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ABSTRACT

Fractal approximation is a well studied concept, but the convergence of all the
existing fractal approximants towards the original function follows usually if the
magnitude of the corresponding scaling factors approaches zero. In this article, for
a given function f € C(I), by exploiting fractal approximation theory and consid-
ering the classical g-Bernstein polynomials as base functions, we construct a se-

quence {f,gq’a)(x)}ff:l of (g, @)-fractal functions that converges uniformly to f even
if the norm/magnitude of the scaling functions/scaling factors does not go to zero.

The convergence of the sequence {f,(lq’a)(m)}ff:l of (g, a)-fractal functions towards

f follows from the convergence of the sequence of g-Bernstein polynomials of f to-
wards f. For a given sequence {fm(z)}m=1 of positive functions on a compact real
interval that converges uniformly to a function f, we develop a double sequence

{{ T(,?,’s)(x)}le}::l of (g, a)-fractal functions that converges uniformly to f.

KEYWORDS
g-Bernstein polynomials; fractal functions; constrained approximation; fractals;
interpolation

1. Introduction

Lupas [12] first introduced the g-analogue of Bernstein polynomials and this created
a new extension of approximation theory, namely, g-approximation theory. In the last
twenty five years, several researchers [7-10, 20-22] have proposed the g-extension
of various results of classical approximation theory. However, classical approxima-
tion theory and g¢-approximation theory deal with the approximation of functions
using smooth functions or infinitely differentiable functions. But, the classical smooth
functions may not provide good representatives of irregular functions, for instance,
Weierstrass function, and real-world sampled signals such as financial series, seismic
data, speech signals, bioelectric recordings, etc. Fractal functions provide a construc-
tive approximation theory for non-differentiable functions. Fractal functions concern
mainly at data/function which present details at different scales or some degree of
self-similarity.
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By exploiting the theory of iterated function system (IFS) [11], Barnsley [2] intro-
duced the concept of a fractal interpolation function (FIF) to provide a mathematical
representation of a data set that is generated from irregularity and/or self-affine struc-
ture. Later, fractal interpolation has been developed both in theory and applications
by many authors, see for example [3-6]. Furthermore, Barnsley [2] has extended the
idea of fractal interpolation to approximate a continuous function f defined on a real
compact interval I, and this led to the concept of fractal approximation or a-fractal
function f* of f [16, 18, 19]. Generally speaking, (i) a-fractal functions are non-
differentiable, (ii) the graph of f® is a union of transformed copies of itself, and (iii)
fractal dimension of graph of a-fractal function is non-integer. Owing to these fractal
characteristics, f* may be treated as the fractal approximant of f. In this way, every
continuous function can be approximated with fractal functions.

Navascués et. al [14-19] have studied various properties of the a-fractal function f¢
of f including approximation properties, among various desirable properties of a good
approximant. Navascués et. al [14-19] have proved that the a-fractal function f of f
converges towards f provided the magnitude of the scaling factors of f¢ goes to zero.

In this paper, using the theory of fractal functions and classical g-approximation, for

a given function f € C(I), we propose a sequence { f,gq’a)(a:) o, of (g, a)-fractal func-

tions that converges to f even if the magnitude/norm of the corresponding scaling fac-

tors/functions does not go to zero. In the construction of the sequence { fy(l <) ()},

of (g, a)-fractal functions, we use the sequence {B,, 4(f,z)}52; of ¢-Bernstein polyno-
mials of f as base functions. Owing to this reason, the convergence of the sequence
{ f,Sq’a) ()}, of (g, a)-fractal functions towards the function f follows from the con-
vergence of the g-Bernstein polynomials towards f. The shape of the (g, a)-fractal
functions depends on the choice of ¢ € (0,1) and the scaling functions. When ¢ — 1,
the g-Bernstein polynomial coincides with the classical Bernstein polynomial, and in
this case we call (g, a)-fractal functions simply a-fractal functions. Further, the con-
vergence of these a-fractal functions towards f follows from the convergence of the
g-Bernstein polynomials of f towards f. For a given sequence { f,(x)}oo_; of posi-
tive functions on a compact real interval that converges uniformly to a function f, by
taking By, 4(fm,x),n,m € N as base functions and identifying suitable conditions on

corresponding scaling functions, we obtain a double sequence {{ fy(,?,’s ) (x) j’f:l}::l of
positive (g, a)-fractal functions that converges uniformly to f.

For the given continuous functions f and g such that f > g, how to obtain approxi-
mants of f and g such that approximant of f be greater than approximant of g 7 Such
type of approximation is called a constrained approrimation problem. We consider
fractal constrained approximation problem in this paper, i.e., for given continuous
functions f and g on a real compact interval I such that f(x) > g(x) for all x € I,

we construct (i) a sequence { fT(Lq’a) ()},

of (q,a)-fractal functions that converges
to f, and (ii) a sequence {g,(lq’a) ()}>2, of (g, a)-fractal functions that converges to g
such that f,sq’a) (x) > gqu’a) (x) for each z € I and n € N. The constrained approxima-
tion problem considered in this manuscript provides a methodology to approximate a

positive function f € C(I), by means of positive maps.



2. Background and Preliminaries

In this section we shall reintroduce the basics of fractal interpolation and a-fractal
functions.

2.1. Fractal interpolation

Let 21 < w9 < -+ < zny-1 < xy (N > 2) be a partition of the closed interval
I = [z1,zn], and y1, 92, ...,yn be a collection of real numbers. Let L;,i € Ny_1, be
a set of homeomorphic mappings from I to I; = [z;, z;41] satisfying

Li(w1) = 2, Li(vN) = 241 (1)

Let F; be a function from I x K to K (K is suitable compact subset of R), which
is continuous in the z-direction and contractive in the y-direction (with contractive
factor |a;| < k < 1) such that

Fi(x1,y1) = vi, Fi(rn,yn) = yig1, © € Ny_1. (2)

Let us consider G = {¢g: I — R | g is continuous, g(z1) = y1 and g(zn) =yn}. We
define a metric on G by p(h,g) = max{\h(a:) —g(x)] : x€ I} for h,g € G. Then

(G, p) is a complete metric space. Define the Read-Bajraktarevi¢ operator T on (G, p)
by

Ty(a) = F(L (@),90 L7 (@), 7 € I 3)
Using the properties of L; and (1)-(2), T'g is continuous on the interval I; ; i € Ny_q,
and at each of the points xo,...,2zny_1. Also,

p(Tg,Th) < |alwp(g, ),

where |a|o = max{|a;| : i € Ny_1} < 1. Hence, T is a contraction map on the com-
plete metric space (G, p). Therefore, by the Banach fixed point theorem, T possesses
a unique fixed point (say) f* on G, i.e., (T'f*)(x) = f*(z) for all € I. According to
(3), the function f* satisfies the functional equation: f*(z) = F;(L; *(x), f* o L; !(z)),
x € I;. Further, using (1)-(2), it is easy to verify that f*(x;) = v;, i € Ny. Defining a
mapping w; : I x K — I; x K as wi(z,y) = (Li(x), Fi(z,y)), (x,y) € [ x K, i € Ny_q,
the graph G(f*) of f* satisfies:

G(f) = _U wi(G(f)),

1€ENN_1

and hence f* is called fractal interpolation function (FIF) corresponding to the IFS
I= {I X Ka wz(az,y) = (LZ(‘T)’FZ(:E?y))vl € NNfl}‘

Barnsley and Navascués [2, 16, 18] observed that the concept of FIFs can be used
to define a class of fractal functions associated with a given real-valued continuous
function f on a compact interval I.

For a given f € C(I), consider a partition A = {z1,x2,...,xn} of [z1,xy] satisfying
1 < 19 < --- < xp, a continuous function b : I — R that fulfills the conditions



b(xz1) = f(z1), b(zn) = f(zn) and b # f, and N — 1 real numbers «;,7 € Ny_;
satisfying |a;| < 1. Define an IFS through the maps

Li(z) = ajx + b, Fi(x,y) = oy + f(Li(x)) — ab(x),i € Ny_q.

The corresponding FIF denoted by fX , = f* is referred to as a-fractal function for f
(fractal approximation of f) with respect to a scaling vector a = (a1, ag,...,an—_1),
base function b, and partition A. Here the set of data points is {(azz, f(xz)) NS
NN}. The function f is the fixed point of the Read-Bajraktarevi¢ (RB) operator
T :C¢(I) — Cy(I) defined by

(T%g)z = cig(L; () + f(2) — aub(L; ' (2)), 2 € I;i € Ny 1,

where Cr(I) = {g e C(I) : glx) = f(x1), glzn) = f(xN)} Consequently, the

a-fractal function f¢ corresponding to f satisfies the self-referential equation
F(2) = aifo (L7 @) + f(@) — ab(L; (@), € Ly i €Nyt (4)

The fractal dimension (box dimension or Hausdorff dimension) of f¢ depends on the
choice of the scaling vector a.. For instance, Nasim Akhtar et al. [13] calculated box
dimension of graph of a-fractal functions by assuming suitable conditions on the orig-
inal function f and base function b. The following proposition provides the details of
it.

Proposition 2.1. Let f € C(I) and b : I — R be Lipschitz functions with b(x1) =
f(z1), blxn) = f(zn). Let A = {x1,29,..., 2N} be a partition of I satisfying x1 <
xg < - < ay. and a = (a1, Q9,...,an_1). If the data points ($l,f(l‘l)),l € Ny are
not collinear, then graph G of the a-fractal function f* has the box dimension

D if Zz]\;_ll |O‘Z’ > 1,
1 otherwise,

dimp(G) = {

where D is solution of Zf\:ll ]ai]aiD_l = 1.

The following proposition explains about the sufficient condition for the a-fractal
function f to be irregular (non-differentiable) on I. It can be proved using Lemma
5.1 and Theorem 5.2 of [16] and hence the proof is omitted.

Proposition 2.2. Let f € CY(I). Let A = {z1,79,...,2N} be a partition of I =
[z1, zN] satisfying x1 < x2 < --- < zn and o = (a1, Q2,...,an—1). If

N—-1
Z ‘Oé1| > 1,
=1

then the set of points of non-differentiability of f* is dense in I.

To obtain fractal functions with more flexibility, iterated function system wherein
scaling factors are replaced by scaling functions received attention in the recent liter-



ature [23] on fractal functions. That is, one may consider the IFS with maps
Li(x) = aiz 4 bi, Fi(z,y) = i(2)y + f(Li(z)) — caib(z),i € Ny—1,

where «;,i € Ny_; are continuous functions on [ satisfying max{||a;|lec :1 € Ny_1} <
1. The corresponding a-fractal function is the fixed point of the RB-operator

(T%g)x = ai(Ly ' (2))g(L; (2)) + f(z) — ai( L7 (2))b(L; (), x € L, i € Ny—1.

Consequently, the a-fractal function f corresponding to f satisfies the self-referential
equation

f (@) = ai( Ly (2)) f4(L7 (@) + f(=) — aa(Li(2))b(L; (2)),x € Liyi € Ny—1. (5)

3. (g, a)-fractal approximation

From (5), we get the following inequality:

172 = Flloe < 2y, ©

[lx]]oo

where ||| = max{||a;|lcc : © € Ny_1}. For a fixed base function b, the a-fractal
function f¢ converges uniformly to f € C(I) if ||af/c — 0. To get the convergence of
the a-fractal function f< towards f for all the scaling functions, we choose the base
function b as ¢-Bernstein polynomial B,, ,(f,z) of f, i.e., b = By, 4(f,x), where from

[1]
By q(f,2) = (y —z1)" i < )

k=0 q

n—k—1

x—xlk ey — 21— ¢°x) flz1+ (z —951@ )
L e 7)1 (1 + o =

(7)

zel,qge(0,1),neN,[k], =12

[Klg[k = 1]g[k = 2]¢ .. [21g[1]g, i K #0,
[k]'_{L if k=0,

!
(Z)q = m: f e Cl), Bug(f,z1) = f(z1), Bug(f,on) = f(an). When ¢ — 1,
By, 4(f,x) coincides with the classical n-th Bernstein polynomial. If we take as base

function b = By, 4(f, ) in (7), then the corresponding a-fractal function f*= f,ﬁﬂ’“) is
called (g, a)- fractal function corresponding to f € C(I), and

£ (@) = (L7 (@) [0 (L (@) + f(2) = il L (@) Bug(f. L (@), (8)

x € I;, i € Ny_1,n € N. From (7), we can notice that the properties of the g-Bernstein
polynomial B,, 4(f,x) depends on g € (0, 1) Therefore, from (8), it is easy to notice

that shape of the (g, «)- fractal function fn depends on the choice of ¢ € (0, 1) apart
from the choice of scaling functions. Furthermore, from the constructlon of fractal

functions (see previous section), it follows that (¢, a)- fractal function fy (a:) ,n €N, of



f € C(I) is obtained via the IFS defined by
= {I X R, (Li(x),ani(x,y)) NS NN_l},n eN, (9)

where F, i(x,y) = ai(x)y + f(Li(x)) — i) B o(f, ).

Theorem 3.1. Let f € C(I). There exists a sequence {f(q’ ()}, of (q,®)-fractal

functions that converges uniformly to f on I. Further, fn ),n € N, satisfies the
following inequalities:

1 — [Jafle2”

1+ [lafo2”
L+ [lalleo

I fllos < IF2) < 1£1oo- (10)

levfloo

Proof. Let f,g ’a),n € N, be the (g, «)- fractal function corresponding to f. Then,
from (8), it is easy to deduce that

£ = flloo Slledlooll 9% = Bug(f, lloos
<llalloo [l £ = flloo + I1f = Bug(f, loc]-

Hence we obtain

1509 fllee < A= 7 B (1 )l (1)

[lexlloo

From [1], we have
[ Bn,g(f,-) = fllooc = 0asn — oo. (12)

Using (12) in (11), we conclude that the sequence {fy q(z)}52; of (g, o)-fractal func-
tions converges uniformly to f. Again from [1], we have

[[Br.q(-s-)lloo = 2" (13)
We can rewrite (11) as

[lvlloo

1755 oo = [l flloe < 1155 = Flloo < 775 T U flloo + 1 Bug(£. )lloo}-  (14)

lev]loo
Using (13) in (14), we get the right side inequality of (10). Next, from (8), we obtain
/309 (@) = f(@)] < llilloo {1 Nloo + | Bug(f, Moo}, # € iy i € Ny—1,n €N,
which implies that
1£lloo = £ oo < AP = Flloo < oo {I1£55 lloo + Bag (£ oo }-

Using (13) in the above inequality, we get the left side inequality of (10). O

The proof of the following theorem follows from Proposition 2.2 and Theorem 3.1.



Theorem 3.2. Let f € C*(I). Let A = {x1,29,...,xN} be a partition of I = [x1,zy]
satisfying r1 < x9 < -+ < xy and o;(x) = A; for alli € Ny_q1 and x € 1. Suppose that
f'(x) and By, ,(f, ) respectively do not agree with f(xn)— f(x1) and N(Bpq(f, 2n) —
By, o(f,21)) in a nonempty open subinterval of I. If all the (q, ) -fractal functions in the
sequence {f7(l ) ()}, are obtained with same choice of scaling factors A\;,i € Ny_1,
which satisfy the condition Zfi}l [Ai| > 1, then all the (q,a)-fractal functions are
non-differentiable in a dense subset of I and converge uniformly to f when n — oc.

Remark 1. For a prescribed continuous function f, the proposed (g, a)-fractal ap-
proximation provides a methodology to construct a sequence of (g, «)-fractal functions
with specified box dimension converging to f.

Theorem 3.3. Let f € C(I). Let A = {z1,x2,...,zN} be a partition of I satisfying
r] < x93 < -+ < xN. Suppose that a;(x) = A; for all x € I and i € Ny_1, where

i, i € Ny_1, are real numbers such that |\;| < 1. For each n € N, let f(qa be the
(g, a)-fractal function of f. Then

N-1

/ Fla9) (g)de = 1_]\,2:1(1” [/ [l 2 ai\; /xN Bn,q(f,x)dx]

TN Ti41
@) (@)dz = 3 / 90 (2)da
X1 'L:1 xX;
N-—1 N-1 Tit1
_ / AL (@) dr + / f(x)dzx
i=1 77T =177
N=1 [z,
-y ol L7 @) de
=1 Y %i

Let L; Y(x) = 7. Then, dx = a;dr. Hence, from the above equation, we obtain

. N-1 N TN N-1 TN
/ fr(lqva) (x)dgj — Z )\iai / f,,(lq’a) (T)dT + / f([I,')d.’L' - Z Aia’i / Bn,q(f, T)dT
z1 i=1 1 1 i=1 z1

By simplifying the above equation, we get the required result. O

3.1. Examples

In this section, we provide numerical examples to corroborate our findings. For this
purpose, let f(x) = e*,x € [0,1]. The (g, «)-fractal functions in Figures 1(a)-(c) are
generated with respect to the partition A = {0, 0.1111, 0.2222, 0.3333, 0.4444, 0.5556,
0.6667, 0.7778,0.8889,1} of [0,1]. The (g,a)-fractal functions f(“”), 507“) and

fé[lm’a) are generated at the third iteration respectively in Figures 1(a)-(c) with the

choice of the scaling functions «a;(z) = ﬁ,az € [0,1],7 € Ng. By comparing the
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(a): Fractal function f2(0.2,a). (b): Fractal function f2(0'7’a).
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(c): Fractal function f5;"". (d): A part of fg; under magnification.

Figure 1. (g, a)-fractal approximants of e*,z € [0, 1].

(¢, a)-fractal functions fz(o.z,a) and f2(0'7’a), one can visualize the effects of ¢ in the

shape of (g, )-fractal function. According to Theorem 3.1, the (¢, a)-fractal function

fé?]’a) provides a better approximation for e*, z € [0, 1] than that obtained by f2(0'7’a).

By observing Figures 1(b)-(c), one can ask why the fractal functions f2(0'7’a) and fé(lm’a)

are not having the same sort of irregularity even if their scaling functions are same.

This is due to the following reason: The fractal function f2(0'7’a) exhibit irregularity

) exhibits irregularity on small scales.

7a)

on all scales whereas the fractal function fé(l)'7’
Further, small scales of irregularity of the fractal function fgl” can be observed from

Figure 1(d) which is a part of fé(lm’a) under magnification.

4. Constrained (g, a)-fractal approximation

In this section, we establish the constrained approximation by (g, «)-fractal functions.

Theorem 4.1. Let f € C(I) and f(x) >0 for allx € I. Let A = {x1,29,...,xN} be
a partition of I satisfying x1 < xg < --- < xn. Then, the sequence {Z,}°°, of IFSs

[e.9]

determine a sequence {f,(L <) -

of positive (q, «)-fractal functions that converges to



[ if the scaling functions are chosen as ||a;l|lcc < 1 and

max{ —ofsi) K= (I)(f’i)} < ayz) < min{ﬁb(fa i) Kn—®(f,19)

anﬁbn’_ (I)n q)n ’ angbn }JeNNl,
(15)
where ¢(f,47) = minf(Li(z)), ®(f,9) = maxf(Li(z)), ¢ = minBny(f,z), T =

ma}(qu( fyx), and K, is a positive real number strictly greater than both ¢, and
HAS

[ flloo-

Proof. Theorem 3.1 ensures that there exists a sequence { f}lq’a) o0, of (g, a)-fractal

functions that converges to f. Therefore, in what follows, it is enough to ensure that
,(lq’a),n € N is positive if the scaling functions are elected according to (15). Since
feC()and f(z) > 0 for all z € I, from the g-approximation theory [1], it follows

that By, ¢(f,2) > 0 for all € I. This ensures that ®, > 0. Since the (g, o)-fractal

function fé ) obeys the functional equation:

FONLi(w)) =0i(@) £ (2) + Gnir gni = [(Li(x)) — (@) Bug(f, 7))

=Fyi(w, fi7(2)) = f(Li(2)) + ai(@) (£ (@) = Bug(f,2)), z € I,
(16)

for proving f}(L <) (x) € [0,Ky,] for all x € I it is enough to verify that F, ;(z,y) €
[0, K], i € Ny for all (z,y) € I x [0, K,]. Assume (z,y) € I x [0, K,]. Consider the
scale function «;(x), i € Ny_1 such that |a;(x)| < 1, z € 1.

Case-I: Without loss of generality, let 0 < a;(z) < 1, for all x € I. Then 0 < y < K,
implies ¢ni(z) < a;(2)y + @n,i(¥) < Knai(z) + gni(x). Therefore, 0 < F,;(z,y) =
ai(2)y + gni(x) < Kp, i € Ny for all (z,y) € I x [0, K,] is true if

f(Li(2))=i() Bng(f, ) 2 0, f(Li(z)) = i(2) Bpg(f, ) < Kn(1-ai(x)), € I. (17)

Since f(Li(z)) > ¢(f,i) and By, 4(f,x) < Pp; f(Li(z)) — ai(x)Bng(f,z) > 0 if and
only if ¢(f,7) — a;(z)®,, > 0. Hence 0 < o;(z) < % Next, since f(Li(z)) < ®(f,1)

n

and By, 4(f,x) > ¢n, second inequality in (17) is true if 0 < a4(x) < KK%{)EJZ) In
this case, F, i(x,z) € [0,K,], i € Ny_; for all (z,y) € I x [0,K,] if 0 < a;(z) <

m W Kn—on

Case-II: Let —1 < «;(z) < 0,7 € Ny_q, for all x € I. In this case, 0 < y < K,
implies K, () + gn,i(x) < 0i(2)y + gn,i(z) < gn,i(z). Consequently, 0 < Fy, ;(z,y) =
a;(z)y + gni(x) < Ky, i € Ny_; for all (z,y) € I x [0, K, holds if:

f(Li(2))=i(2) B g(f, ) < Kn, Knoi(x)+f(Li(x))—i(z) Bng(f, ) 2 0,2 € 1. (18)

Since f(Li(z)) < ®(f,4) and B, 4(f,z) > ®,, from the first inequality of (18), we have
F(Li(2)) — a;(2) Bug(f, ) < ®(f, ) — ;(2) @, < K. Hence, a;(z) > — X220 Next,
since f(Li(x)) > ¢(f,1) and By, 4(f,x) > ¢n, from the routine calculations, we observe
that a;(x) > %_’;3 gives second inequality in (18). Hence, in this case, F}, ;(z,2) €
[0, K,], i € Ny_; for all (z,y) € I x [0, K] if max{;{fgd’fj , —K’L;qi(f’i)} < ay(x) 0.
Combining Case-I and Case-1I, we obtain (15). O




The previous theorem guarantees the existence of positive (g, «)-fractal approxima-
tion for any positive function f defined on [0, 1]. Next theorem discusses the existence
of a double sequence of positive (g, «)-fractal functions that converges uniformly to
f € C(I) whenever there is a sequence of positive continuous functions that converges
uniformly to f € C(I).

Theorem 4.2. Let {fn(2)}5°_; be a sequence of positive functions in C(I) that
converges uniformly to a functwn f. Let A = {x1,29,...,xN} be a partition of

I = [z1,zN] satisfying x1 < x9 < --+ < xn. Suppose that LZ- I — I;, 1 € Ny_3
are affine maps Li(x) = a;x + b; satisfying Li(x1) = x; and Li(xn) = xi41, and
F;m(x,y) = ai(2)y+ fm(Li(2)) — i(2) By g(fm,x), i € Ny_1. Let f,S;f;ﬁ‘) be a-fractal
function determined by the IFS I;rnn = {I x K; (Li(x),FL7n7i(x,y)), i € Ny_1}.
Then, the double sequence {{Imn} } | of IFSs determines a double sequence
{{f 1}m | of positive (¢, ) fmctal functions that converges uniformly to f

if the scalmg functions of each f(q’ obey ||ailloo < 1 and fori € Ny_q,

x —¢(fm7i) _K;,m_q)(fmﬂi)} ) . { Qb(fm,l) K* - fm7 }
e {K:L m - gbn,m(fm)’ (b'fL,TfL(fTVL) S al(x) S i (Dn,m(fm) ¢7l m f(ﬂ )
where ¢(fm,i) = glel?fm(LZ(x)): Q(fm,i) = Iggffm(Lz(x)% nm(fm) =
mei}anvq(fm,:c), Dy (fin) = mg;(qu(fm,x), and K, is a positive real number

strictly greater than both ¢pnm(fm) and || fim | co-

Proof. Since {fn,(z)}5°_; be a sequence of positive functions in C(I) that converges
uniformly to a function f, for given € there exists a natural numbers N; such that

€
||fm_f||oo < §Vm > Ni. (20)
From the approximation theory, we can see that for each m € N, there exits a sequence

{Bn.q(fm,x)}o2, of g-Bernstein polynomials of f,, that converges uniformly to fy,.
Therefore, for given € > 0 there exists a natural number N» such that

HBn,q(fm7-> - fm”oo < W vV n > Ns. (21)

[[ev]]oo

Since fmn (4:9) i the a-fractal function determined by the IFS I;rn,n, the fractal function
Jm.n enjoys the following functional equation:

(@) = i Ly (@) fYE (L7 (@) + fn(@) = @i L7 (@) B (fms L (2)), (22)

x € I;,i € Ny_1. Also, it is easy to verify that fp, (9:0) gatisfies the following inequality:

= Imlloe < 0 B Dl (23)

1= [l
Using (21) in (23), we obtain

€
175852 = Fmlloo < 5 ¥ 1> Na. (24)
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Using (20) and (24) with the triangular inequality

1820 — flloo < 1890 = frnlloo + 1 fm = Flloos

for given € > 0, we get
1£$0) — flloo < € ¥m,n > N = max{N, No}. (25)

The above inequality provides the desired double sequence. Finally, from Theorem 4.1,

it is plain to verify that the functions f,S;’;,? ), m,n € N are positive on [ if the scaling
functions obey (19). O

Theorem 4.3. Let f and g continuous functions on I such that f(x) > g(x) for all
x € I. Let A = {x1,29,...,2N} be a partition of I satisfying r1 < x9 < -+ < TN.
Forn € N, let fng’a) be the (q,a)-fractal function of f corresponding to the IFS Z,.
Then, the sequence {I,}°° , of IF'Ss determines a sequence {f}(lq’a) o 1 of (g, a)-fractal

functions such that f,sq’a)(:n) > g(z) for all x € I and n € N, and that converges
uniformly to f € C(I) if the scaling functions are chosen as prescribed in the following:

(2) <min{ 2L =90 1,
02 ute) < min{ gy i N 2
where ®n(f) = maxBnq(f,z), $(f — ¢,4) = min(f — g)(Li(z)), ¢(9) = ming(z).

Proof. From the construction of the (g, «)-fractal function f (@9 we can notice that
f(@®) obeys the following functional equation:

FO (Li(w)) = i) ) (@) + F(Li()) — 04(a) B g o). € I € Ny,

This functional equation is a rule that computes the values of fq(zq’a) at (N —1)P*2 +1

distinct points in I at (p 4 1)-th iteration using the values of f,g ) at (N —1)Pt +1
distinct points in I at p-th iteration. Let us consider the nodal points z;, for i =
1,2,... N, to start the iteration process, and let us prove that any p-th iterated image

x of them satisfies: f,(L ’a)(x) > g(x).
For the zero-th iteration, we have

£ (2;) = flay) > glay),

since f,g ) interpolates to f at the nodes, and f > g.

Let us assume now that f,g ) (z) > g(x) and let us prove that féq’a)(Li(x)) > g(Li(x)).
Using the fixed point equation, this is equivalent to

ai(z) f{7(x) + f(Li(2)) — ai(2) Bg(f,z) — g(Li(x)) > 0.

Assuming that «; is positive and applying the inductive hypothesis, this inequality is
implied by

ai(z)g(x) + f(Li(x)) = @i(x) Bng(f; 2) = g(Li(z)) = 0,
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that is to say, a; must be chosen as

¢(f -9, Z)
0<ai(or) L —————.
= 50— o)
By arguments of density and continuity, we obtain the inequality proposed for any
xel. ]

Theorem 4.4. Let f,g € C(I) such that f(x) > g(z) for all x € I. Let A =
{z1,22,...,xN} be a partition of I satisfying r1 < xo < --- < xn. Then, there ex-
ist the sequences {f5(x)}5%, and {g5(x)}52, of (q, a)-fractal functions that converge

uniformly to f and g respectively such that fn )( ) > g,(lq’a)(x) for all x € I if the
scaling functions a;(x), i € Ny_1 obey

(o QZ)(f_gvi)
I M)

where O, (f — g) = maxBnq(f — gn,x), O(f —g,1) = I;lel?(f — g)(Li(x)).

t € Ny_q,

Proof. From the construction of the (g, «)-fractal functions, it is easy to obtain that
f@2) and ¢(¢®) obey the following functional equations:

Flao)(Li(z) = a(2) {99 () + f(Li(2)) — () Bpg(f,x),z € I,i € Ny_1.

90 (Li(x) = aa(e)gl0) () + g(Li(x)) — 0s(2) Bagl9,2), 7 € 1,i € Ny,

By using the similar argument as in the Theorem 4.3, we can see that to prove
f,sq’a)(z) > ggq’a)(z) for all z € I, it is enough to show that f,g ’a)(az) > gflq’a)(m),
x € I implies that fn ’a)(Li(SL')) > fy(Lq’a) (Li(z)), z € I and for all : € Ny_;.

Assume that fp @ a)( ) > g,(Lq’a) (x), x € I. We have to ensure that

(@) (£ (2) = g8 (2) )+ (S (Li(@) =9 (Lil@)) ) =i (@) (Bug (/) = Bua(g,0)) = 0, € 1.

(27)
From the g-approximation theory [1], we can see that g-Bernstein operator B, , is
monotonic. Hence, f(z) > g(z) for all z € I implies By, o(f,z) — By 4(g,2) > 0 for
all € I. This ensures that ®,(f — g) > 0. Now, using the inductive hypothesis,
f,(ﬂ’“) (x) > gf{f’o‘) (x), z € I and «o;(x) > 0 for all z € I, i € Ny_1, and definitions of
®,,(f) and ¢(f — g,4), we infer that the condition a;(x) < SU—9:4) ensures (27). Thus

én(f—9)
we complete the proof. ]

Remark 2. Owing to the implicit nature of the fractal functions, it is difficult to
prove Theorem 4.3-4.4 using the condition «;(z) < 0,z € I,i € Ny_1. Owing to this
reason, the condition a;(z) <0,z € I,i € Ny_1 is avoided in Theorems 4.3-4.4.

5. Conclusion

In the present paper, we have introduced a new approximation method through
the theory of fractal functions and ¢-Bernstein polynomials. For a given function
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f € C(I), the convergence of sequence of (¢, a)-fractal functions towards f does not
need any condition on the scaling functions whereas the convergence of the existing
a-fractal functions towards f needs scaling functions close to zero. The shape of
the proposed fractal approximants depends on the free variable ¢ € (0,1) apart
from the scaling functions. Hence, for the given continuous function f, the proposed
(¢, a)-fractal approximants provide a large number of approximants than that would
be obtained by the existing fractal approximants. For the sequence {fp,(z)}5_; of
positive functions that converges uniformly to a non-negative function f, we have
identified the double sequence {{I}Ln,n}flozl}zzl of IF'Ss so that corresponding double

sequence {{ fég,? ) i} }:::1 of (¢, a)-fractal functions converges to f with the property

that fégﬁ ) () > 0 for all x € I and m,n € N. By imposing suitable conditions on the
scaling functions, we studied the constrained fractal approximation by the proposed
(¢, a)-fractal functions.
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