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Abstract In this paper, we prove that any collocation matrix of Bessel polynomi-
als at positive points is strictly totally positive, that is, all its minors are positive.
Moreover, an accurate method to construct the bidiagonal factorization of these
matrices is obtained and used to compute with high relative accuracy the eigen-
values, singular values and inverses. Similar results for the collocation matrices for
the reverse Bessel polynomials are also obtained. Numerical examples illustrating
the theoretical results are included.
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1 Introduction

Bessel polynomials are ubiquitous and occur in many fields such as partial differ-
ential equations, number theory, algebra and statistics (see [11]). They form an
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orthogonal sequence of polynomials and are related to the modified Bessel func-
tion of the second kind (see pp. 7 and 34 of [11]). They are closely related to the
reverse Bessel polynomials, which have many applications in Electrical Engineer-
ing. In particular, they play a key role in network analysis of electrical circuits
(see page 145 of [11] and references therein). In Combinatorics, the coefficients of
the reverse Bessel polynomials are also known as signless Bessel numbers of the
first kind. The Bessel numbers have been studied from a combinatorial perspec-
tive and are closely related to the Stirling numbers [12,22]. In [16] it was shown
that Bessel polynomials occur naturally in the theory of traveling spherical waves.
Bessel polynomials are also very important for some problems of static potentials,
signal processing and electronics. For example, the Bessel polynomials are used
in Frequency Modulation (FM) synthesis and in the Bessel filter. In the case of
FM synthesis, the polynomials are used to compute the bandwidth of a modulated
in frequency signal. The zeros of Bessel polynomials and generalized Bessel poly-
nomials also play a crucial role in applications in Electrical Engineering. On the
accurate computations of the zeros of generalized Bessel polynomials see [20].

This paper deals with the accurate computation when using collocation matri-
ces of Bessel polynomials and reverse Bessel polynomials. It is shown that these
matrices provide new structured classes for which algebraic computations (such as
the computation of the inverse, of all the eigenvalues and singular values, or the
solutions of some linear systems) can be performed with high relative accuracy
(HRA). Moreover, a crucial result for this purpose has been the total positivity of
the considered matrices. Let us recall that a matrix is totally positive (strictly totally

positive) if all its minors are nonnegative (positive) and will be denoted TP (STP).
These matrices have also been called in the literature totally nonnegative (totally
positive). Many applications of these matrices can be seen in [2,7,21]. For some
subclasses of TP matrices a bidiagonal factorization with HRA has been obtained
(cf. [6,1,4,5,17–19]). In [3] it was proved that the first positive zero of a Bessel
function of the first kind is the half of the critical length of a cycloidal space, relat-
ing Bessel functions with the total positivity theory and computer-aided geometric
design. We prove here a new surprising connection of total positivity with Bessel
functions through the collocation matrices of Bessel polynomials.

The paper is organized as follows. In Section 2, we present some auxiliary re-
sults and basic notations related to the bidiagonal factorization of totally positive
matrices as well as with high relative accuracy. In Section 3 we introduce the
Bessel polynomials and we first prove that the matrix of change of basis between
the Bessel polynomials and the monomials is TP. We also define the Bessel matri-
ces and prove that they are STP. Finally, we provide the construction with high
relative accuracy of the bidiagonal factorization of Bessel matrices, which in turn
can be used to apply the algorithms presented by P. Koev in [15] for the algebraic
computations mentioned above with high relative accuracy. A similar task for the
collocation matrices of the reverse Bessel polynomials is performed in Section 4.
Finally, Section 5 includes illustrative numerical examples confirming the theoret-
ical results for the computation of eigenvalues, singular values, inverses, and the
solution of linear systems with the matrices considered in this paper.
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2 Auxiliary results

Neville elimination (NE) is an alternative procedure to Gaussian elimination. NE
makes zeros in a column of a matrix by adding to each row an appropriate multiple
of the previous one (see [9]). Given a nonsingular matrix A = (aij)1≤i,j≤n, the NE
procedure consists of n− 1 steps, leading to a sequence of matrices as follows:

A = A(1) → Ã(1) → A(2) → Ã(2) → · · · → A(n) = Ã(n) = U, (1)

with U an upper triangular matrix.
On the one hand, Ã(t) is obtained from the matrix A(t) by moving to the bottom

the rows with a zero entry in column t below the main diagonal, if necessary. The
matrix A(t+1), t = 1, . . . , n− 1, is obtained from Ã(t) by computing

a
(t+1)
ij =


ã
(t)
ij −

ã
(t)
it

ã
(t)
i−1,t

ã
(t)
i−1,j , if t ≤ j < i ≤ n and ã

(t)
i−1,t 6= 0,

ã
(t)
ij , otherwise,

(2)

for all t ∈ {1, . . . , n− 1}.
The entry

pij := ã
(j)
ij , 1 ≤ j ≤ i ≤ n, (3)

is the (i, j) pivot of the NE of A, and the pivots pii are called diagonal pivots. The
number

mij =


ã
(j)
ij

ã
(j)
i−1,j

=
pij

pi−1,j
, if ã

(j)
i−1,j 6= 0,

0, if ã
(j)
i−1,j = 0,

(4)

is called the (i, j) multiplier of NE of A, where 1 ≤ j < i ≤ n.
NE is a very useful method when applied to TP matrices. If A is a nonsin-

gular TP matrix, then no rows exchanges are needed when applying NE and so,
in this case, A(t) = Ã(t) for all t. In fact, in Theorem 5.4 of [9] the following
characterization of nonsingular TP matrices was provided.

Theorem 1 Let A be a nonsingular matrix. Then A is TP if and only if there are no

row exchanges in the NE of A and UT and the pivots of both NE are nonnegative.

In [10] it was seen that nonsingular TP matrices can be expressed as a unique
bidiagonal decomposition.

Theorem 2 (cf. Theorem 4.2 of [10]). Let A be a nonsingular n×n TP matrix. Then

A admits a decomposition of the form

A = Fn−1 · · ·F1DG1 · · ·Gn−1, (5)

where Fi and Gi, i ∈ {1, . . . , n − 1}, are the lower and upper triangular nonnegative

bidiagonal matrices given by

Fi =


1
0 1

. . .
. . .
0 1

mi+1,1 1

. . .
. . .

mn,n−i 1

 , GT
i =



1
0 1

. . .
. . .
0 1

m̃i+1,1 1

. . .
. . .

m̃n,n−i 1

 , (6)
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and D a diagonal matrix diag(p11, . . . , pnn) with positive diagonal entries. If, in addi-

tion, the entries mij , m̃ij satisfy

mij = 0⇒ mhj = 0 ∀h > i

and

m̃ij = 0⇒ mik = 0 ∀ k > j,

then the decomposition (5) is unique.

By Theorems 4.1 and 4.2 of [10] we also know that, for 1 ≤ j < i ≤ n, mij and
pii in the bidiagonal decomposition given by (5) with (6) are the multipliers and
the diagonal pivots when applying the NE to A and, using the arguments of p.
116 of [10], m̃ij are the multipliers when applying the NE to AT .

In [14] it was devised a concise matrix notation BD(A) for the bidiagonal
decomposition (5) and (6) given by

(BD(A))ij =


mij , if i > j,

m̃ji, if i < j,

pii, if i = j.

(7)

Remark 1 If A is a TP matrix, then AT is also TP. Transposing formula (5) of
Theorem 2 we obtain the unique bidiagonal decomposition of AT :

AT = GT
n−1 · · ·GT

1DF
T
1 · · ·FT

n−1,

where Fi and Gi, i ∈ {1, . . . , n−1}, are the lower and upper triangular nonnegative
bidiagonal matrices given in formula (6). It can also be checked that

BD(AT ) = BD(A)T .

An algorithm can be performed with high relative accuracy if all the included
subtractions are of initial data, that is, if it only includes products, divisions,
sums of numbers of the same sign and subtractions of the initial data (cf. [6,14]).
In [14], given a nonsingular TP matrix A whose BD(A) is known with HRA, Koev
presented algorithms for computing to HRA the eigenvalues of the matrix A, the
singular values of the matrix A, the inverse of the matrix A and the solution of
linear systems of equations Ax = b, where b has a pattern of alternating signs.

3 Bessel polynomials and matrices

Let us consider the Bessel polynomials defined by

Bn(x) =
n∑

k=0

(n+ k)!

2k(n− k)!k!
xk, n = 0, 1, 2 . . . , (8)

Given a real positive integer n, let us define the corresponding semifactorial by

n!! =

[n/2]−1∏
k=0

(n− 2k).
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Let A = (aij)1≤i,j≤n be the lower triangular matrix such that

(B0(x), B1(x), . . . , Bn−1(x))T = A(1, x, . . . , xn−1)T , (9)

that is, the lower triangular matrix A is defined by

aij :=

{
(i+j−2)!

2j−1(i−j)!(j−1)!
= (2j−2)!

2j−1(j−1)!
(i+j−2

i−j ), if i ≥ j,
0, if i < j.

(10)

Theorem 3 proves the total positivity of A, and provides BD(A). In addition, its
proof gives the explicit form of all the entries of the matrices A(k) of (1) computed
through the NE of A.

Theorem 3 Let A = (aij)1≤i,j≤n be the lower triangular matrix in (9) defined by

(10). Then we have that

(i) the pivots of the NE of A are given by

pij = 1
2j−1

(i−1)!
(i−j)!

∏j−1
r=1

(2i−r−1)
(i−j+r) , 1 ≤ j ≤ i ≤ n, (11)

and the multipliers by

mij = (2i−2)(2i−3)
(2i−j−1)(2i−j−2) , 1 ≤ j < i ≤ n, (12)

(ii) A is a nonsingular TP matrix

(iii) and the bidiagonal factorization of A is given by

BD(A)ij =


(2i−2)(2i−3)

(2i−j−1)(2i−j−2) , if i > j,

1, if i = j = 1,
(2i− 3)!!, if i = j > 1,
0, if i < j,

(13)

and can be computed to HRA.

Proof (i) If A(k) = (a
(k)
ij )1≤i,j≤n is the matrix obtained after k−1 steps of the NE

of A (see (1)) for k = 2, . . . , n, let us prove by induction on k ∈ {2, . . . , n} that

a
(k)
ij =

1

2j−1

(i+ j − k − 1)!

(i− j)!(j − k)!

k−1∏
r=1

(2i− r − 1)

(i− k + r)
(14)

for i ≥ j. For the case k = 2, let us start by computing the first step of the NE
of A:

a
(2)
ij = aij −

ai1
ai−1,1

ai−1,j = aij − ai−1,j

=
1

2j−1

(
(i+ j − 2)!

(i− j)!(j − 1)!
− (i+ j − 3)!

(i− j − 1)!(j − 1)!

)
=

(i+ j − 3)!

2j−1(i− j − 1)!(j − 1)!

(
i+ j − 2

i− j − 1

)
=

(i+ j − 3)!(2j − 2)

2j−1(i− j)!(j − 1)!

=
(i+ j − 3)!

2j−1(i− j)!(j − 2)!

(2i− 2)

(i− 1)
.
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Hence, formula (14) holds for k = 2. Now, let us assume that (14) holds for
some k ∈ {2, . . . , n−1} and let us prove that it also holds for k+ 1. Performing
the k-th step of the NE we have

a
(k+1)
ij = a

(k)
ij −

a
(k)
ik

a
(k)
i−1,k

a
(k)
i−1,j .

Then, by using the induction hypothesis, we obtain

a
(k+1)
ij = a

(k)
ij −

a
(k)
ik

a
(k)
i−1,k

a
(k)
i−1,j

= a
(k)
ij −

(2i− 2)(2i− 3)

(2i− k − 1)(2i− k − 2)
a
(k)
i−1,j

=
(i+ j − k − 1)!

2j−1(i− j)!(j − k)!

k−1∏
r=1

(2i− r − 1)

(i− k + r)

− (2i− 2)(2i− 3)

(2i− k − 1)(2i− k − 2)

(i+ j − k − 2)!

2j−1(i− j − 1)!(j − k)!

k−1∏
r=1

(2i− r − 3)

(i− k + r − 1)
.

Simplifying the previous formula, a
(k+1)
ij can be written as

a
(k+1)
ij =

(i+ j − k − 2)!

2j−1(i− j − 1)!(j − k)!

k−1∏
r=1

(2i− r − 1)

(i− k + r)

(
i+ j − k − 1

i− j − i− 1

i− k

)
.

From the previous expression we can deduce that

a
(k+1)
ij =

(i+ j − k − 2)!

2j−1(i− j − 1)!(j − k)!

k−1∏
r=1

(2i− r − 1)

(i− k + r)
· 2ji− 2ki− kj − j + k2 + k

(i− j)(i− k)

=
(i+ j − k − 2)!

2j−1(i− j − 1)!(j − k)!

k−1∏
r=1

(2i− r − 1)

(i− k + r)
· (j − k)(2i− k − 1)

(i− j)(i− k)

=
(i+ j − k − 2)!

2j−1(i− j)!(j − k − 1)!

k∏
r=1

(2i− r − 1)

(i− k + r − 1)
.

Therefore, (14) holds for k + 1 and the result follows.

The pivot pij = ã
(j)
ij = a

(j)
ij is given by (14) with k = j and we have that, for

i > j, mij =
pij

pi−1,j
, obtaining formulas (11) and (12), respectively.

(ii) The lower triangular matrix A is nonsingular since it has nonzero diagonal en-
tries. It can be seen in the proof of (i) that the NE of A satisfies the hypotheses
of Theorem 1. Since UT is a diagonal matrix, the NE of UT obviously satisfies
the hypotheses of Theorem 1. Hence, we can conclude that A is a TP matrix.

(iii) By (i) and taking into account that U is a diagonal matrix with diagonal entries
aii (1 ≤ i ≤ n), it is straightforward to deduce that BD(A) is given by (13). The
subtractions in this formula are of integers and, hence, they can be computed
to HRA, in fact, in an exact way.
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Let us introduce the collocation matrices of the Bessel polynomials.

Definition 1 Given a sequence of parameters 0 < t0 < t1 < · · · < tn−1 we call the
collocation matrix of the Bessel polynomials (B0, . . . , Bn−1) at that sequence,

M = M

(
B0, . . . , Bn−1

t0, . . . , tn−1

)
= (Bj−1(ti−1))1≤i,j≤n,

a Bessel matrix.

The following result proves that the Bessel matrices are STP and that some
usual algebraic problems with these matrices can be solved to HRA.

Theorem 4 Given a sequence of parameters 0 < t0 < t1 < · · · < tn−1, the corre-

sponding Bessel matrix M is an STP matrix and given the parametrization ti (0 ≤ i ≤
n− 1), the following computations can be performed with HRA: all the eigenvalues, all

the singular values, the inverse of the Bessel matrix M , and the solution of the linear

systems Mx = b, where b = (b1, . . . , bn)T has alternating signs.

Proof By formula (9) we have that

M = V AT ,

where M is the Bessel matrix corresponding to the collocation matrix of the Bessel
polynomials (B0, . . . , Bn−1) at t0, . . . , tn−1, A is the lower triangular matrix defined
by (10) and V is the Vandermonde matrix corresponding to the collocation matrix
of the monomial basis of degree n − 1 at t0, . . . , tn−1. Since V is a Vandermonde
matrix with strictly increasing positive nodes, it is STP (see page 111 of [8] and
page 12 of [7]). AT is nonsingular TP because A is nonsingular TP by Theorem
3 (ii). Then, by Theorem 3.1 of [2], the Bessel matrix M is STP because it is the
product of an STP matrix and a nonsingular TP matrix.

In Section 5.2 of [14] Koev devised an algorithm (Algorithm 5.1 in the refer-
ence) that, given the bidiagonal decompositions BD(C) and BD(D) to HRA of two
TP matrices C and D, provides the bidiagonal decomposition BD(CD) to HRA
of the TP product matrix CD. Since the bidiagonal factorization BD(V ) of the
Vandermonde matrix V is known to HRA (see Section 3 of [13]) and the bidiago-
nal factorization BD(AT ) of the matrix A can be computed to HRA by Theorem
3 (iii) and Remark 1, by using Algorithm 5.1 of [14] the bidiagonal factorization
BD(M) = BD(V AT ) of the Bessel matrix M is obtained to HRA.

Finally, the construction of BD(M) with HRA guarantees that the algebraic
computations mentioned in the statement of this theorem can be performed with
HRA (see Section 2 of this paper or Section 3 of [14]).

A system of functions is STP when all its collocation matrices are STP. The
following result is a straightforward consequence of the previous theorem.

Corollary 1 The system of functions formed by the Bessel polynomials of degree less

than n, (B0(x), B1(x), . . . , Bn−1(x)), x ∈ (0,+∞), is an STP system.
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4 Reverse Bessel polynomials and matrices

Reversing the order of the coefficients of Bn(x) in (8) we can define the reverse

Bessel polynomials:

Br
n(x) =

n∑
k=0

(n+ k)!

2k(n− k)!k!
xn−k, n = 0, 1, 2 . . . , (15)

Let C = (cij)1≤i,j≤n be the lower triangular matrix such that

(Br
0(x), Br

1(x), . . . , Br
n−1(x))T = C(1, x, . . . , xn−1)T , (16)

that is, the lower triangular matrix C is defined by

cij =

{
(2i−j−1)!

2i−j(j−1)!(i−j)!
, i ≥ j,

0, i < j.
(17)

Theorem 5 proves the total positivity of C, and provides BD(C). In addition,
its proof gives the explicit form of all the entries of the matrices C(k) computed
through the NE of C.

Theorem 5 Let C = (cij)1≤i,j≤n be the lower triangular matrix in (16) defined by

(17). Then, we have that

(i) the pivots of the NE of C are given by

pij = (2i−2j)!
2i−j(i−j)!

1 ≤ j ≤ i ≤ n if j is odd,

pij = 0 1 ≤ j < i ≤ n, pjj = 1 1 ≤ j ≤ n if j is even,
(18)

and the multipliers by

mij = 2i− 1− 2j 1 ≤ j < i ≤ n if j is odd,

mij = 0, 1 ≤ j < i ≤ n if j is even,
(19)

(ii) C is a nonsingular TP matrix

(iii) and the bidiagonal factorization of C is given by

BD(C)ij =


2i− 2j − 1, if i > j with j odd,

1, if i = j,

0, otherwise,

(20)

and can be computed to HRA.

Proof (i) Let us perform the first step of the NE of C:

c
(2)
ij = cij −

ci1
ci−1,1

ci−1,j = cij − (2i− 3)ci−1,j , i > j ≥ 1.
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By using (17) in the previous expression and simplifying we have that

c
(2)
ij =

(2i− j − 1)!

2i−j(j − 1)!(i− j)!
− (2i− 3)(2i− j − 3)!

2i−j−1(j − 1)!(i− j − 1)!

=
(2i− j − 3)!

2i−j−1(j − 1)!(i− j − 1)!

[
(2i− j − 2)(2i− j − 1)

2(i− j)
− 2i+ 3

]
=

(2i− j − 3)!

2i−j(j − 1)!(i− j)!
(j2 − 3j + 2)

=
(2i− j − 3)!

2i−j(j − 1)!(i− j)!
(j − 2)(j − 1).

From the previous formula we deduce that

c
(2)
ij =


(2i−j−3)!

2i−j(j−3)!(i−j)!
, for i > j ≥ 3,

0, for i > j ≤ 2,

c
(1)
ij , in otherwise.

(21)

Since c
(2)
i2 = 0 for i = 3, . . . , n, we have that C(3) = C(2). So, taking into account

this fact, formula (21) and formula (17), we can observe that c
(3)
ij = ci−2,j−2

and so, performing two steps of the NE of C gives as a result a leading principal
submatrix of C. In particular, C satisfies that C(2)[3, . . . , n] = C(3)[3, . . . , n] =
C[1, . . . , n − 2]. Hence, and by formulas (3) and (4), we deduce formulas (18)
and (19).

(ii) The lower triangular matrix C is nonsingular since it has nonzero diagonal en-
tries. It can be seen in the proof of (i) that the NE of C satisfies the hypotheses
of Theorem 1. Since the upper triangular matrix obtained after the process (1)
of the NE of C is a diagonal matrix, the NE of its transpose obviously satisfies
the hypotheses of Theorem 1. Hence, we can conclude that C is a TP matrix.

(iii) By (i) it is straightforward to deduce that BD(C) is given by (20). The sub-
tractions in this formula are of integers and, hence, they can be computed to
HRA, in fact, in an exact way.

Definition 2 Given a sequence of parameters 0 < t0 < t1 < · · · < tn−1 we call
the collocation matrix of the reverse Bessel polynomials (Br

0 , . . . , B
r
n−1) at that

sequence,

Mr = M

(
Br

0 , . . . , B
r
n−1

t0, . . . , tn−1

)
= (Br

j−1(ti−1))1≤i,j≤n

a reverse Bessel matrix.

The following result proves that the reverse Bessel matrices are STP and that
some usual algebraic problems with these matrices can be solved to HRA.

Theorem 6 Given a sequence of parameters 0 < t0 < t1 < · · · < tn−1, the corre-

sponding reverse Bessel matrix Mr is an STP matrix and given the parametrization

ti (0 ≤ i ≤ n − 1), the following computations can be performed with HRA: all the

eigenvalues, all the singular values, the inverse of the reverse Bessel matrix Mr, and

the solution of the linear systems Mrx = b, where b = (b1, . . . , bn)T has alternating

signs.

Proof The results can be proved in an anologous way to those of Theorem 4.



10 Jorge Delgado, Héctor Orera, J. M. Peña

The following result is a straightforward consequence of the previous theorem.

Corollary 2 The system of functions formed by the reverse Bessel polynomials of

degree less than n, (Br
0(x), Br

1(x), . . . , Br
n−1(x)), x ∈ (0,+∞), is an STP system.

5 Numerical experiments

In [14], assuming that the parameterization BD(A) of an square TP matrix A

is known with HRA, Plamen Koev presented algorithms to compute BD(A−1),
the eigenvalues and the singular values of A, and the solution of linear systems
of equations Ax = b where b has an alternating pattern of signs to HRA. Koev
also implemented these algorithms in order to be used with Matlab and Octave
in the software library TNTool available in [15]. The corresponding functions are
TNInverse, TNEigenvalues, TNSingularValues and TNSolve, respectively. The func-
tions require as input argument the data determining the bidiagonal decomposition
(5) of A, BD(A) given by (7), to HRA. TNSolve also requires a second argument,
the vector b of the linear system Ax = b to be solved. In addition, recently a func-
tion TNInverseExpand was added to that library, contributed by Ana Marco and
Jose-Javier Mart́ınez. This function, given BD(A) to HRA, returns A−1 to HRA.

The library TNTool also provides the function TNProduct(B1,B2), which, given
the bidiagonal decompositions B1 and B2 to HRA of two TP matrices F and
G, provides the bidiagonal decomposition of the TP matrix FG to HRA. We can
observe in the factorization M = V AT in the proof of Theorem 4 that M can be
expressed as the product of two TP matrices: the TP Vandermonde matrix V and
the TP matrix AT defined by (9) and (10). Taking into account Remark 1, the
bidiagonal factorization of AT to HRA can be obtained from Theorem 3 (iii). Since
V is a TP Vandermonde matrix, BD(V ) is obtained to HRA by using TNVandBD of
library TNTool. Taking into account these facts, the pseudocode providing BD(M)
to HRA can be seen in Algorithm 1.

Algorithm 1 Computation of the bidiagonal decomposition of M to HRA

Require: t = (ti)
n−1
i=0 such that 0 < t0 < t1 < . . . < tn−1

Ensure: B bidiagonal decomposition of M to HRA
B1 = TNV andBD(t)
B2(1, 1) = 1
for i = 2 : n− 1 do

for j = 1 : i− 1 do

B2(i, j) =
(2i−2)(2i−3)

(2i−j−1)(2i−j−2)

end for
B2(i, i) = (2i− 3)!!
for j = i+ 1 : n− 1 do

B2(i, j) = 0
end for

end for
B = TNProduct(B1, B2T )

We have implemented the previous algorithm to be used in Matlab and Octave
in a function TNBDBessel. The bidiagonal decompositions with HRA obtained with
this function can be used with TNInverseExpand, TNEigenValues, TNSingularValues
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and TNSolve in order to obtain accurate solutions for the above mentioned algebraic
problems. Now we include some numerical tests illustrating the high accuracy of
the new methods in contrast to the accuracy of the usual methods.

First we have considered the Bessel matrix of order 20, M20, corresponding to
the collocation matrix of the Bessel polynomials of degree at most 19 at points
1, 2, . . . , 20. We have computed with MATLAB the bidiagonal decomposition of
M20 to HRA with the function TNBDBessel. Then, using this bidiagonal decompo-
sition, we have computed approximations to its eigenvalues and its singular values
with TNEigenValues and TNSingularValues, respectively. We have also computed
approximations to the eigenvalues and singular values with the MATLAB func-
tions eig and svd, respectively. Then we have also computed the eigenvalues and
singular values of M20 with a precision of 100 digits using Mathematica. Tak-
ing as exact the eigenvalues and the singular values obtained with Mathematica,
we have computed the relative errors for the approximation to the eigenvalues
(resp. singular values) obtained by both eig (resp., svd) and TNEigenValues (resp.,
TNSingularValues).

Since a Bessel matrix is STP, by Theorem 6.2 of [2] all its eigenvalues are real,
distinct and positive. Taking into account this fact, the eigenvalues of M20 have
been ordered as λ1 > λ2 > · · · > λ20 > 0. The relative errors for the approximations
to these eigenvalues of M20 can be seen in Table 1. We can observe in this table
that the approximations obtained by using the bidiagonal decomposition are very
accurate. In contrast, the approximations obtained with eig MATLAB function
are only accurate for the larger eigenvalues of M20. In fact, the approximations
to the eigenvalues of M20 obtained with eig are not even positive for the smaller
ones.

i λi rel. errors with HRA rel. errors with eig

1 4.5222e+ 46 4.4851e− 16 1.1213e− 16
2 1.2183e+ 42 2.5402e− 16 8.0016e− 15
3 7.7264e+ 37 2.4448e− 16 3.3983e− 14
4 8.7322e+ 33 0 2.1003e− 11
5 1.5801e+ 30 7.1256e− 16 5.3330e− 10
...

...
...

...
17 1.1529e+ 00 0 2.4583e+ 10
18 1.3072e− 01 2.1233e− 16 2.2085e+ 13
19 6.1386e− 03 4.2389e− 16 1.8425e+ 22
20 1.2006e− 04 3.3864e− 16 4.2167e+ 28

Table 1 Relative errors for the eigenvalues of the Bessel matrix M20

The 20 real and positive singular values of M20 have also been ordered as
σ1 ≥ σ2 ≥ · · · ≥ σ20 > 0. The relative errors for the approximations to these
singular values of M20 can be seen in Table 2. As in the case of the eigenvalues,
the approximation obtained for all the singular values using the bidiagonal decom-
position are very accurate, but only the approximations obtained for the larger
singular values by using svd are accurate.
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i σi rel. errors with HRA rel. errors with svd

1 4.8763e+ 46 2.0797e− 15 4.1594e− 16
2 1.5204e+ 42 6.1065e− 16 4.0710e− 16
3 1.1076e+ 38 3.4108e− 16 9.1922e− 14
4 1.4266e+ 34 8.0818e− 16 8.3458e− 11
5 2.9165e+ 30 3.8604e− 16 1.2661e− 03
...

...
...

...
17 1.0795e+ 00 4.1139e− 16 5.0876e+ 11
18 1.5106e− 02 2.1818e− 15 3.4860e+ 12
19 9.1285e− 05 2.0785e− 15 1.2718e+ 13
20 1.6258e− 07 3.2563e− 16 1.9230e+ 06

Table 2 Relative errors for the singular values of the Bessel matrix M20

We have also computed approximations to the inverse (M20)−1 with both inv

and TNInverseExpand using the bidiagonal decomposition provided by TNBDBessel.
We have also obtained with Mathematica the inverse using exact arithmetic. Then,
we have computed the componentwise relative errors for both approximations. In
Table 3 the mean and maximum componentwise relative errors are shown. It can be
seen that the inverse obtained with the HRA methods is very accurate in contrast
to the poor approximation obtained with inv.

rel. errors with HRA rel. errors with inv

mean 1.8498e− 16 2.1364e− 01
maximum 8.4304e− 16 3.0878e− 01

Table 3 Relative errors for the inverse of the Bessel matrix M20

We have considered two systems of linear equations

M20x = b1 and M20x = b2,

where the entries of b2 are randomly generated as integers in the interval [1, 1000]
and the i-th entry of b1 is given by b1i = (−1)i+1b2i for i = 1, . . . , 20. So, the
independent vector of the system M20x = b1 has an alternating pattern of signs
and the linear system can be solved with HRA by Theorem 4. Approximations x̂ to
the solutions x of both linear systems have been obtained with MATLAB, the first
one using TNSolve and the bidiagonal decomposition of the Bessel matrix obtained
with TNBDBessel, and the second one using the usual MATLAB command A\b.
By using Mathematica with exact arithmetic, the exact solution of the systems
have been computed, and then, the componentwise relative errors for the two
approximations obtained with MATLAB have been computed. Table 4 shows the
componentwise relative errors corresponding to the system M20x = b1. It can
be observed that the approximation to the solution provided by TNSolve is very
accurate. This fact can be expected since the independent vector b1 of the system
has an alternating pattern of signs and then it is known that TNSolve provides the
solution to HRA (see [14]). On the other hand, it can also be observed in the table
that the accuracy of the approximation provided by A\b is very poor.
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i
∣∣∣ x̂i−xi

xi

∣∣∣ with HRA
∣∣∣ x̂i−xi

xi

∣∣∣ with A\b

1 5.6243e− 16 1.8543e− 01
2 1.8069e− 16 1.8643e− 01
3 0 1.8822e− 01
4 1.2831e− 16 1.9058e− 01
5 2.2120e− 16 1.9336e− 01
...

...
...

17 0 2.3342e− 01
18 1.4910e− 16 2.3627e− 01
19 2.3844e− 16 2.3897e− 01
20 0 2.4153e− 01

Table 4 Relative errors for the solution of the linear system M20x = b1

Table 5 shows the componentwise relative errors corresponding to the system
M20x = b2. In this case, since the independent vector b2 has not an alternating
pattern of signs, it is not guaranteed to obtain an approximation to HRA by using
TNSolve. However, it can be observed that in this case the approximation to the
solution provided by TNSolve is also very accurate in contrast to the poor accuracy
of the approximation provided by A\b.

i
∣∣∣ x̂i−xi

xi

∣∣∣ with TNSolve
∣∣∣ x̂i−xi

xi

∣∣∣ with A\b

1 1.6814e− 16 8.9852e− 01
2 1.2521e− 16 8.3698e− 01
3 1.7413e− 16 7.4661e− 01
4 2.7288e− 16 6.5449e− 01
5 2.0323e− 16 5.7258e− 01
...

...
...

17 1.8808e− 16 2.1570e− 01
18 1.6663e− 16 2.0699e− 01
19 2.5411e− 16 1.9933e− 01
20 0 1.9257e− 01

Table 5 Relative errors for the solution of the linear system M20x = b2

It can be observed that the smaller an eigenvalue (resp., singular value) is,
the larger the relative error corresponding to the usual methods is. So, now let
us consider the Bessel matrices Mn of order n, for n = 2, . . . , 15 given by the
collocation matrices of the Bessel polynomials (B0(x), . . . , Bn−1(x)) at the points
1, . . . , n, that is, Mn = (Bj−1(i))1≤i,j≤n. In the same way that in the previous
examples we have computed the eigenvalues, the singular values and the inverses
of these matrices both with the usual MATLAB functions and to HRA by using
TNBDBessel. Then we have computed the relative errors for the approximation to
the smallest eigenvalue and the smallest singular value of each matrix, and the
componentwise relative error for the approximations to the inverses.
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Fig. 1 Relative error for the minimal eigenvalue and singular value of Mn
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Fig. 2 Relative errors for (Mn)−1

The relative errors for the smallest eigenvalues and the smallest singular values
of the Bessel matrices Mn, n = 2, . . . , 15, can be seen in Figure 1 (a) and (b),
respectively.

The mean and the maximum componentwise relative errors corresponding to
the approximation of the inverses (Mn)−1 can be seen in Figure 2 (a) and (b),
respectively.

In an analogous way to the Bessel matrix we can derive an algorithm to ob-
tain the bidiagonal decomposition of a reverse Bessel matrix to HRA. So, the
pseudocode providing BD(Mr) to HRA can be seen in Algorithm 2.

For the reverse Bessel matrices we have carried out the same numerical tests as
for the Bessel matrices and we have deduced exactly the same conclusions. For the
sake of brevity, for the reverse Bessel matrices only the relative errors for the small-
est eigenvalue and singular value, and the componentwise mean and maximum rel-
ative error for the inverses of the reverse Bessel matrices Mr

n = (Br
j−1(i))1≤i,j≤n,

n = 2, . . . , 15, are shown in Figures 3 and 4, respectively.
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Algorithm 2 Computation of the bidiagonal decomposition of Mr to HRA

Require: t = (ti)
n−1
i=0 such that 0 < t0 < t1 < . . . < tn−1

Ensure: B bidiagonal decomposition of Mr to HRA
B1 = TNV andBD(t)
for i = 1 : n− 1 do

for j = 1 : i− 1 do
if j is odd then

B2(i, j) = 2i− 2j − 1
end if

end for
B2(i, i) = 1
for j = i+ 1 : n− 1 do

B2(i, j) = 0
end for

end for
B = TNProduct(B1, B2T )
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Fig. 3 Relative error for the minimal eigenvalue and singular value of Mr
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