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1. Introduction and preliminaries

The Invariant Subspace Problem is, probably, one of the most important open problems in Operator The-
ory on Hilbert spaces. The problem asks if every linear operator acting boundedly on a infinite-dimensional
separable complex Hilbert space has a non-trivial closed invariant subspace. Despite its apparent simplic-
ity and the development of various techniques to approach the problem during the last decades (see, for
instance, [6,21]), the problem is still unsolved.

One of the most promising approaches arising from those techniques consists of studying universal op-
erators. If H is an infinite-dimensional separable complex Hilbert space and L£(H) denotes the algebra of
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linear bounded operators acting on H, an operator U € L(H) is universal if for every operator T € L(H)
there exist A € C, M € Lat U (that is, a closed invariant subspace for U) and an isomorphism ® : H — M
such that

OT = \U |y ©. (1.1)

In other words, T is similar to AU ;.

Universal operators were first introduced by Rota [22,23], who also showed that the backward shift
operator (of infinite multiplicity) acting on the space f2(H) is, indeed, a universal operator. As an immediate
consequence of the definition of universal operators the next result follows:

Theorem 1.1. Let U € L(H) be a universal operator. Then, the following conditions are equivalent:

(i) Every operator T € L(H) has a non-trivial closed invariant subspace.

(i) Every minimal non-trivial closed invariant subspace of U has dimension one.

Note that a non-trivial closed invariant subspace for U is said to be minimal if it contains no proper non-
trivial closed invariant subspaces for U. As a consequence of the previous result, to characterize explicitly the
lattice of closed invariant subspaces of a universal operator acting on H is equivalent to solve the Invariant
Subspace Problem for Hilbert spaces. A common strategy following this path is to produce ‘treatable’
examples of universal operators in order to work with concrete universal operators to study their lattice
of closed invariant subspaces. Next result, which was proved by Caradus [4], provides a systematic tool to
produce universal operators.

Theorem 1.2. Let T € L(H) and assume that the following conditions are satisfied:

(i) ker T has infinite dimension.
(i) T is surjective.

Then, T is universal.
1.1. Universality of (weighted) composition operators

For a holomorphic mapping ¢ : D — D (where D := {z € C : |z| < 1}) let Cy denote the composition
operator with symbol ¢ given by Cyf := f o ¢, which acts on spaces of holomorphic functions on D. Let
1 be an hyperbolic automorphism, i.e., a biholomorphic function v : D — D which has no fixed point on
D and its continuous extension to D has exactly two distinct fixed points (on dD), see Subsection 1.3 for
more details.

Making use of Caradus’ result, Nordgren, Rosenthal and Wintrobe showed in [20] that the operators
Cy — Al are universal acting on the Hardy space H 2 for such a hyperbolic automorphism 1, where A
is an eigenvalue of Cy. In particular, Nordgren et al. prove that ker Cy — Al is infinite-dimensional by
taking products between an eigenvector of eigenvalue A and powers of a Blaschke product. The methods
in [20] to prove the surjectivity of the operators Cy, — AI rely on representing the unicellular compression
of the operator to one of its closed reducing subspaces as a weighted bilateral shift acting on ¢5, and such
construction does not seem exportable for more general operators, or different spaces. Note that the operators
Cy and (Cy — M) share their lattices of closed invariant subspaces, so it is enough to study the lattice of
the operator Cy in order to apply Theorem 1.1. The cyclic vectors for hyperbolic composition operators
have been widely studied in the recent years (see, for instance, [13,18,19] and the references therein).



L. Abadias, F.J. Gonzdlez-Donia and J. Oliva-Maza / J. Math. Anal. Appl. 545 (2025) 129129 3

Adjoints of certain Toeplitz operators acting on the Hardy and the Bergman space have also been proved
to be universal [8,10]. Even more, Cowen and Gallardo-Gutiérrez provide in [9] an alternative (and simpler)
proof of the universality of Cy, — AI than the one given in [20]. In particular they prove the surjectiveness
of Cy — Al by a similarity result between the group (Cy,)ier (Where (¢)ier is a group of hyperbolic
automorphisms with ¥; = ) and a group (Tgt)teR of adjoints of Toeplitz operators acting on H2. On
the other hand, an analogous result was recently proved by Carmo and Noor [5] for the hyperbolic non-
automorphism case.

A natural generalization of composition operators is given by weighted composition operators, i.e., oper-
ators uCyf := u - (f o ¢) with holomorphic functions v : D — C and ¢ : D — D, and where - stands for
the pointwise product of two functions. Weighted composition operators are fundamental objects in mathe-
matical analysis and arise naturally in many situations. For instance, all surjective isometries of the Hardy
space H? and of the weighted Bergman spaces A2, with p # 2, are weighted composition operators, see
[12,16]. Weighted composition operators also appear in the study of adjoints of (unweighted) composition
operators and in the study of commutants of multiplication operators, and they play a role in the theory of
Co-semigroups, just to mention a few examples [7,17].

In view of the above, it seems natural to study universality properties of the translations of weighted
composition operators acting on Hilbert spaces of holomorphic functions. In resemblance to the unweighted
case, one may start such a study by considering invertible operators uCy with hyperbolic symbol . This
task is far from trivial since, opposite to the unweighted case, the spectrum of these operators is only known
under certain assumptions on w. For instance, when considering Hardy and weighted Bergman spaces, the
spectrum of such an operator uCy, is only known if u has continuous extension to D and the absolute value
of the evaluations of u at the fixed points of v satisfy certain inequalities [14,15]. Its spectrum is also known
if the operator uCy can be embedded into a Cy-group of weighted composition operators [1].

In the main result of this paper (Theorem 1.3), we give a sufficient condition on u to obtain the universality
of the translations uCy — Al for suitable A € C. This sufficient condition, which is an inequality involving
liminf, ,, |u(2)| and limsup,_,;, |u(z)| where a, b are the fixed points of 1, is very explicit and easy to check
on a given u, which turns Theorem 1.3 into a powerful tool to build a large family of universal operators.
In particular, in the unweighted case u = 1 our result extends the already known results in the Hardy space
H? [9,20] to the weighted Bergman spaces A2. Even more, our techniques do not rely on Hilbert space
methods and are easily adaptable to the Banach space setting for Hardy spaces H? and weighted Bergman
spaces AP, as we point out in Section 5. On the other hand, in order to prove the universality of uCy — AI
we prove new results on the spectral sets of uCy which seem interesting by themselves and are meaningful
contributions in the understanding of weighted composition operators [14,15].

1.2. Hilbert spaces of analytic functions on D

Let us denote by O(D) the Fréchet space of all holomorphic functions on the disc. Along the paper, we
work with Hardy and weighted Bergman spaces on ID. We recall the definitions of these Hilbert subspaces
of O(D).

We denote by H? the Hardy space on D formed by all functions f € O(D) such that

1/2

2
; do
£ = su | [1f0eP )] <o,
0<r<1 2m
0

endowed with the norm || - || g2.
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Let 0 > —1. The weighted Bergman space, denoted by A2, is formed by all holomorphic functions in D
such that

1/2

1 laz = / PR - 122)7dARz) | < oo,
D

where dA is the Lebesgue measure on D.

For every ¢ € Aut(D) and v > 0, let us denote Cy ., the weighted composition operator given by
Cy~ = (¢/)7Cy, where ¢’ is the derivative of ¢. These operators are isometries in H? and in A2 for v = 1/2
and v = (o +2)/2, see [12, Theorem 2| and [15, Theorem 4.6].

1.3. Notation
We set some notation for the remainder of the paper:

(1) H denotes indistinctly the Hardy or weighted Bergman space, and v the corresponding parameter for
which the operators Cy ., are isometries on H for every ¢ automorphism of D. Also, || - ||z denotes the
corresponding space norm introduced above, and || - || z(z) the operator norm.

(2) ¢ : D — D is a hyperbolic automorphism of D, i.e., a biholomorphic mapping from D onto D (hence
a Mobius transform) with no fixed points on D and exactly two fixed points on dD. Let a (attractive)
and b (repulsive) € 9D be such fixed points, that is, lim, .o ¥, (2) = a and lim,,,_ ¥, (2z) = b for
each z € D where 1, ;=1 o...0 and ¢_,, := (1p~ 1), for n € N.

————

n times
It is well known that ¢ is holomorphic in a disc (centered at the origin) of radius strictly greater

than 1 and ¢’(a) € (0,1),4’(b) € (1, 00) with ¢’'(a)y’(b) = 1. Moreover, one has

(by'(a) — a)z + ab(1 — ¢'(a))
(¢'(a) =1z +b—ay'(a)

P(z) = ) zeD. (1.2)

Also, there exists a unique r € (0,1) for which ¢ is conjugate to the automorphism z — {jjz with

fixed points —1 and 1. We refer the reader to [11, Sections 1.2 & 8.2] for these and more details about
hyperbolic automorphisms of D.

(3) wu is a bounded holomorphic function on D which is bounded away from zero, i.e., inf,ep |u(z)] > 0.
Moreover, we set

AT = limsup |u(2)], A~ :=liminf |u(2)|,
D3>z—a D3z—a
BT := limsup |u(2)|, B~ :=liminf |u(z)|.
D>3z—b D>z—b
Also, through the rest of the paper || - || is the supremum norm for bounded holomorphic functions on

D, and r(T) 2z denotes the spectral radius of a bounded operator T € L(H).
1.4. Main results
The main result of the paper is the following one, which is a direct consequence of Caradus’ Theorem

(Theorem 1.2) once we have proven that such operators uCy, — Al satisfy the hypotheses of the aforemen-
tioned result, see Section 4 (Theorem 4.1 and Theorem 4.3).
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Theorem 1.3. Every invertible weighted composition operator uCy, with hyperbolic symbol acting on H such
that (w5+))” < (wf?;))v , satisfies that uCy — A is universal for each A € C such that % <Al < (d}’?ﬁ'

As a consequence, letting © = 1 on the previous result, we obtain an extension of Nordgren, Rosenthal
and Wintrobe Theorem to a wider collection of spaces. Note that in the unweighted case (u = 1) o(Cy) =
{AeC: m <A< W}, see for instance [15].

Corollary 1.4. If ¢ : D — D s a hyperbolic automorphism, then the operator Cy — Al acting on H is
universal for every A in the interior of o(Cy).

Since uCy and uCy, — Al share their lattice of invariant subspaces, the following result is a direct conse-
quence of Theorem 1.1 and Theorem 1.3.

Theorem 1.5. Fvery linear bounded operator acting on H has a non-trivial closed invariant subspace if and
only if every minimal non-trivial closed invariant subspace of an invertible weighted composition operator

uCy with hyperbolic symbol such that (wﬁ;))’v < (w,‘?;))w has dimension one.

Observe that, given an attractive and a repulsive fixed point a,b € T and u : D — C a bounded
holomorphic function which is bounded away from zero, there always exists a hyperbolic automorphism

1 such that (Jé;r))w < (dfé;))” due to (1.2). This shows that the previous result can be applied for any
bounded symbol u inducing an invertible weighted composition operator uCYy,, for a concrete hyperbolic
automorphism ).

1.5. Summary

The paper is organized as follows. In Section 2 we present Hilbert range spaces of multiplication operators,
defined by the fixed points of the hyperbolic automorphism that we are considering. In particular, we state
two technical lemmas which are key points in the proofs of the main results in both Section 3 and Section 4.
Section 3 shows spectral inclusions for invertible weighted composition hyperbolic operators. Such results
allow to improve some known spectral considerations in the literature, as we will remark in the last section.
In Section 4 we prove the sufficient conditions that we need to apply Caradus’ theorem in order to get
the main results presented in this introduction. Finally, in Section 5, we discuss about some Banach space
considerations related to the results along the paper. In fact, the techniques developed in the paper can be
considered within the Banach space field.

2. Range spaces

For p,v > 0, set wy, ,(2) := (a—z)"*(b—2)", z € D. Note that w, , : D — C are non-vanishing holomorphic
functions satisfying next properties:

(1) |wp,| is bounded,

(2) Wuw O Y is bounded and bounded away from zero.
Wpw
The first one is clear. For the second one, note that LZ/’()Z) is clearly bounded and bounded away
Wz
Wy, O

from zero if z is bounded away from a,b. Moreover, is holomorphic at a,b since ¥ — a and ¥ — b
have zeroes of order 1 at a, b respectively (and 1 is holomorphic in a disc of radius strictly greater than 1).

Moreover, one has
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im0V e gm 2er 0V gy (2.1)

D>z—a w,“,(z) D>z—b UJMJ/(Z)

Alternatively, one can check these statements with a few computations using (1.2).
For p,v > 0, we set

HHJ/ = {wu,z/f | f € H}

Therefore, H,,, is the range space of the injective bounded operator M, ,(f) := w,,. f acting on H.
Thus, H,, , is a Banach space endowed with the norm

f

v

flle, = H

, fE€EH,,.
H

With such a norm, M,,, : H — H,, is an isometric isomorphism, and the inclusion H,, < H is
continuous (recall that w,,, is a multiplier of H).

It is known that item (3) in Subsection 1.3 is an equivalent condition to the boundedness and invertibility
of uCy, on H, see [14, Theorem 2.0.1] and [15, Corollary 3.7]. We need the following key lemmas to get the
main results.

Lemma 2.1. Let p,v > 0. The weighted composition operator uCy is a bounded invertible operator acting

w“,,,ow

on Hy, ,,. Moreover, it is isometrically equivalent to the operator =E*—uC,, acting on H.
o

Proof. Note that

o Wy 0P
uCy(M,, , f) = w,L7VTuC'¢f =M,,, <‘:;7u0¢f) , f€eH.

v

That is, uCy = M, , 22222 uCy (M,

B Wy W,

)7L As M,

w,, : H — H,, is an isometric isomorphism, the claim
v ;

follows. O
Lemma 2.2. Let p,v > 0. Then H = H,, o + Ho,,.

Proof. Take m,n € Ny such that m > pand n > v. Let f € H. Then

a—z—(b—z)mt 1 " mtn
(0= (b—2) g (-

z) = z) = —1)mtn=iy, _i(2)f(= z .
f( ) (aib)ern f( ) (afb)m+n j >( 1) Jym+n ]( )f( )7 ED

=0

It is clear that wj y4rn—;f belongs to Hy, if 7 < m, just as such a function belongs to H,, ¢ if j > m. Thus,
the proof is done. 0O

3. Spectral estimates

n—1

For n € Ny, recall that 1, =¥ o...01. We set u,(z) := Hj:0 u o 1);, so one gets
———

n times
(uC¢)" = un0¢n, n € Np.

The following result is inspired by [15, Lemma 4.4].
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Lemma 3.1. One has

1/n
lim (sup |un(z)|) < max{AT, BT},

n—oo zcD

1/n
lim <inf |un(z)|) > min{A™, B }.

n—oo \ zeD

Proof. Let us prove the identity regarding the supremum. For each € > 0, take neighborhoods U,V of a,b
(respectively) in D such that

lu(2)] < (1+¢)max{A*T, Bt}, zeUUV.

Note that there exists m € Ny such that, for all z € D, at most m elements of {¢,,(z) | n € Ny} belong to
D\ {UUV}. Thus

sup |un (2)] < [luf| % [(1 + ) max{AT, B*}]""™.
zeD

Hence lim,,_, o (SUp,ep |un(z)|)1/n < max{A™T, BT}, as claimed. Note that previous limit exists since n

ltun||oo is & submultiplicative sequence, so n — log ||un||eo is @ subadditive sequence and lim,, o, %

exists by Fekete’s Subadditive lemma.
Regarding the infimum, the proof is analogous to the one of the supremum. 0O

The proof of next result follows the ideas of the proof of [15, Theorem 4.6].

Proposition 3.2. One has

e free s mn{on o < W me{ o e -

Proof. Since Cy , is an isometric isomorphism on H,

0 Co Sl = H (7).

where we have used (¢,) = (¢¥'),, so = ) . Hence, an application of Lemma 3.1 to the
n

u

(¥7)7

I66Co" e = unC Sl < |

||f||H’ fEH,TLENo,

ooy = @y

function u/(¢)")7 (instead of the function ) yields

im || (uCy)" || max A7 B
nlﬁooH( qu) ”,C(H) < {(w/(a))’yﬂ (w/(b))’y};

and the upper bound for the spectral radius follows by the spectral radius formula.
Regarding the lower bound on {|A| : A € o(uCy)}, recall that
a((uCy)™") = (0(uCy)) ™" = {1/A : X € o(uCly)}.

Since (uCy)~! = —2 Cy-1, by what we have already proven

worp—1

1/n ! a))” ! b))”
im0y < mx { L (O
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and our claim follows. Note that we have used above that limsupps,_,, Wl,l

(¢'(a))~t, and the analogous identities evaluated at b. O

The other spectral inclusion that we need is the following one:

Proposition 3.3. Assume (1/}{3(;))7 < (w'?;))v' Then

BT A~
{)\G(C : <)\<7’Y}§a(u0¢).

Proof. Since ¢’(a) € (0,1) and ¢'(b) > 1, there are a, 3 > 0 such that AT (¢)'(a))*™7 < % and

(w,‘éﬁ < B~ (¢/(b))P77. Set f(z) := (a — 2)*77(b— 2)P~7. Note that f € H. Moreover, f € H, 0N Ho,
foreach 0 <p<a,0<v <. Fixnow 0 < pu<aand0<v < fsuch that

Ay = P A we)
(¥'(b)) (¥'(a))
Recall that the inclusion ¢ : H, o < H is continuous, so |[(uCy)" fllz < ||t|||[(uCy)" fll#, ., n € N, and
therefore

lim sup ||(UC¢)"f||gn < limsup || (uCy)" ||1/" o) =T(uCy)e(H

u,o)'

By Lemma 2.1 the operator uCy acting on H, ¢ is isometrically isomorphic to the operator Mqu,

uolll

acting on H. In particular, their spectral radii are equal. If one observes that the weight u is bounded

and bounded away from zero, by Proposition 3.2 applied to %UO#, follows that
I

nmsup|<uc¢>“f||i{"émax{A*W’(a))"" B+ }_wB+

(W' (b)) ‘()
Similarly, the inclusion Hy,, < H is continuous and (uCy) ' = — w ——=1Cy-1 acting on Hy, is isometrically
isomorphic to %uw 1C’,/, 1 acting on H, with both weights ow —— and %uow r bounded and

bounded away from zero. Hence, applying again Proposition 3.2 we get

limnsup [(uCy)™ anl/n < max { ((1/}1{1;(&))7’ (¥~ g(b))”’y} _ (7#;(10;))7 .

For each A € C such that |\ > %, consider the function Fy € H given by the convergent series (on
H)

— (uCy)"f
FA = Z —)\n-i-l ;

n=0

and for A € C such that |A\| < (w,’?ﬁ, consider the function G € H given by the convergent series (on H)

Gri= Y A'(uCy) "tV f.

n=0
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Indeed, note that these two series are Cauchy sequences on H by the asymptotic bounds proven above for
(uCy)™ f and (uCy)~™f respectively. One can easily check that

+
(=GB =1 > s
and
A~

Returnlng to the claim of the proposition, we assume by contradiction that there is A € C with <

W ®)” (b))7
Al < W such that \ € p(uCy,). In such a case, since the resolvent set p(uCy) is open, there is a small

open ball V inside of the annulus of radii 0 ﬁ(’;r))w and 0 wf?;m which also belongs to the resolvent set. Then,
by above calculations, for each A € V' we have

Gr=(A— qu)_lf = F).

Since F.y : {A € C : [N > o (b s} = Hand Gy : {A e C : A < (1# } — H are vector-valued
analytic functions by the uniqueness of analytic continuation F) = G for all A in the annulus of radii

(fé;r)) and 7 (a))ﬂ, (see [2, Corollary A.4]).
Then one has that the vector-valued entire function (from C to H) given by

\ s F)m |)‘| > d,(b))wv (31)
Gr N < ity

is also bounded. Indeed, take & > 0 small enough such that 77 (b)) +e < Gy (a))’Y — ¢, and so ||Fallg S
1
M=

|Gl £ —=1—— is uniformly bounded for all |\| < ﬁ —e.
w@hany ~ ¢
By the vector-valued Liouville theorem (see for example [3, Theorem 6]), one concludes that the entire

is uniformly bounded for all |A| > % + & (even more ||[F)\|lg — 0 as |[\] — oo) and

function given by (3.1) is constant, and since ||F)||g — 0 as |A\| — oo, in particular is the zero function.
This contradicts the identity 0# f= ()\ uCy)Fy = (A —uCy)Gx for /\ €V, and we conclude A€ a(uCly)

for all X € C with ;25 < |X| < s Equivalently, {)\ €C 1 i <IN < iy }g o(uCy), and

the claim follows since o(uCy) is a closed subset of C. O
4. Hypotheses of Caradus theorem

In this section, we prove that under our assumptions, the hypotheses of Caradus’ Theorem hold, which
imply Theorem 1.3.

BT A~
@O < wian7- Then, for each A € C with (A0 (b))w < Al < (d)( )) , the operator

M —uCly is surjective on H.

Theorem 4.1. Assume

Proof. Let A € C with Take p, v > 0 such that

Wy < N < gy
Al > AT (W (@), |\ < BT(@'(b)" 7.

Note that such p, v exist since ¢/(a) € (0,1) and ¢’(b) € (1,00). Also observe that by (2.1) one has



10 L. Abadias, F.J. Gonzdlez-Dofia and J. Oliva-Maza / J. Math. Anal. Appl. 545 (2025) 129129

Wy,0 0¢(2) Wy,0 01/1(2)”

lim sup w(2)| = (W' (a))PAT, lim sup z)| =BT,
D>z—a wu,O(z) ( ) ( ( )) D>z—b Wu,O(Z) ( )
and
.. | wopo(z) A . o|wo0t(z) Y. vp—
]gglzl—{lg wo,u(2) u(z)) =47 %Ianzlgg wo,u(2) )| = W(b)"B

Hence, Proposition 3.2 yields A ¢ o ( qud,) and A ¢ o ( qu,p), regarding both operators
Wy,0 wo,v

as operators in H. In particular, the operators A — :Oow uCly and A — 2% wopop —*—u('y are surjective on H.
Now, by Lemma 2.1, the operator uCy is a bounded mvertlble operator on H, o (and also on Hy,),

which is isometrically equivalent to the operator :Oow uCy (222 uC’¢ respectively) acting on H. By the
o,

wWo,v
above, we conclude that A —uC) is surjective as an operator both on H,, g and on Hy,. As H = H,, o+ Hy,,

by Lemma 2.2 (with H,, o, Ho, C H), our claim follows and the proof is done. O

Remark 4.2. Note that by Proposition 3.3 and Theorem 4.1, if B <

IOk each A € C with

e
P (b)w <

Al < W belongs to the point spectrum of uCy.

Theorem 4.3. Assume @ B(;))W < <w/?;>>~' Then ker(AI — uCly) has infinite dimension for each A € C with

war <M< whar

Proof. Let A € C with 5= (b))“r < Al < (w,’?ﬁ. By the above remark, there is a non-zero function f € H
such that A\f = uCy f. Let § :== —log¢’(a) € (0,00), and set

2nki
5

gi(z) == (b_z> , zeD, keZ.

a—z

Note that Cygr(z) = gx(z) for z € D, k € Z. Indeed, it is readily seen from (1.2) that C’¢<g

w
—z J—
—Zz

Note that each g; is a bounded holomorphic function on D, therefore fx := grf € H for all k € Z.
Moreover,

w

edw (b—z> for w e C.

a—=z

uCy fr. = (uCy f) - (Cypgr) = Afgr = A, kelZ.

In consequence, fi € ker(AI —uCy) for each k € Z, being fi a non zero-function.

Finally, observe that { f } ez is a linearly independent family of holomorphic functions since the functions
{9k }rez are also linearly independent. The last assertion follows since the set of functions {gx}rez are
eigenfunctions with distinct eigenvalues of the linear operator T', where (Th)(z) = (1—2%)h’(z). In particular
Tgy = L“S‘“”gk

In conclusion the linear space generated by {f }rez is infinite-dimensional and then, since f; € ker(A\ —
uCy) for each k € Z, the result follows. O

4.1. A remark on non-hyperbolic weighted composition operators

It is natural to ask whether a result of the kind of Theorem 1.3 may be stated for invertible weighted
composition operators uCy acting on H if v is not a hyperbolic automorphism.
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In such a case, recall that 1 has to be either a parabolic automorphism, fixing then only one point
which lies on T, or either ¢ is an elliptic automorphism, fixing a point in D and another in C., \ D, where
Co := C U {00} denotes the Riemann sphere.

Now, by [24, Theorem 2.2], if uCy — A is universal for some A € C, then the point spectrum of uCly
has non-empty interior. But if u is in the disc algebra, by [15, Theorems 4.3, 4.11 and 4.13] the spectrum
of uCy has empty interior if 1 is a parabolic or an elliptic automorphism, so uCy — AI cannot be universal
for any A € C.

It would be interesting to characterize whether the spectrum of uC'y has non-empty interior for symbols
u : D — C not lying in the disc algebra, which would then open the door to study the universality for the
non-hyperbolic cases.

5. Banach space considerations

The concept of universal operator that we have treated throughout the text has been defined only for
linear operators acting boundedly on Hilbert spaces. However, one may consider the same concept for
operators acting on Banach spaces, with an equivalent definition to the one given in (1.1).

The main obstacle to work with universality on Banach spaces is that not every infinite-dimensional
closed invariant subspace of an operator T' € £(X) is isomorphic to X, as it happens in the Hilbert space
setting.

Nevertheless, Caradus’ Theorem may be re-written to obtain a sufficient condition for a linear bounded
operator acting on a Banach space X to be universal [4]:

Theorem 5.1. Let X be a infinite-dimensional separable complex Banach space and T € L(X), and assume
that the following conditions are satisfied:

(i) ker T is a complemented subspace that contains a subspace which is isomorphic to X.
(i) T is surjective.

Then, T is universal.

This result may be used to show, for instance, that the backward shift acting on

6(¢1) :={(a1,az2,a3, ) 1 a, € £y for all n € N, Z ||an||e1 < o0}

n=1

is a universal operator.

Following this line of ideas, one may consider the Banach space version of the Hardy spaces and the
weighted Bergman spaces. Namely, the Hardy space H? (1 < p < oo) on D is the space of all functions
f € O(D) such that

1/p

27
o dO
Il = s | [lreenr 2] <o
0<r<1 ) m

endowed with the norm || - ||g».

Equivalently, for any o > —1, the weighted Bergman space A2 (1 < p < 00) is formed by all holomorphic
functions in D such that



12 L. Abadias, F.J. Gonzdlez-Dofia and J. Oliva-Maza / J. Math. Anal. Appl. 545 (2025) 129129

1/p

1fllaz = /\f(Z))I”(l —|21*)7dA(z) | < oo,
D

where dA is the Lebesgue measure on D.

Let us denote indistinctly by B the Hardy spaces HP and the weighted Bergman spaces AP. For these
spaces, let v := 1/p and v := (0 + 2)/p respectively, so (¢')7Cy is an isometric isomorphism on B, see
[12,16]. Then, one may repeat the arguments exposed throughout the paper to deduce the following result:

Theorem 5. 2 Let uCQ/, be an invertible wez’ghted composz’tion opemtor with hyperbolic symbol 1 acting on B

such that (b))v <w (a))"f' Then, for every (b <Al < o (a))’Y , ker(uCy — AI) is infinite dimensional
and uCy, — Al is surjective.

Observe that this result is not sufficient to obtain the universality for the operators uCy, — Al acting on
the Banach spaces B. Indeed, by Theorem 5.1, it would be enough to answer the following question, that
remains open, at least for the knowledge of the authors:

Question. Let uC'y, be an invertible weighted composition operator with hyperbolic symbol acting on B,
where B denotes the Hardy space HP or the weighted Bergman space AP, where 1 < p < oo and ¢ > —1.

e
o < @
that contains a subspace which is isomorphic to B?

Assume that and let (b <Al < 0% ( 577 Is ker(uCy — AI) a complemented subspace

We also observe that the analogous results of Proposition 3.2, Proposition 3.3 and Theorem 4.3 adapted
to HP and AP considerably improve previous results in the literature. Indeed, the spectrum of uCy, was given
in [15, Theorem 4.9] provided that the function u belongs to the disc algebra (i.e. u has continuous extension
to D, and then we write A := A* = A~ and B := Bt = B™) and the inequality (w’l(i))W < (w’é))V holds.
They also proved in [15, Remark 4.10] (mimicking the ideas of [14, Subsection 3.5]) that every interior point

of o(uCy) is an eigenvalue of infinite multiplicity for uCy if in addition one assumes that v’ is bounded and

that 1 < |4

continuously to the fixed points of ¢ (and in this case we also set A:= AT = A~ and B := Bt = B™) we
have the next improvement:

< 9’'(a)~?7. So, under the weaker assumption that the modulus of u, |u|, can be extended

Corollary 5.3. Let uCy be an invertible weighted composition operator with hyperbolic symbol 1 acting on
B. Assume further that the modulus of u has continuous extension to the fized points a and b, and W <

. Then

A
(¥'(a))”

B A
J(qu)—{)\E(C : WSWSW}'

Moreover, for every X belonging to the interior of o(uCly), ker(uCy—AI) is infinite dimensional and uCy—A\I
s surjective.

Proof. If (w,g)))ﬂ, (1/1’(}1))7 the result follows directly by Proposition 3.2, Proposition 3.3 and Theorem 4.3.
The case (w,g)) (Wé))w is analogous to the proof of [15, Theorem 4.8]. O

Finally, to end up this section, let us point out that the construction carried out throughout Sections 2,
3 and 4 can be adapted to cover a wide list of classical Banach spaces of analytic functions. We take this
viewpoint, as well as the study of the spectral sets of uCy, for a general u, in a forthcoming paper.
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