained in Model II, and larger
temperature fluctuations are predicted. It is worth noting that, with
the specified initial conditions (34), the initial total energy has subgrid
fluctuations (see Fig. 3).

B. Numerical methods: Homogeneous isotropic
turbulence

The HLLC-TVD scheme used in Sec. IIIA is not suitable for LES
as the excessive numerical diffusion will quickly dissipate turbulence.
To showcase the ability of the numerical schemes to recover the theo-
retical kinetic energy spectra, a compressible homogeneous isotropic
turbulence cube configuration58 is used with a random velocity field
with an imposed spectra EðkÞ k4e�2ðk2=k20Þ, with k0 ¼ 2. The initial
pressure field is obtained by solving a Poisson equation assuming
incompressibility. The initial density field is then set equal to unity

FIG. 1. Velocity field at t ¼ 5	 10�4 s,
solid line indicates mean eu, while lighter
line indicates the stochastic velocity field.
(Left) Model I. (Right) Model II with
rpsgs ¼ 0.

FIG. 2. Velocity distribution at t ¼ 5
	10�4 s, solid line indicates mean eu,
while lighter line indicates individual sto-
chastic velocity field. (Left) Mean velocity,eu. (Right) Velocity variance, fu002 .

FIG. 3. Temperature distribution at
t ¼ 5	 10�4 s. (Left) eT . (Right) Subgrid
fluctuation

ffiffiffiffiffiffiffiffifT 002q
.
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and the temperature is then obtained from the ideal gas equation of
state

q
p
¼ T

cMarms
; (35)

with c ¼ 1:4. Two cases were selected, the first with turbulent Mach
number, Marms ¼ 0:2 which represents a low compressibility case,
and the second with Marms ¼ 1:0 (high compressibility). The domain
is a periodic cube with length 2p discretized with 64 elements in all
directions where all boundary conditions are periodic. The simulations
were carried up to t¼ 10, in order to allow 10=p � 3 initial eddy-
turnover times.58

Figure 4 compares the enstrophy evolution of different numerical
schemes applied in a conventional LES configuration with a
Smagorinsky model. The position of the peak is a measure of the
numerical diffusion of the scheme and earlier peaks will suggest more
diffusive schemes.59

For the low Mach number case, the difference between the
hybrid and the DRP scheme is negligible since there are no sharp
gradients generated and the hybrid scheme converges to the DRP
discretization. All spectrum obtained with the Smagorinsky model
follow the �5=3 decay, although the TVD model dissipates the
energy significantly faster. All DRP-based schemes showcase the
high wave-number dissipation due to an explicit 13 point stencil
filter. At the more compressible case, Marms ¼ 1, shocks develop,
and the hybrid scheme dissipates more energy than the pure DRP
scheme. Numerical viscosity added by the TVD scheme and

dissipation by the Smagorinsky model damp the peak magnitude
and shift the peak to an early time.

Although the DRP schemes are the most accurate, their instabil-
ity when combined with stochastic equations prevent their use unless
in a hybrid context. Figure 5 shows the enstrophy evolution with dif-
ferent schemes using LES/Smagorinsky and the current LES-VSPDF
approach. The DRP, combined with VSPDF, promotes unrealistic
early enstrophy growth, followed by a sudden decay. The hybrid-
VSPDF maintains a stable solution, with little dissipation and its use is
a good compromise for stochastic field simulations. At t> 8, the
hybrid þ VSPDF model destroys enstrophy quicker than the pure
hybrid solution and the approach behaves like the Smagorinsky model
at t¼ 10. At t¼ 10, the flow is quasi-incompressible, with small den-
sity fluctuations, and LES models with the same resolution and
numerical approach will behave similarly.

Another important tool to evaluate the flow development is the
analysis of the maximum and minimum density ratio within the
domain.59 Figure 6 shows how the Smagorinsky model reduces the
density ratio. At t � 3:5, the Smagorinsky model prevents the appear-
ance of a shock and the growth of maximum density. Overall, VSPDF
manages to maintain the density fluctuations without additional
dissipation.

C. Stochastic convergence: Reactive shock tube

To assess the statistical performance of the LES-PDF model, a
one-dimensional reactive shock tube is used with detailed chemistry
mechanism. The test case, originally proposed by Fedkiw et al.,60 is a

FIG. 4. Spatial averaged enstrophy tem-
poral evolution: (left) Marms ¼ 0.2; (right)
Marms ¼ 1.

FIG. 5. Spatial averaged enstrophy tem-
poral evolution. (Left) DRP-schemes.
(Right) Hybrid-schemes.
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one-dimensional reactive shock tube with initial mole fraction ratio of
2/1/7 for H2=O2=Ar in the whole domain. A 9 species and 18 reac-
tions hydrogen combustion detailed mechanism61 is employed. The
shock tube has a length 0.12 m and the following initial conditions:

left state ðx < 0:06mÞ
�q ¼ 0:072 kg=m3eu ¼ 0m=s

�p ¼ 7173 Pa

8><>:
right state ðx > 0:06mÞ

�q ¼ 0:18075 kg=m3eu ¼ �487:34m=s
�p ¼ 35594 Pa:

8><>: (36)

The initial Mach number is 0.89, while the left boundary is a wall
and zero gradient is applied to the boundary condition at the right.
The hybrid DRP/TVD spatial discretization is employed in all test
cases for the convective term, while the remaining spatial derivatives
are discretized using fourth-order finite differences. Temporal integra-
tion is performed using an explicit third-order Runge–Kutta scheme.
The pressure wave will travel to the left, hit the wall, and increase pres-
sure and temperature igniting the mixture, generating a deflagration
wave toward the right. The mesh convergence was evaluated from 50
to 6400 nodes, with a simulation with Nx ¼ 6400 without any model
considered a 1D-DNS (direct numerial simulation) solution with
D � 19lm. This is not strictly a “turbulence” DNS, but a simulation
where all fluid and molecular transport scales are resolved. Turbulence
does not a play a role in this simulation but subgrid scales do.
Simulations with Nx ¼ 400 (D � 300lm), were consider quasicon-
verged and the number of fields was changed from Nf ¼ 2 to Nf ¼
8192. The solution with 8192 fields is considered the reference solution
to evaluate the convergence for the PDF model.

The results are compared with a conventional LES joint scalar
PDF35 (hereafter, SPDF) and a conventional Smagorinsky closure
without subgrid combustion model, with the same discretization

schemes. Figure 7 shows that the VSPDF results are the closest to the
DNS data. The SPDF model generates excessive diffusion, which accel-
erates the flame. Similarly, the Smagorinsky approach, without subgrid
combustion model, also slightly accelerates faster than DNS.

Introducing the LES-PDF correction proposed by Jones et al.62

on the ssgs (a somehow similar correction was proposed by Vali~no
et al.63) ensures that ssgs ! 0 in laminar flows, and the results of the
SPDF are very close to the VSPDF solution (see Fig. 8).

Centered moments are used to investigate the convergence of the
statistical moments. The ith centered moment (for each component of
the sample space) is

li ¼
ðþ1
�1

/� l1ð ÞiFð/; x; tÞd/; (37)

and from the stochastic fields

l
Nf

i ¼
1
Nf

XNf

n¼1
nn � l

Nf

1

� 
i
: (38)

The convergence error is defined by normalizing the error respect the
corresponding moment with Nf ¼ 8192. The first two moments show
a very good instantaneous convergence (see Fig. 9) at a fix point,64

with first moment even achieving higher than the expected N�1=2 in
velocity, fuel, and products. The instantaneous errors are relatively
large as the flame slightly moves as the number of fields increase.
Similar convergence behavior (not shown) is observed in the SPDF
model. The flame position is where scalar, velocity and pressure gra-
dients are stronger. The statistically convergence is therefore likely to
be the same in the smooth parts of the flow. Higher moments, how-
ever, seem to have lower convergence rates, with 3rd and 5th moments
having a slower convergence rate of 0:2–0:4 rather than the expected
0.5. Convergence of high statistical moments may also depend on the
implementation of the Wiener term.65

The results for the spatially averaged relative error are shown in
Fig. 10 for the first six moments. Convergence rates 0:3–0:5 are
obtained for nearly all moments. Errors lower than 5% can be
obtained on the mean with Nf ¼ 10. However, a much larger number
of fields is required if the same error is expected in higher
moments (Nf > 100). Even if instantaneous convergence of the
solution seems slow, in practical simulations results are averaged
over a large number of steps and time-averaged statistical errors
would be much smaller.

The VSPDF model scatter of fields at the flame front produces
relatively small fluctuations of 300K in one cell, with a strong correla-
tion between temperature and water concentration (see Fig. 11).

The quasi-Gaussian subgrid behavior of the fields is observed in
Fig. 12, where the subgrid PDF is compared with a Gaussian fit. This
combined with the relatively good agreement of all the models at the
present resolution, suggest that subgrid behavior may not be than
important, and SðYÞ � Sð�Y Þ. The flame is close to detonate and gas-
dynamics dominate over diffusion process. Under these conditions,
high-resolution and reaction-driven flame dynamics, simpler LES
approaches may be more cost-efficient.

IV. CONCLUSIONS

The paper assesses a novel Eulerian Monte Carlo joint velocity-
scalar-energy PDF formulation. The proposed methodology is very

FIG. 6. Density ratio evolution with time Marms ¼ 1.
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general and the thermodynamic state is completely closed, where each
field has their own self-consistent thermodynamic state and, therefore,
subgrid pressure effects, and nonideal gases effects are naturally
included without additional modifications. Effects of subgrid fluctua-
tions of the transport coefficients (viscosity, diffusivity, etc.) have not
been included (nor subgrid fluctuations of Prandtl or subgrid

differential diffusion effects), but could, in principle, be addressed in a
similar manner as subgrid pressure and dilation effects. Re-casting the
stochastic field equation in conservative form increases the stability of
the system as well as the ease of implementation in CFD codes.

Neglecting conditional subgrid pressure fluctuations leads to
uncoupling of the stochastic momentum equations and a reduction of

FIG. 7. Results for reactive shock tube at
t ¼ 160ls (left) and t ¼ 230ls (right).

FIG. 8. Results for reactive shock tube at
t ¼ 160ls where the SPDF model
includes the ssgs correction.
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the velocity variance with erroneous turbulence propagation.
Neglecting completely subgrid pressure fluctuations recovers the cor-
rect behavior but destroys the pressure dilation ability to generate fluc-
tuations. The inclusion of a subgrid pressure gradient through a
simple drift approach allows to recover the right fluctuation levels.

The selected hybrid finite-difference/TVD model with VSPDF
maintains turbulence levels and the behavior in a compressible homo-
geneous isotropic, outperforming the Smagorinsky model. The
numerical diffusion due the shock capturing negatively affects the
model similarly to other high-speed compressible LES. A possible

FIG. 9. Instantaneous convergence error
(normalized) at approximately the flame
position at t ¼ 230 ls. The solid line indi-
cates best fit and the numbers the slope.

FIG. 10. Instantaneous spatially averaged
convergence error (normalized) at approx-
imately the flame position at t ¼ 230ls.
The solid line indicates best fit and the
numbers the slope.
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improvement will be the use of anisotropic Langevin models46 and
reduce the subgrid turbulence dissipation rate close to discontinuities;
where turbulence models and numerical diffusion co-exist. Similarly,
the choice of subgrid timescale constants may have to be revisited
under these conditions.

The cost of the method is directly proportional to the number
of fields used. A simulation with Nf ¼ 1 would have a similar cost
as LES without any subgrid model. The method shows close to the-
oretical statistical convergence and the first moment converge with
relatively low number of fields Nf � 10. However, many more
fields may be needed if instantaneous convergence of higher statis-
tical moments is required. If this is the case, dedicated acceleration
techniques such as adaptive mesh refinement of the stochastic
fields will have to be employed. Similarly, if the grid is fine enough
that velocity and scalar subgrid fluctuations are small, cheaper LES
models may be more cost-effective. However, this may be difficult
to know a priori. Overall, the new LES-VSPDF method is able to
reproduce compressible canonical turbulent and shock flows. If a
stable high-order low-dispersion CFD solver is available, the
framework allows to quickly create a LES model to account for
joint subgrid fluctuations of any thermodynamic-velocity state.
This is particularly desirable for modeling compressible reacting
flows, such as high-speed combustion, detonations, and hypersonic
reentry flows.
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