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Abstract. A complete analytical model for the rotational and translational diffusion

of molecules with a six-fold point symmetry on a hexagonal lattice is presented. It can

be applied, in particular, to the diffusion of benzene molecules adsorbed flat on the

basal plane of graphite in the case of incoherent scattering. Under the weak hindered

approximation, the classical mechanics framework and making use of the Van Hove

formalism of correlation functions, the intermediate scattering function and its Fourier

transform, the scattering law are both obtained. They can then be expressed as sums

of exponential decays or Lorentzian functions, respectively, containing the contribution

of each of the dynamical processes taking place. In the case of benzene lying flat on the

substrate we expect namely: translational diffusion, continuous rotations of isolated

molecules and hindered rotations of molecules within clusters. Each particular diffusive

mechanism can be recognized owing to its particular signature in the dependence of

the quasi-elastic broadening on the momentum transfer.
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1. Introduction

The study of diffusion on surfaces is an elegant way of probing adsorbate–substrate

interactions, with the potential to deliver a diffusion potential energy surface [1–5]. Cold

neutrons and helium atoms have been tested as probes for analyzing molecule dynamics

on surfaces quite early in the history of surface science [6, 7]. Recent upgrades of cold

neutron spectrometers [8–13] and the creation of novel helium scattering spectrometers

[14] have promoted them to well suited tools for surface diffusion studies [4, 15–23].

Their dynamical window of about 10−12 ∼ 10−6 s and their spatial resolution at the

atomic scale, covers the typical time–space window of diffusing molecules at technically

interesting temperatures [6, 8, 24–27].

Substantial recent improvements of molecular dynamics (MD) simulation software

and the easy access to fast computing facilities provide an important complement to the

study of diffusion by means of spectroscopy. Indeed, simulations often provide the key

for the interpretation of the experimental data, since the experimental data alone do

often not allow a unique interpretation [28–31]. In addition, the usefulness of scattering

techniques in diffusion studies depends heavily on the availability of an analytical the-

oretical framework that relates diffusion mechanisms to their respective signatures in

the measured scattering functions [3,26,32,33]. The Van Hove formalism of correlation

functions [34] provides a solid framework within which we can develop analytical models

for particular systems [24–26,35]. Fourier transformations in time–energy and in space,

respectively, connect the experimental data, i.e., the scattering functions, S(Q, ω) and

I(Q, t) , with the pair correlation function, G(r, t) , and, hence, with the dynamics of

the system: the probability of finding a particle in a given position at a certain time [34].

In this paper, we develop the incoherent scattering law for a system of disk like

molecules with a six-fold point symmetry adsorbed on a hexagonal surface lattice. Nowa-

days, the discovery of astonishing mechanical and electronic properties of graphitic sys-

tems [36, 37] turns them into very interesting substrates on which to probe molecular

diffusion. This model will allow for a deeper understanding of the diffusion of benzene

molecule on basal plane graphite surfaces which has been measured in recent helium

and neutron spectroscopy experiments [23, 38]. Although the theoretical neutron scat-

tering laws for a molecule undergoing continuous translations [25, 26], continuous rota-

tions [6,39] or jump diffusive rotations [40,41] have already been developed many times,

this is the first time to our knowledge that the complete scattering law holding all this

contributions together has being obtained.

This paper is organized as follows: In the first part, the general theory of the neutron

differential scattering cross-section is presented. Then, we will focus on the particular

case of the benzene system. We will discuss the different types of motions that we

expect when molecules are lying flat on the surface: translations, free rotations and

jump rotations. We will deduce the scattering function arising from this combination



3

of dynamical process. Finally, the scattering function for the particular case of a

two dimensional powder sample is calculated, in order to make the model suitable

for experiments performed with exfoliated graphite substrates. We will finish with a

summary of the main results and discuss possible future improvements and applications

of the model.

2. Derivation of the scattering functions

2.1. General properties of the neutron scattering function

We start our derivation with the double differential scattering cross section of a system

made of N ′ identical particles, without loss of generality [35]:

d2σ

dΩdω
=

k

k0

N ′

4π
[σcohScoh(Q, ω) + σincSinc(Q, ω)] . (1)

Here, Ω is the scattering solid angle, ~ω and Q are the energy and momentum transfer

upon scattering, respectively, and k0 and k are the respective wave-numbers of the

neutron before and after scattering. In the formulation of Eq. 1, the right-hand-side is

already split up in coherent, Scoh(Q, ω), and incoherent, Sinc(Q, ω), scattering functions.

In order to reduce the complexity of the model, we will focus on the incoherent part of

the scattering. Indeed, the very large incoherent scattering cross section of hydrogen

atoms turns them into the main neutron scatterers in a system composed by fully

hydrogenated benzene molecules (see table 1 and reference [42]). Thus, the scattering

Table 1. Incoherent and coherent scattering cross-sections of hydrogen and carbon

atoms [25].

σ [barn] H C

σinc 80.26 0.0005

σcoh 1.75 5.564

cross section reduces to:

d2σ

dΩdω
≃ k

k0

N ′

4π
σincSinc(Q, ω) =

k

k0

N ′

4π

σinc
2π~

∫
Iinc(Q, t) exp(−iωt)dt, (2)

where

Iinc(Q, t) =
1

N ′

N ′∑

j

〈exp(−iQ · rj(t)) exp(iQ · rj(0))〉 (3)

is the so-called intermediate scattering function, ISF. This function can be factorized

in terms of the center of mass motion and the single atom motion in the molecule by

splitting the position vector of the j-th atom belonging to the γ-th molecule:

rj = Rγ + rγj , (4)
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where Rγ is the position of the center-of-mass with respect to the laboratory spatial

frame and rjγ refers to the atomic positions with respect to the molecular frame of

reference. Equation 3 reads now:

Iinc(Q, t) =
1

N ′

N∑

γ

6∑

j

〈exp[−iQ·(Rγ(t)+rγj(t))] exp[iQ·(Rγ(0)+rγj(0))]〉,(5)

where N ′ is the total number of (hydrogen) atoms and N is the total number of

molecules. Since the molecule of benzene contains six hydrogen atoms: N ′ = 6N .

Within the weak hindered approximation [42], we neglect statistical correlations between:

(i) the rotational and the translational motion of one molecule and (ii) the rotational

motion of different molecules. As a result, we can separate the center-of-mass

contribution from the single atom part:

Iinc(Q, t) =
1

N ′

[
N∑

γ

F γ
s (Q, t)

][
6∑

j

Y γ
j (Q, t)

]
, (6)

where the following functions describing the molecular center-of-mass motion [43]:

F γ
s (Q, t) = 〈exp[−iQ ·Rγ(t)] exp[iQ ·Rγ(0)]〉, (7)

and the single atom dynamics [43]:

Y γ
j (Q, t) = 〈exp[−iQ · rγj(t)] exp[iQ · rγj(0)]〉. (8)

are used.

2.2. Translational part: center-of-mass dynamics

The translational part of the ISF in Eq. 6 is represented by the center of mass motion,

F γ
s (Q, t). Within the classical mechanics framework, the averaged trajectories give rise

to the following translational ISF [44]:

F γ
s (Q, t) = 〈exp [−iQ ·Rγ(t)] exp [iQ ·Rγ(0)]〉

= 〈exp [iQ ·Rγ(0)−Rγ(t)]〉
= 〈exp

[
iQ ·

∫ t

0
v̂γQ(t

′)dt′
]
〉,

(9)

where v̂γQ(t
′) is the averaged velocity of a single molecule for a given direction in the Q-

space. Mart́ınez-Casado et al. [44,45] have shown that the substrate and the surrounding

adparticles can be modelled as two independent and uncorrelated thermal baths in

which the adparticle under consideration is moving: the two-bath model. This two bath

model description has been confirmed by experiment [23] leading to two contributions

for the friction coefficient: the substrate friction and the collisional friction. Since the

dynamic of the system is completely driven by temperature, we can assume that all the

molecules have the same averaged velocity. As a result, the dependence on a specific

molecule (labeled with index γ) of the terms in the summation of Eq. 6 vanishes and

the summation is reduced to:
N∑

γ

F γ
s (Q, t) = NFs(Q, t), (10)
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where N is the total number of benzene molecules in the system and Fs(Q, t) is the

generalized translational ISF for a single adparticle (the adsorbed benzene molecule

reduced to its center-of-mass):

Fs(Q, t) = 〈exp(iQ ·
∫ t

0

v̂Q(t
′)dt′)〉. (11)

In the case of benzene–graphite, the potential energy due to the molecule–substrate

interaction is negligible in comparison to the thermal energy of the system [23]. Thus,

the adparticle has quasi-free 2 dimensional dynamics and moves on an almost flat

potential [44]. Two important consequences are deduced. First of all, the adparticle

motion is only influenced by stochastic forces [44]. Within this regime, the Gaussian

approximation holds [44] and provides:

Fs(Q, t) ⋍ exp(−Q2

∫ t

0

(t− t′)Cv(t
′)dt′), (12)

where Cv(t) is the velocity autocorrelation function:

Cv(t) = 〈vQ(t)vQ(0)〉. (13)

Secondly, a flat potential energy surface implies that all directions are equally affordable

from an energetic point of view. Therefore, the autocorrelation function is isotropic.

These two arguments provide the following autocorrelation function:

Cv(t) =
kBT

m
exp(−ηt), (14)

withm being the benzene mass when the whole molecule is reduced to its center-of-mass,

and η being the translational friction parameter, which contains the two aforementioned

contributions [44, 45]: the substrate friction arising from the energy exchange between

the substrate and the adparticle and the collisional friction due to the energy exchange

between the adparticles. All these considerations yield the full ISF for translations [44]:

Fs(Q, t) = exp[−χ2(e−ηt + ηt− 1)]

= exp[χ2]
∑

∞

n=0
χ2n

n!
exp[−(n + χ2)ηt],

(15)

as an exponential function which can be expanded in terms of a summation of single

exponential decays. Its corresponding scattering law is a summation of Lorentzian

functions where each quasi-elastic broadening, Γn, is given by:

Γn = (n+ χ2)η. (16)

In the two thermal baths model, the substrate bath results from the creation and

annihilation of virtual surface phonons as well as virtual excitations of low-lying

frequency modes of the adparticle and gives rise to the dependence on the index n.

The χ2 parameter is the so-called shape parameter [44] which is given by:

χ2(Q) ≡ kBT

m

Q2

η2
=

〈v20〉Q2

η2
. (17)

In the high friction regime, the ISF tends to a single exponential decay in time (diffusive

regime):

η ≫ 1 ⇒ χ2 ≪ 1, χ2η ≪ 1 ⇒ Fs(Q, t) ≃ exp[−2χ2ηt], (18)
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while in the low friction regime, the ISF becomes a Gaussian function of time,

independent of friction:

η ≪ 1 ⇒ χ2 ≫ 1, χ2η ≫ 1 ⇒ Fs(Q, t) ≃ exp

[
−1

2
〈v20〉Q2t2

]
, (19)

which is the typical signature of ballistic diffusion [26]. Due to the isotropy of the flat

potential energy surface, no favored direction exists and the friction parameter η is

isotropic. The shape parameter is then:

χ2(Q) =
〈v20〉
η2

Q2, (20)

and Fs depends only on the square modulus of the momentum transfer vector: |Q|2 =
Q2. Furthermore, the mean square velocity 〈v20〉 is related to the mean free path l̃ and

the self-diffusion coefficient D by [44]:




l̃ ≡ τ
√

〈v20〉
⇒ 〈v20〉 =

(
D

l̃

)2

D ≡ τ〈v20〉.
(21)

Hedgeland et al. [23] provided experimental values for the mean free path, l̃ ∼ 0.7

Å, and for the diffusion coefficient, D = 5.39(±0.13) × 10−9 m2s−1, of deuterated

benzene adsorbed on the basal plane of graphite substrates at a surface temperature

of 140 K. This leads to a mean square velocity of 〈v20〉 ∼ 5.9 × 103 m2s−2. However,

these values should be carefully adapted for the case of the hydrogenated benzene.

Indeed, the incoherent scattering (h-benzene) probes the self-correlation function: single

molecule motion. Conversely the coherent scattering (d-benzene) comes from the

collective motion of molecules: clusters. But if single molecules are trapped into clusters

undergoing translations, the coherent and the incoherent scattering arise from the same

scattering mechanism: the translational motion. So, in principle, the experimental

values for d-benzene are a good benchmark for the center of mass h-benzene data

analysis.

2.3. Rotational part

The rotational part of the ISF describes two apparently incompatible diffusive behav-

iors, but which have been observed in experiments and in MD simulations. On one

side, the measured activation energy for diffusion of 17 meV [23], is low in comparison

to the thermal energy at 140 K (12 meV). Thus, the data presented in ref. [23] clearly

show Brownian diffusion without a trace of jump diffusion. Conversely, MD simulations

reveal a marked dependence of the diffusion coefficient on coverage [28]. Furthermore,

measurements on hydrogenated benzene are better described by the Chudley-Elliott

model for jump diffusion than by the pure Brownian model [46].
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In order to embody the aforementioned features into a unique function, we consider

the total single particle ISF Yj(Q, t) in Eq. 6 as the product of two functions:

Yj(Q, t) = Y free
j (Q, t)Y jump

j (Q, t) (22)

where Y free
j (Q, t) comes from the free rotational diffusion and Y jump

j (Q, t) describes the

jump diffusion part.

Free rotational diffusion, Y free
j (Q, t): In the case of a weak interaction potential be-

tween the adsorbate and the substrate, as observed for benzene–graphite [28], free

molecules (not surrounded by neighboring molecules) can rotate without feeling any

substantial energy barrier. In this section we deduce the ISF arising from a single atom

that is part of a freely rotating molecule. Starting from the definition of Yj(Q, t) in

Eq. 8, the averages by means of orientation probability distribution functions can be

evaluated.

If a Boltzman distribution of the initial orientations of the j-th atom in the molecule

is assumed

p(Ωj(0)) =
1

Z
exp

[−E(Ωj(0))

kBT

]
, (23)

where E(Ωj(0)) is the energy associated with each initial orientation, Ωj(0),

kB is the Boltzmann constant, T is the surface temperature and Z =∫ 2π

0
dΩj(0)exp[−E(Ωj(0))/kBT ] is the partition function, then for a top symmetric

molecule, like benzene lying flat on the surface, p(Ωj(0)) is isotropic on the surface [42].

This means that the energy E in Eq. 23 does not depend on Ωj(0) and p(Ωj(0)) is a

constant:

p =
1

2π
. (24)

For describing the averaged orientations at a posterior time, t, we define the

rotational correlation function G(Ωj ,Ωj(0), t), that is, the probability of finding the j-th

nucleus in the molecule oriented in direction Ωj at time t, if this very same nucleus lied

in the direction Ωj(0) at time t = 0 [42]. Gs satisfies the master equation for rotational

diffusion (the equivalent of Fick’s law in translational diffusion) [39,42], which is defined

in general terms as:

∂

∂t
Gs(Ωj,Ωj(0), t) = Dr∆Gs(Ωj ,Ωj(0), t), (25)

where ∆ is the Laplacian operator in the corresponding coordinates. According to its

definition, Gs is a δ-function at t = 0:

Gs(Ωj ,Ωj(0), 0) = δ(Ωj − Ωj(0)). (26)

Planar rotations are described by a cylindrical Laplacian with a single degree of freedom,

the azimuthal angle, φ, because the atoms are moving on a circle (one dimensional
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motion). Hence, the direction of the j-th atom, Ωj , is equivalent to φj and the master

equation becomes [39]:

∂

∂t
Gs(φj, φj(0), t) = Dr

1

ρ2
∂2

∂φ2
j

Gs(φj, φj(0), t), (27)

where Dr is the diffusion coefficient for rotations. Its exact meaning is discussed in

reference [39]. It is defined in analogy to the translational diffusion coefficient that was

deduced by Einstein for his theory on Brownian motion:

Dr =
kBT

IηR
, (28)

where I is the moment of inertia of the rotating molecule with respect to its sixfold

symmetry axis. ηR is the rotational friction parameter and ρ is the radius of the circle

on which the atoms move (see Fig. 1). Solutions of Eq. 27 are found by expanding Gs

in terms of eigenfunctions of the operator Dr
1
ρ2

∂2

∂φ2

j

[39, 42]:

ψn(φj, φj(0), t) =
1√
2π
ein(φj−φj(0))Fn(t), (29)

where Fn(t) are the so-called relaxation functions and bear the time dependence. Since

the initial conditions for Gs in Eq. 26 must hold for the ψn functions as well, then,

Fn(0) = 1. (30)

By solving the master Eq. 27 for the ψn functions:

∂

∂t
ψn(φj, φj(0)) = Dr

1

ρ2
∂2

∂φ2
j

ψn(φj, φj(0), t), (31)

the analytical expression of the relaxation functions can be expressed as

Fn(t) = exp

[
−Dr

n2

ρ2
t

]
. (32)

Gs can now be obtained as the linear combination of such a complete set of

eigenfunctions [39]:

Gs(φj , φj(0), t) =
1

2π

∞∑

n=−∞

ein[φj−φj(0)] exp

(
−Dr

n2

ρ2
t

)
. (33)

Then ISF can be calculated from

Y free
j (Q, t) =

∫
p(Ωj(0)) exp(iQ · rj(0))Is(Q,Ωj(0), t)dΩj(0), (34)

where we define:

Is(Q,Ωj(0), t) ≡
∫

exp(−iQ · rj(t))Gs(Ωj ,Ωj(0), t)dΩj . (35)

We consider that the incoming and outgoing wave vectors k0 and k, respectively,

lie in the plane of the molecules (see right panel in Fig. 1). In this case the momentum

transfer vector, Q, will also lie in the molecular plane. As a consequence we find:

exp(−iQ · rj(t)) = exp[−iQρ cos(φj(t)− α)]. (36)
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Figure 1. Left panel: Geometry of the scattering for a generic momentum transfer

vector. The red vector represents the momentum transfer vector Q and the blue vector

represents the position of the j-th scatterer nucleus in the molecule with respect to

the molecular frame. The black circle depicts protons trajectory in a rotating benzene

molecule. The polar angles in the molecular frame θ, α (for Q) and φj (for the j-th

proton) are indicated. Right panel: Geometry of the scattering for a momentum

transfer vector within the molecular plane (xy axis). In this case θ = π/2. Our

experimental geometry corresponds to the right panel.

It is useful to expand equation 36 in terms of Bessel functions [47]:

exp[−iQρ cos(φj(t)− α)] =

∞∑

l=−∞

ilJl(−Qρ)eil(φj (t)−α) (37)

=
∞∑

l=−∞

(−i)lJl(Qρ)eil(φj (t)−α), (38)

where Q is the modulus of the momentum transfer vector, Q, and ρ is the modulus of

rj which corresponds to the radius of the circular trajectories of the moving atoms (see

Fig. 1). Equations 33 and 38 lead to:

Is(Q, φj(0), t) =
∞∑

n=−∞

(−i)nJn(Qρ)ein(φj(0)−α) exp

(
−n

2

ρ2
Drt

)
. (39)

Applying the expansion 38 to exp(−iQ · rj(0)) and the isotropic form of p(φj(0)) (Eq.

24), yield the final intermediate scattering function for free rotations:

Y free(Q, t) =
∞∑

l=−∞

J2
l (Qρ) exp

(
− l2

ρ2
Drt

)
. (40)

As expected [6,39], Y free(Q, t) is the summation of exponential decays in time and does

not depend anymore on the angle α nor on the index j. The integration over all the

initial orientations removes its dependency on the position of the specific nucleus. As a
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result we obtain the generic ISF of a nucleus (no matter which one) in a freely rotating

benzene molecule.

Rotational jump diffusion: As we have already stated, the interaction between

adsorbate and substrate in the benzene–graphite system is too weak [23, 28] to prevent

an isolated molecule to move continuously on an almost flat potential energy surface.

However, the substrate has a second order effect, which is significantly enhanced with

coverage [28]. Since in our model the substrate and the adsorbed molecules share

the same hexagonal symmetry, the former can impose a preferential orientation for

adsorption to the ad-layer. In addition, the ”cog wheel” shape of hexagonal molecules

allows them to get locked into each other when they cluster. As a result, the orientation

of all the molecules in a cluster is fixed by the surface geometry, and their motion

(reorientation around their six-fold symmetry axis, i.e planar rotations) is strongly

hindered. MD simulations [28] show how the height of the energy barrier for diffusion

of benzene–graphite is amplified with increasing coverage. We can observe a transition

from a continuous diffusive regime (isolated molecules) towards a jump diffusive regime

(clusters) [46]. In this section we use the Chudley-Elliott model for finding an analytical

expression of Y
jump[
j (Q, t), the ISF arising from jump rotation effects.

In the original Chudley-Elliott model for jump diffusion, the master equation which

describes the time evolution of the probability of finding a proton in a certain position,

P (r, t), is [26]:

∂

∂t
P (r, t) =

1

n

∑

m

1

τm
[P (r+ lm, t)− P (r, t)] , (41)

where r is the position of one proton, lm is the jump vector to the m-th neighbour

site, τm is the residence time of the proton in the m-th site and n is the total number of

available sites from an initial position. Fourier transforming Eq. 41 in space is obtained:
∂
∂t

∫
dr exp(iQ · r)P (r, t) = 1

n

∑n

m
1
τm

[exp(−iQ · lm)
×
∫
dr exp(iQ · r)P (r, t)

−
∫
dr exp(iQ · r)P (r, t)].

(42)

If we now define:

f(Q, t) ≡
∫
dr exp(iQ · r)P (r, t) (43)

and introduce it in Eq. 42, we obtain a simplified rate equation:

∂

∂t
f(Q, t) =

1

n

[
n∑

m

1

τm
exp(−iQ · lm)− 1

]
f(Q, t), (44)

which is easily solved and gives an exponential decay:

f(Q, t) = f(Q, 0) exp[−M(Q)t], (45)

where the inverse time constant is:

M(Q) ≡ −1

n

1

τ

[
n∑

m

exp(−iQ · lm)− 1

]
. (46)
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Assuming that the j-th atom sits in rk(0) at t = 0, Fig. 2 shows all the possible

jumps associated with different rotations of angle kπ/3 around the molecule’s sixfold

symmetry axis. In this case, the self-correlation function of the j-th proton, Gs(rj, t),

Figure 2. Without loss of generality we assume the equilibrium adsorption site similar

to the one established for a benzene molecule on a graphite layer as described in

reference [28]. The figure describes the different jumps that a single atom in a given

initial position can perform during rotations. Red arrows show the direction of the

momentum transfer vector, Q, which forms an arbitrary angle α with the first jump

vector.

is the average over all the possible initial positions of the probability function P (r, t)

defined above in Eq. 41. The particularity of jump rotations with respect to jumps

on Bravais lattices, is that not all the starting points are equivalent. This is due to

geometrical reasons. Therefore, we cannot simply identify Gs(rj, t) with P (r, t) and

Y jump
j with f(Q, t) in Eqs. 41 and 45, but we need to perform the average over all the

initial positions. The rate equation reads then:

∂

∂t
Gs(rj, t) =

1

n2

n∑

m

n∑

k

1

τm
[Gs(rj + lmk, t)−Gs(rj, t)] , (47)

where k runs over all initial positions and m over all final sites. The Fourier transform

in space gives rise to:

∂

∂t
Y jump
j (Q, t) =

1

n2

[
n∑

m

n∑

k

1

τm
exp(−iQ · lmk)− 1

]
Y jump
j (Q, t) (48)

where we have applied the standard definition of the ISF [34]:

Y jump
j (Q, t) = (2π)3

∫
Gs(rj, t) exp(iQ · rj)drj. (49)

Since the indexes m and k run over all the n = 6 sites in the molecule, we end up with a

complete set of n2 = 36 jump vectors (see Fig. 3). Due to the geometry of the molecule,
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Figure 3. All the different jump vectors lkm arising from rotations of angles spanning

from kπ/3 to π from different starting positions. Rotations of angle from −π
3
to −π

will give rise to exactly the same set of jump vectors.

rotations of kπ/3+π radians will give rise to the same contribution as rotations of kπ/3

radians. The summation thus reduces to π/3, 2π/3 and π rotations. The solution of

Eq. 48 is still a single exponential decay:

Y jump
j (Q, t) = Y jump

j (Q, 0) exp[−M(Q)t]. (50)

where the inverse time constant is

M(Q) = − 1

18

1

τ

6∑

k=1

3∑

l=1

{exp [−iQclρ cos (α + θkl)]− 1} , (51)

and the phase θkl

θkl = (l − 1)
π

6
+ (k − 1)

π

3
. (52)

The factor cl gives the effective jump length for each kind of rotation of the molecule

around its six-fold symmetry axis: c1 = 1 for a π/3 radians rotation, c2 =
√
3 for

a 2π/3 radians rotation and c3 = 2 for a π radians rotation. For simplicity we have

assumed that all the jumps have the same probability, 1/τ , but this is only true for high

temperatures and low coverages. Finally, since at t = 0, Gs(rj , 0) = δ(rj) [34], we find

that Y jump
j (Q, 0) = 1. Again, we obtain an ISF which is independent of a specific atom

in the molecule.

We are now ready to write the complete rotational ISF for a single atom as:

Y (Q, t) = exp[−M(Q)t]

∞∑

l=−∞

J2
l (Qρ) exp

(
− l2

ρ2
Drt

)
(53)

The dependence on the index j drops and we obtain a generalized ISF, which holds for

all atoms in the molecule. This yields:

6∑

j

Yj(Q, t) = 6Y (Q, t) (54)
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2.4. Total intermediate scattering function, scattering function and differential

cross-section

Introducing now the center-of-mass ISF (Eq. 12) and the single atom ISF (eq. 54) into

Eq. 6, the total ISF for a system of N benzene molecules is written as:

Iinc =
N

N ′
Fs(Q, t)6Y (Q, t) = Fs(Q, t)Y (Q, t). (55)

The analytical expression of the two previous functions provides:

Iinc(Q, t) =
∞∑

n=0

∞∑

l=−∞

Anl(Q) exp [−Γnl(Q)t] , (56)

which is a summation of exponential decays. Each term is weighed by an amplitude

depending on the geometry of the free rotations (see Fig. 4) and the translational

motion:

Anl(Q) =
1

n!

(−〈v20〉
η2

)n

J2
l (Qρ) exp

(〈v20〉
η2

Q2

)
Q2n, (57)

and with a total inverse time constant, which is the sum of all the contributions to the

dynamics :

Γnl(Q) = ηn+
l2

ρ2
Dr +

〈v20〉
η
Q2 +M(Q). (58)

Free rotations and the part of translations related to the phonon friction do not display

any dependence on the momentum transfer Q. They simply add a constant offset which

increases for higher terms in the summation with indexes n and l. Thus, dependence on

Q comes namely from the Brownian part of translations and from the jump rotations

inside clusters. However, experimental neutron spectroscopy data are mostly yielding

the scattering function S(Q, ω). The Fourier transform of Eq. 56 in time provides, as

expected, a summation of Lorentzian functions:

Sinc(Q, ω) =
1

2π~

∞∑

n=0

∞∑

l=−∞

Anl(Q)
Γnl(Q)

Γ2
nl(Q) + ω2

, (59)

whose HWHM is the inverse time constant Γnl, also known as the quasi-elastic

broadening in the energy domain. Finally, the differential cross-section is obtained by

the substitution of Eq. 59 into Eq. 2:

d2σ

∂Ω∂∆E
(Q,∆E) =

k

k0

N

2π~

σinc
4π

∞∑

n=0

∞∑

l=−∞

Anl(Q)
~Γnl(Q)

~2Γ2
nl(Q) + ∆E2

. (60)

2.5. Two-dimensional powder sample case: the exfoliated graphite substrate

To fully adapt the model to the case of exfoliated graphite surfaces, the two dimensional

powder case need to be considered. In this kind of substrates, the basal planes of

the graphite micro-crystals are oriented randomly within the plane parallel to the

macroscopic surface [48]. Consequently, the differential cross-section results from the

contribution of all the micro-crystals, averaged over all the possible orientations within
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Figure 4. Representation of functions An
l , defined in Eq. 57, for different parameters

of indexes n and l.

the plane. Assuming an isotropic orientation of the graphite micro-crystals the resulting

neutron differential cross-section is:

d2σ

dΩdω
(Q,∆E) = 〈 d2σ

dΩdω
(Q,∆E)〉α =

1

2π

∫ 2π

0

dα
d2σ

dΩdω
(Q,∆E), (61)

where α is the angle formed by the momentum transfer and the molecule (see Fig. 2).

The Fourier transformation in time relates the differential cross-section to the ISF (see

Eq. 2), so we can perform the integration on the ISF, which – being a summation of

exponential functions – is much easier to handle:

Iinc(Q, t) =

∞∑

n=0

∞∑

l=−∞

1

2π

∫ 2π

0

Anl(Q) exp [−Γnl(Q)t] dα. (62)

Since only the quasi-elastic broadening arising from molecules rotating in clusters,

M(Q), depends on vector Q (Eq. 58) the integral is reduced to:

1

2π

∫ 2π

0

exp [−M(Q)t] dα = exp

{
1

n

t

τ

6∑

k=1

3∑

l=1

[exp (−iQclρ cos (θkl))− 1]

}
.(63)

The inverse time constant is then:

M(Q) = −1

n

1

τ

6∑

k=1

3∑

l=1

[exp (−iQclρ cos (θkl))− 1] (64)
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which can be written in a compact way as a summation of sinusoidal functions:

M(Q) =
2

9

1

τ

[
2 sin2

(
ρQ

4

)
+ 3 sin2

(
ρQ

2

)
+ 2 sin2

(
3ρQ

4

)
+ sin2 (ρQ)

]
.(65)

The resulting integrated quasi-elastic broadening is shown in Fig. 5.

Figure 5. Representation of all the contributions to the quasi-elastic broadening Γln,

as defined in equation 58. Left Panel: n=0. Right Panel Quasi-elastic broadening

for different indexes n and l.

2.6. Application of the model to experimental data

3. Conclusions

In this work we have developed a theoretical model for understanding the diffusive

behavior of a system of molecules with a six-fold symmetry adsorbed on a flat hexagonal

surface. The goal was to obtain an ISF, or through the time Fourier transform, the

corresponding scattering law, resulting from the continuous diffusion of this molecules

(related to translations of clusters and free rotations of isolated molecules) and the

discontinuous diffusion due to molecules trapped within clusters. This theoretical

description can be applied to experimental data arising from hydrogenated benzene

adsorbed on the basal plane of graphite surfaces.

We have been inspired by the method of Sears for methane diffusion [6, 42, 43]

based on the weak hindered approximation within which we assume the statistical

independence of rotations and translations of a single molecule. This hypothesis allows

the factorization of the intermediate scattering function in terms of the of center-of-mass

and proton dynamics. The resulting ISF is a product of functions depending separately

on the center-of-mass trajectories and the proton trajectories. Using the Van Hove

formalism and more particularly the approaches given in ref. [44] for the translational
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part, [42] for free rotations and [40] for the jump rotations within clusters, we have

calculated the ISF using specific correlation functions for each dynamical process. As a

result we obtain a summation of exponential decays in the time domain, or Lorentzian

functions in the energy domain. The weight of each term is related to the geometry of

the rotations and to the translational motion, while the quasi-elastic broadening is a

sum of contributions arising from the different motions of the molecule. Finally we have

calculated the specific ISF for a two dimensional powder sample. This is particularly

useful when exfoliated graphite substrates are used in experiments.

The model we have developed can be seen as a first approximation to the problem

of diffusion of molecules adsorbed on layers with the same symmetry. Indeed, special

features can arise when the geometry of the ad-layer and the substrate is commensu-

rate: the coupling between rotational and translational motion generates unexpected

diffusive regimes that go well beyond the traditional models within the classical me-

chanics framework [49–51]. Since we have built our description within the framework of

the weak hindered approximation, we have ignored such correlations, delivering a com-

pletely linear and classical model. Future work should consider the study of possible

traces of quantum effects and non-linearity in the dynamics of systems sharing the same

point geometry, such as benzene adsorbed on graphite substrates, in order to explore

the possibility of non-linear diffusion and ballistic diffusion.
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