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Abstract—In the stochastic estimation context, the absence of
measurement information at the state estimator during large
intervals can cause a divergence in the uncertainty of the
estimates. This issue is aggravated when strategies to reduce
communication, such as event-triggering mechanisms (ETMs),
are used if an appropriate design is not made. Particularly,
dynamic ETMs (DETMs) may exhibit this problem, since they
are designed to further reduce the number of communication
instants. Motivated by this problem, we propose a novel state
estimator that integrates discrete transmitted measurements and
implicit information between events provided by the proposed
DETM. Our proposal guarantees a uniformly bounded mean-
squared error in the stochastic context, regardless of transmission
instants. Moreover, compared to static ETMs, our proposal
adaptively reduces the number of transmissions according to the
behavior of the measured signal. Our proposal’s advantages are
verified formally and through several numerical experiments.

Index Terms—Estimation and filtering, event-triggered
communication, remote state estimation, stochastic systems.

I. INTRODUCTION

EVENT-TRIGGERING mechanisms (ETMs) aim to
reduce the computational and communication burden in

systems with limited resources. In the context of remote
state estimation, these strategies determine whether sensor
data should be transmitted to the estimator, considering the
cost of communication. In networked systems, communication
bandwidth is often limited and shared, making ETMs crucial
for efficient operation [1].

Reducing the amount of transmitted data is of great interest,
but often requires a tradeoff between the communication rate
and the quality of estimation [2]. To ensure that the quality
of the estimation in the remote estimator remains within
some desired bounds, most works monitor it in the triggering
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condition. This approach uses a local copy of the estimator
at the sensor side, choosing to send data according to the
mean estimation error [3], the measured value deviating from
the prediction [4], [5], [6], the local estimate deviating from
the remote one [7], [8], or the predicted variance of the
measurement [9]. This last option ensures a bounded esti-
mation uncertainty. However, relying only on monitoring the
variance of the estimation may result in periodic transmissions,
limiting the benefits of ETMs. Furthermore, implementing
local estimators in sensor nodes may not be feasible due to
resource limitations.

Other ETMs rely only on the sensor’s measurements, such
as the send-on-delta (SOD) rule, which consists of transmitting
information only when the difference between the current
measured value and the last transmitted one exceeds a constant
threshold [1]. Thus, transmission instants are adapted accord-
ing to the measured output, which may result in a reduction
of communication burden compared to triggers that do not
monitor the current output of the system [10].

To further reduce the number of transmissions, some works
use dynamic ETMs (DETMs), which include an additional
dynamic variable that enlarges the triggering threshold with
respect to static triggers such as SOD. Furthermore, the intro-
duction of the dynamic threshold and the trigger parameters
grants more flexibility to adapt to a desired performance
given available resources. This is, DETMs adaptively reduce
transmissions in comparison to static ETMs, taking into
account the characteristics of the measured signal. We refer
the reader to [11] for further discussion on the advantages
of DETMs and a visual example of such behavior. DETMs
have been recently applied to state estimation [12], [13], [14],
[15], by making the dynamic threshold depend on the sensor’s
measurements. However, measurement-based triggers do not
guarantee an acceptable estimate in the remote estimator,
particularly in the stochastic context, as they do not monitor
the estimation performance. For this reason, works featuring
DETMs typically assume no noise in the system [14], or
consider only bounded noise [16], [17], [18]. To the best of
our knowledge, the effect of DETMs has not been studied in
the stochastic context.

For measurement-based triggers, if it is assumed that there
is no new available data for the system between events, a
model-based prediction can be used in the stochastic context.
However, in the stochastic setting, the estimation uncertainty
(usually given in terms of an error covariance matrix for the
estimates) may grow unbounded as the time between events
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increases, because of the unknown timing of the next event.
This problem is particularly relevant for unstable systems, for
which a bounded input can produce an unbounded output,
such as integrators, which are commonly used to model
the movement of a target object in tracking applications.
Nevertheless, if the estimator knows the triggering condition
used by the sensor, it can infer additional information about the
current measurement between events by considering the nega-
tive information implicit in the unmet triggering condition. To
address this challenge, an event-based state estimator (EBSE)
has been proposed in [19], which incorporates this negative
information and maintains bounded estimation uncertainty at
interevent intervals. This EBSE is based on Kalman filtering
and ellipsoidal approximations of negative information, which
is modeled for the SOD trigger and an ETM based on the
Kullback–Leibler divergence. Other works have adopted sim-
ilar ellipsoidal approaches for discrete-time set-membership
estimators with multiple sensor measurements, such as the set-
valued Kalman filter [20] or the set-membership information
filter in [21], which consider static SOD triggers as well.
Negative information has also been exploited in works featur-
ing stochastic triggers [22], [23], but these often yield higher
estimation errors compared to deterministic triggers with the
same communication rate [24].

The use of negative information in remote state estimation
has not yet been extended to the novel DETMs. Given
the increased length of the interevent intervals produced
by DETMs, the remote estimator would benefit from using
negative information to improve the estimates between the
sparse transmissions of information. However, to use neg-
ative information, the remote estimator must be aware of
the triggering condition between events. Traditional DETM
designs cannot provide this information, since the dynamic
variable evolves according to the real-time measurement,
which is unknown to the remote estimator between events.
Thus, existing DETMs are unsuitable for obtaining negative
information, which motivates a new design.

Motivated by this discussion, this work focuses on event-
triggered remote estimation for continuous-time linear systems
in a stochastic context. Our goal is to increase the time
interval between triggered events to reduce communication
load, without having an unbounded uncertainty of the estimate.
Our contributions are as follows.

1) A new DETM design suitable for stochastic
environments, which allows the use of negative
information at the estimator, as opposed to the existing
designs [11], while maintaining an adaptive reduction in
communication.

2) An analysis of the DETM in the presence of stochas-
tic noise, resulting in a boundedness analysis for the
dynamic variable in this context.

3) A hybrid EBSE, that incorporates discrete measurements
and continuous negative information, which improves
the results from [19] due to the hybrid information
update and a less conservative approximation of the
negative information.

4) An analysis of boundedness of the uncertainty for all
time, in terms of the error covariance of the estimates,

as well as proof of consistency in the sense that the real
covariance is contained within our uncertainty bound.

5) In-depth simulation examples and discussions to validate
our proposal and compare them to other approaches,
namely, static and variance-based ETMs [1], [9], esti-
mation through standard Kalman filtering, and the EBSE
from [19].

A. Notation

Let ‖ • ‖ represent the Euclidean norm for vectors and the
matrix norm induced by the Euclidean norm for matrices. P(•)
represents a probability measure. The chi distribution of n
degrees of freedom and noncentrality parameter λ is denoted
as χ(n, λ). The normal distribution of mean μ and variance
σ 2 is denoted as N (μ, σ 2). E{•} and cov{•, ∗} = E{(• −
E{∗})(• − E{∗})�} denote the expectation and covariance
operators, respectively, with cov{•} = cov{•, •}. The identity
matrix of dimensions n×n is denoted as In. tr(•) denotes the
trace of a matrix. A � 0, A � 0 means that the matrix A is
positive definite and semi-definite, respectively.

II. PROBLEM STATEMENT

Consider a linear system of interest, described by the
following stochastic differential equation (SDE):

dx(t) = Ax(t)dt + Bdw(t), t ≥ 0 (1)

where A ∈ R
nx×nx, B ∈ R

nx×nw , and w(t) is
an nw-dimensional Wiener process with covariance
cov{w(s), w(r)} = W min(s, r) and W � 0. As usual, w(t) is
used to model the presence of uncertainty, which can be due
to unknown inputs, disturbances, or nonmodeled dynamics
[25, Sec. 3.1]. Since this work focuses on observer design,
we do not make any assumptions on this disturbance being
matched or unmatched. We assume that x(0) follows a normal
distribution with mean x0 and covariance P0.

We are interested in estimating x(t) using a remote estima-
tor, which receives noisy measurements y(t) = Cx(t)+v(t) of
the plant from a sensor at some instants {tk}∞k=0, with constant
C ∈ R

ny×nx and v(t) modeling the measurement noise.
As shown in Fig. 1, the measurements are transmitted over

a communication network, which can be shared by other
elements. Hence, maintaining a low rate of transmissions is
desired. Thus, the sensor uses a deterministic event-triggering
condition to decide whether a measurement should be commu-
nicated. When the condition is fulfilled, an event is triggered
and the measurement is sent to the estimator. We consider no
delays in the transmission process. The estimates computed by
the remote estimator are used downstream by a controller or
monitoring system, which can ask for information about the
state of the plant at any arbitrary instant t ≥ 0.

The goal is to create an EBSE and DETM combination
that reduces network transmissions while maintaining a sat-
isfactory remote estimator performance. We aim to prevent
estimation uncertainty divergence as the time between events
increases. To achieve this, we consider the implicit information
obtained from not triggering an event, referred to as negative
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Fig. 1. Problem setup. A sensor measures the output of the plant. A trigger is used to decide when to transmit a measurement over a communication network.
A remote estimator receives the asynchronous measurements to produce an estimate of the state of the plant, using a hybrid EBSE: discrete measurements are
incorporated at event instants, while negative information from the trigger is incorporated continuously at interevent intervals. A controller asks the estimator
for estimates at any time.

information in [19]. It provides the estimator with addi-
tional information about the measured signal during interevent
intervals without requiring additional transmissions.

A. Unsuitability of Existing DETMs

Note that state estimation of stochastic systems requires the
computation of a mean estimate, as well as a measure of uncer-
tainty, usually given in terms of a covariance matrix for the
estimation error. Unstable systems experience growing uncer-
tainty between measurements without additional information,
as we will illustrate in the simulation examples in Section VI.
In the case of using event-triggered communication, especially
with a DETM which enlarges the intervals without transmis-
sions of measurements, the unknown transmission instants for
new measurements result in potentially unbounded uncertainty
and poor estimation quality between events. However, DETM
works frequently overlook this issue by disregarding stochastic
noise in the system.

In this work, we exploit negative information from the
triggering condition to improve the estimates between events,
achieving a bounded uncertainty. However, existing DETM
designs are not suitable for this task. To infer negative
information, the remote estimator must be aware of the
sensor’s triggering condition between events. Note that, in
the usual DETMs, the dynamic variable η(t) in the triggering
condition has dynamics similar to

η̇(t) = f (t, η(t), e(t))

for some function f and e(t) = ‖y(t)− y(tk)‖ representing the
difference between the current measurement of the sensor, y(t),
and the value transmitted at last event, y(tk) (e.g., the DETM
in [14]). This is, the threshold to trigger an event depends
on η(t), which in turn depends on the current measurement
y(t). Since the remote estimator is not aware of y(t) during
the interevent intervals, it cannot determine the value of η(t)
between events. This makes the triggering condition unknown
from its point of view and renders the use of negative
information unfeasible for existing DETMs.

III. EVENT-BASED REMOTE ESTIMATION

A. Dynamic Event-Triggering Mechanism

We consider that the sensor has access to the measured
signal y(t) = Cx(t) + v(t) for all t ≥ 0, where v(t) is
normally distributed with zero mean and cov{v(t)} = R � 0.
However, these measurements can only be transmitted on a
discrete basis. In particular, let τ = {tk}∞k=0 with t0 > 0 be the

increasing sequence of event instants in which measurements
are sent from the sensor. We choose the sampling instants
through a DETM as

tk+1 = inf{t − tk > ¯τ | ‖y(t)− y(tk)‖ ≥ ση(t)+ ε}
η̇(t) = −c1η(t)+ c2mk ∀t ∈ (tk, tk+1), η(tk) = η0

mk = ‖y(tk)− y(tk−1)‖
tk − tk−1

, k > 0. (2)

The parameter ¯τ > 0 is introduced as time regularization,
which in practice can be set to the minimum sampling
step. Given that our triggering condition (2) depends on
measurements affected by stochastic noise, this regularization
is necessary to guarantee a minimum interevent time, and it
is a solution used by several works in the literature (see [11]
and the references therein). Otherwise, the Zeno phenomenon
may occur, where an infinite number of events are triggered
within a finite-time interval [26, Sec. 1.2.3]. The constants
c1, c2, ε > 0, σ ∈ [0, 1] are design parameters. Including the
static parameter ε in the trigger guarantees a minimum nonzero
threshold for the events, since the term ση(t) can potentially
become zero. The variable mk is initialized to an arbitrary
value m0 ≥ 0 and η(0) to η0. Resetting η(t) to a fixed value
η0 ≥ 0 at event instants is performed for convenience in our
analysis, but it is not strictly necessary. This is because the
function η(t) is designed to be non-negative for all times, as
we will later show in Section IV, in Proposition 1.

Note that the proposed DETM (2) incorporates an auxiliary
variable η(t) with its own additional dynamics, which depend
on the evolution of the measurements. Thus, η(t) serves to
adapt the triggering threshold for transmissions according to
the magnitude of the measured signal, reducing communica-
tion accordingly. The evolution of the dynamic variable η(t)
depends on the measured signal’s behavior. If the output signal
has a steep slope, the triggering threshold increases, resulting
in larger interevent intervals and fewer transmissions. This
behavior is consistent with typical DETMs [11].

Moreover, the design allows the estimator to infer additional
information. For interevent intervals t ∈ (tk, tk+1), the remote
estimator assumes the triggering condition is not met. In
particular, (2) provides the following information:

‖y(t)− y(tk)‖ < ση(t)+ ε =: δ(t) ∀t ∈ [tk, tk+1). (3)

The negative information that this conveys is that y(t) lies
within the ball Ek(t) = {y(t) | ‖y(t) − y(tk)‖ < δ(t)} for t ∈
(tk, tk+1). Then, we can condition the probability distribution
of the random variable y(t) to the information at time t ∈
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[tk, tk+1) given by the measurements It = {y(tk) ∀k ∈
N0 : tk ≤ t} and the negative information Iδ

t =
⋃k

	=0{y(t) ∈
E	(t) ∀t ∈ (t	, t	+1)}.

While the triggering condition (2) is inspired by the DETM
from [14], our design allows the estimator to extract negative
information from the triggering threshold δ(t) in (3), since the
dynamics of η(t) depend only on the transmitted information
at events. Therefore, both the sensor and the estimator can
compute η(t) and δ(t) at any time, enabling the use of negative
information as opposed to existing DETMs (see Section II-A).
Thus, our proposed DETM can reduce communication adap-
tively, as other DETMs in the literature, but it enables the use
of negative information to improve the estimation performance
between events.

B. Event-Based State Estimator

Due to the nature of the available information, we propose
an EBSE with a hybrid update schedule for the remote
estimator: a continuous correction is performed by including
negative information at interevent intervals, while discrete
jumps occur at events generated as a consequence of a new
transmitted measurement.

The motivation for the estimator design is that, at interevent
intervals t ∈ (tk, tk+1), the difference y(t) − y(tk) in (3) can
be overestimated by a Gaussian noise with zero mean and
covariance E(t) = δ(t)2Iny . Then, using this approximation,
we can consider that there is an implicit measurement at t ∈
(tk, tk+1) given by y(tk), with an additional covariance term
E(t) modeling the amount of noise introduced by the differ-
ence y(t)− y(tk). We propose to incorporate this information
as follows during t ∈ [tk, tk+1):

E(t) = (ση(t)+ ε)2Iny, M(t) = R+ E(t) (4a)

G(t) = P(t)C�M(t)−1 (4b)
dx̂(t)

dt
= Ax̂(t)+G(t)(y(tk)− Cx̂(t)) (4c)

dP(t)

dt
= AP(t)+ P(t)A� + BWB� −G(t)M(t)G(t)� (4d)

and under initial conditions x̂(tk), P(tk) for such interval.
In (4), M(t) represents the noise covariance of the implicit
measurement between events, and G(t) is the gain for the
continuous update of the estimator.

At an event time tk, the estimate x̂(tk) can be obtained
by correcting the estimate x̂(t) from (4) prior to receiving
y(tk), which we denote as x̂(t−k ) := limt→t−k

x̂(t) and P(t−k ) :=
limt→t−k

P(t)

L(tk) = P
(
t−k

)
C�

(
CP

(
t−k

)
C� + R

)−1

x̂(tk) = x̂
(
t−k

)+ L(tk)
(
y(tk)− Cx̂

(
t−k

))

P(tk) =
(
Inx − L(tk)C

)
P
(
t−k

)
(5)

where L(tk) is the gain for the discrete event update. For
completeness, define x̂(t−0 ) := x0 and P(t−0 ) := P0.

Note that the proposed EBSE incorporates the measure-
ments received at events similarly to a Kalman filter, as in (5).
However, between events, event-triggered Kalman filters often
use a model-based prediction to fill the gap without new

sensor information. In contrast, we propose the update (4),
which resembles a Kalman–Bucy filter but uses the implicit
measurement from negative information during t ∈ (tk, tk+1)

rather than the real measurement y(t), which is unknown
to the estimator. This update using negative information
between events aims to improve estimation performance at
these intervals, without requiring further transmissions of
information.

Our EBSE builds on the idea presented in [19] of incor-
porating negative information, but we have introduced two
main differences in our proposal. First, [19] assumes that a
synchronous controller uses the state estimates and decides to
incorporate negative information only at synchronous instants,
even though the measured signal is continuous, and thus neg-
ative information is also available between sampling instants
of the controller. In contrast, due to our hybrid approach,
we incorporate negative information continuously between
events. This is, we take advantage of all available information
at interevent intervals, not just at synchronous instants, and
we obtain estimates for all time, regardless of the sampling
frequency of a downstream element. Second, in [19], negative
information is included as an ellipsoidal outer bound, while we
use a Gaussian process to overestimate negative information.
This approach yields less conservative results, as we show in
Section VI.

IV. MAIN RESULTS

Now, we show the main results derived from our EBSE and
DETM proposal. First, we establish some important guarantees
of our DETM.

Proposition 1: Consider the event-triggering rule (2). Then,
the resulting sequence of event instants τ does not exhibit
Zeno behavior. Moreover, 0 ≤ η(t) ≤ max{η0, cηη̄k} ∀t ∈
[tk, tk+1), where

cη = c2νmax(tk)

c1τ
, νmax(tk) =

√
max{D(tk)ii}

and η̄k is distributed as χ(ny, λk) with

λk =
√

µ(tk)�D(tk)−1µ(tk)

µ(tk) = H(tk)
�C

(
Ad(�k)− Inx

)
x̂∗(tk−1)

where x̂∗(tk−1) = E{x(tk−1) | Itk−1}, defining �k = tk − tk−1,
Ad(�k) = exp(A�k)) and

Wd(�k) =
∫ �k

0
Ad(τ )BWB�Ad(τ )�dτ.

Then, the matrices D(tk), H(tk), which depend on P∗(tk−1) =
cov{x(tk−1) − x̂(tk−1) | Itk−1}, are defined from the spectral
decomposition S(tk) = H(tk)D(tk)H(tk)�, with

S(tk) = C
(
Ad(�k)− Inx

)
P∗(tk−1)

(
Ad(�k)− Inx

)�C�

+ CWd(�k)C� + 2R.

Proof: First, we prove the absence of Zeno behavior due to
the triggering mechanism. Note that, by design, the interevent
intervals always fulfill the condition �k := tk−tk−1 ≥ τ . Thus,
tk ≥ t0 + kτ and limk→∞ tk ≥ limk→∞ t0 + kτ = ∞. This
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means that an infinite number of events cannot be triggered
in a finite amount of time, excluding Zeno behavior.

For the rest of the proposition, the evolution of η(t) for
t ∈ [tk, tk+1) is explicitly given by

η(t) = c2

c1
mk

(
1− e−c1(t−tk)

)
+ η0e−c1(t−tk).

Hence, η(t) evolves monotonically from η0 to an asymptotic
value of c2mk/c1, where η0 ≥ 0, c1, c2 > 0 and mk ≥ 0 due
to its definition (2). This leads to

0 ≤ min{η0, c2mk/c1} ≤ η(t) ≤ max{η0, c2mk/c1}.
Now, we provide a bound for c2mk/c1 as

c2mk

c1
≤ c2

c1τ
‖y(tk)− y(tk−1)‖ (6)

where we used 1/�k ≤ 1/τ .
Note that the sampled-data equivalent of (1) at the discrete-

time event instants t ∈ {tk}∞k=0 is given by [25, Sec. 4.5.2]

x(tk) = Ad(�k)x(tk−1)+ wd(tk−1)

where wd(tk−1) is normally distributed with zero mean and
covariance Wd(�k).

Using the above, let ỹ(tk) = y(tk) − y(tk−1), which can be
written as

ỹ(tk) = Cx(tk)+ v(tk)− Cx(tk−1)− v(tk−1)

= C(Ad(�k)x(tk−1)+ wd(tk−1))+ v(tk)

− Cx(tk−1)− v(tk−1)

= C
(
Ad(�k)− Inx

)
x(tk−1)+ Cwd(tk−1)+ ṽ(tk) (7)

with ṽ(tk) = v(tk)− v(tk−1). Now, note that

cov
{
C

(
Ad(�k)− Inx

)
x(tk−1)

}

= C
(
Ad(�k)− Inx

)
cov{x(tk−1)}

(
Ad(�k)− Inx

)�C�

= C
(
Ad(�k)− Inx

)
P∗(tk−1)

(
Ad(�k)− Inx

)�C�

where we have used that the covariance of x(tk−1) conditioned
on the measurements that are received up to tk−1, i.e., Itk−1 , is
P∗(tk−1) [27, Sec. 3.1]. Note that we can still write that x(tk) =
Ad(�k)x(tk−1) + wd(tk−1) as we had done in (7), since we
are not conditioning to y(tk). In addition, cov{Cwd(tk−1)} =
Ccov{wd(tk−1)}C� = CWd(�k)C� and cov{ṽ(tk)} = 2R, due
to v(tk) and v(tk−1) being independent. Since the three terms
of ỹ(tk) in (7) are also independent Gaussians, we have

cov{ỹ(tk)} = C
(
Ad(�k)− Inx

)
P∗(tk−1)

× (
Ad(�k)− Inx

)�C� + CWd(�k)C� + 2R.

The covariance is a real symmetric matrix, for which we
can apply the standard spectral decomposition, yielding
cov{ỹ(tk)} = S(tk) = H(tk)D(tk)H(tk)� where D(tk) is a diag-
onal matrix containing the eigenvalues of cov{ỹ(tk)} and H(tk)
is orthogonal. Then, define z(tk) := H(tk)�ỹ(tk), which has
‖z(tk)‖2 = ‖ỹ(tk)‖2, and cov{z(tk)} = D(tk). The square root
of the sum of the squares of k-independent normal variables
N (0, 1) follows a chi distribution with k degrees of freedom.
In our case, z(tk) follows a normal distribution since it is a
linear transformation of ỹ(tk), which is Gaussian. Additionally,

the covariance of z(tk) is given by the diagonal matrix D(tk),
meaning that the elements of z(tk) are uncorrelated. This,
along with the fact that the elements of z(tk) are jointly
Gaussian, implies that they are also independent [25, p. 12].
Then, we can define a random variable η̄k which follows a
chi distribution with ny degrees of freedom and noncentrality
parameter λk, with

η̄k =
√

z(tk)�D(tk)−1z(tk), λk =
√

µ(tk)�D(tk)−1µ(tk) (8)

where µ(tk) is the expected value of z(tk) at t = tk, conditioned
to the measurements received before that time. By virtue of
E{v(tk)} = 0, E{wd(tk)} = 0, and E{x(tk−1)|Itk−1} = x̂∗(tk−1),
we have that [27, Sec. 3.1]

µ(tk) = E

{
H(tk)

�ỹ(tk)|y(0), . . . , y(tk−1)
}

= H(tk)
�C

(
Ad(�k)− Inx

)
x̂∗(tk−1).

Recalling that ‖ỹ(tk)‖ = ‖H(tk)�ỹ(tk)‖ = ‖z(tk)‖ due to H(tk)
being orthogonal, we have

‖ỹ(tk)‖ = ‖z(tk)‖ =
√

z(tk)�z(tk)

=
√

z(tk)�D(tk)−1D(tk)z(tk)

where we have introduced the identity term D(tk)−1D(tk).
Then, using the definition of η̄k from (8) and the fact that
‖D(tk)‖ ≤ max{D(tk)ii}, where max{D(tk)ii} is the largest
eigenvalue of D(tk) due to it being a diagonal matrix, we reach

‖ỹ(tk)‖ ≤ νmax(tk)η̄k (9)

with νmax(tk) = √max{D(tk)ii}. Using (9) in (6) leads to

c2mk

c1
≤ c2νmax(tk)

c1τ
η̄k = cηη̄k

which completes the proof.
In the following results, we establish some desirable prop-

erties complied by the EBSE in (4) and (5). Before stating
the main theorem of this work, we first show some technical
lemmas.

Consider the following artifact system composed by the
SDE in (1) along with the hybrid measurements:

y(t) = Cx(t)+ v(t), t ∈ τ = {tk}∞k=0

y′(t) = Cx(t)+ v′(t), t /∈ τ = {tk}∞k=0 (10)

where cov{v(tk)} = R and cov{v′(t)} = M(t) ∀t ∈ (tk, tk+1)

with M(t) as in (4). Moreover, define the sets of causal
measurements until an instant T as IT = {y(tk) ∀k ∈
N0 : tk ≤ T}, I ′T = {y′(t) ∀t ∈ [0, T] : t /∈ τ }. Additionally,
consider the following assumptions.

Assumption 1 [28]: Define the matrices

Mo(t0, t) =
∫ t

t0
Ad(τ − t)�C�CAd(τ − t)dτ

Mc(t0, t) =
∫ t

t0
Ad(t − τ)BB�Ad(t − τ)�dτ.

The pairs (A, C) and (A, B) are uniformly completely observ-
able (UCO) and uniformly completely controllable (UCC),
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meaning that there exist fixed constants αo, αo, σo > 0 and
αc, αc, σc > 0 such that for all time:

αoInx �Mo(t − σo, t) � αoInx

αcInx �Mc(t − σc, t) � αcInx .

Assumption 2: Given the measurement sequence {v(t)}t≥0,
there exists αm > 0 such that ‖M(t)‖ ≤ αm ∀t ≥ 0.

Remark 1: Assumption 1 is commonly required in
observer design, particularly in relation to Kalman filtering.
Assumption 2 is complied almost surely as a result of
Proposition 1. To verify this, recall that M(t) = R + E(t),
where R is constant and E(t) depends on η(t). Furthermore,
η(t) evolves with the sequence of measurements and therefore
has a deterministic evolution when considering a certain
realization of {v(t)}t≥0. Proposition 1 implies that for any
t ≥ 0, limηmax→∞ P(η(t) ≥ ηmax) = 0, i.e., there exists ηmax
such that η(t) ≤ ηmax ∀t ≥ 0 almost surely, from which
uniform boundedness of ‖M(t)‖ follows.

Lemma 1: Consider the system (1) along with the
measurements (10). Then, the optimal estimate x̂(t) =
argminx̂∈Rnx tr(P(t)) with P(t) := cov{x(t) − x̂(t) | It, I ′t }
satisfies (4) and (5).

Proof: We prove Lemma 1 by induction. We start at an event
instant tk−1, for which an optimal estimate is available; then,
we proceed to show optimality of the estimates from (4) for the
interval (tk−1, tk), and finally we show that the update in (5)
yields the optimal estimate at the next event tk, completing the
recursion. First, assume that x̂(tk−1) is the optimal estimate of
x(tk−1) in the sense that it minimizes tr(P(tk−1)) = cov{x(tk−1)−
x̂(tk−1) | Itk−1, I ′tk−1

}. For the interval t ∈ (tk−1, tk) the only new
information comes from the measurements y′(t) ∈ I ′t , which
are incorporated to the estimates as in (4) with y′(t) instead
of y(tk−1). Note that (4) acts as a Kalman–Bucy filter during
(tk−1, tk) since no events occur in such interval by construction.
Optimality for this kind of filter is established in [28, Th. 1].
Therefore, the estimates x̂(t), P(t) computed from (4) under
these conditions are optimal, with P(t) = cov{x(t)−x̂(t) |It, I ′t }.
At t = tk, two pieces of information are available: the new
measurement y(tk) ∈ Itk , and the estimate x̂(t−k ) = limt→t−k

x̂(t)
from (4), which can be considered the a priori estimate taking
into account all the previously available information before
including the new y(tk). Then, considering the expression for
x̂(tk) as in (5), the optimal a posteriori covariance matrix
P(tk) = cov{x(tk)− x̂(tk) | Itk , I ′tk} and the optimal gain L(tk)
can be derived such that tr(P(tk)) is minimized, following
similar steps as for the Kalman filter shown in [29]. We start by
expanding the expression of P(tk) by substituting x̂(tk) from (5),
using y(tk) = Cx(tk)+ v(tk) and P(t−k ) = cov{x(t−k )− x̂(t−k )}

P(tk) = cov
{
x(tk)− x̂

(
t−k

)− L(tk)
(
y(tk)− Cx̂

(
t−k

))}

= cov
{
(I− L(tk)C)

(
x(tk)− x̂

(
t−k

))− L(tk)v(tk)
}

= (I− L(tk)C)P(t−k )(I− L(tk)C)� + L(tk)RL(tk)
�.

Rearranging, the expression above can be rewritten as

P(tk) = P
(
t−k

)− L(tk)CP
(
t−k

)− P
(
t−k

)
C�L(tk)

�

+ L(tk)S(tk)L(tk)
�

where S(tk) = CP(t−k )C� + R. Then, the optimal gain L(tk)
can be derived to minimize the trace of P(tk). The derivative of
the trace, i.e., the gradient of tr(P(tk)) with respect to the com-
ponents of L(tk), yields ∂ tr(P(tk))/∂L(tk) = −2(CP(t−k ))� +
2L(tk)S(tk). Hence, setting ∂ tr(P(tk))/∂L(tk) = 0, we have
that

L(tk) = P
(
t−k

)
C�S(tk)

−1 = P
(
t−k

)
C�

(
CP

(
t−k

)
C� + R

)−1

which matches the gain in (5). The expression for P(tk) can
then be simplified to the one in (5). Finally, the recursion is
completed by noting that the initial conditions x̂(t−0 ), P(t−0 )

defined after (5) lead to optimal x̂(t0), P(t0) by the same
argument as before.

Lemma 2: Let Assumptions 1 and 2 hold. Let x̂′(t), P′(t)
satisfy (4), with (4c) substituted by

dx̂(t)

dt
= Ax̂(t)+G(t)

(
y′(t)− Cx̂(t)

)

along with y′(t) defined in (10), as well as x̂′(t−k ) =
limt→t−k

x̂′(t), P′(t−k ) = limt→t−k
P′(t). Then, P′(t) := cov{x(t)−

x̂′(t) | I ′t } and tr(P′(t)) is uniformly bounded ∀t ≥ 0.
Proof: First note that the definitions of x̂′(t), P′(t) corre-

spond to the trajectories of a Kalman–Bucy filter using only
information in I ′t with P′(t) := cov{x(t) − x̂′(t) | I ′t }. Note
that the filter using only these measurements is no longer
event-triggered since it uses the continuous measurements in
I ′t but skips the discrete event update (5). Given that the
measurements y′(t) are Gaussian, we analyze the estimator
using the same arguments as in [28]. In particular, [28, Th. 4]
can be used to conclude boundedness of tr(P′(t)), since the
following properties are complied: 1) the system is UCO
and UCC by Assumption 1; 2) the existence of constants
αa, ¯αw, ᾱw > 0 such that ¯αw ≤ ‖W‖ ≤ ᾱw, ‖A‖ ≤ αa due
to W � 0, A being constant matrices; and 3) the existence
of ¯αm, ᾱm > 0 such that ¯αm ≤ ‖M(t)‖ ≤ ᾱm is ensured by
Assumption 2 and since M(t) � R+ ε2Iny .

Now, we are ready to show the main result of our EBSE.
Theorem 3: Let Assumptions 1 and 2 hold. Consider the

EBSE in (4) and (5) in the remote estimator as well as the
ETM in (2). Then, the following are complied.

1) Boundedness: tr(P(t)) is uniformly bounded ∀t ≥ 0,
regardless of {tk}∞k=0.

2) Consistency: cov{x(t)− x̂(t)} � P(t).
3) Interevent Asymptotic Solution: Assuming (tk+1− tk)→
∞ then limt−tk→∞ P(t) = P∞ where P∞ is the solution
to

AP∞ + P∞A� + BWB� − P∞C�M−1
k CP∞ = 0

(11)

with

Mk =
(

σ
c2

c1
mk + ε

)2

Iny + R. (12)

Proof: Item 1): Note that since x̂(t) is optimal for tr(P(t))
as a result of Lemma 1 then tr(P(t)) ≤ tr(P′(t)) for P′(t) given
in Lemma 2. Finally, boundedness of tr(P′(t)) from Lemma 2



PEREZ-SALESA et al.: BOUNDING UNCERTAINTY IN STATE ESTIMATION 215

implies the same conclusion for tr(P(t)), completing the proof
for this item.

Item 2): Our EBSE is conservative since the negative
information is modeled as an over-estimated Gaussian process
around the last measurement. Formally, note that by construc-
tion y(tk) = y(t)+vδ(t) = Cx(t)+v(t)+vδ(t) ∀t ∈ [tk, tk+1)

with ‖vδ(t)‖ ≤ δ(t) = ση(t)+ε as a consequence of (3). Now,
denote the components vδ(t) = [vδ

1(t), . . . , vδ
ny

(t)]� and note
that each |vδ

i (t)| ≤ δ(t) ∀i ∈ {1, . . . , ny} so that cov{vδ
i (t)} ≤

δ(t)2 due to Popoviciu’s inequality on variances. Assuming
{vi(t)}ny

i=1 are noncorrelated, the covariance of the total noise is
cov{vδ(t)+v(t)} � δ(t)2Iny+R = cov{v′(t)} with v′(t) defined
in (10). Hence, the noise considered in the Kalman–Bucy filter
in the proof of Lemma 2 is of bigger magnitude than the actual
one from v(t) + vδ(t). Therefore, this conservativeness along
with the conservativeness arising from the assumption of vδ(t)
having uncorrelated components leads to conclude that P(t)
from (4) along with (5) is conservative with respect to the true
covariance cov{x(t)− x̂(t)}.

Item 3): First, note that ηk := limt−tk→∞ η(t) = (c2/c1)mk.
Consequently, let Ek := limt−tk→∞ E(t) = (σηk + ε)2Iny

and Mk := Ek + R as in (12). Note that, as established
in the proof of Lemma 2, during t ∈ (tk, tk+1), (4) is a
Kalman–Bucy filter for the information I ′t . For observable
systems with bounded matrices A, R, W, the Kalman–Bucy
filter is uniformly asymptotically stable, and every solution
to (4) starting at a P(0) � 0 converges to a limit, which
is guaranteed to have a solution for all t given by (11)
according to [28]. Now, consider a nominal Kalman–Bucy
filter (4) for the linear time-invariant version of system (1) with
constant A, B, C, W, R and E(t) replaced by its asymptotic
value Ek. For this nominal system, limt−tk→∞ P(t) = P∞
satisfies (11). Finally, consider the equation in (4) under
the actual expression of E(t). Note that it differs from the
nominal filter only in the perturbation given by the difference
E(t) − Ek. Then, due to the asymptotic stability of the filter
and using similar arguments as in [30, Lemma 9.3], both
nominal and perturbed filters converge to the same value
as limt−tk→∞ P(t) = P∞ since the perturbation E(t) − Ek

vanishes as t − tk →∞.

A. Discussion on Main Results

In Proposition 1 and Theorem 3, we have established the
main properties of our DETM and EBSE.

In particular, Proposition 1 demonstrates that the probability
of η(t) taking large values is negligible, as indicated by
the chi distribution bound η̄k. Studying the boundedness of
η(t) is crucial because it affects the triggering threshold
for events, which is used in the matrix E(t) related to the
negative information. However, the dynamics of η(t) are
affected by stochastic noise from the measurements, requiring
a probabilistic bound for η(t), in contrast to other works that
do not consider stochastic noise.

Regarding Theorem 3, items 1) and 2) ensure a bounded
mean-squared error for the estimate, preventing the uncertainty
from diverging. This is a significant improvement compared
to approaches relying solely on model-based predictions for

interevent intervals in the stochastic context. Item 2) addresses
the conservativeness introduced by negative information
through an overestimated Gaussian noise E(t) in the EBSE.
The estimate P(t) is an upper bound for the covariance of the
error resulting from negative information. Item 3) indicates
the asymptotic convergence of the uncertainty bound at an
interevent interval.

Notice that, for the sake of clarity, the design and analysis
of our filter have been carried out by assuming that negative
information is available for the whole interval (tk, tk+1), i.e.,
as if the time regularization parameter ¯τ → 0 in (2). This is
reasonable in practice, where ¯τ can be set small such as the
actual sampling step of the sensor. For arbitrary ¯τ > 0, there
is an interval (tk, tk + ¯τ) for which negative information is
not available. However, we are mainly interested in preventing
divergence of the uncertainty when a significant amount of
time has elapsed since the last event. Hence, using ¯τ > 0 does
not compromise the main conclusions for our proposal.

Finally, note that we have performed the analysis of bound-
edness for our particular DETM, but it can be extended to
other triggers by choosing the appropriate E(t), as explained in
Section III-A. For Theorem 3 to hold, E(t) has to be bounded
and known to the remote estimator for all t.

V. IMPLEMENTATION

Here, we provide some insights into the implementation
process for our proposal. Note that using the DETM and EBSE
combination requires the implementation of an algorithm at the
sensor side, to check the dynamic event-triggering condition,
and the estimation algorithm at the remote estimator.

In cyber–physical applications, the physical system gener-
ally operates in continuous time, and continuous measurements
can be obtained through analog sensors. However, the system
is managed digitally through computers. Thus, the continuous-
time system is often approximated by algorithms running at
a high frequency. Therefore, in the following algorithms, as
well as in the simulation examples from Section VI, we use an
arbitrarily small sampling step h to run the proposal in a digital
platform. Henceforth, the differential equations in (2) and (4)
are implemented using an explicit forward Euler discretization
with time step h as evident when updating η, x̂, P in the
following algorithms. Moreover, notice that this excludes Zeno
behavior in practice: the sampling step forces a minimum
interevent time, naturally acting as ¯τ > 0 in the ETM (2).

Algorithm 1 summarizes the protocol at the sensor side,
which consists of updating the dynamic variable in the ETM
and checking the event-triggering condition. Note that, while
this task requires some computing capabilities, the variable
η(t) is scalar and its update is less computationally demanding
than other approaches requiring a copy of the Kalman filter
at the sensor side. Algorithm 2 captures the operations at
the estimator side, which runs the proposed hybrid EBSE.
Moreover, note that the estimator side also keeps track of
the value of η(t) as in the sensor side, in order to use
negative information. We have simplified the notations in
the algorithms, omitting the time dependence and keeping a
subindex k to denote the data from the latest event.
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Algorithm 1: Algorithm at Sensor Side
Set discretization step h
Set parameters σ, ε, c1, c2, m0, η0 for the ETM (2)
Initialize ETM variables η← η0, mk ← m0
Set initial event tk ← 0, yk ← y(0)

for each time step t do
Measure y
Update η← η + h(−c1η + c2mk)

if ‖y− yk‖ ≥ ση + ε (event at time t) then
Send y to remote estimator
Update ETM variables: mk ← ‖y− yk‖/(t − tk),
η← η0
Update latest event data: tk ← t, yk ← y

end
end

Algorithm 2: Algorithm at Estimator Side
Set system matrices A, B, C, W, R
Set discretization step h
Set parameters σ, ε, c1, c2, m0, η0 as in sensor side
Initialize ETM variables η← η0, mk ← m0
Initialize estimates x̂← x0, P← P0
Initial event tk ← 0, yk ← y(0)

for each time step t do
Update η← η + h(−c1η + c2mk)

Update estimate with negative information from last
event (4):
M← R+ (ση + ε)2Iny

G← PC�M−1

x̂← x̂+ h(Ax̂+G(yk − Cx̂)

P← P+ h(AP+ PA� + BWB� −GMG�)

if new measurement y is received then
Update ETM variables: mk ← ‖y− yk‖/(t − tk),
η← η0
Update latest event data: tk ← t, yk ← y
Update estimate with new measurement (5):
L← PC�(CPC� + R)−1

x̂← x̂+ L(yk − Cx̂)

P← (Inx − LC)P
end

end

VI. SIMULATION EXPERIMENTS

We have performed simulation experiments to validate
our proposal and compare it to other methods. Consider a
one-dimensional object tracking problem, in which the state
vector contains the object’s position x(t) and velocity v(t), i.e.,
x(t) = [x(t), v(t)]�. The process is modeled as an integrator,
with the matrices

A =
[

0 1
0 0

]

, B =
[

0
1

]

, C = [
1 0

]

and covariances W = 0.1, R = 0.01 for the process and
measurement noise, respectively. Note that this linear system
has two poles at the origin, making it unstable in the sense
that a bounded input can cause an unbounded output. Thus,

Fig. 2. Estimation results with DETM and EBSE (our proposal). It
reduces communication compared to other triggers while keeping a bounded
uncertainty between events.

it has the effect of producing diverging uncertainties for the
estimates when only a model prediction is used between
events. Moreover, it can be verified that this system fulfills
Assumption 1.

The initial values for the trigger parameters have been
arbitrarily set to η0 = m0 = 1, and the constants for the
triggering condition σ, ε, c1, c2 = 1. The initial state x(0)

follows a normal distribution with mean x0 = [1, 1]� and
covariance P0 = Inx . Since the initial conditions of the state
are usually not known in practice, we initialize the estimates to
x̂(t−0 ) = [0, 0]�, P(t−0 ) = Inx . The system has been simulated
using the Euler–Maruyama method, with a simulation step of
h = 0.1 s, obtaining the ground-truth curves shown later in the
results. Due to this discretization, we have selected a minimum
interevent time of ¯τ = h.

Through a comparison of different approaches, we aim to
validate the following properties for our DETM and EBSE:
1) the proposed EBSE using negative information produces a
bounded uncertainty regardless of the timing of transmissions,
as opposed to using a standard Kalman prediction between
events; 2) the proposed DETM adaptively reduces commu-
nication compared to static ETMs; and 3) our hybrid EBSE
improves the results from previous sampled-data approaches
using a more conservative inclusion of negative information.

Figs. 2–5 show the estimation results for several setups. The
blue area in the figure represents the uncertainty around each
coordinate estimate. Its width is set to be twice the uncer-
tainty bound, in analogy to a standard confidence interval.
In particular, Fig. 2 shows the result for our proposal, using
the DETM in (2) and our EBSE in the remote estimator as
in (4) and (5). It can be observed that the uncertainty of the
estimates remains bounded even as interevent intervals become
large, due to exploiting the negative information from the
triggering condition. Moreover, note that for a large interevent
interval (e.g., for t ∈ (12, 24) in Fig. 2) the uncertainty bound
converges to a constant value. This is due to the asymptotic
solution of P(t) given by a Riccati equation, as shown in
item 3) of Theorem 3.

The bounded uncertainty in Fig. 2 is an improvement
compared to Fig. 3, which shows the estimates using the same
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Fig. 3. Estimation results with DETM and KF. The uncertainty of the
estimates diverges between events since negative information is not used.

Fig. 4. Estimation results with SOD and EBSE. The uncertainty bound
is smaller than with the DETM trigger, but at the cost of an increase in
communication (double as DETM).

Fig. 5. Estimation results with VBT and KF. The trigger keeps the uncertainty
bounded but results in periodic transmissions, regardless of the behavior of
the measured signal.

DETM but with Kalman predictions between events (KF). This
is, the model-based prediction from the last event is used,
without taking advantage of the negative information. Due
to the unstable system under consideration, the model-based

prediction causes the uncertainty to increase without a uniform
bound until a new measurement is received, leading to possibly
large uncertainties, as can be seen for the interval t ∈ (12, 24).

Fig. 4 shows the estimate produced with an SOD trigger [1],
using our proposed EBSE with negative information. This
configuration is subsumed in our approach as it corresponds to
the case in which σ = 0 is set in (2). For this triggering rule,
we have that E(t) = ε2Iny , and we set ε = 1 in this example.
The main difference between the SOD and DETM is that the
DETM provides an enlarged triggering threshold δ(t) ≥ ε, due
to the addition of the dynamic variable. Accordingly, note that
E(t) will take larger values for the DETM than for the SOD,
due to its dependence on the magnitude of the event threshold
δ(t), producing a larger uncertainty bound for the DETM.
Nevertheless, the uncertainty is bounded for both setups, due to
using our EBSE taking the negative information into account.
Moreover, the smaller uncertainty bound for the SOD comes
at the cost of a higher communication load. In this case, the
DETM manages to reduce the number of events to half the
amount for the SOD, thanks to the increased threshold.

Now, we compare with a variance-based trigger (VBT) [4],
alongside the standard Kalman filter. Given that the variance
is monitored in the triggering condition, this approach ensures
that it remains uniformly bounded as well. In this case, a
measurement is transmitted when its corresponding estimation
variance exceeds a threshold

tk+1 = inf
{

t − tk > ¯τ | tr(CP(t|tk)C� + R) ≥ ε
}

where P(t|tk) denotes the estimation covariance of x(t), given
measurements obtained up until tk < t. Note that, for a linear
time-invariant system, the VBT can be seen as a predictive
approach, as P(t|tk) is computed as a model-based prediction
from the information available until the event tk. Note that the
prediction only depends on the constant matrices A, B, W and
the time elapsed since tk. As a consequence, the VBT results
in periodic transmission of measurements, as shown in Fig. 5,
where we present the estimates obtained with ε = 1. Hence,
this approach does not take into consideration the current
behavior of the signals, only the prediction for the covariance
of the estimates. For this reason, the VBT may not provide
an advantage in reducing communication in some cases where
it would not be needed, such as when the measured signal is
flat, given that its evolution is not monitored in the triggering
condition. In Fig. 5, it can be seen that interevent intervals
remain the same in steady state, regardless of the ground-truth
signal having a steep or flat slope.

Additionally, recall that the VBT strategy requires the sensor
node to run a local copy of the remote estimator, in order to
estimate P(t|tk) via a Kalman prediction. In contrast, using
our EBSE instead of a regular Kalman filter ensures that
uncertainty also remains bounded, while allowing the use of
simpler triggering rules that monitor the current measured
signal, achieving an adaptive behavior. Besides, the SOD and
the proposed DETM do not require much computing power
from the sensor side, as there is no need to run a copy of
the Kalman filter, which may be especially costly for high-
dimensional systems.
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Fig. 6. Mean error and communication rate obtained for N = 1000
simulations of different trigger and estimator pairs. Our proposal (DETM +
EBSE) achieves a better tradeoff between estimation error and reduction in
communication compared to the SOD. It also adapts the communication rate
as needed, in contrast to the VBT trigger which always results in the same
fixed communication rate.

To provide a more in-depth numerical comparison, we con-
ducted N = 1000 simulations for each approach, with identical
configurations and parameters, accounting for stochastic noise
in the system. For each simulation, we have computed the
mean error and communication rate as

Mean error = 1

Tf

∫ Tf

0

∥
∥x(τ )− x̂(τ )

∥
∥dτ

Communication rate = hE

Tf

where E is the number of events, h is the simulation step, and
Tf is the total time of the experiment set to Tf = 100 s.

In this setup, we have obtained the histograms shown in
Fig. 6, which illustrate the behavior of each approach. In the
experiments, we have set the same ε = 1 for our DETM
and the SOD. It can be observed that our DETM achieves
a significant reduction in communication between the sensor
and estimator compared to the SOD trigger, even though
this increases the estimation error, as expected due to the
tradeoff between communication and estimation quality. This
tradeoff can be exploited by varying σ , reaching the same error
performance as the SOD with σ = 0. Additionally, the com-
munication rates for the SOD approach have higher variance
than the DETM, while the error variance remains similar. In
this experiment, the DETM achieves communication rates in
the range [0.01, 0.1] while the communication rates for the
SOD are spread out over the range [0.02, 0.4]. The SOD’s
fixed triggering threshold leads to a uniform sensitivity to
changes in the measured signal, possibly resulting in excessive
or insufficient events in different scenarios. Thus, the SOD
requires a careful hand-tuning of the parameter ε so that it
is appropriate for the magnitude of the measured signal, to
achieve the desired tradeoff between communication and error.
In contrast, our DETM adjusts the triggering threshold based
on the measured signal’s behavior, ensuring a relatively low
communication rate for all cases, without requiring further
adjustment. Note that this also validates the fact that reducing
the number of events through a DETM is advantageous
compared to simply setting a larger constant threshold ε in the
SOD. While both options would reduce communication, the
DETM does it adaptively, achieving better performance.

Fig. 7. Comparison of the estimated uncertainty bound for the EBSE in [19],
with different periods �s for the synchronous instants, and our proposal,
with the same trigger for both. The estimates obtained with our proposal are
independent from the sampling period �s of the controller. Less conservative
results are obtained for large interevent intervals and the instants after them,
compared to [19].

Fig. 6 shows that the VBT achieves comparable estimation
errors to our DETM, but its communication rate remains
fixed for all simulations. This is due to monitoring the
predicted variance in the triggering condition, which has a
known evolution over time that does not depend on the
current behavior on the measured signals or state estimates.
Moreover, for the linear time-invariant system under con-
sideration, the predicted variance depends on the constant
matrices A, B, W, C, R, which results in periodic behavior and
a constant communication rate for the experiments. In contrast,
our DETM dynamically adapts communication based on the
measured signal’s evolution, reducing the number of triggered
events as needed.

Finally, we also compare our results with the EBSE in [19],
which is a similar negative information approach to ours, in
terms of producing a mean estimate x̂(t) and an uncertainty
bound for the estimation error, and considering deterministic
ETMs. To make a fair comparison of the estimators, we stick
to using a simple event-triggering condition. In particular, we
choose an SOD trigger, which was also tested in [19] with
their own EBSE. We set the threshold to δ = 5. Recall from
Section III-B that the main differences of [19] compared to our
work were the use of ellipsoidal representations for negative
information at interevent intervals rather than a Gaussian
approximation, and incorporating negative information at some
synchronous instants (the sampling period of the controller that
receives the state estimates) rather than continuously. Fig. 7
shows the trace of the uncertainty bound for both approaches.
We have simulated the EBSE in [19] for two values of the
sampling period of the controller, with h being the simulation
step and �s being the synchronous period. We denoted the
uncertainty as P(t), but it includes both the stochastic and
deterministic terms P(t) and X(t) in [19].

The results show that our EBSE provides less conservative
results when interevent intervals are large [e.g., in the interval
t ∈ (10, 38)]. After a long time without events, our EBSE may
also yield smaller uncertainties at event instants, as it happens
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for t ≥ 38s in this example. It is mentioned in [19] that the
Gaussian approximation of negative information can lead to
optimistic results. However, when comparing our EBSE with
other methods (e.g., Figs. 4 and 5), underestimation of the
error is not observed. Moreover, recall that we showed the
conservativeness of our approximation in Theorem 3.

Additionally, the results obtained for the approach in [19]
show that the sampling period of the downstream controller
can impact the estimation results for the EBSE, with the
value of P(t) converging to different values according to the
period �s, since negative information is only considered at
the periodic instants. In contrast, our hybrid approach makes
use of all available information by incorporating negative
information in a continuous form, eliminating this issue.

VII. CONCLUSION

We have presented a novel DETM and EBSE pair for
remote state estimation, which allows reduced communication
between the sensor and the remote estimator while keeping
the uncertainty of the estimates bounded for all time in the
presence of stochastic noise. We have shown the absence of
Zeno behavior and the boundedness of the dynamic variable
in the DETM via a study of its probability distribution. In
addition, we have demonstrated the boundedness and asymp-
totic convergence of the uncertainty of the state estimates even
when a new event is not triggered. Simulation experiments
show better performance at interevent intervals than in the case
of not using negative information, as well as improvements
in comparison to the EBSE in [19]. In addition, we show a
reduction in communication compared to other methods in
the literature, including the static analogous to our DETM.
Extending the proposal to a distributed estimation setup is
not straightforward, particularly in terms of incorporating the
negative information, and is left as future work.
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